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FINITE SUMS OF COMMUTATORS IN C*-ALGEBRAS

by Thierry FACK

Introduction.

Let A bea C*-algebra and put

A, = } XEA|x = 2 X, X} — x¥x, ; norm convergence |.
n>1
By [4] (theorem 2.6), A, is exactly the null space of all finite
traces on the self-adjoint part of A.

For von Neumann algebras, A, is spanned by finite sums of
the above type (see for example [6]). This is not always true for C*-
algebras, as it is shown by Pedersen and Petersen ([8], lemma 3.5)
for a very natural algebra. A reasonable question is then : when can
this happen for C*-algebras ?

The aim of this paper is to show that A, is spanned by finite
sums for stable algebras and C*-algebras with “sufficiently many
projections” like infinite simple C™-algebras or simple A .F-algebras
(with unit).

We use the usual terminology of C*-algebras as in [7]. A
commutator of the form [x,x*]=xx* —x*x is called a self-
adjoint commutator.

I'd like to thank G. Skandalis for fruitful discussions and G.K.
Pedersen who originally asked this question.
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1. Stable C*-algebras.

Recall that a C*-algebra A is stable if A ~ A ® K, where
K is the C*-algebra of compact operators. We have

THEOREM 1.1. — Let A be a stable C*-algebra. Then, every her-
mitian element of A is the sum of five self-adjoint commutators.

Every simple A .F-algebra A without non zero finite trace
being stable, it follows that A, is spanned by finite sums of self-
adjoint commutators.

The proof of theorem 1.1 is based on the following lemmas.

LEMMA 1.2. — Let A be a C*algebra and x = x*E€A. Let
p be a projection in M(A). Then, there exists vE A such that
x=pxp + (1 —-—p)x (1 —p)+[v,v*].
Proof. — Put
v=1/210-p)xp "> — (1 = p)xp|*u* + u|(1 - p)xp|"?
where u is the phase of (1 —p)xp. As pE€M(A), we have
v € A. By direct calculation, we have px(1 —p) + (1 — p)xp =[v,v¥*].

LEMMA 1.3. — Let A bea C*-algebra with unitand x =x* €A

Let (\,,...,\,) beasequence of real numbers satisfying
k
0< Y <1 (k=1,...,n-1)
i=1
and n
Z ki = 0-

i=1

Then, there exists u €M, (A), llull < IxIV*, such that
A x o

. = [u, u*].

o) CONX

n

Proof. — Write x = x, — x_ and put

k 12
Hy =( Z )‘i)/ x}?

i=1
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k 172
u;:(}_‘ x'.) xilz (k=1,...,n—1).

i=1

n-—1
Take u = }_‘ (U ® €rk+1 T e ® €.y ), where (e)i1<; j<n
k=1
is the canonical system of matrix units. As x,x_ = 0, we get the
result by direct calculation. a

Let e be a rank one projection in K .

LEMMA 1.4. — Let A be a C*-algebra and x = x* € A. Then,
x ® e is the sum of two self-adjoint commutators of A ® K .

X O (@] (@)
A, x A, x
P —_ i = 1 - 1 0y
roof — Write x @ e A x A, x
O .n O .
where (A,), >, isthe sequence
(_l_ll_l_.l_l_l, ,_l.)
27 274747474 8 8’
8 terms

The result follows from lemma 1.3.
Proof of theorem 1.1. — Let x be a hermitian element of A @K .
Take a projection p EM(@IK) with p~1 —-p ~ 1,
By lemma 1.2, there exists v € A @K such that
x =pxp + (1 —p)x (1 —p) + [v,v*].

By lemma 1.4, pxp and (1 — p)x (1 — p) are both sums of
two self-adjoint commutators. o

2. Infinite simple C*-algebras.
The main result of this section is the following

THEOREM 2.1. — Let A be a C*-algebra with unit. Suppose
that there exist two orthogonal projections e and [ such that
e~f~1 in A. Then, each hermitian element of A is the sum
of five self-adjoint commutators.
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Recall that a simple C*-algebra with unit is said to be infinite
if it contains an element x such that x*x =1 and xx* #1. From
theorem 2.1, we deduce

COROLLARY 2.2. — Let A be an infinite simple C*-algebra
with unit. Then each hermitian element of A is the sum of five self-
adjoint commutators.

Apply theorem 2.1 and proposition 2.2 of [1]. The proof of
theorem 2.1 is based on the following lemma :

LeMMA 2.3. — Let A, e and f be as in theorem 2.1. Let p
be a rank one projection in K . Then, there exists a homomorphism

¢:A®K —> A such that
o(x ® p) =x foreach x€(1 —f)A( —f).

