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THE DUAL OF WEAK LP

by Michael CWIKEL (*)

1. Introduction.

For any given p in (0, =), the space Weak L? on a given measure
space (X, 2, u) consists of those (equivalence classes of) real or
complex valued measurable functions f (x), whose distribution func-
tions £, (a),

i) = udx] [f&)] > a})

satisfy sup of f (a) < oo
a>0

The quasi norm |f]|, =(sup apf*(a))”" defines a topology on
>0

Weak L?. L? is continuously embedded in Weak L?. Weak L? claims
our attention largely because of the Marcinkiewicz interpolation
theorem, and the fact that several important operators such as the
Hilbert transform and the Hardy-Littlewood maximal function which
map L? into L” for p > 1, map L' into Weak L'.

It is convenient for some purposes to consider L and Weak
L? within the more general framework of the Lorentz spaces L(p , q).
Let us recall the definition of these spaces.

For each measurable function f on X with distribution function
fy(@), we define the non-increasing rearrangement f*(z) of f by :

f*@) = inff{a>0|f (<t} forall ¢>0

(with the usual convention that the infimum of the empty set is + o).

(*) Supported in part by the C.N.R.S.
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For 0 <p <o, 0 < g < oo, define

Ong l/q
Il = @t MP (1)) dift
= ([ )
and for 0 < p < o0, g = oo,

IFI5 . = sup tUP £x(p).
’ t>0

Then for the above values of p and g the Lorentz spaces are defined by :
Lp, 9 ={r 11113, <ol
It is easy to see that L(p ,p) = L” and that sup o”f, () = (If I7 )7,
a>0

so that L(p, ) = Weak L”.

If II:’ ¢ is not a norm since the triangle inequality may fail. However
for 1 <p<oo, 1 <qg<o, the L(p,q) topology may be defined
by the norm :

b = ([ @ @F arfe) ™ for q<e

= sup 117 f**(1) for q = oo,
>0

where f**(t) is defined by :

(M(E))—lj;: |1 d#lEGE,M(E)>tff0r0<t<M(X)

@)

sup

! ﬂ |f| du for ¢ > u(X).

If the measure space is non-atomic,
sup{ W(EN ™ [/ Ifl du | E€Z , u(E) > ¢

= sup

e s dulEez,u(E)=tf,

and consequently

If 1 (p,my = sup)u(E)P! fEm du|Eez§.

In the non-atomic case it also follows that :

o=t '/(;tf*(s) ds.
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A detailed study of the Lorentz spaces has been made by
Hunt [6]. It includes characterisations of their dual spaces for all
values of p and g with g finite. L(p,%)* for 0 < p < 1 has been
studied in [2] and [4]. We summarise the results in Table 1.

Table 1

The dual space of L(p, g) for various values of p and gq.
(fp+ 1/p'=1=1/q + 1/g"

0<p<l1 p=1 1 <p<oo p=o0
=L =Lp', =)
0<g<l1 For0<q¢g<1,L(p,q)*=L(p, 1)*
This follows readily from theorem 2.5
of [6]
=L L, q) is
q=1 ={0} = L* for a = L(p', ) [6] undefined for
if the o-finite measure all g <o,
measure space [S5].
space is non
1 < g < o |atomic. [6] =L(p',q") [6]
= {0} if is non trivial, | =L(p',1)®S,®S_|=L"* the
measure space | though functio- | shown in this space of bounded
q =0 is non atomic. | nals vanish on | paper finitely additive
[2] all simple set functions. [5]

functions [4]

In this paper we consider L(p,)* for 1 <p <eo. For this
range of values of p, L(p , =) is a Banach space with norm as defined
above. The underlying measure space (X, X ,u) will be taken to
be non atomic, except where explicitly stated otherwise. It will be
seen that L(p,o)* can be expressed as the direct sum of three
spaces, L(p', 1) ® S, ® S_, where 1/p + 1/p’ = 1. The spaces S, and
S_ consist of functionals which exhibit a singular behavior similar
to that seen in all elements of L(1 ,o)* ; they annihilate all functions
which are bounded and supported on any set of finite measure.
(There are also some essential differences between the elements of
So and S_ and those of L(1,°0)*, as shown in [3]).
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Characterisations of S, and S, are obtained, and both spaces
are seen to be reflexive. Thus we readily deduce the form of the n'®
dual of L(p, ).

We note that, as indicated in Table 1, L(p', 1)* = L(p, «).
It will be clear that the embedding of L(p’, 1) into L(p', 1) ® S, ® S,
is the canonical embedding of L(p', 1) into its double dual.

We shall use the notation z for the complex conjugate of any
complex number (or complex valued function) z. The function sgn
will be defined by

sgn(z) = z/|z| for all z#0
=0 for z=0.

The open subinterval (0, u(X)) of the real line will be denoted
by L

2. Some technical preliminaries —
continuously monotone families.

The definitions and consequent observations to be made in this
section constitute a more careful look at the procedure which yields
the non-increasing rearrangement function f*(¢) from a measurable
function f on X. Our aim is to have an apparatus with whose help we
may work with f almost as easily as if it were itself a non-increasing
function on the positive real axis. Roughly speaking we shall find
a “direction” in X in which f is decreasing and looks rather like
f*(t). The simple notion of a continuously monotone family of sets
is central here, and it will also be important later, in describing the
continuous linear functionals on L(p , o).

LEMMA 1. — Let g be a positive measurable function on X, such
that g (1) and g*(t) are both finite for all t > 0. Then

t— u{{xlglx) =g*()}) <g,*®) <1t
for all t, 0 <t < u(X).
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Proof. — By the expanding sequence theorem,

lim g*(a + %) = g (@)

n-—»o

for all a € [0, =), and by the contracting sequence theorem,

1
lim g, (a—— )= n((xI80) > a)) = g,e) + u((x]g(x) = a))

n=+co

for all ¢ € (0, o). By definition of g*(¢),
1 1

for each n. It remains only to pass to the limit as n tends to infinity.
But to deal with those ¢ for which g*(#) = 0 (and consequently
8,(0) <1t) we need the additional remark that

p(X) = p({x|glx) = 0}) + g,(0),
and so ¢ — u({xlglx) = 0}) =1 — uX) + g,(0) <g,(0).

DEFINITION. — A continuously monotone family (C.M.F.) on X
is a family (A,)o<t<“(x) of measurable subsets A, of X such that :
)A, =0, Ay = X
i) t <s implies A, C A,.

iii) u(A,) =t for each t, 0 <1t < u(X).

DEFINITION. — Let g be a positive measurable function on X.
Let (A,)o<t<“(x) be a CMF. on X. We shall say (A,) carries g if,

for all t, 0 <t < u(X)
ess sup{g(x)|x € X\A,} < ess inf{g(x) | x €A,}.

(For example if X =(0,) and A, = (0,¢) then (A,) carries all
non-increasing functions).

With the help of Lemma 1 we can verify the not very sur-
prising fact that each function g = 0 with g (¢#) and g*(¢) both finite
for all + > 0, is carried by a C.M.F. Given g, let E, ={x|g(x) = A}
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for each A =2 0. Since X is non-atomic, there exists a C.M.F. on E,,
A o
(B0)0<9<M(E;\) . (Of course E, will have zero measure anyway for

“most” values of A, and u(E,) could be infinite). For each ¢t € (0, u(X)),
let

_ * g%
Ay ={x 1g0) >g* YU BL oo -

This is well defined since, by Lemma 1,0 < ¢ — g, (g*(?)) < u(Eg.(,) ).
To verify that (A,) is a C.M.F. first note that

H(A,) = g,.(g*(1) + (t — g (g*(®)) = .

For the inclusion property, take ¢ <s. Either g*(t) = g*(s) or

g*(t) > g*(s). In the former case A, C A, since Bi‘_g‘m C B: £,

(where N = g*(¢) = g*(s)), and in the latter case again A, C A;, since
A, C{x | glx) = g*(1)} C{x | glx) > g*(s)} C A,.

It is obvious from the definition of (A,) that it carries g.

We next consider an alternative definition of the non-increasing
rearrangement (cf. [8]). Let g(x) be any measurable function on an
arbitrary measure space (X, Z , u). Define two non-increasing functions
gR() and g¥(¢) on (0, o).

gR@) = inf (ess sup Ig(x)l) for t<uX)
EEZ, u(E)<t \xeX\E

=0 for t =2 u(X)

gL(t) = sup (ess inf lg(x)l) for t < u(X)
EEZ, mE)=>1 x€E

=0 for t > u(X).

LEMMA 2. — Let (At)o<:<n(X)

tion g for which g (t) < o, g*(t) < oo forallt > 0. Then

carry the positive measurable func-

gR(t) = ess sup{g(x) | x € X\A,}

and gh(t) = ess inf {g(x) | x EA,).

