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CLASSIFICATION
OF NASH MANIFOLDS

by Masahiro SHIOTA

1. Introduction.

In this paper we show when two Nash manifolds are Nash diffeo-
morphic. A semi-algebraic set in a Euclidean space is called a Nash
manifold if it is an analytic manifold, and an analytic function on
a Nash manifold is called a Nash function if the graph is semi-algebraic.
We define similarly a Nash mapping, a Nash diffeomorphism, a Nash
manifold with boundary, etc. It is natural to ask a question whether
any two C” diffeomorphic Nash manifolds are Nash diffeomorphic.
The answer is negative. We give a counter-example in Section 5. The
reason is that Nash manifolds determine uniquely their “boundary’.
In consideration of the boundaries, we can classify Nash manifolds
by Nash diffeomorphisms as follows. Let M, M,, M, denote Nash
manifolds.

THEOREM 1. — There exist a compact real non-singular affine
algebraic set X, a non-singular algebraic subset Y of X of codi-
mension 1, and a union M' of connected components of X-Y
such that M is Nash diffeomorphic to M' and that the closure M’
of M' is a Nash manifold with boundary Y. Here Y is empty if
M is compact.

In the above we call M’ a compactification of M.
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THEOREM 2. — Let N,, N, be any respective compactifications
of M,, M,. Then the following are equivalent.

(i) M, and M, are Nash diffeomorphic.
(ii)) N, and N, are Nash diffeomorphic.
(iii) N, and N, are C” diffeomorphic.

By the h-cobordism theorem [5] we have

COROLLARY 3. — Assume that M, and M, are C” diffeo-
morphic, that the dimension of M, is not 3,4 nor 5, and that
if dimM, > 6, for any compact subset A of M, there exists
a compact subset A'D> A of M, such that M, — A’ is simply
connected. Then M, and M, are Nash diffeomorphic.

The correspondence M —> the compactification of M shows
the following.

COROLLARY 4. — The Nash diffeomorphism classes of all Nash
manifolds are in (1-1)-correspondence with the C” diffeomorphism
classes of all C” compact manifolds with or without boundary.

The next corollaries may be useful when we consider Nash ma-
nifolds and Nash functions.

COROLLARY 5. — Let M, DM}, M, be Nash manifolds and a
compact Nash submanifold. Let f: M, — M, be a C” mapping
such that f ly s a Nash mapping. Then we can approximate f by
Nash mappings fixing on M) in the compact-open C~ topology.

COROLLARY 6. — Assume that M is compact and contained

in R". Then there exist Nash functions f,,...,f, on R" such
that the common zero point set of f,,..., fp is M and that
grad fy,...,grad f, on M span the normal bundle of M in R".

2. Preparation.

See [3] for the fundamental properties of semi-algebraic sets.

LEMMA 7. — Let M C R" be a Nash manifold. Then there exists
a Nash tubular neighborhood U of M in R", (ie. U is a Nash
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manifold and the orthogonal projection p: U — M is a Nash
mapping).

Proof. — Let M be the Zariski closure of M in R". Let
Sing(M) denote the set of singular points of M. Then M- Smg(M)
is open and dense in M. Consider the normal bundle

N = {(x,y)€M x R"|y isanormal vectorof M at x in R"}.

Then clearly N is an analytic manifold. Moreover N is semi-
algebranc The reason is the following. We defme the normal bundle
N of M- Smg(M) in the same way. Since N is an algebraic subset

of (M-Smg(M)) x R”, NN (M x R") is semi-algebraic. The equality
Nn M x R*) = Nn ((M-Sing(M)) x R")

and the dense property gf M-Sing(f{) in M imply that N is the
topological closure of NN (M x R") in M xR". Hence N is
semi-algebraic.

The mapping ¢q:M>3(x,y) — x +y€R" is obviously
of Nash class. Let E, be the set of critical points of the mapping
q xq:NxN — R" xR". Then (N x N) —E, contains

A ={(z,,z,)ENxN|z, =2, = (x,0)}.

Let E, be the set of all points (z,,z,)EN x N such that

q(z,) = q(z,). Then E, is a closed semi-algebraic subset of N x N
and contains the diagonal

A, ={(z,,z,)ENxNJz, =2z,}.

Moreover the topological closure E, — A, does not intersect with
A, because of the existence of C™ tubular neighborhoods of M.
Hence E, v (E — A4A,) is a closed semi-algebraic subset of N x N
which does not intersect with A, .

Let ¢ be a positive continuous function on M defined by
p(x) = dist((x,0,x,0), E, v (E 4,)).

It is easy to see that any distance function from a semi-algebraic set
is semi-algebraic (i.e. the graph is semi-algebraic). Hence ¢ is semi-
algebraic. Put

={(x,y)EN |2yl <g(x)}.
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Then N’ is an open semi-algebraic subset of N. We want to see
that the restriction of ¢ to N’ is a Nash diffeomorphism into R”.
It is trivial that the restriction is an immersion. Assume the existence
of points z, = (x,,y,) and z,=(x,,y,) in N such that
q(z,) = q(z,), z, ¥z,. Then we have

xl +yl=x2+y2’
dist?((x,,0,x,,0), (z,,2,))

=|x, —x,2 +y>+y? +y?
dist®((x,, 0, x,, 0), (z,, 2,)) ! ? ' ' ?

= o(x,)?, p(x,)?,

and 2iy11<e(xy), 21yl <p(x,).

It follows that |x, — x, ? = [yy — ¥, > and

Ix, =%, + y2 + y2 > 4y%, 4y,

Hence |y, —y,1*>y%+y%. This is a contradiction. Therefore
q(N') is a Nash tubular neighborhood of M in R". The proof is
complete.

