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THE SPACE 92 (@) IS NOT B,-COMPLETE
by Manuel VALDIVIA

The purpose of this paper 1s to study certain classes of
locally convex spaces which have non-complete separated
quotients. Consequently, we obtain some results about B,-
completeness. In particular, we prove that the L. Schwartz
space 2(Q) 1s not B,-complete, where Q 1s a non-empty
open subset of R™.

The vector spaces which are used here are defined on the
field of the real or complex numbers K. We shorten « Haus-
dorff locally convex space » to « space ». If (G, H) 1s a dual
pair, we denote by o(G, H) and w(G, H) the weak topology
and the Mackey topology on G, respectively.

Sometimes we symbolize by L[#] a space L with the
topology #. We denote by L’ the topological dual of L.
If L, are copies of Lyn=1,2, ..., we denote by LY the

product HL and by L® the direct sum@L If A

is an absolutely convex bounded and closed subset of L, L,
is the linear hull of A with the locally convex topology
which has as fundamental system of neighbourhoods of the

origin the family %A: n=1, 2, % We say that a

sequence (z,) in L 1s a Cauchy (convergent) sequence in the
sense of Mackey, if there exists an absolutely convex closed
and bounded subset B of L, such that (z,) 1s a Cauchy
(convergent) sequence in Ly Then it 1s natural to define
a locally complete space L as a space in which every Cauchy
sequence in the sense of Mackey i1s convergent in the sense of
Mackey in L. If a subset M of L is such that for every
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point = of L there exists a sequence (z,) in M which
converges to x 1in the sense of Mackey, M is called locally
dense in L. L is called a dual locally complete space if
L'[¢(L’, L)] 1s locally complete. If L 1is topologically iso-
morphic to P write L ~ P.

Let Q be a non-empty open subset of the m-dimensional
euclidean space R™ Then 2(Q) and 2'(Q) are the L.
Schwartz spaces with the strong topologies. By « we denote
the product of countably many one-dimensional spaces.
Let s be the vector space of all the rapidly decreasing se-
quences, with the metric topology. The dual of s with the
Mackey topology is denoted by .

A space T is called B,-complete if every dense subspace M
of T'[¢(T’, T)] coincides with T’ when M n A 1s o(T’, T)-
closed in A for every equicontinuous set A that belongs
to T'.

Throughout this paper, E denotes an infinite-dimensional
Fréchet space, different from «, and F a Fréchet space
which is not Banach.

In order to prove Theorem 1, we need the following result,
which we gave 1n [8]: a) Let G be an infinite-dimensional
space such that in G'[o(G’, G)] there is an equicontinuous total
sequence. Let H be a space with a separable absolutely convex
weakly compact total subset. If H s infinite-dimensional,
there is a linear mapping u continuous and injective from G
into H, suchthat u(G) isseparable,densein H and u(G)s~H.

In Theorem 1, (E,) is a sequence of infinite-dimensional
spaces such that in E, there is a weakly compact absolutely
convex and separable subset whichis totalin E,,n=1,2, ...

Tueorem 1. — Let L= (E®F) X @ E,. Then there is a
quotient of L[o(L’, L)] which is topologtcally isomorphic to a
locally dense and non-closed subspace of II E.[s(E,, E)].

Proof. — Since F 1is a Fréchet space which 1s not Banach,
there exists a closed subspace G of F such that F/G ~ o,
(see [2], remark at the end of § 31, 4.(1), p. 432). Let [ be the
canonical mapping from F onto F/G and let J be the
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identity mapping on E. The tensorial product J ® f is a
topological homomorphism from E & F onto

E® (F/G) ~ E & o,

(see [1], Chapter I p. 38). Further, if H, is an one-dimensional
space, then

Boo=E5([1H)=1lEsH) =B,
(see [1], Chapter I p. 46).