Proof. — Let u,v be partial isometries such that
u*u=v*v =1 ;, uu*=e, w*=f,
Put w, =1—f+uf and w, = vu""'v(n=>2).

The w, are isometries with pairwise orthogonal ranges. Let
(e;;) be a system of matrix units for &K, with e, = p. Put then

p(z®ey) =w, zw,'-" (zE€EA). =]

Proof of the theorem 2.1. — Let x =x*€ A. By lemma 1.2,
there exists y € A such that x =exe + (1 —e)x (1 —e) + [y, y*].
By lemmas 2.3 and 1.4, both exe and (1 —e)x (1 — e) are sums
of two self-adjoint commutators (note that exe€ (1 —f)A(1 -f)). o

For non simple infinite C*-algebras with unit, we may combine
corollary 2.2 with the following obvious lemma:

LEMMA 24, —Let 00— ] — A —> B —> 0 be an
exact sequence of C*-algebras. Suppose that each hermitian element
of J (resp. of B) isa sum of n (resp. k) self-adjoint commutators.
Then, any hermitian element of A is the sum of n + k self-adjoint
commutators.

Example. — Let A = (A(i,j))uez be a transition matrix
on a finite set ¥ . Assume that A has no zero columns or rows.
For i,j€ X, write i <j if the transition from j to i is possible
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(cf. [2]). We call i and j equivalent if i <j<<i. Let F be the
set of maximal states : F.= {i€X|VjEXY i<j=—j<i}.
F is an union of equivalence classes and every element of X is
majorized by an element of F.

Assume that the restriction A, of A to each equivalence
classe ¥ of F is not a permutation matrix. Then O, is defined
in [2], [3] as the C*-algebra generated by any system (§);es of
non zero partial isometries with pairwise orthogonal ranges satisfying

S'S, = Y AG.NS S (€2).
jEZ
We claim that each hermitian element of ©, is the sum of ten self-
adjoint commutators.

Put A'=A;_; and A" = A}.

As O,n is a finite direct sum of O with B irreducible, each
hermitian element of O, is the sum of five self-adjoint commutators
by corollary 2.2 and theorem 2.14 of [3]. But it is easy to see that
there exists an exact sequence

0—-)(9‘«‘@3{__)(91\_’ OA"_)O

and the result follows from lemma 2.4 and theorem 1.1.

3. Simple A.F-algebras.
In this section, we shall prove the following result :

THEOREM 3.1. — Let A be a simple approximately finite dimen-
sional C*-algebra with unit. Then, each element of A, is the sum
of seven self-adjoint commu tators.

The proof is based on the following technical lemmas :

LEMMA 3.2. — Let A be a C*-algebra and x = x*E€A. Let
p,q,r be orthogonal projections in A with p + q +r =1. Then,
there exists u €A, ||ul| <2 \/Tllxllll2 , such that

X — pxp — qxq — rxr = [u, u*].
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Proof. — Put
1 1 1
u =p~r—5(pxq—qxp)—z(pxr—rxp)—g(qxr—ncq).

We have x — pxp — gqxq — rxr = [u, u*] by direct calculation.
Moreover, || x|l < 2 implies ||u|l < 4. The lemma follows. n)

LeMMA 3.3. — Let A be a C*algebra and x = x*E€A. Let
p.q,r be orthogonal projections in A with p+q+r=1 and
p $qSr. Then, there exists u€A, |lull <3|x||"? and yEA
such that

x=[u,u*]+y

pyp =qyq =0
[lryrll < 3 |Ix]l.

Proof. — Let v and w be partial isometries such that vw* =p,
v¥v <q, ww* =¢q, w*w <r. Put

u = /(pxp),v + v*\/(pxp)_ +/(gxq + v¥xv),w

+ w*/(gxq + v¥xv)_
and y =x —[u,u*]. We have |lull <3|xII">, pyp=qrq=0
and | ryr]|| < 3|l x| by direct calculation. a]

LEMMA 3.4. — Let A be a C*-algebra and x = x*€A. Let
p.q,r be orthogonal projections in A with p+q +r=1 and
pSqSr. Then, there exist u,vEA; |ull <3|x|V?,
Nloll <13 N1x|Y®>  such that x —[u,u*]—[v,v*]ErAr and
lx — [u, u*] —[v,v*]l <3 |Ix]l.

