ANNALES DE L’INSTITUT FOURIER

W. O. AMREIN
A.M. BERTHIER

V. GEORGESCU

L?-inequalities for the laplacian and
unique continuation

Annales de l'institut Fourier, tome 31,n°3 (1981), p. 153-168
<http://www.numdam.org/item?id=AlF_1981__31_3_153 0>

© Annales de I’institut Fourier, 1981, tous droits réservés.

L’acces aux archives de la revue « Annales de l'institut Fourier »
(http://annalif.ujf-grenoble.fr/) implique I’accord avec les conditions gé-
nérales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une in-
fraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIF_1981__31_3_153_0
http://annalif.ujf-grenoble.fr/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann, Inst. Fourier, Grenoble
31,3 (1981),153-168

LP-INEQUALITIES FOR THE LAPLACIAN
AND UNIQUE CONTINUATION

by W.0. AMREIN, AM. BERTHIER (*) and V. GEORGESCU (*)

1. Introduction.

Unique continuation properties for solutions of partial differential
equations or inequalities have been studied by various authors (see
Hoérmander [7], Chapter 8 for references). Let P,Q,,...Q, be
partial differential operators in R" with constant coefficients,
each of order less than or equal to m, and £ an open connected
subset of R"”. We say that the differential inequality

14

IPFG)I< Y 1,001 1Qf(x)] (1

i=1

has (i) the unique continuation property in the class H.? (2)
if, whenever f€H.P () satisfies (1) (in the sense of distribu-
tions) and f(x) = 0 in some open, non-empty subset of £, one
has f=0 on £, (ii) the weak unique continuation property if,
whenever fE€ H™? () satisfies (1) and f(x) =0 in the comple-
ment of some compact subset of £, one has f=0. An important
application of the weak unique continuation property concerns the
proof of the non-existence of positive eigenvalues of self-adjoint
Schrédinger operators, ie. of partial differential operators of the
form — A + v(x) in L*(R"), n>=2. We refer to [2,4] for details
on this application.

Until very recently the coefficients v; appearing in the differen-
tial inequalities under investigation were required to be locally in
L™ . For second order operators this restriction has been relaxed

in three recent papers by Berthier [2], Georgescu [4] and Schechter

(*) Partially supported by the Swiss National Science Foundation.
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and Simon [8] to a condition of the type v, € Ly . (R") for suitable
w < oo Berthier [2] uses analytic Fredholm theory in Hilbert space
to obtain weak unique continuation for solutions of the Schrodinger
equation with v€L}, (R") for w> max(n—2,n/2). Georgescu
[4] proves generalizations of Hormander inequalities between weighted
Sobolev spaces; these imply unique continuation if the coefficients
v; of the first order derivatives are in L}~ '(R") and the coefficient
v of the zero order term isin L}, (R") with w = max(2, (2n —1)/3)
(the second order term is — A); the method is applicable to higher

order operators. Schechter and Simon [8] use an inequality of the type
IxEfll, <clllxAfll, (k=0,+1,£2,..). )

This is obtained by reduction to a corresponding one-dimensional
inequality by expanding f in surface spherical harmonics, as was
done in earlier publications where, however, only the case p =q = 2
was considered (e.g. Heinz [6]). The inequality (2) obtained in [8]
implies unique continuation for Schrodinger operators if v € L{,_(R")
with w>1 for n=1,2, w>Q2n—-1)/3 for n=3,4,5 and
w=2n-2forn=6.

In the present paper we adopt the method of Schechter and
Simon. Our principal result is a generalization of their basic inequa-
lity indicated above (Theorem 1.1 of [8], Theorem 1 and its Corollary
in this paper). When applied to the problem of unique continuation
for Schrodinger operators, our result improves those of [4] and [8]
in 3 and 4 dimensions, in which we obtain the condition that is
expected to be optimal;, our condition for unique continuation is
vEL}.(R") with w>max(n—-2,n/2) wW=n-2 if n=5).