Proof. — Let E be any measurable set with u(E) < :.
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Then ess sup g(x) = max [ess sup g(x) , ess s
X\Epg( )=m [x\E\Ax: 8(x) At\gp g8(x)]

and ess sup g(x) = max [ess sup g(x) , ess sup g(x)].
X\A, X\E\A, E\A,

Since (A,) carries g, if u(A,\E) and u(E,\A) are positive,

ess sup g(x) < ess sup g(x) < ess inf g(x) < ess sup g(x).
E\A, X\A,; A, At\E

If u(A,\E) =0, A, = E a.e. since u(E) <t = u(A,). If u(E\A,) =0,
then A, D E a.e. In all three cases we can deduce that

ess sup g(x) < ess sup g(x)
X\A,; X\E

and therefore gR(r) = ess \sup g(x). The proof that g (1) = ess inf g(x) is
X\A, A,
the exact dual of the above.

LEMMA 3. — a) gR(t) is right continuous and g“(t) is left con-
tinuous.

b) Letting m denote Lebesgue measure on (0, o),
m{t1g}(t) > o) = g, (o) = m({t]g"(t) > a})
for each o > 0.
c) gty =¢g*@t)  forallt,

and gl‘(t) = g*(1t) for almost all t.

Proof. — The definitions of gR(¢#) and g"(¢) and all the statements
of Lemma 3 are valid for an arbitrary measurable function g, on an
arbitrary measure space (see [3]), but for conciseness we shall give
the proof only for the case where the function g is carried by a
CM.F. (A) This case is sufficient for all our subsequent

applications.

o<t<u(X)’

a) Since gR(¢) is non increasing,

lim gRt + 1/n) = sup gt + 1/n)
n=1

n—>o

= sup (ess sup{g(x) | x € X\A,,/, 1)
n
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lim gR( + 1/n) = esssup} g(x)| x € 0 (X\A,H/n)‘
n=1

n~»oo

ess sup{g(x) | x € X\A}
=g"®

and gR(z) is consequently right continuous. The left continuity of
gh(¢) is proved in a similar manner :

inf gl(t — 1/n) = ess inftg(x)lxé 0 At _in
n=1 n=1

= gl().

b) For each t < u(X)

g = inf (ess sup Ig(x)l).
EEZ, u(E)<t xeX\E /

But this infimum is actually attained (by the set E = A,). Conse-
quently

m{t|gR() > a})

inf{z|1gR() < o}

inf} W(E)|[EE X, ess sup [g(x)]| < af.
xEX\E

Every measurable set E satisfying ess sup |g(x)| < a must contain
x€X\E

almost all of the set E, ={x||g()| > a}, and E_ itself satisfies
this same inequality. Therefore

m{t|gR@t) > a}) = u(E,) = g (a).
The argument for g“ is slightly different :
m({t1g4(t) > a}) = sup{t|g () > o}

= sup j u(E) | ess liznflg(x)|> al.
xe

Almost all of any set E satisfying ess inf | g(x)| > a must be contained
x€E

inE_, and essinf |g(x)|> afor each n. Consequently
*€Eqy+1/n

m{t|g4@t) > a)) = g«(a)
for each a > 0.
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c) It is well known, and not hard to verify, t .at g*(¢) is “unique”
in the sense that any function 4 (¢) which is decreasing, right continuous
and satisfies m ({¢ | A(¢) > a}) = g () for all @ > 0 must equal g*(¢).
Thus we have shown that gR(t) = g*(¢), and furthermore g(¢#) = g*(¢)
except on the necessarily countable (or even empty) set of points
(t,,)‘:= . where g(¢) has jump discontinuities, because the function

f(0) = ghr), for t&(t,)”_

= lim g&(s), for r=1,
sit,

is also right continuous with distribution function equal to g,.

Remark 1. — If (A,) is a CM.F. carrying the function

o<r<u(X)
|f| where f€ L(p, ), then f**(t) = ! j:\ | fl du, for if E is any

t
set of measure ¢,

S Wvdu= L rtdu s 1 dw,

and fE |f] du =ﬁmt|f| du +fmt |f| du.

The sets A,\E and E\A, both have measure  — u(A, N E). On the
former, |f(x)| = f*(t) a.e. whereas on the latter |f(x)| < f*() a.e.

Thusz [fldu > sup [ 1fldp
) .

#(E)=t

Remark 2. ; From Remark 1, and the readily verified’ formula,
*¥(f) = -1 * ; = *
fexey =17t [ f%s) ds, it follows that fA U1 du [ 17 as.

In fact, by similar arguments, j; Af) du = /; ! (f*(s))" ds for any
-t

exponent r > 0.

3. The decomposition L(p ,>)* = L(p',1)©S, ©S_.

LEMMA 1. — Given any 1 € L(p, «)*, there exists a set E of
o-finite measure, supporting l, that is, I(xgf) = I(f) forall fE€ L(p , ).
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Proof. — We consider real vector spaces, the extension to the
complex case being obvious. Since f(x) < g(x) a.e. implies

1wy < gl p e

we can show in the usual way that [ = [* — /-, where [* and I~
are positive continuous functionals (see e.g. [2]). Thus it suffices
to prove the lemma for / positive.

Given € > 0 there exists a positive function f, in L(p , o) with
t1p fx*(t) < 1, such that I(f,) = 111 (1 — €). The set

E, ={x|fi(x) # 0}
is o-finite. Let g be any function which vanishes on E; with
lghy(pa = 1.
Then for each ¢t > 0 :

(fy +9**@) = sup ! j; If, +gldu

AEZ,u(A)=t
= [y du + Igldu]
Aez u(A) t [/AﬂEl ! f

< sup ' afFRe) +(F— o) g¥F( — o))
N<a<t

< sup ' [alttUP 4 (t — a)tTiP) =2Vt Mip,
0<a<t

So Ify + gl e <2'P.

If g is positive, |I(f, + &)l = I(f,) + 1(g) < 2P |1l

So lig <2YP Nl —1I1(f) < iR —1+e),
d W I = su 1 1( WAL, o
an (Xx\Eg, -) orrip : Xx\e, NI,

< @' — 1 + e).

We repeat the same argument, choosing a function f, supported on
X\E, with If, IIL(p,‘,,) <1 such that [I(f,)| > Ill(xx\El I —e).

Let E, be the support of f,. It follows that
"l(xx\]-;l\]g2 )" < (2l/p_ 1+ 6)2 “l"
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By further repetitions of the argument we can construct a sequence
of o-finite sets (E,);, -, such that

e e, 8, < @Y7 — 1+ e Il

If the initial choice of € was such that € < 2 — 2!/ then E = E

1 n

1 Cs

n
is a o-finite set supporting /.

LEMMA 2. — If g is a measurable function, such that for every
simple function f,

|fx fedu | <K ANy, (*)

where K is a constant independent of f, then g€ L(p', 1) where
1/p + 1/p' = 1.

Proof. — It is evident that | f f(Re(g))du| <K lfl L(p, fOr all
real valued simple functions f, and a similar inequality holds with
Im(g). Therefore it suffices to consider real valued functions g and f.

In the case X = (0, «0) with Lebesgue measure, if g is a positive
decreasing function we have only to choose a sequence (f,,) of simple
functions such that f,(t) 1 ¢~'/7 = ¢'/P=! ae and we have imme-

diately that _/; t~VP g*(t) dt < K, as required. This argument adapts
to give a proof in general, with the technical help of a C.M.F. carrying

|g(x)|. But before the existence of such a C.M.F. can be assumed,
we must verify that g*(¢) < oo and g,(¢) <o, for all £ > 0.

For each set E with u(E) = ¢,

S 181du = [sgn(®) x; g du <K lsgn(®) xg Iy, = by ()
<K P,

From this it follows that ¢ !/7’ g**(t) < K forall ¢, and so g € L(p', =)
and, in particular, g*(¢) and g,(¢) are finite for all positive .

Now let (A,) be a C.M.F. carrying |g]|, and let

o<r<u(X)

sey= ¥ 27 XAZkH\Azk ).

k=—o0
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Then SO = L2 Xpkgen, ©)

k=—o0
and satisfies the inequality /P < s*(¢) < 2!/ ¢ ~'/P for all positive ¢.
One can quickly see that (A,) carries both s(x) and s(x) | g(x)|.

sU(t) g4(t) = ess inf s(x) - ess inf | g(x)] < ess inf s(x) |g(x)| = (sg)(¢).
A x€A,

XEA, xXEA,
For each positive integer N, let

sn(x) =
k

Iz

—k/p
N 2 XA2k+1\A2k (x).

g1y < C [ 14 g*@ydtje = C [ 1740 gx(ryar
<C fo “s% (1) g*(1) dt < C fo “(sg)t (¢ dt
= Cfx s(x) 1gx)| dulx) = ,i‘.’.'l C fx sn() | g(x)] du(x)

< CK lim sup llsgn(g) . syl (p,= by (*)
Nrroo
< oo,

Thus g € L(p', 1) and the lemma is proved.

