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CLASSIFICATION
OF CONNECTED UNIMODULAR LIE GROUPS
WITH DISCRETE SERIES

by NGUYEN HUU ANH

Let G be a separable locally compact group with center Z.
An irreducible representation (') of G is said to be a member of
the discrete series if it has some non zero matrix coefficient which
is square integrable modulo Z. In this article we introduce the
notion of H-groups and prove that the discrete series exist for these
groups. Moreover, apart from some technical requirements, it will
be proved that a connected unimodular Lie group G with center Z
such that the center of G/Rad G is finite has discrete series if and
only if G may be written as G =HS, HNS =Z°, where H
is a H-group with center Z° and S is a connected reductive Lie
group with discrete series such that Cent(S)/Z is compact.

In particular, if G is the semidirect product of a simply
connected solvable Lie group and a connected semisimple Lie group
with finite center, then the subgroup S may be chosen so that
it is the direct product of a vector group T such that T/TNZ is
compact and a connected semisimple Lie group with discrete series.
Thus in view of the results of Harish-Chandra on the discrete series
of semisimple Lie groups (cf. [6]), the problem of classifying connected
unimodular Lie groups with discrete series is completely solved.
Finally it should be noted that the results in this article contain
our previous result on algebraic groups (cf. [2]) as a special case,
for H will be proved to be nilpotent if G is locally algebraic
(see Lemma 2.2). '

(1) Warning: ‘“representation” means ‘“‘continuous unitary representation”
in a Hilbert Space.
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Mackey’s machinery on group extensions plays again a very
important role. The strictly ergodic case may be avoided thanks to
Theorem 1.1 which is interesting in its own right. The notion of
H-groups is introduced in section 2. Theorem 2.9 is essential for
carrying out the theory of Pfaffian- polynomial exactly as in [15].
Theorem 2.12 contains the most important results in the theory
of representations of H-groups. In section 3 we treat the most
general case. Theorems 3.4 and 3.6 are the main results of the article.
Finally in section 4. we give another characterization of connected
unimodular Lie groups with discrete series. In particular Theorem
4.4 gives the solution of a conjecture stated in [15].

In the following we continue to use the notations of [1] and
[2]. In particular § ,;,... are the Lie algebras of the Lie groups
H,Z,...; (p/3)* is identified with the annihilator of 3 in b,
and similarly (H/Z)" is identified with the annihilator of Z in H.
The neutral component of a Lie group G is denoted by G°, and
the simply connected groups are always supposed to be connected.

1. Some preliminary results,

Recall that if G is a separable locally compact group, Z a
closed normal subgroup of G, x a character of Z, then a repre-
sentation ® of G is said to be a x-representation if 7|Z =~ mult x.
If moreover m has a non zero matrix coefficient which is square
integrable modulo Z with respect to the right Haar measure of
G/Z, then we say that m is square integrable mod Z. In this case
we have Schur’s orthogonality relation and can define the formal
degree d(m) of m (cf. [1],[9],[13]).

THEOREM 1.1. — Let G be a separable locally compact uni-
modular group. Let Z CK be closed normal abelian subgroups of
G. Let x be a character of Z, and m be a square integrable mod Z
irreducible x-representation of G. Then the quasi orbit of G/K
in K defined by m|K is transitive.

Proof — Since K is smooth and of type I, we may assume
that the system of imprimitivity for w is the canonical one associated
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to a measure u belonging to the quasi orbit defined by w|K (cf.
[8], Theorems 7.6 and 5.6). In particular the projection valued
measure P belonging to w|K is just the multiplication by charac-
teristic functions on K. Moreover there is a measurable cocycle
¢ on GxK taking values in the unitary group of a Hilbert space
g€ such that for all g in G and all functions f in LZ(K, du) ® ¥
we have:

(@ f(N) =c(g,N) p(g, N2 f(\g) p-a.e. X (1.1)

where p is a Borel function such that for each g, p(g,.) is the
Radon-Nikodym derivative of the translate u® of u with respect
to u.

Now the action of K on K is trivial. Therefore it follows
from (1.1) that for all k¥ in K and for all f we have:

7(k)fQA) =c(k,N)f(A) ae. A

this together with the fact that P is precisely the projection-valued
measure associated to the direct integral decomposition of 7|K into
the characters A show that c(k,A) = A(k)Id, for all k¥ in K,
and for almost all A in K.

On the other hand by the same argument as in [1] we see that
u —viewed as a measure on the G-invariant subset A (K/Z)™ — is
absolutely continuous with respect to the translate of the Haar
measure d\ of (K/Z)" by A,, where A, is some fixed extension
of x to K. Furthermore d\ is relatively invariant in the sense of
[14]. Hence we may replace u by the restriction to its support of
the translate of d\ by A, . This being done, we have

(n(kg) f1, fr) = ‘/:p(g,)\)”z (c(k, M) c(g,N) f1(Ag), /,(N) du(N)
K

= Ao (k) f( . A(k) F,(\) d\ (1.2)

where Fg()\) = p(g, )\o)\)l/2 (c(g, )\o)\) f]()\o Ag), f2(>\o A) if
Ao A Esupp 4 and is O otherwise.

Note that F, is integrable with respect to dA. Therefore,
if we denote by Fg(k) its Fourier transform, then

2 — 2 >
[, \e@f ffde= [ [ inkerf,, f)F dkdg

= . 2 >
fG/K fK/Z|Fg(k)| dk dg (13)
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where dg and dg are Haar measures of G/Z and G/K respec-
tively.

Now it follows from (1.3) that l:*‘g(~) is square integrable for
almost all g in G. Therefore, if the Haar measure of K/Z is pro-
perly normalized, then we have by the Plancherel formula on K/Z:

L) Pdg = F,(\)|? d\ dg
fG/Z (@ fordg= [ [ E 0P ddg (1.4)
= [ [, p(2,NI(ee, N F,08), LONI du(N) dE.
GK YK -
On the other hand by Schur’s orthogonality relation:

fG/Z I(m(g) £y, f2) 1 dg = d(m)~ £, I IS, 017 . (1.5)

Let us apply (1.4) and (1.5) for f, =9 ® u, f, = Y ® v, where
¢ and ¢ belong to L?(K,du), and u,v are in ¥ such that
flull = llvll = 1. We have:

LIV d® [ ple, V10O I(c(e, Nu, v)I* dF
K G/K
=d(m llelPlyl?.

In particular, we have, for u almost all A in K:
fG/K 0(g, M) leQD) 12 1(c(g, N, v) P dE = d(m)" llgl? .

Substituting successively for ¢ in the above equality the charac-
teristic functions of a countable separating family of Borel subsets
of K, we see that for all u,v belonging to a fixed orthonormal
basis 63 of %€ and for almost all X in K:

L. .90 Ite(g, Nu, )Fdg = d(m™ [ () du() (1.6)
G/K K

where ¢ is an arbitrary non negative measurable function on K.

Assume that u is not concentrated in the orbit AG, where
A satisfies (1.6). Then the characteristic function of AG is pu-
negligible, and hence we have according to (1.6):

p(g, N I(c(g,Nu,v)>=0

for all u,v in @3 and for almost all g in G. This is a contra-
diction. QED
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Remark. — Apparently the only assumption needed on 7 is
that all of its matrix coefficients are square integrable mod Z and
satisfy Schur’s orthogonality relation. However, as proved in [3],
this condition is equivalent to the fact that m is a square integrable
mod Z irreducible representation.

LEMMA 1.2. — Let p be a representation of a connected Lie
group G in a finite-dimensional real vector space V. Let \ be a
V-valued cocycle of G with respect to p. Assume that there is
co € Cent(G) such that p(cy) = alcy) . Idy , a(cy) # 1. Then A
is a coboundary. In fact we have:

A
A(g) = (p(g) — Idv)&"(&% .
)) —

Proof. — We have:

A(8) + p(8) A(cy) = A(8cy) = N(co8) = A(cy) + p(cy) N(8)-

Therefore

A(co)

Ag) = —Idy)——2—.

(&) = (p(®) V)a(co) - QED
ProrositioN 1.3. — Let G, p, V,\ be as above. Assume also

that G is reductive and p is irreducible. Then either (i) p is trivial

and NM(G) =V, dimV = 1, or(ii) X isa coboundary.

