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A CONTINUOUS HELSON SURFACE IN R3

by Detlef Mt)LLER

1.

Let G be a locally compact abelian group, and let A(G) denote the
Fourier algebra on G and B(G) the Fourier-Stieltjes algebra on G. If
E c G is a compact subset of G, then A(E) will denote the quotient
Banach algebra A(G)/I(E), where I(E) is the ideal of all functions in
A(G) which vanish on E. E is a Helson set if A(E) = C(E) (see [6] as a
general reference). Let M(G) denote the algebra of bounded Radon
measures on G, M(E) the subspace of all measures with support
contained in E, and let PM(G) be the dual space of A(G). Then E is a
Helson set if and only if its Helson constant

a(E) = sup {||/|L(E): / e A(E) and \\f\\c^ < 1}
= sup {M| : ^6M(E) andMIpM^ 1}

is finite.

A comprehensive study of the question when a continuous submanifold
of R" is a Helson set has been carried out in [5] by 0. C. McGehee and
G. S. Woodward. They proved among other results that there exists a
Helson curve in R2 which is the graph of a Lip (1) function, and that
there is a continuous Helson k-manifold in R^ whenever { > k -h 1. The
former result had essentially already been obtained by J. P. Kahane in [3] in
connection with studies on Lusin's problem, but the proof in [5] gives a
concrete construction instead of Baire category arguments which were used
by Kahane. A variant of the proof in [5] did already appear in [4]. Two
years after Kahane's result N. Th. Varopoulos proved that continuous
Sidon manifolds of dimension n — 1 are abundant in R" [8], but it was
not clear whether at least some of these Sidon manifolds were Helson sets.
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In this paper we will construct a Helson surface in R3 which is the
graph of a Lip (1) function. In addition to this our methods also offer the
possibility of a proof by induction over n that every R" contains a Helson
manifold of dimension n - 1. But, to avoid technical complications,
we will restrict ourselves to the case n = 3. The proof will be based on
the result (Theorem 1) that there even exists a sequence {FJ^ of Helson
curves in R2 such that u r\ is dense in some open part of R2 and such

that a( [j r\) is uniformly bounded for all m.
\k^m /

We would like to thank Professor McGehee for helpful conversations
and suggestions.

2.

We will now introduce some notations. G will in general denote a
locally compact abelian group. Let W be a symmetric neighborhood of
the neutral element in G, let D be a subset of C and let E be a
compact subset of G. Then C^w(E,D) will denote the set of all
continuous functions / on E with values in D, such that
1/00-/001 < CT whenever x , y e E and x - y e W .

By T we will denote the subset T = {^ e C: |^|=1} of C.

If G = R" for some n, then for any 5 > 0, U(8) will denote the
open ball with radius 8 and center 0 in R".

If / is a Lip(l) function on some subset Q of R", then we write

L(/)-.p{^^:^Q,^.

Finally the graph of a function / will be denoted by G(f).

3.

In this section we will prove a result which is related to the deep
separation results that emerged with the solution to the union problem for
Helson sets (see [9], [2], and [1] as a general reference).

LEMMA 1. - Let E be a compact Helson set in the locally compact
abelian group G. Let a > 0, and let W be a symmetric neighborhood of
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the neutral element in G. Then there exists a neighborhood
V = V(E,a,W) such that for any function /eC^w(E,T) there exists
some geA(G) mth

(i) |/0c)-^0c4-z)| < a for xeE and z e V ,
(ii) ||^||A<a(E).

Proof. — Assume E,a and W are given as above. Choose a
symmetric neighborhood Wo of the neutral element in G whose closure
is compact, such that Wo + Wo + Wo c: W.

We claim:

(1) There exist finitely many functions ii, ...,i^ in C^^(E,C)
^th llihllc(E) = 1 such that for every / e C^w(E,T) there exists
a g, with \\f-gj\\c(E) < ̂ /3.