THEOREM. — Let N and N,, be seminorms on L(p , =) defined by :

No (f) = lim sup tile f*x(y)
_ =0
N.(f) = lim sup t}P f**(¢)

t—oo

Let S, be the subspace of L(p,o)* of functionals | satisfying
(NI < C Ny(f) for some constant C, and analogously let S_ be
the subspace of functionals ‘‘subordinate” to N_(-). Then

L(p,=)* =L ,1)e S, eS,.

Proof. — Given I € L(p , «)*, let E be a o-finite set supporting /.
Define the set function »(F) for all sets F € Z, by

v(F) = I(xp) = I(Xgnp)-

One can readily verify that v is g-additive and absolutely continuous
with respect to the o-finite measure ug.
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(ug(F) = w(ENF)).
Thus v has a locally integrable Radon-Nikodym derivative g, which
vanishes off E, and for all simple functions f, I[(f) = ‘/;( f g du.
By Lemma 2 g€ L(p', 1). Furthermore, in view of the gene-
ralized Holder inequality | f fg dul < IfI% .. gl ; of whicha proof
is given in [6], the functional lg, lg(f) = j;( fg du, belongs to L(p , *0)*

In fact each / € L(p, *)* uniquely defines such an [,. Let /; be the
“singular” part of /, [, = [ — ;. We have shown that

Lp,=)*=1Lp",DHes,

where S is the space of “singular” functionals on L(p , ), which
vanish on the closure in L(p , @) of the simple functions. In particular,
singular functionals vanish on all functions which are bounded and
supported on sets of finite measure. To show that S = S, ® S_, write
any I €S in the form Iy = I, + [, where [o(f) = L(f X{x 1)1 > a})>
and 1(f) =I; (fX{x|1rx)1<o}) for some number o> 0. To show
that the definitions of /, and /_ are independent of the choice of «,
and that [, and /_ are linear, one has only to observe that the following
four functions are bounded and supported on sets of finite measure,
and thus annihilated by [; :

I X1 isen>a —F X{xt17e1>8) »
I X{x11r1<ad —F X{x117001<8) >
(f+ 8 Xx11rx)+gmi>at —F X{x1 171>} ™ & X{x1 1)1 >a}>

(f +8) X{x11r+gi<a) —F X{x11rc01<a) ™ & Xfx1 1561 < o

for all f, g€ L(p, ) and all positive numbers o, B. From this it
also follows that :

()= (31_{““ LS X{x1 10001 > o}
and 1.(f)= :LII}’ L(f Xxt1 ey <)) -

Consequently I, €S, since I,(f) < lill sup ¢ f**(r) for every
0<

t<e

€ > 0. To see that I_€S_, note that I_(f)=1_(f,) for all «a>0
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Il

where fa(x) fx) if |fx)i <«

a if |f&x) >«

and sup 1P £X¥() < sup P fRE(p).
t>0 ?>f.((1)

Either f,(a) = o0 as a > 0, or f,(0) < o which means that /(f,) = 0
for all @ > 0. This completes the proof of the theorem.

Remark 1. — From the above it is clear that /€S, annihilates
all bounded functions and that each /€S _ annihilates all functions
which vanish on the complement of a set of finite measure. Of course
if u(X) <eo, S_ ={0}.

Remark 2. — The results of this section remain true if X has
atoms.

4. Representation of the singular functionals.

Let the measurable subsets of X be partitioned into equivalence
classes by the relation A ~ B iff u(A A B) = 0. Henceforth we will
use latin’ capitals, A, B, C... to denote such equivalence classes as
well as sets, and u(A) to denote the u measure of any and every
set in the class A. We shall not always be very pedantic in distinguishing
between a set and its equivalence class, but nor is there need to be
for our purposes.

DEFINITIONS. —

s

i) Let Z; be the metric space of “sets”, (that is, equivalence
classes of sets) A, for which 0 < u(A) < oo, equipped with the metric
d(A,B) = u(AAB).

ii) Let ® be the unit ball of L™(X, Z , u), and let &, be the
subset of functions ¢ € ®, for which |¢p(x)| = 1 p-almost everywhere.

iii) Let Q@ =Zx ®. Q is a metric space with the metric,

d(A,9),(B,¥)=pAAB)+ lp =yl ..

iv) Let C(S2) be the Banach space of all bounded continuous
complex valued (or real valued) functions on S equipped with the
supremum norm.
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Each f€L(p,) defines a function in C(£2), which we may
also write unambigously as f. For each (A, ¢) €,

f(A,¢) = (u(A)P! fA ¢ du.

The linear map of L(p, <) into C(£2) given by f(x) = f(A, ¢), is
readily seen to be an isometry onto a closed subspace of C(£2) :

sup If(A, @)= sup (uADYP~t [ |fldu = sup t' frr(a),
Q AEZR A t>0

Since a metric space is completely regular, the Stone-Cech compac-
tification B2 of §2 exists, and C(2) is isometric to C(3£2). From here
on the notation (A, ¢) will be used in an extended sense to denote
points of 3£2. We can now remark that each continuous linear func-
tional / on L(p, ) may be represented, via a (non-unique) Hahn
Banach extension, as a bounded regular Borel measure A on (.

1(f) =fm F(A,$) d\(A, ¢).

This representation as it stands is very unwieldy as compared
to the straightforward and canonical representation obtained for at
least the L(p', 1) part of L(p, )*. Nevertheless it is the starting
point for a characterisation of Sy and S_. Given any / in S, or S_,
we shall see that the corresponding measure A on f§2 can be taken
to be concentrated on a very much simpler subset of §£2, specifically
the closure, with respect to a suitable topology, of the “curve”
{(A,,9)10<t<uX), where ¢ is a fixed element of &, and
(A,)o<t<“(x) is a C.M.F. Each element / in S, or S_ can thus be

represented in the form :
I(f) = fl f(A,, ¢)dv(t) (1)

where v is a finitely additive bounded set function on the Borel
subsets of the open interval I = (0, u(X)), such that for all g € L*(I)

f g(t) dv(t) < const. lim esssup |g(?)| 2)
1 n—o t€(0,1/n)

if /€S, and alternatively
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' f g(t) dv(t) < const. lim ess sup |g(t)| 3)
1

n— tE(n,)
ifl1€S_.

We shall say “v concentrates at zero’” to indicate that a finitely
additive set function v satisfies (2), and similarly (3) will be indicated
by saying “v concentrates at infinity”. Such ‘“concentrating” set
functions must exist of course, as elements of L™(I)* dominated
by the semi-norms on the right hand sides of (2) and (3).

It is obvious that an / of form (1) is in S; or S_. A much
longer argument will be needed to show that each element of S,
and of S_ can be thus represented. We shall show first (Theorem 1)
that the representation is valid for the functionals in a norm dense
subset of S, and of S_. Thus every singular functional / is the limit
of a sequence (/,)},-,

LD = [ FAns, 90) dog0).

We then show that the three sequences (v,), (A, ,) and (¢,) have

subsequences which converge to limits v, (A,) and ¢ in a sufficiently
strong manner to imply that

1) = [ 1A, 0 av.

This is done in three stages ; Theorem 2 (convergence of (»,)),
Theorem 3 (convergence of (A, ,)) and Theorem 4 (convergence of
(¢,)). It will be seen that v can always be taken to be a positive
set function with »(I) = 7.

THEOREM 1. — Let 1€S,, a=0 or oo, such that for some
FEL(p, ), ()=l IIfIIL(p,,,).

Then there exists a positive finitely additive set function vE€L*(1)*
which concentrates at o, with vl = v() = I, such that

I(g) = fl g(F,,¢)dn(t) forall g€E€L(p,),

where (F,),c; is a CM.F. carrying |f| and ¢(x) = sgn(jT)-c—))Ed).
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Proof. — Let us first deal with the case a = 0. Let / be a
functional in S, such that for some fin L(p , %), I(f) = /I ||f||L(p,,,).
It is convenient to suppose that lIll= If llL(p’w)= 1. As shown
above, we may write

Ko = [ 8A,9dNA,¢) forall gELp,>)

where N is a regular Borel measure on B2 with total variation 1.
Since I(f) = 1, it follows that any Borel subset of g2 disjoint from
{(A,®)||f(A, ¢)| = 1} must have zero A-measure.

