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THE DEFICIENCY OF ENTIRE FUNCTIONS
WITH FEJER GAPS

par Takafumi MURAI

1. Introduction.

We say that a sequence n, <n, <... of positive integers

oo

is a Fejér gap series if Z 1/n, <oo. We say that an entire
k=1

function f(z) = Z ¢, 2" has Fejér gapsif S(f) = {n=>1;c, # 0}
n=0

is a Fejér gap series. There is a classical result by Fejér [4] and Biernacki
[1]: An entire function with Fejér gaps takes any complex value infi-
nitely often. It is one of the themes of gap series to extend or improve
this result. We are concerned with extending this result from the point
of view of the Nevanlinna theory. The purpose of this paper is to show:

THEOREM. — An entire function with Fejér gaps has no finite
deficient value.

Our theorem improves the above result and Koévari’s result [9]:
An entire function f(z) has no finite Borel exceptional value if
S(f) =(n),=, satisfies khm n,n(k)/loglogk = o for some
positive increasing function %(r) in an interval (0,%) with
/; n(r) dr < oo.

We say that an entire function f(z) has Fabry gaps if
S(f) = (n)r=, satisfies ,}1_12 k/n, = 0. The Fabry gap condi-
tion is weaker than the Fejér gap condition. Hence it is natural to
ask whether the assertion of our theorem is valid when the Fejér
gap condition is replaced by the Fabry gap condition. We shall
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answer this question in the negative. Clunie [3] constructed a se-

quence S = (m)y—, Wwith 2, 1/m, =oco such that any entire
k=1

function f(z) with S(f) CS has no finite Borel exceptional value.

Hence it seems difficult to investigate the value-distribution of entire

functions with gim kin, =0 and Y 1/n, = oo,
e k=1

For the deficiency of entire functions of finite lower order
with gaps, various results are known. It is interesting to compare
our theorem with the following result [6,11]: An entire function
f(z) satisfies A(f) < Cp(f)D(f), where A(f) denotes the sum
of deficiencies for complex values, C an absolute constant, p(f)
the lower order and D(f) the infimum over all D > 0 such that
(ei“‘),,es(f) is incomplete in the space of square integrable functions
in an interval (— D, D). Let us note that an entire function f(z)
with Fejér gaps satisfies D(f) = 0. Hence this inequality gives the
assertion of our theorem under the additional condition p(.) < oo,
This remark was first given by Fuchs [6]. Our theorem gives a new
information about A(.) in the case p(-) = o and D(.) = 0.

2. Notation and lemmas.

2.1. Throughout the paper, we use C, C’', C”, C, for absolute
constants. The value of C, C' or C" differs in general from one
occasion to another. We denote by D,, S, (r > 0) the open disk
with center 0 and radius r, and its boundary, respectively. Let C
denote the complex plane.

For an entire function g(z) = z c,z", the maximum
n=0
modulus and the maximum term associated with r >0 are
defined by

M(r,g) = max {Ig(2)|;z €S,},
u(r,g) = max {| cut"lin = 1}, respectively. The characteristic

function is defined by m(r,g) = (1/27) f" log* |g(re')|dt
0

(r>0), where log"x = max{logx,0} (x> 0). The counting

function at ¢ €C is defined by N(r,a,g) = j;r n(x,a, g)/x dx
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(r > 0), where n(x,a,g) denotes the number of roots (counted ac-

cording to the multiplicity) of g(z) = a in D, — {0}. The deficiency

at a€C is defined by &6(a,g) =1—limsup N(r,a,g)/m(r,g).
r—oo

We say that a set E in (0,o) is of finite logarithmic measure

if _/;: 1/(1 + r)dr <. For two real-valued functions A(r), B(r)

in (0,%), we say that A(r) < B(r) holds log-finely (I.f.) if this
inequality holds outside a set of finite logarithmic measure.

For a function P(¢f) in an interval [0,27), we put
m(P) = (1/2m) f a logt |P(¢)|dt. The conjugate function of
1]
P(¢) is defined by

F() = lim (—1/2m fe" {P(t + 5) — P(t — 5)} cot(s/2) ds
([16] p. 131).

For a sequence S = (m,),—, of positive integers, we denote
by w(r,S) (r > 0) the number of all integers k¥ with n, <r and

put Q(r,S) = fr w(x,S)/xdx (r>0). We easily see that S
0 oo
is a Fejér gap series if and only if f w(x,S)/x*dx < oo,
o

2.2. Here are some lemmas necessary for the proof of our
theorem.

Lemma 1 ([7] p.1). — Let g(z) be an entire function with
g(0) # 0. Then

NGO, = (12m) [ " log | g(re')| dt — log | g(0)]
=m(r,g) —m(r,1/g) —log |g(0)| (r>0).

