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A C*-ALGEBRAIC SCHOENBERG THEOREM

by O. BRATTELI, P.E.T. JORGENSEN
A. KISHIMOTO, D.W. ROBINSON

0. Introduction.

Let 9° be a C*algebra. A linear operator 6; D(8) — ¥
is defined to be a derivation if is satisfies the following three
properties:

a) the domain D(8) is a norm-dense *-subalgebra of o,

b) §(X*) = 8(X)*, XED(),

c) XY)=6(X)Y + X6(X), X,YED(®).
Similarly & is defined to be a dissipation if it satisfies properties
a) and b) together with

) SX*X)<H(X*)X + X*5(X), XED().

The operator & is defined to be a complete dissipation if it
satisfies properties a) and b) together with the matrix inequalities

¢") [8(XFX)I<[8(X)*X; + X*6(X))]
for all finite sequences X,,...,X, in D(§). The study of

derivations and dissipations is mainly motivated by the following
facts.

If & is a bounded linear operator on % , then:

1) t€R — a,=exp{— td} is a wuniformly continuous
one-parameter group of *-automorphisms of % if, and only if,
6 is a derivation,

2) t€R, — a,=-exp{— 8} is a wuniformly continuous
one-parameter contraction semigroup of symmetric maps, i.e.,
o, (X)* = a,(X*), X€E%A, which are strongly positive, i.e.,
a,(X*X) = a,(X)*a,(X), X€%, if, and only if, § is a
dissigation,
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3) t€R, —> a,=exp{— 8} is a uniformly continuous
semigroup of completely positive contractions, ie., a, ® (,;

A® M, — A ® M, is positive for all nEN, and [lo,ll <1,
if, and only if, & is a complete dissipation.

The first statement is easily verified. The second is less obvious; it
is a result of Evans and Hanche-Olsen [15]. The third follows
from the second together with results by Evans [14].

The principal problem in the theory of derivations is to
characterize those derivations which generate strongly continuous
one-parameter groups of *-automorphisms. This problem has
attracted a great deal of attention in the last decade (see, for
example, [9] Chapter 3 or [24] [7]). An analogous problem
is to characterize those complete dissipations which generate
strongly continuous one-parameter contraction semigroups of
completely positive maps. In this paper we examine this latter
problem in a more restricted framework of ‘“non-commutative
harmonic analysis”’and extend some results obtained in [6].

The extra ingredient for this restricted setting is a compact
abelian group G represented by a strongly continuous group 74
of *-automorphisms of % . If A” denotes the fixed point algebra
of 7 in % then one has the following result for derivations.

THEOREM [8] — If 8 is a closed derivation on U such that

1) D(§) is r-invariant and

8(1,(X)) =7,(6(X)),XED(), g€G,

2) A" iscontainedin D(8) and §(X) =0, XEAT,
then & is the generator of a strongly continuous one-parameter
group of *-automorphisms of A .

Our main result is a direct analogue of this theorem for
complete dissipations and completely positive semigroups. It can
also be viewed as a generalization of Schoenberg’s theorem [25]
[4], in classical harmonic analysis. This classical setting is given
by choosing % = C(G), the continuous functions over G with
the supremum norm, and considering a negative definite function
Y: G — C where G is the dual of G. The function ¢ defines
a linear operator §, on C(G) by the definition

T~ N R
Gy =vMfM, v€G,
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where f is the Fourier transform of f€ % . Then
(8, (F)f +F8,(f)—8,(f) @

= Y FOED O+ vm — v —HIf@) (.8
£,nEG

=0, g€G,

because Y is negative-definite. But Schoenberg’s theorem states
that if ¢ is a function with Y(0) = 0 then Y is negative-definite
if, and only if, y — exp{— ty¥(y)} is positive-definite for all
t = 0. A straightforward calculation shows, however, that this
latter condition is equivalent to positivity of the semigroup
t — exp{— t&w}, or, by the generalized Schwarz inequality, to
the strong positivity requirements

€V @ =™V ()@ (™ () @)

In fact these inequalities follow from negative-definiteness of ¢ and
Schur’s theorem (see the proof of Lemma 1.7), and conversely
negative-definiteness of ¢ follows from the inequalities by
differentiation.

In fact negative definiteness of  implies that §, is a
complete dissipation as expressed by the matrix inequalities

(B (F)f;+ £8, (F) — 8, (FLEN @10
where f,,f,,...,f, is any finite sequence in the domain of

§,. This in turn implies complete positivity of the semigroup
t — exp{— t8¢}, i.e.,

(™Y (f, )=V (f)e V() @]>0.

Our main theorem proves an equivalence between such conditions
for operators and semigroups acting on non-abelian C*-algebras.
In this context it should be remarked that every positive map on
an abelian C*-algebra is automatically completely positive and
each dissipation is a complete dissipation, (see Remark 1 after
the main theorem) but this is not necessarily the case for non-
abelian C*-algebras, as our Theorem 2 indicates.

Finally we note that Akemann and Walter [1] have studied
negative definite functions on non-abelian groups G. In particular
they associated to each such function ¢ a dissipation §,, by
an extension of the above construction for abelian G, and used
the existence of this operator to obtain structural results for G.
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1. A C*-algebraic Schoenberg Theorem.

We adopt the notation of [8], except the representation of
G as automorphisms of % is denoted by 7 instead of «. For
example A (v) denotes  the spectral subspace of 7
corresponding to Y €E€G,

AT(y) = {(XEA; 7,(X) =(7,¢)X forall gEG},

and A" =AT(0) is the fixed point subalgebra. Moreover 9
denotes the linear span of the %A’ (7).

THEOREM 1. — Let G be a compact abelian group, T an action
of G on the C*algebra %N, and ® a t-invariant dense*-subalgebra
of N such that A" C ® and ® is the linear span of the
subspaces @ N A" (y), yEG. Furtherlet H: ® —> A be alinear
operator which is symmetric, ie., H(X*)=HX)*, Xe€®,
which satisfies H(X) =0 for all XE€A", and is such that
H(r,(X)) = 7,(H(X)) forall XE®, ¢€G.

The following conditions are equivalent:
1) The matrix inequality
[H (X,)*Xi + X‘,"H(X,.) — HX} X)1=0
holds in A®M,, for all finite sequences X,,X,,...,X,EQ.
2) The operator H is closable and its closure H generates

a C,y-semigroup S of contractions which is completely positive,
i.e., the matrix inequality

[S, (X7 X)) — S, (X)*S,(X)] =0
holds for all finite sequences X, , X, ,...,X, €E®.

