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ANALYTIC FUNCTIONS
IN A LACUNARY END
OF A RIEMANN SURFACE

by Zenjiro KURAMOCHI

Dédié a Monsteur M. Brelot a I’occasion
de son 70€ anniversaire.

Let R be a Riemann surface and {R,}(n =0,1, 2, ...)
be its exhaustion. We suppose Kerékjarto-Stoilow’s topology S
is defined on R + B, where B 1is the set of all ideal boundary
components. Also we suppose Martin’s topology M is defined
over R — Ry + A as follows:

_ K(z, py) K(z, ps)
dist (p,, = - :
st lpo ) = SR TR, b T Kis )

P, P2 € R — Ry -+ A, where K(py, p) =1, po e R, — Ry
and A 1s the set of the ideal boundary points. We denote by
A; the set of all minimal boundary points in A. Let p be
a boundary component. If there exists a sequence {z} in
R — R, such that 7 -°-p (convergence relative to S) and
z, 2 p (relative to M), we say p lies over p. We denote
by V(p) the set of Martin’s points over p. Let G be an
end of a Riemann surface R with null boundary. Let

Fi=1,2 .. )F nF,=0 for i #)

be a compact continuum in G such that {F;} clusters

nowhere in R and G =G — F(F =Y Fi) 1s connected.

We call G’ alacunary end. Let p be a };oundary component
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of G. If there exists a determining sequence v,(p) of p
such that dy,(p) 1s a dividing cut and

lim min G'(z, ) > 0: g e &,

n z€ bqn(p)

we say F 1s completely thin at p, where G'(z, q,) 1s a Green’s
function of G'. We proved.

Tueorem 1 [1]. — Let G be an end of a Riemann surface R
with null boundary. Let F be a completely thin set at a boundary
component p. If there exists an analytic function

w=1_[(z):2e G =G—F
such that its value falls on the w-sphere and

supn(w) = n, < o,
w

then A; N V(p) consisis of at most n, number of points,
where n(w) is the number of times w 1is covered by G'. The
purpose of the present paper is to extend Theorem 1.

Let U(w) be a, lower semicontinuous function and

Ulw) < %fMU(C)%G(c, ) ds

for any circle C in D, we call U(w) a quasisubharmonic in
D, where G({, w) is a Green’s function of C.

Lemma 1. — Let Q be a domain in R with a relative boun-
dary dQ consisting of at most countably infinite number of
analytic curves. Let E be a compact set on Q of positive capa-
city. Let w = f(z) be an analytic function in Q + E and
{Q.}n=0,1,2, ...) be an exhaustion i.e. Q, is compact in
Q and dQ, consists of a finite number of analytic curves. Let
nd(w) be the number of points in f2(w) NE,: E, = {z:

dist (E, 2) < - Suppose there exists a number my, such
that sup n% (w) = N < o and dist (f(Q, — E,), f(E)) > 0

for any n. Let u(z) be the harmonic measure of E relative to
Q and put U(w) = )y u(z): f(z) = w. Then U(w) is quasi-

subkarmonic in C(f(E)) and U(w) < N.
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Proof. — Let E,: m=1,2, ..., be a closed set such that
E, < E,, dist ®E,, E) > 0, E.{E and ©oE, consists
of a finite number of analytic curves. Let {Q;}:n=1,2, ...
be an exhaustion of Q — E 1in the direction of 2Q — E
satisfylng conditions.

a) 0Q, — E,, is compact in Q and (Q, N E,) consists
of a finite number of components for any n and m and
Q /Q—E as n—> .

b) 30, NdQ =20 NnE
and 9, N Q NE =Q NnE for any n.
c) OQ:,——E?,,D———OQ,,——E‘,L'“

for any n. Since f(z) is analytic on Q, — E, by a)
0 > n= sup n(w)

in f(Q,) — f(E,), where n(w) is the number of points in
Q, — E, lying over w. Let wu,(z) be harmonic measure
of E relative to Q,. Then u,(z) 7 u(z). Let Q' be a
domain such that Q' < Q;, Q NnE,=Q. nE, Let
Q' 7 Q.. Then sup |u,(z) — u'(z)] on Q — E, < sup u,(z)
on 3Q' — K, - 0, where u'(z) 1s a harmonic measure of E
relative to Q'. Hence for any ¢ > 0 we can find a domain
Q' < Q, suchthata') Q' N E,=Q, nE,. V)foQ —E,)
intersects itself at a finite number of points wy, w,, ..., w,
¢'). Any subarc of f(dQ" — E,) 1s covered only once by
k

