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UNIQUE CONTINUATION
FOR SCHRODINGER OPERATORS IN
DIMENSION THREE OR LESS

by Eric T. SAWYER (*)

1. Introduction.

Suppose £ is an open connected subset of R” and wv(x)
a nonnegative function on 2. Let X denote a space of locally
integrable functions on £ and let L denote a partial differential
operator. Following [1] we say that the differential inequality

[Lu(x)| <v(x) lu(x)| ae. xin (1.1)

has the unique continuation property, or u.c.p., relative to X
if whenever u in X satisfies (1.1) (in the sense of distributions)
and vanishes in (i.e. is zero a.e. in) a nonempty open subset
of £, then u vanishes in $§2. The basic problem is to
characterize in a useful way the operators L and the functions
v for which (1.1) has the u.c.p. relative to a given space of functions
X. In this paper we will be concerned with the case where L is
the Laplacian A on R” and X is the space H!(R2) consisting
of those functions u which, together with their distributional
Laplacian Au, are locally integrable on the open set £ CR".
This case arises in connection with unique continuation for
Schrodinger operators, H = —A + v, which in turn has applic-
ation to the question of the non-existence of positive eigenvalues for
H=—A+v. We refer to [1], [2], [4], [10] and [13] and the
references given there for details on this application.

In his article on Schrodinger semigroups ([13]), B. Simon
essentially proposes (p. 519 of [13]) the problem of proving
that if v satisfies the condition

(KPX°) lim sup I,(xp(y,,v)(x) =0 forall compact KCS,
r=»0 x€K

(1) Research supported in part by NSERC grant A5149.
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then the inequality
[Au(x)| <v(x)lu(x)l ae.x in (1.2)
has the u.c.p. relative to HZ!(22), £ open connected. Here
L1 =6+ =[ 6,y —2)f(2)dz
where $,(x) =c,Ix>"" (= cloglx| if n =2)
is the fundamental solution of the Laplacian in R". We refer the
reader to [13] for a discussion of many illuminating characteriz-
ations of condition (K:,°°). Results of W. Amrein, A. Berthier and
V. Georgescu ([1]) and J. Saut and B. Scheurer ([11]) state that
vELP (2) is sufficient for (1.2) to have the u.c.p. relative to

loc

H};2(2) provided

loc

2 p+2

p>£,p>n—2, n =2 and q=max;1,
2
([1]) and relative to H*?*(Q) if p > -3—” ([11]). See also [2], [3],

loc

[4], [5], [6], [10], [12] and [13] and references given there. More
recently, C. Kenig and D. Jerison have obtained unique continuation

2n
ey when vELY? n>3
n

for (1.2) relative to HLI, ¢ =
(private communication).

The main result of this paper is that condition (KL°°) is
sufficient for (1.2) to have the u.c.p. relative to Hfo'c' () at
least when n <3, thereby establishing Simon’s conjecture ([13],

p. 519) for n < 3. We remark that L% CK!° for p>%,n>2

loc

({13] ; see (A21)) while L¥? and KY° are incomparable for
n=23. For p=21, define

HLP(Q) = {u €L}, (Q); Auell ()}

and let H>'? () denote those u in H};? with compact support

in Q. Finally, for w(x)=0 and p> 1, let
Hwlll, = Supz(fllz fP W)l/p; flflp <1, supp fC unit ball{.

THEOREM . — Suppose Sy is a connected open subset of
R", n=2 or 3, and that v is a nonnegative function on K.
Let p=>1. Then inequality (1.2) has the u.cp. relative to
H? Q) if

lin}) W Xg(x,py v? I, =0 forall x in 2. (1.3)
’—>
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Remarks. — (I) Since the u.c.p. is a local property, one need
only require the vanishing of the limit in (1.3) outside a closed
set E of measure zero such that £ — E is connected.

(I) When p =1, (1.3) is equivalent to (KL“). Indeed,
llwlil;, = sup I, w(y) and the maximum principle for
lyl<1

harmonic functions shows that

I (Xpx,ry VIl = Je sBup )Iz(xg(x,,) v) ()

< sup L(Xp,an®)(¥) —> 0 asr — 0 by (Kloy,
yEB(x,r)
A simple covering argument yields the converse.