The following lemma will be used in the proof of Theorem 2,
but this may be interesting itself. The case of polynomials on a
Euclidean space was treated in Remark 6 in [11].

LEmMMA 8. — Let M C R® be a Nash manifold closed in R".
Let f,, f, be positive proper Nash functions on M. Then there
exists a C” diffeomorphism 1 of M such that f,o 1 and f,
are equal outside a bounded subset of M.

Proof. — The case where M is compact is trivial. Hence we
assume M to be not compact. Let f,, f; be the extension of
fy, f, respectively onto a Nash tubular neighborhood U of M
defined by fT——;f, op, i=12, where p is the orthogonal pro-
jection. Then f; are Nash functions, since any composition of
Nash mappings is of Nash class. We regard grad f;, i=12 as
Nash mappings from U to R" also. The restrictions of gradf;
and grad}’v2 to M are vector fields of M. Let the restrictions be
denoted by w,, w, respectively. Put

B={xEMHW,,wy) =~ Wyl Iwyl}.
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Here (,) means the inner product as vectors. Then B is semi-
algebraic because of

B=Mn {xe U |(grad f,(x), grad f,(x))
= — lgrad f,(x)| | grad 7, (x)1} .

Obviously B is the set of points x where w,, is zero or w,, is
a multiple of —w,, by a real non-negative number.

We will prove by reduction to absurdity that B is bounded.
Assume it to be unbounded. As R" is Nash diffeomorphic to
S" — {apointa} by the stereographic projection, we identify them.
The germ of B at a is not empty. Hence, considering the germ,
we obtain easily an unbounded one-dimensional semi-algebraic set
B'C B (see [3]). We can assume that B’ is a Nash manifold with
boundary and Nash diffeomorphic to [0, ), because the set of
singular points of one-dimensional semi-algebraic set is a semi-
algebraic set of dimension 0. Let v be a C* non-singular vector
field on B'. Then, by the definition of B, we have

vf,(x) x vf(x) <0 for x€B'.

On the other hand, any non-constant Nash function defined on [0, o)
is monotone outside a bounded subset, because the set of critical
points is a semi-algebraic set of dimension 0. Hence one of the
functions f,lgr and f,|gr is monotone decreasing outside a
bounded subset. This contradicts the fact that f,, f, are proper
and positive.

Let K be a large real number, let ¢ bea C~ function on M
such that

0 for |x|<KY?
0<p<l1, ¢= >
=

1 for |x
Put L=Mn {|x|=K'Y?}, L'=Mn {]x|=K'?},
L"=Mn {|x|= (2K)'*}.

For any real ¢,, ¢, 20 with ¢, + ¢, >0, the vector field
w' =¢,w, + ¢,w, is nonsingular outside B and satisfies w'f,,
w'f,>0 at any point x¢ B such that ¢, |w,|i=c, |w,l.
Choose K sothat L'n B = ¢-.. Put

w=w,/lw,| +eow,/Ilw,] on L'.
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Then w, w, and w, are non-singular vector fields on L'. Moreover
wf,, wf, are positive on L', L" respectively. It is sufficient to
consider the case

fix)=x3+---+x% for x=(x;,...,x,)ER".
Since L is alevel of f,, L is smooth, and w, is transversal to L.

On any maximal integral curve of w, f, is non-singular and
monotone, and the set of values is [K,%). Let ¢, be the local 1
parameter group of transformations of L' defined by w. Then
Y, is well-defined for 0 < <oo. Put

T(z,t) = Y,(z) for (z,8)€L x[0,00).
It follows that ' is a diffeomorphism onto L'. The mapping
(z,t) — (z,f,o7'(z,t) —K)

is a diffeomorphism of L x [0,%). Let (z,t) — (z,s(z,t))
be the inverse diffeomorphism. Put

w(z,t)=n'(z,s(z,t)) for (z,)€L x[0,).
Then 7 is a diffeomorphism from L x [0, %) to L' such that
fiem(z,)=t+K for (z,)€L x[0,).
By the definition of m and #' we have a positive C” function p

)
4 —_— =
on L' suchthat m, (at) pw.

It follows from w(L x {t = K}) =L" that
of,om
ot

Hence, for each x€ L, the tfunction f, o m(x,f) on [K, )
is proper and non-singular. Choose real K'( K) so that

frem(x,)>K for (x,H)€L x[K', o).

(z,t) >0 for t=2K.

Then we have a C” function f; on L x [0, %) such that f;(x,?),
0<t<oo, is C” regular for each fixed x € L, that fx,)=t+K
in a neighborhood of L x O and that f;(x,¢) =f, o w(x,t) for
(x,)€L x [K',). It follows that (x,¢) — (x, f3(x,7) —K)
is a diffeomorphism of L x [0,%). Let #" : (x,t) — (x,s'(x,?))
be the inverse. Then we see that
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fromond(x,)=t+K if s'(x,H)=K".
Hence
fiem=fiomox" if §(x,)=K".

Since s'(x,f) =t in a neighborhood of L x 0, we can extend
mow'"'oqn~! onto M so that the extension 7 is the identity
on M —L'. Then fieT=/f, outside a bounded set. Hence
Lemma is proved.

3. Proofs of Theorems 1, 2.

For the sake of brevity we assume that M, M, and M, are
connected. We also assume that the manifolds are not compact,
because the other case is well-’known. Let »n' be the dimension
of the manifolds. Let G, ,» denote the Grassmann manifold of

. . '
m-linear subspacesin R™*™ . Put

Ep = {X,x)€G,, o x R®*™ |xEN}.

m

Then G, ,, has naturally affine non-singular algebraic structure [7].