Let (F,),c; be a CM.F. carrying the positive function |f(x)I.
Then the function f,, = f. XFyp differs from f by a bounded function,
and so I(f,) = 1 for all n. Thus any Borel subset of B2 disjoint from

A= N {(A, ®)IIf,(A, ¢)| = 1} has zero A-measure.
n=1
Since £ is dense in €2, 'each “point” (B, ¢) in A is the limit

in B2 of a net (B,, ¢7)76F of elements (B.,,tp,,) in . Clearly
lim lf,,(B7 s \b.,)l = 1 for each integer n. We now show furthermore
Y&

that lim u(B,) = 0.
yEI'

1By Wl < @B 15,1 di < @B [ /] d

Y Fi/n
< (B /HE NP Af = (BN, ).

So 1 =lim inf |£,(B,, S Mflly, o /(nli B )~
0 im in 1 faBy s Y < Ufll ) ) /(n im sup u(B,))

for all n. This is a contradiction if lim sup u(B,) > 0. Henceforth
yET

we shall find it convenient to use the notation |vy| = #(B,,) for each
vy €T.

By definition of the net (B7 s ‘[/7)76[‘,
gB,y) = lig; gB,,v,) forall  g€L(p, ).
¥

We now wish to deduce that :

g(B, y) = lim g(F, , ¢) foral g€L(p,~), (4
Y&
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where each F, is a member of the CM.F. (F,),¢; with
0 <u(F,) <p(B,),

and ¢ €P is the function ¢(x) = f(B, ¢¥) sgn (ij)). But before
verifying (4), let us show how. it enables the proof of the theorem
to be completed for the case o = 0.

For all g€ L(p, =),
[4(g)l < (var M) sup{lg(B, ¥)I | (B, ¥)EA}

< liﬂ sup |&(F, , sgn(f(x)))l

by (4) and the fact that .l,gl u(.B,,) = 0 for each net (By R \[/7)761‘ in

§2 tending to a point (B, ¢) in A. I(g) is thus completely determined
by the function g on (0, u(X)), g(t) = g(F,, sgn (f(x))), and, via a
Hahn Banach extension, we have [/ in the form (1), where v is a
bounded finitely additive measure with total variation v(v,I) = 1.
Clearly v concentrates at zero.

We next show that v is positive. For every Borel subset E of I,
denote by v(v, E), the total variation of » on E (as in [5] Chapter III).

Let f{t) = f(F, , sgn (f(x)) = ¢/~ fP  |fldw, for all t €L

t

Then =1(f)= f OY20)
I

= Re [ fr o dv(t)] +Re [ fm; Fi(03) dv(t)]

<|v(E)|cosf + (1 —v(v, E))
where v(E) = |v(E)| e®
<1+ |v(E) (cos 8§ — 1)

so 6 must be zero, and v(E) = 0 for each E.

It remains to prove (4). This will be done in four steps.

Step 1: lim (u(F,,; A B,)/ly]) = 0.
y&ET ’
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Proof. — Since “(FWI) = |yl = “(Bw)’ we have that
H(B7 N F|7|) =yl — #(B'Y\Fl’ﬂ) = |yl — #(F|7|\B7)

1
and SO, “(B'Y\FI'Y') = “(F|7|\B7) = _2' IJ(FI,YI A B’Y)'

Let us denote €(y) = ,u(B., \Fl'yl)' Recalling Remark 1 of Section 2,
and the fact that (F,) carries | f], we note that‘/; | fldu < fF | f] du.
Y Tyl

Therefore
Jy 1 < (, trrdu+ . 151aw)

1
=3 (oo,

<

] du +fB7UF|7I |1 du)

Il Lp, o (B, NF Ly DTV + (u(B, UF ) 1P]

N | —

N | —

[yl — e + (Iy] + e(x))'~1P].
Consequently,
[yl llp—ljl;., |f1du <% [(1 —eM/IyD'™P + (1 + e()1y]) '7P].
For s €[0, 1], let w(s) be the function,

w(s) = % [(1 —s)t=Up 4+ (14 5)1-1p),
Then liITyleirl‘lf w(ey)/ly) = lirgeirpf |y|iP—t /; | f] du

Y

> lim |y|'P~!
yE€T

fo [ ¥y du| =178, VI =1.

But the function w(s) is strictly decreasing for s € (0, 1) and w(0) = 1.

Therefore lim e(y)/|yY] =0 and step 1 is proved. The above chain
YET

of inequalities also implies that :

lim || tp-1 fP Ifl du = 1. (5)
|

YET ly
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Step 2. --ilgll‘ gB,,y,) = }Ilér}‘ g(F,,¥,) for all g €L(p,).

Proof. — |gB, , ¥.,) —&(F,, ¥,

<iy' f lg ¥, dun < [r@B, A F /Iy lghy, o

B’YAFI’YI

Therefore, using step 1, lin:Jg(Bv , w,,) — g(FhI , ¢'7)| = 0.
Y€

Step 3. — For each iy €T there exists a positive number n(y) < |71,
such that

i) lim g(Fpyy, ) = lim g(Frgy, 4
ii) limesrup P fE(ny) = 1 — 1/p)/2.
Y

Proof. — In view of (5) there exists vy €I', such that v = v,,

1
: : 1/p—-1 -
implies that || ‘/;M 1 fldu > 5

Let n(y) =sup {s|0<s<|yl, s fl(s)> (1 — 1/p)/2} for each
v = v,. The set over which the supremum is taken is non-empty and
the supremum is positive, for if not, s'7 fl(s) < (1 — 1/p)/2 for
s€(0, ||l and by Remark 2.2,

1

et [ 1= e [ sy ds <
Fly| 0
which is a contradiction. By the left continuity of f(s),
)P ) = (1 — 1/p)/2  forall vy,
and part ii) of step 3 is proved.
For each vy =2 7v,,

Iyl

(7)
et fo At = i ([T ds + [ as)
Y

n(y)

bl
1/p—-1 _ —1/)
<t (o Ulde+ (= up2 [ )

< |y|MP=t [(n() 7P 4 (Jy ) 17VP — (m(y) 1= 1P) /2]

=[1+ @MyD-Pl2< 1.
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In view of (5), it follows that

lim (n(y)/lyl) = 1. (6)
yeTr

Now to show part i), let g€ L(p, o).
= | IVt [ gy du— ()P [ gy, du

Fiy Faey
< | et = el tgldu+
Tyl
+ (n(y))P? f ‘ lgl du
Fiy\Fniy)

< (It — 1) gl w +
+ )Pyl — () P g, w
= gl (p . (MNYDP~H =1 + (Iyl/n(y) —D'~1P)

By (6) this has generalized limit zero with respect to the directed
set I', and so part i) is proved. '

Step 4. — lim g(Fy(y) » ¥y) = lim g(Fy , ¢) for all g € Lip, =)
where ¢(x) = f(B, ¥) sgn(f(x)).

Proof. — On the set Fn('r)’ for each y = v,, f is non-zero and
therefore |¢| = 1. For any number r > 1 let

Hey) = ((y) P~ fL(n(y) f%) 16— Wyl" du

Hey) <27 @)™ [ 1f116 = ¥, | du, since g~ y, | = <2

Frey)
<27 @) [ 11— ¢, 9l du
n(y)
<2 @)Y [ 17111 = Re(y, )l du
(67
+ 2 )t 1] Im(y, 8] du
‘/;nh) Y

=h,(y) + h,(7).
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We shall show that both these terms have generalized limit zero with
respect to I'.

|1 — Re(y,4)l = 1 — Re(y,¢)
and |7l Re(¥,9) = Re(f(B, ¥) f¥,) on F,,.

In view of steps 1, 2, 3,

. 1/p—1 -
lim (n(y)!e [ fe,au=7®, .

‘n(y)

o lim ()" [ Re(FB, ¥) f,) du = 1.
YET n(y)

Also, by much the same argument as in the proof of equation (5),
lim ()P~ [ i du = 1,
yEr “Tn(y)

and consequently lim 4, (y) = 0. But further, since
yEr

Re(f(B, ¥) f¥,) < |Re(F(B, ¥) f ¥ ) < If1,

lim ()P~ [ IRe(F(B, §) fy,)l du = 1.

Y€ET n(7

For the second term,
m(y, )7 = 1Y, 61> — [Re(y, > < 2(1 — [Re(¥, B)I).
(n(y) e fF 171 (¥, )| du

n(y)

<@ (f, au)” ( Jip,, V1 mCp B aw)

2

- 1/
< [2(71(’7))”"_' fP ) If1 (1 — [Re(¥,9)D dﬂ]

n(y

which has generalized limit zero. Therefore lim H(y) = 0. For each
yeT

Y = 7v,, and each gE L(p, =)
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|g(Fn(7) > ‘]/7) - g(Fn(7) s 9l

<P [ gl 19— vyl du

n(y
' 1/r' 1/r
gl du] [ 16— I du]
‘/;n(w) K

< [n(y)] Vo [
Y ‘/;-n(*r)
n(y) , 1yr'
< [n(y)]HP-? [/; (g%() ds] [HOy) n()/((yDP fY(n(y)] "

, ( , r
< [n(y))e-tir [ j; " w(const.)s"/" ds]” [2H(M)/(1 — 1/p)] '

using ii) of step 3. If we choose r so that ' < p, then the above
expression has generalized limit zero, and we have proved step 4,
demonstrated the validity of equation (4), and thus completed the
proof of the theorem for a = 0.