A special case of this result was proved in [6]. Before turning
to the proof we make a series of comments on its assumptions
and conclusions.

Remark 1. — If %A is an abelian C*-algebra and H: @ — U
a dissipation defined on a dense*-subalgebra ® then H is
automatically a complete dissipation. To prove this one first
argues that one may reduce to the case that % = C(f2), where £
is a compact Hausdorff space, and 1€® . Then if
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Q; = H(X)*X; + XTH(X,) — H(X{X,) and X = ¥ \,X,
with A; €C one has :

2 A Qu(w) = (HX)*X + X*H(X) — H(X*X)) (w) > 0,

1),

ie., the scalar-valued matrix Q(w) = [Q (w)] is positive for each
w € Q. Therefore p(Q(w)) =0 for each state p on M,. But
every pure state ¢ on % ® M, has the foom ¢=6_® p
where &, is the point measure at w€N. Consequently
o([Q,,])?O, and [Q,,]?O in % ®M,. (The basic idea is
in [19], [29], and [3].)

Remark 2. — Let
P :X —»f; dg (7,82 7,(X)
denote the projection from % onto A7 (y). Since @ is assumed
to be the linear span of @ NA" (), it follows, from the uniqueness
of the Fourier decomposition, that P (@) C@® for each Y€G

and hence @NA'(y) =P, (@ is dense in A"(y) for each
YyE€G.

Remark 3. — It would be interesting if one could replace
the hypothesis on @ by the alternative hypothesis; ® is a
7-invariant dense *-subalgebra of % , or g, and H is closable.
Indeed from this latter hypothesis and the commutation condition,
Condition 2 of the theor?_m, it follows that P7(D(—I-—I))§ D(H) for
all y€G, and thus DMH)NA"(y) is dense in A" (y) for each
yE€G. It is not clear, however, that the matrix inequalities of
Condition 1 extend to D(H) N A, and it is not even clear that
DH)N A g isan algebra.

Remark 4. — Note that if o has an identity | and if the
ideals A" (y)*A"(y) are dense in A" for each yEG then a
simple argument shows that any @ satisfying the hypothesis of
the theorem must be equal to €. This is no longer the case
if % does not have an identity; a counterexample is given by
a minor modification of Examples 6.1 and 6.2 in [8].

Remark 5. — In the proof of the theorem we also give a
classification of all completely positive C,-semigroups on
which commute with 7; and restrict to the identity on the fixed
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point algebra %7 . This classification is in terms of maps from G
onto unbounded operators affiliated with the centres of the
multiplier algebras of the ideals A7(y)A"(y)* in AT [22].
If AT(Y)AT(y)* is dense in A" for each yEG these maps
can be described as follows. Let % denote the centre of the
multiplier algebra M(%") of }I’. In Lemma 1.5 we prove that
there is a representation ¥y €G ~— a, of G as *-automorphisms
of 3 such that « (A)X = XA for all XEA'(y) and AE 3.
Given the semigroup S satisfying the above requirements there
existsamap yEG > exp{— tL(y)} such that

1) etMeyx, t>0.

2) t — ¢ (M §s a contraction semigroup, continuous
in the strict topology on M(Y"), ie., t +~— exp{—tL(7)} X
is norm continuous for each X € A" .

3) The matrix inequality

[aYi(e—tL(vi—vi))] = [e L ()* =L (v

is valid for all finite sequences v, ,...,v,€G.

4) L@ =1 ¢t>0.
The connection between S and L is given by

S:(X) = e LM X *)

for all XEAT(y), all yEG, and all £>0. Conversely given a
map vy > L(y) satisfying these four conditions the relation (*)
defines a C,-semigroup of completely positive maps on A
commuting with 75 and restricting to the identity on 7.
Moreover if the automorphisms a, are equal to the identity ¢,
or, equivalently, if the centre of M(2") is contained in the centre
of M(¥), then Condition 3 reduces to positivity of the matrices
[exp {— tL('y,—'y,)}] and, by using Bochner’s theorem as in

[6], one concludes that S,(X) = j;; dp,(g) 7,(X) where p, is
a %-valued convolution semigroup of probability measures on G.

In this case, the Levy-Khinchin theorem, [21], gives an explicit
representation of H, (see, for example, [6] Corollary 5.8).

Now we turn to the proof of Theorem 1.

Condition 2 of the theorem implies Condition 1 by
differentiation. The principal part of the proof of the converse
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is contained in the following series of eight lemmas. The first four
lemmas are very similar to results used to prove Theorem 5.1
in[6].

LemMa 1.1. — Let A be a C*algebra, @ a *-subalgebra of
A, and ®, a *-subalgebra of ® . Let H:® — A .be a symmetric
linear operator such that H(X) = 0 forall XE€ ®, , and
H(X*) X + X*H(X) —H(X*X) =0
for all XE®.

It follows that H(XY) = H(X)Y, H(YX) = YH(X) for all
XED, YED,.

This is an immediate consequence of the Cauchy-Schwarz

inequality applied to the positive sesquilinear forms
X,YED — wXX*)Y + X*H(Y) — H(X*Y))

where w ranges over all states on 9 (see, for example, the proof
of Lemma 5.3 in [6]).

In the sequel we assume that 9 is represented fa'i'thfully,
and non-degenerately, on a Hilbert space 3¢ . Let 3 =" Ny .
Since A (YA (y)*, YEG, are ideals in A" the subalgebras
A (y) A7 (7)*, where the bar denotes g-weak closure on ¥
are ideals in %7 and thus there exist projections E(y)E€ 3
such that

T M A (M =a""E(y)
=E(MYA" = @) E).

Now define @(y) =A"(Y)N@® where @ is the domain

specified in the main theorem.

LemMa 1.2. — For each 'yeé there exists a closed, densely
defined, possibly unbounded operator L(y) on E(y) 3 such
that

1) ®(y) 3¢ CD(L(y)), ®(v)¥_is a core for L(y) and
HX) =L(y) X forall XED(y), YEG.

2) The operator — L(vy) is dissipative, i.e., Re(¢,L(v)€)=20
forall £€D(L(Y)).

3) L(v) is affiliated with the abelian von Neumann algebra
ZE().
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Proof. — This is deduced from Lemma 1.1. by the same
argument used to deduce Lemma 5.4 from Lemma 5.3 in [6].
Roughly, one constructs an approximate identity for the C*-closure
of AT(VNAT(M* of the form E, = = X{ X{* where X{ED(y)
and each sum is finite. The E_, converges o-weakly to E(y)
on ¥ , and one defines L(y) such that

L(y) X = Qim 2, H(X) X**X

for each XE€®@(y). where the limit exists in norm. The remaining
details of the proof are given in Lemma 5.4 of [6].

