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WEAKLY SEMIBOUNDED
BOUNDARY PROBLEMS
AND SESQUILINEAR FORMS

by Gerd GRUBB

In this paper and its successor [8] we study boundary value
problems for systems A of linear partial differential operators
on a manifold Q with boundary T.

Let A be a g X g-system of differential operators of order
2m, let pu denote the Cauchy data {y,u, ..., yan1u} of u
with respect to A, and let B be a system of differential
operators on I'; then Ajp denotes the realization of A with
domain

D(As) = {u € H2"(Q)[Bpu = 0}.

(A and B actually operate on sections in vector bundles over
Q, resp. I'.) The boundary condition Bpu =0 is assumed

to be normal in an appropriate sense. One is interested in the
coerciveness inequalities

(0.1) Re(Au, u) > clul? — elull, ueD(Ay),

for se [0, m] (Sobolev norms); they all require the validity
of a weaker inequality

(0.2) Re(Au, u) > — c|u|?, u € D(As),

which we call weak semiboundedness. It was shown in [6] how,
for the case where A 1is scalar and elliptic, (0.1) with s =m
(Garding’s inequality) is characterized by two conditions on
A, B: (i) a condition on the full operators B and A at T,
necessary and sufficient for (0.2); (i) a condition on the prin-
cipal symbols of A and B, related to the condition by
Agmon [1].
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The present paper is devoted to a thorough study of (0.2)
and its analogue for systems of « mixed order », without any
a priori assumptions on A; e.g. A may degenerate at T.
The results and notations will be applied to elliptic systems
in [8], where we treat (0.1) and other properties along the
lines of [5], [6].

In Chapter 1 we introduce notations, and set up a Green’s
formula and the « halfways » Green’s formulae associating A
with sesquilinear forms. Furthermore we define normal
boundary conditions; here a class of triangular systems of
differential operators on I' play a central role.

In Chapter 2, (0.2) is characterized by an explicit condition
on A and B, and 1t is proved that (0.2) is necessary and
sufficient for the existence of a sesquilinear form a(u, ¢) on

H"(Q) x H*Q), for which
(Au, ¢) = a(u, v), all u, v € D(As);

(Theorem 2.4), this determines the boundary problems ente-
ring in variational theory. A number of alternative explicit
conditions for (0.2) are given, in particular for the case where
I' is noncharacteristic for A; these will be of use in [8].
They are finally used to show that when the « total number
of boundary conditions » equals mgq, then (0.2) holds precisely
when the space of Dirichlet data for Ay equals the space of
Dirichlet data for the formally adjoint realization Aj; and
in that case Ay 1s also weakly semibounded.

Chapter 3 treats the systems A = (A,),:—1, ..., Where
A, is of order m, + my; {my, ..., m;} denoting a set of not
necessarily equal nonnegative integers. Let

m = max {my, ..., m,}, and m=m; + -+ 4+ m,.

For such systems, a workable definition of Green’s formula
and of normal boundary conditions does not seem to have
been available (cf. [11, p. 241]), the trouble being, roughly
speaking, that there are m + mg Cauchy data, on which one
usually wants to impose m boundary conditions (less than
half). We here present such definitions, and proceed to charac-
terize the analogue of (0.2):

(0.3)  Re(Au, u) > — o([wlh, + -+ + lul?,)
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(for w = {uy, ..., u,} satisfying a normal boundary condi-
tion). The whole discussion in Chapter 2 is shown to generalize
to these systems. (In particular, this determines the normal
boundary problems to which de Figueiredo [9] can be applied
in the study of coerciveness.)

As an extra benefit we find a Green’s formula

(Au, ¢) — (u, A'p) = (xu, B%) — (B%u, x'v)

(vahd for all smooth uw and ¢), where B°u consists of the
m Dirichlet data of u, and where, when I' is noncharacte-
ristic for A, x and x’' are surjective trace operators each
consisting of m more data. Boundary conditions for A
that can be expressed by differential operators on 8% and
xu (the « reduced Cauchy data ») can be treated much like the
2m-order case. (For instance, it is possible to extend techniques
of [11] and of [10] to such boundary conditions.) We show
that the normal boundary conditions for which (0.3) holds,
1.e. all normal boundary conditions arizing in connection with
sesquilinear forms, are indeed differential boundary conditions
on {Pu, xu}.