(D

LemMMA 2 ([7] p.22). — Let g(z) be the same as above and
bys...,b, all its zeros (counted according to the multiplicity) in
Dy . Then, forany 0<r<R,

)
S log lg(z)| = Re ®(z;R,g)

+

Trs

{Re¢(z;b,) + Re ¥ (z;R,b)} (z=re"), (2)
where 1



42 T. MURAI

(z;R,8) = (iz/2m) [ log|g(Re®)| (2Re¥/(Re¥ — 2)?)} ds

3)
¢(z;a) = iz/(z —a), Y(z;R,a) =iza/(R* —az).
LemMMA 3 ([15]). — For an entire function g(z) and € >0,
logu(r,g) = (1 —€)logM(r,g) (1f). 4)

LEMMA 4. — Let A(r) be a non-decreasing function in (0, o)
with A(r)=1 (r>0) and let p(r) be a positive function in

(0,%) such that /;wp(r)dr<w and  p(r + h) < Cp(r)
(r>0,0<h<1) for some C>O0. Then, for any q>1,

A{r +ro(log A(r))} <qA(r) Qf). (5)

This lemma is analogous to Lemma 3 in [10] and hence we omit
the proof.

LEMMA 5. — Let A(r) be the same as above and let v(r) (¥ 0)
be a non-negative non-decreasing function in (0,o) such that

j: Yy(DIr*dr<o. We put T'(r)= ./;,- Y(x)/xdx (r>0) and,
for every r> 0, define v, by I'(v,) = A(r). Then, forany q > 1,
A{r +rT'(v,)v,} <qA(r) (1f). 6)

Since I'(r) is continuous and increasing in (ry, %) (I'(ry) =1)
and lim I'(r) =, v is well-defined. We define «a(r) by

r
¥ —> oo

I'(a(r)) =r andput p(r) = e"fa(e”). We have
- _ _ , N
j; p(r)dr j; 1a(r)dr j;m Y(x)/xtdx < oo,

Since «(r) is increasing, we have p(r + h) <ep(r) (r>0,0<h <1).
Hence p(r) satisfies the conditions in Lemma 4. Since

p(log A(r)) = A(r)/a(A(r)) = T'(v)/v,,
Lemma 4 gives (6).

LeEmMA 6 ([16] p. 134). — For an integrable function P(t) in
[0,27) and x>0,

meas (¢t €[0,2m); 1P(5)] = x) < (C/x) j;zﬂ |P(s)lds, (7)



THE DEFICIENCY OF ENTIRE FUNCTIONS 43

where «meas» denotes the 1-dimensional Lebesgue measure and C
a constant.

Lemma 7. — For any  non-constant  polynomial  g(z),
m(l,g’/(gdg)) < C, where dg denotes the degree of g(z) and
C a constant.

Given a non-constant polynomial g(z), we write
d
g =a I (z-y,e™™) (d=d,y, >0,0,€[0,2m).

For a while, we assume that y, #1 (1<k<d). Put

d . 0
P()= Y 1@{l -y, "y,
k=1

Then m(1, g'/(gd)) = m(P). Let us express P(¢) as follows:

P(¢) = i =Z,+Z,+Z,=P, (1) + P,(¢) + P,(1),

k=1

where X, denotes the summation over all k¥ with y, <1/2 or
Ve >2, Z, the summation over all k with 1/2<y, <1 and

d
Z,=Y —Z,—Z,. Then
k=1
mP)<m(P,) + mP,) + m(P;) + log 3
([7] p.5). Since |P,(#)I <2 (¢€[0,2m)), we have m(P,)<log2.
To estimate m(P,), letus write:

P,(6) = Z,(1 =y )/(dP () + Z, y, {1 — cos(t — 6,)}/(dP, (1))

+ Z, iy, sin(¢ — 0,)/(dP,(¢))
=P, () + Py (#) + iPy, (1),
where ) ]
Pe(0) = QUy e’ %) = 1=y, /0P

Then m(P,) < m(P,,) + m(P,,) + m(P,;) + log 3. Note that

f:n/(nz +r¥)dr=7/2 (n>0).
Since

(A =y P (D<A =y )/ {1 = y,)* + yksin® (¢ — 6,)}
< /{n} + (1 — 6,)°}

(e =71 =y )/Q2y,), 1t — 0,1 <7/2)
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forall k£ occuringin XZ,, we have

m(P,,) < log {(1/2m) _/;Z"IPn(t)ldt +1} <log(m +1).
Since
Yi{l = cos(t — 6,)}/P, ()
<y, {1 —cos(t — 0,)}/{2y,(1 — cos(t — 0, )} =1/2

for all k occuring in X,, we have m(P,,) = 0. Note that, for
any 0 €[0,27), V(z)= V(re®)=2rsin(z — 0)/Q(ze~?) is a
conjugate harmonic function in D, of

U(z) = U(re®) = (1 — r?)/Q(ze™ ).
We have

V(e = (= 1/2m) [ {UGe) = UGre =9} cot(s/2) ds
0O<r<1) ([16] p.103).