LEMMA 1.3. — 1) The operator L(y) is the generator of a
C,-semigroup t +—>exp{— tL(y)} of contractions on E(y) 3
such that exp{— tL(y)} € SE(y) forall t = 0.

2) If X€EA'(y), then e LMX =g LMEM)XEA(y)
forall t >0, and themap t =0 —> e~ "L X in norm-continuous.

Proof. — 1) Again the reasoning closely resembles the proof
of Lemma 5.6 in [6]. By Lemma 1.2, L(y) is dissipative and
affiliated with the abelian von Neumann algebra % E(y).
Therefore L(y) is the generator of a contraction semigroup in
% E(y) by spectral theory, [27] [30]. Alternatively, one can
see that L(y) is a generator by the analytic element method
employed in proving part 2.

2) If X€E®(y), and f,:[0,+o) — [0,+ o) is a conti-
nuous function such that f,(x) = 0 for x <e, then the argument
used in Lemma 5.6 in [6] shows that X, =f,(XX*)X€E® (7),
and X, is an entire analytic element for H. The relations
HY)=L(Y, for YE®(y), then show that X ¢ is entire
analytic for L(y), forany § € 3¢, and one has

o _ n
3 (- tH)
n=0 "!

(xe) = e—tL('Y) Xe .

In particular exp{— tL(7)} X,E%"(y) and ¢ +— exp{— tL(7)} X,
is norm continuous. Since any X € @ (y) can be approximated in
norm by elements X,, and since @(y) is norm dense in A" (y),
part 2 of Lemma 1.3 follows by closure.
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LeMMA 1.4. — The restriction of H to @ (y) is norm-closable
as an operator on the Banach space U’ (y) and its closure is the
generator of a  C,-semigroup of contractions S on AT (y).
Furthermore S,(X)=¢e¢ =™ X forall t>0 and XE U'(y).

Proof. — If one defines S on AT(y) by the above
relation then S is a C,-semigroup of contractions by Lemma 1.3.
Let H denote its generator.

If XE®(y) and ¢ €3¢ then X § € D(L(y)) and hence
S,X)E—Xg= (e TM-DX¢

=— " ds e Ly X¢.
Alternatively stated S,(X) — X = — fo " ds e LM H(X).

It follows that XGD(ﬁ) and ﬁ(X) = H(X), i.e., H is an
extension of H. But the proof of Lemma 1.3 showed that H
has a dense set of ana}lytic elements in @®(y), and it follows that
®(y) is a core for H (see, for example, [9] Corollary 3.1.20).
This shows that H is closable with closure H.

We now define a semigroup S of linear maps from %A into

Ap by S,(X)= X e LOX  where X=IX, is the
YEG

Fourier decomposition of X. Our aim is to show that S extends

to a completely positive contraction semigroup on % . The main

obstacle is to show that S is contractive, or, equivalently, that

S is positive on ;. To this end, we first need the following

results concerning the structure of the spectral subspaces
A7 (7).

LEMMA 1.5. — There exists a unique *-isomorphism
a,: 3E(—v) — FE®
such that o, (A) X = XA for all XEAT(y) and AE 3 E(— 7).
Furthermore AX* = X* «,(A) forall XEA(y) and A€ SE(— 7).

Remark. — If AT (y) contains a unitary operator U, one has
E(y) =E(—v) =1 and «,(A) = UAU* for A€ 3.

Proof. — Assume first that A€ % E(—v) is given. As E(y)
is the range projection of the subspace [A"(y)F€] of €, the
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operator B defined on this subspace by
B (2 Xisl)= 2 XA
i i
is unique whenever the definition is consistent. In fact, we will
show that || 3 X,A&l <IAlIll XX, &l for all finite sums,
{ i
where X;E€%A"(y) and §,€5¢, and hence the definition is
indeed consistent. Moreover ||B|l < || A]l.

To derive the inequality, first assume that the finite sum
contains only one element. Then

| XAEI? = (A, X*XA¥)
= (A*Af, X*X¥)
= (A*Ag, IXI*D)
= (A*AIX|£,1X1§€)
= lAIX &I
<IAIPNIX]El?
= AP IXEN?

where we have used X*X, |X|€%™ E(— 7) and A€ 3 E(— 7).

To derive the inequality for general finite sums, one then employs
the previous reasoning on the matrices

[ X, ... X,] (A0 ...0] [ £, ]
0 ...0 0A...0

'i_—- ’K= ”g__-
‘-0 ...O - -OO"’AJ \.En.

Next we show that B E?IT"E('y). Let E, be an approximate

identity for A" (y) AT (y)* of the form E, = X; X‘}“ , where
i
X?G%I'(y) and each sum is finite. From the defining relation

for B we have BE, = X X¥AX?". Since &mE, = E(y),
i a
where the limit exists in the strong operator topology, it follows

that B = gim BE, = Qim (Z X3 Ax";‘) .
o a i
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But as AEYA" E(— 7), we have X7 AX‘;‘EQI'" E(y) for each
i, a, and hence BE A™ E(y).

Now we show that BEY™ E(y). If CEY", X,€UA™(v),
and § €3¢, we have CX,E€%"(y), and hence

cB (LX) =CY XAt
i i
= Z (CX)) A,
i

=B Y (CX)§ =BC Y X,¢
i i

It follows that BE€ %™ E(y), and hence
B=u" E() NA" E(7) = 3EM).
Now define a;: FE(—v) — % E(y) by «,(A) =B.
Then a, (A A)X=XA A, =a,(A) XA,
=, (A)a, (A,) X
for all XE€A(y), ALA, € 3E(— Y) so @, is a morphism.
We next show that o, is a *-morphism, ie., a, (A*) =« (A)*.

Let A€ ZE(—7), B=a,(A) and Bl=a7(A*). We must
show that B, =B*. But if XYEA'(y), £, nE Y  we have

(B, X£,Yn) = (XA*E,Yn)
= (A*¢,X*Yn)
= (§,X*YAn)
= (X§,YAn)
= (X§,BYn)

where we have used X*YEY™ and hence AX*Y = X*YA. It
follows that B, =B*.

We thus know that a, : ZE(—v) — 3 E(y) is a *-morphism.
But since %7 (— ) =A"(y)*, it follows from the adjoint relation
X*B* = A*X* that «_, is the inverse of a,. Therefore a,
is a *-isomorphism.