(II) Characterizations of |l ||, for p > 1 can be obtained
using the methods of [7], or [8] and [9]. Note however that if
vE€L2Y? (R®), then Holder’s inequality and the Sobolev theorem

3
([14] ;p. 119) show that (1.3) holds for 1 <p < -5

(IV) In the simple case n =1, (1.2) has the u.c.p. relative
to HZ! (Q) if and only if
atr

lim Ix —alv(x)dx =0 forall a€Q. (1.9

r=>0 vYa-r

The proof is left to the reader. Note that (1.4) is weaker than
X9).

2. Proof of the Theorem.

The theorem is proved using the approach of T. Carleman
([3] — see also [10]; p. 243) and the following estimate on
Taylor polynomial approximationsto |« —yp[™% .

LEMMA . — Let Ye(x)=1IxI"%, x€R", a>0 and
Yo(x)=—loglx|. Then for 0<a<1, N=0, and x,yER"

x.V)* | % |\N+1

Ty, -ni< Ca(fy7)  Valx =)
) 2.1

where if a =0, we restrict x and y to have modulus less

N
Yelx—y)— X
=0

1
than Tt The constant C, is independent of N,n,x and y.
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Remark, — (V) The Lemma fails for a«> 1. In fact, for
fixed N and y, the left side of (2.1) behaves like C |x|N for
large |x| while the right side is O(Ix [N *!1~%) as |x| —> oo.

The Lemma will be proved in §3. Suppose now that
wECT (R" —{0}). Then u(x)=/¢,(x—y)Au(y)dy and if
we subtract the N'" degree Taylor polynomial of u at the origin
(which is =0) and then interchange differentiation and integration, we
obtain

2
u(x)=f[¢,,(x 2 i *x-9) ¢,,(—y)] Au(y)dy(2.2)

=0 Q'

for all x in R". A standard limiting argument involving a
C> approximate identity now shows that if u GH‘f'l (R" — {0}),

[4

then (2.2) holds for a.e. x in R".

We now prove the theorem. Suppose u and v satisfy
(1.2) where u €H>? () and v satisfies (1.3). We may assume

loc

v=1 since v+ 1 also satisfies (1.2) and (1.3). Suppose further
1
that 0 € and u vanishes in a neighbourhood of 0. Let 0 <r< §

be such that |lixg,, v?Ill, < where a=n—2 and C,

1
2C,

is the constant appearing in (2.1). Choose 7 €C; such that
1
n=1 on B(0,r) and suppn is contained in B(O’Z)' An easy

computation shows that nuEHf,"’ (R” — {0}). Using (2.2) and
the Lemma, we thus obtain forall N=1,

[ @G N lu))? dx
Ixi<r
<C [ oGP L3y 17N 1AW ()] ()P dx

x| <r

< C llixpgo.ny ¥ 8 [ 19 17N [AGu) (»)P dy

A

1 -N P
<3 fm(r w(y) 1y =N lu(y)I1? dy

1
+ — Iy I=NP [A(qu) (¥)IP dy (2.3)
2° '/‘lyl>r
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since |A(nqu)| = |Aul<vl|ul in B(0,r) by (1.2). The integrals
in (2.3) are finite since A(nu) is in LP and vanishes near the
origin. Subtracting the first term on the right side of (2.3) from both
sides and then letting N —> oo shows that v|u|, and hence u,
vanishes in B(0,r). A standard connectedness argument now shows
that u« vanishes in £ and this, given the lemma, completes the
proof of the theorem.

3. Proof of Lemma.

We prove only the case 0 <a <1, the case a =0 being
similar but easier. Since VY, is radial and homogeneous, we may
assume, after a dilation and a rotation, that y = (1, 0,...,0) and
x=(x;, x,, 0,...,0). Thus we may as well suppose n = 2
and passing to polar co-ordinates z = (x, ,x,) = te’ , what we
must prove is

||l—te‘el"“—PN(t,0)|<CatN“ [1 —¢tei® |~ (3.1)
forall t+ =20, |0|<mand N=0, 1, 2,.
where Py (z,0) denotes the Taylor polynomial of degree N
at the origin for the real-analytic function z = te’® — |1 —z[~%,
In order to effectively compute Py (#,0), we write

“ —te“’ |—a =(1 _teiO)—a/z (1 _te—lo)—a/z
and use the binomial expansion
d -
-2 =Y 1Cx= 3 2, "1+, 121<1
0 k=0

k=

K
where the symbol [7] denotes the product II (1 +]1) for
k ji=1

Q
k>1 and [']=1. Thus with y=7—1 we have for 1 <1,
(1]

n—reme = (3 U1 )( 3 [10eor)

=Y a,0)m (3.2

m=0
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where a,(0) = ), (117 ] ef*-2e (=P22 (cos 6) in terms
k+2=m 2

of ultraspherical polynomials). Thus with z = te’?

