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FRACTIONAL CARTESIAN PRODUCTS OF SETS
by Ron C. BLEI (*)

N-fold sums of «independent » sets serve in harmonic analysis as
prototypical examples of 2N/(N + 1)-Sidon sets, and A(q) sets whose A(q)
constants’ growth is @ (gN?). Moreover, these features are exact : N-fold sums
of independent sets are not 2N/(N + 1) — g)-Sidon and to not have A(q)
constants’ growth asymptotic to g™2-¢), for any € > 0 (see [4], [6] and [2]).
In this paper, given any number p €(1, 2), we display a set that is p-Sidon but
not (p — ¢€)-Sidon for any € > 0. The same pool of examples contains, for any
number a € [1/2, o0), a set whose A(g) constants’ growth is ¢(g®) but not
0(q°™®) for any € > 0. This answers questions raised in [4] and [6], and a
question that is implicit in [2]. The type of sets displayed here exhibits
« combinatorial » and « analytic » properties that one would expect « fractio-
nal » cartesian products (sums) of sets to possess, and hence the title of the
paper. This class of sets naturally arises in the study of multidimensional
extensions of Grothendieck’s inequality ([1]); it is that study that led to the
present work.

1. Definitions and main results.

We employ basic notation and facts of commutative harmonic analysis as
presented and followed in [10]. I' will be a countable discrete abelian group
and G =TI will denote its compact dual group. Throughout, group
operations in I' and G will be designated by multiplicative notation.

We now define the type of sets that is the object of the present study. Let
J = K > 0 be arbitrary integers, and

F={1,..,1.

(*) Author was supported partially by NSF grant MCS 76-07135, and enjoyed
also the hospitality and financial support of the Department of Mathematics at
Uppsala University, and the Institut Mittag-Leffler.
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For the sake of typographical convenience here and throughout the paper we
J
let N = ( > Let
K
{sl, LEEIEEY SN}

be the collection of all K-subsets of # (sets containing K elements of #),where
each S, c & is enumerated as

S, =@y, ..., ).

Let {P,, ..., Py} be the collection of projections from (Z*) into (Z*)¥
defined as follows : For 1 < a < N,andj = (j, ...,j) € (Z")

Po() = Gy - - -+ Jay)-
Next, let F = T and

F = {'Yi}ie(z*)l(
be a K-fold enumeration of F. Finally, define
(1.1) Fix = {(r0pr ""YPNU))};‘:(Z*P c FNcIN,

Throughout this paper, a set that is subscripted by J, K will denote the set
defined by (1.1), for some fixed K-fold enumeration of F.

DEFINITION 1.1. — Let M > Obe afixed integer. F = {y;}32, < I'is M-
independent if for any L, L' > 0 the relation

L
[lvj =
j=1

wherethe \; ’sand v; ’s areintegersin [ — M,M], impliesthat L = L’ and
Aj=v; for j=1,...,L. If Fis M-independent for every M, then F is said
to be independent. 1-independent sets are referred to as dissociate sets.

U

v
[Ivy,
j=1

j=

DEeFINITION 1.2 (1.6.2 and 1.6.3in [9]). — Let F = {y;}52, c I',seZ"

and vy € I'. Writing (formally) the Fourier series h ~ ( yJ-)S, we define
=1

r(F,7) = h(y).

Equivalently, r,(F, y) is the number of ways to write v in the form of

J

(1.2) Y=Y - Yi>

where v;, ..., v, are (not necessarily distinct) s elements in F, and where
different permutations on the right hand side of (1.2) are counted as different
representations.
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For example, it is easy to see that if F < I' is independent then, for all
s > 0, the J-fold cartesian product of F satisfies
(1.3) supryFy,y) = (s ), for all seZ*.
‘151"J
The following is an extension to (1.3) and is evidence that F; could be viewed
as a J/K-fold cartesian product of F.

THEOREM 1.3. — Let F < I be an independent set. For allJ > K > 0

and s > 0,
(&) -
(1.4) 16 sUKis < sup ro(Fy g, v) < s0/Ks,
yerN

We now list the «analytic » results that are based on the above
«fractional cartesian products». For F < I', Cg(G) and L{G),
1 <p< oo, wil be the spaces of functions in C(G) and LP(G),
respectively, whose spectraliein F. Recall thatfor 2 < g < oo F isa A(q)
set if there is A > 0 so that for all fe L(G)

(1.5) Allfllz 2 IS,

The « smallest » A for which (1.5) holds is the A(g) constant of F and is
denoted by A(g,F). Of particular interest are sets F < I' for which A(g,F)
is 0(q°) for some a-> 1/2. In fact, this growth condition can be neatly
understood as follows: A(g,F) is 0(q* if and only if every
f €L (G) also satisfies

j exp (Mf1M*) < o, for all A>0
G
(see Remarque on p. 350 of [2]).

DeFINITION 14. — Let Be[l,00). F< T isa AP set if A(gF) is
0(q*?). F issaidtobeexactly A® when F is A® ifand onlyif a € [B,00). F
is said to be exactly non-A® when F is A® if and only if a e (B,0).