To prove (1), fix K > 0 such that 3 ( , - h 2 K ) < - and - -+- 3ic < -»

and choose a finite subset D c= T such that each point of T lies within
distance KCT from D.

n
Let Eo = {^i ,X2,. . . ,^} <=. E such that E c (J (x.+Wo) and

1=1
x ^ X f + W o for i ^ j . Let CT'= ( . + 2 K ) C T . Then C^w(Eo,D) is a

\° /
finite set. We will show that every function /ieC^w(Eo,D) can be
extended to a function Jt€C^^(E,C) with ||?I||C(E) = 1.

In fact, choose a finite partition of unity {(pj, of continuous functions
(p, on E such that supp (p; c: (x,+Wo), 0 ^ (p, ^ 1 and (p .̂) = 1
for i = 1, . . . , n, and let Ti = Efc(^)(p,. Then Ti of course extends h,
II^HC(E) ^ ll / lllc(Eo) = l ' and an ŝy estimate shows that h e C^w(Eo .D)
implies Ti e C^^(E,C).

Now let /€C<,/gw(E,T), and choose h: Eo-^ D such that
P-./llQEo) < Ka- Then it follows easily that heC^^(Eo,D), hence
^ C^.^(E,C) c: C^wo(E,C) and ||%HC(E) = 1. Moreover, if x e E,
then

(2) \f(x) -Ji(x)\ ̂  \f(x) -/(x,)| + |/(x,) - h(x,)\ +1 Ti(x,) -Ti(x)\
^CT/8+KCT+CT'<a/3,

if Xi e Eo is chosen such that x e x» + Wo.
So (1) holds with {ii, .. .,^} == {% :/i€C,,w(Eo,D)} .
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Now choose ? > a(E). There exist functions g ^ , . . . , g^ e A(G) such
that gi\E = gi and ||^HA < P. Choose a neighborhood V of the neutral
element in G such that for i = 1, . . . , w,

(3) |^(x)-^.(x+z)| < a/12 for X € E and z e V .

Ifthen/6C^w(E,T), if gf is chosen according to (1) for /, and if ^
denotes the above extension of g^ then (1) and (3) yield

|/(x)—gi(x-hz) |<—CT for jceE and z e V .

Assuming that P > a(E) had been chosen close enough to a(E), we may
take g to be a multiple (at most slightly different from one) of g ^ .
Replacing finally a by 2a, the lemma is proved.

PROPOSITION 1. — Let E be a compact Helson set in the locally compact
abelian group G. Let 0 < e < 1 and cr .> 0, and let W be a symmetric
neighborhood of the neutral element in G. Then there exist neighborhoods
V = V(E,CT,W) and V = U(E,e,o,W) of the neutral element in G such
that for any function /eC^gw(E,T) there exists some geA(G) mth

(i) \fW—g(x-{-z)\<a for x e E and z e U ;
(ii) \\g(x+z)\f(x)-g(x+z)\<ai(E)^~l/2G for xeE and z e V ;
(Hi) jgOOI^E)^ for > ^ E 4 - V ;
(iv) II^L^^E)^-1/2 .

Proof. — Let E, e, CT and W be given as above. Fix P > a(E).
Following the proof of Lemma 1, there exist functions g ^ , . . . , g^ e A(G)
with ||̂ . HA < P and a neighborhood V = V(E,o,W) of the neutral
element in G such that for any /e C^/8w(E,T)

(4) \f(x)-gi(x+z)\ <^o tor x e E and z e V

for some suitable g,.

Moreover, after the separation-theorem 2.1.3 in [1] there exists a
function ^e A(G) such that Xi = 1 on E, IXiOOl ^ P2^2 for
yi:E + V and ||Xil|A < P's"174. Let x = IXil2 . Then 0 < x ^ ̂ ~ll\
X = l on E, Ix^KP^ for j ^ E + V and Hxlk ^ P4^^2.
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Finally choose a neighborhood U c: V of the neutral element in G
such that

(5) |i-^+z)| < a/3p for x e E and z e U .

