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Ann. Inst. Fourier, Grenoble
31, 1 (1981), 1,35-156

THE VALUE-DISTRIBUTION OF LACUNARY
SERIES AND A CONJECTURE OF PALEY

by Takafumi MURAI

1. Introduction.

The purpose of this paper is to establish the following

THEOREM 1. — For any real number q > 1 , there exist two
positive numbers e and p, depending only on q, with the following
property: For every convergent (Hadamard) lacunary power series

00

f(z) = S c^ , n^Jn^ >q (1)
k^l

in the open unit disk D = [z ; | z | < 1} satisfying

kj <e S k,l (k> l) (2)
/=fc+l

and every complex number a satisfying

H<P S 1 ^ 1 , (3)
k=l

00

/(z) takes a infinitely often in D, where ^ \c^\ need not be
convergent fc=l

As immediate consequence, we have the following two corollaries.

COROLLARY 2. — An unbounded lacunary power series in D ("t)
takes every complex value infinitely often.

(*) A lacunary series ^ c^z k , n^^/n^ > q > 1 in D is unbounded
k=i\-^ •"-

if and only if ^ I cj = 4- °° .
fc=i
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00

COROLLARY 3. - Let f(z) be as in Theorem 1. If ^ \c^\ < 4- oo,
fc=i

then /(^), 0 < t < 27T, is a Peano curve, that is, {/(e^); 0 < t < In}
contains an open set.

The problem whether Corollary 2 is valid or not was raised by
R.E.A.C. Paley in [10]. G. Weiss and M. Weiss showed that a lacunary

00

power series /(z) = ^ c^z^ , ^+i/^ > q > I takes every
k=l

complex value infinitely often in D , if /(z) is unbounded and
q > Qo (= about 100) ([13]). W.H.J. Fuchs showed that the asser-
tion holds if lim sup |c^| > 0 ([4], [5]). I.L. Chang showed that the

fc->-00

assertion holds, with D replaced by a sector {z G D; a < arg z < j8} ,
00

if S l^l24^ = + °° for some T? > 0 ([3]). (See Remark 21 in this
fc=i

paper.) Other approaches to this problem are given in [1] and [2].
The first part of this paper gives a detailed proof of the result
announced in [9].

A function f(z) is said to possess the Peano curve property,
if it has the property stated in Corollary 3. The Peano curve property
was first discussed by R. Salem and A. Zygmund in [11]. Corollary
3 is not new. (See [7].) Our theorem is a solution to the above pro-
blem and useful to discuss the Peano curve property of lacunary
power series.

2. Preliminaries.

We denote by D(co, r) the open disk with center <x; and
radius r .

LEMMA 4 ([4]). — Let t be a positive integer and g(^) an
analytic function in D(c<;,r) such that [^(o;)! > y^ and
I ̂ (D I < Yz O^D(c^ ,r)) . Then

g(D(c^ , r)) D D(g(^), T^e) r^y^y^) ,
where T?'(£) is a constant depending only on 9..

LEMMA 5 ([12]). — If a lacunary power series
00

h(z) = ^ a^z^ , w^i/m^ > q > 1
k=l
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satisfies the conditions Urn a^ = 0 and ^ \a^\ = 4- °°, rA^z,
fc-»00

fc=l

ybr ^ver^ complex number a , rt^r^ exw^ a point t ^ , in [0,27r)
k

such that lim h(re a) = lim V a, ^ m/ a = a .
rt 1 k-*"» —— I

Let K be a straight line not passing through the origin. We
say that a point ? is situated to the right of Q if it is contained
in the closed half-plane limited by K which does not contain the
origin. We denote by -(?(?, r) the straight line of distance (from
the origin) r, which is perpendicular to the ray {?x ; x > 0}.

LEMMA 6 (Lemma 4 in [12]). — There exist two constants
0 < A = A^ < 1 and B = B^ > 1 depending only on q > 1 mY/z
the following property: For every lacunary polynomial

Q(0 = S ^6?<w^ ^fc+i/^ > ^ »
fc=i

n
^ver^ straight line K of distance (from the origin) A ^ I a^ | fl^rf

n=i
î̂ ry interval I m [0, 27r) of length B/m^, ^/^r^ exists a point

^ in I such that Q({) is situated to the right of e.

LEMMA 7. -Let d , d \ r , A &^ ^ w (Fig.). If 0 < A < 1
and d > {(A2 4- l)/A}r, then d' <d - (A/2)r.

( F i g . )

Proof. — This lemma is analogous to Lemma 6 in [12]. Since
d ' 2 < (d - Ar)2 + r2 , we have

rf2 - d1'1 > 2Ard - (A2 + l)r2 = Ar{2d - (A2 4- 1)/A - r ] > 0,
and hence
d-df>Ar{2d-(A2 4- 1)/A- r}f2d = Ar{l - (A2 + l)/A.(r/2rf)}

and the lemma follows. > (A/2) r 5
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n
LEMMA 8. - Let P(?) = ^ fl^exp(w^) &e ^ analytic func-

fc=i
r^ satisfying m^^/m^ > q > 1 . 77 ,̂ /or ^ry complex
number co, r/w^ ex^ fl non-negative integer S. = C(o?;P) wjYA
!i<an logn (a = (^ = 10(1 + 2/log^)) ^cA that

IP^Cco)! > 1/2-w^ |^|exp(w^Reo;) ( 1 < A : < ^ ) . (4)

Proo/ - In the case where n = 1, (4) evidently holds with
C = 0. Suppose n > 2 and set

n

PS = ^ ^^exp(m^co)
fc=i

o^ = w^ \a^\ exp(w^Reo;) ( l < f e < ^ ) (5)

^fi.n+l = 0

7o = max On,. (C > 0).1L Kfc<w+l B^ v /

Let X be the first integer such that q^ > 5n ( k > l ) . Then
2\n < an logn. Hence it is sufficient to show that, for some
^ ( 0 < / i < n ) , (§)^: |P^|> 1/2. V2^.