The following lemma illustrates the relation between an inequality

of the type (2) and unique continuation. Its proof will be indicated
in Section 4. We denote by B(R, x) the ball

B(R,x) = {y€R"||y —x|<R}.

LEMMA 1. — Let P,Q,,...,Q, be partial differential oper-
ators with constant coefficients in R", each of order less than or
equal to m, and such that: if G CR" is any open connected set,
fECT(G), Qf=---=Q,f=0 on G and [ vanishes on an
open, non-empty subset of G, then f=0. Suppose that there
exist
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i) a constant ¢ <o, a number R€E (0,) and a subset T
of R having + o as an accumulation point,

ii) numbers q,p,,...,p, €[1,] with q<p; for al j,

iii) a continuous, radial, strictly decreasing function
¢:B(R,0\N{0} — R such that, for all f€Cj(R")
having compact support in B(R,O0N{0} and all k€T,

4

e’ Q; .o Sclle P
i§1 1 Qi oy LR

3)

ny :
Let S be an open connected subset of R" and assume that
v,.EL::fc(ﬂ) (j=1,...,v), where 1/w;=1/q —1/p;. Then

the differential- inequality (1) has the unique continuation property
in the class H;.? ().

The organization of our paper is as follows. In Section 2 we
deduce our basic inequality (Theorem 1) by reduction to a one-
dimensional inequality. The latter will be proven in Section 3, and
applications to unique continuation are given in Section 4. The
following notations will be used : R, = (0, %) is the positive real
half line, A the Laplacian in R"(# = 2) and D = — id/dr (acting
on functions of a real variable r€ R,). For g €[1, %], we denote
by q' = q/(q — 1) the conjugate exponent. LP(2,®B ;du) denotes
the LP-space of functions from £ to the Banach space 3. If
@B =C, we write L?(2;du), and if du is just Lebesgue measure,
we write L?(2,0). H*P(Q) are the Sobolev spaces (in the termi-
nology of Adams [1]), and Hz'p(SZ) is the subspace of H?*?(Q)
of functions having compact support in £2.

2. Some inequalities in L’ -spaces.

In this section we derive inequalities of the type (3) for the
case where P is the Laplacian and Q; the identity operator. As
pointed out, the problem will be reduced to obtaining a similar
inequality in one variable by expanding functions defined on
R"(n = 2) in a series of surface spherical harmonics.

2.1. We first recall some facts about spherical coordinates in R".
Let S"~! be the unit sphere in R”, 0,_, itssurface and Ag the
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spherical Laplacian. We denote by the letter w the points on S”~!
and by dw the usual invariant measure on S”~! induced by Lebesgue
measure on R"; the spaces LP(S"~') are constructed with this
measure. The restriction of — Ag to C”(S"™') is essentially self-
adjoint in L*(S"~'), and its closure — ZS is a positive operator
with purely discrete spectrum equal to {(2 +n — 2)|2=0,1,2,...}.
The dimension a, of the eigenprojection P, associated with the
2-th eigenvalue satisfies

GlR+1)'" <a;<c,( +1)"? (4)

for some constant c,. The elements of P,L?(S"~') coincide with
the spherical harmonics of degree & [9; p.138 ff.]. For each
£=0,1,2,..., we fix an orthonormal basis {Y,Z,,,}‘:,f:l of the
space P, L2(S"™1).
Let f: R” —> C. We denote by Uf the function defined
on R, x $"~! by
(UF) (r, w) =20 =D f(rw). (5)
For sufficiently regular f one has
d? , (1
[UANI(rw)=| — 5 +r 2 (7 (1= (n=3) = A5) | (UA)(r,w) .
dr 4 6)
For f€Cy(R"\{0}), we set

fam( = P20=0 [ 40 Y (@) frw), rER,. (1)
S

For fixed r and £, we view the sequence
fQ(r) = {fﬁl(r)’ sz(r)3 LRI ’anQ(r)’ Oa 0’ o -}

as a vector in the infinite-dimensional Hilbert space £ = 22(Z+),
and similarly for Yy (w) = {Y,(w),..., YQaQ(w), 0,0,...}. The
norm in Qi will be denoted by |} -1 and the scalar product between
two vectors g, and g, in £ by g, -g,. In this notation we then
have .
UNr, wy= 3 fo(nN Yy(w) (8
Q=

