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MICROLOCAL REGULARITY
AT THE BOUNDARY
FOR PSEUDO-DIFFERENTIAL OPERATORS
WITH THE TRANSMISSION PROPERTY (1)

by Maurice DE GOSSON

1. Introduction and results.

When studying boundary value problems — even in the differential
case — one is almost systematically confronted with the question of
the behaviour, near the boundary of associated pseudo-differential
operators. Since these operators are not local, one cannot expect,
in general, simple results of regularity up to the boundary.

Fortunately, the pseudo-differential operators associated to
these problems have the peculiarity of behaving almost as well as
ordinary differential operators ‘“‘on’ the boundary; they have the
so-called ‘‘transmission property”. This class of operators was in-
troduced in the 70’s by L. Boutet de Monvel, in relation with the
theory of Wiener-Hopf operators (see [2]). In this work was proved,

among other properties, the folowing essential result:

If PEL™(R") has the transmission property and £ (resp §2)
denotes the half-space R” (resp R7) with boundary 9 (= R*™!),
we have a continuous mapping:

C, () — CT(Q)
defined by:
u — Pu%q

(here Cg(82) and C”(82) are the usual spaces of functions C™ up
to 982, and u® isthe O-extension of u across 02).

We shall in this work not only generalize this result to the case
of the Sobolev spaces, but also give microlocal statements. To do
this one has to define a notion of “boundary singular spectrum”.
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In our case, we shall mainly use the “OWF set” as introduced, for
instance in Melrose-Sjostrand [12] or Chazarain [3] (the notation
of whom is being used here). This set (which is defined as a subset
of the cotangent bundle to the boundary), measures in some way
the lack of ‘“‘tangential regularity’’ of a distribution. A major problem
which arises when dealing with this concept, is that OWF(u) isn’t
generally intrinsically defined for an arbitrary distribution « € D’(R"}),
unless u is solution of a non-characteristic partial differential equation
Pu = f, with f “normally regular’” up to the boundary in every
coordinate system (see the precited paper of Melrose-Sjostrand).
This isn’t really an obstruction for our purpose, since we shall only
consider here equations having this property. It should nevertheless
also be noted that R. Melrose has recently (see [11] and the references
therein) defined new classes of distributions which allow an invariant
definition of OWF («) even in the non-characteristic case.

This work is structured as follows:

—In § 2, we recall the standard definitions and properties
concerning partially regular distributions; nothing really new in this
section, except may be (1.9) which states that a pseudo-differential
operator transforms a normally regular distribution into a distribution
having the same property.

— In § 3 is proved the result which is the key to our regularity
theorems of the following sections:

(3.1) Let P€L™(R") be properly supported and have the
transmission property. Let A €L°(dQ2) be a properly supported
tangential operator, elliptic in a conic neighborhood of o € Tg (382).
Then, if 7y is an arbitrary conic subset of <y such that 5 CC v,
we have: ,

u €HI(RM)

loc

Au €HLI(R") | = BPujg EHL." ™ " (Q)

loc loc
U =20

for every properly supported BEL%@R) such that WF(B)C 7.

The proof of (3.1) is reduced by using the calculus of tangential

operators to the case A =B =1,, t=1¢". The corresponding “non

microlocal” result has already been proved in a previous work (de
Gosson [4]), where it was used to derive partial hypoellipticity
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results. We have chosen to reproduce it here, although it is rather
long and technical, not only for the reader’s convenience, but also
because it is highly instructive, since it contains the main difficulties
which appear when one has to prove precise results of partial
regularity.

— In § 4, we recall the definition of the C™-boundary singular
spectra OWF and WF,, and extend these definitions to the case
of Sobolev spaces. The main result of this section is (in the C”-case):

(4.13) if P has the transmission property, and if
u€C”(R,,D'(3Q)),
then we have:
WF, [P(4°),o] C WF, (1)

0 being the canonical O-extension of u across 952 .

u

The proof of (4.13) is a consequence of the following corollary
of theorem (3.1), which can be written:

AWF[P(g ® 8),5] C WF(g)

in the C”-case (here g E€D'(d2), and & is the Dirac measure)
(see theorem (4.8)).

— Finally, § 5 is devoted to a precise study of the singularities
of noncharacteristic Cauchy problems of principal type, to which
we add a condition of transversality for the bicharacteristics. We thus
obtain, by using the techniques developed in § 4, a non trivial gene-
ralization of proposition (4.16) in Andersson-Melrose [1]. Our
result can be stated in the following way: If u €D'(Q) solves the
Cauchy problem:

Pu=f
(o)
R/
for fEC”(R, ,D'(3Q)), g €D'(A) (j=0,1,...,m—1) we have:
(5.1) 0 € WF ‘ 1(&’;))
iyl —= 6 ¢ OWF . 3(u) near Q.
s+m—=
o ¢ OWF(f) 2

Some of the results in this paper have been announced in de
Gosson [5]. See also de Gosson [6] for a generalization of the trans-
mission property to operators with quasi-homogeneous symbols.
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2. Partially regular distributions.

Let X be an open set in R", and consider a distribution
ueED'X). If x=(y,2)€ER? xR""?, we denote the dual
variable by £ = (n,¢), and say that u is partially regular (in y)
if, for every ¢ €Cy(X) and every NEN, we can find constants
v, n €ER and C, v >0 such that the Fourier transform ¢u of
pu €E'(X) satisfies:

Q.1 1gEE| < C, (1 + 1a)™NA+ 1ED"PN  forevery EER.

Remark. — When, in the latter definition, the constant Ky N
does not depend on N, the distribution u is said to be strongly
regular in the variable y. The example (with X = R?) of the
distribution u(x',x,) = 8(x' — x,) shows that a distribution
partially regular in all the variables need not to be a smooth function.
Nevertheless, one has the following result (F. Tréves [13]):

(2.2) If u€D'(X) is regular in y and strongly regular in z, then
u€C7(X).