Let oM’ denote M' —M' if M’ is a manifold contained in
R"” and the usual boundary if M' is a compact manifold with
boundary.

Proof of Theorem 1. — (1) First we reduce the problem to the
case in which there exist a real compact non-singular algebraic set
X C R” and an algebraic subset Z of X satisfying the following
conditions, (this was shown in the proof of Proposition 1 in [9]).

(i) M is a connected componentof X —Z.
(ii) For every point a&€ Z, there exists a smooth rational

mapping ¢ from X to R" for some integer n” <n' such that
¢(a) =0, that

Z =§ T{(xy, ..., xNER X, ... xn=20
b) e, MER |x, w=0p |7
where U is a neighborhood of a in X, and that { is a submersion

on U. In this case we say that Z has only normal crossings at a
in X.
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Proof. — The boundary oM is a closed semi-algebraic set in
R". By Lemma 6 in [6], there exists a continuous function 1 on
R" such that n7!'(0) = dM and that the restriction of n to
R” — OM is of Nash class, (see the remark after Proposition 1 in [9]).
Consider the graph of the restriction of 1/n to M. Then the graph
is closed in R” x R and Nash diffeomorphic to M. Since R"*!
is Nash diffeomorphic to S"*!' — a point by the Stereographic pro-
jection, we can assume that the Zariski closure M in R" is compact
and that oM is a point. Let A:M —> M be the normalization
of M (see [7]). Then there exists a Nash manifold M” open in M’
such that the restriction of X to M is Nash diffeomorphic onto
M and that M” is a set of non-singular points of M’. It follows
that aM” c A"!(d@M) and that M’ is compact because so is M.
Apply Hironaka’s desingularization theorem [2] to M’'. Then we
have a compact non-singular affine algebraic set X of dimension
n' and a smooth rational mapping u: X — M’ such that the
restriction of u to u~*(M’) is diffeomorphic onto M'. More-
over we can suppose that Z = u~'(A~'(dM)) has only normal
crossings (Main Theorem II in [2]). This means (ii). As au~!(M'")C Z,
u~!(M') is a connected component of X — Z. Hence we can assume
@).

(2) Let p: V — X be the orthogonal projection of a Nash
tubular neighborhood V of X in R". Put

Z’=72nM,
F = {(x,y)€ X x R" |y isanormal vector of X at x in R"}.

Then the projection F — X shows that F is the normal bundle
of X in R". It is easy to see that F is a non-singular algebraic
set. Let F|, denote FNY x R”, the restriction of the bundle
to Y, foranysubset Y of X.

We want to show the following. There exist a compact
non-singular algebraic set Y in M of codimension 1, a
connected component M’ of M —Y, a polynomial mapping
qg:R"xR"xR — R" and open neighborhoods U U, of
Yx0x0 in Fl|y x R such that,

1°

i) q(x,0,0)=x for x€Y,
(i) U, c U,,
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(iii) qlUl is a diffeomorphism into R" whose image contains
M-—-M,
(iv)qlU2 is an immersion whose image contains M~—M.

Hence we can say that F|y x R and ¢q(U,) are the normal bundle
of Y in R" and a « bent » tubular neighborhood respectively.

Proof — Let a be the ideal of the smooth rational function
ring on X consisting of functions which vanish on Z. Let & be
the square sum of finite generators of a . Then for every point a
of Z, there exists an analytic local coordinate system (x,,...,Xx,.)
for X centered at a such that & = x%...x2, in a neighborhood
of a for some n'". Put Y=§¢"1()NM for sufficiently small
€e> 0. Here Y is not necessarily algebraic, so we approximate
later it by an algebraic set.

For any point a€ Z', consider the set of all connected
components of M N (a small ball with center at a). Let T be the
disjoint union of the set as a runs on Z'. Hence an element ¢ of
T means a pair of a point o,(c) of Z' and a connected set g,(c)
contained in M. Then T has a topological manifold structure
such that o, : T— X is a topological immersion and that
0,(c)No,(c")# @ for close ¢, c'€T. Let v, :T — R" be
a continuous mapping which satisfies the following conditions.

For every point ¢ of T, let (x,,...,x,,) be an analytic local
coordinate system for X centered at a = 0,(c) such that
0,(¢)={x,>0,...,x,,>0}, n'<n', in a neighborhood

of a. Then v,(c) is avector tangent to X at a and satisfies
v,(0)x; >0 for 1<i<n",

here we regard v,(c) as a tangent vector of X at a. This means
that v,(c) points at a point of 6,(c). The existence of v, is trivial.
Moreover we can assume the following, usinga C™ partition of unity.
For every c€ T, there exists a C~ vector field v,(c) on a small
neighborhood of @ = 0,(c¢) in R" such that v,(c), = v,(¢) and
that v,(c’) = v,(c"") on the common domain of definition for any
close ¢’, ¢"€T.

Put :
03(c) =p~to,(c) for c€ET.
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We remark that p~!'(Z) has only analytic normal crossings in V
(see [2] for the definition) and that o’z(c) can be regarded as a
connected component of p~!(M)N(a small ball with center at
0,(c)), because we are concerned with only an arbitrarily small
neighborhood of Z’'. Consider the restrictions of wv,(c) to
o,(c) for all ¢c€T. Then the restrictions of v,(c) and wv,(c")
to o5(c)Nay(c') are equal for ¢, ¢' €T. Hence we have a C”
vector field v, on (a neighborhood of Z' in R")Np~'(M)
such that v, =v,(c) on 03(c). By the property of v,, vy is
transversal to p~1(Y) for any small e>0 (Y =¢§¢1(e)NM).