Po(£,0)= 2 ["107](te'®) (te=10)®
k+e<N k %

N
= ¥ L1128 = ¥ a,0) .
k+e<N k 2 m=0
3.3)
We first dispose of the simple cases ¢t < — and ¢=>2.

Since (1—#)~%= Y, [a-l]t" for [t]<1 we conclude, on
k=0 k

comparison with the case 6 = 0 of (3.2), that
la,, 0)| <a, @ =[""1, m>0, [0]<m. (3.4)
m

Now for 0<a<1, we have [a_l]<C(k+l)°‘“<C (see
k

(3.6) below) and thus for ¢ = 2 we have by (3.4) that

N
Py (2,0)1< Y la, @) t" <CtN <CN*! |1 —telf|-@

m=0

since t~*<2|1—¢te®|~* when ¢=>2. This proves (3.1)

1

for t=2. On the other hand, for < — we have by (3.2)
2

and (3.4)

1 —tel® |- —Py(£,0)|< X la, ()™ <CMN* |1 —tel®|-@

m=N+1

1 1
since Il—te“’|>3 when t<3 and this yields (3.1) for

1 1
t<3. We now consider the cases 1 <t <2 and E<t< 1
separately.
Thecase 1 <t <?2
1—zF*1?

Let AC1=0"1—0"1 and Dy(z)= 3% 2/=
k k k+1 j=0 1—z

We continue to write z = te’® . Summing by parts twice in the
formula (3.3) for Py (¢,6) we obtain
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N Y N -k ¥
b, 0) =3 (123 ]z
k=0 k g=0 %
N N —k— ‘
- X (14 S ACin @+ 17 1Dy, @
oo 2 N-k
N-1 ¥ N-—-Q2-
= S Aoy

=0 k=0

1 N
[:“k +k§=:0 [:1[ ’klz"DN_,,(z)

Ng‘2 Al _ N-2-2
S ALID(Z) ¥ AL 1D, (2)
=0 k=0

+

N-1 v ) i
sz=20 A[”] [N—sz-llD’z(Z)DN—sz_l (2)

Mz

+ ¥ 11 ’klz" Dy _, (2)

k=0 k N-

I+ 11+ III. @3.5)

1
Let d =|1—z|~' and note that d>§ since 1<¢r<2. We
o
use the following estimates; recall that = —2-— 1 satisfies

1
<y <—~.
7 2

[7] < C(k + 1)”,A[:]<C(k + 1)1, —-1<4<0,k=>0 3.6)
k
ID(z)| <Ct**'min{k + 1,d},t>1,k=0 3.7

S 1
Y (k+1)""'min{k+1,d} <C,d"*!, —1<y<0, d>3

k=0
N (3.8)
Y (k+1D)"(N—k+1)min{N—k +1,d} <C, g*7*?
k=0
1 1
—l1<y<=5,d>3. (9
Fork=21,y>—1,
}’5 1
k k Y 4
(1= 0 (1+3)< 1 eT=¢ 151/ <erir
k=1 ] ji=1

which yields the first estimate in (3.6) and the second follows
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k
using A 1=———["].  Since X ZI<(k+1)*
k k+1 '« j=o0
1 —zk*?!
and l ; < 2t**' d we have (3.7). Estimate (3.8) follows
easily upon considering the sums Z and Z separately.
k<d k>d

Finally the left side of (3.9) is dominated by

N N
Dok + 1) N—k+ 1) SN+ 1) Y (k+ )Y <CN?Y*2
k=0 k=0

which yields (3.9) if N <2d. If N > 2d, then the left side of
(3.9) is dominated by