Since E is different from o, in E’[¢(E’, E)] there is an
equicontinuous sequence whose closed linear hull M is
infinite dimensional. Let M! be the orthogonal subspace of
E to M, set T = E/M!, andlet h be the canonical mapping
from EY onto EY/(MY)N¥ ~ (E/ML)Y = T

Now we use the result a) and be obtain a linear continuous
and injective mapping u,, from T into E, such that
u,(T) 1s dense in E, and u,(T) # E,. We define a mapping

g from T¥ X é E, into [[ E, such that if

T = (@, Tpy «oy Tpy ...) TN
y=Wu Y - Yw .)€ DE,

then
g, y) = (w(21) + Y1, Ua(®2) + Yoy -+ o, w(2) + Yy, .. 0).

The mappmg g 1s a weak homomorphlsm from TY x EB E,
into H E,, such that g(T“ X @ E ) 1s locally dense_and

n=1 n=1

non-closed in H E,, (see the proof of Theorem 2 in [7]).

I T is the 1dent1ty mapping of EB E,, then it suffices

to take the quotient of L[o(L, L')] by the kernel of the

mapping go (ho(J ® f) X I) in order to obtain the conclu-
sion of the theorem. q.e.d.

Cororrary 1.1. — Let (E,) be a sequence of separable
infinite-dimensional Fréchet spaces. Then there is a quotient of
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s X @ E,, topologically isomorphic to a non-closed dense
n=1 )

subspace of |] E.,.

- Proof. — Since E, is a separable Fréchet space there exists
an absolutely convex compact separable subset of E,, which
is total in E,.

We put
T = {(z,y) e R?: 2% 4 o2 = 1}.
Then 2(T) ~s and 2(T X T) ~ s, (see [1], Chapter II,
p. b4). Since 2(T) ® 2(T) ~ 2(T X T), (see [1], Chapter II,
p- 84-85), we have that s ® s ~ s. On the other hand, s is an
infinite-dimensional Fréchet space, different from , which

is not Banach.
Using Theorem 1 we obtain a subspace P of s X @ E,

n=1

such that s X @ E, /P 1s weakly 1s0morph1c to a dense

non-closed subspace of HE,,. Since s X EB E /P 1S a
n=1

Mackey space and every subspace of H E, is also a Mackey

space, we have that <S X @D E,,>/P 1s topologically iso-
morphic to a dense non-closed subspace of || E, q.e.d.

n=1

Note 1. — O. G. Smoljanov proves in [6] that there is a
closed subspace H 1in s X o® such that (s X o™)/H
is a non closed dense subspace of «. This result is a conse-
quence of our Corollary 1.1, identifing » with E,,n=1,2, ...,
and noticing that o ~ w.

Tueorem 2. — Let (E,) be a sequence of non-Banach
Fréchet spaces. Then (E & F) x EB E, has a quotient which us
topologically isomorphic to a non- closed dense subspace of .

Proof. — Since E, is not a Banach space there is a subspace

G, of (E®F) x @ E, lying in E,, such that E/G, ~ o.
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Let G = @ G,. Then

[(E@F x@E]/G F) x @ (E,/G,) = (E 8 F) X o®
and the conclusion follows straightforward from Theorem 1
applied to (E ® F) X o®. q.e.d.

CororrLary 1.2. — There is a quotient of s™ which us
topologically tsomorphic to a non-closed dense subspace of o.

Proof. — Since s®s ~s, 1t 1is possible to write
(s®s) X s™ ~ s™ Now we apply Theorem 2. q.e.d.

Lemma. — The space 2(Q) has a closed subspace topolo-
gically vsomorphic to ™.

Proof. — In Q let (K,) be a sequence of compact sets
such that K, < K,;;, n=1,2, ..., being K,,, the interior

set of K,,;, and UKn=Q. Suppose that K, # @.

n=1

We put K, = @. Let R, be a closed m-dimensional rectangle
containded in K, ~ K,.;, n=1, 2, ... Let E, and F,
be the subspaces of 2(Q) formed by the elements of 2(Q)
whose supports are contained in R, and K,, respectively.

We now prove that E = @ E, 1is a subspace of 2(Q).

