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ON THE REPRESENTATION
OF DIRICHLET FORMS

by Lars-Erik ANDERSSON

Dédié a Monsieur M. Brelot a l’occasion
de son 708 anniversaire.

This article is an abbreviated version of [2] in the reference
list.

1. Introduction.

The purpose of this article is to complete and generalize
certain results on the representation of Dirichlet forms obtai-
ned by A. Beurling and J. Deny (see [3] and [5]) and, recently,
by G. Allain (see [1]).

First let us introduce some notations and definitions.

X denotes a locally compact Hausdorff space.

V is a vector space of realvalued functions defined on X.

Q and N will denote bilinear forms defined on V.

Qif) = Q(f; ).

Q 1is said to be positive if Q(f) > 0 for all f in
the domain V.

Coo(X) 1is the set of all continuous realvalued functions on X,
with compact support.

Q < R* will denote an open set.

C(Q) 1s the set of all realvalued, once continuously diffe-
rentiable functions on Q, with compact support.

A}(Q) 1is the set of all realvalued Lipschitz functions of
order one with compact support.



12 LARS-ERIK ANDERSSON

K always denotes a compact subset of Q < R~
lgrad f|, = sup |grad f(z)], where fe CL(Q) and |.| is

the ordinary Euclidean norm.

DerinitioN 1.1. — A bilinear form N is said to be local if
N(f, g = 0 whenever f s constant on a neighbourhood of
supp g and vice versa.

DerinitioN 1.2. — A normal contraction T s mapping T:
C—>C (or T: R - R) such that TO =0 and

| Tz, — Tzy| < |2, — 2

for all z,,z, in G (or R).
If uw and ¢ are real or complex valued functions then u
is said to be a normal contraction of ¢ if

lu(z)] < |o(z)] and |u(z) — uly) < |o(z) — ¢(y)l

for all z, y in the domain.

It can be shown that u 1s a normal contraction of ¢ if
and only if there exists a normal contraction operator T
such that u = T¢ (sufficiency is trivial).

DeriniTioNn 1.3. — T, will denote the normal contraction
operator, which projects G (or R) onto the line segment [0, a],
a > 0.

T, s called the fundamental contraction operator. Thus
T,z = min (z*, 1) if x s real.

DeriniTioN 1.4. — A normal coniraction T s said to
operate on the positive bilinear form Q (with domain V) if
feV=TfeV and Q(Tf) < Q(f).

A central problem in potential theory is the following:
Find all positive, symmetric, bilinear forms defined on a
subspace V of Cg(X), on which all normal contractions
operate (see [1], [3] and [5]).

In [1], essentially, the following theorem is proved.

Tueorem 1.1. — If Q s positive, symmetric and defined
on V, which is dense in Cyo(X) (in the sup-norm topology)



ON THE REPRESENTATION OF DIRICHLET FORMS 13

and if T, operates on Q then.

g) = [ f(2)g(x) du(x

++ [[ (@) — fly)ista) — sty dota, ) + NG o)

Here, 1 1s a uniquely defined positive Radon measure on X,
o(x, y) 1s a positive, symmetric Radon measure on X X X
which 1s uniquely defined (except of course on the diagonal)
and N is a uniquely defined positive symmetric form of local
type. Moreover T; operates on N.

The following problem arises naturally: Characterize the
local part when X = Q < R", Q open.

2. Statemént of results.
The following theorems are valid.

Tueorem 2.1. — If, in theorem 1.1, we make the additional
assumption that all normal contractions operate on Q, then
also all normal contractions operate on the local part N.

This theorem has earlier been discovered by P. Roth
The proof can be found in [2].

Tueorem 2.2. — Assume that N is a local, positive, sym;
metric bilinear form defined on V = C{(Q) (or on V,

Ch(Q) = V = AJ(Q)
swhere V s closed in the sense that
fn € V, supp fn < K’ ngad fn - grad f”ac - 0= fE V)

Then there exists a locally finite point set E = Q with the
following property: If we restrict N(f, g) to functions f,
g € V. which are affine on some (arbitrarily small) neighbour-
hood of each point of E then N 1is bounded in the sense
that for each compact set K = Q there exists a constant
Cx such' that

IN(f, 8)l < Cxlgrad f].|grad g].,
whenever suppf and supp g < K.
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Moreover, for functions f, ge V which have continuous
derivatives at every point of E, we have a partition

N(f9 g) = No(fa g) + Nl(f) g)'

N, 1s a local positive bilinear form which is bounded in the
sense described above.
N, has the following properties :

(1) No(f, g) = 0 if for every point z € E, either f or g is
constant in some (arbitrarily small) neighbourhood of =.