+ X (N—d) (N—k+ 1)+

N—d<k<N
<C, IN"Td+ N1 g+ N "2 <C d?7*?
since both v and 2y + 1 are nonpositive.
We now return to (3.5) and show that the modulus of each of the
terms I, II and III is dominated by
C, tN*1 d27*2 =C, N*1 |1 —te'® |
as required in (3.1). We have

m< S (A ID.(2)IIA[ 1D, (@)
k+Q9<N -2 k 2

<cN Y (k+1) !'min{k+1,d} R+ 1) min{0+1,d}
k+2<N-2 by (3.6), (3.7)
ad 2
<ct (X (k+ 17" min{k+1,d})
k=0

and (3.8) now yields the desired result for term I. From (3.6) and
(3.7) we have

N1
I < CeN*? Z ®+1)"T(N—2)" min{f + 1,d} min{N —2,d}
2=0

N-1
SCeN*UY (R4 1) (N—8) min{N—¢,d} <C,N*! g*r*?

=0
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by (3.9). Finally [III| <C,N*! d27*2 follows immediately upon
combining (3.6), (3.7) and (3.9) and this completes the proof of
@B.Dfor 1 <t<2.

1
The case -5<t<1

We continue to write z = te?® and d = {1 —z[|"!. In place
of (3.7) we have the estimate

[D,(z)ISCmin{k+1,d} k=20, |z|<1. (3.10)

k=N+1 +1

lz| <1. By (3.6), (3.10) and (3.8),

S Tk — N¥1 N Al T
Let Ty, (z2)= X [k]z z Eo [N +l]D,(z) for

ITN+l(z)|<C|z|N“(Z (N+1+)"1(G+1) (3.11)
j<d

+ Y (N 1+ d) SCuN*1 @V *1 = CytN*1 I —geif [-oF2,

IEY.

From (3.2) and (3.3) we see that for ¢t <1,

I1—tet® |-« —Py(t,0)= Y [1z¢[ 12" (3.12)
k+2>N+1 k L

=TN+1 (Z)To(2)+To(Z)TN+1 (2)_TN+1 (Z)TN+1 (2)+Rn(t,0)

N
12 Y [1]29. In view of (3.11)
L=N+1-k%k

N
where Ry (7,0)= 2 [

v
k=1 k

1
and (3.12), the estimate (3.1) for -5 <t <1 will follow once we
have shown

Ry (£,0)I<C, N*! [1 —ref? =2, — <t <1,[0|<7.(3.13)

o |-

Y

To this end let A[ 1=0"1—[ " 1=—A[ " ] for k=>1. Two
k k k-1 k-1

summations by part yield

N oy N o~y 1
Ry (2,0) = [[12% 2N { A[ ]1Dy_ol =
N ) kgl k Q=N;2—k et N Q(2>

Y

+ [N+l—k] D1 (é)}



198 E.T. SAWYER

=N 5V gj Z[Z]DN_Q(_l) s K[:]Dn_k(zl)

Z/ k=N+3-2¢

+2zN ZN i K[;][ ! ]DN—’Z(%)DQ—2 (l)

Q=2 N+2-2 z
N 1
+28 Y (M1zF D =
‘ k=1 [k z N+l—k] k_l(Z)
=1+1I+ III.

1 1 1 .
Note that td=[1——|~1>— if —=<|z|<1. Since A[ ]=—A[ " ],
z 3 2 x k-1
we thus obtain from (3.6) and (3.7) that
(1<Ck"—1<~y<0, k>1.
k

A <Ck? 1, —1<y<0,k>1. (3.15)
k

1 1
D (=) <Ct*'min{k+1,td}, —<t<1, k=0.
k\ ¢ 2

We shall also need the following consequence of (3.9).

N N
Y - 'min{N—f+1,td} 2 k"~ !'min {N—k+ 1, d}
0=3 k=N+3-2
N
< Y 0 'min{N—¢+1,1d}C (N+3—2)"¢<C_(td)*7*?
2=3
1 1
by (3.9) for—l<7<—3, td>-§. (3.16)
From (3.15) and (3.16) we immediately deduce
I < C, tN*1 |1 —teif|=@
1
for 5 <t <1 and the corresponding estimates for II and III

follow from (3.15) and (3.9) along lines similar to those used for their
counterparts in (3.5). Thus (3.13) holds and this completes the
proof of the Lemma.
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