Let V, be an absolutely convex neighbourhood of the origin
im E, Since E,; is a subspace of the Fréchet space F,
there is an absolutely convex neighbourhood U, of the
origin in F; such that U; n E; = V,;. Suppose that we
have constructed in F, an absolutely convex neighbourhood
of the origin U, such that

UnFaeE]=TU-uvV,) n>1 U, ={0}

being I'(U,; U V,) the absolutely convex hullof U,_; U V,.
Since F, ® E,;; 1s closed in F,,; and E,,; and F, are
Fréchet spaces, we have that F, ® E,,; 1s a subspace of
F.i1 and therefore we can find an absolutely convex neigh-
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bourhood U,,; of the origin in F,,; such that

Upp N (F, @ Epy) =T(U, U V).

Let U= U U,. It 1s easy to see that U N <é E,,). coin-

n=1 n=1

cides with the absolutely convex hull I' <U V> of U V.
and U N F, coincides with U,. n=1

Since @(Q) 1s the 1nduct1ve limit of the sequence (F,)
we have that U is a neighbourhood of the origin in 2(Q)
and therefore E is a subspace of 2(Q). On the other hand,
E is complete, hence E is closed in 2(Q).

If P and Q are two compact subsets of RP and RY,
respectively, then

QP(RP) @ QQ(RQ) jad @pXQ(RIH—q),

(see [1], Chapter 11, p. 84). If «, and B, are two real numbers
such that «. < B,, r=1, 2, ..., m, and I, = [«, B,],
then 2.(R') ~ s, (see [3], p. 176). We have

P11, (R?) ~ 92,(R") & 1 (RY) ~ sB s ~ s
D1, 51,x,(R?) ~ 21.1,(R?) ® 2, (R!) ~ s 8 s ~ s,

------------------------------------------------------

and therefore E, ~ s, hence P E, ~ s®. q.e.d.
n=1
TaeoreEMm 3. — Given a space E, suppose that E has a

subspace G topologically isomorphic to s™. Then E hasa
separated quotient which ts not locally complete.

Proof. — According to Corollary 1.2, there is in G a closed
subspace H so that G/H 1is topologically isomorphic to a
non-closed dense subspace of «. Since G/H 1s a closed
subspace of E/H and G/H is not locally complete, we have
that E/H 1is not locally complete. q.e.d.

Cororrary 1.3. — There is a quotient of 2(Q) wich is not
locally complete.
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Proof. — It 1s immediate from the Lemma and Theorem 3.
q.e.d.
Note 2. — O. G. Smoljanov prove in [6] that there is a

quotient of <2(R!) which is topologically isomorphic to a
non-closed dense subspace of . Since 2(Q) has a quotient
topologically isomorphic to 2(R?), [10], Corollary 1.3 can be
obtained from the result of Smoljanov.

The following result, which will be used afterwards was
provedin [9]: b) Let G be a Banach space of infinite dimension.
If a space L is not dual locally complete, there is a linear
mapping g of L into G, with closed graph, which s not
weakly continuous.

Tueorem 4. — In 2'(Q) there is a closed subspace G
such that, if H s an arbitrary infinite-dimensional Banach
space, there is a linear mapping from G into H, with closed
graph, which is not weakly continuous.

Proof. — Corollary 1.3 gives a closed subspace L of 2(Q)
such that 2(Q)/L 1is not locally complete. If G 1s the ortho-
gonal subspace of 2’(Q) to L, then G is not dual locally
complete. Now 1t suffices to use result b). q.e.d.

We shall use the following result that we proved in [10]:
c) Let G be a (LF)-space. If there is in G a closed subspace H
such that G/H s a non complete separable metrizable space,
then G'[u(G', G)] is not B,-complete. We take G separable
in [10], however the proof is valid also if G is non-separable.

Tueorem 5. — Let (E,) be a sequence of infinite-dimensional

separable Fréchet spaces. Then the dual of (E ® F) X é E,
with the Mackey topology is not B,-complete. =1

Proof. — It 1s direct consequence of result ¢) and Theorem 1.

q.e.d.

Tueorem 6. — Let (E,) be a sequence of non-Banach

Fréchet spaces. Then the dual of (E ® F) X é E, with the
Mackey topology is not B,-complete. n=t
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Proof. — It follows straightforward from result ¢) and
Theorem 2. q.e.d.