Put /o = 1. Then the following two cases are possible:

(*)o ^./o > 5'^ao^ (7o < * < " + 1)

(*)o %,/ ^ 5'^ao.fc for some /o < k ^ " "h 1 •

If (*)o, then (§)o evidently holds. If (*)o , then a set
{/: > J'Q ; Q^ ^ > a^ .̂ } is not empty, according to q^ > 5n . Let
/i be the first integer in this set. Then the following two cases
are possible:

(*)i ^./^ > 5^o^ (/\ < k < n + 1)

(*)'i ^A../ ^ ^^i^k for some /^ < k < ^ + 1 .

If (*\ , then (§)^ holds, since

I^J^^^,/,- S ^2^,fc- Z ^fc^
fc>/i fc</i

> 4/5. o^-o^ S <=4/5.a^, -a,^ Y (^/^.)^
^/i ^</i

> 4/5. a,^ - (^ - l)-1^^,^ > 1/2. a^ = 1/2. V,, .
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If ( * ) [ , then a set {k >/\ ; c^ > ^3\./i} is not empty. Let
/2 be the first integer in this set. Then the following two cases are
possible :

(*)2 ^x^ > 5na^ (/2 < k < n + 1)

(*)i ^x,/ ^ 5^a4\,fc for some /2 < k < n + 1 .

If (*\ , then (§)^ holds. If (*)^ , then we define 73 and consider
corresponding two cases (*)3 , (^ by the same manner as above.
If (*)3 , then (8)3 holds. We repeat this discussion.

Since /o <7'i < • • • < n, there exists 0 < v < n such that
(*)y does not occur. This signifies that (§)^ holds for some
0 <JLI <n.

LEMMA 9. — Let (w^)^ be a sequence of positive integers
satisfying m^lm^>q>\ and (b^^ a sequence of non-negative
numbers satisfying

^<1/2 t bf 0 > l ) , l i m ^ = 0 , (6)
00

where ^ b^ need not be convergent. For every positive integer
fc=i

r, we put
^ ̂ mlbk. Ufc = max{^,; 7 < k}, U^ = 0

(7)
^ == ̂ r^ . v^ = S ^ = S ^ r^ (A: > 1 ) .

/>fc />fc
We denote by fi = [k^]^ (k^ > k^) the totality of all integers
k for which u^ > V^ and ^ > V^ .

If r satisfies
1 -^-(^ -I)-1 >3/4, (8)

then

2: ^ > 1 / 2 1 b, ( ^ > 1 ) , (9)
M=y M k=ky

where (9) signifies ^ 6 ^ = + oo , if ^ ^ == + oo
^=1 /i fc=i

Proof. - We first show lim sup u. = + oo. if V & = + oo
/ OB \ 00 fc~'oo j^i

then ( ̂  w^^ sup ̂  > ̂  6^ = + oo, and hence lim sup ^ . = + 0 0
k=l k fc=i J^oo
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If Z ^k <- + °° > then? for ^ery A: > 1,

^<1/2 ^ &, < 1/2^ &,= 1/2^ m-^fe,
/=fc+i /=fc /=fc / /

< 1/2 S ̂ r sup u, = 1/2 ̂  (w^/w,)1^ m^ sup M,
/=fc ^>fc /=fc 7>^ /

<{2(1 -^-r)}-i^r ^p
lc />fc /

and hence u^ < {2(1 - q'^)}^ sup u, < 2 / 3 ' s u p u,, which gives
l i m s u p ^ = + o o . ^ ^

fc-^oo "

Let {K^}^^ (K^^ > K^) be the totality of all integers k for
which ^ > U^. Then fi C {K^}^i . For every k satisfying
K^ < k < Ky,^ , we have u^^Uz. , and hence

n

^ < (^/^r \, < ̂ ""^K,, •

Therefore

i' *. = s1 s *. + ̂ , < i' &^ s ^^'^
fc=K^ n^ K^t<K^i '' n^ K,,<fc<K,,^ ^Q)

+^<(l-<7-r)- l i ̂  o'<^.s v • ' — ^
n=v

Let <R denote the totality of all integers k for which i^ < V^ .
If <?' is empty, then {K^}^^ = <R and (9) follows from (10).

v
fl :.

Suppose fi' ̂  $ . We have, for every A: G fl',

^<Z (m./m,)^,^ 2: ^-^fr,,
/>fc />^

and hence

2: &.< f S ^^A,
K^<fc<K^,^e«' ^=Ky j>k

<(^_i)-i j§ ^+ ^ ^r(K^-.)^^^
k=Ky fc>K^

^

=(<7 ^ - l ) - l £ ^ +0(1 ) ( f<^) .
*=Ky

Remove (R' from {K^}^L, . Then the resulting set equals (R. By
(10) and (11), we have
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S ^K > t ^K - S ^
i/<n<M,K^fl' n M=I/ " Ky<fc<K fcefl'

^
Xl-^-O^-l)-1} S ^+0(1)

^ ^=KV

> 1/2 ^ ^ + o ( l ) ( ^ < ^ ) .
k=Ky

Letting jn tend to infinity, we have (9).