DeriNiTION 1.5. — Let pe[1,2). F < I isap-Sidonset ifthereis D > 0
so that for all fe Cg(G)

(1.8) Diifll. = I,

The « smallest » D for which (1.8) holds is the p-Sidon constant of F and is
denoted by D(p,F). F is exactly p-Sidon when F is r-Sidon if and only if
re[p,2). F isexactly non-p-Sidon when F isr-Sidonifand onlyif r € (p,2).
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J-fold cartesian products of dissociate sets are the classical examples of
sets that are exactly A’. These and other similar constructions of sets which
are exactly A’ are studied extensively in [2]. The same J-fold products are
also the simplest examples of sets which are exactly 2J/(J +1)-Sidon ([7],
[4] and [6]). The gaps left open between the J and (J+1)-fold products of
dissociate sets are filled by the « fractional cartesian products » that were
defined at the outset.

THEOREM 1.6. — Let F < I' be an independent set.

a) F,x < I'N isexactly A'*. Moreover, thereis m; > 0 so that for all
q>2

(1.9) T]J,KqJ/ZK < A(q,FJ‘K) < g%,
b) F, is exactly 2J/(K+ J)- Sidon. Moreover,

2]
(1.10) D{———,F, ) < 2%,

(K+1J)
( ()
Recall that N = .
K

Constructions analogous to (1.1) can be carried out within I" by replacing
the cartesian product operation with the group operation in I". Given (an
infinite set) F < I', let £ be a N-partition of F :

#={F,,....,Fy

(thatis, F,, ...,Fy < I' are mutually disjoint sets whose unionis F), where
each F, is infinite. For each 1 < « < N, endow F, with a K-fold
enumeration

Fu = {’YEG)},‘G(Z\v)K.
Define

(1.11) F3* = (W) - YW}jeey ST

In this work, a set that is superscripted by J, K and subscripted by £ will be
the set defined in (1.11), where each member of Z is understood to have a K-
fold enumeration. When £ is fixed and understood from the context, we
write F’K for F;*. Observe that, for F = I, letting

F,=(,... ,Fl..)cIN
T

a-th coordinate
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and
_ N
F=UF,
a=1
we have
Fix=F“crm™
where

CoroLLARY 1.7. — Let F < I'' be a dissociate set and P be any N-
partition of F.

a) FJ) = T is exactly AYX. Moreover, there are constants Ty,
Cix > 0 so that for all g > 2

(1.12) g < A(gFX) < § kg
b) F'X is exactly 2J/(K +1J)-Sidon.

¢) Suppose that T" contains element with arbitrarily large order. Then, for
every Be[1,00) thereare F,, F, = T sothat F, isexactly A® and F, is
exactly non-AP.

d) Let T be any discrete abelian group. Then, for every p € [1,2) there are
F,,F, « T sothat F, isexactly p-Sidon and F, is exactly non-p-Sidon.

The organization of the paper is as follows. In section 2, we prove the right
hand inequality of (1.4) in Theorem 1.3. In section 3, fitted for F'K,
appropriate Riesz products are developed for use in later sections. The AP
property is treated in section 4 where Theorem 1.6 (@) and Corollary 1.7 (a), (c)
are proved. The left hand inequality of (1.9) in Theorem 1.6 is then used to
establish the left hand inequality of (1.4) in Theorem 1.3. p-Sidonicity is
treated in section 5, where the remaining parts of Theorem 1.6 and Corollary
1.7 are proved. We conclude in section 6 with some problems.

2. A combinatorial property of F, .

Let F <« I' be an independent set. We prove here the right hand
inequality of (1.4) : For all seZ* and yeI™

2.1) r(Fyx.y) < s9%8.



84 RON C. BLEI

We shall use an extension of Holder’s inequality which, to facilitate
referencing here and in section 5, we state below.

2.1. M-Hgqlder’s inequality. — Let X be a measure space, M > 1 be an
arbitrary integer and 1 < p, <

- < pu < o be so that

(NgES

1
—=1.
Pi

i

1
Then, for any f;,

.,/u, measurable functions on X,

Jfla . "fM < ”fl”pl’ . '9”fM“pM‘
X

For typographical convenience, let

N=() e n=(T)
k) T \k-1)
As usual, Ni((Z*)X) denotes all functions x on (Z*)¥ so that

] /N,
Ixlly, = | X X i) < 0.

LEMMA 2.2. — Let x,,

e, Xy €IN((ZT)X). Then,

z x,(Py() - .. xN(PN(i))l < ”xlﬂN,,- . ',“xN”N]'
ez

Sketch of proof. — The key observation is thateach k € {1,...,J} appears
J—-1
in precisely N, = <K 1) distinct K-subsets of {1,...,J}. J successive

applications of the N-Holder inequality with p, = --- = py = 1/N,
yield the desired inequality.

O
Remark. — Another form of Lemma 2.2 was used in [1], where it served as

a starting point for the study of the so-called « projectively bounded »
multilinear forms on a Hilbert space (Lemma 1.2 of [1]).