Next we extend the operators L(y) affiliated with 3 E(y)
to operators affiliated with % . The extended operators will also
be denoted by L(y) and the extensions are defined by the
requirements L(y) (I —E(y)) = 0. The operators exp{— tL(y)}

v
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and E(y), where t>=0 and 76(3, are then all contained in
% and consequently generate an abelian von Neumann algebra.
If G is countable this algebra is countably decomposable and
has the form L”(Q,du) for some finite measure coming from
a normal state with faithful restriction to the abelian algebra.
If Q is not countable one may replace G by countable subsets
of G throughout the following reasoning and assume the existence
of a similar representation.

In this spectral representation the projections E(y) are
represented by characteristic functions of measurable subsets of
2, and the operators L(y) by almost everywhere defined
measurable functions with non-negative real part. Since the
maps «,: 3E(-v) — 3E(y) are *-isomorphisms they are
automatically normal. They may be extended to normal *-morphisms
a3 3, with range ZE(y), by the requirement
ozy(l —E(—v)) = 0. Since they are normal they extend uniquely
to unbounded operators affiliated to % so, for example,
oz,“(L('yz)) is a dissipative operator affiliated with 3 E(y,).
We will also adjoin these operators to the spectral representation
mentioned above.

LEMMA 1.6. — For all 71,...,7,,6(3 and m€N one has
[E(rp {LO)* + L&y) —a, (LOy; =y} " E(y] =0,
ie, the matrix-valued measurable function from S into M,

whose (i, j)-th matrix element is given by the foregoing expression
takes values in the positive matrices, almost everywhere.

Proof. — If X, € Wy), i=1,2,...,n, then by the hypothesis
of the theorem [H(X)*X, + X7 H(X;) — H(X7X)] > 0.

Therefore [X7L(v)*X;+ X;L(vpX; — L(y; —v) X[ X;] =0 by
Lemma 1.2. But by Lemma 1.5 one then has

L('Y,' - 71) x}k x/ = X’; a‘Yi(L('YI' - 71)) Xi
in the sense that the densely defined operator to the right has a
bounded extension, equal to the operator to the left. Thus

[X}{L(y)* + L(vp) — o, (Ly; — 1} X;]1 > 0.

Using the matrix methods employed in the proof of Lemma 4.5 in
[6] one deduces that
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(ZXEXET) Lop* + Loy — ey ey, =70 X XFXF)> 0
k

for all finite sequences X¥E€m(y). But if Y X¥X¥ runs
x

through an approximate identity for A" (y)A"(y)*, then
Z Xf Xf. converges strongly to E(y), and hence, working in
k

the spectral representation, one finds

[E(y) {(L(yp* + L(yp) — a, (L(y; — ¥NE (xp] > 0.
But a classical theorem of Schur, [26], implies that if A = [Aq]
is a positive n x n matrix, then [(A,])'"] is also positive, for
m=1,2,.... Applying Schur’s theorem to the matrix-valued
fonctions above we deduce that

[E('Yi) {L('Yi)* + L('Y]) - a7i(L('Yf - 'Yi))}m E('Yj)] =0.

LemMMA 1.7. - If XE U the generalized Schwarz inequality
S,(X*X) = S,(X)*S,(X) isvalid.

Remark. — By tensoring with the »n x n matrices, one can
equally well deduce the matrix inequality

[S,(X; X1 3> [S,(X)*S,(X)].

Proof. — If the matrix inequality in Lemma 1.6 is multiplied
to the right with the matrix

[ L (D) 0o ... 0
0 e L 0
0 0 ... el |

and to the left with the adjoint of the matrix, we obtain
[B(y)e ™" {t(L(x* + L(v)

= a, (Lly; =y " e P E(y)] > 0.
Therefore, if this matrix is divided by m!, and the sum is taken
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over m=20,1,2,..., then the sum is larger thant the m =0
term, i.e.,

—ta, (L(7v;—7))
[Epe " 7 TTE@)IZ[E()e E(y)]
and both matrix operators involved in this last inequality have
finite norm. Assume that X € %, and that X has the Fourier

n n

decomposition X = 2 X7i= 2 X;. Multiplying the matrices
i=1 i=1

above to the right with

—tL(yp* —tL(vp
e

"X, 0 ... 0]
X, 0...0
| X, 0 ... 0]

and to the left with the adjoint of the matrix, one obtains
matrices where only the upper left hand corner is nonzero. The
resulting inequality becomes, after using X} E(y)= X and
E('Yj) xj = xj >

- m;n( L("I}"‘ ) * —tL(vp* — YL('YI)
> Xie X, = ¥ Xje e X;.
ij i
—ta, (L(v;—7p)) —tL(v;—7)
But Xfe 07 X; =X*a, (¢ DX,

P tL(‘)"-“’Yf) x:;: xj
= S,(X* X))

and ¢ "7 X; =S,(X).

The above inequality therefore states S, (X* X) = §,(X)* S,(X).

Now we come to the crucial part of the proof that S is
positive and contractive.

LeMMA 1.8. — Suppose that a linear mapping f: %y — U
is defined with the two properties

1) BX*X)>0, forall XEA,,



A C*-ALGEBRAIC SCHOENBERG THEOREM 169

2) Forevery yE€ G thereisa C, > 0 such that
BN <C, X, forall XEA(y).

It follows that |IBX)II <CylIX|l forall X€E€ Az and B
extends to a positive linear map $: %4 — A, with ||B]| < Co.

Remark 1. — The main problem in the proof of this lemma is
to show that f is positive on ;. This is not a simple consequence
of the first condition because positive elements in %, do not
necessarily have the form X*X with XE€%,. An example
showing the possible problems is as follows. Let % = C(0,1)
and (@ the *-subalgebra of polynomials. Each f€ ® extends
by analyticity to C and if one defines 8 by

BN =fx+12), fE®,

then B:® — ® is a *-automorphism and in particular
B(f*f)=20 for all fE®. But B is not positive on @ nor is
it norm-continuous.

Remark 2. — In our application of Lemma 1.8 the map g
satisfies the stronger positivity requirement
B(X*X) = B(X)* B(X), forall XE A,
and this implies C, <1 forall v€E€ G. This is because
B I < HBXXK*X) I < Cy I X1
for XEA(y), since X*XEA". Therefore C7 <\/_C; and

setting v =0 one has /C,< 1. Hence Lemma 1.8 then implies
B COI <Xl for all X€&Ag.