In practice, we will only consider distributions regular in the
“normal variable”, that is, in x, € R (we have taken here X = R");
it can be proved, by using the closed graph theorem, that the space
of all normally regular distributions can be canonically identified
with the space C7(R, D'(0f2)) of infinitely differentiable functions,
valued in D’(882), (see Treves [13] or Melrose [11]), for this reason
we will not make any distinctions between these two spaces, and
only use the above notation. Generally, the definition of partial
regularity is not, unfortunately, coordinate invariant, and doesn’t
therefore make sense when we replace X by a manifold. There is
nevertheless one very important case where this can be done, namely:

(2.3) Let u €D'(R"), and suppose that
WF(u) N {(x",x,,0,8)/(x',x,)ER" £, #0}=.
Then u €CT(R, D' (982)) in every coordinate system.

Finally, an extendible distribution uED' () is said to be
regular (or smooth) up to the boundary in the normal variable, if
there is a distribution HGC”(R,D'(R"“)) extending u. Using
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for instance a Seeley extension of u, one can prove again that there
is a canonical corresponding between the space of distributions
smooth up to the boundary in x,, and the space CT(R,,D'(3R))
of distribution valued functions which are C” up to the boundary,
and thus identify these two spaces. It is easily seen, by the definitions,
that one has the following Fourier characterization:
(2.4) uEC”(R—;,D'(aQ)) if and only if for every ¢ €Cj(3Q2),
and every NEN, there are constants C%N >0 and
B, N € R such that:

IDY QU ,x,)l <C, y(1+ED"N
for ¥ €R"™' and x,€R,.

Here @(E',x,,) denotes the partial Fourier transform of ¢u
with respect to the tangential variable x’.

Useful tools in the study of partial regularity are provided by
the double-indexed Sobolev spaces H®’: We say that a distribution
u € S'(R") belongs to H"'(R") (s and ¢ being real numbers) if
the Fourier transform & of u is a function satisfying:

(2.5) S1a@®P A+ 1P A+ €17 dp)'/? <o
(Note that H*"°(R") is the usual Sobolev space H’(R")).

H%?(R") is clearly a complex vector space, and the left side
of (1.5) defines a norm, denoted by |lull;, on this space. In the
same way, H%?(Q) is the space of all restrictions, to the half space
Q, of the elements in H®’(R"), and it is equipped with the
quotient topology, defined, for u € H** (&), by: llull, ,=inf|l¥ ]| ,,
the infimum being taken over all u € H**(R") extending u. The
corresponding local spaces Hj;(, Hg, are defined as usually. We

now list the basic properties of these spaces. For details and proofs,
the reader should consult Hérmander [7], and [8]:

s=s'
s+r=s++¢

s+t—k— % (aﬂ))

(2.6) H%! CHY " «— %

Q2.7 Hpf(R") CC* (R s Hyge
k-1

and Hp;l Q) c c* (R+,Hm 72 (asz))

ﬁ0<k<s—%~
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Setting, as usually, H**~'* = N H**** and H*'~~ = NnH"'~k
(the intersections being taken for all K € R), we have, in particular:
1
oo L) stt—3
(2.7 HI =" (R")CC (R ,Hyoe 2(39))

loc

and
s+

_1
T Y =Teul IR MAERCI) B

loc loc

Let us now describe briefly the action of pseudo-differential
operators on the H®' spaces. First, for operators in all the variables,
we have the following H*’-continuity result, the proof of which
is a trivial adaptation of the usual continuity result in ordinary
Soboleyv spaces :

(2.8) If P€L™(R") is a properly supported operator, then:
P: Hf;,:('R") — Hf(;"‘"(R").
In particular, if PEL™"(R"):
P: H,‘(;c'(R") — C”(R").

Using (2.8) one can easily prove the following important result:
(2.9) If P€L™(R") is properly supported, then:
P:C”(R,D'(a82)) — C”(R,D'(382)) .

Proof. — By localizing, it is of course sufficient to prove that
P maps Cg(R,E'(d2)) in itself. But, if u €Cy(R,E (3R)), for
every integer N, we can find, in view of (2.1), constants Cy > 0
and uy €R such that:

la®) <Cy(1+ 1£D"™N+ gD, VEER"
that is, for some new constant Cy , :
*) 1a@®I<Cy A+ EDNA+1EDN if 1E1<elt,l,

€ being any fixed positive number.

On the other hand, since u is compactly supported, the easy
part of Paley-Wiener’s theorem implies the existence of constant
#€R and C, > 0 such that:

la® < Co(1+1£D*, VEER”
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that is, forevery NEN:
laE)| < Co(L+1END** N +1ED7N.

Since || ~ |§'| in the cone defined by |&'|>e€lf,|, the
latter inequality can be written:

%) Ja@®I<C.A+IED**NA+1ED™N if [EI>elg,l,

for some new constant C’; finally by combining (*) and (**) we
have:

(***)  a®I<Cy (A +IEDNA+[EDN, VEER

where vy =sup(uy,u +N) and Cy =sup(Cy .;C); from
this it follows immediately the existence of a strictly decreasing
sequence (wy)y such that:

(2.9) u€Hy “N(R") forevery N,

that is, in view of (2.8):

m

PuEHg— "“N(R") forevery N

which proves our assertion, in view of (2.7).

The following proposition will be fundamental in the proof of
the main theorem (3.1). It shows in some way how to obtain partial
regular distributions by using pseudo-differential operators:

(2.10) Let PEL™(R")NL™ ("), where I' is a conic neighborhood
of {(x',0;0,¢&,)/x' €0Q2,¢, ER}, the conormal bundle
to 082, be properly supported. We can then find a neigh-
borhood £ of 99 in R”, such that:

u EHS(R") = Pu € H ™'~ =(5).

loc loc
Proof — For each x' €0, there is an open neighborhood
Q, of (x',0) in R", and a positive constant C,, such that:
Q. x {E/1E1<Cul§,13CT.

Let us set §2 = U €2, , the union being taken for all x' €0Q2.
If ngCS’(Q), we can recover supp(y) by a finite number of sets

2. ; hence there exists a constant C > 0 such that:

p, =¢pES T({EIEI<CIE, D
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(p being the symbol of P). We are going to show that the operator
P, =p,(x,D) is continuous from H%’(R") to H* m*kf-kgm)
forevery Kk €EN.