Let /eC^w(E,T), choose g, as in (4) and set g = x^,. Then

1/W-^^)1<Y^+—P<^ if x e E , z e U ,

and

||g(x+z)|/(x)-g(x+z)|
< XOc + z){|/(x) -g,(x + z)| +11 - \g,(x)\\. |/(x)|

+11^)1 -l^+z)|||/(x)|},

where g, is chosen as in the proof of Lemma 1, hence

||g(x+z)|/(x)-g(;C+z)| < P^-^2^+^+^=jp4e-l/2^

for x e E and z e V (compare with (1), (3) and (4)). Since
\g(y)\ < P^P = P^ for ^ ^ E + V and \\g\\^ < P^-1/2? = P^-1/2,
again we see that if P has been chosen close enough to a(E) we may
replace g be a suitable multiple of itself to obtain (i) to (iv) of
Proposition 1.

Remark. - The final remark in [7] would even allow us to replace (ii)
in Proposition 1 by

(iiy ||g(x-hz)|/(x)-g(x-hz)| < o^E)̂  for x e E and z e V

(-4i f e < - p but we do not need this in the following.47

4.

The next proposition is a simple extension of Theorem 3.2 in [5] and is
proved by the same method. We will nevertheless include a proof, because
in combination with the other results of this paper it will indicate the
possibility for an inductive proof for the existence ofaHelson hypersurface
in any R".



140 DETLEF MCLLER

PROPOSITION 2. — Assume that real numbers a^ < a^ < ' ' ' < a^ and
d > 0 are given. There exist non-decreasing functions /i, ...,/„ in
Lip(l)([0,l]) such that

(0 IL/}-^llc([o,i]) < d for j = 1, . . . , n ,
(ii) L(fj) ^ d for j = 1, ..., n, and
(iii) a(F) ^ 3372, where F = u GC/}).

Proo/. - Let

D = {d^<d2<"'<d^} and E = {^ i<^< • • • <^m}

be two subsets of R which are independent over Q.
Let T = ( l ,0)eR 2 . If T| = (r|i,r|2)eR2 is a second unit vector with
r\i > 0, then let P(D,E;T|) denote the polygonial path in R2 whose
2m - 1 vertices, in order, are d^ + e^r\, d^ -+- e^\, d^ + e^\,
d^ + e^v\, ..., d^ + e^\. As in [5], such a path P will be called an I-
polygonial path. Let s(P) denote the largest distance between two
consecutive vertices of P.

Let TI' and T' be unit vectors perpendicular to r| and T , respectively.

In the following we will assume that all I-polygonial paths P which we
will consider contain the graph of a function /peLip(l)([0, 1]), and
further that

3d < mm (o,+1 — Oj).

We fix a unit vector T| = (rii,^) such that ri^/rii < d/2, and denote
P(D,E;TI) by P(D,E). Note that then L(/p) ^ d/2.

Fix 0 < e < 1. If Pj = P(Dj,Ej), j = 1, . . . , n, are I-polygonial
paths such that D = u D7 -and E = uEj are independent, then also
& = { d - c ' r } ' : d e D} and E = [er{ -T' : e e E} are independent. Thus, by
Proposition 1, for every cr > 0 there exist

8 = 5(P1,.. ..P^a) > 0, p = p(P1,.. ..P^o) > 0

such that for any function /: 6 -^ T there exists geA(R) with
(6) |/(s)-^(s+0| < CT for s e& and (€U(8);

(7) \\g(x^t)\f(s)-g(s+t)\<G-l/2a for s e t ) and (eU(p);

(8) L?(s)|<e for s^O-HJ(p);

(9) H^l lA^e- 1 7 2 ,
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and such that the analogue of (6) to (9) also holds for £ instead of &.
(Notice that fi and E are Kronecker sets, hence a(0) = a(E) = 1.)

In order to construct functions /i, ...,/„, divise for each j = 1, ..., n
a sequence of I-polygonial paths P^ = P(D^,Ei,) such that

(10) D^ = (J D^ and E^ = (J Ei, are independent for each .w;
J j

(11) s^ = max s(Pi,) J,0 as w -^ oo;

(12) every point of P^+i lies within distance

8, = 2-1 8(P,,... ,P^ ,e,m-1) away from P^;

(13) ll./^-^llcao,!] < ^ for all 7 and w.

Since 5^ [ 0 as w -^ oo, the functions fyf converge for fixed j
uniformly towards a Lip(l) functions fj on [0, I], which clearly satisfies
(i) and (ii) of Proposition 2.