Remark 3. — The group G plays a somewhat spurious
role in Lemma 1.8 and in fact one can give a reformulation which
does not involve G. Let A be a C*algebra containing an
increasing net 9, of closed subspaces indexed by a lattice such
that @ =U, A, is a norm-dense *-algebra of A and assume
there exist linear operators P, : A — A, such that

a) Pa(Up\) S Upnpes forall AN,

b) P,(X)ECo {a(X); a€aut®, a(A,)= A, for all A’}
for all XE€ @, where Co denotes the weakly (norm) closed convex
hull,

¢) P,(X) — X for all XE®
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Further let 8:® —> U be a linear map with the properties
1) BXX*X)=>0 for al XE®,
2) foreach A thereisa C, > 0 such that
IBXIN<CAUXIl forall XEUA, .

It follows that B is a positive map. Moreover if W contains
an identity 1 € ® then B is bounded and |||l = IB()II.

The proof of this statement is a rephrasing of the following
proof with P, identified with the regularization operator

T(f))-

Proof of Lemma 1.8. — The main onus of the proof is to
establish that. B(Y) > 0 for all positive Y E A;. Once this is
done the rest of the proof is as follows.

Choose an approximate identity {E;} for % such that
E; € A7 forall § (see for example, [6] Lemma 4.1). Then

— I Xl E? < E;XE; < [|X|| E2
for all X = X* € %, . Hence
— I X1I B(E}) < B(E; XE;) < | X B(E}).

Therefore
|8 (Es XEs) I| < I X1l I BEY) Il
S IXICoIEZ N <UXIC,.
But lef(z\) is bounded for every finite subset ACG by the
estimate

1BCON =12 BE®,X)I
YEA
<( > c,)uxu, X € AT (A);
YEA

(here AT (A) = Z AT (y), see [9], Definition 3.2.37). Therefore
YEA

taking the limit over the approximate identity one obtains
B < Coll X|| forall X =X*€Ag.

Now [ extends by continuity to the space ¥, of all
self-adjoint elements of A and can be further extended by
linearity to A =A, +iA,. Since B is posiJive on Ap it

follows by approximation that the extension f is -positive on
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A, e.g., this follows from the Legularization method used in the
sequel. Therefore |IB]l = Qim ||B(E)II<C, by Lemma 2 of
8

[11]. In particular [IBX)Il < Cy Il Xl for all X€&€ A.

Thus to complete the proof of the lemma it remains to
establish that B is positive on . This will be achieved by
approximating a positive Y € A with elements of the form z?
with Z =Z*€ A and using the fact that B is bounded on
each AT(A). It is, however, necessary to keep control over the
size of A. For this a regularization argument is essential.

Let f be a function on G whose Fourier transform f
has finite support A(f) and define 7(f) =/; dg f(g) Tg-
Then 7(f) maps A" (A) into AT(ANA(S)) € AT(A(f)) because
if XEAT(A) then

7(f) X)

Y [ def@rx,)

YEA

Y [ def@®(r.0X,

YEA

T fX, €ATANA)).
YEANA(S)

Next we observe that one can choose an approximate identity
{fA}, for the convolution algebra L'(G), consisting of continuous,

positive f,, with j; dgfy(g) =1, and such that fA has

finite support A(f). One way to achieve this is to consider
an upward directed family of finite sets A CG with union G
such that — A=A and then set f, = (h,)*/|A| where
h, €C(G) is the Fourier transform of the characteristic function
of A. Inthiscase A(f)=A+A={y+§; v,EEA}.

Note that the regularization operators 7(f,) associated
with an approximate identity of this type are completely positive
contractions on ¥ .

Now we are prepared to prove the positivity of 8 on U .

Given 1>€e>0 and Y€, with Y>>0, choose
Z=2*€9%, such that |l\/Y—ZlI<e/Q2IYI'? +1). Then
Y =Z*1<AYI"*+1ZDIVY—ZlI<e.
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Moreover if  f, is the above approximate identity

N7 V= 7(f)EZHI<IY—Z*<e

and also
18a () =@ i<( I ¢ )e
YEA(S)

Then clearly

Br(f ) > 8oz —e( T c)

YEA(S)
=— e( 2 Cv) )
YEA(S)

since

BUr(fy) 2 = [ dgfr(®) B (Z%)
= [ de £, (@B (@) @)D
=0

by assumption 1 in the lemma. But € is arbitrary and hence
B (fy) (Y) =0.

Moreover 7 (f,) (Y)EUAT(A'NA(SF)) C A™(A')  where A s
independent of f,. Thus 7(f))(Y) — Y a A — G in
the closed subspace A" (A'). But B is bounded in restriction to
A" (A") and hence B(r(f,) (Y)) — B(Y) and we find B(Y)=0
which is the desired conclusion.

End of proof of Theorem 1. —In the foregoing lemmas we
have constructed a C,-semigroup S: ¥y —> Ax which s
contractive, by Lemma 1.8, and hence extends by continuity to
a C,-semigroup of contractions S on % . But S then satisfies
the generalized Schwarz inequality, by Lemma 1.7, and in fact
satisfies the matrix inequality contained in Condition 2 of the
theorem, by the remark after Lemma 1.7. But the Leasoning in
the proof of Lemma 1.4 shows that the generator H of S is
an extension of H and therefore H is closable. In the course
of that proof we constructed a dense set of analytic element for
H and thus H is the closure of H (see, for example [9] Corollary
3.1.20).
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2. Dissipations and Complete Dissipations.

In the implication 1= 2 in Theorem 1 it was assumed
that H was a complete dissipation, i.e., the matrix inequality
[HX?) X; + X7 H(X;) - H({X*X/)] =0 is valid for all finite
sequences X, ,...,X, €D(H). This can not in general be
replaced by the weaker assumption that H is a dissipation, i.e.,
HX*) X + X*H(X) —~HX*X)=>0 for all X€&€D(H). This
is illustrated by the following theorem.

THEOREM 2. — Let A be a C*-algebra and assume there
exists an ergodic action 7, on %, of a finite abelian group G.

The following three conditions are equivalent:
1) All dissipations on Ay are complete dissipations,
2) If H: %z —> Yisa *-operator, with the properties:

a. H isadissipation,

b. H'rx = TgH forall g€G:

c. HX)=0 for all X€E centre (%), then H is a
complete dissipation,

3) A is abelian.

Proof. — Since any dissipation of an abelian C*-algebra is a
complete dissipation, by Remark 1 after Theorem 1, it follows
immediately that 3= 1 whilst 1= 2 is trivial. To prove
2 = 3 we will first just assume that G is a compact abelian
group, and obtain characterizations of dissipations and complete
dissipations in Lemmas 2.1-2.3. We then specialize to finite G
in Lemmas 2.4 - 2.6.