]
and

UMD, @)= 3 D+ L@+ 1) r 2 f(0 - Yyw), ()

=0
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where £ =2 + % (n — 3) and the series are convergent at least

in the L?*(S""!) sense for each r€R,. The norm of Y, (w) in
22 jsindependent of w and given by (see [9 ; Cor. IV.2.9])

1Yo ()l =ag? 0712, (10

2.2. Next we recall some inequalities proved by Schechter and
Simon [8]. To each g€L*(S"~') we may associate as above a
sequence {go}g—, Of vectors in £} such that g, =0 for
m > a, and

g,lm=_fs(n_l) dw Yy, (wegw). (1<m<ay). (11)
Clearly

Il gl 2ol =Y 1 ?glPa,.  (12)

2,on-1, —
LA(s ) =0 =0

Also, (10) implies that

sup ag'? Jg 1 <o, ' gl (13)

Lign—1y
By using a vector-valued form of the Stein-Weiss interpolation theorem
(e.g. [10; Ch. 1.18]) one obtains from (12) and (13) by interpolation
that [8]

o ) 1/q'
Y a2 g 1° a9> < gl2yta ||g|qu(Sn—1) (14)
2=0
forany q €[1,2] and each g€ L¥(S" '), and that
”h”LP(S"“ < l/P 1/2 ( S“ Ial/p —1/2h IP ) (15)

for any p €[2, 0] and each hGL"(S”’l).

2.3. We now show how an inequality of the type (3) in » dimensions
can be obtained from a corresponding one-dimensional inequality.
We set S(a,b) = {xER"|0<a<]|x|<b <o} and notice that

ol = || rin=Dip £ (16)

LP(S(a, b)) LP ((a,b), LP(s" 1))~

LEMMA 2. — Let 0<a<b<oo, 1<Kg<2<p<oo,
w=(1/g —1/p)™" and ¢,V :(a,b) — R continuous. Assume
there is a sequence {0y}, of non-negative numbers such ‘that
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1/w

0= ( > ageg‘;) < oo and such that, for each g : (a, b) —> C2
2=0
of class Cy and each % :

(n-1)(1/p-1/2) Lo
r e
[ g”Lp((a,b),caQ)

<Oy lrn-DWa-12) b (D2 + TR + 1) 72
= Q" [ ( )r ]g”Lq((a,b),caQ)'

(17)
where € = 2 + —%— (n — 3). Then one has for each f € HZ"’(S(a, b)) :

Ile"flle(R,.) <o lre|e Afl (18)

L(I(Rn) *

Proof — We set L,=D? +s(s +1)r 2 and first assume that
fE€Cy(S(a, b)). Then (18) is obtained by the following sequence of
six inequalities, where we use successively: (1) the inequality (15), (2)
Jessen’s inequality ([3; VI.11.14]; notice that p’ < p), (3) the hypo-
thesis (17), (4) the Holder inequality (notice that 1/p’ =1/w +1/q"),
(5) Jessen’s inequality (¢’ > ) and (6) the inequality (14):

CEN = P -DWp-1D e 3 £y
e?fllp = lir {:of' ’"L"«..b),n."(s""‘»

- R
< o,‘,’f,‘ 12 }_“ |a;In —-1/2 p(n-1)(1/p-1/2) e f, 14 ) ]

= LP(a,b)
- 1/p’
1p-1/2 (Y 1p'=1/2 p(n=1) (1P =1/2) o¥ £ ||P' )
<gllr; (1:0 lla} r fe ||L,(("b)'23)
- . i/p'
1/p-1/2 \ 1/p'— Y2 p(n -1)(1/q -1/2) p¥ 4
< oaylP; (};o 116 ag r e L,ifg "L"((«,o),ni))
S S gl - 13- 1w pn = 1) (e - 172) ¥ 7 o
1p-1/2 . w N 1/p' - 1/2- 1w ,(n—1)(1/q - L )
<o (;zz:‘o %8 ) (2—-.'0 % § ¢ Tz‘fi ”'-q((‘v”)v‘i)

o 1/q’'
Soapiniv e (X Haye i pe DA S L fIY) g,
=0 .