Proof of (2.1). — First, by virtue of the canonical correspondence between
(Z*y and F,y, for notational simplicity we designate elements of F,; as
follows :

(Z7) 3jov() eFi,
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where
Y() = (Ypl(,'y cee YPNu))-
Let y(j,), ---,Y(j) be arbitrary elements of F,y and write

that is,

(2.2) Y= < I1 Yy - Il me)
k=1 k=1

(Recall that j,, ...,j, need not be distinct.)

Let
L‘l = {Pl(il)’ sy Pl(]s)} < (Z+)K

Ly = {Pxliy)s - - - PnG)} < (ZH)%.
Next, define
V={e@):P()eL, forall 1 <a < N}.

By the independence of F, the only way that y can be obtained as a product
of s elements from F,y is for these elements to have in their 1%, ..., N*
coordinates the members of F thatappearinthe 1%, ..., N* coordinates of
(2.2'), respectively. That is, if j), ...,j,€(Z*) are so that

Y =G, - .-, v0d),

then j),...,j.€V. Therefore, the game plan is to estimate |V|, the
«volume » of V, and exploit the fact that

(2.3) rs(Fyxv) < [VP.
Let %, ..., Xn be the characteristic functions of L,,...,Ly in (Z*)X.
Clearly,

V] = Z X1 (P1()) ... an(Pn()).
By Lemma 2.2, ey

24 VI < ally, - - Iy,

< sVN; = gIK,

Combining (2.4) and (2.3), we obtain (2.1). d
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3. Riesz products for F, .

Let F = I' beadissociate set. Let F3 = F'K be defined by (1.11) where
2 is an arbifrary N-partition of F (as usual, our convention is that

J
N = (K)). Forany yeI and 6 €R, define

cos (Y+0) = (e'% +e ®y)/2.

Next, let @, ..., On€!*(Z*)¥X) be so that
oyl - - o5 llonlle < 1,

and write, for 1 < a < N,

0,(k) = |@,(k)le*Y, ke (ZT)K.
We now consider the following Riesz product :

G pn~ [ [T (+lo;(@icos (Y(il)+61(i)):| e
oz

[ [T (d+lenlcos v+ 9N(i))]-

iz K

As usual, ||u]] = 1 and the spectral analysis of p yields the following.

LEmMMA 3.1. — Let @y, ..., 0n€l®(Z)Y), |01les - - - llOnlle < 1.
Then, there is p € M(G) so that

(3.2 (Il < 2%,
and

(3.3) Akl - - ) = @1(P1()) - - - on(Py()),

for all je(Z*).

If a higher degree of independence is assumed for F < I', then the norm
estimate in (3.2) can be correspondingly improved. We illustrate this in

N
I'=Z. Let M >1and F = |JF, c Z bean M-independent set where

a=1

F, = (M ek
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(as usual, the F_s are infinite and mutually disjoint). Let K,, € L(T) be the
Mt Fejer kernel :

Ky() = i <1 — ﬂ—)e“'.
I=—M M+1

Let o,, ..., 5 be unimodular functions in I®°((Z*)X) given by

(34 9ulk) = eoa0
for ke (Z*)%. Replacing (3.1) by
B~ |: I1 Km()vfl)t+91(i)):| e |: I1 KM(M-N’t+9N(i)):|,
iz K iz K

we obtain

LEMMA 32, — Let @4, ..., @n € I®((Z*)X) be given by (3.4). Then, there is
p e M(T) so that

(3.5 il < A+ 1/M)N
and

(3.6) A + - + AR = 01(PL() ... on(Px()),
for all je(Z*).

DeFiniTION 3.3. — F,, F, < T are said to be harmonically separated if
there is p € M(G) so that
R lonF,
p, =

0 on F,\F,.

J
LemMmMa 34, — Let J>K >0, JVJ>K >0, and N = <K)’

J!
N = <K’>' Let F < I' be dissociate, and #, % be N,N'-partitions of F,

respectively. Then F3* and F,X are harmonically separated.
Proof. — If N 3 N’, then an application (whose details are left to the

reader) of a Riesz product such as the one given by (3.1) yields the desired
conclusion. Assume that N = N’, and let

?={F,...,Fy
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be an N-partition for F, where, as usual, F, is enumerated
F, = {1}z -
J-1 . .
Let k = K1) ®Z, = Q, will denote the compact direct product of
Z,and @ Z, = Q(k) will be its (discrete) dual group, the direct sum of Z, .

E® = {r®}=  will be the system of k-Rademacher functions realized as
characters in Qg ; The n" k-Rademacher function r® is defined by

r%(w) = exp 2rin(n)/k),
for all

0eQy = {02, o) e{0,1, ...,k — 1}}.

Observe that E® is (k—1)-independent and thatforall re E®¥, r™ = 1 iff
m = 0(mod k). Inthe sequel below, k isfixed and, for the sake of simplicity,
will be omitted from all superscripts and subscripts. As usual, for y e I' and
0 e R, write '

cos (Y+0) = (e®y + e %y)/2.