We may assume by ergodicity that the action 7 is faithful.
Each spectral subspace %" (y) is then spanned by a unitary
operator U(y), and the U(y) satisfy the commutation relations
U)DU@) =p0(r,7,)U(,)U(y,) for all v,,v, €G where
p is an antisymmetric bicharacter, independent of the choice of
the U [20). Moreover ¥ is simple if, and only, if p is non-
degenerate [28] and ¥ is abelian if, and only if, o(y,,7,) =1
for all v,,7v,. The U also satisfy the cocycle relation

UMD U@O,) =80,,7)U(, +7,)
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where § is a 2-cocycle, i.e., §§ is a phase factor satisfying

By 7)B vy +75,73) =B(vy»7, + v3) B(vz573)

for all 71,72,7366. The function f depends on the phase
chosen for the U(y), if U(y) is replaced by U'(y) = ¢(v) U (v),
B is replaced by B’ given by

o(v) e (v,)
o(y, +17,)

and B is uniquely determined by 7 up to these transformations.
In particular, % is abelian if, and only if, 8 is a co-boundary, i.e.,

B'(v1575) = B(v,,7,)

+ R
B(vys7,) = M for some function ¢:G — T. The
e(r1) ¢ (72) 8Oy 7.)
connection between B and p is given by p(y,,7y,) = %

B(vzs7y)

We first reduce the proof of 2.= 3 to the case that % Ais
simple. To this end, define ' = {yE€G ; o(y,§) =1 for all §E€G}
and Gy=T" = (g€G; (y,g) =1 forall yET}.
Then

centre () = closed linear span of {U(y); y €T}

=a% =(X€u; 7(g) (X) = X forall gEG,}.

See, for example -15]' _Define a nondegenerate antisymmetric
bicharacter po; Gy x Gy= G/I' x G/I' —> T by

P[], [ED) = 0(7. &)

where [y] is in the coset of 'yGC in é/l". Let %, be the
simple C*-algebra which is the closed linear span of unitary
operators U, ([v]), [Y]E€G, satisfying

Uy ([vD Up ([ED = po (7], 1§D Up ([ED Uy (IvD

and let 7° be the corresponding ergodic action of G, on ¥%,.
The C*-algebraA A is then a homogeneous C*-algebra over
centre (%) = C(I') = C(G/G,) with fibre %, .

LEMMA 2.1. — There is a 1-1 correspondence between
dissipations (resp. complete dissipation) H on U satisfying

b) Hr,=1,H forall g€G,
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¢) HX) =Q forall X € centre ( ‘JIF)
and dissipations (resp. complete dissipations) H, on Aoy satisfying
b') Hyry =13H, forall gE€G,,

¢') Hy(lp) =0, where |, is the identity element in %,.
If the functions L: G — C and L,: G, — C are defined by
HUM) =L(MUM,r€G,

Ho(Uy (7)) = Lo (17D Up(Iy)),  [¥1€G, = GT,
this correspondence is given by L(y) = Ly([v]), all 76@.

Proof. —If H is a dissipation (resp. complete dissipation)
on %A satisfying b) and c¢), then it follows from Lemma 1.1
that H(XY) =HX) Y = YH(X) = H(YX) for all X€%g,
YE centre (¥g) = linear span of {U(y);y€Tl}. Thus, if
L:G — C is the function such that HU(y)) = L(y) U(y),
then L depends only on [y], and we may define a function
Ly:G,— C by Ly([vD=L(y) for all y€G, and then
define an operator Hy, on %, by

H, (U, (YD) = Ly((7]) Ug(lv]) for [v]E€G, .

The point 0€ G/G, (or any other point) defines a character
on C(G/Gy) = centre (%) by evaluation, and thus a morphism
¢ on A with range canonically isomorphic to %A, by the
correspondence ¢(U(y)) ~ Uy([vD,y€G.

As HXY)=HX)Y for all X€%;, Y Ecentre (A), H maps
each fibre of the homogeneous C*-algebra % over centre (%)
into itself, and hence H lifts via ¢ to a map on ¢(%Ap) ~ g -

This map identifies with H, via the above correspondence, and
as ¢ is a *-morphism it follows that H, is a dissipation (resp.
complete dissipation).

Conversely, if H, is a dissipation (resp. complete dissipation)
on %, satisfying b'. and ¢'., define L(y).= Ly([y]) for y€G and
H(U(y)) = L(y) U(y) for vyE€G.

The H satisfies properties » and ¢, and in particular the
action of H on % decomposes under the ‘“‘central decomposition”
of 9 into actions of H on each of the fibres of A over
centre (). But as explained above, each of these actions is isomorphic
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to the action of Hy, on 9%,, and hence H is a dissipation (resp.
complete dissipation) if, and only if, H, has this property.

Because of Lemma 2.1, we may assume that the bi-
character p is non-degenerate and % is simple in the rest of the
proof. The condition 2c¢) reduces to H(l) =0, and any *-map
satisfying 2b) and 2c¢) is given by H(U(y)) = L(y) U(y) where
L(y) is a scalar satisfying L(— 7)=—II~7),A L) = 0. Actually,
we will restrict attention to functions L: G —> C having the

foorm L(y)= Y (0 —p,7)a(t) where a is a real
teG\ {o}
function on G such that «(0) =0 and Z la(y) | < + oo,
YyEG

The space of such functions « will be denoted by @ , and the
space of the corresponding functions L will be denoted by £ .
The operator H = H, corresponding to « is then given by

HX)=— 2 amUmxum*+( & am)x.
vy€G\ {0} vy€G\ {0}
H, is thus a bounded operator satisfying b) and c). Note that if
G is finite, it follows from [6], Example 6.4, and [18, 13] that
H is a complete dissipation satisfying ») and c¢) if, and only if,
H=H, for an «a€ @ such that o(y)=>0 for all vy. For
general compact abelian groups G we have the following:

LEMMA 2.2. — 1) The linear transformation M: QL — £
defined by

Ma) () = 2 (1 —p(E, ) «(®)

t€G
is a real linear isomorphism from @ —> £ .

o 2) The function y —> (Ma) (y) is negative definite on
G if, and only if, a(§)) 20 for all ¢€G. Thus H, is a
complete dissipation if, and only if, a(¥) =2 0 forall £E€EG.

a

Remark. — If G is finite, one deduces from 1. by counting
dimensions that

£ ={L:G — C;L(0)=0 and L(—v)=L(y) forall yEG}
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and hence any operator H: % — o with the properties
Hr,=7,H and H()) =0 has the form H=H, for a unique
aed.