The author is grateful to G. Geymonat for having called
our attention to the above systems of mixed order.
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CHAPTER 1

NOTATIONS AND PRELIMINARIES

1.1. Green’s formula.

Let Q be an n-dimensional compact riemannian (1) ma-
nifold with boundary T' and interior @ = Q\I'. Let E be

a C* complex hermitian vector bundle over Q with fiber
dimension ¢ > 1. Then the spaces of square integrable
sections L3*(E), L2(E|p), and the Sobolev spaces Hf(E),
H:(E|r) (s e R), HY(E) (s > 0) may be defined (cf. e.g. [11]),
and we denote inner products over Q by (, ) and inner
products (and dualities) over T' by ( , ). The space of C”
sections with compact support in Q will be denoted Cg*(E).
We now introduce trace operators etc., essentially following
Hérmander [10, p. 192-193]. Assume, as we may, that Q is
imbedded in an n-dimensional riemannian manifold £ without

boundary, so that E is the restriction of a vector bundle E
on X. Moreover, let n(z) denote the vector field consisting
of the unit tangent vectors to the geodesics normal to I' and
oriented towards Q; itis definedin a neighbourhood X, of T
consisting of the points in X with geodesic distance
—e<t<e from I, e sufficiently small. Then one may

choose a first order differential operator D, in E whose
symbol equals n(z)- £ for z e X, (£ € the cotangent bundle
T*(Z)); the so-called normal derivative. We then define the
trace operators

Yk:u—>(D’r‘zu)|F7 k=0,1,2, ...,

(*) When Q is an n-dimensional C* manifold, it may always be provided with
an appropriate riemannian structure; we assume this has been done on beforehand,

since we want to include the case Q < R". The compactness of Q is not used in
any essential way; all estimates are local.

10
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for ue C*(E) or C°(E); recall that y, is continuous from
skl

H(E) into H " %(E|p) for all s > k-{-% (of. e.g. [11]).

First order differential operators P in E with principal
symbol a(z)-£ satisfying a(z) Ln(z) for ze 3, can be said
to act along the parallel surfaces T, of T' (I, consisting of
the points in £ with geodesic distance ¢ from I';te ]— ¢,
e[), since forsuchoperators, P3|, isindependent of the choice
of the extension § € C*(E) of ¢ € C*(E|p). We then denote
P&|r, = Pe. Higher order operators acting along the T,
are obtained as sums of products of first order operators
acting along T,

For feC=(E) denote by f° the section that equals f
over Q and equals 0 over =Z\Q. Let § denote the distri-

bution f+— fl‘ Yof do. Then one has the formulae

(L.1) Du(f®) = (Duf )° — t7of 8, and P(f°) = (Pf)",

for fe C*(E), when P acts along the T, |t| < e. We shall
mainly use these formulae on the following forms :

(1.2) (D,u, ¢) — (u, D,p) = i{you, vo¢), u,v e C?(E),

where D, is the formal adjoint of D,; note that D, — D,
is of order zero (for the symbol of D, is real).

(1.3)  (Pu,¢) — (4, P'9) =0, u,veC(E),

where the formal adjoint P’ of P again acts along the T,.
Let A be a C* differential operatorin E of order r > 0.
In X, it may be decomposed uniquely

(1.4) A=Y AD
=0

where the A, are differential operators of order r — [ acting
along the T, |¢| < ¢; this is seen e.g. by induction from the
first order case. Note that A, 1is of order 0, so is locally
multiplication with a ¢ X ¢-matrix; globally it may be viewed
as a vector bundle morphism in E. We shall identify zero
order differential operators with morphisms in this way



WEAKLY SEMIBOUNDED BOUNDARY PROBLEMS 154
throughout the paper. Clearly, one has

Remark 1.1. — T' 1is non-characteristic for A at a point
z eI if and only if A (x) 1s bijective.