2Q" — E, except Y w; and
1

€

lu,(z) — u'(z)] < s in Q — E,.
Hence by a), V'), ¢) f(dQ" — E,) divides C(f(E,)) into a
finite number of domains w,, w,, ..., o, Let n(») be the
number of points in Q' — E, lying over w. Then n(w) = n;

in o, and n(w) jumps 1 in crossing f(dQ’). Let D be a
circle in C(f(E,)).

Case 1. D 1is contained in o; then

U(w) = Zu'(z)  (w) =f(=)

1s harmonic in D.
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Case 2. D = (0, + o,y + f(d3Q")) n D. Suppose

ni+1 2 n"-

Then ng,,; = n; + 1. There exists a domain G’ (or sum of
domains denoted by G’ also) of n, leaves of disks and
another domain G” of one leaf such that f(G") = o, N D.
Put U"(w) =2Zu'(z): f(z) =w: z,€G. Then U’"(w) is
harmonic. Put 'U’”(w) =u'(z): w=[(2): 2¢G" and U"(w)=0
on D — ;. Thensince u'(z ) =0 on 3Q" and U"(w) =0
on dw; "D by (dwy; N D) < f(bQ’ — E,) and

do; N f(E,) =

U”(w) 1s continuous and subharmonic in D and
U'(w) = U"(w) + U"(w)
is continuous and subharmonic in D.

Case 3. D — f(Q') consists of a finite number of domains,
1n this case similarly as before U’(w) 1s continuous and subhar-
monic. Put U'(w) =0 in C(f(E,)). Then U’(w) 1s conti-
nuous and subharmonic in C(f(E,)). Now

€

0 < Uyw) = U'lw) < Buy(z) —w'(z) < n* 5=

in f(Q)—f(E,). Let ¢-0. Then U'(w) uniformly
- U,(w) in f(Q,) —f(E,) and U,(w) 1is continuous and
subharmonic in C(f(E,)) by putting U,(w) =0 1n C(f(E,)).
For any given number n by (c) there exists a number m(n)
such that

dist (fRE,) — f(E)) < dist ((f(2, — Ep), f(E)): m > m(n).

Then f~(w) N Q, (for wef(E,) and m > m(n)) consists
of only points in E,, whence fi(w):wef(E,: m > m(n)
consists of at most N number of points. By u(z) < 1,
U(w) < N in f(E,). Since U,(w) 1s continuous and subhar-
monic in C(f(E,)), by the maximum principle U,(w) < N
m C(f(E,)). Let m— o. Then U,(w) 1s continuous and
subharmonic and < N in C(f(E)). Let n—> . Then
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U,(w) / U(w) by a) and U(w) 1s lower semicontinuous and

< N in C(f(E)). Evidently

2nfU G(L, w)ds

for any circle C in C(f(E)). Hence U(w) is quasisubhar-
monic and < N 1 C(f(E)).

Lemma 1 is very simple but interesting. For example
we apply it to the theory of value distribution. Then we have

PROPOSITION. — Let w = f(z) be an analytic function in
0 <)r <4 < such that |f(z)] < and f(e®) covers
[w| =1 ng tzmes as 0 varies from 0 to 2r. Then f(w):

|w| <1 consists at most m<< ﬂ) number of points in
rt-* < |z] < 1. *

In fact,let Q = {1 > [z] > r} and E = {|z| = 1}. Then

. _log[z[ . ..
u(z) =1 Tog r’ Let z(: =1,2,...) bea pointin
r-* < |zf <1
such that w = f(z,). Then u(z) > « and
Ulw) = Zu(z) < no.

Hence we have the proposition.