Proof. — 1) The antisymmetric bi-character p defines a
morphism ¢: G — G by ({,0(y)) =p(¢,vy) for all §,vEG.
As p is non-degenerate this morphism is faithful, and ¢(G) is a dense
subgroup of G. Using this morphism, we may view £ as functions
L on G by Lg = X (1—(tg)alf), ie, we identify the

. yE€G
function L, on G with the function L, on G obtained by
extending L, (¢(y)) = L,(y) by continuity. Thus

L(g) = (Ma) (g) = a(0) — a(g)

where ~  denotes the inverse Fourier transform. But if Ma = 0
one obtains a(g) = a(0) for all g, and hence a(f) is propor-
tional to &(§). But as «(0) =0 it follows that a =0, and
thus the kernel of M is zero.

2) As G is compact, G admits no nontrivial additive
characters into the reals. It follows from the Lévy-Khinchin theorem
[4, 21] that a function L on G is negative definite if, and

only if, L has the form L(g)=2‘ (1 —<&,g))a(¥)

teé
where a€2'(G),a(0)=0, and a(¢])=0 for all §€G. But
as ¢(G) is dense in G, and L as a function on G is continuous,
it follows that L is negative definite as a function on G if, and
only if, it is as a function on ¢(G). Part 2. of the lemma then
follows from the bijectivity of M. But H, is a complete dissi-
pation if, and only if, L is negative definite, see [6], Corollary 5.8,
or Lemma 1.6 in this paper.

We next investigate when H 1is a dissipation. This means
that H(X*) X + X*H(X) —H(X*X) >0 for all

X=2 x(m)U(y) € .
Y
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But
HX*) X + X*H(X) —H(X*X)

2 xMx(® (L + L — LE — v} Uly) *U @)

7,.€

2 x(n) x(¥) § 21— o, an)
n

v,€

+

2 —p@,E)am — XU —pn,E—y)am){ Um*U®)

n n

Z xMx® (A —p@, M)A —p, )} an) U() * UE)

7,Em

Y. X(n) * X(n) a(n)
n

where X(n) = Zx(s)(l —p(n,§)UE) for all nEé. If
13

we use a similar identification of G with a dense subgroup w(f})
of G as in the proof of Lemma 2.2, with p(n,§) =(§,¢(n)) for
all n,8€G, then we have X(n) =X —7,.,, (X).

Let Tr be the unique normalized trace state on A . As any
positive linear functional w on %, can be approximated by
functionals of the form Tr(Z*-Z), where ZEY we thus
obtain

LEMMA 2.3. - Let o€ @. The following two conditions
are equivalent:

1) H, is a dissipation,

2) L Tr@*X =7, XN*X =7, XNZ)a()) >0 for
ted
all X,Z€%.
Assume now that every dissipation of the form H, is a
complete dissipation. By Lemma 2.2 and 2.3 this means that
if a€ @ has the property that

E@ Tr(Z*(X = 7, XN * (X — 7, XN Z) a(§) > 0

for al X,Z€%A, then necessarily a(§)=0 for all EEC.
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Identifying @ with Qa(é\{O}), this means that the convex
cone in 25(G\{0}) generated by the functions

EEG\{0} — fix ; () =Tr (B*(X — 7, (XN *(X — 7,5 X)) Z)

is weak*-dense in IZ",;’(G\{O})+ ={peE; pE =0 for all
£€G\{0}}. But this is equivalent to the condition that the
extremal points & v 8(¢§—§,) in (R3), can be approximated
in the weak*-topology by a net of convex combinations of
functions of the above type.

From now on we will assume that G is finite. In this case
the cone generated by the function fx,z is automatically closed
because of finite-dimensionality, and hence the condition above
is equivalent to the existence of X,Z€A for each g, €G
such that Tr (Z*(X — 7,(X)) *X - rg(X)) Z)=256(g—g,) for
all g €G\{0}. As the trace is faithful, we have proved the following :

LEMMA 2.4. — Assume that G is finite. Hypothesis 2 in
Theorem 2 is fulfilled if, and only if, for all g, € G\{0} there
exist X,Z€A with

=0 for g+#g,
X —71,(X)Z
#0 for g=g,.
The if part of this lemma follows from the remark after Lemma 2.2.

We next translate the conditions in Lemma 2.4 into conditions
on the Fourier coefficients x(y),z(y) of X.Z. We have

X —7,(X) = ;‘l x(y) (1 —(v,,8) Ulry)

and hence we may assume without loss of generality that x(0) = 0.
Furthermore using U(y,) U(y,;) = B8(v,,7,) U(y, +7v,) we have
X-1,XNZ = Y x(rPz(r) (1 =(7,,8)B(, 1) Uy, + 7))

V1,72

=2} Tx(rz —v) A ~Cr,.80) B0, . £ 1)U
4

71
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Thus, if X,Z satisfy the conclusion of Lemma 2.4 we have

2x(ypzE =) A = (v, 80801, — 7))

n
=0 if g#g,

#0 forsome ¢ if g=g,
=h(¢)o(@E — gy
for some nonzero function # on G. Put
fe(r) =x(vy) z(E — vy B(vy -8 — 7))

Then the above relation states that f£,(0) — f,(2) = h(§) 5(g - g,)
where ~ denotes the inverse Fourier transform, i.e.,

fe® = F(0) —n(¥) 6(g —gy).
Taking the Fourier transform, we obtain
1 -
feM=—"3 2 (—7.8/®
l G ‘ gEG

1

- 1
=G 6(7) f¢(0) — I—Gl—zh(E) (= 7.8

=8(7) ¢, (§) + 8o(7V) ()

where c,,c,, are functions on G, c¢, is nonzero, and g, is
the character on G given by —1v,. Thus

x (7)) 2(7,) B(yy»> 7)) = 8(vy) ¢, (vy +73) + 8,(vy) ¢, (v, + 75)
=807 e (1) + 8(v) (v + 712

Now, the condition x(0)=0 gives c,(y,) + c,(v,) =0 for
all v,, ie, c¢;(v)= —c,(y) =c(y) for all y where c is a
function. Thus

LEMMA 2.5. — Hypothesis 2 in Theorem 2 implies that the
following set of equations

x(7) z(v) B(Yy 7)) = 8(v) c(vy) —g(vdely; +1)) (*)

has a solution x,z with x(0) =0 for some nonzero function
¢ on G, for each g,€G\{0}.
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The algebra % is a full matrix algebra M,. If n=1,
the implication 2 => 3 in Theorem 2 is trivial, and hence we
may assume that n=>2. Then G has at least 4 elements. Our
aim is to show that the equations(*) have no solution with
c#0.