—1/w (n-1)(1/q-1/2) ¥ 3 .Y,
<o !we|r e ng L.fe glqu«‘_”,Lq(sn_l))

=gl eO| e Afll, -
The inequality (18) can now be extended from Cgy(S(a, b))

to Hf."’ (S(a, b)) by a density argument, which is given in a more
general context in part (i) of the proof of Lemma 1 (Section 4). O



LPINEQUALITIES FOR THE LAPLACIAN AND UNIQUE CONTINUATION 159

2.4. The one-dimensional inequality (17) in Lemma 2 becomes par-
ticularly simple if one chooses ¢ of the form ¢(r) = alogr, since
then exp ¢(r) =r®. We therefore consider inequalities of the type

rt <c(s,t,e)||r**e[D* +s(s +1)r2
(Ramal < c( ) [ ( ) ]flqu(Rhﬁ),

where f is a %2-valued function of class Cy. Our result on this
is contained in the following proposition, the proof of which will
be given in Section 3.

LP(R,,2%)

PrROPOSITION 1. — Let 1 <g<p <o, l/lw=1/q —-1/p and
€e=2—1/w. Let 8 be a separable Hilbert space. Then for any
s,t€R, f: R, —> ¥ ofclass Cj(R, , 3€) we have

t < n—1/w 25 +1 ~-1/w f—s+1 -1/w'
r fIIL,,(RP“) (wh™ '™ |2s + 1] |t —s+1/p|
. —1/w' t+e 2 -2

[t+s+1+1/pj [[r**¢[D* + s(s+1)r ]flqu(R+,x). (19)
For s = —1/2 one alternatively has

t <2e (W) MWt +1/2 +1/p|7E
Itr fI|Lp(R+,x) e (W) It +1/2 +1/p|

t+e ()2 -2
Pt [D* +s(s + 1) r ]fIqu(R+,a€) . (0)

We now give the principal result of our paper.

THEOREM 1. — Let 1<qg<2<p<e, 1/w=1/q-1/p,
u=2—n/w and assume that w>n/2 (ie. u>0). Then one
has forany T E€R and all f € H>(R"\{0}) :

I IxITfIle(Rn) <c(lx* Afl
The constant c(t) is finite provided that
T—-2+2—-np).(r+2+n/p)#0
foreach £ =0,1,2,..., anditis given by

c(r)=a, 2w w1/

L Q1)

had a
[220 29?”:_2 (T—2+2 —n/p) (742 +n/p)|““’”} ”w, 22)

(For n = 2, the first term in the series (22) (i.e. 2 = 0 is infinite
and must be replaced by 2*¥7le ! |7+ 2/pI"™*!. If w=o0
(i.e. p = q = 2), one has instead of (22)

c(r) = ng% It —2+2—n/2)(r+2+n/2)™).
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Proof. — This follows immediately from Lemma 2 and Propo-
sition 1 by taking ¢(r) = tlogr, Y(r) =(r + u)logr,

t=1+m-1DU/p-1/2),e=2-1/w,s=0=2+1/2(n — 3)

and noticing that w/w’' =w — 1. The convergence of the series
defining c(7) follows from the estimate (4) for a, and the condition
w > n/2 which implies that w — 1 >1/2 (n — 2). o

COROLLARY. — Let 1<g<2<p<oo, I/w=1/q —1/p,
and assume w >nf2. Let R <o and let B(R,0) be the ball
{x€R"||x|<R}. Then one has for any TER and all
fEHPYBR,0\{0}):

IHxI"f <c@m R | x " Afl

LYB(R,0)) (23)

LP(B(R,0))

3. Proof of proposition 1.

In this section we prove Proposition 1. We begin with a preli-
minary result which is a slight extension of a lemma given in Hardy,
Littlewood and Polya [5 ; No 319].