In order to prove (iii), let n € M(F) be a measure of norm one. Fix
a > 0, let Q be a compact rectangle whose interior contains r, and
choose a continuous function h: Q -+ T such that ||/4i-|n| || < a. Pick
a > 0 such that h e C^^)(Q,T), and choose m large enough such that

m~1 < a, s^< a/2 and p^ = p(P^,.. .,P^,o) < a/12.

For deD^ and eeE^ let

R1, = {mi '+fc r | : f c€R, \a-dx 'r}'\<2 8^},
R^ = {flT+hr' :f l€R, Ib-^.T'l <28^},

Si ={<+h7i:heR, |a-dT.n'|<p,},
S^ = {flT+hT7 :aeR, Ifc-^i-T'l <p^},

and let

R^UR^ R^URe2, s^usi' s^us,2.
</eD ^ e E deD eeE

Because of the choice of T| we may assume the following important
property:

(14) If deDi,, then S^ n G(f^) = 0 for ;̂, and if

e e Ei., then S2 n G(/p^) =0 for ^ ^ 7.
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Since F lies within distance 28^ from [JG(fpi), F c R ^ R 2 .
j m

Therefore, either |n|(R1) > 1 of |n|(R2) > 1 - We shall assume the
^ ^

former, the other case being equivalent to deal with.

For d e D, there exist exactly two vertices dr -h e^r\ and dr + ^T|
(with e^ < e'a) of \J P^ which have d as T-component. We define a

j
function / on 0 by f(dx • T|') = h(dx + ̂ T|) . Choose g e A(R2)
corresponding to / with properties (6) to (9), and define g^ on R2 by
8iW+s^)=g(t). Then ^eB(R2) with \\g,\\^ ^ e-1/2, where B(R2)
denotes the Banach algebra of Fourier-Stieltjes transforms of bounded
Radon measures on R2 . Since $„ < a/2 and p^ < a/12, and since
dist (F n Si , G(/^)) < c/12 for d € Di., we conclude from (14) that

(15) \x-y\ < a for any deD and x . ^ e F n S ^ .

This together with (6) and (7) implies

(16) \h(x)-g^(x)\ ^ 2a for x e R1 n F,

and

(17) \\gi(x)\h(x)-g,(x)\ < 2e-l/2a for xeS 1 n F.

Finally we have \g^(y)\ < e for j^S1.

Since F\S1 c= R2, all this together implies

llpM^-172^ f^4^ f gid^i -^e,
IJr Js1 ^

and

| g,d^i= f h4i+ f (^-fc)^-h[ igjri(^-ini)
JS1 JR1 jRl Js^R1

+ f l^|d|Hl+ f (^-l^l/i)^,
JS^R1 JS^R1

hence

g, dv\ > (I^KR1) - a) - 2a - e-^a - 28- l/2a,
js' |
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i.e.

INpM£- l /2>l-(3+38- l/2)a-^£.

Since a > 0 was arbitrary, we get

INpM^O^2-^2),

which is at maximum 3~312 for e = 1/3. This proves (iii).

LEMMA 2. - Let a > 0, and let v(n) = 2n~ l -+- 1. There exists a
double sequence {f'i}n^\,\^k^v(n) of non-decreasing Lip(l) functions on
[0, 1] with the following properties :

(18) r; n F? = 0 for k + f\ where F; = G(/;).
(19) a(P') ^ 36 for every n ̂  1, where F" = (J F;.

k
(20) //* f e i , fe^, . . . , k^ ^^ chosen such that

^ < ^ < - - - < C ^tf /t?=^.+^,.)
/or j = 1, . . . , v(n) — 1, then

ll/^-/rlllc<8„ /or k= l,...,v(n),
and

11^-Wjlc < 8^ /or 7 = 1 , . . . , v(n) - 1,

wA^r^ §„ i5 determined as follows :

Let 8 = 8(r",a,n~1) be chosen corresponding to Lemma 1 such that for
any /e C^^-^F^J) there is a gcA(R2) with \\g\\^ ^ 36 and
\f(x)-g(x-^z)\ < a for x e F " and zeU(8). Then §„ > 0 is chosen
such that 28,, < 8, 68n < 8^_i and

68^ < min {|/^M - /;/x)| :xe[0, I], j = 1, .. .,v(n)-l}.