Hence, putting R(#) = (1/2d)Z,(1 —»3)/P,(t), we have

P,,(t) = ﬁ(t). Note that j(;zan(t)ldt<1r. Lemma 6 shows

that, with a constant C/, meas(Ei)<C'2“’ (j=1), where
E, = {t€[0,2m);2"! <|R()I <2}, andhence

m@®) =m® =a2n ¥ [ 1ogiRoiar<c 3 j20.
j=1""1 ji=1

Consequently, we obtain m(P,) <C". We have similarly m(P,) <C";
in estimating P,;(#) analogously to P,;(#), we use

y sin(f — 0)/Q(ye'*=9) = — (1/y) sin(® — 1)/Q((1/y) ¢®~9)

so that the estimate for P,;(#) follows from that for P,;(#). Thus
m(1, g'/(gd)) < C for some constant C > 0.

To remove the assumption that y,#1 (1<k<d), we
choose a sequence (8,.)}”=l of positive numbers tending to 1 so
that §,y, #1 (1<k<d,j=>1) and put

d

gi(z) =« RS (z =8y, e Ky,
Then m(1,g'/(gd)) = lim m(1,g;/(g;d) <C.

LemMA 8. — For any trigonometric polynomial P(t) = = P(k)e'**
with n non-zero coefficients,
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m(P) > log* max |P(k)| — Cn, (8)

where C isa constant
Let C' be the constant in Lemma 7. We put C = C' + log 2
and inductively prove (8). In the case n =1, (8) evidently holds.
‘Suppose that (8) holds in the case n —1. Let P(#) be a trigo-
nometric polynomial with »n non-zero coefficients. Considering
e P(t) with a suitable m >0 if necessary, we may assume
that P(k)=0 (k<0) and P(0)#0. Choose j so that
1B(j)l = max |IP(k)|. Considering e ¥'P(—1) (d=dp) if

necessary, we may assume that 2j>=d. Then we have
m(P'/j) = m{P(P'/(Pd)) (d/j)} < m(P) + m(P'/(Pd)) + log 2 .

Since m(P'/(Pd)) = m(1,¢'/(gd)) (g(z) = kéo P(k) z") , Lemma 7

gives m(P) =>m(P'/j) — C. Since P'(¢)/j is a trigonometric poly-

nomial with # — 1 non-zero coefficients such that
max | P'(k)/j| = |P()| = max 1Pk,
k

the assumption of our induction gives

m(P)=>{log* max |P'(k)/j| —C(n — 1)} — C=>log* max |P(k)| —Cn .

LemMA 9. — For any Fejér gap series T, there exists a Fejér

gap series S which contains T as a subsequence such that, with a
constant C> 0,

VIS w(r,S), w(r,S)<CQr,S) (r=2). 9)

We easily see that T U 1(_30 [27-1, 27 + [27/?]) is also a Fejér
gap series, where [x] denotes the integral part of x. From the
beginning, we may assume that w(r,T)=./7 (r>2). Hence
it is sufficient to construct a Fejér gap series S(D T) satisfying the
second inequality in (9). Let o0; (j=>10) denote the number of
integers in TN[277!,27). We may also assume that o; =100
(j>10). Put 7;=min)o; + [}_j g a,.HZ] ,21'-1% (B =12/5).
Then we have £=1

S r27< 27 S plo,= 3
. p

00
%
dnad

0 j=10

. J=10 °
0,27 Y (2B
=0

j=10

~.
il

-

o

<5 3 6277 <5 [T amdee, T
=5 [ w(r, Dirtdr<e. (10)
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Let us prove that 7,,, <37, (j>10). If 7;,=2/"", then

QE B% 0;4q ] , then
=1

~.