Let M be the set of integers

(1.5) M={0,1,...,r—1},
then the Cauchy boundary operator o for A 1is defined as
(1.6) e = {Yo -+ Yr=1} = {Yitrem

usually considered as a column vector. With A’ denoting the
formal adjoint of A, we have Green’s formula

Lemma 1.2. — For all u and ¢ € H'(E),

(1.7 (Au, ¢) — (u, A'v) = (Qpu, pv)
where A = (Ay); rem 18 a system of differential operators A,
in E|lp of orders r —j — k — 1, with

A, = 1A} 11 + lower order operator

forr—j—k—1>0, and &), =0 for r —j —k—1<0.

Proof. — It follows from (1.1) that for each [, each
f e C(E)

ADI(f1) = (ADIf ) — iA, 3 D,/ 3),
e, with u = f|g, v € C*(E), .
(1, (ADL)'9) = (ADiz, #) — i 3, (ran, vo(D)14Als)

This gives =

(ADi, 6) — (u, (ADY'S) = 3 (A + S Traas),

k=0
where the S, are differential operators of order < r — 1 in
E|p, stemming from commutation and taking adjoints.
Collecting the terms we obtain (1.7).

A isof type (— k, —r 4+ 147); rem 1n the terminology of
Hérmander [10, p. 135] (which we shall use throughout); i.e.
it is continuous from [[ H**(E|p) into [][ H*""H(E|p) for

keM jeMm
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all « € R. Note that it is skew-triangular, the entries in the
second diagonal being equal to the zero order operator A.,.
By Remark 1.1, @ 1is thus invertible if and only if T' is non-
characteristic for A; @~ is then also a skew-triangular system
of differential operators.

1.2. The even order case; sesquilinear forms.

In this section we assume r = 2m (m integer > 1), and
establish an alternative version of (1.7), and the « halfways »
Green’s formulae.

Define now the subsets M, and M, of

M={0,1,...,2m — 1}
by
(1.8) My=1{0,....,m—1}, M;={m, ..., 2m — 1},
SO M=M0UM1.

The Cauchy boundary operator is split into the Dirichlet and
the Neumann boundary operators y and v
(19) Y = {Yk}keMo’ v = {Vk}keMp SO p = {Y’ V}‘
The matrix @ is split in four blocks
aoo a01
(1.10) a— <am " >

where @% = (@;,);jems, kem, clearly @1 =0. Then (1.7)
takes the form

(1.11) (Au, v) — (u, A'y) = {A%yu, yo)

+ {A%vu, yo) + {(Alyu, vo),
for u, v € H*™(E).

DeriniTiON 1.3. — By a sesquilinear form a(u, ¢v) on H™E)
we shall understand an integro-differential form
(1.12) a(u, v) = ¥ (Qu, Py),
i€l

where the Q; and P, are C™ differential operators in E of
orders < m, indexed by a finite index set 1; a(u, ¢) is defined
and continuous for {u, ¢} € H"(E) X H"(E).
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a(u, ¢) is said to be associated with A if
(1.13) a(u, ¢) = (Au, ¢), for all u, v € C3(E),
te,if A=Y PQ.

i€l
When Q < R* (1.12) may of course be written in the
usual way: a(u, ¢) = g}, | <m(@apDPu, D).

Lemma 1.4. — Let a(u, ¢) be a sesquilinear form on H™(E)
associated with A. Then for all ue H?**(E), v € H*E),

(1.14) (Au, ¢) = a(u, ¢) + <Avu, v¢) + {(FLyu, yv)

where & 1isan m X m-system of differential operators in E|p,

of type (— k, —2m + 1 + J);xem,

Proof. — Applying Green’s formula (1.7) to each P; and
(1.4) to each Q;, we find

(Ay, ¢) — a(y, ) = Z [(P;Qu, ¢) — (Qu, Py)]
é{ (2yQu, yo)

= {Rou, v¢y = (AU, 9> + (AU, v

where %, is of type (— k, —2m 4+ 1 + j);em, xew, and £,
is of type (—k, —2m 4+ 14 j); reu,, In a similar way

(u) A, ) - a’(u’ 9) = <Yu’ g:ﬂ'") + <Yu) .@4'{0).

For any given ¢, ¢ € C*(E|p)" there exist u, ¢ € C*(E) with
vu = ¢, yu = 0, y¢ = ¢. Inserting these, we get, by compa-
rison with (1.11)

(%19, 41> = (Au’ V) - (u, A-,V) = <a01<P, ¢>,
whence %, = @%,

We shall now show that the operator & 1n (1.14) can take
any value.