LEMMA 3. — Let K : R, x R, —> C be a homogeneous function
of degree —1/w', where 1<w <o and w =w/(w—1). Let 3¢
be a Hilbert space and denote also by K the integral operator from
LY(R, ,%¢) to L (R, , ¥¢) defined by

K () = f: K(r,u) f(wydu (r€R,). (24)

If 1<q<p<o and q7' —p~ ' =w~!, then the norm of the

operator K satisfies the inequality

oo ’ , 1/w
1K, < ([ o kG, DM ar) @9

Proof. — If G is a locally compact abelian group, dv the Haar
measure on G, then Young’s inequality states that,if 1<p, g, m<oo
and p~'=q '+ m -1,

Ik +gll <It«ll ., lell

LP(G,%; dv) L™ (G:dy) L9(G,%;:dy)’

(26)
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where
(k*g)(y) = fG k(yy~Dg()dyY (v, ¥ E€EG). (@27

We apply this for the multiplicative group R,, with Haar measure
r~'dr (dr = Lebesgue measure) and k(r) = r'/? K(r,1). We obtain
from (27) that

rie (Kf) (r) = riip ‘/om K(r, u) f(u) du
. —-1/w’ .:.
= Flip fo u= K(ual) f(u) du
- Y
=rip fo u”w(%) ’ k(m“)f(u)fil
= [k * (1" )] (r). (28)
. Y
Since IIgIIL,,(wa;dr) 7 "gIILp(R+,“;dr/r). (28) and (26)
imply that
Redl < |l k|l AN

Lp(R+,x;dr) Lm(R+;dr/r) Lq(R+,a€:dr) ’

with m~!=p~' —g ' +1=w'"1, ie. m=w". Inserting the
definition of k(r), we obtain (25). o

{’roof of Proposition 1. — Let fE€Cy(R,,5). We define f
by f(r) =L, f(r) =[D? +s(s + 1)r~2] f(r). Integrating by parts,
one finds that

—@s DS =r [Tur fw du+ o [T ut fa du.9)

Also, since [D?> +s(s + 1)r 2]rs=[D? +s(s + 1)r2]rF* =0,
one has

[Tufuydu = [T utt fluydu = 0. (30)
0 0
We denote by x, the characteristic function of the set
A CR, and introduce the following notations: x, = +1, k_ =—1,

X+ = X[l,w)’ X_ = x(O,l) and

Kt 0= () e [ (D) (0) 0 (5)]

(31)



162 W.0. AMREIN, AM.BERTHIER, V. GEORGESCU

for a,f =+ or —. In this notation, we find from (29) and (30)

that r*f(r) may be expressed in either of the four following ways
(a,f=+ or —, s F—1/2).

rfirn=—Qs+ 1! ‘/.,, K,s(r, u)ut*c f(u)du. 32)
0

Hence

il <125 + 117 [ Kgplly, 725l . (33)

LP R, ,2) LR, , %)

In order to prove (19), it suffices to choose one of the four repre-
sentations for r’f given in (32) (the choice will depend on the
values of s,# and p) and to estimate the corresponding norm

1Kol p -
Each K, is homogeneousofdegree 1 —e=—1+1/w=—1/w'.
One therefore gets from Lemma 3 that

1Kagllgo
< ([ rraeun =t x, (0 - k@ i1 dr) L G4y

A slightly weaker but more convenient inequality is obtained by using
the fact that

[ Ko X (1) — K7 2= xa (MY < Ixa(F) — r ™' @8+ x ()] (35)