Proof. — If A =10, then it is a coboundary and (i) does not
hold. Thus suppose- that A # 0. First assume that p is trivial so
that dimV =1. Then A(G) is plainly a linear subspace of V
because G is connected and hence A(G) = V. Note that A is not
a coboundary in this case.

Now assume that p is non trivial. Put N = kerp. Then A
is a homomorphism from N into the abelian group V. Therefore
if A(N)+# 0, we may find an element n, in N N Cent(G) such
that A(n,) # 0. We have

A(g) + p(8)A(ny) = NMgny) = Nnyg) = Nng) + N (g)
ie. p(8) NM(ny) = M(ny) VgeEG.
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This however contradicts the fact that p is a non trivial irre-
ducible representation of G. Therefore A(N) =0, and A may
be viewed as a cocycle with respect to the representation of G/N
induced from p, ie. we may assume that p is faithful. Recall
that p is irreducible so that p(G) is the neutral component of
a real algebraic subgroup of GL(V). By Lemma 1.2 it is sufficient
to consider the case when this algebraic group contains no R-split
torus in its center, i.e. when the center of p(G) is compact. Since
every finite dimensional representation of such a group is completely
reducible, A is a coboundary (cf. [12], Théoréme 2, exposé 4).

QED

2. Representation theory of H-groups.

DEFINITION 2.1. — Let H be a connected Lie group, and Z
a central subgroup of H. Then H is said to be a H-group if there
exists a linear form £ in b* such that the orbit of 2 in h* via
the coadjoint representation of H is the hyperplane 2 + (b/;)*.

Remark. — It follows immediately from the above definition
that the symplectic form associated to 2:By(¢,7n) = 2([&,n]) is
non degenerate on §/;, ie. ; is the Lie algebra of the centralizer
G, of £ in G. Since the orbit £ + (§/3)* is simply connected
we must have Z = G, = Cent(H). In particular Z is connected.
Moreover H is simply connected if and only if Z is simply connected.

LEMMA 2.2. — Let H be a H-group with center Z. Then H
is solvable. If we assume further that H is locally algebraic, then
H is nilpotent.

Proof. — Let 3 be a maximal semisimple subalgebra of § so
that § contains an $-invariant subspace 5 complementing 3 . Let
2 €H* be such that the H-orbit of £ in b* is & + (§/3)*. Then
there exists £, in this orbit such that €, =0 on b . Since the
symplectic forT By, is also non degenerate on I)/a and 8 is
orthogonal to § with respect to Bgl we see that 3 =0, ie. §
is solvable. In case H is locally algebraic we may take s to be
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the reductive subalgebra in a fixed Levi’s decomposition of ) . Then
the above argument shows that 3 = 0, i.e. § is nilpotent. QED

LEmMA 2.3. — Let G be a Lie group, Z a central subgroup
of G. Assume that G has a normal subgroup H which is a H-
group with center Z. Then there exists a closed subgroup S such that

G=HS,HNS=2Z. 2.1)

Moreover § may be chosen so that S° = SNG°.

Proof. — Let 2€hH* be such that the H-orbit of 2 in ph* is
precisely 2 + (5/3)*. Put S={xEG|Ro Adb(x) =Q}. Then §
clearly satisfies (2.1). Note that SN G® is the centralizer of £ in
G® and hence SN G° is connected since the GC%-orbit € + (§/z)*
is simply connected. Hence SN G°® = S°. QED

LeMMA 2.4. — Let G,H,S,Z,2 be as above. Assume also that
G is connected and that there is an extension 2, of 2 to g such
that the S-orbit of %,| 5 is £,18 + (8/3)*. Then the G-orbit of
2, in g* is %, +(g/3)*. In particular G is a H-group with
center L.

Proof. — Let 2, €g¢* be such that &,|; =¢,!3. We have
to prove that £, belongs to the same G-orbit as ¢, . By the assump-
tion, there exist x;, in H and x, in S such that

(R, 0 Adx ) h=L0Adx, = 1)
and (5220Adxl“)|5=(!21°Adx2)|£=‘
Then we have £, = £, o Ad(x,x,). QED

Example 2.5. — In view of the results in [10] and [15] we see
that the class of simply connected H-groups contains that of uni-
modular exponential groups with discrete series and hence that of
simply connected nilpotent Lie groups with discrete series. On the
other hand using Lemma 2.4 we may construct non-type I H-groups.
In particular these groups are not of exponential type. Let indeed
h be the five dimensional Heisenberg algebra with basis §,, &, n;
(i =1,2) such that the only non zero brackets satisfied by the
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- members of this basis are:
[51,77,«]=§'1: i=1,2.

Let 8 be the three dimensional Heisenberg algebra with basis
$, .85, m3 such that [§,,7m]1=¢,. Let g be the semi direct

product of h and $ such that §, and §, commute with the ele-
ments of § and:

[723, Ell =N, [773, "71] = - El s [7?3 a‘Ez] = 6772 s [7)3, 772] = 052;
[ns,$,1=0

where 0 is a fixed irrational number. Let g be the quotient algebra
of g by the ideal R(§; —§,). Let G be the simply connected
Lie group with Lie algebra g . Let H,S be the analytic subgroups
of G corresponding to §) , 3 respectively, where § , 3 are identified
with Lie subalgebras of ¢ so that §, and §, are identified with
the same element § in the center 3 of g. We have G = HS,
HNS =7Z, where Z is the analytic subgroup of G corresponding
to 3. Thus G is a H-group by Lemma 2.4. However G is not of
type I since it is the central extension of the group G/Z which is
isomorphic to the direct product of R and the five dimensional
Mautner’s group.

LEMMA 2.6. — Let § be a Lie algebra and 3 an ideal of ) .
Assume that there exists % in §* such that the symplectic form
B, is non degenerate on /3. Let T be an automorphism of
leaving 3 invariant such that Tt splits over R, and that 4 has a
T-invariant subspace b complementing 3 such that 2(bH) =0.
Finally assume that 7| 3 has at most two eigenvalues: o and —a.

L dimy/; + dim;.

Then |det7| = |a|?, where q = >

Proof. — Let {§;} be a basis of b consisting of eigenvectors
of 7 corresponding to the eigenvalues {c;}. We have:

T[Ep El] = [TE,', TE,’] = o0 [Ep f,] .
Hence log | ;| = |al i [§, §1ED .

It follows that |o;| |a;| = |« if Bo(%;, Ei) # 0 ie. |7|By = x| By,
where |7| is the linear transformation of ) such that |7}§, = loz,._l_ &,
Vi, and the action of |7| on B, as a symplectic form on b is



CLASSIFICATION OF CONNECTED UNIMODULAR LIE GROUPS 167

induced from that of |7| on 0. Thus
1 ..
det |7| = Pf (7| By) (Pf(By) = |2 "™ "/}
where Pf is the Pfaffian of B, with respect to a fixed volume on
b . Finally

[det 7| = det [ 7] [det(7] ;)] = |«]? . QED

LEMMA 2.7. — Let b, 3,7 be as above. Assume that there
exists a#+* 1 such that spec(r|3)C{l,-1,a, —a} and
spec(7l3) N {a, —a} # . Then |det7|# 1.

Proof — Let |7| be as above. It is sufficient to prove that
det |7| is not equal to any negative integral power of |a|. Let
|7]t = e'1°8!7! pe the one parameter subgroup of GL(§) generated
by log |7|; then as in the proof of Lema 2.6 we have

I o 1" = lal ™™ if By(&,, &) #0
where k; =0 or 1.

Thus det |7|"° = Pf(|7|"By)/Pf(By) is a polynomial in |al’.
Therefore by the unique factorization in the polynomial ring R([X],
det |7|* is not equal to any negative integral power of |a|® and
hence det |7]| is not equal to any negative integral power of |«].