LEMMA 2.6. — If the equations(*) have a solution x,z,c

with ¢ #+ 0, one has
x(y) #0 forall v# 0

and 2(y) £ 0 g

for all «.
c(m#0 )

Proof. —If x(y,)=0 for a v, #0, it follows from (*)
that c(y, +v,)) =0 for all v,, which is impossible. Thus
x(y)#0 for all y+# 0.

If z(yy)) =0 for a v, GG, it follows from (*) that

8(vy) c(ry) = 8o (v ey + 7o)

for all v, € é, ie., c(y)=dé(y —v, for some constant d.
Thus c¢+# 0 implies that 2z(y,) #0 for all v,#v,. The
equations (*) now take the form

x(7l) 2(72) 3(71 ’72) =d {6(71) 8(72— 70) — & (71) 8(73+ Y2~ 70)} .
Choosing v, # 7o, and v, #0, with v, + v, #1v,, the right
hand side of the above equation is zero, whilst z(v,)B(y,,7,)# 0.
Thus x(v,) = 0, contradicting the first part of the proof. Thus
z(y,) #0 for all v,.

Thus  x(v) z(v,)B(v,,7,)# 0 for all 4, #0 and al
Y,, ie, c(y, +7,)#0 for the same (v,,v,), ie, c(y)#0
for all +.

We next investigate consequences of the 2-cocycle identity,

B(yy>72) BCyy + 75,73) = B(yy 72 + 73) B(v5573)

satisfied by . Multiplying both sides of this equation by
x(y,) x(vy) x(v, + 7v,) z(v;) 2(v3) z2(v, + v;) and combining with
Lemma 2.5 we obtain
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x (1) 80(75) (v, + 73) {z(v) ey, + 73) —z(v, + 73) c(7, )} 8(vy)

—x(7)2(v, + 73) 8, (7)) c(73) €(0) 8 (v, + 7v,)

+ x(7,)2(0) go(7,) c(v3) c(v, + 73) 8(v,) (**)

+ 80(7) 8o (72) c(vy + 7, +73) {x(vy) z(v, + ¥3) 8 (YD e (v, + 7,)

—x(7,+7,) z(v)ec(v, + 73 = 0.
Now, fixing v, =y =0, and v, =§(+#0, suchthat y + £ +#0,
the first three terms in (**) disappear, and combining with Lemma 2.6
we obtain
x(B)ge(Mecly + Dzt +v3) =x(v + ) z(§) c(§ + v;)

for all 736(5, i.e., z is proportional to c¢. By moving the
factor of proportionality over to x we may therefore assume
z(y) = c(y) for al yE€G. Inserting this in (**) the &(y,)-term
disappears, and choosing 7,,v,, such that y, +v,#0,y, #0,
we obtain x(7,) go(v,) (v, + 77) = x(v, + 7,)¢(y,), or

'x(72) — x(71 + 72)
c(72)go(72) 0(71 + 7z)go(71 + '72) ’

x(7)

ie,, y#¥ 0 —> ———— isaconstant d. Thus
c( &o(7)

0 if y=0
x(y) =
dgo(v) c(y) if y#0.

From (*) we therefore obtain

clvy + 7)) _vly + 7))

de(v)e(ry))  w(v,) 0(7,)

whenever v, # 0, where ¢(y) =dc(y). But as f(y,,0)=1
for all vy, we obtain ¢(0)=1, and as B(0,v,) =1 for all
e(v, + 715)
e(1) ¢ (72)
for all v,,7, €G. As 1B(y,,7,)| =1 for all v,,7, it follows

readily that |@(y)l =1 for all vy, and hence B is a coboun-
dary. But as % is non-abelian, this is impossible.

B('Yl s 72) =

v,. Wwe then see that the relation B(v,,7v,) = is valid

We have thus proved that if % is non-abelian, condition 2
of Theorem 2 is not valid. This ends the proof of 2 = 3.
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3. Positivity Properties.

To conclude we examine various concepts of positivity for
semigroups acting on % =M, .

First consider the ergodic action of G=2Z,xZ, on M,
defined in Section 6 of [6]. The eigenunitaries for this action can
be taken to be o,=1,0,,0,,0,, where o; are the Pauli
matrices. It follows that operators H commuting with the G-action
have the form H(o) =\g0,,i=0,1,2,3, and since %°=Cl
the condition H(X)=0, X€ %A%, is equivalent to A,=0.
Hence the semigroup S, = exp{— tH} is determined by the
vector A =(A;,A,,A;). It was shown in [6] that S is positive
if, and only if, N\, 0, and S is completely positive if, and only
if 420 where ¢, =—\+ ) A;. But we nowargue that S

j#i
is strongly positive if, and only if, A\, >0 and 4)\,)\,—-t,2,>0
for i=j# k+#i. Thus the three concepts of positivity are
distinct, even for semigroups commuting with an ergodic action.

To derive the characterization of strong positivity of S
we first remark that it is equivalent to the conditions

QX)=HX*) X+ X*HX)—HX*X)=>0
for all X€%. But a state w over M, has the form
w(A) =Tr(pA) where p=(+p,0, +p,0, +p30,)/2 with

p;,€R and p}+p2+p2<1. One then calculates that
w(Q, (X)) = 0 forall XE€ Y if, and only if, the matrix

2\, ipyt, —ip,t,
—ip,t, 2\, ip,t,
ipyt, —ip,t, 22,

is positive. Thus S is strongly positive if, and only if, these
matrices are positive for all possible p.

By the Principal-Milnor-Theorem (see, for example, [16]
Ch.X, Theorems 4 and 20) and the conditions p? + p3 + p3 <1,
positivity of these matrices is equivalent to the six conditions
=0 and 4NN - t2>0, i#j#k+i. In particular
positivity, strong positivity, and complete positivity, are distinct
properties for the semigroup.
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A specific example of a strongly positive semigroup which
is not completely positive is given by the choice

Ao =0,N, = 1/2,\, = 3/2,\; = 1/2.
This semigroup has the action
S,(X) = (Ch(#/2) X + Sh(¢/2) X")e™* + Tr(X) (1 — e~ *?)1

where X" denotes the transpose of X and Tr(X) is the
normalized trace. If H is the generator of this S then ¢ =1 — H
is the strongly positive operator exhibited by Choi [12] which
is not 2-positive. Similarly S, is not 2-positive for all 7> 0.
Specifically ~ 2-positivity  fails for 0 <¢ <2 In[(1 ++/3)/2].
Nevertheless S, is 2-positive for large ¢, e.g., asymptotically
one has lim S,(X) = Tr(X)I.
P

Finally we mention that Choi [31] has shown that
n-positivity and complete positivity are equivalent properties
for operators on M, .
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