In Theorem 7 we suppose that (E,) is a sequence of infinite-
dimensional spaces such that there is an absolutely convex
weakly compact separable subset of E, which is total in
E,,n=1,2, ... We can take an infinite-dimensional closed

subspace M of E'[¢(E’, E)] which contains a total compact
separable subset.

. Then there is a

closed subspace G of L'[s(L’, L)] «a nd a opological homo-
morphism f from G into MY, such that f(G) is a non-closed
locally dense subspace of M?>.

Tueorem 7. — Let L= (E® F) X

n@s

Proof. — Let T = E/M*, being M* the orthogonal
subspace of E to M. Then it is possible to identify
T'[¢(T’, T)] with M.

If T,=T,n=1,2, ..., we can write TY 1in the form
JIT.. Let X be the weak dual of E ® F. In the same way
as in the proof of Theorem 1, we see that there is a topological

homomorphism u from E & F onto [[ T, Let ‘u be the
mapping from n=1

(@1)[o(&mqim)] e X,

which 1s the transposed of wu. Let Y=‘u<é T,’,) and

Y, = u(T,). Obviously, ‘w 1is an injective n:topologica]
homomorphism and therefore Y and Y, n=1, 2, ...,
are closed subspaces of X which can be ldentlﬁed w1th the

weak duals of IIT,l and T,, respectively.

n=1

Taking into account result a) belng G = E,[u(E, En)]
and H=Y,, we can find an injective continuous mapplng
g, from E,[¢(E,, E,)] into Y, such that ¢,(E,) 1s a non-
closed dense subspace of Y,. We define a mapping [ from

G =Y x [[Els(E, E)] into ][ Y.

n=1
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such that if

£

y=2ynEY, yner n=1’2"",

with 3 y, having only a finite number of non-zero terms,
and "=
0
1
&= (24, Ty ., Ty, -..) €] Enr,
n=1

then

[y, 2) = (1 + o1(21), 2 + 02(22), - -5 Yo + @), - - 2)
The mapping f is a topological homomorphism from G
into ﬁ Y, ~ MY such that its image is a non-closed locally
densen:ilbset of f[ Y, (see the proof of Theorem 1). q.e.d.

n=1

Tueorem 8. — Let (E,) be a sequence of infinite-dimensional
separable Fréchet spaces. Let L = (E®F) X @ E,. Then

there is a separated quotient of L'[s(L’, L)] which is not locally
complete.

Proof. — In E, there is an absolutely convex total sepa-
rable weakly compact subset, and therefore it is possible to
apply Theorem 7.

With the same notation as in Theorem 7, let B be the
kernel of f. Then G/B is a closed subspace of L'[s(L’, L)]/B.
Since G/B is not locally complete, we can conclude that
L'[s¢(L’, L)]/B is not locally complete. q.e.d.

Cororrary 1.8. — Let H be a space which contains a
subspace M topolegically isomorphic to s™. Then there is a
separated quotient of H'[pw(H', H)] which is not locally complete.

Proof. — Let M* be the subspace of H'[u(H’, H)] ortho-
gonal to M. Let ¢ be the canonical mapping from
H'[n(H', H)] onto H'[un(H’, H)]/M*. Since

S(N) ~ 8 X S(N) ~ (S‘ @ S) X S(N):
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we apply Theorem 8 and obtain a separated quotient P of
H'[w(H', H)]/Mt which 1s not locally complete. Let ¢ be
the canonical mapping from H'[u(H’, H)][Mt onto P.
If Q 1s the kernel of ¢ o ¢ then H'[u(H’, H)]/Q is topolo-
gically isomorphic to P and therefore 1t is not locally complete.
q.e.d.

Note 3. — In [5] D. A. Raikov proves that 2'(R!) has a
separated non-complete quotient. Considering that 2(Q)
contains a subspace topologically isomorphic to s®, accor-

ding to the Lemma, Raikov’s result is a particular case of our
Corollary 1.8.

Taeorem 9. — There ts a closed subspace G of 2(Q)
such that, if L 1is an arbitrary infinite dimensional Banach
space, it is possible to find a linear mapping from G into L,
with closed graph, which is not weakly continuous.