Lemma 1.5. — Let & be a first order differential operator in
E|p. Then there exists a sesquilinear form s(u, ¢) on HYE)
such that

(1.15)  s(u, ¢) = { FYou, Yo for u, ve HY(E):
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for any such form the operator S in E associated with s(u, )
1§ zero.

Proof. — Let & be a first order operator in E that acts

along the T, for |[f] <¢, so that & acts like & on
I' =T,. Then by (1.2) and (1.3),

(Yol Yor> = Yo 5;“, ~'Yo"> -
= — (D, Lu, v) + i(Fu, D,y)
= — i(#D,u, ¢) — i([D,, £u, ) + i(Pu, Dip)
= (— iDu, #'9) — (i[D,, Lu, ») + (iFu, Diy),

which is a sesquilinear form on H!(E), since the commutator
[D,, #]=D,% — &D, is of first order. Since any form
s(u, v) satisfying (1.15) vanishes for u € Gy (E), the associated
operator S 1n E 1s zero.

Prorosition 1.6. — Let & = (&%) rem, be a system of
differential operators in E|p, of type (— k, — 2m 41+ ]); yem,.
Then there exists a sesquilinear form s(u, ) on H™(E) so that

(1.16) s(u, ¢) = {Lvu, v¢> for u, v € HYE),
and the associated operator S in E s zero.

Proof. — The proof is reduced to the preceding case as
follows :
Let {j, k} eMy, X M,. &, is of order 2m —1 —j —k

and it may be written as a finite sum

yjk = 2 PiQin
i€l
where the P; are of order m — 1 — j, Q, of order 1, R; of
order m — 1 — k. Now, with notation as in the preceding
proof,
< & kY Uy ‘Yj") = Z (PQRy,u, YV

i€1

= Z {QR;v,u, P{Yj")

i€l

= Y <QiY0RiD£u’ Yop,{D{"%

i€l
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where RD*¥ and P;D* are differential operators in E of
order m — 1.

Cororrary 1.7. — For any system & of type
(—k, —2m +1+ j)j,keM,,

of differential operators in E|r, there exists a sesquilinear form

a(u, ¢) on H™E) such that
(1.17) (Au, v) = a(u, ¢) + {A%vu, yu) + { Lyu, y¢),
for all u e H*™(E), v € HYE).

Remark 1.8. — The results of this section generalize imme-
diately to the following situation : Let A be of order r = s+-t¢,
s and ¢ nonnegative integers. Let M, = {0, ..., t — 1},

M1t={t’...,s+t_1}, M0,={O,...,S;1},
M]:: {37 °--’S+t_1}’
and set
Pos =— {'Yk}keM.,,a Aot —= (a'jk)jeMo., kEM,y

etc. Then (1.7) may be written

(Au, ¢) — (u, A’o)
= {A%%pgu, pow> + (Ao u, pow)
+ {A%0u, pre).

By a sesquilinear form on HYE) X H*(E) we understand an
expression (1.12) where the Q; are of order < t and the P,

are of order < s, it is associated with A when (1.13) holds.
One finds that for such forms,

(1.18) (Au, ¢) = a(u, ¢) + <A%Yoyu, pow>
+ {Foolts Pos#>
forall ue H(E), v € H(E); where & can beany s X t- -sys-
tem of differential operators in E|p, of type

(_ , —r+ 1+ ])jeM.,,, keMoy

Note that @%1! is a quadratic submatrix of @, its second
diagonal being contained in the second diagonal of @; so
it is invertible if and only if T' is non-characteristic for A.
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1.3. Triangular differential operators.

In this section we study a class of differential operators that
are fundamental in our treatment of boundary conditions.