Lemma 2. — Let Q beadomainin R — R, and let
Ft=12,...)
be a compact set clustering nowhere in R. Put
Q' =Q—F:F=2F,

Let ¢(X) be a non negative continuous function on 3Q — F.
Let U(z) be the least positive harmonic function in Q' such

that U({) = 9({) on 2Q — F. Then

U =52 [ o(0) 3% G(t, 2) ds,

on

where G(Z, z) is a Green’s function of Q'.
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Put Q, = (Q" n R, —F. Let U,(z) be a harmonic func-
tion in Q; such that U,z) =¢({) on 0Q —F) nR,, =0
on (FnaQ)+ (R, n Q)+ (F n Q). Then U,(z) 7 U(z).
Let G,(¢, z) be a Green’s function of Q,. Then

_ 1 d
U =gz [, o) 57 Gl =) ds.

. 0 0
Since o G.(g, z) on G(%, z) on 2Q, we have Lemma 2.

Let D; > D, be two domains. Let U be a positive harmo-
nic function in D,. We denote by rU the greatest subhar-
monic function in D, vanishing on 3D, not larger than U.
Let V be a positive harmonic function in D, vanishing on
3D, except at most a set of capacity zero. We denote by sV
the least positive superharmonic functionin D; larger than V.
Then the following are well known.

rU and sV (for sV < ©) are harmonic and rsrU = rU
and srsV = sV.

Let U be minimal in D,. Then f rU > 0, sstU=1U
and rU s minimal in D,.

Let V be minimal in D,. If sV < o0, rsV=YV and sV
ts minimal in Dj.

If U, 77U, rU = limrU,.

In the sequel we suppose R 1is a Riemann surface with
null boundary and Martin’s topology M 1is defined over

R—R,+A by K(zp) = %, where p, 1s a fixed

pointin R, — R, and G(z, p) 1s a Green’s function of R — R,.
We remark there exist consts. M and N such that
M > G(z,pp) > N>0 in R—R,. Let G be an end in
R — R, and let G’ be a lacunary end such that

G =G—F:F=ZF,.
Degree of irregularity 3(p)(p € G + A;) at p. Let G'(z, g,)

(g0 1s a fixed pointin G’ N R,) be a Green’s function of G'.
We define 3(p) as follows:

3(p) = lim G'(z, q): 90 € G N R,

2-—)p

We see at once 3(p) > 0 for pe G and 3(p) > O(p € A,)
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if and only if there exists a sequence {z} suchthat G'(z, z) —
a positive harmonic function. Let &(p) the one defined
with respect to G’(z, ¢o). Then since there exists an exhaustion
{R,} such that dR, n F = 0, there exists a const. K such
that

Ii( 8(p) < ¥(p) < K3(p) for p €A,

Let p' and p? in A,. If there exists a sequence of curves
{v;} ¢=1,2,...) with two end points p} and p? such
that p! —> p!, pt— p* and y; tends to the ideal boundary
of R and

Iim min G'(z, ¢,) > 0,

i=o ZET;
we say p' and p? are chained. Let p® and p"™. If there
exists p!, p?, ..., p® ! such that p/ and p/+' are chained:
7=0,1,2, ..., np —1, we say p® and p™ are kindred.
It is clear if p' and p’ are kindred, p' and p’ lie over the
same boundary component. Kindredness does not depend on
the choice of ¢,.

Definition of G(z, p) and G'(z, p): pe G + A,.

Lemma 3. — Suppose Martin’s topology ts defined on
R — RO + A:
G isanendin R — R, and G = G — F be a lacunary end.
Let G(z, z) and G'(z, ) be Green’s functions of R — R,
and G’ respectively. Then :

1) Let {z} be any sequence such that z—>peG+ A,
Then G(z, z) converges to a uniquely determined positive
minimal harmonic function tin R — Ry denoted by G(z, p)

and G(z, p) = aK(z, p), where «— 2= / f 2 K(s, p)ds
OR,
and N = min G(z, py) < « < M = max G(z, p,).

z€dR, zedR,

2) Let {z} be a sequence such that z—>peG+ A, and
G'(z, z) > G'(z, {=}).
Then G'(z, {z}) =BrG(z, p), with: 0 < B <1 and where

the operation r concerns domains R — Ry and G'. Let {z}
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be a sequence such that z — p € G + A, and
G'(z, g0) > 3(p) > 0.