3. The case where ^ | c^ \ = + oo .
fc=i

00

Let f(z) = ^ ^^Mfc ? nk+l/nk ^ ^ > 1 be a lacunary power
fc=i oo

series in D satisfying ^ | Cj^ | = + oo. By the Fuchs result in [4],
fc=i

we may assume the condition lim c^ = 0. We consider an analytic
function ^OB

F(?) = /(^) = S c^ exp(^?)(*) (12)
fc=i

in a domain U = {? ; Re? < 0} and shall show that it takes every
complex value infinitely often in U * = U H { ? ; 0 < Im? < 27r} .
We use two fixed integers 7, N , depending only on q, which
are defined as follows.

DEFINITION 10. - Let 7 = 7^ be an integer satisfying ( 8 )
(F = 7) and N = N^ an integer satisfying

fl-^1^- I)-1 < l/8e (13)

HOc.N^o) = exp{(27+l + 4aN2) logx - x} < l/8e (14)

for all x > ^N , where a = a is the constant in Lemma 8.

Now we define u^ , U^ , v^ , V^ , (R = {fcy}^i by m^ = n^ ,
b k : = \ c ^ \ , ^ = y m Lemma 9. Then we have the following

(*) The author expresses the thanks to Prof. W.H.J. Fuchs, who suggested
to use this transform.
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LEMMA 11. - For every complex number w with Rew = - l / n
there exists an integer L = L((O ; F) with 7 + 1 < L < 7 + 1 + 4al52

such that

IF^o,)! > l/2e.{^|cj - 1/4. n^V, - 1/4. n^V,} (15)

IF^O)! < C{^ |^1 + ^-^U, + ̂ v,}
(reD(u,(l-<7-i)/^)), (i6)

w/w<? C = l/(q - 1) + y,! q" (w = 2-y + 1 + 4oN2).

P ^pra0^ ~ ̂  defme L(";F)' we consider an analytic function
^(D-S, nj c, exp(n^), where S° denotes the summation
over aU / satisfying <ST-N < ̂ /^ < ̂  . Then the number of terms
of P^D is at most 2N. By Lemma 8, there exists a non-negative
integer £=£(a, ;p^) with B < o(2N) log(2N) < 4aN2 such that
IP^O l/2.^{n^ lc,|}expO,,Re<o)=l/2e.^|c,|.(17)

Then we put L = 7 + 1 +£(&, ; p^). Evidently

7 + 1 < L < 7 + 1 + 4oN2 .

(15)^: Put ^0)=2;c,exp(^) and ^0) = 2;'c,exp(«^),
where 2^ denotes the summation over all /• satisfying nJn^ < ̂ -N

(; if such j ' s do not exist, <f>^) =0,) and 2;' the summation over
all / satisfying n,/n^ > q^ . Then

F^^^+lfW+^r).
We have

10^(^)1 < 2;^ |c,| < 2;^-^, = 2;(^/^-.^-.u, (18)
< 2;(^/^) ^-^u^ < q-^(q - D-'^-^Ufc < l/8e- ̂ -^ ,

according to (13). We have
I •^(y) | < 2;' ̂  | c/ exp(^ Rea>)

= MJ^ 2;' {(n^ln^ |cy|} {(n,/^)1-^ exp(-^/n^)} (19)
< n^ {2;'(«^)T |^|} sup {H(n,/^, N ; 7, o) ; ^/«^ > ^N^
<l/8e.^V,,

according to (14). Thus we have, from (17), (18) and (19),
I F^y) | > |pW(^) | - | ̂ L)(^) , _ ( ̂ L)^) (

> l/2e. {^ | ^1 - 1/4 . ̂ -T U,, - 1/4. ̂ ^V^}.
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(16): Put ^(?)==Z c,exp(/!,n and ^) = ^ c,exp(n,?),
i<k i>k

where ^(?) =0 if k = 1. Then F(^) = ^(?) + c^ exp(^) + ̂ (?).
Let ? E D(o;, (1 - <T1)/^). We have evidently

K^exp^OT < ̂ kj < 0^ |cJ .

By the same manner as in (18), we have | ̂ (Ol < ̂  (n^) n^V^.
/<fc

The right-hand side is dominated by (q - l)^^7^ < C^-7^.
We have

I^DKS ^l^lexpC-^/^)
l>k

= ̂  S {(^/^,)7 k,|} {(^/^^ exp(-^/qr^)}
/>fc

< (L + 7)! ^L+7 ^j^ ^ ("fc/",)7 I c, | < Cn^ V^ .
/>fc

These estimates give (16).

LEMMA 12. — For every complex number co \^ith Reo; = — l/n^ ,
w^ Aa^ F(D(o;, (1 - q-^ln^)) D D(F(<j), T? |c^|), ^here T? = ̂
(5 a constant depending only on q.