Let N be a finite subset of N u {0}, the non-negative
integers; the number of elements in N is denoted |N|. For
each je N there are given two hermitian vector bundles F;
and E; over I', F; of fiber dimension p; > 0 and E; of
fiber dimension ¢; > 0. (We shall use some elementary facts
about vector bundles, for which we refer e.g. to Atiyah [3].)
For each pair {j, k} € N X N there is given a differential
operator B;, from E, into F;, of order j — k; the conven-
tion that differential operators of negative order are zero is
used throughout; of course By, is also zeroif p; or ¢, 1s 0.
The Bj, form a matrix (or system) of differential operators

B = (Bjk)j,kéN

of type (— k, —J)j ken, 1.e. B iscontinuous from 11 H=*E,)
to ] H*9(F;) for all « € R. kEM

JEM
B is triangular, since By, =0 for j < k. We define its

diagonal part B, and its subtriangular part B; by
(1.19)  Ba= (8,Bu)j rem B, =B — By;

a matrix will be said to be subtriangular when the diagonal
and all elements to one side of it are zero. The elements B,
in the diagonal are differential operators of order 0, so they
may, as previously remarked, be regarded as vector bundle
morphisms (from E, to F,); B, 1is also a morphism, from

@ E, into @ F,.

keN k€N

Prorosition 1.9. — Assume that B, is surjective (so in
particular, p, < q, all ke N). Then the morphism

(1.20) Cs = Bi(B,By)™

is a right inverse of B,. Moreover, the differential operator

(1.21) C=C, 3 (—B.Cy

k=0
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is a right inverse of B; it is a system C = (Cj); ,ex of type
(— ky — ])jxen, the Cj being differential operators from F,
into E;. In particular, B s surjective from ]| H**E,) to
I1 H*¥(F,) for all a €R. kN

JjeN

Proof. — The first statement follows from the corresponding
statement for vector spaces. (Since B, 1is a diagonal matrix,
one actually treats each B, separately, and C, 1s a diagonal
matrix with C,, = Bi(BB.%)™.) Now observe that B,C,
is a subtriangular differential operator in ¢ F;, since B,

JEN
1s subtriangular and C, 1s diagonal. Thus B,C, is nilpotent,
its |N| — th power being zero. Defining C by (1.21), we then
have

BC = (B, + B,)(C, — C,B,C, + C,B,C,B,C, — ---)
= Bdcd - BdCngCd + BdCdB:CdB;Cd -_—
+ B,C; — B,C,B,C, + ---
=1,

since B,C, =1 (the identity in j@ F,). Clearly C 1s a
€N

system of the described type; its continuity properties imply
the surjectiveness of B.

Lemma 1.10. — Assumptions of Proposition 1.9. For each
k € N, the kernel and image of the morphisms B, resp. B,

(1.22)  Z,=kerB,, and R,=imB.;

are orthogonal subbundles of E,, of dimension ¢q, — p, resp.
Px- Moreover,

(1.23) CuBu = Bui(BuBik) B = BiiCik = (CuBui)*,

and it is the orthogonal projection of E, onto R,; and I — C,B,,
is the orthogonal projection of E, onto Z,. Altogether,
C,B, = BjiC; and is the orthogonal projection of @ E, onto
kEN
mBj = @ R,, and I — C;B; is the orthogonal projection of
k€N
@ E, onto ker B, = P Z,.

k€N keN
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Proof. — TFollows from the corresponding evident state-
ments for vector spaces. (I denotes the identity in various
spaces, its meaning should be clear from the context.)

When B, 1s surjective (so Bj 1is injective) it follows
from Proposition 1.9 that B* isinjective with left inverse C*.
However, we do not have equality between CB and B*C*
since CB is lower triangular and B*C* is upper triangular

(unless of course (CB), = 0). We may define C = B*(BB*),
which does satisfy CB = B*C* in better analogy with
Lemma 1.10. But C will usually not be a differential operator

but a pseudo-differential operator, and not triangular, so we

prefer to work with C as right inverse of B. Note that the
IN|

subtriangular part of C 1s C— Cy;=C; X (— B,Cy)*.
We introduce the spaces (for « e R): *¥=!