Then G'(z, z)—> a uniquely determined positive minimal
harmonic function denoted by G'(z, p) and

~—

G5 p) > PG, p),

where M = max Gz, q)
TE MRy +1

Proof of 1. — Let {z;} be a subsequence of {z} such that
G(z, z;) — a harmonic function G(z). Then

G(z)/M' < K(z, p).
By the minimality of K(z, p), G(z) = «K(3, p). On the other
hand, by the compactness of dR, f;n %z G(z) ds = 2.
Hence « =2n/fb‘n :—nK(z, p) ds. Now o{zi’} 1s an arbi-

trary sequence for which G(z, z) converges. Hence
G(z, z) - a uniquely determined harmonic function denoted

by Gz, p).
Proof of 2. — Let {z} be a sequence such that G'(z, z)
— a harmonic function G'(z, {z}). Then by 1)
G'(z, {z}) < G(z p)

and we have G'(z, {z}) < rG(z, p). By the minimality of
rG(z, p) G'(z, {z}) =PprG(z, p): 0 < B < 1. Let {z} be
a subsequence of {z} such that G'(z, z/) converges and
lim G'(z, ¢o) = 3(p). In this case B attains the greatest value

ﬁ;‘ given by
3(p)[rG(qo, P)

Now {z} 1s an arbitrary subsequence with
lim G'(z, qo) = 8(p).

Hence G'(z, z) - a uniquely determined positive minimal
harmonic function in G’ — p denoted by G'(z, p). Now
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hm Gl(zn ‘Io) z 8}(\;) G(‘]o, P) Hence

G' (4, p) > %p) G(q, p) > %r(}(%, p) and g% > 20
Thus we have 2).

We shall discuss the behaviour of Green’s functions of a
planar domain. Let Q be a domain in the z-sphere such
that Q has a Green’s function G(z, p). Let ¢ be a fixed
pointin Q and ¢(t) be a neighbourhood of ¢, in Q and put

3(p) = lim G(z, t,) : p € Q. Then 3(p) is upper semicontinuous
__ z>p
in Q and 3(p) < max G(z, t). We see 3(p) > 0: pedQ

z€0ulty)
if and only if p 1s irregular. We introduce Martin’s topology
over Q + A by K(z, pY): pM e Q + A with K(,, p™) = 1.
By Brelot’s theorem [2] there exists only one point p™ on p
for 3(p) > 0 and p“ is minimal. We denote by p™ = o(p).
Then also this implies ¢(p) is continuous at p with 3(p) > 0.
Clearly K(z, p¥) 1s continuous with respect to p“. Hence
K(z, ¢(p)) 1s continuous at p with &(p) > 0 and we
denote p™ by p simply in the following. Let {z} be a
sequence such that z — p, G(z, ) > g, > 0. Then there
exists a subsequence {z;} with G(z, z}) - a harmonic func-
tion G(z). Then G(z) < €M K(z, p): M = max G(z, ¢). By
(] zedu(ty
the minimality of Kz, p) G(z) = «K(z, p):)O < a < .
Let {z} be a sequence such that z — p, G(z, t,) - 3(p).
Then we see easily G(z, z) — a harmonic function
G(z) = «K(z, p) and « is the maximal value and G(z) is
the limit of {G(z, z)} such that z — p and

Glz, 7) > Tm Glw, 2)
w>p
for any z. We make G(z) correspond to p and denote it by
G(z, p): p€2Q:3(p) > 0. Thus the domain of definition of p
of G(z, p) is extended to Q + {pedQ: §(p) > 0}: This
fact means G(z, p) is upper semicontinuous with respect to p.
Let peQ with 8(p) > 0. Then by K(t, p) =1 we have
G(z, p) = 3(p)K(z, p). Let p be a positive mass distribution
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over Q + {pedQ: 3(p) > 0}: Then a potential
[G(z q) du (q) and 3(g)u(q)

are defined well. Then we have

Lemma 4. — 1) Let {z} be a sequence such that z — p
and G(z, z) = a harmonic function G(z, {z}). Then

G(z, {z}) < G(z p).

2) Let ¢(p) be a neighbourhood of p, then there exists a
const. L such that G(z, p) < L on Cv( ).

3) Let U(zs) be a potential U(z) = |-Gz, q)du(q) and

fdp. < o0.