(1) No(f, g) =0 if both f and g are affine in a neigh-
bourhood of each point of E.

() N, 1is unbounded (unless N, = 0), meaning that
inequalities like those for N; do not hold.

Furthermore, N, and N; are symmetric.

With the aid of theorem 2.2 it is possible to prove.

Tueorem 2.3. — If N s a local, positive, symmetric bili-
near form on V > C%(Q), on which all normal contractions
operate, then N s bounded in the sense described in theorem
2.2. when restricted to functions f, g e CL(Q).

Tueorem 2.4. — If N s a local, symmetric, bilinear form
defined on V o CL(Q), which is bounded in the sense of
theorem 2.2, then there exists a symmetric family {o;}} ;=1
of Radon measures on Q such that for f, ge ClH(Q)

3f 3¢

N =V —L % {g,,.

L (f’ g) 7] 8.’17,- sxj dclj

The measures o; are uniquely defined, provided we demand
symmetry, o, = 6;. Moreover, if N is positive then

3 hibyoy
7

1s a positive measure for all h; e Coo(Q), 1 =1, 2, ..., n
(this is equivalent to saying that the matrix {oy(B)}; is
positive semidefinite for all compact Borel sets B < Q).
We also have

Juldal < Ce
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and
feldoyl < 2C for i j.

If N 1is positive then
fildsyl < Cx forall i, j.
(K is the interior of K).

Cororrary 2.5. — If Q 1is a positive, symmetric, bilinear
form defined on V > C}(Q) such that all normal coniractions
operate on Q then for f, g€ Cl(Q) we have

— gly)) do(z, y) + 3 f 8_fﬁ_s

(Notations as above.)

3. Proofs of the stated results.

Proof of theorem 2.2. — Using an idea of J. Peetre (see [7])
we introduce the point set E defined by E = {re Q;
for every neighbourhood ©,3 z, 3¢ € V, supp ¢ < w,,

lgrad ¢, < 1 and N(p) > 1}.

Lemma 3.1. — E s locally finite, 1.e. every compact set
contains at most finitely many points of E.

Proof. — Suppose E 1is not locally finite. Then E has an
accumulation point =z, € Q and there exists a sequence
{z;}7 of distinct points in E, z; # z,, converging to z,.
Now choose neighbourhoods ;> x; such that o, Nw; =¢
if i #] and all o, © K for some compact K. By the
definition of E we can find functions ¢, eV with supp
9; < o, |grad ;] , < 1 and N(gp;) > 1. If we take

1

Vi

P = ¢, then ¢ e V.

=8

o~
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N 1s local and positive, which implies

OEDE <>+N< 1

k
S — > as k— oo,

Svv)7 34

This 1s a contradiction since ¢ € V.
Thus the lemma is proved.

Lemma 3.2. — If K = Q\E s compact, then there exists
a constant Cx such that

IN(f, g)l < Ckllgrad f|.[grad g|.
whenever suppf and supp g < K.

Proof. — For every ze€ K, 3 neighbourhood o,3z
such that
supp ¢ < w,=> N(p) < |grad ¢|2.

K, being compact, can be covered by finitely many such
neighbourhoods o,, v=1, 2, ..., n. We can also find a
partition of unity,

Se,=1 on K, 0<9, <1,
v=1
SUpp ¢y < Wy, CPVEC1< )
f:ZﬁPv if suppf < K.

0 < N(f) = V<Z f<pv>— 5 Nfe) + 3 Nifou fiy)
IN(el < lgrad (fe)i2 < (1iwad fl., + 17l lgrad o).

But |f]l. < Cylgrad f|, for some constant C,; (depending
only on K). Therefore N(fp,) < Cs|grad f|2, where

C, = (14 Cy max lgrad 2l ).

Schwarz’ 1nequality gives

IN(fev, fou)l < {N(fey)}'*{N(fo,)}'* < Cq|grad f]Z.
= N(f) < n*Clgrad |3, = Cklgrad f]3.