Ty <2/<37. If 1,=0; +

VvV M/

RIS
l

31,23 [QZ BQGIHZ ]
=1

Thus 7;,, <37; (j>10). Now, to T, we add T°N[1,2°) and
add arbitrarily 7; — o; integers in T® 0[2’ 127y for all j>10,
and call the resulting sequence S. Then (10) shows that S is a
Fejér gap series. Let us write simply w(7) = w(r,S), Q)= Q(r,S)
(r>0). If 277'<r <2/ (j=>10), then

wN <N <@+, 1t <w@7) 4397,
< 4002/ < 40w (r/e) <40 [ w(x)x dx < 40201

If 2<r<?2®, then w()<2°<2°Q2)<2"Q(r). Hence
S satisfies the second inequality in (9) with C = 2'°.

3. Proposition.

3.1. For the proof of our theorem, we show the following pro-
position, which is interesting in itself.

PrOPOSITION. — For an entire function f(z) with Fejér gaps
and € >0,

mr,f) =20 —e)logM(r,f) (1f). (11

In this section, we shall prove our proposition. Given an entire
function f(z) with Fejér gaps, we express f(z), with the aid of
Lemma 9, as follows:

f@= % gz ©O=n<n <n<--, (12

k=0
where S = (m,),—, 1is a Fejér gap series satisfying (9). Without
loss of generality, we may assume that a, =1. We write simply

m(r)=m(r,f), M(r) =M@, ), u(r) = u(r, f)

(13)
w(r) = w(r,S), Qr)=Q(r,S) (r>0).
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"We need

LemMMa 10. — Let w*(r) be a non-negative non-decreasing
function in (0, ) such that 4w(r) < w*(r) (r >0),

lim w*(Mfw(r) = and fom W ()P dr < oo |

We put Q*(r) = /(;r w*(x)/xdx (r>0) and, for every r>0,

define u, by SQ*(u,)=S5logu(r). We put A(r) = Z*|a,|r"*
(r > 0), where T* denotes the summation over all k with ne>u,.
Then A(r)<1 Lf..

Applying Lemma 5 to A(r) = Slogu(r), v(r) = w*(r), ¢g=2,
we have u(r +ro¥*) <up(r)> 1f., where o* = Q*(u,)/u,. Hence
A S Z*|a | (r + ¥ (1 + 0%) ™ < p()? 2*(1 + 0*)"F

< (p(?/0r} exp {(— 1 + o(1)) 2* (1)} < p()~2*%0 4,
SM() Wy (r— ) (If). (14)

Since u, < w(y,)* < CUy,)? =0{Q*,)*} =0 {M(n}, (14)
gives the required inequality.

3.2. Since A(r)<1 Lf., we have max{laklr"";nk Su,}=ur)
Lf.. Put f,(z) = Z,a,2"%, P,(1) = f(re’*) (r>0), where X,
denotes the summation over all k¥ with »n, <u,. Then Lemmas 3
and 8 show that

m(P,) > log* max {la,|r"*;n, <u,} — Cw(y,) (1)
=log u(r) — o{Q2*(u,)} = (1 — o(1)) log M(r) (r —> =) (Lf).
Let € > 0. Then Lemma 10 and (15) show that
m(P,) = (1 — e*)logM(r) + 1),

AP <1 and M) + D' >M(@)'"% +1 hold outside a set F
of finite logarithmic measure. Put

H, = {t€[0,2m);log" [P, ()| = (1 — €)logM(r) + 1)} (r > 0).
Then, forany r&F,
27(1 —e’)log(M(r)+1)<21rm(P,)=if + [ glog“lP,(t)ldt
H, HE
< meas (H,) log(M(r) + 1) + meas(H;) (1 — €) log(M(r) + 1),



48 T. MURAI

and hence meas(H,) > 27(1 —€). This shows that, for any
t€H, (r ¢F),
log* | f(re’")| > log* {| P, ()] — A(M} > log {M(r) + 1)'~* — 1}
= (1 — 2¢e)logM(r).
Consequently,

m(r)>(1/21r)/;l log*| f(re®)|dt = (1 —2e) (1 —€)logM(r) (r¢F).

This completes the proof of our proposition.

4., Proof of Theorem.

4.1. In this section, we shall give the proof of our theorem.
Given an entire function f(z) with Fejér gaps, we express f(z) in
the form (12) with a Fejér gap series S = (n,),—, satisfying (9).
Without loss of generality, it is sufficient to prove &(0, f) =0.
We may assume that a, =1. We write simply n(r) = n(r,0,f),
N(r) = N(r,0,f) (r>0). We use the notation in (13) and the
functions w*(r), *(r), u,, A(r) in Lemma 10. Let w(r) be
a non-negative non-decreasing function in (0,o) such that
dw(r) <2a(r) < w*(r) (r > 0) and

lim @(r)/w(r) = lim w*(r)/A(r) = .