QED

ProPOSITION 2.8. — Let H be a connected Lie group. Let ;
be an ideal in 4 . Assume that there exists 2 in h* such that the
H-orbit of % in bH* is L+ (b/3)*. Let 7 be an automorphism
of b leaving 3 invariant.

i) If spec(7lz) C{ANEC:|N =1}, where (7]3)° is the
complexification of (v13), then |det7|=1.

ii) If spec(7]3) C{A€C:|N =1}V {a, —a} and
spec(7l3) N {a,—a}l # @, where o€ R\{l,-1}, then
{detr| # 1.

Proof. — Let T be the neutral component of the smallest real
algebraic subgroup of Aut(h) containing 7. Then T is the direct
product of a unipotent real algebraic group U and the neutral
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component S of a real algebraic toral subgroup of Aut(h) (cf. [5]).
Moreover S is the almost direct product of a connected R-split
subgroup S, and a compact connected subgroup S, (cf. [11]).
Since the elements of U and S, clearly have determinant 1, and
all of their eigenvalues corresponding to eigen vectors in 3¢ have
absolute values 1, we may assume that 7 belongs to S,. In other
words we may assume that 7 is split over R. It follows then that
b has a 7-invariant subspace § complementing 3 . Since the H-
orbit of £ is 2+ (§/3)* we may assume that 2(§) = 0. Now
the statements i) and ii) follow immediately from Lemmas 2.6 and
2.7, for the symplectic form B, is non degenerate on p.

QED

Now let us consider another characterization of H-groups
which is more convenient for later applications since it only involves
the Lie algebras in question.

THEOREM 2.9. — Let H be a connected solvable Lie group,
and Z a closed connected central subgroup of H. For every £
in §*, the following statements are equivalent:

i) The H-orbit of  in b* is L + (§/3)*

ii) H is unimodular and the associated symplectic form B,
is non degenerateon b [ 3 .

Proof — We proceed by induction on dim H. First note that
if 1) or ii) hold then Z is the neutral component of the center of H.
Hence we will assume that it is so in the following. Moreover by
factoring. out exp(ker®|;) if necessary, we may assume that
dimZ =1 and { is non zero on 3 . Let N be the nilradical of H.

o) First assume that N is isomorphic to a Heisenberg group
with center Z. Since 2|3 # 0, the N-orbit of 2[n is &|n + (n/3)*
(cf. [15]). Hence by Lemma 2.3, H=NS, NNS =2Z, where
S={x€H:(RoAdx)|n =2|n}. Moreover by Proposition 2.8:
| det Adn(x)l =1, Vx€ES. On the other hand since N is unimo-
dular and S/Z ~ H/N is abelian we see that H is already unimodular
in this case. Thus we have proved i) = ii). Now assume that B,
is non degenerate on b /;. Then it is obvious that Bg,s is non
degenerate on 8 /;, ie. 8 is a Heisenberg algebra with center 3 .
Therefore by Lemma 2.4 the H-orbit of £ in §* is £+ (§/3)*.
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B) Assume that the center of N is still equal to Z but N is
not isomorphic to any Heisenberg group. Then as in the proof of
Proposition 4.2 of [1] there is a closed connected normal abelian
subgroup K of H such that K/Z is contained in the center of
N/Z and the N-orbit of %] f is 2|t + (f/3)*. Put

Hy = {x EH:(Ro Adx) |t =2]¢}.

Then H, is connected. Moreover since b, is the annihilator
of f with respect to By, §/h, may be identified with the dual
t/ 3 via By if the latter is assumed to be non degenerate on 0 / ;.
Forall x in Hy, ¢ in f and  in h, we have

By (Ad(x) &, Ad(x)n) = 2o Ad(x) ([£, n])
= 2([§, n))
= BQ(E s "?) .

In' particular the representation of H, in b /p, induced by
the adjoint representation is contragredient to that induced in f /3.
This being set we have

det Ad x = det Adf) 3(x)
= det Adh/ho(x) det Adho/f(x) det Ad,, (x).

Hence
det Adx = det Adl)o/f (x) Vx€H,. (2.3)

Thus let us assume i). Then it follows that the H,-orbit of 2/p,
in by is R1hy + (ho/)*. Hence Hy/K is unimodular by the induc-
tion hypothesis (strictly speaking we should factor out exp ker(£[f)
before applying the induction hypothesis, and then go back to H,
via the canonical homomorphism H,— Hg/exp ker(2|f). However
this kind of argument is trivial and will be omitted in the following).
Now it follows from (2.3) that: |det Adx| =1 Vx€H,.

Moreover it is clear that H = NH, and detAdx =1, Vx EN.
Therefore H is unimodular.

Conversely assume ii). Then it follows from (2.3) that H,/K
is unimodular. Moreover BQ“’o is plainly non degenerate on h,/f.
Therefore the Hy-orbit of 2|h, in by is &|h, + (ho/£)* accord-
ing to the induction hypothesis. Let £, €5* be such that £,|3 =23 .
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We have to prove that £, belongs to the same H-orbit as 2. Since
the H-orbit of &| f in f* is Q|f + (f/;)* we may assume that
2,1t = 8]t without loss of generality. Then there exists x, in
H, such that £,|p, = (¢ Ad x,)|bh,. Finally since f/; is con-
tained in the center of n/; and since b /hy=n/nNHh, may be
identified with the dual of f /3 via B, we see that

{2oAdx/x €K} =R+ (h/h,)*.

Hence there exists x, in K such that £, o Ad(x[') = R0 Ad(x,),
ie. £, = Qo Ad(x,x,).

v) Finally assume that Z is properly contained in the center
of N. Then (Cent N)/Z must be a vector group. Let us choose
K to be minimal among the connected normal subgroups of H lying
in the center of N and properly containing Z so that the
adjoint representation induces an irreducible representation p of
H in f/; . Note that K is closed in N since N/Z is simply
connected. Now A(x) = (Ro Adx)|f — Q| f is a cocycle of H
with respect to the contragredient representation p of p. Since
both p and A are trivial on N, A may be viewed as a cocycle
of the abelian group H/N, and hence by Proposition 1.3 A must be
of the form A(x) =p(x)%, — & for some £, €(f/3)* unless
p is the identity representation. In the latter case dim(f/;) =1
and A(H) = (f/;)*, ie RQoAd,(H)=2[t + (t/;)*. In any
case put

Hy={x€H:(Re Adx) |t =2]|F}

and K= exp ker(21]¢).

Then H, is a closed normal subgroup of __H and Z = K/f(_
is a closed connected central subgroup of H, = Hg /K.

Let us assume i). Then the H-orbit of &|f in t* is
21t + (f/3)*. In this case p and hence p must be the identity
representation of H. Note that Hg =H,. Now it is easy to see
that the Hj-orbit of |y, is &|h, + (h,/f)*. Moreover each
Ad,;(x), x €H, is unipotent because p is trivial. Therefore we
have, according to Proposition 2.8

| det Adho(x)l =1, Vx€H

i.e. H isunimodular since H/H, is abelian.
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Conversely assume that i) holds. Then the H-orbit of 2}
in £* is clearly open in %| ¥ + (f/3)*. Thus in case p is not
the identity representation we have 6(H) = R* or p(H)=R*xT.
Hence there exists x, €H such that (Adx,)|f/; =ald, a#+1,
a€R. On the other hand 6(H;) and hence p(H,) reduces to
the identity. Therefore

det Adr/“ (x) =1, Vx€H,
Le det Ad,(x) = 1, Vx€H,.