For o = oo the proof is almost the same. Steps 1 to 4 are valid
irrespective of whether lim |y|= 0 or not, so all that is needed
y&ET

is to show that in this case lin% n(y) = . Since [ES_,I(f,) = 1
YE

for each n, where f,, = f- XX\F,"

< 1/p—1
fa By s ¥)I < Iyt [ v, 1
< (max [ly| —n, 0)/|y) '/~

By Step 2, lir?ei[l"lf |fn(F|7| ’ w'y)l = 1’

and so lim |y| = o - Furthermore lim n(y) = o

y&ET YET
also, since lim (n(y)/1y) = 1.
vy

Remark 1. — In proving the theorems which follow, it will be
convenient to assume that the function ¢ appearing in the conclusion
of Theorem 1 is in ®,, that is, |¢(x)| = 1 for almost all x €X. To
justify such an assumption we have only to redefine ¢ on the set E

where f(x) = 0, and to check that the functional I(g) = ‘/II gF,,¢) dv
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is unchanged by this redefinition. Certainly / is unchanged by any
alterations to ¢ on the set X\ U F, If u(ENF,)>0 for any ¢
tel

then f vanishes almost everywhere on X\F, This can only happen
if /€S, and in this case we can change f on the set

{x]1fl< 1N [ 9 F,]

without changing the hypotheses or conclusions of Theorem 1. Thus
we can arrange that f(x) # 0 forallx€ U F,
tel

THFOREM 2. — Let IE€ES,, a = 0 or % Then l is the strong limit
of a sequence of functionals I, € S,

LD = [ FAn, s 8,) av

where v is a positive finitely additive set function on the Borel
subsets of 1 such that v(l1) = ||l|| and v concentrates at o, and where
for each n, (A, ), is a CM.F. and ¢, €®,.

Proof. — Bishop and Phelps [1] proved that the continuous linear
functionals which attain their norms on the unit ball of a Banach
space, are a norm dense subset of the dual space. Consequently, from
Theorem 1 and Remark 1, [ = strong lim T, where

ne
n—oco

T.(f) = fl A, o) dv,

where each v, is a positive finitely additive set function which concen-
trates at «, with v, (I) = ||,Il, and where ¢, € P,.

For each n there exists a function f,, in the unit ball of L(p , )

for which Z,(fn) = IIZ,H. We may of course assume that HEII = ||7]|
for all n, and let us again take ||/|| = 1 for convenience.

In order to prove the theorem, it will be shown that the sequence
(v,) tends to a limit » in a sufficiently strong topology.

For any g€ L(p, ) and any CM.F. (A)),, ,

g(A) = g(A,, 1) = 177 [ g(x) dutx)

is a bounded continuous function on I.
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Let C(p, o) denote the space of all such bounded continuous
functions on I obtained as g ranges over all of L(p, <), and (A,),¢;
ranges over all CM.F.s. C(p, =) will be normed by :

1 fllcp, = = inf{ligllyp, =) | &A) = f(2)
for all t€1I and some C.M.F. (A))}.

LemMMA 2A. — Let f(t) €EC(p , =), and let (A,),c; be an arbitrary
CM.F. Then for any positive €, there exists a function g € L(p , *)

such that sup |g(A,) = f(D] < € and N8l p,my < I fllc(p, =y

Proof. — Take any function 2 € L(p , ) and C.M.F. (B,),c; such
that

ra@y=1" [ hdp.
t

Let (¢(n));,-_. be an increasing sequence of points in I and let

g(X) B 2 [(t(n ¥ l)_t(n))_l “/;( +1)\B() hdﬂ]

n=-——oo
X Ag(n+1 )\ At(n) ).

For any measurable set E,
L 18l de <Y WE N Agi\Agy)

(tn+ )=t~ [ |l du
B(n+1)\Bt(n)

ST HENAGuNAG) KCYT [ Ihldu

—oo n
where C, CB,,:1)\By,, is the set of measure u(E N A1) \A,,)

in a C.M.F. carrying |Al XBy (s 1)\Br(ny Then C = (:Jl C, has the

n

same measure as E, and f lgl du < f |h| du. Consequently
E c

gl Loy < NPl p,eey -
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Also by construction, g(A,(n)) = f(t(n)) for all n. f(¢) is uni-
formly continuous on all closed subintervals of I and t‘”‘/Pg(A,) is
the linear interpolation of its values at the points #(n). Thus it is
clear that by choosing a sufficiently “dense’ sequence (#(n)), one
can satisfy rséllp lg(A) — f(t)l < e, and the lemma is proved.

(We remark that C(p, ) is closed under pointwise multipli-
cation of functions, and that the C(p , >°) norm topology is strictly
finer than the supremum norm topology).

Let M(p,) be the dual space of C(p,). Each element p
of L™(I)*, when restricted to C(p , =), defines an element of M(p , =),
with llpllyp, =) < v(p, D, since | fll =gy < | flic(p, =) for all FEC(p , ).
In particular each v,, isin M(p , o).

\AV/e recall that there exists a function f,, in the unit ball of L(p , )
with [, (f,) = 1. In other words g,(¢) = f,(A, , , ¢,) is in the unit ball

of C(p , ), and j; g,dv, = 1. It follows that IV, |y, «) = ¥,(D) = 1.

It will be shown that (v,) is a Cauchy sequence in the M(p , )
norm and consequently it has a strong limit in M(p , ®). This limit
can also be thought of as a finitely additive set function, since the
sequence (v,,) must have a weak star convergent subsequence in L™(I)*,
with limit » and the restriction of » to C(p, ) must be the limit of
the sequence (v,) in M(p, ). It is clear that » must be a positive
set function with »(I) = |Illy, ~) = 1. ¥ concentrates at a since each
v, concentrates at o.

Before passing to the proof that (v,) is Cauchy in M(p, )
norm, we remark that if [,(f) = ‘/1‘ f(A,,,,,d),,)dv for each f in

L(p, %), where » = lim »,, then

n—>oo

1, = 1Ol < WA e )i, o) 12— Vallugp )
< ”f“]_,(p,oe) v — Vn”M(p,“’)'

Thus (7,) and (7,:) must both converge strongly to the same limit /
and Theorem 2 follows.

The following lemma immediately implies that (v,) is a Cauchy
sequence. '
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LEMMA 2B. — Let I, and 1, be two singular functionals of form (1)

L= [ fA,, 9 av

L = [ 1B, ¥)dp

where v and p are positive finitely additive set functions with
vD) =pM =1=|ILII =L, and ¢ and Y are functions in ®,.
Let € = ||I; — L, then |lv — pIIM(p,w) = 0(e), where 0(€) denotes any
function depending only on €, which tends to zero as € tends to zero.

Proof. — For each integer m, let

gm(x) = Z 7\n XAt(nn)\Ar(n) (x)

n=—oo

where (A,)”. is a decreasing sequence, and (#(n))”. an increasing

sequence such that the step function s, on I,

Su(t) = I W Xit(n), t(n+1y) ()

satisfies supls,,(f) — (1 — 1/p) t71/7| < 1/m. Then the sequence (g,,(x))
tel

converges uniformly p almost everywhere to a limit g(x) which is
carried by (A,) with g*(¢) =(1— 1/p) t*'/P and g(A,) = 1 for all ¢
So ||g||L(p,,,) = l, and

[eayar= [gnaydpo=1.
> |1.(gp) — 1,(gd) =1 — B,,vd)dp|=1— B,) dp.
€ > |1,(g8) — I,(gd)l |f| g(B, , V9) p| fl g(B,) dp

— € S B,) dp.
So 1 € < j; g(B,) dp
Exactly as in step 1 of the proof of Theorem 1,
g(B,) < wu(B\A))/1)

1
where w(s) = 3 [(1 =)V + (1 + 5)'"P] for s€[0, 1].
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Let P, = {tE1| u(B\A,)/t > s}
Q, = I\P, ={r 1| u(B\A,)/t < s}

1—e< fP gB)dp + [ gB,)dp < p(P) wis) + (1~ p(R)
s Qg

since w(s) is a decreasing function.
Thus p(P) < e(l —w(s)™.