Proof. — Because of Corollary 1.8 and the Lemma, there 1s a
closed subspace H of 2'(Q) so that 2'(Q)/H is not locally
complete. If G 1is the orthogonal subspace of 2(Q) to H,
then G 1s not dual locally complete. It is suffices to apply
result b). q.e.d.

In order to prove Theorem 10 and Theorem 12 we shall
need the following result that we have proved in [10]: d) Let
E be a separable space. Let (E,) be an increasing sequence of

subspaces of E so that E = U E,. If there is a bounded

set A in E such that A ¢ B, m=1,2, ..., there is a
dense subspace F of E, F # E, so that F n E, s finite-

dimensional for evcery m positive integer.

Tueorem 10. — Let (E,) be a sequence of infinite-dvmensional

Fréchet spaces. Then (E ® F) X é E, ts not B,-complete.

n—=1
Proof. — Since every closed subspace of a B,-complete
spaces is B,-complete, [4], we can suppose that E, F, E,,
n=1,2, ..., are separable spaces.

With the same notation as in the proof of Theorem 7, let B
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be the kernel of f. Then B is a closed subspace of

P =X x [[ E:[s(E,, E,)]
which lies in G.

Let (U,) be a fundamental system of neighbourhoods of
the origin in E® F such that U, > U,;;, n=1, 2, ...
Being A, the polar set of U, in X, let H, be the linear
hull of A, with the induced topology of (X, E & F) and let

Gn == H,, X ]:[ E;[G(E:n En)]

Let z, be an element in Y, such that z, ¢ ¢,(E;). Then
the nth coordinate of f(z,, 0) coincides with z, and the
remaining are equal to zero, hence (f(z,, 0)) is a bounded

oo
sequence in []Y,.

If h 1s the canonical mapping from P onto P/B, h coin-
cides with f on G and consequently (h(z,, 0)) is a bounded
sequence in P/B.

X4, 1s a Banach space with Y N X, as a closed subspace.

Since
P
<E Ym> N XAn

is a closed subset of X, and

p
U%Z Ym:p:1,2,...§=Y,

we can use the Baire theorem and we obtain a positive integer r
such that

<z Y,,,> NXy =Y nX,.
m=1

Therefore, if ¢ 1s an integer larger than r

Yq N XAn == {0},
and thus z,¢ H,.
Now fix ¢ > r and assume that for some n there exists
an element ¢, in P such that

h{t,) = h(z,, 0)
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with
l, = (yn’ (551, Loy «vovy Ty -« - ))7

Yo € Hyy (4, gy ooy Ty -..) =z €[] En

Therefore h(t, — z,, 0)) =0 and, since (z, 0)e G and B
lies in G, it results that ¢, € G. Thus y,e Y. Hence

. €sYNnH =Y nXA"=<2 Y,,,) N Xy,
We can write
Yn= 2 Ynp  Yn,€ Y,

=1
and therefore

h<tn) = f(yrw .’L‘) = (yn, + Vl(x1)9 yn, + ()2(‘772)7 ]

Yn, + v,(x,), Vr+1(xr+1)7 V,.+2($,.+2), . )

and thus the gth component in A(t,) coincides with ¢, (x,).
On the other hand, A(z, 0) = f(z,, 0) hasits qth component
equal to z, and since z,¢ ¢, (E;) this a contradiction.
Consequently h(z,, 0) ¢ h(G,).
From the last considerations we can assert that the subset
of P/B
{h(zy, 0), h(z, 0), ..., h(z,, 0), ...}

is bounded and is not included in A(G,) for any positive
integer n. Moreover,

PB= U {hG): n=1,2, ...}

We can apply result d) in order to obtain a dense non closed
subspace V in P/B such that V n k(G,) is finite-dimen-
sional, n=1,2, ... If z, is a point lying in the closure of
G, n A (V) in G, then A(x,) is a point of the closure of
h(G,) 0V in h(G,). The space h(G,) NV is finite-dimen-
sional and thus h&(z,) € h(G,) N V. Hence z,e G, N A (V)
and therefore this space is closed in G,.