Next, by Schwarz’ inequality
IN(f, g)l < (N(f))"*(N(g))"* < Cklgrad fl.|grad gl...
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Lemma 3.3. — If K < Q s compact then there exists a
constant Cg such that

IN(f, g)] < Cklgrad f|,lgrad gl.,

whenever f and g are affine in some neighbourhood of each
point of E and the supports are contained in K.

The proof of this lemma is fairly straightforward but
lengthy and 1s therefore omitted. The details can be found
in [2].

To define the forms N, and N; we need only observe
that

Fi(K)={f:feV,suppf < K,

f affine on a neighbourhood of each point of E} is dense in

F(K)={f: feV, suppf < K and grad f is continuous
at every point of E}

under the norm |gradf],.
Now if f, ge F(K) are given we can take f,, g, € F1(K)
such that

|grad f, — grad f|, — 0, |grad g, — grad g|, - 0 as n - .
Derivition. — Ni(f, g) = him N(f,, g,)

NOIN""Nl.

It easily follows that the definition is independent of the
particular sequence and that we have the properties:

INi(f, 8)l < Cxlgrad f]..|grad g|..
Ni(f) = 0 forall f.

No(f, g)=0 if f and g are affine in a neighbourhood of each
point of E.

Property (1) of N, is proved in the following way: First,
it suffices to consider the case when E consists of a single
point, for example 0. Then, if f is constant on a neighbour-
hood U of 0, we have Ny(f, g) = N(f, g — lm N(f, g,)
where g, € F;(K) can be chosen such that e

supp (8. — 8) < U (and |grad g, — grad g|, - 0)
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consequently Ny(f, g) = lim N(f, g — g,) = 0 by the locality
Of N' n>wo

Finally, if N, were bounded in the sense described, we
could redefine N; = N, N, = 0.

This completes the proof of theorem 2.2.

Remark. — It should be noted that Ny(f) > 0 but not
necessarlly Ny(f) = 0. With the aid of a suitably chosen
Hamel basis it is possible to construct an example showing this.

Proof of theorem 2.3. — We will prove that in the partition
N({f, g = Nolf, &) + Nu(f, 8)

deduced in theorem 2.2 we have

Nof, §) = 0 forall f, g e Ch(Q).

Lemma 3.4. — Let e CL(Q) have the following properties :
(1) f=0 on E,

(1) grad f=10 on E,

(1) f > 0 on some neighbourhood of E.

Then Ny(f) = 0.

Proof. — By the locality properties of N, it is enough to

carry out the proof for the case that f > 0 everywhere. Let h:
R+ — R+ have the following properties :

(i) h e CY([0, o),

(1) h(z) =z for 0 < z <
(i) h(z )— 1 for z > 2,
(iv) 0 < K (z) < 1 forall =
Take hs(x) — ch <—§—>s > 0. Then f,— h(f) is a nor-

1
2 y

mal contraction of f such that

a) fo € Coo(Q).
) f=/f. on some neighbourhood of E.

) f(x) = 0 and f(z) > 0 for a'l =.
d) forall z,y f(z) — f(y) has the same sign as f;(z) — f.(y).
e) |grad fi], > 0 as ¢ — 0+,

S

3}
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Now we can choose a sequence ¢, tending to zero fast
enough to ensure that

g= 3 fu e ChQ)

By ¢) and d) it follows that 2 f:; 1s a normal contraction
of g =1
b) Implies that
No(fes fe;) = No(f)

and

N, <§ f> — 2N,(f).

Hence
oo N(30) =% (30) - (30)
> N, (@ ﬂ,) — n2N,(f).

Thus Ny(f) < 0. Suppose Ny(f) < 0. Then

No(fe) = No(f) < 0.
N{fe) = No(fe) + Nu(fe) = No(f) + Na(fe) = No(f) < 0

as ¢ — 0 which is a contradiction. Therefore N,(f) = 0.
Next we want to get rid of the condition (ii1) in the previous
lemma.

k)

Lemma 3.5. — Let fe C4(Q satisfy the conditions =0,
gradf=0 on E. Then there exists a function ® € C(Q)
such that

a) =0 on E;

b) grad ® =0 on E;

¢) ® > 0 on some neighbourhood of E;

d) ® —f >0 on some neighbourhood of E.

Proof. — It is enough to carry out the proof for the case
that E N suppf consists of one single point, say 0.