r —>oo r —>oo
We put o, = Q(u,)/u,, 0, = Qu)lu,, o*=Q*@w,)lu, (r>0),
where ﬁ(r) = /ol g & (x)/xdx. With every r> 0, we associate
F=r+r0,, r=r+2r%,, r*=r+ro¥. Then r<F<r<r*

(r > 0). Our method requires us to study the lower bound of f(z).
To do this, we show

LEMMA 11. — We have, with a constant Cy, > 0,

tg, = max {| f(Fe'*9)|; 7] < 0,} = exp{— C,Q2(u,)} forall
0 €(0,2m) (f). (16)
Let x(t) be the even function in (—oc,) defined by

x()=1—t 0<t<1) and x(&) =0 (¢=1). For U>0 and
a positive integer n, we put Xy, (?) = xy(#) + (1/in) x'U(t) , Where

Xy(£) = Ux(Ut). Then f_w xun(Ddt =1, [~ emyy, (ndet =0,



THE DEFICIENCY OF ENTIRE FUNCTIONS 49

/:: IXyn(O1dt <1+ 2U/n and the support of xy,(#) is contained
in [—1/U,1/U]. Given r > 0, we put

Xu(?) = Xuyp, * Xun, * " * Xype () (U>0),
where n' denotes the largest integer in S with n' < u,. Then
[ Xynde=1, [~ emXy(ndi=0 (n€S, n<n,

[ iXy(Olde< T (1+2U/m) =exp {[  log(l + 2U/x) de(x)}
—o np<n’ 0
= exp{w(w,) log(1 + 2U/u,)
+2U fo “ w()(x(x + 2U0)) dx)
< exp{w(u,) log(1 + 2U/u,) + Q2(u,)}
< exp {CQ2(u,) (1 + Ulu,)}

and the support of Xy(#) is contained in [— 2w(%,)/U, 2w(u,)/U].

We recall the polynomial f,(z) = Z,a, z"¥ in the section 3.

Forany 6 €[0,2m), we have, with a constant C' > 0,
L=1 [ fuGelt+ o) Xy(r) dt |

< max {| fy (Fe")1: 11 - 01 < 20U} | 1Xy(n)]dr

< max {| £, (Fei")|; |t — 1< C'Q(u,)/U} exp {C2(u,) (1 + Ufu,)}.
Putting U = C'u,, we have, with a constant C" > 0,

max {| f,,(re®)|; |1t — 0| <o,} 2 exp{—C"Q1u)}. (A7
Since
A(F) = Z* |a, | {r*(1 + G))/(1 + a*)}"*
<u()?® Z*{1 -1 -o(1)e¥}"™
< {u(r)?o¥} exp {— (1 — o(1)) Q*(u,)} < p(r)~3*°W

<
S M)~ qf

we have A(7) = o {1/M(nN} = o(exp{— C"Q(w,)}) Lf.. Hence (17)
gives (16).

Proposition, Lemmas 5 and 11 show that

m(r*) < 2m(r). logM(r) < 2m(r), &, = exp{— C,Q(u,)}
@ €[0,2m) (18
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hold outside a set G of finite logarithmic measure. Let ®R,, v,
(r > 0) denote all zeros (counted according to the multiplicity)
of f(z) in D, andin D, — D,, respectively. Put

g @) =f(2) I {(*? — a2)/(#(z — a))}
( £ (2) = £,(2) exp {CoQ(u,)} (r>0).
Since |f,(2)I=2|f(2)| (z€ S7), we have

max{|g,(Fe?)|; |t — 0] <a,} > &, exp{C,Q(u,)} >1
@e€[0,2m), r&EG).  (20)

(19)

LeEmMMA 12. — If
im m(7,1/g,)m(r) =0, 1)
r—e=,rEG

then 6(0,f)=0.

Note that Q(u,) = o {m(r)} (r — =, r €G). Since
m(7,1/f,)<m(7,1/g,) + C,Q(u,) and m(7, f)=>m(F)=m(r) ,
(21) gives
limsup m(7,1/f)m(7, f,)< lim o m(7, 1/g,)/m(r) =0. (22)

r—o, rédG r—oo &
We have
log [£,(0) = ¥ log(#/lal) < n(#)log(#/r) < Cn(7) G,
aEY,

<c{ £ " n(x)x dx } 3, log(r*[7) < C'N(r*) (3, /a*)
=o{m(M}=o0{m(F,f) (r— o, r¢G). (23)
By Lemma 1, (22) and (23), we have

lim N(7,0, f,)/m(7,f,)

r—e r¢G

=1- lim {m(7,1/f,) + log | £,(0)1}/m(¥,f,)=1.