(21) L(/;) ^ 1 for n ̂  1 and 1 < k ^ v(n).

Proo/ — Fix a > 0, and choose an increasing sequence
0<d^<d^< . . . of real numbers dj < 1. We will define {/;} by
induction over n.
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For n = 1 choose any two non-decreasing functions /} and f\ on
[0, 1] wi th L(/,1) ^ d , , / } < / ! < / } + ! and
a(G(/;) u G(/i)) ^ S^2. This is possible by Proposition 2.

Assume that functions /;" for m ^ n and 1 ^ k ^ v(w) have been
defined which satisfy (18) to (20) and

(21)' LOT) ^ d^ for w ^ n

instead of (21).

Choose §„ as in (20) of Lemma 2.

Similarly as in the proof of Proposition 2, let T = (1,0) and
r! = Oh ̂ ^ be unit vectors in R2 such that T|, > 0 and r|2/r|i = d^,
and let T' and T|' be unit vectors perpendicular to T and r|,
respectively. If we define the functions h^ as in (20), then /';,..., /;^
and h\, ..., h^^-i are non-decreasing functions on [0,1] with
^Z) ^ ^n and L (/ij) ^ ^. It is easily seen that this allows us to find I-
polygonial paths P, = P(D,,E,;TI) for: k = 1, . . . , v(n+ 1) such that
each path P^ contains the graph of a continuous function /p on [0, 1],
and such that

(22) ||/Z-4||c ^ 5,/2 for k = 1, . . . , v(n)

and

II^-/PV(,.)JIC ^ 8,/2 for ; = 1 , . . . , v(n) - 1.

(In fact we even do not need that the sets D^ and E^ are independent.)

We will now replace the line segments in the paths P^ by pieces of
Helson curves. Let D = u D^ and E = u E^, and choose a > 0 such
that 3a<min{|d--rf ' | :rf ,d'6D,d^(f}, 3a < min [\e-e'\: e,e'€: E,e^e'}
and a < 5^/4. By Proposition 2 there exist non-decreasing functions
^eLip(l)([0,l]) such that

11^-^1-T'Hc ^ a, L(gj) ̂  ^+1 - ̂  and a(Fj) ^ 3372,

where r2 = (J Gfe2). And similarly there exist non-decreasing functions
ceE

^eLip(l)([0, 1]) such that ||̂ -̂ ||c ^ a, where ^ denotes the affine
linear function <,(x) = d + 112̂ 1 whose graph is the line Rr\ + dr-ri ',
and such that L(^) ^ d, + (^+1-^) = d^, and a(r^) ^ 33/2,
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where r^ = (J G(^). By the union Theorem 2.1.2 for Helson sets in
deD

[I], the set F^ u rj is a Helson set with a(F^ u Fj) ^ 36.

It is easy to see that F^ u Fj contains the graphs of v(n+l) non-
decreasing Lip(l) functions /^+1 on [0,1] with

(23) ll/r'-YpjIc^S^ for k= 1, ..., v(n+l),

which agree piecewise with the functions g\ or gj. Of course we then
have L(/r1) ^n-n for k = 1, ..., v(n+l) , which implies (21)' for
n -+- 1, and from (22) and (23) we get

\\fnk+l-f'i\\c<^ for k= l,...,v(n)

and HAJ-y^^llc < §„ for j = 1, ..., v(n) - 1. This, together with the
choice of §„, guarantees (18) for n -+- 1, and thus also (20) holds for
n 4- 1. Finally, (19) holds for ^n+l, since P^1 is a closed subset of
Hurt.

THEOREM 1. - For any P > 36 there exists a sequence [fk}^i of non-
decreasing functions f^ e Lip (1)([0, 1]) with L(^) ^ 1 such that :

(0 fi < fk < fi for all fe > 3, and

G(A) n G(/,) == 0 for { + k.

(ii) For each e > 0 and k ^ ^ with f^ < f^ there exist
f e i , k^, . . . , < € „ such that

A = A . <fk,< ' " <4=/ . and 11/^,-AJIc^e.