Define § €CT™(R") (0 <6 <1) by:

0§ =

and X €CT(R"\0) (0 <x<1), homogeneous of degree 0, by:

0 if 1¥1<3 ClE,l
x(§) =

w

Lif 1§12 Clg,l

for some positive C. We then have:

py(x,8) =0 xE) p(x,§) (mod S™7)

hence, in view of (1.8) it is now sufficient to prove:
(2.11) u €H"*(R") = Op(@x) u EH*** *~*(R™)
forevery k.
Setting v = Op(0x) u, we have:

1olee, e = [ 10@® x® P 1GEP (1+1£7°* (1 + 18 7Y~ a
L+ £ \F
- 0 2 4 2
S 10®x®F 2P (1)
A+ ED A+ €1 at
that is, finally:
||v||f+k,,_k S G llullg
for some constant C, > 0, since |0x| <1 and
1+ ¢ )k -
1+
and this ends the proof of (1.11).

We shall also use throughout this work ‘“tangential” pseudo-
differential, that is, operators acting only in the x’-variable, the class

x® ( x(®)
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of which is denoted by L""(aQ) (m' €R). These operators can
be extended as operators acting on D'(R") (resp. D'(2)) by:

2.12) Au(x) = [ ¥ a(x'  E)a(, x,) df

for u€CG(R") (resp. u€Cy()); here a€S™ (3Q), and
g —> a(¢,:) denotes the partial Fourier transform with respect
to x'€0Q2.

We have, for these operators the following continuity property,
the proof of which is standard (it is a generalization of th. (2.5.2)
in Hérmander [7]):

(2.13) If A€ L""(aﬂ) is properly supported, we have a continuous
mapping:
A . Hs,t(Rn) —_— Hs,t—m’(Rn)

loc loc

forall (s,r)ER?.
An easy consequence of (2.13) is:
(2.14) If A EL™ (3Q) is properly supported, then:
A:HSLQ) — HEI™ (D).

loc loc

Proof. — Let u€HY'(Q); by the definition of this space,
there is an extension @ €EHJ*(R") of u; by (2.12) we have
AW €HS'"™ (R"), hence the result, since A%, = Au, in view
of (2.12).

Finally, combining (2.13), (2.14), and (2.9'), we have the
important:

(2.15) If AEL™"(0R2), then:
i) A:HL(Q) — Ho7(Q)
ii) A:C”(R,,D'(382)) — C()
and i), ii) still hold when £ (resp. R_+) is replaced by R"
(resp. R).

Also note the following recursive characterization of H®?,
which is in some sense the simplest of all results in partial hypoel-
lipticity:
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(2.16) Let H™' denote either Hj};!(2) or H};!(R"). We then
have:

X

u eHS—l,f+l

D. ueHs V!
u EHY! — "

Finally, we define the kind of operators which will be used in
the following sections.

It has been known for a long time (see Boutet de Monvel [2])
that one cannot expect to obtain reasonable properties of regularity
near the boundary for pseudo-differential operators, unless one makes
the assumption that these operators have the transmission property:
More precisely, let PE€L™(R") (m positive or negative integer) be
a classical pseudo-differential operator: the complete symbol p of
P admits an asymptotic expansion:

p~ Z p;
j=0
where the p; are symbols, positive homogeneous of degree m — j
in the dual variable. P is said to have the transmission property with
respect to 082, if the following conditions hold:

(2.17) D;‘,'D;np,(x’,o;o,—l)=(—1)'"-f-'“" D‘g,’Dgnp,.(x’,o;o,l)
forevery x',j, o and p.

These are not very restrictive. They are clearly fulfilled by dif-
ferential operators. Moreover, if P is a noncharacteristic differential
operator (or more generally a noncharacteristic pseudo-differential
operator with the transmission property), one can prove that every
microlocal parametrix Q of P also has the transmission property
(see de Gosson [4], where an explicit construction of Q is given).

3. Microlocal regularity at the boundary.
As announced in the introduction, we are going to prove in

this section the central result of this work:

(3.1) THEOREM. — Let P € L™(R") be a properly supported pseudo-
differential operator with the transmission property with respect to
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the hyperplane 9S). Let A€L°(02) be a properly supported
tangential operator, elliptic in a conic neighborhood of o € T(’," (02).
Then, if v is an arbitrary conic subset of vy in TFoS2, with
Yy CCv, we have:

u Hy! (R™)
AuHJ;I(R") )} == BPu;q EH},"*™""=(Q)

loc loc

ug =0

for every properly supported B€EL°(0R2) satisfying WF(B)C 7,
andall s,t€R.

’

(3.1) will be proved by reduction to the case A=B=1,, t=1".
More precisely, we shall first prove the following result:

(3.1") THEOREM. — Let P be as in (3.1). Then for all real numbers
s, t€R, we have:

u €H:'(R™)

o = Pu, EH;""7(Q).

u|g =0 loc
The proof of (3.1") is unfortunately long and technical; it will
be made in several steps, and is mainly based on Taylor expansions
of the symbol of P in order to use the transmission property. The
main difficulty arises when one has to estimate the Taylor remainder
corresponding to the expansion at x, = 0; it will be necessary to
introduce a kernel which is in some sense ‘“smoothing’ in the normal
variable. Let g, (x,§) ~ 2 p;j(x, &) be an asymptotic development
=0
of the complete symbol olf P, of course the p; are positively homq-
geneous of degree m —j in the dual variable, so that p; esr.
In view of the hypothesis on P, each p; has the transmission
property, so it is of course, in view of the inclusions (2.7) sufficient,
in order to simplify the notations, to restrict ourselves to the case
where the complete symbol of P is p = p,, positively homogeneous
of degree m.

Define now two functions 8 and ¢ by:

i) 0 ECT(R"), 0<0 <1
and:
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1
2
6¢)=1 if [& =1

ii) Yy €ECT(R"\0), 0<y <1, x homogeneous of degree 0,
and:

6¢)=0 if |&<
=

Y@ =1 if E€ET, = ¢IEI<CIEN
v =0 if E€D, = {¢§IE1=>2CIE,1}.