This together with the fact that Hg is a closed normal subgroup
Qf the un_imodular group H implies that Hg/K is unimodular, i.e.
H, = H)/K is unimodular. Since the form Boiy, is plainly non
degenerate on b,/f, it follows from the induction hypothesis that
the HY-orbit of &lh, is 2|b, + (§/t)*. Recall that Ad,(x,)
has exactly two eigenvalues: 1 and «. Therefore Proposition 2.8
implies: |det Ad, (xo)| # 1, ie |detAd(x,)| # 1 since
det Ady,, ,(xo) =1. This however contradicts the fact that H
is unimodular. Thus p and hence p is trivial and the H-orbit of
Rl is Q|f + (f/3)*. Note that H) = H, in this case. Now by
the same argument as above we see that the Hj-orbit of 2{h, is
21hy + (ho/£)* and the K-orbit of & in t* is &+ (h/hy)*.
These two facts together imply that the H-orbit of & in H* is
2 + (b/3)* asin the last part of case f). QED

Remark. — The notations being as above, assume that
dimZ = 1. It follows immediately from the proof of Theorem 2.9
that if the nilradical N of H is not isomorphic to a Heisenberg
group with center Z, then there is a closed normal abelian sub-
group K of H lying in N such that K/Z is contained in the center
of N/Z and the H-orbit of 2| f is 2| £ + (f/5)*. Moreover there
is a linear subspace V of b dual to f/; with respect to B, such
that (x,§) > xexp§ is a diffeomorphism of Hy x V onto H.
Assume indeed Cent(N) =Z. Then H = NH,;, and the N-orbit
of RIF is R|t+ (£/3)*. In this case V may be chosen to be a
subspace of n complementingv nNh,. On the other hand if
Cent(N)# Z then dim f/3 =1 and Ad(H) reduces to the
identity on f/3; and 3 respectively. In this case b, is an ideal
of codimension 1 and V can be any one-dimensional subspace
complementing b, .
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COROLLARY 2.10. — Let G be a Lie group, H a closed normal
subgroup of G which is a H-group with center Z, and S a Lie
subgroup of G such that G=HS, HNS =Z. Assume that for
each x in S, the eigenvalues of Adx corresponding to eigen-
vectors in 3° have absolute values 1. Then G is unimodular if
and only if S is unimodular.

Proof. — 1t follows from Theorem 2.9 and Proposition 2.8 that:
|det Ad,(x)| =1 Vx€G.

Moreover the last assumption implies that G (resp. S) is unimodular
iff G/Z (resp. S/Z) is unimodular. Finally G/Z is plainly the semi
direct product of H/Z and S/Z. Hence the Corollary follows from
the standard results in the integration theory of Lie groups. QED

Example 2.11. — To see the necessity of the assumption that
H is unimodular in Theorem 2.9, let us take H = R* x R? with
multiplication:

(%, 21, 21) (X3,9,,2,) = (x;%,, 7'y, + y,,
(x;' =Dy, +z, +2z,).

Then H is a three-dimensional solvable Lie group with center
Z = {(1,0,z):z€R}. Note that H is not unimodular. In fact
the modular function of H is A(x,y,z)=x. Now let {¢,7,¢{}
be the canonical basis of § = R® so that {{} is a basis of 3 .
Let 2€5H* be such that 2(§) =2(n)=0 and 2(¢) =1. Then
we have R([§,n]) =Un +§) =1, ie. B, is non degenerate on
b/3. However H is not a H-group as indicated by Theorem 2.9.
Of course one may prove this directly by observing that the projec-
tion on t* of the H-orbit of 2 in h* consists of those linear
forms 2, on f such that £ () =1 and £,(n)= -1, where
f = Rn + R¢.

We turn now to the representation theory of H-groups. It
turns out that it is very much similar to that of nilpotent Lie groups
with discrete series in [15]. First note that thanks to Theorem 2.9
we may define the Pfaffian polynomial on 3;* exactly as in [15].
Let indeed P(f) denotes the Pfaffian of the two-form B, asso-
ciated to € b * with respect to some fixed volume element da
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on bh/z . More explicitely we have A"B, = P(®) dx, where n = %
dim /3 and A"B, is the n-th exterior power of B,. Now we may
prove as in [15] that P(R) depends only on the restriction of £ on
3 and hence P(R) may be viewed as a polynomial function on 3*.
The only facts needed are that H is unimodular and that the two
statements i) and ii) in Theorem 2.9 are equivalent. This being set
let R =R, C ;* be the complement of the nullset of P(2) in
3*. We have :

THEOREM 2.12. — Let H be a simply connected H-group with
center Z. For every % in @€, put X, =exp+/—18%. Then H
has a unique (up to a unitary equivalence) irreducible Xg-representation
T%. Moreover every Xgrepresentation of H is equivalent to a
multiple of T*. In particular indzyy X, =~ mult T* and hence T®
is square integrable mod Z .

Proof. — First note that by Proposition 1.2 of [1] (see also [10]),
if indz;y X, = mult T* then T*® is square integrable mod Z. Hence
it remains to prove the existence of an irreducible Xp-representation
of H for each €% such that every x -representation 7 is equi-
valent to a multiple of T%. Furthermore by using the central de-
composition of 7 we may assume that m is a factor. Let us proceed
by induction on dim H. As usual we suppose dimZ =1 and %
isnon zeroon j .

o) First assume that the nilradical N of H is isomorphic to
a Heisenberg group with center Z. Then it follows from the proof of
Theorem 2.9 case «) that H=NS, NNS=2Z where S is a
Heisenberg group with center Z. Consider the semi direct product
G=NE@ES. Let v:G— H be the canonical homomorphism
so that v(n,s) = ns. Let Tf and Tf be the unique members of
the discrete series of N and S respectively such that TfIZ = mult X,
and Tj|Z=>multx, (cf. [1]). Note that S is defined to be the set
of those elements of H leaving fixed an arbitrary but fixed exten-
sion 2, of £ to n, or equivalently the set of those elements
leaving invariant a subspace n of n complementing 3 . Thus the
function J, in [1] which is defined and continuous on Sp(u, B, )
has continuous square roots on S since S is simply connected. It
follows then from Lemma 3.1 of [1] that Tf may be extended to
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an irreducible representation of G denoted again by Tf. Moreover
mov(n,s)=Ti(n,s)® o(s) V(n,s)EG

where o is some factor representation of S such that ¢ |Z ~ mult x 20"
But then ¢ =~ mult T and hence

mov =~ mult TPo v (2.4)

where T® is the irreducible X, representation of H defined by the
irreducible representation Tf(n ,8)® Tf(s) of G by factoring out
ker v. The factorization is possible since:

Ti(z,z7H)® T,(z7) = T{(2) ® T5(z7!) = x,(2) x,(z™) Id = Id

ie. Tf(n, s) ® Tg(s) is trivial on ker v. Now w is equivalent to
a multiple of T* asindicated by (2.4).

B) Let us consider now the case in which N is not isomorphic
to a Heisenberg group with center Z. By the remark of Theorem 2.9
there is a closed connected normal abelian subgroup K of H lying
in N such that the H-orbit of an arbitrary extension £, of £ to
t is Q, + (t/3)*, ie the H-orbit of A\, =exp+/—18 in K
is N, (K/Z)". This implies in particular that the quasi orbit defined
by @|K is concentrated in this orbit. Therefore according to
Theorem 8.1 of [8], 7 is induced from a factor representation o
of the subgroup

H, = {x EH:\,(xkx™!) = \,(k) Vk€EK}
= {x €EH:2, 0 Ad,(x) = &,}.

Note that Hg/expker&, is a H-group as indicated by the proof
of Theorem 2.9. Therefore it follows from the induction hypothesis
that o is equivalent to a multiple of the unique irreducible repre-
sentation T°! of H, such that T*'|K=mult),. Finally this
representation together with the orbit A, (K/Z)" determine the unique
irreducible representation T® of H such that T%|Z =~ mult Xg -
More explicity T* = indyy 1y T*' . Hence

. R
7 = indy yy (mult T'!) = mult T*. QED
ProposITION 2.13. — Let H,Z, 2 be asabove. Put dim H/Z = 2p.

Assume that the Haar measure dh of H/Z is defined by a positive
invariant 2p-form w such that its value at the identity in H/Z, (w),
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is the volume element on b | ; used in the definition of P(R). Then
the formal degree of the irreducible representation T is given by
d(T%) = |P(®)].

Proof. — The notations being as in Theorem 2.12, let us assume
first that case a) in the proof of that Theorem holds so that

T v(n, s) = T{(n, s) ® T5(s).