Since N(7,0,f)<N(¥) and m(7,f)=>m(7), this gives
§(0,f)=0.

4.2. By Lemma 12, it is sufficient to prove (21). Given r ¢ G,
we put W= {t€[0,21(); Ig,(?e“)l <1}. We may assume that W
is not empty. Then W is a finite union of open intervals each of
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which has length at most 20, by (20). We write W = Lil L,

where 1, ’s are mutually disjoint open intervals. Put L= (oz By s
= (o, +B )2 1< u<v). Then

g, (Fe®)| = |g,(Fe™) =1 1< pu<y).

By Lemma 2, we have
~ ~ 2. l’ﬁ ~ 2.
21rm(r,1/g,)=—f log |g, (Fe™)|dt = — Y ﬁ log | g, (Fe™)| dt
p=1"l

f (t =) = loglf(re“)ldt

[ (t —,) (1) dr

II
jM= i M=

v

Y[ t-v)ndi— Y f (t = 7,) Y,()dt
;4 1 aem
24)

<

I~

p=1 acr, “lu
=L, +L, +L;,say),

where ®(t) = Re ®(7e;7,f.), ¢,(t) = Re ¢(7e*;a) and

¥, (1) = Re Y (Te ;F,a).

First we estimate |L, |. By Lemma 1 and |f,(2)| = |f(2)|
(z€S;), wehave

2
IL,| <o, fo |®(1)| dt

2n 2n .

<o, fo {(Fr/m) fo |log| f(7e®)| |/17e™ — Fe*|* ds} dt

2w 2n

< (0, 7F/m) /(; |log| f(re®) {‘/; 1/Ire’s — Fe't|* dt} ds
~ 2n ..

< (Co,/3,) fo log| f(?e™)|l ds

< 4nCm(#) (0,/3,) < C'm(r) (0,/3,) . (25)

Next we estimate IL,,I. We have

Lai=1 X 2= fx,, (t —v,) ¢,(1) dt|

acR, u=1
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—_ %l
=1 2
aER 1

{(1/2)fI (t —v,)* d,(t)dt
5 — (11,1%/8) (8,(8,) — b,(ct, )}
< X X AL f o iemiar

aER, p=1 M

r

MR

2w
<ot ¥ [T igoiar

aER,
2w ~ ~
<o ¥ f F2/|Fet — a|® dt
aEd‘»r o
< Cn(r) 0}/6, < CN(¥) 02/{0, 1og(F/n} < C'm(r) (0,/7.)* .
(26)
We have analogously as in (26)
IL,;1 < C'm(r) (0,/3,)* . Q7

By (24), (25), (26) and (27), we have, with a constant C"” > 0,
m(7,1/g,)m(r) < C"0,/G,. Letting r —> o (r&G), we have
(21). This completes the proof of our theorem.

5. An entire function with Fabry gaps such that §(0,*) =1.

5.1. In this section, we shall show that the assertion of our
theorem is not valid when the Fejér gap condition is replaced by
the Fabry gap condition. We construct an entire function g.(z)
with Fabry gaps such that 6(0,g.) =1.

For an entire function g(z) = ¢, z" and a non-negative

n
0

i L

integer d, we put pr(g,d)(z)= Z c,z". The outline of our
n=0
construction is as follows. An entire function e?’ (p=1) does
not take zero and S(e®’) = {pn;n=>1}. When d > 0 is suffi-
ciently large, g(z) = pr(e? ,d) (z) behaves like e*’ in a given
disk D'o . Let g*(z2) = g(2) exp(z/ry)? (q >d). Then
pr(g*,d)(z) =g(z). We choose ¢q sufficiently large. Then
g*(z) behaves like e* in D, since liinw {exp(r/rg)* — 1} =0

(r<ry), and g*(z) behaves like exp(z/ry)? in (]3,0)“ in the
sense of the deficiency since lim exp(r/ry)? = o (r>ry). Re-
q >
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peating this discussion, we construct an entire function which
locally behaves like exp(nz)® for some 1 >0 and some integer
p =1 in the sense of the deficiency.