Since w'(0) = 0, and w''(s) is negative and bounded away from
zero on (0, 1), it follows that 1 — w(s) = Cs® on [0, 1] where C

is a positive constant depending only on p. Putting s = €'/* we obtain

PP 1) < C' /e (7)

We shall need a second estimate,

| ) B 0) = 1@, vy do| < 0@ Iflpmy  ®

for all f€ L(p,). This is shown by methods similar to steps 3
and 4 of Theorem 1. For some r > p', let

HOo =0 —1p et [ 1=yl du

A,NBy
=1-tgh) [ g — gl du
ANB,

< et j; gl — Y|” du , since (A,) carries g,

t t
<t [ gl — yldu
1
< 271 fllp-1 f gIRe(1 — Y¢)| du
B,
+ 27 et [ glim(yg)l du
t
< 271[g(B,) — g(B, , Re(y¥9))]

+ 2r-1 (tllp—l j;t gd#)xlz (t‘”"l ‘/;t [Im(ya) du)m
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H(r) < 2""' Re(g(B,) — g(B,, ¥9))

+ 2r-1(,1/p—1 f 2g[1 — Re(y9)] dﬂ)m (as in step 4
B, of Theorem 1).

J HOdp <27 Re( [ 2B) — 5, ¥9)dp)

12

+2 ([ ReB,) — 2B, , ¥$)) dp)

by Schwarz’ inequality.
|/, 2®) — £, Vo) dp|
< Iflg(B,)dp - 1| =/ e, w)dpl
- |fl (¢(B,) —g(A,))dpl + lflg(Ar)"” - flg(B,,wT)dpl
< 0@ + [, 188 2Bl dp + 11,e6) — 1, (g9
< 2C7 e+ (2P + ¢ = 0(e).
We have shown that
f; H(r) dp = O(e).

Then for any f€ L(p, <),

I/; f(B;,¢) —f(B,, V) dpl

<[ (" 1118 — vide) do + 0@ £l gp.

Qc1/4 B,

L oo ) (0 0w ) o

+ 0N Sl L .oy

< Qc1/4 tl/p_l(j;‘, i d“)l/r' (lt_H(lt/)p + 2’te’/4>”r dp

+ 0(e) 1£llL(p.
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where (F,) carries | f],

~ RSV (3 1r
P tl/ﬂl/p 1 [ t L s r d ] + 2r 1/4
ae fo ()’ ds it ) do

+ 0e) 1Nl (p,)
' t ' 1r
< ||f||:’w[\/; (t(l/rﬂlp—l)r ‘/;s"’”’ds)dp]

H(t 1/r
(&) + 2"e'4dp
' 1—1/p

+ 0(e) 1Nl (p,e)
= 0(€) Ifll (p, ) » since ¥ < p and Il llp(p,

and II‘II;,"’,, are equivalent. Thus (8) is proved.

le = vl m(p,=) = sup

f; h(t) dv —fl h(t) dp‘ |HEC(p , =),

Bl < 1}

lflf(A,)dv —[ 1A de| 17€ L), 1oy < 1§ :

< sup

using Lemma 2 A. Now for each f€ L(p , »),

fl f(A) dv — fl f(A,) dp|

<IL(fe) — L(fo)l + |flf(B, , V) dp —f]f<B,)dp|

| r@o - ran o).
The first term is dominated by eIIfIIL(p’w). The second equals :
|fl (9 B, $)dp = [ (1) B, 6)dp| <O IfllLp,e

from (8).
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For the third,

i 7B —rapdn| < [ 15®B) — ra)ldp

1/

+ /., 1fB) — F(A)Idp
c1/4

< (261/4)1—l/p||fllL(p,°°) +2C! \/E”fI!L(p,“’)‘

Therefore llp — vliy(,,») = O(€) and the proof of Lemma 2B and thus
of Theorem 2, is complete.

THEOREM 3. — Every 1€S,, aa =0 or o, is the strong limit of
a sequence of functionals (1,) in S,

L= [ FA, ¢)dv forall fEL(p, ),

where (A,),e; is a CM.F., v a positive finitely additive set function
with v(I) = Wiy, = IlIIl which concentrates at o, and (¢,) is a
sequence in P, .

Proof. — As before we normalise to have [|/|| = 1. By the preceding
theorem, / is the strong limit of a sequence (/,,) where

L = [ F(An, 0, .

We shall construct a C.M.F. (A,),c,, which is the “limit” of the
sequence {(A,,),c;},=; in the sense that

lim fl p(A, \A)/t dv = 0. 9)

n—oo

From this the theorem will follow readily, since
1, () = LN < WSl [; BA,, A AP dy,
as in step 2 of Theorem 1,

1/p’
< Wl () 26CA,NAD/E dv)

and so lim I, — 1|l = O.
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LemMa 3A. — Let 7:,, v and (A, ,) be as above, then

[ wALN\A, v = O, =T,

I

for each pair of integers n and m.

Proof. — Fix an n and let g be the positive function with
lglly(p, ) = 1 carried by (A, ,),c; such that g(A, ) =1 for all ¢
(as in the proof of Lemma 2B).

By the same reasoning as in the proof of Lemma 2B and in
step 1 of Theorem 1,
gA, ) < wwA, \A, D

and (A, ) — &(A,. ) = 1 — wu(A, \A,, )I1) = C(u(A, \A,, /D>

2
So [ fl (A, A, )t dv] < [ea,) ~gn,,) dv

<c! |j; gA,) —8An,  bmby) dv
<c T, =TI

This proves the lemma.

In all that follows we will suppose that

en) = ‘/; A, N\A,L /t dv

satisfies ' e(n) <oo. It is clear from Lemma 3A, that this can
n=1 ~
always be guaranteed, by passing if necessary to a subsequence of (I,,).

Let us first consider the case I € S.

Roughly speaking, the idea for the construction of the “limit”
C.M.F. (A,),c; is to take a sequence of positive numbers (a(n)):’:l
which tends monotonically to zero, and thus partitions the part of I
near zero into disjoint intervals (a(n + 1) , a(n)] n =1, 2... Then
we could define A, = A, for t € @n + 1),a(n)] for each n. In
fact our definition will be almost this, but adjustments are necessary
to ensure that A, C A; whenever ¢ <s. A certain condition will have
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to be imposed on the sequence (a(n)),—, to permit these adjustments.
Subsequently we shall show that if the convergence of a(n) to zero
is sufficiently rapid, then the corresponding C.M.F. (A,),¢; satisfies (9).

Since v concentrates at 0, we can find, for each fixed », a positive
sequence (a(k)),—, tending to zero such that

H(A ) \ A i1 a0y ) a(k) < 2 €(n)

for all k. Consequently, given any positive sequence (b(k)),-, tending
to zero we can find a strictly decreasing sequence (a(k));-, with
0 <a(k) < b(k) for all k, such that :

B(Ag ake )\ et agern)fak + 1) < 2 (k) for all k. (10)

All positive sequences which decrease strictly with limit zero, and
satisfy (10) will be termed admissible.

Let (a(k)),—, (we shall also use the notation a(-)) be an admissible
sequence. Fix k, and for each ¢ € [a(k + 1), a(k)] define the set B, :

B, = [Ak,t\(Ak,a(k+l)\Ak+l,a(k+l)\ck,t)]
U [mgk (Am+l,a(m+l)\Am,a(m+l) )]

where (C; )+1)<r<aq) iS @ “rescaled C.M.F.” on the set

Ak,a(k+l )\Akﬂ ,a(k+1) 1
that is :
) Chaueny = 0, Crary = A aer1) \Ari1, a1
ii) s <t implies C,; C Cy,

t—ak+1)

(k) — a(k + 1)) HCA o) Ak agern))

i) u(Cp,) =
for all ¢t € [a(k + 1), a(k)].
Clearly for s, in [a(k + 1), a(k)], s < ¢ implies B; C B,.
Ba(k) = Ak,a(k) v [mgk (Am+l,a(m+l)\Am,a(m+l))]

and
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Bak+1y = [Ay, a(k+ l)\(Ak,a(k+l)\Ak+ 1,a(k+l))]
v [ U (Am+l,a(m+l)\Am,a(m+l))]
m=2k

= (Agqeey N Ak+l,a(k+l)) U (Ak+l,a(k+l)\Ak,a(k+l))

U[ I (Am+l,a(m+l)\Am,a(m+l))]
mz=k

= Ak+l,a(k+1) U [m>ILcJ+1 (Am+1,a(m+l)\Am,a(m+l))] .

We can now extend the definition of B, to all £, 0 < < a(1).
On each interval [a(k + 1) , a(k)] we use the same formula as above,
and k ranges over all the positive integers. When ¢ = a(m) is the common
end point of two adjacent intervals, [am + 1), a(m)] and

[a(m) , a(m — 1)],

there are two “rival” definitions for B,, but these definitions coincide,
in view of the consistent expressions obtained above for B,, and

Ba(k+l)'

(B))o<r<aqry is almost a CM.F. on B,.,,. We certainly have
B, C B, whenever s <¢ but u(B,) is not necessarily equal to ¢
Instead we have only approximate equality as ¢ tends to zero. To
show this, observe that because of the admissibility of a(.),

t—2ak+1)etk) <puB,)<t+2.Y em)a(m+1)

m>k
for all t€[a(k + 1), ak)].