Fix €. Using the integral curves of v,, we obtain a C~
imbedding q, of a neighborhood U; of Yx0xO0 in F|, xR
into R" suchthat q,(x,y,0)=x+y,

%qtl (x,y,t) =v3ql(x,y,t) for (x,y,0), (x,y,t)EU,
and that ¢, (U,) is equal to (a neighborhood of Z' in R")Np~1(M).
Here U, is chosen so that (U,,Y x 0 x 0) is C” diffeomorphic
to (Fly xR, YxO0x0). From these arguments it follows that
M —Y has two connected components the closure of one of which
does not intersect with oM. Let the component be written as M’.
Then we can assume that ¢,(U,) contains M —M’' and hence that
(iii). Let g, be a C” extension of g, to R” x R" x R. Then
there exists an open neighborhood U, of Yx0x 0 in Fly x R
such that (ii) and (iv) are satisfied.

We need to approximate Y and g, by an algebraic set and
a polynomial mapping. Since M’ is a C* manifold with boundary,
we have a C~ function x on X such that x is C* regular on
Y and that the zero set of x is Y. Approximate x by a smooth
rational function in the C~ topology, and consider the zero set.
If we use the same notation Y for the set, Y is a compact non-
singular algebraic set in M of codimension 1. We have no problem
to apply the above argument to this Y, because the old Y can
be transformed to the new one by a C~ diffeomorphism of R"
arbitrarily close to the identity. By the equality

q4,(x,0,0)=x for x€Y,

we have polynomial functions »,,...,», on R"x R" x R and
C” mapping p,,...,p;: R” x R" x R —> R” such that
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k
q, = Y, v;p; + the projection onto the first factor,
i=1
and that », =0 on Y x 0x 0. Approximate p; by polynomial
mappings p; in the compact-open C” topology. Then
k
q =Y v,p;+ the projection
i=1
is what we wanted. We have to modify U,, U, so that (iii), (iv)
remain valid. But this is easy to see, hence we omit it.

BI
Y Y YxQxo0

MI M’ M" CI

(3) By (iii) in (2), ¢ maps diffeomorphically (g='M-M)NU,,
Y x0x0) onto (M—M',Y). The construction of Y and q in
(2) shows that ("M -M)NU,,Y x 0x 0) is C” diffeomorphic
to (Yx(—1,0],Yx0). Hence M and M’ are C” diffeomorphic.
We want to prove that they are Nash diffeomorphic. As it is not easy
to prove -directly this, we will use an intermediary Nash manifold N
which shall be Nash diffeomorphic to M and M'. In (3) we will
define a C~ manifold M” whose approximation shall be N.

Let ¢':R" x R” x R — R" be the projection to the first
factor. Put A =F|y x R, S = the critical point set of ¢ g, g

B=(ANg 1(Z)) — S (where
C=(ANg (X)) -S and B'=BNTU,.

means the Zariski closure),

Then A is a non-singular algebraic set, B and C are algebraic sets
of dimension n' —1, n’' respectively, and B' is a semi-algebraic
set of dimension n' — 1. Moreover B has only normal crossings
in C at every point of BN U, (see (ii) in (1)), C is non-singular
at every point of CNU,, and for every point a of B’ there exists
an algebraic local coordinate system (x,,...,x,) for C centered
at a such that
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B'={xl=0,x2>0,...,xnn,>/0}U...

U{xl>0,...xn >0,x"=0}

> n"—-1 n

in a neighborhood of a for some n' <n' and that

(i) ¢' maps diffeomorphically {x, = 0},..., {x,» = 0} into
Y. We remark that B’ is naturally homeomorphic to T in (2). Put

C=q¢g'M-M)NU,.

Then C' is the subdomain of C sandwiched in between B’ and
Yx0xO0.

We want to find a C© manifold M” in R" x R®” x R and
a C” diffeomorphism ¢ : M — M such that

(i)M"DC'", ¢=q on C, M'NB=M"=B and

M'NnC=C_.

’

Proof — Since ¢ maps (CUY xO0x0,YxO0x0) diffeo-
morphically to (M — M’',Y), we only have to find a compact C”
manifold M® with boundary in R" x R” x R and a diffeomor-
phism ¢’ : M® — M’ such that

(i) aM® =Y x 0x 0,

(iv) g =¢" on Yx0xO0,

WM MPNC=Yx0x0, and

(vi) M® U C’ isa C” manifold.

Let O, denote the e-neighborhood of Y x0xO0 in
R”x R" xR for small e€>0. Let x;,, i=12, be a C~
function on R” x R® x R such that
1 outside O,,

0 in O

€

0<x,<1, x,=

1

and that if x,(x) # 1 then x,(x) = 0. Consider the mapping
¢":0,,N(C-C) — R"xR"xR
defined by
¢"(2) = (1 = x,(2)) (0,2,,2;) + x,(2) (q(2) —2,,0,0) + (z,,0,0),
' z=(z,,2,,23).

Take sufficiently small €. Then, choosing x; suitably we see that
9" isa C” diffeomorphism. It follows that

@"((0;, — 0, )N(C—-CHCTM x0x0.
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Put
M® =M — q(0,,N(C—C)Nx0x0U'O, N(C-C.

Then M® is a compact C” manifold with boundary Y x 0 x 0 (iii).
Let ¢~ ': M — M® be defined by

¢"(@71(x) N0, N (C — C)) if xE€q(0,,N(C—CY)

(x,0,0) otherwise .