(if a# B, then x,(r) #0 < x4(r) = 0, so that (35) is evident;
if a=p, (35) follows from the inequality |1 —y]? < |1 — «*|
valid for y =2 0, p =1). We then get

”Kaﬁ"q—)p
< (-/:o |pw/ (s 1P =Ly (7)) — PV E=sHUR) =1 5 (1) dr)llw" (36)

We now indicate how o« and B must be chosen for given s, ¢
and p in the order for the integral in (36) to be finite :

Dift+lp<sand t+1p<—5—1:a=p=+,
iift+1/p<sand t+1p>—s—-1:a=—, =+,
ii)if t+1/p>sand t+1p<—s5—1:a=+, =—,
vyift+lfp>sand t+1p>—s—1: a==—

The integral on the r.h.s. of (36) is easy to calculate. In all four
cases (i) — (iv) one finds that it is equal to
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WU 128 + 1M 1t — s+ 1T Y 4 s 1+ 1 p 7Y
37
Inserting the estimate thus obtained for [IK,4ll,_, into (33) and
noticing that — 1 + 1/w’ = — 1/w, one obtains (19).

The proof of (20) follows the same lines. Here one uses
r a oo N
—f(r)y=rlogr f ul? f(u)du + r'i2 f u? logu f(u) du
0 r

and (D? — r~2/4)r'2 = (D? — r-2/4)r'2 logr = 0. Since
s =—s —1, only the cases (i) and (iv), i.e. a =8, are possible.
The expression for K, is now

Keatrw) =, (2) =108 (2) % (2)-

By using the inequality |logz| < (e8)™'z*® for z S1 respectively
and any 86 >0 and taking 6 =1/2|t +1/2 + 1/p| in the estimate

of K4 llg—p, One arrives at (20). o

Remark. — One may ask if the determination of the constants
appearing in front of the norms on the r.hA.s. of (19) and (21) is
optimal. We have the following results about this: (a) if 1 <p =g <oe
(i.e. w=o0 and € =2), s #¥—1/2 and

(t—s+1/pp@+s+1+1/p)#0,
then the constant in (19) is optimal. This can be shown by using

a result given in [9; § 1.4.2]. (b) if p =g = 2, then the constant
c(7) in (21)is also optimal.

4. The unique continuation property.

We first give the proof of Lemma 1 and then a result about
unique continuation for Schrodinger operators.

Proof of Lemma 1.— (i) We first show that the inequality (3)
holds for each f in H:""’ (B(R,00\{0}). By [1; Lemma 3.15],
there is a a€ (0, R) and a sequence {f,} in Cy(S(a, R)) converg-
ingto f in H™9(R™). Then, by (3),
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S QU —fll,  <e® 3 e Q- Al
L R

i=1 L /@R i=1 Rr™
—kp(R) ,kp(a) —
<e e NP = FIll g ®’™)
— k(R
< e*v@~xp(R) "fi — fk ”H"'v‘l(n”) .

Hence, for each j, {Q;fi}, is a Cauchy sequence in L’ (R™). Its
limit is Q;f (since fy —> f also in 8'(R™), hence Q;f, — Qf
in 8'(R)). If one now writes the inequality (3) for f, and lets k
tend to infinity, one obtains (3) for the limit function f, since e*¥
is bounded on S(a, b).

(i) Assume that f€H[.?(Q) vanishes in an open neigh-
bourhood U of some point x,E8. Denote by _B_,, the ball
B, = B(a,x,). Choose p such that 0<p<R, B, C £ and

c il wj <1, where c¢ is the constant appearing in (3). Let
L (B,)

8€(0,1/2 p) be such that B,; CU. We claim that the hypotheses
of the lemma imply that f= 0 on B, _5 . By connecting an arbitrary
point x €Q with x, by a smooth curve in £, one can then deduce
by a simple argument that f(x) = 0 ateach x €.