Thus, as ¢ tends to zero (which corresponds to k tending to

infinity), lim u(B,)/t = 1.
t—»0

It is clear that u(B,) is a continuous non decreasing function of ¢
on [0, a(1)] (define B, = @) and so for each number ¢ € [0, u(B,,)]
there exists an s(¢) € [0, a(1)] such that p(Bs(,)) = t. Let us then
define the CM.F. (A,),; by A, = By, for all £ € [0, u(B,,))]. For
t> u(B,;)) we may define A, quite arbitrarily since we are working
with an I €S,, and a v which concentrates at zero. Similarly we may
consider (B,) defined for all £ € 1.
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We shall henceforth refer to (B,) as a quasi-C.M.F. generated
by a(.), and to (A,) as a CM.F. generated by a(-). In fact for our
purposes it is easier to work with the quasi C.M.F.. If we can show
that there exists an admissible sequence a(-) which generates a quasi-
C.M.F. (B,) for which (9) holds :

lim fl w(A, \B,)/t dv =0

n-—>oo

then we can readily deduce that the corresponding C.M.F. (A,)
generated by a(-) also satisfies (9) by noting that

r(A, \A) < (A, \B)) + u(BN\A)) < u(A, \B)) + [u(B,) — 1
and that f |u(B,) — |/t dv = 0 since the integrand tends to zero
1

as t tends to zero, and v concentrates at zero.

Let & be a positive number less than u(X), let I, = (0, 8], and
let Bl, denote the Stone-Cech compactification of I,. Clearly there
exists a Borel measure A supported on I \I;, with total variation
v(A, Bly) = v(v, I), such that

[ rav={[ Bls1ax
To To '

for every continuous bounded function f on I,, where B[f] is the
continuous extension of f to Sl,.

For each pair of real numbers a, b, with 0 <a < b let

V() =0 for t=2b

b—t
= for a<t<b
b—a

=1 for 0<t<a

Let n be an arbitrary fixed integer, and let a(-) be an admissible
sequence generating the quasi-C.M.F. (B,).

p(A,,',\B,)/t <1 forall ¢

and if t € [a(k + 1), a(k)] where k = n
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(A, \B)/t < p(A, \A, )/t + u(A, \B)/t
S (A, A DIt + ”'(Ak,k+l\Ak+1,a(k+l)\ck,t)/t

k—1

N
40

A \A ey It + 2€(K)

il

—

Sohi

Va(m+l),a(m)(t) “(Am,t\AmH,t )/t +2 e(k)

3
I
3

Thus for all ¢t €(0, a(n)]

(A, \B)/t < f,(t; a(’))
where

£,(¢ a()) = min [1, Y Vaomstyaom KA N D+ 6([)] ,

m2n

0(¢) being a continuous function on I, which tends to zero as ¢ tends
to zero, such that

6(t)= 2ek) on [ak + 1), ak)] foreach k=1, 2...

For each admissible sequence a(-) and each integer n, f,(¢;a(‘)) is
continuous and bounded on I, and so B[f,(¢;a())] is defined as
a continuous bounded function on gI.

We now regard the set D of admissible sequences a(-) as a directed
set with the partial ordering a(-) = b(-) iff a(k) < b(k) for all k.

LEMMA 3B. — Let n be an arbitrary fixed integer, then

Jim p [£,05a00] < 2 BlrA, Ay 1]

m=2n

pointwise on Bl \1,.

Proof. — Let x be a point of BI\I,. Then x is the limit of a
net (t7)7er of points in I, in the sense that B[ f] (x) = lin}‘ f(t,y)
ye

for every bounded continuous function f on I,.

First note that lim 7, = 0 in the topology of [0, 8] for if not
YyET

a subnet of (t.,)yer would converge to a point in (0, §] which cannot
be x.
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Choose an arbitrary € > 0. For each integer m, there exists a
Y., €T such that for all vy =1,

HOA Aty < BIBA 1 \A gy 1] () + €/27,

For all m > n define v,, = sup 7,.
n<r<m

Define the subnet I', of I to consist of the sequence v,,, ¥,+;>
Ynt+2s - - - together with all elements vy €T for which v = v,, for all
m=mn, n+ 1,... Now construct an admissible sequence b(-) with

0< b(m)< min L, for each m = n. Then for each y €T,
n<r<m-1 r

Lty 56D < X0 Viimenypom Ey) H(A e \Aper,g Nty +6(1)

m2=n

< Y BIMA,,\A, )] () + € +0(2,).

m2=2n

Passing to the limit with respect to the net I',,

BLA 6D ) < Y BIHAL\A /1] () + €.

For all ¢(-) and d(-) € D with ¢(-) = d(-), we have
Lt cC) <f,(t;d()) forall t€]l,.
Thus lim B[f,(t;a(-)] (x) = inf B[f,(t;a()] (x)
a(-)eD a()ED

for each x € I\, and satisfies the required inequality.

LemMA 3C. — Let n be an arbitrary fixed integer, and \ a Borel
measure induced an Bl \1, by v in the manner described above. Then

lim [ BULE A A < [ % Bk, Ay D11

a(*)ED 0 m>n

Proof. — First let us note that A must be a positive measure since

- fd\x = /; fdv =0 for every positive bounded continuous
0 “1g

function f on gl,.
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Let

F(x ;a()) = max 0,8/, (t;a()] x) = X BA, \A,. )] (%)

mz22n

F(x ; a(-)) is an upper semi continuous function on Bl \1, foreach
a(-) € D. a(-) =2 b(-) implies F(x ; a(-)) < F(x ; b(-)), and by the previous
lemma, (l)im F(x ;a(-)) = 0 forall x €BI\]I,.

a(*)€D

For each € > 0, ﬂD {x|F(x;a(-))=€e=0Q

()€
and, since each of the sets {x | F(x;a(-)) = €} is compact, there
exists a finite collection of admissible sequences

a, (), a,(-)... a,(), such that

O~

{(x|Fx;a;()) =€t =@

7

1l
—

Thus for all a(-) = SL’{p a;(*), 0 < F(x ;a(-)) < € for all x € BI,\1,, and
j=1

F(x ;a(-)) converges to zero uniformly. This argument is of course
nothing other than Dini’s theorem. The proof of the lemma now
follows obviously.

We are now ready to construct an admissible sequence b(-) which
generates a quasi C.M.F. (B,) satisfying (9). For each n we can find,
using Lemma 3C, an admissible sequence a,(-) such that

Sy BUEi @S [ X Bl Ny V)N 1.

Let b(-) be an admissible sequence such that

0<b(m) < min a,(m) foreach m.
1<n<m

Observe that f,, (¢ ; a(-)) depends only on the members of the sequence
a(m) with m = n, and that b(m) <a,(m) for all m = n. Thus
[, b)) <f,(t;a,()) for each n and all € 1,.

Let (B,) be the quasi C.M.F. generated by b(-). Then, for each n,
as shown earlier, u(A,,\B,)/t <[, (t;b()) for t €(0, b(n)]. Conse-
quently,
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[ B N\BYtdv < [ £,(50,0) dv
I Yo

= [ BLAG:a,(0]d
Bly

< 2 B, B [#(Am,t\Amﬂ,t)/t] d\ + l/n

m2=n

- 2 -/I. #(Am,t\Am+1,t)/t dv + I/n

m2n
= Y e(m)+ 1/n,
m2=2n

which tends to zero as n tends to infinity. Thus (B,) satisfies (9)
and the proof of Theorem 3 is complete for the case /€S,

We now turn to the proof for /€S _.

A sequence (a(k))y-, of positive numbers will be called oo-
admissible if it is strictly increasing with limit + o> and

k—1
im0 ,,,2:1 atm) =0 an

M(Ak’a(k)\Ak_l,a(k))/a(k) < 2e(k— 1) for each k. (12)
For ¢t € [a(k), a(k + 1)] define :

B, = [A s \(As a6\ A k1,006 \Ci, )] U[mgk (A 1,a0m) \ Ara(m) )]

where (Cy ,)yuy<r<asry 15 @ rescaled CM.F. on Ay i) \Ax_ .0
which means that :

) Crawr = D Chaerry = Akat \Ak—1,a00)

ii) s < ¢ implies that C, ; C C, ,

t—ak
lll) “(Ck,t) = (a a( ) ) #(Ak,a(k)\Ak-l»a(k))'

(k + 1) —a(k)

As before we have monotonicity of B, on the interval [a(k) , a(k + 1)]

By =Akainy Y | Y (Am—l,a(m)\Am.a(m))
. m<k
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and
Bay = [Akay N (Ag_y 00 Y XNA 40 DT Y (A a0 \ ko))

U U (Am—l,a(m)\Am,a(m))]

m<k-—1

= Ak—l,a(k) U mSLkJ—l (Am—l,a(m)\Am,a(m))]'

The consistency of the expressions for B, and B,,,, permits
us to define B, for all £ €[a(1), ).