¢ l(x) =

Then ¢'~! isa C” diffeomorphism such that ¢’ = g in a neighbor-
hood of Y x 0 x 0 (iv). From ¢"(0,N(C-C)=0,N(C-C"H,
(vi) follows. For (v), we modify M®  as follows. Increasing the di-
mension n if necessary, we can assume that

XCR"!'x0, andhence C, MCR"!x0xR"xR.

Let x; be a C” function on M® U C' such that X3 =0 on
Yx0x0UC and >0 on M® — Y x 0 x 0. Consider

{(xly X3(x1’0:y’t);y>t)l (xlaoyy,t)eM(s)}
in place of M® . Then (v) is satisfied.

(4) Here we will approximate M'' by a Nash manifold N fixing
the “boundary”. Let L' be a small open semi-algebraic neighborhood
of B’ in C, and L be the union of M” and L’ such that L isa
C” manifold with boundary. This is possible since C is non-singular
at every point of B’. Let D' be an open tubular neighborhood of
L in R"xR" xR, and D be an open semi-algebraic subset of
D’ containing L. We can choose M, L' and D so that DNC
is a small neighborhood of C' in C and that DN B is equal to
L'NB and that B has only normal crossings in C at every point
of DNB. Let r:D — L denote the orthogonal projection.
Let h:D — E, .., m=2n— n' +1, be defined by

h(z) = (h,(2),h,(2)) =
(the normal vector space of L at r(z) in R2"*1 , 2z —r(z))
for zED. Then A is a Nash map on r~*(L'), and h;'(0)=L.
Remark 9. — Let f:M; — M, be a C° mapping of Nash

manifolds. Then we can approximate f by Nash mappings in the
compact-open C” topology (this is announced in [9]).
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Proof. — By Proposition 1 in [9] there exist a compact non-
singular algebraic set X, C R"!', a closed semi-algebraic subset B}
of X, and a union M of connected components of X, — Bj
such that

(i) M, is Nash diffeomorphic to M},

(ii) for every point x of B'l , there exists an analytic local
coordinate system (x,,...,x, ) for X, centered at x such that

o, ’1)=({x1>0,...,xni, >0},
{x;=0,x,20,...,x,, 20U ..

U {xl >0,. . .,xnir__l >0, x"il = 0})

in a neighborhood of x, for some n} <n}. Hence we can say
that M) is a compact analytic manifold with cornered boundary.
We assume M, = M;. It follows that dM, = B;.

In the same way as (2), we can construct a compact non-singular
algebraic set Y, in M, N (an arbitrarily small neighborhood of oM,)
and an analytic imbedding ¢) : Y, x [~ 1,0] — X, such that
q,(Y, x0) =Y, and that the image of qy is an arbitrarily small
neighborhood of Bj. Put

M! =q; (Y, x[—1,0DUM,.

Then M) is a compact analytic manifold with boundary containing
M,, and there exists a C” diffeomorphism = of X, arbitrarily
close to the identity such that = (M}) C M, .

Let M, be contained in R"?, and p be the orthogonal pro-
jection of a Nash tubular neighborhood of M, in R (Lemma 7).
Consider fom on M. Then fow is extensible to X, and hence
to R"! asa C” mappingto R"2. Let n be an extension, and ' be
a polynomial approximation of n. Then f' =17’ IMl ‘M, — R"2
is an approximation of f: M, — R"2. Since the closure of T(M,)
in X, is compact, we can assume that f '(Ml) is contained in the
Nash tubular neighborhood of M,. Hence peo f':M, — M, is
a Nash approximation of f. Thus Remark is proved.

In many cases we want Nash approximation to be fixed on a
given semi-algebraic set. So the following are useful.
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LemMA 10. — For any C function g on D vanishing on
DN B, there exist C” functions «,,...,0a, and Nash functions
Bys...,By on D such that

g=oy B+t oyhy
B,=--=B=0 on DNB.

Proof. — Let p be the ideal of the smooth rational function
ring on R” x R” x R consisting of functions which vanish on B.
Let B,,...,B8, be a system of generators of p . We want to find
Q,,...,0 so that the equality in Lemma is satisfied for these
B;, ;. By a C” npartition of unity we only need to see this locally.
This is trivial in a neighborhood of any point of D — B.

For any point a of DNB, there exist smooth rational
functions 7v,,...,v,6,,...,8,» with k=2n+1-n" and
for some n"” <n' such that +,,...,7, vanish on C, that
6,...6,» vanisheson B, that

B={7l="'=7k=61...6 n=0}

n

in a neighborhood of a and that
Yy X XY X8 X x 8, R" x R" x R — R¥*""

is a submersion in a neighborhood of a, since C is non-singular
at a, and B has only normal crossings at ¢ in C.

Hence it is sufficient to prove that if
D=R" = {(x;,...,x)} and

B={x,=...=x, =X,,...xp =0}

with k <k'<k", and if a C~ function g on R* vanishes on
B, then g=o,x, +...+0x, + 0, X3, ...X for some
C” functions «,,...,04,,. The case when k=0 is trivial.
Hence, considering g(0, s 0,Xp415.-->Xgn), we have a C”
function ¢,,, on R¥ such that g=o, X, ...Xy on
0 x R*~%.  This implies that g — a,, Xi4y -+ - X, vanishes
on 0 x R""“" . Then the existence of a,,...,0 which satisfy
8~ Oy Xy X =0yx, + ...+ ax, is wellknown. Hence
Lemma follows.
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LEMMA 11. — With the same g as in Lemma 10, there exists
a Nash function g on D arbitrarily close to g and vanishing on
DN B.