Writing:
px, ) =0 vEpx,H -0 WE -Dpx,¥§
+ (1 -60(8)p(x,¥)

we see at once that we can neglect the last term, since we evidently
have, (1 — ) p beingin S™~(R"):

Op((1 — @) p)u EC”(R") CHS ™" ""*(R"), Yu€E€D'(R".

loc

On the other hand it is clear that 0(¥) (Y (§) — 1) vanishes
in a fug neighborhood of {(x’, x,,0,&,)}, so we may apply (2.10)
(with & = R"), and:

Op[6(1 — Y)plu €EH™ ™™ 77(R).

loc

We are thus, finally reduced to the case where the symbol of P
is p(x,8) =0y p(x,¥), p being homogeneous of degree m .
Using now a Taylor expansion at £ = 0 for p, until an arbitrary
order N', we have:
~ N\ 1 ’ » ’
PO.H=0®YE® X 5 p(x;0,£)E"
lal|<.N' Ol .
N’ '
+ Y (L HEe
la/l=N' a .
where:

reGe b= [ Q- 0NN 0Fa0x; 0 6 dr.

(Remark that this equality makes sense even for &, = 0, since ¥ (§)
vanishes in a neighborhood of the &' axis).

We first study the contribution of a term 7, (x, §) £ (J/| = N")
from the Taylor remainder. Trivial estimates show that we have
estimates:



MICROLOCAL REGULARITY AT THE BOUNDARY 195

10508 ry (x, E)l < Cyy g, (1 + £, ™17

uniformly for x € K (compact set), as soon as m — N’ < 0; clearly
the same estimates hold when r, is replaced by 0yr,; but Y (§)
vanishes outside the cone T, :|§'| > 2C|¢,], so we have in fact,
since |§| ~ |&,| if 1§]<2ClE,l:

182080 (5) Y (B) ra(x, DI < C, 5 (1 + £~ 191N

Thus, Gll/ra.ES""N(R”) if N>m; and from this, we
conclude, using (2.8) and (2.13), that:

Op(O(E) Y(E) ry(x, E) E™) (1) = Op(8(§) Y(§) 1y (x, ) (D% 1)

belongs to HE-(M=N)L1=N'(Rny that i to HE-™m*k.1—k(R") ag

loc loc
soonas N' =>k.
Let us now look at the terms 9% p(x;0,%,) £ of the Taylor
3 n
sum. To simplify the notations, we set:

A, = B, o D},
where B, isthe operator with symbol
0(5) ¥(§) 3y p(x;0,£,) €S,

Since D% u €HSI7'“!(R") vanishes in Q, we see, replacing u
by D%u, Ay by By, m by m—|d| and k by k + ||, that
it is sufficient to study A, (corresponding to the case o =0);
for the sake of simplicity we drop the subscript in A, and denote

this operator by A.

We have thus reduced the proof of theorem (3.1) to the case
where P is the operator A, with symbol

0,(x, =0 ¥ a(x;0,%),

which is a typical transmission operator of degree m . A being defined
as above, let us make a Taylor expansion of p(x;0,§,) at x, =0,
until an arbitrarily order N. We get, for £, #0:

p(x;0,8)= 2 L

1
R 07, p(x', 050, &) x] + o ryn(x, &) Xy

1
with ry(x, €)= ‘/; (1-pN-! afnp(x', tx,;0,&,).
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Let us first study the contributions of the terms of the Taylor
sum. It is at this point that we shall use the transmission property.
We have, in fact, in view of the transmission formulas (2.17):

97 p(x',0;0,&,) =237 p(x',0;0, )& (&, #0).

Since multiplication by the C” function ax"p(x', 0;0,1)xP

maps H};!(R") into itself, we only have to prove:

(3.2) LEmMMA. — Let A, = Op6 () Y(§) E;”) S with melZ.
Then, if u €H!(R") vanishesin S, we have:

loc
A, uq EHLTITRQ).

loc
Proof of the lemma. —
1) mE&N. We have:

P N /\
A,u=F'OyDI w)=F 'O — 1D u) + F1((8 —1)D u)
n n n
m
+ Dxn u
where F~! denotes the inverse Fourier transform. Since D;’; uqg =0,

6 —1 GC:(R"), and the symbol 0(y — 1)_satisfies the conditions
of (2.10), we have: A u,o EH""™ ().

loc

2) m < 0. We shall prove the result by induction, both on
m and k. We suppose that

loc

*) Amtig EHL" T H @)
for every k; let us show that then:

Am_l ulg e Hs—m+l+k, t—k (ﬁ) .

loc

In view of (2.16), this is equivalent to prove that:

i) D, An_ithq EHI"™ (@), VkEN

loc

ii) Ap_ g EHL (@), VEKEN.

loc

But i) is immediate in view of the induction hypothesis, since
Dxn A,,_, = A,, . Wenow prove ii) by inductionon k:

— ii) is true for k = 0, since we obviously have, in view of
(2.8): A, _,u €HLM-1:1(R™).

loc
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— Suppose it is true for £ — 1, that is:

(**) Am_1u|n EHS-—m+k—l,t—k+2 (Q)

loc

and let us show that we then have:

A, _uq € Hy mre k@) .

loc

But, still in view of the conditions (2.16), this will be true
if and only if:

a) D, A, _ uq €H" R (@)

loc

b) Am—] u)ﬂ € Hs—m+k-l,t—k+2 (Q).

loc

But a) once again immediately results from (*), with k re-
placed by k — 1, since D"n A, _,=A, ; and b) is exactly (**),
and the lemma is proved.