Proof. - Let L = L(co; F) be the integer in Lemma 11. Since
^>u^ and ^>v^ we have \F^^)\ > l/4e .^ |c^|
and IF^C?)! < 3C^ | c^\ (? G D(«;, (1 - q-^/n^)). Hence
Lemma 4 shows that F(D(cj, (1 - <7~1)/^ )) contains the open
disk with center F(o;) and radius
rKL) {(1 -<?-^/^^ {l/4e.^ Ic^l}^1 OCn^lc^l}-1-

=^(L) {(1 - ̂ /HeC}1^)-1 |c^|(= ^(L) I^J,say).

Putting r? = min {77'(7) ; 7 + l < f i " < 7 + 1 4 - 4orN2} , we have the
required inclusion.

Now we show that, for a given complex number a , F(?)
takes a infinitely often in U*. For the sake of simplicity, we
assume a = 0 ; in fact, the following discussion will be indepen-
dent of the given -number a . Let us remember the notation

00

^ = {^ijr=i • By Lemma 9, we have ^ |c^ | = + oo. Put
y= i
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'.=-1/^ 0.={r ;Re?<r ,} , 0^ = 0 , n { ? ; 0 < I m r < 2 7 r }
(^ > 1). For a given ^ > 1 , we assume that F(?) does not take
0 in U^-O?. (Since F(?) = F(? + liri) ( ^CU) , this equals
F(?) ̂  0 in U - 0^,.) If this assumption leads to a contradiction,
it yields that F(?) takes 0 in U* - (^ .

To show a contradiction, we put

5 = min {|F(?)|; Re? = r^} = min {|/(z)| ; |z| = e^} , R, = 0, - 0,, ,
5^ = min {| F(?) |; ? E R^} = min {|/(z)|; e^ < | z | < e^} (v > v1).
Then 5, 6y are positive, according to our hypothesis. By Lemma
5, I™ Sp = 0, and hence there exists ^' > v ' such that
5^ < 6 (v>v^). Choose a sequence (^)^- (^ e R^) such
that 5^=|F(a^) | . Let v > v " . By the minimum modulus
principle, Reo^ = ^ . By Lemma 12,

F(D(o;, , (1 - q-^ln^)) D D(F(o;,), r? | c^|).

Note that ^ 4- (1 - q~^)ln^ = - 1/<7^ < r^ . Since F(?) does
not take 0 in Ry+i , we have

6,̂  < min {|F(?)1 ; ^D(^ , (1 -^-i)/^)} < &, - 77 |c^|,

that is, 5y - 5^^ > rf \ c^ |. Therefore

6.-= I (8.-6^)>T7 2: 1^1 =+0 0 ,
y=i^ y=^'

which is a contradiction. Hence F(?) takes 0 in U* - 0^ . Since
i/' > 1 is arbitrary, the proof is completed.

4. The cas where ^ | CjJ < + oo .
fc=i

We need the following

LEMMA 13. - There exist three constants ~e = T (0 <e"< 1/2),
P = P<y' W = W^ depending only on q > 1 wYA ̂  following pro-
perty: For every lacunary power series S(t) = ^ a^e^, rn^Jm^> q
satisfying k=i

I ^ K f S 1^1<+°° ( k > l ) (20)
/=fc+i
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and every complex number a satisfying

H < p S 1 ^ 1 > (21)
fc=i

there exist a sufficiently large integer E and a corresponding point
&E ^ [0, 27r) ^cA rto/

|o-SE(0E)KW|flEL ^here S^t) == ^ ^w^ (22)
fc=i

KKWIflEl (A:>E) (23)

GE-i=S1 l^l^-^-^^WIoEl. (24)
fc=i

We postpone the proof of this lemma to the next section. In
this section, we show that Theorem 1 follows from this lemma.

00

Let f(z) = ^ c^cznk » nk+l/nk ^ ^ > 1 be a lacunary power
k=\

series in D. For a while, we assume the condition (20), replacing
a^ by c^ , where e" is not a required constant in (2) and e will
be determined later.

As in the preceding section, we deal with F(?) = f(e^) and
use two fixed integers ^ , N , depending only on q , which are
defined as follows.

DEFINITION 14. — Let 7 == T, be an integer satisfying ( 8 )
<-s/ ~ ^ ^(F = 7) and W(^7 — I)"1 < 1. Let N = N^ bean integer satisfying

( 1 3 ) and ( 1 4 ) , with 7 replaced by ^.

Now we define u^ , U^ , v^ , V^ , <R = {^J^i by m^ = n^ ,
b^ = |c^|, r = 7^ in Lemma 9. Then Lemma 11 holds, with 7, N
replaced by 7^, N. Hence Lemma 4 gives

LEMMA 15. — For every complex number c^ with Reu = — l/^ ,
we have F(D(c<^, (1-<?-1)/^)) D D(F(o)), ^Ic^l), where ^=^^
is a constant depending only on q.

00

Let a be a complex number satisfying | a | < p ^ | c^ \. We
fc=i

define ^ , Oy , 0^ (^ > 1) as above. For a given v ' > 1 , we assume
that F(^) does not take a in U* - 0^ (, that is, F(?) ^ a in
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U — Oy,). Under this assumption, we shall show an inequality, which
will contradict (2) for a sufficiently small e.