Let {(r) = |5111<p |grad f(x)
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¢ i1s nondecreasing, continuous and lim ¢(r) = 0. Take
r>0

z) = 0() [['4(r) dr

where © € (C3(Q) and © =1 in a neighbourhood of 0.
Hence, for small enough =z, we have

@l =[5

which proves the lemma.

Next let us study No(A® — f) when f and @ are as in
the previous lemma. For A >1 we have 2@ —f >0
in a neighbourhood of E. Consequently lemma 3.5 gives

0 = Ny(a® — f) = 22No(®) — 22No(®, ) + No(f)-

ja

¢(r) dr = @(x)

0

But 2 > 1 was arbitrary, so the polynomial must vanish
identically. Therefore Ny(f) = 0 whenever f=0, grad f = 0
on E.

Next if g is any function in C}(Q) we can write

g=o¢+f

where ¢ is affine on a neighbourhood of E and f
gradf=0 on E. We are going to show that Ny(g)
It is no restriction to assume that supp g N E={0}. Let

1 for |z| <
b(@) = 50 for |x| = 2
0<¢ <1, el

bela) = b (—‘”—)

Then if fe = ¢, we have |gradf,|, >0 as ¢ — 0.
Hence N;(f.) >0 and N;(f;, h) >0 as € -0 for every
h e C%(Q). Now

No(g) = No(f) + No(o) 4+ 2No(e, f) = 2No(9, f) = 2No(e, fe).

But according to Schwarz’ inequality we have

INo(e, fe) + Na(e, fo)l = [N(e, fo)l < (N(e))2(N(f;)) 2
= (N(e))"*(No(fe) + Nu(fe))*® = (N(¢))"*(Ny(fe))* - 0

as ¢ = 0.

1l

0,
0



ON THE REPRESENTATION OF DIRICHLET FORMS 21

Thus
No(8) = 2(No(9, f:) + Nu(e, £)) — 2Ny(p, fi) >0

as e — 0.

Hence Ny(g) =0 for all geC}H(Q). To complete the
proof of theorem 2.3 we observe that

Nolf, &) = 4+ (Nalf + &) — No(f — &) = 0
for all f, ge C&(Q).

Proof of theorem 2.4. — If we restrict N to D(Q), the
space of all infinitely differentiable realvalued test functions
on Q with compact support, then N 1is a continuous bili-
near functional. We use the kernel theorem (see for example
[6]) to conclude that N(f, g) = <{f(2)g(y), T(z, y)>, where
f, 8 € D(Q), f(z)g(y) e D(Q X Q) and T(z, y) is some distri-
butionin D'(Q X Q). Furthermore, the locality of N implies
that supp T < diag (@ X Q) = {(z, y) e Q X Q: z = y}.

Now let K = Q be compact. K is the interior of K.
If suppf, supp g = K, then we have

{(fl@)gly), T(z, y)>= %  <DDHf(z)s(y), k¥, y)>

a,
ol +1 B <m(K)

where o8 are measures on K X K, m(K) denotes the order

of T when restricted to D(K X K). Furthermore, it is
possible to choose the measures o%? such that

supp o%? < diag (K x K).

This follows from the general fact that if a distribution T
on R" has support on a linear subspace of R", then the

measures « representing » T can be choosen to have
supports on that same linear subspace (see [8], chapter 3,
§ 10).

Thus we have

Nf.g= 3 DY(@Dig), ok¥(x)>

lal+| Bl<m(K)
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where %8 are measures on K. We assumed that
IN(f, 8)l < Cklgrad f].[grad gl.,
when supp f, supp g < K.

Lemma 3.6. — If N s symmetric, local, and if

i) N(f, g = % <D*f(«)DPg(a), Te(2)>, TE distribu-
tions on K, 1al+|;'|sm(x)

(i) IN(f, §)l < Cilgrad fl.lgrad gl when f, g e D(K) then
there exist uniquely defined distributions T;x (on K) such
that Tij,K == Tji,K and

(f’ ) U <’§£§ ’szK> f, geD(K)

The fact that T;x are uniquely defined, implies that we
obtain distributions T; on D(Q) such that

Sf dg
Nt &) = 3 (st g To)
for all f, geD(Q) (Tyx = Tyg).

Proof. — To simplify notations let us write T, T, m
instead of Ti, Ty x, m(K) and let all functions f, g be

supported in K.
Let ¢ € C* be any fixed function with supp ¢ < K.