Let us now go to the last step in the proof of theorem (3.1).
We have to evaluate the contribution of the Taylor remainder
N (x,‘;’,,)xﬁ. Since p is positively homogeneous of degree m in
£,, we can split (modulo products by C” functions) this term in
a superposition of terms of the type:

xNOE) Y@ yE,) &y
XN 0@ VE V(- &) Er

where y(¢,) (=1 if § 20,0 if & <O0) is Heavisides function.
It is of course sufficient to study only the first term, since:

X, 0 VE y(=EDE_ =x0 0B YE ET —x, 0 VB y(E,) E
=xNA, —x, 0 VvE yE,)ER

and we know, by our previous calculations the properties of A, .
We need:

(3.3) LemMA. — Let R, y be the operator with symbol:
N0 VE yE)E, mEZ.
If u€HY(R") vanishesin S, we have:

loc
Rm,N um € Hfo.::m+k, -k (ﬁ)
if k<N-]|s|-3.
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Theorem (3.1) will then be proved, since N can be taken arbi-
trarily bigin (3.3). Let us prove the lemma.

a) m = 0. We then have: R, yu(x)=x)F~'(0yyi)(x)
where F~! is the inverse Fourier transform; we thus obtain:

Ry yu(x) =xNF 1 (ya) (x) + x} FH(O ¢ — 1) yar) (x).

The second term is very easy to handle. In fact, since
0y —1=6( —1)+0 —1, we have:

F7'0(y — Dya) +F71(6 — D ya) R "% + C°(R")
for every kK €N, since we can apply again (2.10) to the symbol

0(y — 1)y €S® and since (8 — 1) ECg(R") defines a smoothing
operator.

Let us now look at the term xNF~'(yi)(x) which will be
much more troublesome.
In view of a classical well-known formula, we have:

gy Iy, 1
F 1) =5 (w x) +58
thus:

ey (o L 1
F (yu)—zﬂ(vpxn®8x,)*u+2u.

. 1 . .
Since 5 ug =0, we only have to consider the convolution

term. In fact, we shall prove that the map:

u — xN [(vp—xl—-® Bx,) * u]
12

n

is continuous from {u €HY'(R")/u;q =0} in HL*¥ "% (&), for

every k<N —|[s|] —3. Let = {u €C5(R")/u;q = 0}, and
¥1, 9, EC,H(R™). Setting

U=gp, xN [(vp x—1—® 6x,) * ‘pzu}

n

we have, for x, > 0:

’ 0 ’
UK, x) = [ K(x,,p)u(x',y,) dy,

where K is the kernel defined by:
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XN
K(x,,y,) = ¢,(x,) p,(x,) x—”— .

n " Vn
A trivial computation shows that: K€ Cy ~'(R, x R_) (N>1)
thus we may extend K toa kernel LECy ~'(R?).

Now, define V by: V(x',x,) = f L(x,,y,) u(x',y,)dy,.

Obviously U = Vo, and by the definition of the normed

k1 -k 1 .
space Hj_, (€2), wehave: |Ugllgur, s SN Vilger, sk -

Application of Plancherel’s theorems immediately yields:
Ve = [ Lx,, —n)a,n,)dn,
hence, the Fourier transform of V is:
V@ = [ L¢,,—n,) aE, n,) dn,
and, we may estimate the H* % *% normof V by:

IVIBag i = [ (L TER A+ 1€ P V@ dt

<dt [f(l + 1)
Using Peetre’s inequality, we obtain:

V1B, e <Cf e [ [ L+ 1ERM A+ 1E Y420+ 18—, PV
LG, ) (L TER + a7 L+ 1E Y a, n) dn, |

and we obtain, using finally Cauchy-Schwarz’ inequality:

IVIZ, ., <C [ F(&) G, a¥ at,

where we have set:

stk
2

t—k 2
A+1EP * LG, -2 fl(E',n,.)lzdn,.] .

F&) = [1a@, n)P 1+ 18P +n2)* (1 + 10’ dn,
Gl = [ 1Ly, — 1) (1 +16,* (1 +15, — n, )" dn,, .
Hence, we may write:

IVIZ, e <C [ G&dE, - lul?, .



200 M. DE GOSSON

But, since LE€Cy ~'(R®), the integral f G(§,) d§, is conver-
gent assoonas 2k +2[s| —2(N—-2)<-2, thatis: k<N —|s|-3

That’s the way it is in the case m = 0.

b) The case m > 0 is an immediate consequence of the latter,

since we obviously have: R, v =R,y D;”n. Thus, all we have

to do now, is to examinate R, y with m <0. We want to prove,
that:

(*) R cu€EHSZ"k1-kQ) if k<N-—|s|—3.
m ,N loc

We first note that we may prove (*) with R, y replaced by
the operator: Rm N =O0pOYEr)o xN .

In fact, for every ngCo(R"), we have, integrating by parts:
R, no(0) = [ eExN0®) ¥ (®) £, p(8) dt
= (- DY [ e DY [0(5) ¥ (®) £, 0(®)] dE .

By Leibniz’ formula, we get:

DY @Y ELP®) = ¥ CEDE OVER XN 0(®).

e
0<Sp<N

— Now, if p >0, the sum contains terms with factors of the
type:

Df (OYER) =C,- 0UEN™ +71,,_,

where Tm_p is @ symbol with degree m — p, vanishing in a conic
neighborhood of the &, axis;in view of (2.10) we have:

0P (1) U € Hip (M =P)*=1==(R")

loc

That is:
Op(r,_,)u €H} "™ "= (R")
in view of the inclusions (2.7).
—If p =0, wehave theterm 0y£), xN o, and:
OpOVER) (xN9) =R, vo

which proves our assertion.
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Let us then prove that:

~

Rm—p,N ulﬂ € Hfo;(m—p)+k' -k (Q) (C Hfo—cm+k't—k (ﬁ)) .

A trivial computation shows that we have:

D. oR =R

Xy m—-p~1,N m-p,N

and the proof is now finished, by using exactly the same introduction

argument as in lemma (3.2), where we had, in the same way, the

relation D, o A =A
n

Let us now show, as announced in the beginning of this section,
how we derive Theorem (3.1) from (3.1").

First we observe that if the condition Au EH;‘(;:(R") holds
for one operator A, elliptic in <y, it will also hold with A replaced
by any other properly supported operator A, € L) such that
WF(A,)Cy, CCv. In fact, by the classical calculus of pseudo-
differential operators, we know that we can find a microlocal inverse

of A in 1v,, thatis, a properly supported A €L%08), such that:

m—1 m

AA—-1=R', and R EL’°OQ)NL"®7,).