To show such an inequality, we shall apply Lemma 13 to
SO) = /(^). Put 6 = min {|F(n - a | ; Re? = r ^ } , R, = 0, - 0,,,
8y = min {|F(?) - a | ; ? G R^} 0 > i/). Then 6 , 5,, are positive.
Note that
Urn max |F(- 1/n^ + it) - S.(r)|
^00 ^ fc

= 1 ™ S (^,/^)|c,| + ^ |c,| ==0 .
fc /=! /=fc+l

By Lemma 13, lim 5., = 0. For every integer E in Lemma 13,
1/-+00

we have E G <R , since
UE =max{^|cJ; 1 <k<E- 1}< ^ n]\c^

fc=i

="il1 (^/"E^I^K"! S1 \c,\q^k-E)

k=l k=l

<(if-:'?n|GE-l ^Wqr-^nJICEl ^Wt?-7^ '^"E

and
V E = S "^Ic.KWICEl 1 ̂

fc=E+l fc=E+l
00

=WI;E I (^E/^^W^-l)-1^ <^-
fc=E+l

Hence there exists v" such that E = ky,. is an integer in Lemma
13 and 8y < 8 (v > v91). By the same discussion as in the preceding
section, we have 5y,» > ̂  ^ | c^ \. By Lemma 9, we have

v=v"

t 1^1 > 1/2 £ l c j > l / 2 S |cJ.
v=l>" k=E t=E+l

Let 0^ denote the corresponding point with E = ky., in Lemma 13.
Then we have, with W = 2W + 1 + W/(^ - 1),

5 ^ < | a - F ( - l / « E + < 0 E ) l

<lo-SE(0E)l+ t |c,|(l-e-"'E/nE)+ £ IcJ^"6
Ez

fc=l t=E+l

<W|CEI+1 (n^/«E)lcJ+W|CE| § ^'"^^
fc=I fc=E+l

< W | C E I + { G E _ I + | C E l } + W / ( ( ? - l ) . | C E l

< {2W + 1 + W/(<? - 1)} I CE I = W | CE I .
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Hence we have
W'|cJ>^/2 S |cJ. (25)

fc=E+l

Now we put e = min {e", ?/3W'} and, in addition to the
above assumption, we suppose that /(z) satisfies (2). Then (25)
shows a contradiction, and hence F(?) takes a in U* - 0^*. Since
v ' > 1 is arbitrary, F(?) takes a infinitely often in U*. Since

00

a is arbitrary as long as |a| < p ^ |c^|, the proof is completed.
fc=i

5. Proof of Lemma 13.

It remains only to prove Lemma 13. For the proof of this
lemma, we use fixed constants A, B , K , Z, eT, depending only
on q , which are defined as follows.

DEFINITION 16. - Let A = \ and B = B^ be the constants
in Lemma 6. Let K == K^ , Z = Z^ be two positive integers and
e = e^ a positive number such that

2eTCZ(A2 + 1)/A < min {A/8 , A2/16B} (26)

Y^ == 3A/16 + (A/8 + 27KZ) + Bq-^(q - D-W/^B + 1) (27)
- {A/2 • (1 - TK - 2/Z) - feK + 2/Z)} { 1 - (A/8 + 2TKZ)} <0

A/2 - 2/Z - Bq-^^q - l)-^! + 2/Z) > 0. (28)

Such a 3-tuple (K,Z,T) exists, since we can choose K , Z
such that (27) and (28) are valid, with T replaced by 0, and after
the choice of K , Z, we can choose T in such a way that the
required inequalities are valid.

Now let S(Q = ^ a^e^ , m^^/m^ >q > 1 be a lacu-
fc=i

nary power series satisfying (20), where T is the constant given
above. For the sake of simplicity, we write, for a power series

R0)= 2 R(^)^, I I R I I = S l^")!- we shall divide SO)
n=0 _ _ n=o

into polynomials A^r), ^(r),...; A^r), A^r), • . . , where the
number of terms of each A^(r) is K and that of each A^(Q is
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less than or equal to K(2Z-2). Let Ag(r) = ^ ^imkt

K(fi-l)<fc<KC
(£>!) . Choose a sequence (£^)^ of positive integers such that
HAfiJI = min{||Afi| | ; Z(w - l ) < C < Z m } . We put

A^(r) = A,(0, A^(Q = S Ae(r) (m > 1 , £o = 0),
fim~l<fi<fim

where A ^ ( r ) = 0 , if £^ = 1. Note that

||AJ| < 1/Z. (IIA^H + HA^JI) (w > 1 ) . (29)

We put

1^ = (the largest exponent occurring in A^(r))

.T,(r)=f 0^^,10(0=0 ^o^
\ ^fc=l

1 ^ = = S 1^1^ "^ , ^==0 (rn>l),
fc=i

where ^i =^1 = 0 , T i ( r ) = 0 , if A ^ ( r ) = 0 . Now we break up
the proof of Lemma 13 into several steps.

LEMMA 17. - For any m > 1,

II^JI + IIA^JI < 2eKZ ||S - T^|| (31)
00

^ ||A,|| < (iK + 2/Z) US- T^|| (32)
r=w

S ||A,||>(l-"eK-2/Z)||S-T^|| (33)
r=m+l

Z ^<<7(<?-1)- 1 (^ + IIS-T^H}. (34)
r=w

Proo/ - (31): By (20), we have, for every k > v^ ,
1^1 <T||S—T^||. Since the number of terms of A^ + ^m+i ls

less than 2KZ, we have (31).