For each o = (0®,,...,m,) € Q' define the Riesz product

H, ~ { I1 [1 + cos (yﬁ” + 2n i wlm(i(m))>]}
ig(Z*)K m=0
) { I1 [1 + cos <y§-N’ + 2n i mNm(i(m))>:|},
iz K m=1

where i = (i(1), ..., i(K))e(Z*)X, and (see Section 1)
S, = (a,. . ,0) = {1,....3},

for 1 < a < N. Next, we integrate over Q' the M(G)-valued function
whose value at 0w eQ’ is p, :

(34.1) p= j 1, do € M(G).
o

The spectral analysis of p yields the following :

K
(34.2) ﬁ(Y‘u:' cee Yﬁ:’) = Z—ij [ l—ll ri)(mi(mlm)] s
o Lm=

K
tte [ l_l riN{m)(mNm)] d(l)l P d(!)],
m=1

for all iy, ...,iye(Z%)X.
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J-1
Since every le {l,...J} appears in precisely k = <K 1) S,s, and

1 if m = 0 (mod k)
rm = . , re E®
Q 0 otherwise

we obtain from (3.4.2) that

N P,() =i, forall 1 < a < N;

1 2-N if there is j € (Z*) so that
aey .o = {
0 otherwise.

4. The A" property.

Proof of Theorem 1.6, part (a). — The right hand inequality in (1.9) follows
immediately from (2.1) via the following.

Lemma 4.1. (Théoréme 3 in [2]). — Let s be a positive integer. Then, for
Fcrl,

A(2s,F) < [sup ry(F,y)]"%.
yell

We now prove that there is 1, x > 0 so that

nJ,KqJ/ZK < A@gF;x),

where F < I' is independent (the idea for the argument that follows
originates — as far as we can determine — in [5]). Let n > 0 be arbitrary,
and denote

Vo=1{=0p---d)€@Y:1<jy,...J <n}.

Let g be the trigonometric polynomial defined by
g = Z (Yplur sy YPNU))

]EV"
J
(as always, N = ( ))
K

Clearly,
(4.1) ligll, = n”2.
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Next, let h be the Riesz product defined by

h(ty,. . . ty) = []_[ (1 + cos y,.(tl))] [l_[ (1 + cos y,-(tN))],

where U, ={i=(p.. i) €@¥:1<iy, ..., ig < n},

cosy = (y+7v)/2, and t,, ...,ty€ G. We observe that

(4.2) llhll, = 1,
and
(4.3) lIRll, < Al < 2N,

Combining (4.2) and (4.3), we obtain for any 1 < R < 2

(4.4) lhlly < 2%
(IR + 1/R" = 1).

Also, note that

(4.5) h=1/2%  on  {(pgp - Yehev, -
Letting R’ = nX and applying (4.4) and (4.5), we deduce

27N =g * h(0) < ligll «lIhll,x, »
< llgllx-2N.

Therefore (from (4.1)),

(4.6) 27Mgllpn"? < llgll k-

n was arbitrary, and the left hand inequality of (1.9) follows.

Completion of the proof of Theorem 1.3. — The left hand inequality in (1.4)

follows from Lemma 4.1 and (4.6).

Exploiting (1.9) of Theorem 1.6 via an « averaging » procedure, we now

prove part (a) of Corollary 1.7 :

Let F < I' be a dissociate set,and F,* = F'K be defined by (1.11). Let

f €L x(G) be given by

) ™)
[~ 2 apvly - Yo

jez*y

We select E = {e}, «z+)» an infinite independent set in some Iy (= Gy),
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and «randomize » the Fourier coefficients of f as follows. Let
t = (t,...ty) € GY, and

| N
fi~ X ajep ty) ... ePN{j)(tN)Y(!’:UJ Ce Ye-
jez*y

For each t = (t,...,t)) € Gy, let p, € M(G) be so that

ﬁ(Y(}’l:U)‘ .- Y(lli:u)) = ePl(j)(tl) cee ePNU)(tN)’

and

(4.7) Il < 2V
(Lemma 3.1).

Observe that

f= fr * M.

Therefore, for all te G} and q > 2,

(4.8) 118 < AN < 2Y01£018.

it follows from (4.8) that

1115 < 2qu . ( j w) d.

Interchanging the order of integration, and applying the right hand inequality
of (1.9), we deduce that

(4.9) If1ly < 2YA(g.E, WISl
< 28|If1l, -

(4.9) proves the right hand inequality in (1.12). To show the left hand
inequality, we follow a computation identical to the one used in showing the
left hand inequality of (1.9). The proof of 1.7 (a) is complete. |

We assume now that I' is such that for every M > 1, I' contains an
infinite M-independent set. In fact, for concreteness’ sake, assume I' = Z.

LeEMMA 4.3. — Let J > K > 0 be arbitrary. There exists F = Z so that
for any 2, an N-partition of F, m,q"** < A(q,F5*) < 4¢"*%, for some
Mk >0 andall g > 2.