If G(z, p) , lim [ dnle) =

1
vn<p>—§|z pl < n§
Proof. — 1) i1s evident. We shall prove 2). Let {z} be
a sequence such that G(z, {,) - 8(p) and z — p. Then
G(z, %) - G(z, p). Let ¢'(t,) = {z: |z —t] < r'} such that
o' (t,) € Q. Let G'(z, z) be a Green’s function in Q — ¢'(¢,).
Let Hi(z) be the least positive harmonic function in

Q — o'(t)
such that H;(z) = G(z, 5) on d¢'(t,). Then
G(z, ) — Hyz) = G/(z, z).

Since d¢'(f,) 1s compact, H;(z) - H(z), where H(z) is the
least positive harmonic function in Q — ¢'(¢,) such that
H(z) = G(z, p). Whence G'(z, z) - a uniquely determined
function denoted by G'(z, p). On the other hand, there exists
no singular minimal point on planar domains (this is equi-
valent to there exists no bounded minimal positive harmonic
function). Whence sup G(z, p) = . But

sup H(z) < max G(z, p).

z€dv(ty)
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Hence G'(z, p)>0. Let ¢(t) = {|z—1t,| <r} such that
r>r and ¢(t) < Q. Now

min G'(z, z) = N; > N’ = min G/'(z, p)

z€d(ty) z€0v(ty)

and max G(z, z) = M; > M = max G(z, p). Clearly

z€dv(ty) z€0du(ty)
M > N;, G'(z, z)/N; and G(z, z)/M;

have log singularities with coefficients 1/N; and 1/M; respec-
tively and G'(z, z)/N; = G(z, z)/M; on d¢(t,). Hence by
the maximum principle and by letting i — oo we have
G'(z, p)/N’ = G(z, p)/M in Co(t). Let Q= z-sphere — ¢'(t,)
and let G(z, p) be a Green’s function of Q. Then

G(z, p) > G'(z, p)-

Clearly there exists a const. L such that
LN'/M > Gz, p) > G5 p)

on Ce¢(p). Hence L > G(z,p) on Ce¢(p) for any neigh-
bourhood ¢(p). Hence we have 2).

Proof of 3). Case 1. pe Q. Let ¢(p) = {z:|z — p| < 1/ny}
such that ¢(p) = Q. Then G(z, q) = G'(3, q) + H(z, ¢q) or
G(z, q) according as ge¢(p) or q¢¢(p), where G'(z, q)
1s a Green’s function of ¢(p) and H(z, ¢) and G(z, ¢):
q ¢ ¢(p) are least positive harmonic functions in ¢(p) such
that H(z, q) = G(z, q) and G(z, q) = G(z, q) on d¢(p).
Since for any ¢ and any neighbourhood ¢(q) there exists
a const. L(g, ¢(¢q)) such that G(z, ¢q) < L(q, ¢(q)) on Ce¢(q)
and since d¢(p) 1s compact, there exists a const. L such

that H(z, ¢) < L and G(z, ¢)(¢¢ ¢(p)) < L on

on(P) < ¢(p): Ny > ny.
Hence :

G'(z p) < Glz p) = Jip &5 9) du(e)
- ﬁ<,,) H(z, q) di (9) + [o, Glz q) du (g)
< Ji G5 @) du (@) + L [du in o,(p).
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Let H,(z): n> ny, be a harmonic function in ¢(p) — ¢,(p)
such that H,(z) =0 on d¢(p) and =L on d¢,(p):

L' =L [ds. Then U(z) < [,, G'(z ¢ du(q) + Hyz) on
d¢,(p). Since G'(z, p) =0 on d¢(p),

< [ Gz ) de (@) + Hy(2)
on d¢(p) + dv,(p). G'(z, p) is harmonic and

S G5 @) du (g) + H(3)
1s superharmonic in ¢(p) — ¢,(p). By the maximum principle
and by letting n—> o G'(z p) < [,, G'(3 ¢) d (g). This
implies 1 < ﬁ@) du (¢9). Now ¢(p) 1s arbitrary and

lim dpe > 1.