To express this argument concretely, we inductively define two
sequences ry <ro<r, <ry--+, q,<q, <--- and two sequences
(8 (2D =0> (Me(2))g=, oOf entire functions such that, for every
k=0, n(z)#0 (z€S, U. .US, UD") Let ro=1,ry,=2,

0=1,80(2)=0, hy(2) =
Suppose that ro <rg<--- <rm_, <13 o<+ < qp_,
(g (2PZy . (M (2))yZ4 are defined so that, forany 0<k<m —1,
h,(z) satisfies the above condition. Then r,,, r:n, gn(2), h,(z) are

defined in the following manner. Let r,, =r,,_, + 1. We choose a
positive integer d,, so that, with g, (z) = pr(h,,_,,d,) (2):

dm > dm——l + qm—l (28)
| &m(2) =y (2)I<27™ (€D, ) (29)
n(ry,0,h,_,) =n(r,,0,8,) = rhm n(r,0,g,) 0<2<m). (30)

Such a choice is possible, since pr(h,,_,,d) (z) converges uniformly
to h,_,(z) in D, ~when d tends to infinity. Let r,, (r,, >r,)
be a number such "that g€,(2) #0 in D‘ . We choose a positive
integer ¢, so that, with #,(z) =g, (2) exp(z/rm l)

d,lq, < (1/10)27" 3D

M(r,,_y,8,) {exp(ry,_ /rm_)'m — 1} <277 (32)
{t€[0,2m); | h,,(re?)| > exp(2df"r)} contains [gq,,/(10d,,)]

intervals of length =7/(2¢,) (r=r,). (33)

To see that such a choice is possible, we show that (33) holds as
long as q,, is sufficiently large. Put hj(z) = |g,,(2) exp(z/r,,_,)?|
(g =1). Given r >r,,, wechoose ¢, €[0,2m) so that

M(7,8,,) = 18, (re™)1 =1).
Since g,,(z) isa polynomial of degree d,,

g, (re®)| =>1/2 (tE€[t, —1/(2d,,), t, +1/(2d,)]) .
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Let q,, = 100d,,. Then
{telt, —1/4d,),t, +1/2d,)]; cos qt = 1//2}

contains [q/(2nd,)] —1 (= [q/(10d,,)]) intervals of length w/(2q)
(¢ >q,,). Hence {t€[0,2m); h,(re™)> (1/2) exp{(r/r,,_)"\/2}
contains [q/(10d,,)] intervals of length w/(2q) (q =gq,,). Let
g, > q,,) be an integer such that

(1/2) exp {(x/rh,_ N?\/2} = exp(2dix) (x =>7,,,q9 > 4q%).

Then h:; (z) satisfies the property in (33) for all g > g, . Hence
the above choice of q,, is possible. Thus we define the above four
sequences.

5.2. Now we show that g_(z) = lim g, (z) exists and satisfies
m—>ce
the required conditions. First we prove that g.(z) is an entire func-
tion. Given k =1, we have, forany z€D, , m=>2k +1,
| &m+1(2) — 8 (D) < |8y (2) — B, (D) + |0, (2) —g,(2)]

<27 4 M(r,,_ 58, {exp(ry,_ /)™ — 1} <27m*,

according to (29) and (32). Hence g.(z) = i {8m+1(2) —8,(2)}
m=0

converges uniformly in D, . Since k=1 is arbitrary, g.(z) is

an entire function. Next we prove that g_(z) has Fabry gaps, that

is, lim w(r)/r =0, where w(r) = w(r,S(g.) (r>0). By (28)
y >0

and (31), we have

pr(g..,d,,.,)(2) = g,,,(z) =pr(h,,d,.,)(z) (34)
S(h,)=1{%q,, +n;220,n€S(g,)}V {q,:;2=21} (m=21).
Let r be a number such that d,, <r<d,,, forsome m =2 and

let & be a positive integer such that 4,, + (8 —1)gq,, <r<d, +%,,.
If ¢>1, then

w@r = w(r, S(h,)r <2d, + D/{® —1g,} <271,

according to (31). Since 4d,,,, >d,, +q,,, we have, in particular,
w(d,, . )dye, <2771 This inequality is valid with m replaced

by any positive integer. If 2 =1, then

wn/r=w(d,)lr < w(d,d, <27™.
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Thus w(r)/r<2™"(d, <r<d,,,). Thisshows that

lim w()/r=0.

y —> o
Finally, we prove 6(0,g.)=1. Let r be a number such that
r,<r<r,,, for some m=1. Rouché’s theorem shows
n(r,0,g.) <limsup n(r,0,g,). Since zeros of h,(z) equal

k=

those of g,(z) forall k =1, (30) gives
n(r,0,8,)<n(r,,;,0,8)=n(r,, 0,8, =d, (k=m).
Hence
N(r,0,g.) <n(r,0,g.)logr < lim n(r,0,g)logr<d, logr.
| e (35)
Since |8.(2) — € (DI Y 18441(2) — ge(2)I <1 and
k=m+2

|gm+2(z) - hm+1(z)' < 1 (Z e Sr) )
we have

m(r,g,) = m(r,8,.,) —log2=2m(r,h,,)—logd. (36)
Now we study the lower bound of m(r,#4,,,,). Since