Proof. — Let M > 0 be so that

[M+1)/MIN <K 4
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J
(N = (K))’ and let F = Z be an M-independent set. Run through the

argument leading to (4.9), where an application of Lemma 3.2 replaces that of
3.1. The result is an improved estimate (over (4.9)) :

A(gF3) < 4g". O

Proof of Corollary 1.7, part (c). — Again, without loss of generality, we
shall work in Z. Let Be[l,0) be arbitrary, and J, > K, >0,
n=1,..., beso that (J,/K,);-, is a monotonically increasing sequence
converging to f. Predictably, the strategy is to let E, =« Z be the
«fractional » sum corresponding to J, > K, > 0 given by Lemma 4.3, and
then select finite sets F, < E, with the following properties :

(1) A(Q’ U lka> S Sqﬁ/za
k=1
where [ ., >>1 > 0 are chosen appropriately

(IF, = {l,,)\.y') MY eF,);

e 2]
(ii) the F,’s are sufficiently « thick » so that |J LF, isnot AP~¢ forany
k=1
e > 0.

We start with

(N,,n)

= {HlLn ce
E, = (M) + 0+ Aok gepno

a «fractional » sum corresponding to J, > K, > 0 as in Lemma 4.3

I . , )
N, = k) Next, fix a positive sequence (g,);-, thatis monotonically

converging to 0. For each n > 0 select L,e Z™ so that
(4.10) L™ > n16M,
Let

= [0 L. (N
Fn - {A‘(PITI) + + )\‘PN"U) Jjevy < En’

where
VL,. = {] = (jl’- . ':iJ,,)e(Z+)J" : l Sja < Ln}

Observe that by running through an argument identical to the one that led to
(4.6), we obtain

g€ LE(T)
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so that
(4.11) lgnll  , = 47N(L,)21lg, I -
We now determine by induction that « dilation » factors of the F,’s (I, in (i)
above) : Letl, = 1, and suppose that [, ..., [, were determined so that
k
4.12) A(q, U l,,F,,) < 8q'W/Ki
n=1

k
for all 2 < g < co. Observe that the cardinality of |J[F, U F,,, is

n=1
k+1

Z (L,)’», and, therefore, however we choose I, ,,, we will have

n=1
K+l k+1 1/2
(4.13) A(q, U l,,F,,> < [Z (Ln)Jn:| ,
n=1 n=1
for all 2 < g < . Guided by (4.13), we choose M, so that

k+1 1/2 5. K
(414) |: Z (Ln)']n:| < 8Mkk+1 kel
n=1

Finally, select I, , so that

(4.15) A2+ 2V)FO

k
forall A};_, = U LF, and {v;}j_; < i Fys,, Where r,7 < 2M, (we
n=1

allow repetitions in {A;}{=, and {v;}j_)).

k+1

Claim. A(q, U l,,F,,) < 8¢'k+inr, forall 2 < g < .

n=1
k+1
Let f be a trigonometric polynomial with spectrum in |J [,F, and write

f = fi + f, where

n=1

k
spectrum (f;) € U I,F,,

n=1

spectrum (f3) € L4y Firye

It follows from (4.15) that
(4.16) Iy + fallzm = AP + 1P,
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for all m < M, /2. Therefore, it follows from (4.16) that

Ify + foll3m < Wfill3m + 1f2llZm-

Applying the induction hypothesis, and the monotonicity of (J,/K,);%,, we
obtain

(4.17) fy + fillam < 8Qm5in)lify + fill,.

Combining (4.14) and (4.17), we obtain the claim. Combining the « claim »,

(4.11) and (4.10), we obtain that |J [,F, is exactly AP.

n=1

By choosing J, > K, > 0, where (J,/K,;-,; is a monotonically
decreasing sequence converging to B, and following a procedure similar to
the above, we obtain a set in Z which is exactly non-AP. The details are left
to the reader. O

5. The p-Sidonicity property.

Proof of Theorem 1.6, part (b). — First, for the sake of economy in notation,
we adopt the following conventions : Let

U={i,...,ivy e {l,....J} =F, and Py:(Z*)Y > (Z"\M
be the projection defined by
Py(Up- - -d)) = (ii]" . -:iiM)-

Z will denote summation over Py ((Z*)'. For example,
U

Za/‘.,'-.h: Z G4 4

U i iy

Also, in what follows ys will mean v, , whenever these occur in summands.
a o
For example,

3 Yoo - Ve = 2 s, oo Vsy:
j=(il,--4,/])€(zf)] Jpe ey

Let E = I' be an independent set, and E; < I'N be as in (1.1) (as usual,
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LeMMA 5.1. — Let f be a trigonometric polynomial in CEJ K(G“) given by

= Z a; i (Ysp- - -5¥s)-
Jyse - -y
Then,

S,

o

1/2
M1 > 3(3 )
~S,
forall a =1,...,N.

Proof. — Let 1 < a < N be arbitrary. Since E is a 1-Sidon set with
Sidon constant = 1, it is easy to see that by a proper choice of t,€ G we
obtain

.11 lifll, = sup Z

[T SN PR 0

s, (E) s ()]

Since the sup-norm dominates the L‘-norm, it follows from (5.1.1) that

”f““’?;JNl

(we make the obvious modification for « = 1 and a = N). Since E, isa
A(2) set whose A(2) constantis bounded by 2'¥ (this follows from part (a)
of Theorem 1.6), we obtain

1/2
2X||flle = X (ZS Ia,-,,A__J,|2> . u
Sd ™~ a

Z a .JJ(YSIs' . "Ysa—l’ YSa+l" . ':YSN)

In a previous version of this manuscript, by following a multidimensional
version of Littlewood’s rearrangement argument (see p. 168 of [7] and
Lemma 3 of [6]) we proved that

(5.1) i ;(Zs: la; ..l ) 1 (/ Z 4j,.. 1(K+J)> 7

Then, combining Lemma 5.1 and (5.1), we deduce that E,; , isa 2J/(K+J)-
Sidon and that

2J e
(5.2) D((—m, EJ,K> <2 <K>K .