N
Z*B) = Jo e [[ H *(E,)|Be = 0¢;

(1.24) veR
Z(B) = U 2(B);
e
4.35) R¥(I— CB) = (I— CB) [T H"™ *(Ry);
R(I — CB) = | R¥(I — CB);
(1.26) R+(B*) =B*[] Ha_j—%(Fj); R(B*) = U R«B*);

JEN L 2ER
Z*(1 — B*C*) = ch e [ H 7 2(F)l¢ — C*B*p = 02;
JEN
(1.27) Z(1 — B*C*) = |J Z(I — B*C*).

aER
These definitions apply similarly to B, and C,, viewed
as differential operators. We also have, with the notation (1.22)

(1.28) Z*(B,) =iz [] H“"“%(zk), Z(B,) = iz g’z'(@zk),

kKEN kEN

(1.20) ReB) = in [ B ¥ (R), R(B) = i 9'( @ Ru)

kEN kKEN

where i; and iz denote the injections P Z, G @D E, resp.
kEN k€N

@ R.C D E, (they may be omitted in less precise state-
kEN k€N

ments).
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Lemma 1.11. — Assumptions of Proposition 1.9. For any
xR,

(1.30) Z%B) = R¥¢(I — CB), Z(B) = R(I — CB),

(1.31) R+B*) = Z4I — B*C*), R(B*) = Z(I — B*C*).

Proof. — When Bg =0, ¢ = ¢ — CBp. When

¢ =(I —CB)y, B =By —BCBy =B¢ — By =0. This
proves (1.30).
When ¢ = B*{J,

(I — B*C*)p = B*¢ — B*C*B*) = B*y — B*¢ — 0.
When (I —B*C*)e =0, ¢ = B*(C*¢). This proves (1.31).

Lemma 1.12. — Assumptions of Proposition 1.9. I — CB,
and 14 C,B; are each others inverses. Moreover, for any « € R

(1.32) Z*B) = (I — CB,)Z%B,), Z(B) = (I — CB,)Z(B,).
(1 33) RQ(B*) = (I + B:C;)RG(B:),
' R(B*) = (I + B{C3)R(B3).

Proof. — Since C,B, is subtriangular, I 4 C,B, has the
inverse
IN|

I—CB, + (CB,)} — - =1—0C4 ¥ (—B,Cy)'B,= I — CB,,
k=0
cf. (1.21). Now

B, =B — B, =B — BCB, = B(I — CB,),
B =B, + B, = B, + B.C;B, = Bd(I + Cst)’

from which (1.32) immediately follows. (1.33) follows from the
adjoint identities
Bi = (I — B;C*)B*, B* = (I 4+ B;C7)B:.

Corﬂbining this lemma with (1.28) and (1.29) we see how
Z*(B) and R*(B*) may be « parametrized » by full Sobolev

spaces over bundles :

a—k-1

(136 7xB) = (I — CBYi, 3 H " ¥(z,),
(135)  Re(B*) = (I+ BICHin 3 H (R,

k€N
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(similar statements for Z(B) and R(B*)), where (I — CB,)i;
and (I 4 B;Cj)ix are injective differential operators. Note
that R*(B*) may also be parametrized by

a—'—-l-
(1.36) R*B*) =B* 3 H'~ *(F),
JjeN
where B* is injective.
Surjectiveness of B does not in general imply surjectiveness
of B,. However, it does so in a special case:

Lemma 1.13. — Assume that F, = E, for all ke N. Then
if B is surjective from || H**E,) to JLIN He*~(E;) for some

k€N
« € R, the diagonal part B, is an isomorphism (so B s

byjective for all a).
Proof. — We have
N={k, ..., k} (where 0 <k < .-+ < k).

For 1 < ¢ < p we denote by B? the submatrix of B,
(Bji)j, kethy ...k Since B is lower triangular and surjective,
all the submatrices B? are surjective. In particular, B* = B,
is a surjective morphism from E, to E,, thus an isomor-
phism. We proceed by induction: Assume that B?* has
bijective diagonal part; by Proposition 1.9, B?* 1is bijective.
Let ¢ = {0, ...,0,¢,} (¢ elements), ¢, € H*"(E,). Since

B? 1is surjective, there exists

g
@7 = {Qry +-+» Pig} € 11 H**(E,,),

r=1

for which B7%? = ¢. But since B?! is injective,
¢k|= PN =?kq..4=0'

Then ¢, = B, ¢, This proves that B, , is a surjective
. q o9,

morphism from E, to E,, and thus bijective. So B? has

bijective diagonal part.

Remark 1.14. — All calculations generalize immediately to
systems B, where the B, with j > k are pseudo-differen-
tial operators of orders j — k, but where we still have that

the B,, are morphisms and the B; with j < k are zero.
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1.4. Normal boundary conditions.