Proof. — By lemma 3.3, we have x =[u,u*]+y with
Null <3IxI", pyp=qyg=0 and |lryrl <3 |lxll. We
deduce ||yll <19|Ix|l, and the result follows from lemma 3.2. O

LEMMA 3.5. — Let B be a finite dimensional C*-algebra and
x €B,. Then, there exists u€B, llull </2IxI"?, such that
x = [u, u*].

Proof. — Using the decomposition of B into simple compo-
nents, we can assume that B = M, (C). One may also suppose x
is diagonal. The proper values of x are real numbers A,,...,A,
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n
with Z N, = 0. As there exists a permutation 7 of {1,...,n}
i=1 x
such that 0< X M\ <2 S IN| for k=1,...,m,
i=1 1<i<n

n k

we can assume that x= ) Ne; and 0< Y A\ <2|x|
i=1 i=1

(k=1,...,n), where (€;);<;;<n Issome system of matrix units.

Apply then lemma 1.3. a

LEMMA 3.6. — Let A be a simple A.F-algebra with unit.
Suppose that A is non isomorphic to M,(C). Then, there exist
sequences (Py)p>1> @ulp»1 and (r,),>, of projections such that

Dpytq, +r =1

i)p, $q, S1, (n=1)

iii) the r, are mutually orthogonal,

) r, s =p, t4q, (=2).

Proof — It suffices to show that there exists, for each pro-
jection p #0, an element g €K, (A), such that 29g <p < 3q.
Passing to pAp, we may assume that p = 1 By [5] (lemma A.4.3),

Y2 .
Ko(A) is the limit of a system Z’(l) y ARSI having
the following properties :

i) the ¢, are strictly positive, i.e. ¢, = (a ') with. > 0,

ii) there exist order units u, € Z"™ such that

Uy —> uy —> - —> 1.

One then may choose q € K,(A), suchthat 2qg <1< 3gq. o

Proof of theorem 3.1. — The case A =M, (C) is trivial, so
that we can assume A # M,(C). Let x be in A,. Let (p,)p51>
@,),>1 and (r,),», be sequences of projections as in lemma 3.6.

Apply first lemma 3.4 to get x,€r,Ar,, lx,Il<3|xl,
and u,vE€EA such that x =[u,u*]+ [v,v*]+x,. As r, is
an order unit in K, (A),, any finite trace on r Ar, extends
uniquely to a finite trace on A, so that x, €(r, Ar,),.

Starting from x,, we are going to construct sequences (x,), 5,
(un )n 21> (vn)n >1 and (wn )n =21 SatiSfying
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a) x, = [u, ,ufl + [v,, 0]+ [w,, wi]+x,,,,
B u,€r,Ar,; v, , w,€(r, +r,.)Ar, +r,.,),
v) x, €(r, Ar,), »

3xll

8) llx, Il <

e) Nlu,l <2lx,I1"* and wv,,w, — 0 (n —> ).

Suppose (X;,...,%X,_1,%,), (U, ..., u,_1), (Wy,...,0,_4)
and (w,,...,w,_,) constructed.
x|

Put o=
n+1

- As x, €(r, Ar,),, we have

x, = 2 lc,,c¥]
p=1
where ¢, €r,Ar, and the sum being norm convergent. By approxi-
mation,we can find a finite dimensional subalgebra B of r, Ar,
and y € B, suchthat ||yl| <2|/x,|l and |l x, — |l < «.

By lemma 3.5, there exists u, €r, Ar,,,
lu, Il <V/ZUpI? < 20x,1Y?
such that x, =[u,,ufl+z, where z=x, —y.
Note that z€((r, + r,,) A(r, + 7,41))0 -

By lemma 3.4, there exist v,,w,€(r, +r,,.) A(r, +7,.1)
such that z = [v, ,v}] + [w, ,w}] + x,,, where x,,, €r,,, Ar,,,

and
ol < 31zI1V? < 302

lw,ll <13]z]I"* <132,
We have
xn = [un9u:] + [Un’v:] + [wn’w:] +xn+1

and hence x,,, €(r,,, Ar,,,),. Moreover,

3lxli
Ixpll <3z <3a< Tt

By induction, the existence of four sequences satisfying «), B), v), 8)
and €) is then proved.

Put

U= 2 u,
n>1
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o Y
Veu - }_4 Usn 5 Vod - }_4 Van+1 s
n21 n=20

— . — \
wev - 2 Wan 5 wod - 2‘ Won+ -
n21 n=0
These sums make sense because they involve elements with
disjoint support and norm converging to zero. Moreover, we have

x =[u,u*] + [v,0*] + [U,U*] + [V,,, V5] + Vo, Viu
+ [weu > w:v] + [Wod’w:d .
The proof of theorem 3.1 is complete. o
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