To verify our claim, let 7€ C5(£2 N Bg) be such that n(x) =1
for x€B,, and set g =nf. We have g€ H"9(Bg\ {x,}). Define
Yo by ¢y(x) =9¢(x — x,). By a change of variables, one deduces
from the hypothesis (3) and (i) above that

14
e Qnll
,'2="1 T PR

forall h € H"9(Bg\{x,1}), in particular for h = g.
From (38), (1) and the Holder inequality we now obtain that

<c|le¥° .
<clle °Ph IILq ®") (38)

v v @
Y oneQrf <Y 1zl ,
=1 T Pie,y = )
<clje ¥
Sclle Pglqu(m
<clle*° Pfll +clleoPgl

L4(8,) LY (\B,)
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<c Y v Qri
1

a
i L7(®)p)

Il

+clleop
I g IILQ(Q\BP)

<c

i Ms

Pj
L /8y

~.

ke
Holl . Ne°Qfll
1 L /8,

+clleop,
: g”Lq«ﬁBp)'

(39)
Let o = 1 —clly; . . Since ¢ is strictly decreasing, we
L B,

obtain from (39) that

S CXpP Yy ¥
Y ol (——=%=) Qfll,. <clPgl <oo-
j‘:1 ! (exP ‘P(P)) ! Lpl(Bp) L? (Q\B))

Since «; >0 and [exp p(x)/exp ¢(p)]* —> + o for each x€B,
as kK —> o in I', we must have Qif=0 on B, for each
j=1,...,v.

Now choose ¢ € Cy(B(1,0)) such that [¢(x)dx =1 and
put . (x) =€e"p(e'x). For 0<e<§, consider the distri-
bution f, on B,_; givenby f, = ¢, * f. Clearly f€C”(B,_s),
f,—> f in CD'(BP_S) as €—> 0 and felBs =0. Also

Q,-fe=cpe*Qif=0 on B,_, for each j=1,...,v. It follows
that f,=0 on B,,_i5 by one of the hypotheses of the lemma,
whence f= 0 on B, ;- n

THEOREM 2. — Let S0 be an open connected subset of R" and
vELY () with w>n/2 if n=2,3,4 and w=n -2 if n=5.
Then the differential inequality |Af(x)| < |v(x)||f(x)| has the
unique continuation property in Hfég (), where q =1 if w<2
and q =2w/(w +2) if w=2.

Proof. — We use Lemma 1 with ¢(r) =—logr, g=1 |if
w<2, qg=2w/(w+2) if w=2 and p=(/qg—1/w)".
We take k of the form k =k, =n/p +1/2+m, m=1,2,3,....
The inequality (3) can be verified by using (23), with 7=—«, .
(23) requires that w > n/2. Furthermore, the constant ¢ in (3) must
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be independent of k. Thus w must be such that c(—«,) <c, <oe
for all m, where c(k) is given by (22). A necessary condition for
this to hold is that w = n — 2, since terms with ¢ close to «,, —n/p
in (22) are of the order 0(m®~2-%)/¥) as m —> oo,

That the conditions w =2 n — 2 and w > n/2 are also sufficient
may be seen by comparing the series in (22) to an integral. Indeed,
using the inequality (4), one finds that

§: _a“ _Q+ . _ + + —w+1

P (=K, 2 —n/p) (—«, +2+n/p)l

<kf w3 mtut+tn—-1)(m—-uw)| " du
Jaua,

=kmr=2 [ YTy + (= Dim) (1= p) 7 dy, 40)
2

where k is a constant which is independent of m ,
L =M1/2,m—-1/2], A,=[m+1/2,),
Al =[1/2m),1 —1/(2m)] and A, =[1+1/(2m), ).
For w # 2, the term on the r.A.s. of (40) is bounded by
km*=2¥¢, (1+m¥~2+ 6, logm),

which is 0(1) as m —> o providled that w>n/2 and
n—-—w-—2<0. The terms with 2=0 and ¢ =1 in the series
(22)are 0(1) or o(l}) foreach w=>=1. u]