If A is a compact subset of P, let A® and A® be the

projection of A onto X and ]] E;, respectively. Since (A,)

is a fundamental system of compact subsets in X, there is a
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positive integer n, such that A® < A . Therefore, A € G,
Moreover G, N A7Y(V) is closed in G,, thus A N AL(V)
i1s compact. Since h~*(V) 1is a non-closed dense subspace of P
it results that (E ® F) X @ E, is not B,-complete. q.e.d.

n=1

Taeorem 11. — Let G be a space which contains a subspace
L topologically vsomorphic to s™. Then G is not B,-complete.

Proof — Since every closed subspace of a B -complete
space 1s B,-complete, [4], and

L~s®™MxsXs®x(s®s) X s™,

1t suffices to apply Theorem 10. q-e.d.

Cororrary 1.11. — The space 2(Q) s not B,-complete.

Proof. — 1t suffices to apply the Lemma and Theorem 11.
q.e.d.

Tueorem 12. — Let (E,) be a sequence of infinite-dimen-
stonal separable Fréchet spaces. Let G be a separable countable
inductive limit of Fréchet spaces. If there is a subspace L of G

which s topologically isomorphic to (E & F) X é E,, then
G'[u(G', G)] s not B,-complete. nt

Proof. — Let us suppose that G 1s the inductive limit
of the increasing sequence (G,) of Fréchet spaces. From
Theorem 1 it follows that there 1s a closed subspace Q of L
such that L/Q 1s topologically isomorphic to a non-closed

dense subspace of [[ E,.
m=1

If ¢ is the canonical mapping from G onto G/Q, it
leads up to ¢(G,) # ¢(L), n=1, 2, ..., for if there is a
positive integer n, such that ¢(G,) = ¢(L), the restriction
¢ of ¢ to L NnG,, considering this space as a subspace
of G,, 1s continuous and ¢ (L N G,)= ¢(L). Since the
subspace ¢(L) of G/Q 1s topologically isomorphic to L/Q,
which 1s barrelled, we use the open-mapping theorem, [4],
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and we obtain that ¢ is open and so ¢(L) 1is a Fréchet
space. But we arrive to a contradiction since ¢(L) 1s topolo-

gically isomorphic to a non-closed dense subspace of []E,.
n=1
Consequently, let (n,) be an increasing sequence of positive
) q Y » g seq P
integers such that

?(G,) N o(L) # ¢(G, ) Nel), p=1,2 ...

Let us pick an element =z, € (P(anﬂ) N ¢(L) which is not
n (p(G,,P). Since ¢(L) 1s metrizable, there exists a sequence
of strictly positive real numbers («,) such that the set

A. - {alxl’ AoTgy o v oy apxp, . .}

is bounded. Hence A 1is a bounded set in G/Q which is not
contained in ¢(G,), p=1, 2, ..., and therefore, using
result d), there is a dense subspace F of G/Q, F # G/Q,
such that F N ¢(G,) 1s finite-dimensional, n =1, 2, ...

Let Q% be the orthogonal subspace of Q in G'[u(G', G)].
If B 1s an absolutely convex closed subset of G/Q equiconti-
nuous on Q! then (G/Q)s is a Banach space. Since G/Q
is a countable inductive limit of Fréchet spaces, we can use
Grothendieck’s closed graph theorem, [1], applied to the
canonical injection from (G/Q)s into G/Q. Then there is a
positive integer n, such that B 1s contained in ¢(G,),
hence

BNnF=BngeG,)nF

and since ¢(G,) N F is a finite dimensional space, B N F
is closed in B. Hence Qt 1s not B,-complete.

Since each closed subspace of a B,-complete space is itself
B,-complete, [4], it follows that G'[n(G’, G)] is not B,-
complete. q.e.d.

Note. — In [10] we proved that the space 2'(Q) is not
B,-complete. This result follows also from our Theorem 12,
considering that 2(Q) is a countable strict inductive limit
of separable Fréchet spaces and that it has a subspace L
such that L ~ s® ~ (s ® s) X s™.
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