(32): By (29), we have

t IIAJKl/Z t (IIAJI+||A^J|)<2/Z.||S-T^||.
r=w+l rstfn+1



THE VALUE-DISTRIBUTION OF LACUNARY SERIES 149

Since the number of terms of A^ is K , we have
IIAJKe-KHS-TJI ,

according to ^20). From these inequalities (32) follows.

(33): Since ||S-TJ|= ^ ||AJ| + ^ ||AJ|, (33) follows
from (32). r=w+l r=m

(34): Suppose ^ ^ 0. Then we have

i sr- i i 1 ^ 1 ̂ < £ i iaj^-5r - ^ ^ ^k
r=
i/

r=m r=m ^=l n=l/n^ ^=1

= S 1 ^ 1 S ^-^ i \a,\ S ^-n •f

fc=l M=»/^ fc=*/m+l "=^
/ v^

=<?(^-1)- 1 S 1^1 <7 ^ S |^|
(^1 ^^m4-1

k-v^
^\Q nl + 2. 1^

- q ( q - l ) - 1 {g^ +HS-TJI}.

Suppose v^ = 0. Then m = 1 and ^ = 0. Since ^ = 0, T/r) = 0,
we have

^ = Z ^ < <?(<? -1)~1 {81 + us - TJ|}z_ _ &r ^ ^ V * ! A / L52 ' II^" ^a

<<?(<?- ir1^ + us-Tiii}.

LEMMA 18. — Suppose that there exist a non-negative integer
J and a corresponding point Sj in [0, Iv) such that

In -T^)|<A/8.||S-T,||

and g, < A2/^- ||S - Tj||. Then there exist a pair ( j ' , ] ' ) ,
J < f < J' of integers and corresponding points s , , , - - - , S j . in
[0,2'ir) verifying the following conditions: with \^ == | ci —Tn,(s^)|
( ! ' < m < ] ' ) ,

X^ > (A2 + 1)/A. IIA^ill (/•' < m < J') (35)

^m < ̂ -i - A/2. IIA^H + (|^_,|| + Bq^g^, (/•' < m < J')(36)

(A2^- l)/A-||Aj^i||>Xj,=\j,_i-A/2.||A,,||

+l|A,,_^||+B<?-K^,_l (37)

^ ,< (A 2 + l)/A-| |Aj,^| | . (38)
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Proof. - (Definition of /') : Let /' be the first integer satisfying
II ̂ m - Tj II > A/8 • ||S - Tj || (m > J). We show the following ine-
qualities

X^ = A ||T^ - Tj || - Bg, > (A2 + 1)/A • ||A^ || (m > /')(39)
and
Y = {3A/16-| |S-Tj | | + IIT^-TjH}

- {A/2 • (1 -TK - 2/Z) -(cK + 2/Z)} ||S- T,,|| (40)
+ B^-^O? - I)-1 {^ + ||S - T,,||} < 0.

Let m > j ' . Since ||T^ - T,|| > ||T), - Tj|| > A/8 • ||S - Tj||
and Bg, < A2/! 6 • || S - Tj ||, we have, from (26) and (31) ,

X^ > A2 /16 • ||S - Tj|| > A2/^ • ||S - Tj| > A2/32TKZ • ||A îl|

andhence(39). > (A2 + 1)/A,||A^||,

Since
||T,, -T,|| = ||T,._i -Tj|| + ||A,.,_,|| + ||A,.||

< A/8 • ||S - Tj || + 27KZ ||S - T,,_i || < (A/8 + 2eKZ) ||S - T, ||,

II S - T/,|| = || S - T, || - ||T,, - T, || > {1 - (A/8 + 27KZ)} || S - T, ||
and

g,. + ||S-T,,||<g, + ||S-TJ||<(A2/16B+ 1)||S-T,||,
we have Y/||S-Tj||

< 3A/16 + (A/8 + 2TKZ) + Bq-^^q - 1)-1(A2/16B + 1)
- {A/2. (1 -7K - 2/Z) - (eK + 2/Z)} { 1 - (A/8 + 2TKZ)}

= Y, <0.
(Defmition of 5,,): Applying Lemma 6 to Q(f) = T^(/) - Tj(0,

K = & (- n + Tj (s,), A IIQII) and I = (s, - B//x, s, + B//i) (fi: the
smallest exponent in Q( /)), we choose s^i in I so that

| { a- T,(5,)} - {T,,(s,,) - T,(s,,)}| > A ||T/, - T,||.
Since '
\f. == |u - T^(^.,)|

= 1{" - Tj(sj)} - {T,.(s,,) -T,(5,.)} - {T,(5,,) - T,(s,)}l

^AIIT/.-TJI-l^-^l l-^T^.)!
Vj II ~t II

> AHT/., - Till - B/M ̂  ^ |aJ > AIIT/. - T, || - Bg,
t=i

= X , , > ( A 2 + D/A-IIA^JI ,
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(35) holds for m = f . Let us remark

\. = |{a - Tj(^)} - {T,,(^)-Tj(^)} - {Tj(^)-Tj(^)}|

I - ..
<|a-Tj(5,)|+ l|T,,-T,||+|s.,-5,l —Tj(.)

A II (4i)
< A/8 • ||S - T,|| + IIT,. - TJ| + Bg,
<3A/16.||S-T,||+ ||T,,-Tj||.