Take f(z) = ¢(z)e™*9, g(z) = p(z)elt-2.

(So far we have assumed that the bilinear forms act on
real functions, but by linearity we can of course extend them
to complex valued functions.) Then

Def(a) = (— i)*n%g(2)e=2 4 O([afi=-1),
D§g<x) = ilmp,ﬁq)(x)ei(p.,z) + O(“"“m—l),

for large values of |A] and |y|.

lgrad fl.. < lgrad el. + [ol.[?
lgrad gll.. < lgrad o|. + [o].|ul
N(f,g) = % (= i)sH(— 1)BapfleO=t-Dg2, ToB) 4 ...,

lel+1BI<m

where the dots stand for terms containing derivatives of ¢.
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Let A—p=1, p=x2—11 and let v be fixed. Then
Nif,g)= % (—in(— 1)Pns(n — 7)flem" 292, T
o +gl=m
| + 0(3m-1).
N(f, ) = |ng|— (— iym(— 1)Pas(x — 7)¥(T=Pe2)*(z) + O(|A|1).
IN(f, &)l < Cklgrad f|.[grad gl = O(|A|*), as [A] > co.
The first expression shows that N(f, g) 1s a polynomlal
in A (for fixed <) and the last that this polynomial is of
degree at most two.
Thus, if m > 2 and if v, with |v| = m, is a fixed index

then the coefficient of A’ must vanish.
The coefficient of A’ 1is

(— 1 3 (Tohe2)(x)(— 1)

a+§=v
(* denotes the Fourier transform.)

S (— )BT (x) = 0.

a+f=v

Y (— 1)FITebe2(z) = 0.
a+§=v

Y (— 1)FT* =0, as ¢ was arbitrary.
a+p=v

Now we make repeated partial integrations in the repre-

sentation
N(f,g) = 3 <D*f(x)DPg(x), T*¥(z))

lal+1BI<m
and in each step we use the relations
S (= 1)BITeE =0
a+B=v
for the terms of the highest order. Then we can reduce the
expression to the form

N(f, g) = 3 <D*fDfg, T}

la|+TBI<2
(with abuse of notations).

A few more fairly simple manipulations (the symmetry of
N(f, g) must be used, the details are in [2]) show that we
can actually write this

/ 3f 3g T, \
f’ ) (,] \8:1: ij l/’
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where T; = T; are distributions on K. The uniqueness
of T, follows from the following relation, which is easily
verified

2{f, Ty> = N(zf, z9) + N(z;f, 2,6) — N(f, z.z,9).
Here 6 1s a function such that 6 = 1 on a neighbourhood

of supp f. Thus lemma 3.6 i1s proved.

Lemma 3.7. — The distributions T;; in lemma 3.6 are Radon
measures on L.

Proof.

Nf o =3 (Gl Ty Ty =T,

IN(f, g)] < Cgligrad f].[grad g|.

when suppf and supp g = K.
In these formulas we now let f(z) = fi(z)e?** and

g(a) = e=0(a)

where 6 = 1 on a neighbourhood of suppf, suppf < K.
We can also have 0 < 6 <1 and suppf = K

lgrad fl. < lgrad fill, 4 [Mlfil.
lgrad gl < lgrad 0], 4 |A|[6]., = lgrad 8], + |2].

Then

and

N(f, g) = 2*<A0, Tud + 0(A])
for large A(fy and 0 fixed). Also
IN(f, &)l < Cx{2*[fil + O(|A])}.
=00, Tud 4+ 00 < Ce{A®|full. + 0(2)}-
Divide by A and let A - . Then
I<fi, Tad] < CGrlfils

which proves that T;; 1s a Radon measure o;; and that

ﬁildcnl < Gk

For the same reason T; are measures o; That also T
are measures follows after a change of coordinates. The
details are omitted.
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Lemma 3.8. — If N s also positive, then 3 hho, is

a positive measure for all continuous functions ;z,- € Coo(Q),
v=1, 2, ..., n. This is equivalent to saying that the matriz
{c;(B)}; s positive semidefinite for every compact Borelset
B <= Q.

The proof is based on a similar technique as earlier and is
omitted. For details see [2].

This completes the proof of theorem 2.4.

Corollary 2.5 is an immediate consequence of theorems 2.1,

2.3 and 2.4.
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