"Remark. — In the case n =3, Theorem 2 says that the ine-
quality |Af|<|v||f| has the unique continuation property in
the class H%(Q) if v €LY () for some w > 3/2. It is impor-
tant that we succeeded to prove this in the class H%! and not only
in HL? for example. In fact, suppose v is in L} (R®) with
w > 3/2 and satisfies suitable conditions at infinity. Then one can
define the self-adjoint operator — A + v in L*(R® as a sum of
quadratic forms. If f€ L?(R®) is an eigenvector of this self-adjoint
operator, then one will have f€ H1'2(R3), and nothing more in
general (H'? is identical with the form domain of — A + v). By
Sobolev inequalities, H'’ 2(R:’)CL‘S(Rs) so that fe€L®(RY).
Then, by the Holder inequality, vf € L] (R®) for some q>6/5,
and ¢ — 6/5 when w —> 3/2. It follows that Af€LZ_(R%)
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(because (— A +v) f=Af, ANER, impliesthat |Af|=|(w—-A)f]).
Hence f€ Hf(;g (R?*) for some ¢ > 6/5, and, if w — 3/2, then
q — 6/5. This shows that one cannot suppose more than
FEHLE#(R?). In conclusion, if one wants to apply a unique conti-
nuation property to the problem of non-existence of positive eigen-
values of — A + v in n = 3 dimensions, one must have this property
at least in the class H>¢/5(R%).

loc
Acknowledgments. — This work was carried out during a visit
by the second and the third author to the Department of Theoretical
Physics of the University of Geneva, to which they wish to express
their gratitude for its kind hospitality.

BIBLIOGRAPHY

[1] R.A. ApaMms, Sobolev Spaces, Academic Press, New York, 1975.

[2] A.M. BERTHEER, Sur le spectre ponctuel de 'opérateur de Schro-
dinger, CR. Acad. Sci., Paris 290 A, (1980), 393-395; On the
Point Spectrum of Schrodinger Operators, Ann. Sci. Ecole Nor-
male Supérieure (to appear).

[3] N. DunForp and J.T. SCHWARTZ, Linear Operators, Part I, Inter-
science, New York, 1957.

[4] V. GEOrRGEscUu, On the Unique Continuation Property for
Schrodinger Hamiltonians, Helv. Phys. Acta, 52 (1979), 655-670.

[5] G.H. Harpy, J.E. LitreLewoop and G. PoLva, Inequalities,
Cambridge University Press, 1952.

[6] E. HENz, Uber die Eindeutigkeit beim Cauchy’schen Anfangswert-

problem einer elliptischen Differentialgleichung zweiter Ordnung,
Nachr. Akad.-Wiss. Gottingen, 11 (1955), 1-12.

[7] L. HORMANDER, Linear Partial Differential Operators, Springer,
Berlin, 1963.

[8] M. ScHECHTER and B. SIMON, Unique Continuation for Schrodinger
Operators with Unbounded Potentials, J. Math. Anal. Appl., 77
(1980), 482-492.



168 W.0. AMREIN, AM. BERTHIER, V.GEORGESCU

[9]1 EM. StEN and G. WEISS, Introduction to Fourier Analysis on
Euclidean Spaces, Princeton Univ. Press, 1971.

[10] H. TrIEBEL, Interpolation Theory, Function Spaces, Differential
Operators, North-Holland, Amsterdam, 1978.

Manuscrit recu le 4 aotit 1980
révisé le 7 mai 1981.
W.0. AMREIN, A.M. BERTHIER,

. . Dépt. de Mathématiques
Dept. o.f Th_eoretlcal Physics UER 47 — Université de Paris VI
University of Geneva

1211 Geneva 4 (Suisse). 75 2‘;’0%1,2(:5](‘;:3{:: 05

V. GEORGESCU,

Dept. of Fundamental Physics
Central Institute of Physics
P.O. Box 5206
Bucharest (Roumanie).