18m+1(2) — h, (D) <1 (zES)),

(33) holds with ,,(z), exp(2d,,r) replaced by g,,.,(z), exp(dir),
respectively. Note that, for any interval Y* in [0,27) of length
7/(2q,,), {t€EY*;cosq,,, t =0} contains [q,,,,/(49,)] —1 in-
tervals of length w/q,,,,. Since

Y = {t€[0,2m); | A, (re™)| > exp(di,n}
D{t€[0,2m); 18,,.,(re™)| = exp(dir), cOs g, t = 0},
Y contains [gq,/(10d,)] {lq,,.,/(4q,,)] —1} intervals of length

7/q,,, - This shows that meas(Y) = C/d,, for some constant C > 0.
Thus

m(r,h,..)=1/27) j; log* | A, ., (re")|dt = Cd,, r/(2m) . (37)
By (35), (36) and (37), we have
N(r,0,g.)/m(r,g,) <d,, logr/{(Cd,, r/27) — log 4}
(r, <r<r,..).
This gives lim N(r,0,g.)/m(r,g.) =0 and hence §(0,g. )=1.

Thus we know that the assertion of our theorem does not hold with
Fejér gaps replaced by Fabry gaps.
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6. Application of our method.

Our method also yields that:

(*) An entire function with Fejér gaps takes any complex
value infinitely often in a given sector.

This assertion improves Hayman’s result [8]: An entire function
f(z) takes any complex value infinitely often in a given sector if
S(f) = (n)r=, satisfies k(logk) (loglog k)*/n, =0O(1) for some
o> 2. Our method is applicable to the equidistribution theory in
sectors.

In this section we prove (*). Let f(z) be an entire function
with Fejér gaps. In the case of p(f) < oo, the required assertion is
already known [8]. Hence we may assume that p(f) = o=. Without
loss of generality, it is sufficient to show that f(z) takes O infinitely
often in T'y = {z;largz| < a} (0 <a<1). For the sake of sim-
plicity, we work only with f(0) = 1.

Now we assume that f(z) takes O a finite number of times
in T, and show a contradiction. Let Gg,(z) (0<Bg<m,r>0)
be Green’s function of Lg(r) = PB N D, with pole at /2. Then
our assumption gives

0
N, = /2m [ ==Gq(2)log | f(2)l 1dz| — log| £ (+/2)]
=0(1) (r—> ), (38)
where 9/d0n denotes the inner normal derivative and oI, (r) the

boundary of I' (r). Note that N(B,r) < N(a,7r) 0<f<oa). We
have, with two positive constants n*, H* dependingon «,

0< 33- Gy, (2) < H*/r (z €3y(r)
n (39)

2 Gy, (2) 2 n*/r (z€0T3(r), largz| < f/2)
on

for all B with a/4 < B < a/2 [12]. Hence we have

N(ﬁ,r)>nrf_’:; log" | f(re®)|dt — H f_:: log* 1/1 £ (re®)| dt

— (H/r) [ {1og" 1/1 £(xe®)| + log* 1/ £ (xe™#)|} dx — log M(r/2)
(=Z.8,r) —E_(B,r) — £(B,r) — logM(r/2), say) (40)
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for all B with o/4 <B < a/2, where n=17*/(27) and H=H*/(27).
Our proposition shows that =, (a/4,r) = (an/8) log M(r) 1f.. The
argument given in the section 4 yields that =_(a/2,r) =0 {logM(r)}L.f..
Since

f"g(ﬁ,r)ds= (27H/r) /' m(x,1/f) dx < 2H/r) f’log M(x) dx
0 ‘0 (1]
we can choose f,(a/4 <p, <af2) so that

£8,.r) < 8H/ar) ["log M(x) dx.
Thus we have
N(a,r) = N(@B,,r) = E (a/4,r) — E_(a/2,r) — E(B,,r) — log M(r/2)
= (na/8) log M(r) — o {log M(r)}

— (87H/ar) j log M(x) dx — log M(r/2) (Lf.). 41)
0

Let € = na?/(657H). Since p(f) = oo, there exists a set U of
infinite logarithmic measure in (0, o) such that

lim logM((1 —€)r)/logM(r) =0.

r—>o relU

Then lim sup (1/r) [ " log M(x) dx/log M(r)
0

r—e,reu

< limsup {(1 —€)logM((1 —€)r) + elogM(r)}logM(r) <€ .

r—o reclu
Hence (41) gives lim sup N(«, r) = oo, which contradicts (38). This
y—> oo
completes the proof of (*).
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