(iii) a( Q GC/k)) < p /or ^r^ n ^ 1.
V=i /

Proo/. - Fix P > 36. Choose a > 0 such that P(l-9a/4) > 36,
and choose a double sequence {fi}n^,\^v(n) of non-decreasing
functions on [0, 1] with the properties stated in Lemma 2. Assume in
addition that /} < f\.

Because of (20), for each k ^ I there exists an ^ e C([0, 1]) such that

(24) |IA-/Z||c^J8^ if v ( n ) ^ f e .
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Since L(/;) < 1, this implies L(f^) ^ 1, and of course f^ is non-
decreasing. (24) also implies that G(fk) n GC/,) =0 if <f ^ fe, since for
any n with v(n) ^ max (k/) and any x e [0, 1]

\fk(x)-f,(x)\ ̂  |/Z(x)-/7(x)| - ||/,-/;||c - ||/.-/?||c

^ 6 ^ - | ^ - J 8 ^ > 3 8 ^ .

Proceeding inductively we prove:

(25) /^8,-,</^+4(Jy.

For n = 1 this is true if we choose 80 < 1 suitably. Assuming that (25)
holds for some n ^ 1 we pick for instance a particular fe, . Then the
smallest of the functions /^+1 with f ̂  kj and f^1 < f^1 is f^+j,
and the equalities

f^.j - /;;1 = W-n) + (/c^,-^) + ̂ -/;;1)
= ^(/Z,,,-/;) + (f^-hf) + ^-/Z;1)

together with (20) and (25) imply

/Z;1 + §„ < /;̂ , < y;;1 + 40V'1

Since (i) and (ii) of Theorem 1 are easy consequences of (24) and (25), we
are left with the proof of (iii).

N

Fix N ^ 1, let E = [j G(/k), and let ueM(E) be a measure of

norm one. Let Q be a compact cube whose interior contains E, and
choose a continuous function AeC(Q,T) such that Pn—|^||| < o.

Pick a > 0 such that feeC^/4^)(Q,T), choose n large enough so
that n~1 < a and v(n) ^ N, and write 8 = 8(^,0^-1) as in
Lemma 2.

Since h^neC^^-i^r^T), we can find, after (20), a function
geA(R2) with \\g\\^ ^ 36 and \h(x)-g(x+z)\ < CT for xeP* and
zeU(8). Moreover, (24) implies that

/ N \ 6dist E, (J r; p$ . 8^ < min (8, n-1) for n ̂  2.
\ k = l / ^
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Hence for any x 6 E there exists y € F" such that

\x—y\ ^ n~ 1 and |x—^| < 8,

which implies

\g(x)-h(x)\ ^ \g(x)-h(y)\^-\h(y)-h(x)\
< a 4- or/4 = 5a/4.

Thus we get

||pM36 ^ f gd^i ^ [ f hdvi - | f (h^g)d\t ^ 1 - a - 5a,
JE UE UE 4

or

1 - 9o/4 INPM<PINPM.

This proves Theorem 1.

THEOREM 2. — For every 7 > 39372 there exists a surface E c R3

v^ncA fs tfce ^rapA of a Lip(l) function and such that a(£) ^ y.

Proof. — The proof is similar to the proof of Proposition 2. Fix P > 36

such that 3312^1512 < y, and choose a sequence [fk}k^\ °f non"
decreasing Lip (1) functions on [0, 1] with the properties stated in
Theorem 1. Let S = [f^'. fe^l}. Let ^ = (1,0,0), T = (0,1,0) and
T| == (0,r|2,r(3) be unit vectors, and assume r|2 > 0, r|3 > 0.