Proof. — Using Remark 9, we approximate o; in Lemma 10

2
by Nash functions «;. Then g’ = Y oyB; is a Nash approximation

i=1

of g and vanisheson BND.

We continue with the construction of N. By Remark 9 we
have a Nash mapping h'l :D — G, which is an approximation
of h,. Apply Lemma 11 to h,. Then we have a Nash approxima-
tion hy :D — R®*!' of h, such that h, =0 on DNB. Let
W be a Nash tubular neighborhood of E,, in R" x R*"*!
where G, ., is naturally imbedded in R™ for some n”. Let
s:W — E_ . be the orthogonal projection. Put

R = (W) k) =50k =so (k) k).

Then A" :D — E, , is a Nash approximation of %, and A}
is identical to A, on DN B. Shrinking L and D if necessary,
we take this approximation in the uniform C” topology. Put

L" = h""1(G,,  x 0) = hy~1(0).

Then there exists a C~ diffeomorphism ¢ from L” to L close
to the identity such that = identity on D N B, because 4 is
transversal to G, ,» x 0 in E, .. Put y~'(M") =N. It follows
that L" is a Nash manifold containing DN B and that (M",B")
is C” diffeomorphic to (N, B’) identically on B’. Hence N is
the required Nash manifold.

(5) We will prove that M and N are Nash diffeomorphic.
Let &®:L — X be the C” extension of the diffeomorphism
¢:M"— M to L such that ®(z) =q(z) for z¢M'. Let
¥:D — R"” be a C” extension of ®oy :L" — X to D.
Then ¥=¢q on DNB, and W¥| ~ is an immersion. Apply
Lemma 11 to ¥ —g¢q. Then we obtain a Nash approximation
¥ of ¥ such that ¥' =4 on DNB. Compose ¥'|.~» with
the orthogonal projection p of a Nash tubular neighborhood of
X in R". This is well-defined if we shrink L and D and if the
approximation is chosen closely. Then the composed function
¥" :L"” — X is an approximation of ¥|» =®oy :L" — X
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such that ¥" =4 on DNB=L"NB. Moreover we see
¥"(N)=M as follows from the facts ¥"(B')=gq(B) =2,
that M is a connected component of X — Z' and that
¥'|y is an immersion. It is trivial that M N ¥"(N) is an
open subset of M. Assume it to be not closed. Then there

exists a convergent sequence of points x,,x,,... in ¥'(N)
whose limit x €EM is not contained in ¥'(N). Let z,,z,,...
be points of N such that ¥"(z;) =x;, i=1,.... Choosing
a subsequence, we can assume that z ,z,,... converges to

zZEN. Then we have ¥'"(z) =x. This is a contradiction. Hence
¥ (N) D M. In the same way as above, we see that the set

{xeEMI|# ¥'IJ'(x) =2}

is empty or equal to M. For any point x €M, if we choose the
above approximation closely, this set does not contain x. Hence
V" |ynwm1gg Iis diffeomorphic onto M. From the same reason
it follows that any connected component of X —Z' —M does not
contain any point of W' (N), namely that ¥'(N)CMUZ’.
Then ¥'(N)NZ' =¢@. Hence ¥"|y is a Nash diffeomorphism
onto M.

(6) Finally we will prove that M’ and N are Nash diffeo-
morphic. For any point x EL"NB=DNB, let C; (L") denote
the ring of C” function germs at x in L'". Then the ideal
q, CC; (L") of germs vanishing on L"” N B is principal because
of the normal crossings property of B in CND. Moreover we
have a polynomial function on R” x R" x R which vanishes on
DN B and the germ of whose restriction to L' is a generator of
g, - Choose D so small that the fundamental class of L”" NB
is mapped to the zero class in H,._,(L";Z,) by the inclusion
map (this is possible since N is a compact topological manifold
with boundary B', here we use infinite chain). Then we see easily
that the ideal q of C™(L"), the ring of C™ functions on L",
of functions vanishing on L"” N B is principal (see Lemma 1 in
[12]). Approximate a generator of q by a Nash function p by
the method of Lemma 11 so that p =0 on L"NB. Then it
follows that p generates q. Choose p sothat p >0 on N.

Recall q¢':R" x R® x R — R", the projection to the first
factor. The restriction of ¢’ to B’ is homeomorphic onto Y. Let
us extend this to N so that the extension maps diffeomorphically
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N to M'. Let v be the unit normal vector field of Y in X pointing
to the interior of M'. Choose small L'. Put

0(z) =po(q'oY(2) +p(2)veq' o Y(z)) for ze€yY (L.

Here we regard v as a mapping from Y to R", and p is the
orthogonal projection of a Nash tubular neighborhood of X in R".
This is well-defined because q'(z)E€Y for zEL'. Clearly 6 is a
Nash mapping.

We can assume that L'N"M" = {z€M"|po y~1(2) <e} for
some € > 0. Let v be the unit C” vector field on L' the family
of whose maximal integral curves consists of {g'~!(x) N L'}x ey and
which points into M’ at every point of B'. For any point a € B,

there exists a local analytic coordinate system z = (z,,...,z,)
for L' centered at a such that po y~!'(z) =z,...z,» for some
n"<n' and that M"={z, >0,...,2z,» >0} in a neigh-

borhood of a. By (i) in 3), v'z,>0, i=1,...,n" at a. It
follows that v'po ¢y~ >0 on L'NM"”. Hence v’ is transversal
to {zEM"'|poy~1(z) =€} for some € > 0. This implies that
q maps {z€M"|poy~'(z)=¢€"} diffeomorphically onto
Y. Therefore 6 lNrw" @ is diffeomorphic onto (a C” collar
of M’)—Y. The transversality of o shows also that
M’ —L',aM" — L") is diffeomorphic to (M” —C’,a(M” —C")
so that if the diffeomorphism maps a point z€oM"’ —L') to
Z7€d0M” —C") we have ¢(z) =q(z'). Hence there exists a
diffeomorphism from M” —L',aM"—L1")) to M,Y)
whose restriction to 9(M"” —L') is q'. Therefore we extend 6
to ©:L" — X such that ©[y is a C” diffeomorphism
onto M'.