(Definition of J'): Applying first Lemma 6 to Q(f) = A,'+,(f),
ff = B(a - T,,(s,.), A IIQII) and I = (s,. - B/M, s,, + B/TI") (TT: the
smallest exponent in Q(r)) and using next Lemma 7, we choose
9 ' in I so that | { n - T,,(^.)} - A,,^(0')| < X .̂, -r A/2 • ||A/,^ ||.
Then |a - T^+i(0')|

= |{n - T,,(5,,) - A,,^(0')} - A,,(0') - {T,,(0') - T^(^,)}|

< \,. - A/2. ||A,̂ J| + ||A,, || + |0' - s,.\\ -j- T,-.(.)|

< X,, - A/2 • || A,,̂  || + || A^, II + B^-1 ,̂-. (= T, say).

We distinguish the following two cases:

(a) max|o-T^i(0)|<T,

(b) max Id -T^,+i(0)| >T.
6

If (a), we choose s/.+i , with the aid of Lemma 6, so that
I " - T,,+i(^.,+i)| > A ||T,^i ||. Then we have, from (39),

I" - T,,+i(5,,^)| > A||T/,.,il| > A||T,,^i - T,||

>X,,^>(A2 + D/A.HA^II,

and hence (35) and (36) hold for m = ] ' + 1 . If(b), we choose s,.+i ,
by the continuity of |n - T^+i ( - ) | , so that | n - T,,+t(5,.+i)l = T.
Then (36) holds for m = / ' + 1 .

If \,.^i < (A2 + 1)/A • ||A,.,̂  I I , then we put J' = /" + 1 .
If \/'+^ > (A2 + 1)/A- ||A^^.,||, we find s.i+^ in the same manner
as we found 5y».n . We continue this process until we reach an integer
J' satisfying (37). Such an integer exists; otherwise, we have, from
Lemma 17, (36), (40) and (41),
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0 < lim inf \ < lim inf(\_i - A/2 • ||AJI + ||A,_il| + B^-^.i)
/•—^OO f—^ 00

< limjnf {X,_, - A/2 • (||A,_JI + ||A, ||)

+ (||A,_J + ||A,_,||) + Bqr-̂ .., + g,_,)}

< • • • < X,, - A/2 £ ||A,|| + £ ||A,|| + Bq^ ̂  8r
»•=/'+1 r=/ ' >•=/•'

<{3A/16-| |S-T,| | + ||T^-Tj|l}-A/2.(l-7K-l/Z)||S-T,,||}

+ (TK + 2/Z) ||S - T/., || + Bt?-^1 (q - I)-1 {̂ .. + ||S - Ty,|l}
= Y < 0 ,

which is a contradiction.

(Proof of (38)): Since \j,_i > (A2 + 1)/A • ||A,,|| (0 < A < 1),
we have Xj,., - A/2- ||Aj,|| > ||Aj,||. Hence we have, from (37),

gr = f 1 ^ 1 <?k-l'J' < IIA,,|| + ||A,,_JI + q-^gr_,
fc=i

< {Xj,_i - A/2 • ||Aj,||} + ||Aj,_i|| + ̂ q-^gr-i = X,.

<(A2 + D/A-HA^JI.

LEMMA 19. - Let | a | < A/8- ||S||. Then there exist a suffi-
ciently large integer ] " and a corresponding point Sy, in [0,2nr)
such that | n - T,,,(5j,,)| < (A2 + 1)/A • ||Ai,,^i || and

g,..<(A2 +1)/A.||A,,,^||.

Proof. - Since | n | < A/8 • !|S|| and gy = 0, the integer
J = 0 satisfies the conditions in Lemma 18 (, where Sj == 0).
Hence there exist J' and a corresponding point Sji such that
Xj, < (A2 + 1)/A. ||A,,^ || and gy < (A2 + 1)/A- ||A,,^||. By (26)
and (31), we have

A/8. ||S-T,, ||
(A2 + 1)/A. HA^Jl < 2eKZ(A2 + 1)/A- ||S-Tj,|| <

A2/16B•||S-T,,|1,

and hence Xj, < A/8 • ||S - T,,|| and gy < A27l6B • ||S - Tj,||.
This implies that (J', Sj,) also satisfies the conditions in Lemma 18.
Repeating this discussion, we obtain a required (J", Sj<.).



THE VALUE-DISTRIBUTION OF LACUNARY SERIES 153

LEMMA 20. - There exists a constant W = W(^ , A, B, K, Z)
with the following property: For every complex number o
(H <A/8-1|S||) and the associated integer } " with a in Lemma 19,
there exists a_point ty in [0, 27r) such that \ a - Tpt^p)! < W ||Ap ||
and S F ^ W H A p H , where F is the first integer satisfying
||AJ| =max ||A,|| (m>]ff),

Proof _- Set W = (A2 + 1)/A 4- (1 + 2/Z)q(q -_1)-1 and
W == max{W , (A2 + 1)/A + 1 + 3/Z + Bq-^^q - I)-1 (W' + 1/Z)}.

We shall show that W is a required constant. If F = J", we
put IF = sj^ , where 5j» is a point corresponding to J'\ Then
the required inequalities evidently hold. Suppose F ^J". We have,
for every J" < m < F,

vm k-v m w-! _
8m = 1 1 ^ 1 ^ ? m ^ 8 j " + ^ IIAJI^-^ + ^ IIAJI^-^

fc=l r=J"+l r=r'
m-1

< ^ j - + ^ ( < 7 - I)-1 I I A F I I + 1/Z ^ (HAJI -h HA^JI)^^ (42)
r=J"

<^. + (1 +2/Z)^-1)-1 HAplKCA 2 4- 1)/A- ||A^JI
+ (1 4- 2/Z) q(q - I)-1 ||AF|| < W' nApl l .