By Theorem 4 of [15] the Haar measures dn and ds of N/Z
and S/Z respectively may be normalized so that

d(T}) = P,(Q)| i=1,2

where P,(2) and P,(2) are the Pfaffian polynomial functions on
3* defined by the structures of the Heisenberg groups N and S
respectively. Note that H/Z is the semi direct product of N/Z and
S/Z. This allows us to normalize dh so that dh = dnds. This
being done we have d(T%) =d(T})d(T;). Let a,f denote the
invariant forms on N/Z, S/Z defining the Haar measures dn, ds
respectively. Put dim N/Z = 2q, dim S/Z = 2r. We have p=q + r.
Let 2, be the extension of 2 to n so that £ (n) =0 as in the
proof of Theorem 2.12 case «). Let £, be an arbitrary extension
of £ to 8, and 2, the unique extension of £ to p so that it
coincides with £, and £, on n and % respectively. Since n
is clearly orthogonal to 3 with respect to B‘la we have

APBy, = (A"By)) A (A"By,)

ie. P(Q) (w), =P (D) Po(Q) (), A (B),
ie. P(2) = P,(2) P, (2).
Hence d(T®) = |P(D)].

Now assume that case B) in the proof of Theorem 2.12 holds
so that T' = indHomTQl. Hence it follows from Theorem 1.3 of
[1] that: _

d(T%) = d(T). (2.5)

Recall that the Haar measure dh, of H,/K is so normalized

that _
dh = dhydh dk (2.6)

where dk is a fixed Haar measure of K/Z and dh is the quasi
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invariant measure on Hy\H which is transported from the trans-
late d(A\;\) of the Haar measure d\ of (K/Z)". Here we have
normalized the Haar measure d\ in such a way that the Plancherel
formula on (K/Z), (K/Z)" holds for the pair of measures dk, d\.
Let w,, 6 be the invariant forms defining dh,, dk respectively.
Let V be the subspace appeared in the remark of Theorem 2.9.
Recall that V is dual to f/3 via By where ' is a fixed extension
of £ to bh. Let us normalize the Lebesgue measure d¢ of V
in such a way that the Plancherel formula on f/; , V holds for
the pair of measures (6),, d¢. This being set, we have according
to (2.6):

(w); = (wy), rdE A (), . 2.7)

On the other hand since h, is orthogonal to f with respect to
By we have

APBg = £ (ABg, ) ndE A (0), (2.8)

where dim H/Z = 2p, dim Hy/K = 2g. Now it follows from (2.7)
and (2.8) that
P(2) = * P(%,). (2.9)

Finally we have by the induction hypothesis that d (—'I—‘Ql) = |P(€)}
This together with (2.5) and (2.9) show that d(T%) = |P(2)].
QED

Remark. — The proof of Proposition 2.13 is somewhat more
complicated than that of Theorem 4 of [15] since we have to treat
separately case «). On the other hand it is shorter than the latter
because we do not have to use the Plancherel formula on K/Z which
has already been used in the proof of Theorem 1.3 of [1].

PROPOSITION 2.14. — The map ¢ : L+ T% is a bijection of
%@ onto the set of (equivalent classes of) square integrable mod Z
irreducible representations of H. Moreover this map is a homeo-
morphism from the natural topology of %R to the Fell topology
on representations.

Proof. — The proof is essentially the same as that of Theorem 2
of [15]. The only thing remaining to be checked is the fact that ¢
is surjective. Thus let 7 be a square integrable mod Z irreducible
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X-representation of H. Then by Theorem 3.4 which will be proved
in the next section independently of Proposition 2.14, H may be
written as H=H,S, H NS =Z, where H, is a H-group with
center Z, S is a reductive subgroup such that Cent(S)/Z is compact.
Moreover there exists an extension £, of 2 to §, such that the
H,-orbit of & in b is & + (h,/;)*. Since H is solvable, S
is in fact abelian. Thus S/Z is a simply connected compact abelian
Lie group and hence S/Z reduces to the identity, ie. H=H,.
Hence L€ QED

Remark. — In Theorem 2.12, Corollary 2.13 and Proposition 2.14
we have supposed that H is simply connected. In the case H is not
simply connected, then Z is identified via the map & — exp /—1 ¢
with an additive subgroup of ;* of the foorm V xL, where V is
a vector subgroup of 3;* and L is a discrete finitely generated free
abelian subgroup of 3* such that dim ;* =dimV + rank L. It
is easy to see that the polynomial function P({) is not identically
zero on V x L. Hence the intersection of € =€, with VxL
is a non empty open set. Therefore the above results still hold for
a non simply connected H-group H, where the set 2 is to be
replaced by the intersection of itself with V x L.

3. The general case.

In this section we will consider the case of a general connected
unimodular Lie group. First of all, for technical reasons, we have
to consider non connected groups:

ProrosITION 3.1. — Let G be a unimodular Lie group with
radical R. Assume that G is contained as a closed normal subgroup
in a connected Lie group F such that: (i) F/G® is abelian, (ii) G
contains a closed connected normal nilpotent subgroup N of F
such that F/N is a reductive Lie group, (iii) F/Rad F has finite
center.

Let Z be a closed central subgroup of F lying in G such
that ZNN =1Z° and N/Z° is simply connected. Finally let X
be a characterof Z. Put £ =— /=1d¥x.
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Under these conditions, if G has a square integrable mod Z
irreducible x-representation w, then there exist a closed connected
normal subgroup H of F such that NCHCR, and a linear
form R, on Y extending 2 such that the H-orbit of &, in H*
is & +(b/3)*. In particular H is a H-group with center Z°.

Proof. — We will proceed by induction on dim G. First of
all by restricting F a little we may assume that F/G° is generated
by the one-parameter subgroups passing by the elements of G/G°.
This being done F is clearly unimodular. On the other hand, by
replacing Z by some subgroup of finite index if necessary we may
assume that Z is the direct product of Z° and a discrete finitely
generated free abelian group D C Rad F. As usual we suppose that
dimZ <1, and £#0 if ; #0.

~ «) Assume that Cent(N) = Z°. If N is isomorphic to some
Heisenberg group we may take H = N. Otherwise let K, be a
closed connected normal subgroup of F such that K,/Z° is the
center of N/Z°. In virtue of Proposition 2.3 of [1] the center K
of K, contains Z° strictly. Of course K is a closed connected
normal abelian subgroup of F. Note that K,D and hence KD
are closed subgroups of G since they are inverse images via the
canonical projection G — G/D of closed subgroups of ND/D =~ N
which are defined in a similar manner. Note also that the expo-
nential map is a diffeomorphism of f/; onto K/Z° since the
latter is a simply connected abelian group. Now we may prove exactly
as in Proposition 4.2 of [1] that the N-orbit of an arbitrary ex-
tension € of % to t is of the form £ + (£/3)*, ie. the N-orbit
and hence the G-orbit of X in (KD)" is X(KD/Z°D)" where X
is the unique character of KD extending x such that dx = /=1 &.
Thus 7 is induced from a square integrable mod KD irreducible
X-representation o of the subgroup G, = G N F; where

F, = {x EF: X(xkx"') = x(k), Vk€KD}
= {x €F:Ro Ad,(x) = £} .
As before the subgroups Fy, N, =NNF, are connected,
and we have RadF, = (Rad F)NF,, G) =G°NF, since the
orbit € + (f/;)* is simply connected. In particular FO/Gg is
isomorphic to a subgroup of F/G® and is thus abelian. On the
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other hand one may choose ? so that it vanishes on the subspace
of f complementing 3 and left invariant by a fixed maximal connect-
ed semisimple subgroup S of F. This implies that F, contains
S, and hence F /N, is reductive since F,/N, ~F,N/NCF/N.
Moreover since F/Rad F is semisimple, F,/Rad F, is actually
isomorphic to F/Rad F. In particular F,/Rad F, also has finite
center. Finally KD/exp ker £ = (K/exp ker 2) D clearly satisfies
the requirements of the subgroup Z. Hence it follows from the
induction hypothesis that there exist a closed connected normal
subgroup H; of F; such that Ny CH, CRadG,, and a linear
form % on b, extending £ such that the H,-orbit of €, in
b¥ is €, + (b,/t)*. Now as in the proof of Theorem 2.12 case
B) there is an extension ¢, of ¢, to h =n+b, such that
the H-orbit of &, in b* is &, + (/3)* where H = NH, .