The estimate in (5.2), however, is not as tight as we would like it to be. In order
to obtain the existence of sets that are exactly p-Sidon, for any p €(1,2), we
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require the sharper Lemma 5.3 below. We are grateful to S. Kaijser at
Uppsala University for pointing out to us that Littlewood’s classical
inequality (the case J =2 and K =1 in (5.1)) can be proved without
Littlewood’s rearrangement argument. Indeed, this is a key observation in the
demonstration below. In the course of the proof of 5.3 we greatly benefited
also from stimulating conversations with M. Benedicks at the Institut Mittag-
Leffler.

We require two basic inequalities : Minkowski’s inequality which, to
facilitate referencing, we state below, and the M-Holder inequality that is
given in section 2 ((2.1)).

(5.2) Minkowski’s inequality. — Let X and Y be measure spaces and ¢
be a measurable functionon X x Y. Forany 1 <r < o0,

o ([(fwn)) <] (or)

LEMMA 5.3. — Let J > K > 0.

e

Proof. — We prove (5.4) by induction on J. We start with the case J = 2
and K = 1. Write

(531) Z |aij|4/3 = Z Iaij|2/3 |aijI2/3 .
bJ

iJj

By applying 2-Holder’s inequality to the sum over j with p, = 3/2 and
p, = 3 for the first and second factors, respectively. in the summand of the
right side of (5.3.1), we obtain

2/3 1/3
(5.3.2) Yla*? <y (Z Ia,-jl) <Z la.-ﬂ’) :
i,j i\ j

Next, applying 2-Holder’s inequality to the sum over i with p, and p, for
the second and first factors, respectively, in the summand of the right side of
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(5.3.2.), we obtain

con g 5o [eloe) T

From Minkowski’s inequality, we have

(el <3l

and, therefore (from (5.3.3)), we deduce

osa () <[l T i) T

(5.3.4) starts the inductive proof of (5.4), and we now assume that J > 2 and
that (1.4) holds for all J, < J. We write

2 2 2
(535 X lap il = Y gl gy, R
Jy

Jye- - -sdy Jpe--

For notational reasons, we shall write

Jalse - dh) = ...

for the n-th factor in the summand of the right hand side of (5.3.5) (even though

fi = -+ = fj),and whenever there is no confusion we shall write merely f, :

2]

(535) % la, KT = ¥ UAET
Ji s Joe s
Now, apply J-Holder’s inequality to the sum over j, with
py =p=(K+J)2
_(I=D(EK+))

(K+J-2)
that the right side of (5.3.5') is majorized by

for fi and p, = - =p,=¢q r f,,...,fyand obtain

K+J-2

36 ¥ @mf%ﬂ@m%%ymﬁ

Jpeeodyoy
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Next, apply J-Holder’s inequality to the sum over j,_, with p for the factor
containing f, and g for the remaining factors in the summand of (5.3.6), and
obtain that (5.3.6) is majorized by

(5.3.7)

20-1) (K+J-2) 20-1) (K+J-2) 2
Z { Z (Z |f1|>(K+J—2)](1—1)(K+J) ' Z <Z If |(K+J 2)> 20-1) :rK+J]
Jo - 3=2 Ws-1 \ s -1

(K+J-2)
:I(! 1)(K+JJ}

H E If|(K+J 2)

n=3 -1

We continue in this fashion : At then n-th step, n > 2, we apply the J-Holder
inequality to the sum over j,_,,, with p for the factor that contains f, and
with g for the remaining factors. After J such operations we obtain that
(5.3.5") is majorized by

(5.3.8)

2J-1) (K+J-2)
(K+J=-2) [J=D)(K+1) ...
L ) (Ztm) jr
. Jy

boedyoy K+J-2) 20-1) (K+J-2)

201 20-1) ((K+J=2)q(-1)(K+1)
[ Z ( Z < Z Iﬁll(K+J-2)> > ]
Jp oo dy—n Ndj—ntt Nj—ne2 o)
(K+J-2) 2
|: (1 Z [f|(K+J 2)> 20-1) :](K+J) .
7

Now, apply Minkowki’s inequality to each of the first (J—1) factorsin(5.3.8)
as follows : To the first factor, apply Minkowski’s inequality (as stated above)
with |g| = |fyl,

_ _ _20-1)
Jx—fp;,_l’ L_%’ and T KTI-2)