In particular, gy < W' H A p H < W ||Ap ||.

For the choice of ty , we define inductively points {^}^=j"+i
in [0, 27r) such that, with \^ = | o - T^(r^)| (J" + 1 < m < F),

( X^ < {(A2 + 1)/A + 1} H A ^ I I -h 1|A^_J| or
- - _ (43)

( X, < X,_, - A/2. IJA^H + ||A,_J| + Bq^g^, .

Set /j"+i = Sj" . Then we have

Ij,,+i = la -Tj,,^(5j,,)|<|n-Tj,,(s,,.)l + IIAj,,|| + \\^.,^\\

<{(A 2 + 1)/A+ 1}||A,,,^)| + ||A,,,||.
Suppose that ^,,+, , • • • , ^_i have been defined. If

I^_i<(A2 +1) /A. | |A^H,

we put ^ =^_, . Then

^m^Vi +ll^_ll l+llA^||<{(A2+l)/A+l}||A^||+ 1|A^,||.
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If ^m-t >(A2 + 1)/A- 1|AJ|, then, using Lemma 6 and 7, we
choose a point /„, in (^_i - B/?,/„_, + B/?) (?: the smallest
exponent in A^) so that

K ° - T^_i(^_,)} - A^OJI <!„_, - A/2 • HAJI .
Then X^ < X^_, - A/2. ||AJI + ||A^_i|| + Bq-^ g^_, . Thus
^m^r'+i aredefmed.

Next we show that _Tp is a required point. Let /'" be the
last integer satisfying X^ < {(A2 + 1)/A + 1} ||AJ| + ||A^_J|
( J " + K w < F ) . If / " = F , then

Xp < {(A2 + 1)/A + 1} HApl l + IIAr.JI < {(A2 + 1)/A + 1} H A p l l
+ 1/Z • (IIAp.ill + HAFll) < {(A2 + 1)/A + 1 + 2/Z} IIAF-II < W IIApH.

Hence the required inequality holds. Suppose /" ^ F. Put
d= f IIAJI, d=^ HA^H and 7= S1 ̂  . Then

m=/"+l m=/" m=/"

J< 1/Z ^ (HA^II + HA^iH) < 2/Z.rf + 1/Z .||A,,.||
m=/" <2/Z.d+l/Z.||AF||

and
7< q(q- I)-1 {^•..+l|TF_l-T/„||}<<7((7-l)- l{W'||AF||+rf+d}

<<?(<?- I)-1 ( l+2 /Z) r f +<?(<?- 1)-1(W'+ I/Z)||AF||.
By these inequalities and (28), we have

\ < ̂ F-I - A/2 • IIAF.H + ||Ap_JI + Bq^gr.^
< ••^^..-A^-d+d'+Bt?-"^

<I,»-A/2-^+(2/Z-d+ 1/Z- IIApH)
+ Bqr-^^t? - I)-1 {(1 + 2/Z)rf + (W' + 1/Z) HApll}

<X,,, + {1/Z + Bq-^^q - \)-l(W' + 1/Z)} \\^\\
< {(A2 + 1)/A + 1} ||A,,.|| + ||A^.,,_JI

+ {1/Z + Bq-^^q - I)-1 (W' + 1/Z)} ||AF||
< {(A2 + 1)/A + 1} 1|A,,,|| + l/Z.(||A,,,_i|| + ||A/.,,||)

+ {1/Z + Bq-^^q- D-W + I/Z)}||AF||
< {(A2 + 1)/A + 1 + 3/Z + Bq-^^q - I)-1 (W' + 1/Z)} I IApl l
<W||A,J|.
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This completes the proof of this lemma.

Now we give three constants e, p , W in Lemma 13. Let
T be the constant given in Definition 16. Put p = A/8 and
W = max {2KZ(W + 1) , q2^ W2KZ} .

00

Let | a | < p ^ |flJ = A/8 • ||S|| and (F, t y ) be as in Lemma
fc=i

20. We choose an integer E such that a^ is one of coefficients
having the largest modulus in Ap. Then ||Ap|| < 2KZ \a^\. Put
0g = tp . Then (E, 0g) is a required pair, since

I ^ - SEC^)! < I a - Tp(^)l + IITp - SE II < (W 4- 1) HApll
<2KZ(W4- l)\a^\ <W|flE|

sup |^| < sup HA^H = HApll < 2KZ 1^1 <W Iflel
k>E m>¥

GE-I -Z 1 l^l^^^^'^^F^^^WHAFll

fc=l ^^^^KZIflel < W | f l E l .
This completes the proof of Lemma 13.

Remark 21. — We also know that an unbounded lacunary
power series f(z) takes every complex value infinitely often in
every sector {z G D ; a < argz < (3} . In fact, let us note that a
set { r £ [ 0 , 2 7 r ) ; Urn \f(reit)\ = + 00} is dense in [0,27r), if

r-^l
lim c^ = 0 ([12]). Hence we may assume

lim \f(reict)\ = lim \f(re^)\ = + oo.
r-»l r-^1

The proof is now along the same line as the proof of Theorem 1.
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