Thus, we have: _
Au=A AAu — A R'u

and since Au € H¥!(R"), Alx €L%08), we get, in view of (1.13):

loc

A, AAu €H;I(RY).

loc

On the other hand if WF(A,) Cv,, we obviously have:
A,R"EL"(0Q)

and by using (2.13) once again, we obtain, since uer(;z'(R")
(for some ¢ €R):
A,R'u €Hj;.”(R") CHjc (R™)

loc loc

and, finally: A, u € Hfg,c’(R"). Now, choose A =1 in a small conic

neighborhood 7y CC?%, of o; we have: Pu =PAu + P - A)
and since A,u € H$?(2) vanishes in £, theorem (3.1) shows that:

loc

PAlu,QGH‘_m+”'t—“(§) and, in view of (2.13), for every

loc

properly supported B € L°(02) we also have:

BPA,u;, EHL" ™77 (Q).
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All we have to do now is to study the term P(I — A,). But
I — A vanishes in 7y, hence, if B satisfies WF(B) C ¥y, we know,
since u belongs to the space H'! (R") that:

loc

*) BP(I — A)u €Hj;.(R™)

loc
(see the remark following the proof of the proposition).

On the other hand (1 — A))u EHs’t'(l?"') and vanishes in £,

loc
so we may use theorem (3.1) again, which yields:

P(I _ Al)uﬂ‘g eH.\'-—m+°°,t'__w(Q)

loc
that is, also:

(*%) BP(I — A))u,u EHL™™ 1 (@) .

loc
Combining (*) and (**), and using the obvious fact that:

Hs,“’ N Hs—m+°°,t’—’° C Hs—-m+w,t~—°°

loc

we finally have: - e =
y BPumEH‘""’+ ITR)

loc

which proves theorem (3.1), since ¥ can be chosen in an arbitrary
way, if one takes 7, CC 7 large enough.

Remark. — (*) is a consequence of the more general following
result:

(3.4) If PEL™(R"), A€L’°©@Q) are properly supported tan-
gential operators, with A =1 in a conical neighborhood v
of ¢ €T*38, then, for every properly supported B € L°(382),
with WF(B) C ¥ CC v, one has for every (s,t) €R?:

u €EHI!(R")y==>BP(I — A) EH!"(R").

loc loc

The proof of (3.4) is standard. Using a straightforward gener-
alization of the usual asymptotic expansion formulas for the symbol
of the compose of two pseudo-differential operators (see, for instance,
J. Sjostrand [14], Appendix, p. 50) it is easily seen that one can
write, modulo a smoothing operatorin L™~ (R"):

BP(I — A) =R,
where R, isdefined by:

Ryw(x) = [ er(x, 0 9(®), 0 EC5RY,



MICROLOCAL REGULARITY AT THE BOUNDARY 203

and r €CT(R" x R") satisfies forevery NER, «a,BEN", estimates
of the form:

(F**) 10508 r(x, ) < Cp g n (L +EDTN (1 + gD

uniformly in x on each compact subset K C R" .

Using (***), one proves (3.4) using exactly the same classical
arguments used to prove (2.8) and (2.13).

4. Wave fronts sets near the boundary.

Let u€C”(R,,D'(d)) be a normally regular distribution,
and a real number w. We shall say that an element o (=(xy, &)
of T30 does not belong to OWF _(u) (the ‘“tangential singular
spectrum’ of wu), if we can find a conic neighborhood v of o,
and a tangential operator A €L°(dS2), properly supported, and
elliptic in v, such that:

(4.1) Au €HS'(Q) near 322, V (s, t) € R? such that s+t=w+l~
loc 2

The interest of this definition comes from:
(4.2) 0 €OWF (1) = 0 ¢ WF__, (D’;n u(+,x,))
for fixed x, 20 and 0 <k < w.

(Here D’;nu(-,xn) is the k-th sectional trace of D* u on the
hyperplane ¢ =x,; WF__, is the “H“”* wave front set” of
Hoérmander, [9]).

To prove (4.2), we only remark that (2.7) implies that
Au€C*(R,,H2 *(R)); in fact we have a much more precise
result (see Hormander [7]): there exists a constant C > 0, not
depending on x,, such that:

DS AuCe,x) -k < CllAull,
if s+t=°"+%’ 0<k<w, S—k>% , which proves the
assertion.

The following property is an immediate consequence of the
definition and of (2.8):
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(4.3) 0 ¢0WF ,(u) = 0 ¢ aWFw_k(D:n u) for every integer k.

We now prove an important result which shows that one has
a great liberty in choosing the operator A in definition (4.1):

(4.4) If Au€H!(Q) (s+ t=cw+ %) for A elliptic in 7,

then the same relation_holds when we replace A by any other
properly supported A €L°(d), such that WF(A)C 7y,
Y being a conic subset of T3a$2, with ¥ CCry.

Proof. — By the standard calculus of pseudo-differential oper-
ators, we know that for every 7 CC+y, there is an operator
B€L%R), inverting microlocally A in 7, that is:

BA-I=REL°GQ)NL™"(7).

— Now, let A€EL°) satisfy the conditions of (4.4); we
then have, since B of course can be chosen properly supported:

Au = ABAu — ARu .

In view of (1.13), ABAu €H () if s+t = w + + | since

loc
this is true for Au; on the other hand, since WF(A) N WF(R) =@,
we have AR EL™7(df2), and this ends the proof, in view of (2.15),
u being normally regular.

Let us finally define:
(4.5) OWF . (u) = wQR OWF ,(u) .

Of course, (4.5) is equivalent to:

(4.5") 0 €OWF_ (u) if and only if there is an operator A satisfying
the same ellipticity condition as before, and such that:
AUECT(Q).

Thus, OWF_(u«) is nothing else than the notion of singular
spectrum used in Chazarain [3], Andersson-Melrose [1], Sjdstrand-
Melrose [12]. Of course, (4.4) still remains valid in this case. In the
sequel we will write OWF_(u) = oWF (u).