Case 2. pedQ. In this case p 1s irregular. Let ¢edQ
and G(z, ¢) > 0. Then by definition

G(z, q) = lim G(z, ¢,

where ¢, € Q, ¢, — q, G(g, t,) — 8(q) = lim G(z, t,). Hence

z>4q
G(z, q) = 3(¢)K(z,q): K(t, g0 = 1. Since the greatest sub-
harmonic minorant of Green’s potential (in ordinary sense) = 0,
we have by

G(z, p) < [,q G(z q) du
G(z, p) < Jyq G(z, q) du(q) 1.e.
)

Now 38(q)u(q) 1s a canonical representation, hence

5(p) < 3(g)u(q)
and 3(p f(p) (9)(g)). On the other hand, 3(q) 1s

upper semlcontmuous Hence lim | . du(q) > 1.
n n

Suppose an analytic function in a lacunary end G’ :

G=G-—F
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of a Riemann surface R with null boundary such that
w=Ff(z):2e G

falls on the w-sphere. We investigate the behaviour of f(z)
and the structure of A;. Then

Tueorem 2. — Suppose [(G') does not cover a set E of
positive capacity. Then:

1) Let {z} be a sequence in G' such that z—>peA,
and lim G(z, qo) > 0. Then f(z) — a point not depending on
the choice of {z}. We denote it by f(p).

) If Ay N V(p) consists of at most countably infinite
number of points {p;} and 3(p;) = 8 >0 for any i. Then
f(p) = f(p;) for two kindred points p, and p; in A; 0 V(p).

Proof of 1). — The complementary set of E relative to the
w-sphere consists of domains. Let Q be the one containing
f(G"). Let G*(w, wy) be a Green’s function of Q. Then
G*(f(z), f(z)) = G'(z, z). Consider a sequence {z} such that
z—>p and limG'(z, ¢) > 0. Assume f(z) has two
limiting points tZ: l=1,2,t #t on Q 4+ 2Q. Then we
can find two subsequences {z) of {z!} such that z' —> p,
f(Z) —1t, G'(z, z)—a harmonic function GY(z) in G
and G"(w, f(z!)) — a positive harmonic function G(w, {f(z})})
in Q —¢. Then by Lemma 4

(1) 0 < G'z) < G¥(w, {f(z)}) < G (w, 1) : w = f(a),

where G*(w, t,) is the function defined in Lemma 4. Now
by Lemma 3.2, G'(z) = 01§77 ™G(z, p): 0 < o, < ©, whence

(2) GY(z) = bG¥(z): 0 < b < o0.
Let ¢(t) be a neighbourhood of ¢, such that
o(t) N (i) = 0.

Then by Lemma 4 G“(w, ¢) 1s bounded in Cg¢(t). Whence
by (2) and (1) G¥(z) and G?*(z) are bounded in G’ and
G''(z) = G*(z) = 0. Thisis a contradiction. Hence we have 1).
Because the following fact 1s well known : Let o be a domain
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tn a Riemann surface with null boundary and let U(z) be a
bounded harmonic function in o with U(z) =0 on do,

then U(z) = 0.

For the proof of 2) we use following :

Prorosition 1. — Let {z} be a sequence in G' such that
m—p, f(z) > w* € Q +2Q satisfying.

a) G'(z, ) = a positive harmonic function G'(z, {z}) in
G'.

b) G*(w, f(z)) = a positive harmonic function G*(w, {f(z)})
in Q — w*. Let EG'(Z, {z}) be the least positive super-
harmonic function in Q larger than G'(z, {z}). Then

E*:GI(% {z})

is minimal in Q@ — w* and = «G¥(w, w*): 0 < « < 1.
In fact by Lemma 4

G'(z {z}) < G*(f(z), {f(z)}) < G"(f(z), »¥)
and by the minimality of G(w, w*) EG'(z, {z}) = aG*(w, w*)
and }:]G’(z, {z}) 1s minimal in Q — w*.
Prorosition 2. — Let {z} be a sequence z — pe G + A
such that G'(z, qo) = 3(p) > 0. Then by Lemma 3
G,(Z’ zi) - G’(Z’ p)? G(Z7 zl) - G(Z, p)
By 1) of Theorem 2 f(z) — f(p) and by Lemma 4
G(z, p) < Tim G*(w, f(=)) < G“(w, f(p)):
peh +G,a(p) > 0, f(z) = w.

Proof of 2) — By 1) of Theorem 2 f(p): pie Ay N V(p)
is defined. Let p, and p, be two points chained. Assume
f(p) # f(p:). We can find a circle

C={w:lw — flpo)] < 5 f(p2) — Fpall}

and C N 3 f(p) =0. By the definition there exists a
i=1

sequence of curves y, with endpoints zi and z2 such that