If D = {^i <dy, < ... <d^} and E = [e^ <e^ <. . .<€„} are finite
subsets of ^, then let Q(D, E) denote the surface in R3 whose trace in
the plane H^ = {(x,y,z) e R3 : y,z € R} is the polygonial path
P^ = P(D^, E^, (r|2 ,^3)) for every x e [0,1], where

D^= {dt(x)<d2(x)< • • • <d^(x)} and E,= [e^x)<e^x)< ... <ejx)},

and where P^ is defined as in the proof of Proposition 2. Such surfaces
Q = Q(D,E) will be called ^-surfaces, and we will assume that all S '
surfaces Q considered in the following will contain the graph of a function
/Q e C([0, I]2). This can be achieved by applying, if necessary, a suitable
affme linear transformation to R 3 . Since Q(D,E) is contained in the
union of the surfaces

£i = {x^+d(x)T+(Ti:xe[0, l ] , (€R}
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and

^ = {x^-^-e(x)r} +rr : ̂  e [0, I], r e R}

for d e D and e e E , the functions /Q are Lip(l) functions with
L(/o) < max(l,r|3/r|2). Let finally s(Q) = maxs(P^), where s(P) is

x

defined as in the proof of Proposition 2.

To construct S, fix 0 < e ^ 1 and a > 0. If Q = Q(D,E) is

a jr-surface, then let G(D) = (J G(d) and G(E) = (J GO?). By
d e D eeE

Proposition 1 for any a > 0 there exist 5 = 5(Q,a,£,cr) > 0 and
p == p(Q,a,<7) > 0 such that for any function / e C^u(a)(G(D),T) there
exists geA(R2) with

(26) |/(w)-^(w+z)| < a for weG(D) and zeU(8),

(27) ||g(w+z)|/(w)-g(w+z)| < P^-^a for weG(D) and
zeU(p) ,

(28) \g(v)\ ^ ̂ e for ^G(D) + U(p),

and

(29) l l^llA^P5^2 ,

and such that the analogue of (26) to (29) also holds for G(E) instead of
G(D).

Divise a sequence Q^ = Q(D^,EJ of ^-surfaces such that

(30) 5(QJiO

and

(31) every point of Q^+i lies within distance

§m = 2~1 ^^38(Qm. w~ 1 . ̂ ) away from Q^.

This is possible because of (ii) of Theorem 1. Since 8^ [ 0, the surfaces
G(/Q^) c: Q^ converge uniformly towards a surface Z which is the graph
of a Lip(l) function on [0, I]2.

To prove that £ is a Helson surface, let JA e M(S) be a measure of
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norm one. Let A be a compact cube in R3 whose interior contains £,
and let h: A -^ T be a continuous function such that ||/4i—||i||| < CT.
Choose a > o such that /i€C^8u^(Q,T), and choose m large enough
so that s(QJ < a/2, 2w~1 < a and. ?„ = p(Q^,yn-l,<7) < a/12. For
Q = Qm I61 ^<i and S2 be defined as before, and write

R1 = U ̂  + U(28J, S1 = U ̂  + U(ri3pJ,
r feD <<eD

R2 = (J S,2 + U(28J, S2 = U Z,2 + U(Ti3pJ.
e e E ee E

Since £ c R1 u R2 , either |u|(R1) ^ . or |H|(R2) ^ — We will assume

the former. We define a function /eC^g^-i)(G(D),T) by

/(x,^(x)) = M^+^MT+^(X)TI),

where we wrote

D = D^ = {^ < . . . <<y and E = E, = [e, < . . . <^}.

Choose g e A(R2) such that properties (26) to (29) hold for / and g with
a = w ~ 1 , and define gi on R3 by gi(x^+yc-hzr|) = g(x,y). Then
^ieB(R3) ,

ll^llB^P'e-172 and \g,(v)\ ̂  ̂

for v i S1. And, by fixing the ^-component of w, a similar argument as
in the proof of Proposition 2 yields

(32) |/i(w)-^i(w)| < 2a for w e R1 n £,

and

(33) ||gi(w)|/i(w)-^(w)| ̂ P^-^o for weS^S.

Now we can split up g^ dp the same way as in Proposition 2 and obtain
Jsi

the estimate

llHllpMP5^2 > f^ idJ
Jz I

^ (IpKR^-a) - 2o - P^-1/^ - 2p4£-l/2a - l P^,
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or

.-5lIPM ^ P-5^172-?^3/2) - (2p-5el/2+l+2p-l)a.

For e = (3p5)"1 the first term of the last sum is at maximum (S?5)"3^.
So, if we choose e = (3p5)-1 and a sufficiently small for the
construction of E, then \\[i\\y^ ^ y-1, which proves the theorem.
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