Apply Lemma 11 to © —¢q’', and compose (the approxi-
mation mapping + ¢') with p. Then we have a Nash approxi-
mation ©':L” — X of © such that ® =0 on L"NB.
To see that ©'|y is a Nash diffeomorphism onto M’ we only
need to show the following by the same reason as (5).

(i) ©'®B)=4q'(B)=Y.
(ii) M' is a connected component of X — Y.

(ili) ©'|y is an immersion.
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(i) and (ii) have been shown already. It is trivial that ©’|

N-y~1(L")
is an immersion. Hence we only have to prove the following.

Statement. — Let 6, :R" — R"-! be a submersion,
K CR"™ be a compact set. Let v, be a unit C” vector field on
R™ the family of whose all maximal integral curves consists of

-1
{67 (y)}yenn._,. Put

0,(x)=x,...x,» for x=(x,,...,x,)ER" .

Assume that v, x, >0, i=1,...,n"(<n'). Let (6,0, be
a C” close approximation of (6,,6,) such that 657'(0) D65 (0).
Then (60),6,) is an immersion on {x, >0,...,x,» >0}NK.

Proof of Statement. — Since 6., vanishes on
{x;, =0}U...U {x,» =0},

there exists a C™ function n on R™ such that 6, =n6,. We
see easily that 7n is close to the function 1 (see the statement at
p. 268 in [10]). Replacing n by a C” function which is equal to
n in a neighborhood of K and is close to 1 in the Whitney C~
topology, we can assume that

0 '
M > 0 on R" A
ox,
Then =:(x,,...,x,) — (nx,,%,,...,x,) is a C~ diffeomor-

phism close to the identity. Since 6, o 7= =0, and
m{x, >0,...,x,0 >0}={x;>0,...,x,» >0},

we need to treat only the case where 6, = 6,. By the same reason
as above, we can assume that 0; is sufficiently close to 6, in the
Whitney C” topology. Then t9'1 is a submersion. Let v'l be the
unit vector field on R™ the family of whose all maximal integral
curves consists of {6'1“(y)}yeﬂn,_I and which is close to v, .
Then we have vix;, >0, i=1,...,n". Hence

vy (x,...x,w) >0 on {x,>0,...,x,»>0}.

This means that the Jacobian matrix of (0'l ,0,) has the rank n’

on {x, >0,...,x,» >0}. We complete the proofs of Statement
and hence of Theorem 1.
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Proof of Theorem 2. — Let N,, N, be contained in non-
singular algebraic sets X,, X, CR" respectively so that aN, =Y,
and ON, =Y, are non-singular. The implication (i) = (i) is
trivial.

First we will prove (i) = (iii). Let ¢,, ¢, be Nash func-
tions on X, , X, respectively such that ¢;'(0) =Y,, {g; >0} =M,
and that ¢, are C” regular at Y;. The existence of such ¢, follows
from the non-singular property of Y, (see Lemma 1 in [12]) (in fact,
we can choose as ¢; polynomial functions). Let &, , &, be positive
proper Nash functions on M, defined by

q’] = l/(‘Pl IMI) s <I>2 = (1/‘P2 lM2)° T,

where 7:M;, — M, be a Nash diffeomorphism. Apply Lemma 8
to &, and ®,. Then there exists a C” diffeomorphism 7 of M,
such that &, and &, om are equal outside a compact subset of
M,. Hence we have ¢, = ¢, o7om on (a neighborhood of oM,
in M,) — 0M, . This means that 7o 7 maps {9, =€} to {9, = €}
for small € > 0. Hence the restriction of 7om on {y, =€} for
small € >0 isa C” diffeomorphism onto {p, =>€}. As {p, =€},
{p, =€} are C” diffeomorphic to N,, N, respectively, N, and
N, are C” diffeomorphic.

We prove the inclusion (iii) = (ii) in the next general form.

LEMMA 12. — Let L, DL,, L] DL, be compact Nash manifolds
with or without boundary and compact Nash submanifolds. Assume
L,=0L, if L,NOL, #@ . Ifthereisa C” diffeomorphism from
(L,,L,) to (L},L,), we can approximate it by Nash one. If the
restriction of the given diffeomorphism to L, is of Nash class, the
approximation can be chosen to take the same image as the diffeo-
morphism at each point of L, .

Proof. — The idea of the proof is the same as in Proof of Theo-
rem 1, and this proof is easier than that since L, and L, are smooth.
Hence we give only the sketch. The case where L,, L'l have the
boundaries: Consider their doubles L,, L}, and give them Nash
structures [7]. We approximate the natural respective imbeddings
of L,, L} into L,, L; by Nash mappings. Then we can regard
L,, L} as contained in L,, L} respectively, and there is a C”
diffeomorphism from (L;,L,,L,) to (Lj,L},L}). If we can
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approximate the induced diffeomorphism from (L,,dL, UL,) to
(L, 8L} UL}) by a Nash one, Lemma 12 follows. Hence we can
assume that L, , L} have no boundary. Here we do not necessarily
assume that L, has the global dimension, namely that the local
dimension is constant.