For t € [a(k) , a(k + 1)] we have, using the c-admissibility of a(-),

t—2ak)etk — ) <uB)<t+2 Y a(m)e(m—1).

m<k

In view of (11) it follows that lim u(B,)/t = 1.
t—bw

From here the proof is an obvious analogue of that for /€ S.
We pass to a Borel measure A on 1, )\[1,<0). The role of \A0)
is played by A,,(#) = 1—V,,(#), and the analogue of the function
0(t) will be a continuous function 8_(¢) which tends to zero as ¢
tends to infinity and for which

inf 0_()=2ek—1)
a(k)<t<a(k+1)

for each integer k.
THEOREM 4. — Each 1€ S, a = 0 or *, has the form
1) = 1A 9 av

where (A,),c, is a CM.F. ¢ €®,, and v is a positive finitely additive
set function concentrating at o, with [IVIIM(p,,,) =p) = |1].

Proof. — Much of the proof proceeds along similar lines to that
of Theorem 3.

Our starting point is, naturally enough, the sequence (/,),-, of
Theorem 3, which converges strongly to /,

1(f) = fl f(A,, ¢,)dv.
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We shall construct a function ¢ € ® which is a “limit” of the sequence
(¢,)y, in the sense that

. _ * ’ 1r
:Tlfl[t N dy] dv =0 (13)

where, as in the proofs of Theorems 1 and 2, r is a fixed number in
(1, 90) such that r' <p.

Given such a ¢, we have, for each fE€ L(p , )

< tlp—1 Il 19, — old ]d
[[ ./,:t fl1¢, — ¢ldu|dv
gj; [t—l j;t |¢n‘"¢|rdu]l/r [tr'/p-l Atlﬂ' dﬂ]l/r d .

The second factor in the integrand is bounded uniformly for all t €1
since ' < p and

r t ’
S, 117 du< [ as

L= [ FA,,¢)dv
1

< UFIELY (=7 [p)~t e1~1p,

Thus from (13) it will follow that / = lim /, must have the desired
form e

1 = [ 1A, ¢ av.

LEMMA 4A. — Let the sequence of functionals (1,),., and the
number r be as defined above. Then for each pair of integers m and n,

—1 __ r 1/r _ _
S S, 10— outr au] ™ av =0t = 1.

Proof. — Using a function g carried by (A,),¢; with g(A,) = 1
for each ¢t we proceed almost exactly as for the estimating of H(¢) and

j; H(¢) dp (proof of (8) in Lemma 2B) and show that

Sl L, 10w = ot a] v =0an, =m0

(The argument is in fact even simpler than that for (8) since we may
take p = v and (A),c; = (B),e1)-
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We have only to apply Holder’s inequality and the proof is
complete.

Let et = ] ["‘ L 10— aul” du]”’ dv.
t

Lemma 4A allows us to assume that 2 €(n) < oo, by passing if
n=1
necessary to a subsequence of (,),-,.
CASE 1 : I€S,.

For each strictly decreasing sequence (a(k)),-, we define ¢ to
be the function generated by a(-) if

= kgl o XAau\Aaqern)

A sequence a(-) tending strictly monotonically to zero will be
termed ®-admissible if

i al)<l1, ii) atk+ 1)<a(k)®* for each k.

Let a(-) be ®-admissible, and suppose it generates ¢. Then for
t€lak + 1), a(k)] with k = n,

1/r
! —¢|" d,
[ fA 19, — ¢! #]
1/r _ 1/r
< -1 . r 1 . r
[t fA, 16, — &l du] + [t ﬁ 16, — Greas] du]
_ " 1/r
+ t 1 — r ]
[ S 10007 a
& -1 r 1r
<2 ¥ | [ 18— Gl du
m=n t
+ 2 [a(k + 2)]a(k + D"
Kk
S -1 _ r 1/r
<2 ”?:4” Va(m),a(m—l)(t) [t j;t I¢m ¢m+l| dl“]

+ 2[a(k + D"

where V_,(¢) is as defined for Theorem 3.
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Thus for all t € (0, a(n)], [t‘l /; o, — ol” du] Hr is dominated
e 1

by the continuous bounded function :

h,(t;a(-)) =min) 2,2 Y V (myam—1)()

pan a
m3n

’ 1/r ,
[rl S, 18m = b dﬂ] + 21 ;

As in theorem 3 we let A be the Borel measure on fIy\I, induced by
v and by analogous reasoning to Lemmas 3B, 3C, 3D etc. we construct
a P-admissible sequence b(-) such that for each n

f BLh,(t ; ()] d\

Bl

-1 _ r 1/r
<2 2 ,4(;10 B[t ‘/‘;t '¢m ¢m+l| dﬂ] d)\+l/n

m=n
Thus, if ¢ is the function generated by b(-)

— r 1r ~
fx[’l-/;, 19, — ¢l dy] <2 Y em)+ 1/n

mz2n

and (13) follows.

CASE 2 : IES_.

A strictly increasing sequence (a(k));-, generates the function ¢,
where

s

¢= Pk Xagee )\ Aagry”

0]

k=1

Such a sequence a(-) is P-os-admissible if
i) a(l)>1, and i) a(k+1)>a(k)* foreach k.

Let ¢ be the function generated by the ®-oo-admissible sequence a(-).
Then for t € [a(k), a(k + 1)] with k = n,
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-1 . r 1/r
[t Jo, 16,9l du
< -1 _ r 1/r 1 . , 1/r
[ S, 1o a] " [ [ 0ot an]
+ —1
[ 4

k—1
<2 2| 100 el ]+ 21ath— ac

16, — oI d#] H

a(k—1)

k—
<23 A O [ 100 = Sy dl] "+ 20ae) 2
- a(m),a(m+1) A, m m+11 GM a

where A ,(¢) is defined as for Theorem 3.

Let 6_(¢) be a continuous bounded function on (0, <°) such
that lim 6_(¢) = 0, and inf 0.(¢t) = 2 [a(k)]"'/?" for each

oo a(k)<t<a(k+1)
integer k. Then for all ¢ € [a(n) , =)

1/ .
[,_1 j; |, — oI du] < mm% 22 X Agmyatmen®
1

mz22n

1 _ ’ 1/r %
[r fAt"b"’ 6, .| du] + 0.0 .

From this (13) follows in much the same way as before. This completes
the proof of Theorem 4.

Remark 2. — As it stands our characterisation of the elements
of S, and S. is not canonical, in the sense that one can have

fl f(A,, ) dv=£ f(B,, ¥)dp

forall f € L(p, ) where p # v, ¢ # Y and (A,),¢; # (B,);c;- However
each functional [, I(f) = f f(A,,¢)dv can be seen to be inone
1

to one correspondence with a triple ([v], [(A),c(],[¢]) where the
square brackets denote equivalence classes in the sets of positive
bounded finitely additive set functionals, of C.M.F. s, and of functions
in ®, respectively.
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These three classes are defined by the equivalence relations :
Dp~viff llp—vly,e =0
i) (Ader ~ Bpey iff [ w(A, AB)/t dv =0

I

for any v € [v], (and thus for every v € [v])

i) ¢ ~ ¢ iff f[ [t“ f/‘\ |¢_¢|'dy]"'du=0
t

for any v € [v] and any (A,) €[(A,)] (and thus for every v € [v]
and every (A,) € [(A))].

An apparent shortcoming of our characterisation is that there
seems to be no way in which it reflects the linear structure of S, .

Let ;(f) = ‘/; f(A;,,8) dv; j=1, 2, 3 with I; =1, +1,. There
does not seem to be a “recipe” for defining v;, (A; ,) and ¢; (or

their equivalence classes) directly in terms of v, , v,, (A, }),, (A; ), ¢,
and ¢,.

Remark 3. — From Theorem 4 one can see that every functional
in S, attains its norm on the unit ball of L(p. ). Let F, be the
quotient space of L(p, ) defined by the equivalence relation

f~g iff N,(f—g)=0

where N, and N_ are the semi norms which define S, and S.
(section 3). Then S, is the dual of F, and each functional in S,
attains its norm on the unit ball of F,. Applying a theorem of
James (7], we see that F, must be reflexive. Let F, , denote the
direct sum of k copies of F,, and S, , the direct sum of k copies
of S,, then for each n the (2n — 1) th dual of L(p, *) is

L(p', e So.n® S
and the 2nth dual is L(p, =) @ Fon®F_ .
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