To the n-th factor, 1 < n < J, apply Minkowski’s inequality with

2(J-1
gl= ¥ L&D,
Jy—n42 - Jy
JX B jp-“:jj_n, -’JZnH
20-1)

and again with r = ——-
(K+J-2)
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We therefore obtain

u \EH L NEKHI=2\ 1))
(5.3.9) ( Z Iaj j|(1_(11)> ll[ (Z (Z | g l%h—i%) 20-1) >
jpo - - -5 Jy P )

n=1 ~Jn

(Z denotes summation with respect to indicesin {j,,. . .,jj}\{j,,}>. IfK=1,
~in

(5.3.9) reduces to (5.4) and the lemma is proved. We now assume K > 1 and
apply the induction hypothesis that (5.4) holds for J — 1 and K — 1 for

each of the J factors on the right hand side of (5.3.9). Namely, for each

1 < n<J wehave
1/2\ N,
(Z)")

J-1
[Recall that N, = (K 1)‘{8'{,...S?\,1} denotes the collection of all

(K+J-2 N (

(5.3.10) Z(; a, . @&7%) S <3 i

a=1

S,

L]

(K —1)-subsets of {1,...J}\{n}; ) denotes summation with respect to the
S'l

indices j,, - -5 ju, > where S} = (ay,...,0x_); », denotes summation
~Sq

with respect to the remaining indices (except j,).] We now apply N,-Holder

inequality, on the right hand side of (5.3.10), to the sum over j, with

py = - = py, = 1/N; for each of the N, = (K > factors in the

summand. Combining this application with (5.3.9), we obtain that the left
hand side of (5.3.9) is majorized by

(53.11) [’]1 1'111 [z ¥ (z a )”2]1'1_'“.

}nS

Finally, observe that

(5.3.12)

{{1} uS}, {1} US}, .. ., {1} USN, ..., {n} UST, ..., {n} USN, ...,
{J}USy, .. {3} US{}={Sys, ... SN}
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Also, notice that each set in the enumeration of the collection on the left hand

side of (5.3.12) occurs precisely K times. Therefore, the expression in (5.3.11)
equals

N, /K 1/2 N_‘f_J N 1/2\ I/N

I1 (Z(Z |aj1x'~~JJ|2) ) = [1 (Z(Z Iajlej|2) ) )
«=1 \§, \~snl a=1 \S, \~5,

and the proof of the Lemma is complete. O
Combining Lemmas 5.1 and 5.3, we deduce that
DQRI/(K+J)E;x) < 2K,
We now proceed to show that

D([2J/(K+))]1—¢€,E;x) =

for all € > 0. The argument that follows is similar to the one used in
showing that E;; is not A%< for any € > 0 (and is an adaptation of a
proofused in 2.7 of [4]). We use the fact thatif F < I' is p-Sidon, then there is

B > 0 so that for all f e L}{G)
(5.5) S : NG

forall 1 <b < oo, where
a=2p/3p -2
(see (9) in [3]). Let n > 0 be arbitrary, and let

V,={=0p- - J) @Y 1<j,,...j;<n}.

Let
g = Z (YP,(,‘)’- - -Yp, (j))‘
jev, N
Clearly,
(5.6) lglls = n'e.

Next, let U, = {i=(iy,...,ix) € (Z7)* : 1<iy,...,ix<n} and define

h(ty,.. . tn) = [H (1+4cos yi(tl))] e []—[ (1 +cos yi(tN)):| .

ielU, ieU,

As in section 4, we conclude (see (4.2)-(4.4)) that for any 1 <R < 2
NnK
lhlle < 2%,
and

h=1/2N on {(Ypl(;)a- . -,'YPNU))}J'EV,.‘
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Therefore, as in section 4,

(5.7) 27N =g * h(O) < ligll «lIAll x, »
||g“,,K'2N-

If E,  is p-Sidon, it follows from (5.5), (5.6) and (5.7) that

9 2-Mp < st 0

<
<

But, (5.8) holds for all n > 0 only if p >

J
- The proof of part b) of
(K+J)

Theorem 1.6 is complete. O

Proof of Corollary 1.7, part (b). — Let F < I' be dissociate and
FL* = F'X be given by (1.11), for an arbitrary 2. Let f be a trigonometric
polynomial in C_,x(G) given by

(1) (N)
f= Z aiYe iy - -+ Yeno)
je@*y

Select E = {e;},, (;,)K, an infinite independent set in some I'y(= G,). Let
t = (t,...,ty) € Gy be arbitrary, and p, € M(G) be so that

A N
ur(Y(P:U) e Y(PN)U)) = eplm(t1) - ePN(/)(tN)

for all je(Z*), and

[l < 2
(Lemma 3.1).
Therefore,
sup | Y aep(ty) - - - ep )l = sup [<f udl < 2V(f]l,, -
rEGIj je@ty reGN

0

By Theorem 1.6, part (b), we have

_u \E5
(59) ( ¥y |ajl"‘+”) < 22N ]l
je@y
This proves that F'K is K1) — Sidon. To show that F’X is exactly
2) )
— Sidon we follow the same route that was used to prove the
(K+7J)

corresponding fact for E . ]
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CoROLLARY 54. — Let J 2 K > 0 and J > K' > 0 be arbitrary. Let:
J y
F « I be dissociate and &, & be (K)’ (K’) — partitions of F
respectively. Then F3* U FLX is exactly a p-Sidon set, where

{ 2J 2y }
p = max , .
K+’ (K +7)

Proof. — Apply Lemma 3.4. O

Proof of Corollary 1.7, part (d). — We consider two cases.