It is also possible to give an equivalent definition of OWF (u),
using the Fourier transform:
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(4.5") (xp,%,) ¢ OWF(u) if and only if there is a neighborhood
U(xy) of x, in 982, and a conic neighborhood I'(f;) of
g, in R"7!\0O, such that for all integers k,N and
a € Cy(U(xy)), we have estimates:

D} @it x,)] <Cq i n(1+I1EDTN, VEEDE)
(uniformly in x, €R).

Thus, OWF(u) appears, in view of (2.2), as the natural way
to measure the lack of strong regularity in the tangential variables
for u. It should be observed, indeed, that:

(4.6) OWF(u) =@ <= u€C”(Q)
and, more generally:

4.7 WF_ () =@ = u€ n HZE®Q).

loc

stt=w+y

Let us now prove:

(4.8) THEOREM. — If QEL™(R") (properly supported) has the
transmission property, then, for g€H, - (d2), we have, for
WERU {+0o0}: OWF_,_, Q(g® 8),n CWF_,,.(9).

Proof. — We first note that the tangential singular spectrum of
Q(g® 8),, makes sense, since Q(g® 8), €C”(R,,D'(3Q)) in
view of (3.1'). Secondly, it is of course sufficient to prove (4.8)
with wE€R. Let 0 ¢ WF_,,(g); hence we can find a properly
supported A € L°(d92), elliptic at o and such that Au € H{2 ™ (3R2).
An easy calculation now shows, that:

Ss<—%
A(g® 8 EHI(R") <=
stt<w+tm— 1
2
and we thus have, for fixed s <— —;— :
s,w+m—s——l—

A(g® 8)EH 2 (RM.

loc

On the other hand, Ag€HS _(02) for some «, that is also:

loc
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s,m-.v—-l
A(g® 8)EH 2 (RY).

Since A(g® 6),q =0 we can apply theorem (3.1), which
yields:

s—m+k,w+m—s~i—-k

(4.9) BQ(g ® 8),o €H,,. LN ()]

for every K €R and a properly supported B € L°(08), elliptic in

a sufficient small conic neighborhood of ¢ ; (4.9) now proves (4.8)

. 1 _ .1
since we have (s—m+k)+(w+m—s 3 k)—w 7

The following proposition is the analogue of the classical H°-
pseudo local property, for the tangential singular spectrum:

(4.10) If PL™(R"™) is properly supported _and has the transmission
property, we have, for every u € C”(R, , D'(a82)):

AWF,,_,. P(u®),q C OWF,(u)

w-m

(4° denoting the canonical extension of u by 0 outside ).

In view of the definitions, (4.10) is an evident consequence of
the following stronger result:

(4.11) P being defined as above, let u € H}_~(8) with s > ——;— .
Then, we have:

Au €EH};!(Q) = BP(u%),q €EH{.™ ()

loc loc

the tangential operators being defined as in the proof of (4.6).

Proof. — We first note that the condition s> —-—;— insures us

that u® is canonically defined (see for instance Lions-Magenes [10]).

1) Let us first prove (4.11) for —--;—<s<~é- . By the same

argument as used in (4.4), we see that it is sufficient to prove our
assertion with A =1 in a small conic neighborhood vy in Tg(d%2),
and vanishing outside ¥y O <. We then have:

P(u®) = AP(u°) + (I — A) P(u°).
We know (see Lions-Magenes [10], for instance), that if

1 1 =
—75 <s <7 wehave u €H}:l(Q) = u® €HJ}!(R"); thus
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AP(u®),o EH.™H(R).

loc

Now, choose BEL°(0), elliptic in a conic neighborhood
Yo €7, and with WF(B) Cy; we then have B(I — A)€ L™70R),
thatis: BP(u%),o, €H}, ™" () + H{;;"™ ~(£) which proves 1).

loc loc
1

2) We now suppose that (5.9) is true for — % +Ek<s< 5 + k

(kKE€N), and prove it is also true with & replaced by £ + 1. In
view of the fact that:
s+l s n s
A+IEDH 2 ~A+1ED*>+ Y U+ EP)?

ji=1
we have the following norm equivalence in H**':*(Q)

n

Nollgey, s ~ el + D, ol ¢ -
i=1
By the induction hypothesis we have: || BP(u"),nlls_m,, < oo,
thus all we have to do is to prove that: || ij BP(u%),q ly—m, ¢ < o°.

a) If j#n, we have: ijB = BDx,- + [Dxi’ B], [, ] being
the commutator. But [Dxi,B]GL“(aSZ)CL"(aQ), and we have
WF([Dxi,B])CWF(B), so it is sufficient to consider the term
BDxiP(uO)m . But we also have:

ij P(u® = P((iju)°) + [D"i , Pl (u%)
and  ||BD, P(u®)gll_pm » <o  since D, u€ H*'(Q), and
[D"i ,P1€L™(R") has the transmission property.
b)If j=n:
Dx,, BP(u°) = BDx,, P(u%)
= BP(Dx,, (u®) + B[Dx,, , Pl (u%
and in view of the same argument as above, it is sufficient to evaluate

BP(D, (u%). But:
D, u®) =D, )’ +u(x',0)®
n n 1
and u(x’,0) is well defined since we are in the case s > < . Now,
Dx,, u€c Hi;: (), and, in view of the induction hypothesis,
BP((D, u)*)q €He™ " ().

loc
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On the other hand, the proof of (4.10) shows that
P(u(-,0)®8), o EHL ™75 (Q)

loc
. S*L, 2B Gnnls sttty
for every k, since Au € Hj ' *'(§2) implies Au(-,0)E€H (082)
in view of (1.7).