B) Now assume that the center of N contains Z° strictly.
Let us choose a closed connected normal subgroup K of F lying
in the center of N such that the adjoint representation of F
induces an irreducible representation p of F in f/;. Note as
above that KD is closed and the exponential map is a diffeomorphism
of f/3 onto K/Z°. Thus Theorem 1.1 together with Theorem 1.3
of [1] imply that the quasi orbit defined by w|KD is concentrated
in an orbit which is open in X(KD/Z°D)" where X is some extension
of x to KD, ie the G-orbit of € =—/=1dX in t* isan
open subset of 2+ (£/3)*. Moreover 7 is induced from a square
integrable mod KD irreducible X-representation o of the subgroup
G, = GNF, where

F, = {x EF: x(xkx™!) =%(k), VKEKD} _ _
= {xEF:Xo Ad, (x) =L }.

Suppose that p is non trivial. Since p may be viewed as a
representation of the reductive group F/N, it follows from Lemma 1.3
that there is £, in (f/3)* such that QoAd p (x) — 2= p(x) 2 — %,
Vx €F, where p is the representation of F in (f/3)* contra-
gredient to p. Let F be the smal]gst real algebraic subgroup of
GL((f/3)*) containing 4(F) and F, = {Xx €F:X¢, = ¢}. Then
Fo and hence p(F,) has finitely many connected components.
Moreover the projection ?0 of F, in F/Rad F has finitely many
connected components and ?g /Rad Fo has finite center. Therefore
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F, =(Rad F) F, has finitely many connected components and
F‘;/Rad F‘l) has finite center. Now f_o may be viewed as a sub-
algebra of a fixed maximal semisimple subalgebra & of i which may
be chosen to be in g so that dp induces an isomorphism of some
nilpotent ideal n, of i, such thati,/n, is reductive onto the Lie
algebra u, of the unipotent radical U, of Fo. In fact n; may be
chosen to be in g, N 8 since u, is clearly contained in the maximal
semisimple subalgebra dp(8) of dg(i). Thereforeif N, denotes the
analytic subgroup of Gg corresponding to n, then (Rad F)N, isa
closed normal subgroup of F‘;. Moreover ker YN, = 0 since the
covering N, —> U, is trivial, for U, issimply connected. In fact, we
have (Rad F) NN, = 0 since ker g NN, is easily seen to be of finite
index in (Rad F)N N, . In particular we have NDNN, =0 and
hence NN, "D =0. Now NN,/N is a direct factor of the connect-
ed Lie group (Rad F)N,/N and hence a topological direct factor.
Thus NN,/N is closed in (Rad F)N,/N, ie. NN, isa closed normal
subgroup of Gg. Note that [i,,{,]Cn + [f,,f,1Ca Niy=4,.
Hence F9/GJ is abelian. Moreover

fol(n+mn)=(Radi) +io/(n+n,)=(Radi) +i,/(n+n,).

Therefore i,/(n + n,) is the direct product of the abelian central
ideal (Radf)+ n,/(n+ n;)=~ (Radf)/n and the reductive sub-
algebra (f—o +n)/(n+ n))=~ ?O/nl . Hence f,/(n+ n)) is reductive.
Note finally that the restriction of o to G, N F) splits into at most
finitely many irreducible components. Thus we are in a situation
to apply the induction hypothesis and get a closed connected normal
subgroup H; of G, ﬂF containing NN, , and a linear form
R, of b, extending Q such that the H,-orbit of £, in by is
E; + (5,/8)*. In particular ?2—1 may be chosen to vanish on
(b, NT)+ (b, Ns) where t is a 8 -invariant subspace of r com-
plementing f . But then Q oAdh (§) =0 for all ‘g’ in n,, ie.
n, Cft. Thus n, =0 and hence u, =dp(n,) =0, ie. Fo is
reductlve This implies that F/F is a real affine algebraic variety.
Therefore, according to Lemma 1 of [2], the center of F has a non
trivial connected R-split subgroup. In particular there is x in
Rad F such that p(x) = cId with ¢c€ R\{1,—1}. Thus it follows
from Proposition 2.8 that |det Adh (x)I # 1, ie. |det Ad ,4:(x)|# 1
(note that Rad F/H is abelian). ThlS however contradicts the fact
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that F is unimodular. Thus p is trivial. Then it is easily seen that
the R-orbit of 2 in f* is & + (t/3)*, and that there exists a
closed one-parameter subgroup T of R such that R is the semi
direct product of RNF, and T. Put H=H, T, and let 2, be
an arbitrary extension of €, to . Then as in the proof of Theorem
2.9 case 7v), we see that the H-orbit of €, in b* is ¢ + (0/;)*.

QED

COROLLARY 3.2, — If N does not reduce to the identity then
neither does Z°.

Now let us apply the above Proposition for a connected non
semisimple Lie group G. It is clear that the nilradical N and the
center Z of G satisfy the conditions of Proposition 3.1 if we
take F = G. Hence there exist a closed connected normal sub-
group H such that NCHCR, and a linear form £, on §
extending & such that the H-orbit of £, in §* is £ + (§/3)*.
Put S={x€G:Q oAd (x) =%,}. Then G=HS, HNS =2Z°
according to Lemma 2.2. Note that by Corollary 3.2, Z° does not
reduce to the identity since G is not semisimple. As usual we
assume that dimZ =1 and 2 is non zero on ;. Let_ﬁ = ker &, .
Then S may be characterized as S = {x EG:Ad(x) § C h}.

Thus BQI is a non degenerate symplectic form on ' and
AdF(S) may be viewed as a subgroup of Sp(I),Bgl) SO tllat the
function J, in [1] is defined and continuous on S. Let v:S — S
be the at most two sheeted covering of S on which J, has con-
tinuous square roots. Let us denote again by » the covering
v:H @§——> H ® S. Note finally that = lifts to a square integrable
mod Z° ®Z irreducible representation of H® S and hence to a
square integrable mod Z° ®»~'(Z) irreducible representation T
of H@g. We have:

LEMMA 3.3. — The member T* of the discrete series of H
extends to an irreducible representation of H® S denoted again
by T%. Moreover T may be written in the form

F(h,5)=Th,5)®c(F) Y(h,5)EHES (3.1)

where o is a square integrable mod v~'(Z) irreducible X-represen-
tation of S, ')2'=xo viv™W(Z). In particular the discrete series
of S exist.
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Proof. — The proof is just a copy of Theorem 4.5 of [1]. The
only extra case to be considered is when N is isomorphic to a
Heisenberg group with center Z°. In this case, according to the
proof of Theorem 2.9, H_may be written as H= NH,, NN H, =Z°,
and the representation T® obtained from T? by composing the
latter with the canonical homomorphism N@®H,— NH, = H
is determined by a relation similar to (3.1) in which T® is replaced
by the member T‘f of the discrete series of N, and ¢ by the
member T, of the discrete series of H; which is also a Heisenberg
group with center Z°. Let J, and J;' be defined by the structures
of the Heisenberg groups N and H, respectively in the same manner
as J,. Then J, =1J,J) on S. Let #:§—> S be the at most two
sheeted covering of S such that J, and hence J¢ have continuous
square roots on S. Then T‘lz and Tg extend to irreducible repre-
sentations of (N®H,) ©§= N® H, @é) and H, @é respec-
tively. Let us denote these representations again by T? and T
respectively. Put

TS(n, hy,§) = Ti(n, hy, §) ® Tj(hy, §) ]
V(n,h,HENOH)®S.

If (§) =1 we have

T5(1,1,3) = T{(1,1,5) ® T5(1,35)
= Jgovedn)2(8) Jyeven)(s).1d
=Jgov) o p(3).1d=1d
and
Tiz,z7, 1) = Tz, z7, D ® Ti(z™, 1) = Tz,z7 ') = Id,
vzEZ° .,
Therefore T§ deQnes, by passing to quotient, an irreducible
representation of H® S extending T®. Let us denote this repre-
sentation again by T®. On the other hand 7 lifts to an irreducible

representation 7, of (N® Hl)@)é. Hence by Lemma 3.1 of
[1], m; may be written as

m(n, hy, 3 =Ti(n, h;,§)®m,(h;, 3, v
V(n,h ,5)EN@H)®S @(3.2)

where m, is an irreducible representation of H, ® S such that
m,|Z°® 1 >~ mult x® 1. Thus m, may be written as
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Ty (hy, ) =T (h,$)®6GF), Y(h,HEH, ®S (3.3)

where & is an irreducible representation of S such that
Gl(ro?) Y (Z)=mult X, X =xovod|(ved) I(Z).