I. ' contains elements with arbitrarily large order. As usual, we shall
assume that I' = Z. First, observe that for any J > K > 0 the (M-
independent) set F < Z given in Lemma 4.3 has the property

(5.10) DQI/(K +1J), F*X) < 16- 29K,

(5.10) is achieved by applying,enroute to (5.9), Lemmas 3.2 and 4.3 in place of
Lemma 3.1 and Theorem 1.6 (b), respectively, whence 2N is replaced by 4
and 2VK by 4-2VK in (5.9). Let pe[l, o0), and J, > K, > 0 be so that
(J,/K,)x-, is a monotonically increasing sequence converging to p/(2-p).
Foreach n > 0, let F, = Z be the set given in Lemma 4.3 corresponding
“toJ, > K, > 0. Select finite sets E, = F, so that

(5.11) D([2),/3,+K)]—1/n,E,) > n.

Next, determine d, e Z* with the following property : Whenever f is a

o0

trigonometric polynomial with spectrum in |J 4,E,, then

n=1

(5.12) 611fllo = 2_: 1falloo »

where [ = Z f, and spectrum(f,) < d,E,. Combining (5.10), (5.11), and

n=1

(5.12), we conclude that |J d4,E, is exactly p-Sidon.
n=1
To obtain a set in Z which is exactly non p-Sidon, we choose
J, > K, > 0 sothat (J,/K,);%, is a monotonically decreasing sequence to

p/(2-p), and carry outa construction similar to the one above. Details are left
to the reader.
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IL. T contains @ Z, for some ae Z* . Clearly, we may assume that for
any given J > K > 0, there is a dissociate set

E = {Yi}ie(z+)K < ('B Za
so that

(513) EJ,K = {(YP,U),' . -,‘YPNU))}_,'E(Z')J < @ Za = (®Za)N'

SuBLEMMA. — Let E|, = @ Z, be given by (5.13). Then,
A(g, E,x) < (Bg)2,

where [J/K] = least integer equal to or greater than J/K, and B is the 1-
Sidon constant of E.

Proof. — Letge L% (®Z,), llgll, = 1, be given by

Ejx
g~ Z a;(Yp,gp - - - YPNU))'
jezry

Observe that there are [J/K] subsets of {1,....J}, S, ..., S;x;, so that
/K]
U S, = {1,...J}. Therefore, we may estimate the g"-norm of g as
n=1

follows :

||g||z=f ST ate @) - Y@yl doy . doy
(@), ONE®Z) gz +)

~[®Z,,)N‘“/ K J(@Z,,)“’ K

< (BgX”

j

49/2
Lajreg o Yel' < J(@z - (Bg)t/<d

(the appearance of B above is explained by (2) of 5.7.7 in [10]). O

To prove Corollary 1.7 (d), in the present context, we follow a route
identical to the one followed in Case I where the use of (5.10) is replaced by a
use of the Sublemma. O

6. Problems.

The « J/K-fractional » product of a dissociate set E = I was defined in

J
this work as a subset of the <K>-fold product of E. Subsequently, through
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J
the use of Riesz products, (K) appeared in some of the estimates. The first

J
four problems focus on replacing <K> by J/K in the various computations.

Problem 6.1. — Improve the lower bound on sup r(F,y, y) in (1.4) of
yeI'N
Theorem 1.3. In particular, is there C > 0 so that for all se Z™

CVKsUR: < sup ry(F) ¢, 7),
yEFN

where F < I' is independent ?

Problem 6.2. — Improve the norm estimate in (3.2) of Lemma 3.1. In
particular, is there pe M(G) fulfilling (3.3) and so that

il < CY%,

for some (universal) C > 0 ?

Problem 6.3. — Given any rational B e[1, o], we constructed in this
paper E = T for which there are ng, {3 > 0 so that for all ¢ > 2

(6.4.1) npg”? < A(q, E) < {pqP?.

While (6.4.1) is a stronger statement than « E is exactly A®», in Corollary
1.7 (¢) we deduced for all B € [1, ) no more than the existence of sets that
are exactly AP. Givenany B e[1, o0), can we find sets (say in Z) for which
(6.4.1) holds ?

Problem 6.4. — Prove Corollary 1.7 (c) for T = @Z,, acZ".

Problem 6.5. — A classical theorem due to Rudin ([10]) states that every 1-
Sidon setis A'. The converse was recently established by Pisier ([9]). Could
it be that E = T isa AP setif and only if E is 2p/(1+ p)-Sidon ?

Problem 6.6. — In Section 5, an essentially probabilistic method was
employed to show that E; isnot (2J/(K +J)-g)-Sidon forany & > 0. Inthe
case J =2 and K = 1, an explicit construction of trigonometric polyno-
mials (bounded bilinear forms) displaying this fact is given on p. 172 of [8].
Replace the probabilistic procedure in Section 5 by a constructive one.
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