Assume that L, is connected for the sake of brevity. Let
m:(,,L,) — (L},L,) be a C” diffeomorphism. If mly, is
not of Nash class, by Remark 9 we approximate | 5 by a Nash
diffeomorphism ' :L, — L),. Choose #' very closely. Then
we easily find a C” extension #" :L, — L] of «’ such that
”n

m  is an approximation of w. Hence, from the beginning we
can assume that |, is of Nash class. Let L,, L, be con-

tained in R", R" respectively, and p:R" x R* — R",
p':R"xR" — R™ be the projections. Let L} CR"*"
denote the graph of | . Then L is a Nash manifold such
that plyy, p'I,_é' are Nash diffeomorphisms onto L,, L) res-
pectively. By the normalization of the Zariski closure L) of L},
there exist a non-singular connected component S, of an alge-
braic set in R"" and a linear mapping ¢ from R" to R™*" such
that ¢lg, is diffeomorphic onto L) . Increasing n" if necessary,
we construct a C* manifold S, in R"™ and C~ diffeomorphisms
v:S, — L,, ¢¥':S, — L} such that S,CS,, Yy =poy
on S,, y'=p'op on S, and S,NS, =8S,. Using E, . in
the same way as Proof (4) of Theorem 1, we reduce S, to a Nash
manifold. Then we can find in the same way as Proofs (5), (6)
Nash approximations ¥:S, — L,, ¥':S, — L, of ¢y, ¢’
such that ¥ =y, ¥ =y’ on S,. Hence ¥'o ¥-!':L, — L]
is a Nash approximation of = such that ¥'o¥™' =7 on L,.
Lemma is proved.

4. Proofs of Corollaries.

Proof of Corollary 3. — Let N,, N, be the compactifications
of M,, M, respectively. By Theorem 2, we only have to prove that
N, and N, are C” diffeomorphic. Let L be a closed C” collar
of N,. Put L'=N, —L, L"=T1'—1'. Let T:M;, — M,
be a C” diffeomorphism. We see easily that (N, —x(L'); 9N,,
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(L") is a C” h-cobordism. On the other hand it follows from
the assumption that ON, is simply connected for dimM, = 6.
Hence, by the h-cobordism theorem N, — m(L") is diffeomorphic
to 0N, x [0,1]. This means that there exists a homeomorphism
7:N; —> N, such that 7| and 7|, » are C” diffeomorphic.
It is easy to modify 7 to be a C™ diffeomorphism. Hence Corollary 3
is proved.

Proof of Corollary 4. — The correspondence is trivially injective
by Theorems 1,2.

Surjectivity: Let N be a compact C” manifold with or without
boundary. We need to give to N a Nash manifold structure. If N
has the boundary, consider the double N', and regard N as natu-
rally contained in N’. In the other case, put N'=N, aN=0.
Then, by a Theorem in [1], (N',dN) is C” diffeomorphic to a
pair (an affine non-singular algebraic set, a non-singular algebraic
subset). By this diffeomorphism, we give to N’ an algebraic struc-
ture. Then, since N — 0N is a union of connected components of
N’ — 9N, N — 9N is a Nash manifold. Obviously N is the com-
pactification of N — oN. Hence Corollary follows.

Proof of Corollary 5. — Let N, be the compactification of
M, . Obviously we can assume that f is extensible to N, and
hence to the double of N,. Consider a Nash manifold structure
on the double and a Nash imbedding of M, into it. Then, from
the beginning we can assume that M, is compact. Let M, be
contained in R"”, and q be the orthogonal projection of a Nash
tubular neighborhood of M, in R". Regard f as a mapping to
R". If we can approximate f by a Nash mapping f':M,; — R"
so that f=f" on M), then qo f':M, — M, is a required
Nash approximation of f. Hence it is sufficient to consider the
case of M, = R. We regard R as S'-{apoint a}. Let LCM, x S!
be the graph of f. Put L' =M, x {b} where b is a point of S'.
Then there exists a C~ diffeomorphism = of M, x S' such that

m(x,b) =(x,f(x)) for x€M,.

It follows that w(L') = L and that "'Mi «{p} 18 of Nash class. Apply
Lemma 12 to

oM, x S', M} x {b}) — M, x S',7(M} x {b})).
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Then we obtain a Nash approximation 7 of m such that 7=
on M) x {b}. For every point x €M,, put g(x)=por(x,b)
where p: M, x S!' —> s!' is the projection onto the second
factor. Then g is what we want.

Proof of Corollary 6. — This corollary follows from Lemma 12
and the fact that R" is Nash diffeomorphic to S"-{a point} and
that (S”,M) is C™ diffeomorphic to (an affine algebraic set, a non-
singular algebraic subset) [1].

5. An example.

Let W, W' be compact C” manifold with boundary such
that the interiors are C™ diffeomorphic, but W and W’ are not
diffeomorphic (see Theorem 3 in [4]). Let X, X' be the doubles
of W, W' respectively. We regard W, W' as naturally contained
in X, X' respectively. By a theorem in [1] we can assume that X,
X', 0W and oW’ are all non-singular algebraic sets in R". Let P,
P’ be polynomials on R” such that

P~ (0) = aW, P'~1(0) = oW'.
Put
Y={(x,»EXxR|yP(x) =1},

Y = {(x,») €X' x R|yP'(x) = 1}.

Then Y and Y’ are C” diffeomorphic non-singular affine algebraic
sets, and their compactifications are the disjoint unions of 2 copies
W+WECX+X) and W + W(CX + X') respectively. Hence,
by Theorem 2, Y and Y’ are not Nash diffeomorphic. Here it is
not essential that Y, Y' are not connected. In fact we can find
connected examples.
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