From (3.2) and (3.3) we get

m(n, hy,§)=TiHn, h,,5® Ti(h,,$® 5(3)
=Ti(n,h,35)®6(3) V(n,h,EN®H)®S.

Since both 7, and T? are trivial on ker ¥ so is &, and hence
o gefines by passing to quotient an irreducible representation o
of S. Moreover

T(h,3)=Th,5)®c(F) V(h,3)EHES.

From this and the fact that 7 is square integrable mod Z° @ v~1(Z)
it follows that ¢ is square integrable mod v=1(Z).
QED
Let the notations be as above so that G =HS,HNS = Z°.
By Lemma 3.3 there is an at most two sheeted covering v:S—§
such that § has a square integrable mod v~1(Z) irreducible repre-
sentation. In particular Cent(g)/v"(Z)ﬂCent(g) is compact, and
hence so is Cent(S)/Z. Now it is easily seen that v~1(Z)N Cent(g)
has finite index in »~!'(Z). Therefore the discrete series of S exist.
Suppose that S is not reductive. Then Rad S and thus Rad S are
two-step n11potent Lie groups. Therefore it follows from Proposition
3.1 that Rad S is a Heisenberg group with center Zl , and hence
Rad S is a Heisenberg group with center Z, = V(Z ). Let S, be
a maximal connected semisimple subgroup of S, and V a S§;-
invariant subspace of Rad $ complementing 3,. Then §, =3+ V
is plainly an ideal of & which is a Heisenberg algebra with center 3.
Let H, be the analytic subgroup of S corresponding to b, . Then
it is obvious that Rad S/Z° is the direct product of H,/Z° and
Z,/Zo. Therefore HH, is a closed normal subgroup of G. Moreover
we have QG@HHI by Lemma 2.4. Hence by replacing H by HH,
and S by Z,S, if necessary we may assume that S is reductive.
We have thus proved:

THEOREM 3.4. — Let G be a connected unimodular Lie group
with center Z. Assume that G/Rad G has finite center. Let X be
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a character of Z. Put R =—/—1dx€ 3*. If G has a square
integrable mod Z irreducible x-representation, then G may be
written as G =HS, HNS=72Z° where H is a closed normal
subgroup of G which isa H-group with center Z° such that L € Ry,
and S is a connected reductive subgroup such that Cent(S)/Z
is compact and that S has an at most two sheeted covering with
discrete series.

CoOROLLARY 3.5. — Let G be the semi direct product of a
simply connected solvable unimodular Lie group R and a connected
semisimple Lie group S with finite center. Let Z be the center
of G so that ZNR is the direct product of Z° and a discrete
finitely generated free abelian group D. If the discrete series of
G exist then:

1) S has an at most two sheeted covering with discrete series
in the ordinary sense. In particular S has a compact Cartan subgroup.

ii) R is the semi direct product of a H-group H with center
Z° and a vector group T containing D such that T/D is compact.

More precisely, let m be a square integrable mod Z irreducible
x-representation of G where XE€Z. Then 2= —\/-Tdx€%,.

Proof. — By Theorem 3.4 G may be written as G = HS,,
HNS, = Z°, where H is a H-group with prescribed properties
and S, is a reductive subgroup having at most two sheeted cover-
ing with discrete series such that Cent(S,)/Z is compact. Moreover
by replacing S, by some conjugate we may assume that it contains
S. Let T be the connected subgroup of Cent(S,) generated by
the one-parameter subgroups passing by the elements of D. Then
S, s clearly the direct product of Z°, T and S. Moreover T/D
is compact since dim T =rk D. Finally S has an at most two
sheeted covering with discrete series since S, does. Note that S
also has a finite covering which is acceptable in the sense of [7].
Hence S has a compact Cartan subgroup (cf. [6]). QED

For the converse of Theorem 3.4 and Corollary 3.5 we have:

THEOREM 3.6. — Let G be the semi direct product of a H-
group H with center Z and a connected Lie group S. Assume
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that Y has a S-invariant subspace i) complementing 3 so that
the center of G may be written as the direct product of Z and
a subgroup D lying in the center of S. Then G has an at most
two sheeted covering v : G= H@S — G such that every member
T of the dzscrete series of H can be extended to an irreducible repre-
sentation of G denoted again by T*. Moreover let X € (Zv~'(D))
be such that dx|3 = /—1R%. Then every x-representation of G
may be written as

7(h,3)=T%h,5)®0(5) VY(h,3)EGC (3.4)
where o isa X, -representation of §, X, = x|v (D).

Finally w is square integrable mod Zv—(D) if and only if
o is square integrable mod v~1(D).

Proof — First note that it follows immediately from the defi-
nition of H-groups that ZS is precisely the set of those elements
of G leaving E invariant. Therefore the center of G is equal to
ZD as claimed. Now as in the proof of Lemma 3.3, the existence
of the subspace p allows one to define the continuous function
Jo on S. Then the covering » is chosen so that J, o » has con-
tinuous square roots on 'S. The rest of the proof is carried out
exactly as in Lemma 3.3 and Theorem 4.5 of [1]. QED

Remark. — 1) If the discrete series of G exist then S has
square integrable mod »~!(D) irreducible representations. Therefore
by Theorem 3.4 S may be written as S = H,S,, where H, isa H-
group with center D® and S, is reductive. Now HH, = (HD®) (ZH,)
is a H-group with center ZD° by Lemma 2.4. Moreover ZS, is
reductive, and hence G satisfies the statements of Theorem 3.4
as expected.

2) Suppose that S is reductive and Cent(S)/D is compact.
Then Ad,(S) is a connected reductive Lie group with compact
center and hence the subspace B always exists. Furthermore if D
is discrete then Theorem 3.6 may be viewed as a converse of Corollary
3.5. The members of the discrete series of G are described explicitly
by (3.4).

3) Assume again that S is reductive and Cent(S)/D is compact.
Assume now that there is a (topological) isomorphism ¢ from Z
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onto a closed subgroup of D, and that S has a square integrable
mod D irreducible x,-representation @, where x, €D is such
that & =—/=Td(x,°o9)ERy. Let T* be the irreducible re-
presentation of H@® S extending the member of the discrete
serigg of H corresponding to . Let o be the pull back of o
to S. Then (3.4) gives a square integrable mod Z v~ (D) irre-
ducible representation of H@® S which is trivial on

{(z,,2,)€EZ ® Z:9(z,) = v(z,)}

where Z = (»'¢(Z))°. Hence by passing to quotient we obtain
the following converse of Theorem 3.3:

COROLLARY 3.7. — Let G be a connected Lie group with center
Z. Suppose that G =HS, HNS =2Z° where H is a H-group
with center Z° and S is a connected reductive subgroup containing
Z such that Cent(S)/Z is compact. Finally assume that S has a
square integrable mod Z irreducible x-representation where X € Z
is such that — \/—1dX€ERy. Then G hasan at most two sheeted
covering with discrete series.

Now combining Corollary 3.5 and the remark 2) above of
Theorem 3.6 we have the following ‘‘algebraic’’ characterization
of unimodular Lie groups with discrete series:

THEOREM 3.8. — Let G be a connected unimodular Lie group
with center Z. Assume that the radical of G is simply connected
and that G has a maximal connected semisimple subgroup with
finite center. Then G has a finite covering with discrete series if
and only if it may be written as the semi direct product of a H-
group with center Z° and a connected reductive subgroup which
is itself the direct product of a vector group T such that T/TNZ
is compact and a connected semisimple subgroup with compact
Cartan subgroup.

Remark. — 1) The connected Lie groups with discrete series
in which the conclusion of Theorem 3.8 does not hold are necessarily
non unimodular. The “ax + b group, and more generally the
group given in the example of [2] are such.

2) In view of [16], every almost connected locally compact
unimodular group with discrete series is an extension of a connected
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unimodular Lie group with discrete series by a compact group.
However there is no satisfactory characterization of such groups
at the present moment.