In order to measure the smoothness of u € C”(R, , D'(d82))
not only in terms of tangential regularity, but to take also in account
the (micro-) local behaviour of u away from the boundary, it is
customary (see Melrose-Sjostrand [12], and the references therein)
to use the notion of ‘“boundary singular spectrum” WF, (¢) (some-
times also denoted by SS,(u)). The generalization of this concept
to Sobolev spaces is straightforward: Let ~ be the equivalence relation
on dT*Q\N*3Q = {(x',0, ¢, &,)/¢ # 0} defined by

(x0,0580,8,)) ~ (x7,0,8, ) = (x, &) = (x],§)

(that is if i*(x,,§,) =i*(x,,§;). where i* is the canonical
projection of T*Q,, on T*3Q). We then define the homogeneous
topological space: BQ = TF¥Q\N*3Q/~ which will always be iden-
tified to TFOQQ U TEQ. Now, if u €C™(R,,D'(3R)), we set by
definition:

(4.12) If s€ERU {+ o}, then:

WE, ;(u) = WF,(u) UOWF | (u).
s—3

In view of the remarks made above, we may identify WF,,, L)
to a conic subset (with the obvious meaning of this) of B(£2), and
by combining theorem (4.10) with the properties of the usual H®-
wave front set, we obtain, if PE€L™(R") has the transmission
property:

(4.13) WF

L'b,s—m

[P(u®),o] CWF, (u).

5. The Microlocal Cauchy Problem.

In this last section we apply the methods of § 3 and 4 to the
study of the singularities of Cauchy problems of real principal type
in the half space £ generalizing the classical local solvability results
on R” for these operators (see, for instance, Hormander [9]).
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From now on, we suppose that P is a partial differential operator
of real principal type, the boundary 02 being non-characteristic. Then

(5.1) THEOREM. — Let u €D'(Q) be a solution of the Cauchy
problem: :

Pu=f

YU =8
for fECT(R,,D'(3Q)) and g €ED'(3Q), j=0,1,...,m—1.
Let 0 €Ty(02), and suppose that there is a conic neighborhood
v of o such that every (null) bicharacteristic strip of P through
i**Y(0) (i* being the canonical mapping T*Q —> T*dQ) is
such that at least one point of its projection on the base space R"
is contained in R"\S§). Then we have:

o¢6WFs_l(f)
2

©

o ¢ WF 108 = ¢ ¢ OWF 5 (pu)
stm—j—3 s+m—3

(j=0,1,....m—-1) |
forevery ¢ €Cy([0,€]), forsome €>0.

Proof. — The condition on f ensures us that u €C™(R,,D'(082));
let u® (resp. f°) be the canonical O-extension of u (resp. f) across
0§2. Since P is a differential operator, we get, in view of the classical
“jump formula’:

P(u®) =S+ f°
where S is a sum of terms S, , ; of the type (Dg: Yet) ® 8;:;)
where the a, ECT(R"), |do'|+k+j<m—1, with coefficients
in C*(0Q2).

Now, 02 being non characteristic for P, we can find (see § 4,
[4]) a properly supported Q € L™™(R") with the transmission pro-
perty, inverting microlocally P, that is:

QP=I+R

with REL°@Q)NL™™(), I being a conic neighborhood of the
conormal bundle Ng(d8). Thus, we get:

(5.2) u® = ZQ(Sy, ;1) + QU — R(°).
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In view of theorem (4.8) and of the hypothesis on the traces
of u, we get, if A€L’(R) is elliptic at o, with sufficiently small
conic support:

AQ(S,y ;g EHp™ T2 ()
that is, in particular:

AQ(Sy ;e EHE ™" (@)

loc

forall o« ,j,k; thisshows that:
(5.3) o ¢ OWF , [QS) ] .
s+m—-7

On the other hand, we also have

(5.4) oFOWF Q")
2

as an immediate consequence of theorem (4.10).

It now remains to evaluate the remainder term R(u®); it is at
this stage that we shall make use of the assumptions on the bicharac-
‘teristics.

Noting that we have,
PR = R'P
where R’'€L°(R") vanishes near N}(3Q2), we get:
PRu® = R'P(u°)
=R'(S) + R'(f%).

Now, since o € WF 1 (v u), we see by using the same
s+ -
2
argument as in the proof of (4.8), that, if A, =1 in a small conic

i + 1
neighborhood of o: A,S, ; , EH{T(R") if ¢ <— !

loc and

o+7r=s+m—-—k—|d|—j—1; thus:

i + 1
a<_12_
AOSEH;";C’(R") if
ocot+trT=s5.

Writing now:
AR'S = AR'(A,S) + AR'(I — A)S
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and taking the conic support of A small enough, the operator defined
by AR'(I — A,) isregulari isregularizing near 952 ; thus:

AR'(I — A))SEC”([—€,€e] x 02) forsome €>0.

On the other hand, we have AR'A;, = AR’ since AA, = A and
R’ is smoothing near N:aﬂ , so we finally have:

(5.5) AR'(S)EH%"(R") if o+7=5.

loc

Making the same reasonment for Rf ° , we get similarly:

(5.6) AR'(f)EHZ'(R") if o+7=5.

loc

Combining (5.5) and (5.6), we see, by taking 7 =0, 0 =5,
that (x,,%,) = (x:,,x,,o, £ s E,,o) & WF,(PR(u%) if Ixnol <e€,
and E,,OE R, with (x:), E;,) = ¢. Let us now choose a (null) bi-
characteristic « passing through such a point, and let ¢,,¢, be
real numbers such that a(#,)ECQ, a(f,) EQ; hence the bicha-
racteristic segment «([f,,?,]) cuts the boundary 0£2. Since
R(u°),cﬁ EC”(CQ), Hérmander’s well-kknown theorem of propag-
ation of the regularity (H6rmander [9], th. (3.5.1)) shows that
no point of «([t,,7,]) belongs to WF(Ru®%); in particular
(xo,&,) EWF(Ru®); since this is true for all the (x,,&,)
satisfying the condition above, we have:

WFs+m—1 (Ruo) n Fe =0

where T, = {(x,§)/(x",E)EY, £, €ER, |x,| <e€}; since on the
other hand WF(Ru®) N Nj(3Q2) = @, we get:

ARu® €EHI'™~1([—€, €] x 082)

loc

and, in view of an easy extention of the proof of (2.10):

ARu® €HSIMm~1**""([—€, €] x 082)

loc

that is, finally: o € BWF(¢Ru?n) for every ¢ €C,([0, €] x 9Q2),
and this ends the proof of (5.1).
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