4. On a conjecture of Wolf and Moore.

In this section we give another characterization of connected
unimodular Lie groups with discrete series which, in the case of
simply connected solvable Lie groups, solves the conjecture stated
in [15].

THEOREM 4.1. — Let G be the semidirect product of a simply
connected unimodular solvable Lie group R and a connected semi-
simple Lie group with finite center. Let Z be the center of G, and
X a character of Z. If G has a square integrable mod Z irreducible
x-representatzon then there exists a linear form L on g extend-
ing — /=1 dx such that

(4.1) Gy/Z is compact, where G, is the centralizer of £ in G.

Conversely, let 2 be a linear form on ¢ satisfying (4.1).
Then G has a finite coverzng G with discrete series. In fact members
of the discrete series of G may be chosen so that their restrictions
to Z° are equivalent to multiples of the character exp(/—1 2] ;)
of Z°.

Proof. — First assume that G has a square integrable mod Z
irreducible x-representation. Then, according to Corollary 3.5, G
may be written in the foom G=H@® (TxS) where H is a H-
group with center Z° such that —\/—Tdx€%®%,, T is a vector
group such that T/TNZ 1is compact and S is a connected semi-
simple Lie group with compact Cartan subgroup. Note that T and
S have been chosen so that £ o Ad,(x)=2%,, VxE€TxS, where
2, is a fixed extension of —y/=Tdx to § . Let & be a regular
element of 8 such that its centralizer C in S is a compact Cartan
subgroup. Let £ be any extension of £, to g such that £[8 is
defined by § via the Killing form of 8 . Then it is clear that
G, = Z°TC and hence G¢/Z is compact.
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Conversely suppose that there is some £ in g¢* satisfying
(4.1). Then by an argument similar to that in the proofs of Pro-
position 3.1 and Theorem 3.3 which is omitted here, one finds
that G=HS, HNS =2°, where H is a H-group such that the
H-orbit of & = H in bH* is 2 + (h/3)* and S is a connect-
ed reductive subgroup such that & o Ad (x)=¢,,Vx€ES. In
particular S, = G,, where £ = 2|5 and S, is the centralizer
of 2, in S. It follows that Cent(S)/Z is compact. Hence S
may be written as S =Z°xT xS’ where T is a vector group
such that T/TNZ is compact and S’ is a connected semisimple
Lie group with finite center. Let £, =!22|'s'; then we have
Sg, =Z°xTxS,,, where Sy is the centralizer of ¢ in S'.
In particular S,’23 is compact. Let £€5' be such that £, is
defined by § via the Killing form of s'. If § is not semisimple
then S,'23 contains unipotent elements so that it cannot be compact.
Hence § must be semisimple. In particular S,’2 contains a Cartan
subgroup of S’ which is of course compact. Therefore G has a
finite covering G with discrete series according to Theorem 3.8.
In fact members of the discrete series of G with prescribed pro-
perties may be chosen as indicated by (3.4). QED

In the case when G is a simply connected solvable Lie group
G = G, and we have the following more precise statement.

COROLLARY 4.2. — Let G be a simply connected unimodular
solvable Lie group with center Z. Let xEZ. Then G has a
square integrable mod Z irreducible x-representation if and only
if there is an extension 8 of — +/—1dx to g such that

(4.2) Gy/Z is compact.

Moreover if it is the case then every extension of — +/—1dx to
g will satisfy (4.2).

Proof. — It remains to prove the last assertion. Thus assume
that — /—1dx has an extension % satisfying (4.2). Then as in
the proof of Theorem 4.1, G may be written as G=HQ@®T,
where H is a H-group with center Z° such that 2]; €, and
T is a vector group such that T/TNZ is compact. Let 2, be
any extension of — \/TT dx to g . Then £, belongs to the same
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orbit as ¢, Eg* such that £,(§) =0, where § is a fixed T-
invariant subspace of 0§ complementing 3 . Note that such a sub-
space exists since Ad (T) is compact. Now it is plain that ng =Z°T
and hence GQZ/Z is compact. Therefore Ggl/Z is also compact
since G,zl is conjugate to ng. QED

Let G=HET be as above. Then, according to Theorem
3.5, every irreducible x-representation of G may be written in the

form
w(h, ) =N T%h,t) VHEH, V€T (4.3)

where £ = — /=1 dx and T? is a fixed extension of the member
of the discrete series of H corresponding to £ and A is a character
of T. Moreover these representations are all square integrable mod Z
and they constitute all possible extensions of that member of the
discrete series of H to G. Thus we have:

COROLLARY 4.3. — Let G=HQ®T be as above. Then for each
QER, the irreducible representations of G whose restrictions
to Z° are equivalent to multiples of exp /— 1% belong to the
discrete series of G. Moreover they are precisely the extensions
of the member T of the discrete seriesof H to G.

Thanks to Corollary 4.3, we can now state the following
Theorem which gives the solution to the conjecture of Wolf and
Moore stated in [15]:

THEOREM 4.4. — Let G be a simply connected unimodular
solvable Lie group with center Z. Then the members of the dis-
crete series of G if they exist are precisely the Auslander-Kostant’s
“induced” representations associated to the integral orbits O, such
that Gy/Z is compact.

Proof. — It follows from Corollary 4.2 that the existence of
the discrete series of G is equivalent to the existence of £ in g*
such that Gy/Z is compact. Moreover if it is the case then G,
is connected and hence the corresponding orbit is integral. Therefore
the Theorem is trivial if the above equivalent conditions do not hold.
Now assume that the discrete series of G exist so that G may be
written as G = H@® T as in Corollary 4.3. Let H be a T-invariant
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subspace of § complementing 3 . Then every 2€ g* such that
2]3 €%y is conjugate to an &, € ¢* such that Ql(_b-) =0. On
the other hand let &,,%,€g¢* be such that ¢33 =%,l3 and
that €,(h) = 2,(5) = 0. Assume that £, =@ o Adx for some
x€G. Then Ad(x) H CH and hence x € Z°T. Moreover £, = &,
on t since T is abelian. Therefore £, = £,. Thus we have proved
that the set $={R€g* 2|; €ER, and 2(h) =0} is a cross
section of the set of integral orbits ©, such that G,/Z is compact.

For each £, €S, let my be the character of G, = Z°T ‘such
that dng = /=T lg, . Let p be a positive strongly admissible
polarization at %,, and w, = ind(ngl,p) be the ‘“induced” re-
presentation constructed by Auslander and Kostant in [4]. Note
that =, is irreducible since 2, is integral. Let A be a character
of T and let us extend it to a character of G by letting A(H) = {1}.
Put 8 =—4/=Td\ and &, = &, + 2. Then it is clear that £, €S.
In particular ng =272°T = Gy - and hence p is also a polarization
at &,. Let m, = ind(n%,p) be the corresponding irreducible re-
presentation of G. Let X, . and Xe, be the characters of the
group D introduced in [4] so that their restrictions to Z°T are
e, and Mo, respectively. Then =, and m, are subrepresentations
of the ordinary induced representations indpg Xe, and indpygX,,
respectively. Now it is clear that ¢ M Ay sets up a unitary equi-
valence between the representations A indpyg Xe, and indp,g Xe, -
Moreover it follows immediately from the definition of =, and
m, that this map carries the subspace of the representation space
of NindpygX,, corresponding to m, onto that corresponding

to m,. Hence we have
T, =Am,. (4.9)

Finally since Z"CGQl CD we see that the restriction of
indpsg X, to Z° and hence the restriction of m, to Z° is equi-
valent to a multiple of exp \/——f(Qllg). In particular m, is a
member of the discrete series of G. This together with (4.4) and
(4.3) show that the family of all representations m, associated
to 2, €S8 is precisely the discrete series of G. QED

Remark. — In view of (4.3) and the description of the discrete
series of H in section 2, our result is more precise than Theorem 3.5
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of [10], at least for the unimodular case. Moreover in this case
Theorem 4.4 contains that Theorem strictly since our groups are
not necessary of type I (cf. example 2.5). Note also that in [17]
J.Y. Charbonnel obtained a similar result even for non unimodular
solvable groups. There is however a supplementary assumption,
namely the regular representation is of type I.
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