We shall now define the boundary value problems to be
studied in Chapter 2: Let A and E be as in section 1.1. For
each jeM={0, ..., r— 1} there is given a hermitian
bundle F; over I' of dimension p; > 0. There is given a
matrix B = (By);.em of differential operators B; from
Elr to F; of type (—k —j)rem (as in section 1.3).
Then B defines the homogeneous boundary condition

(1.37) Bou = 0

or, equivalently: ¥ Bjy,u=0 for all jeM. We shall
k<J
study the boundary value problem

Au =, Bou =0,
or rather the realization Ay of A defined by
(1.38) As: ur— Au, D(Ap) = {u e H(E)|Bpu = 0}.

The systems of boundary conditions usually studied can be
put in the form (1.37); we have just grouped together the
conditions of the same normal order (like Seeley [12]) and
permitted the range space for each normal order j to be a
nontrivial bundle. Moreover, we have included zero bundles as
ranges (those where p; = 0) for convenience, so that we do
not have to distinguish between M and the set
J = {jlp; > 0} that entered in the announcement of results
[7]. For elliptic A it is usually assumed that 2 p; = mg;
we shall not assume that on beforehand.

Derintrion 1.15. — The boundary condition Bpu =0
— or the differential operator B — will be said to be normal
when B,,, (3;Bji)jkem Us a surjective vector bundle morphism.
(Then in particular p; < q for all je M.)

The definition is a vector bundle version of that of Seeley
[12] (cf. also Remark 2.2 below). It extends the wellknown
definition of Aronszajn and Milgram for scalar operators.
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Remark 1.16. — Let us compare the present definition of
normality with that of Geymonat [4, Definizione 2.2]. He
considers the case where A and B are matrices of scalar
differential operators (i.e., E and the F; are trivial bundles),
and his definition of normality requires that one can supple-

ment B with rg — Y p; rows to obtain a system
~ jeM

B = (Bj)jxem of ¢ X g-matrices, of type (—k, — j)jren
and with bijective diagonal part. In our framework this means
exactly that trivial bundles G; of dimension ¢ — p;(jeM) may
be found, together with morphisms Pj;: E[r — G;, such that
the morphisms B, =B, ® P;:Er—>F, ® G, are iso-
morphisms. In comparison, the present definition of normality
merely requires that the Bj; be surjective (which is satisfied
under Geymonat’s requirement); then if we let P9 denote
the orthogonal projections of E|p onto Z; = kerBj;, the
B% =B, ® P% are isomorphisms of E|p onto F, ® Z,
for j € M. When both requirements are satisfied, P; defines
an isomorphism of Z; onto G;, for jeM. So, when E
and the F; aretrivial and the B;; are surjective, Geymonat’s
normality holds if and only if the Z; are trivial bundles. This
is a global condition that will not in general be satisfied for
surjective Bj. (Example: Let

Q= {(xla L2, x3> RSI 2} + 23 + a3 < 13,

let E=Q X R? andlet B, be the 1 X 3-matrix (=, z, 7;),
for (@, 25, 23) e ' = 2. Then ker Bj; is the tangent bundle
of S2, which is nontrivial.) The present definition of normality
1s local and at the same time more general than Geymonat’s.

The « Lions-Magenes theory » of Geymonat [4] can easily be
extended to the present normal boundary condition, on the
basis of the Green’s formula

(1.39) (Au, ¢) — (u, A'v) = <A(B°)1B%u, pv)>
= (Beu, pre(B**)1@*o0> + (Pou, pr,(BO*)-1@*p0),

prr and pr; denoting the projections of EB (F; ® Z;) onto
@ F; resp. & Z;

JjeM



CHAPTER 2

WEAKLY SEMIBOUNDED REALIZATIONS
OF OPERATORS OF EVEN ORDER

2.1. Characterization of weak semiboundedness.

Throughout this chapter we assume (with the notations of
Chapter 1) :

Assumption 2.1. — A 1s an arbitrary C® differential
operator in E of order r = 2m, m integer > 0. Ap is the
realization defined by a normal boundary condition

(2.1) Bou = 0.

We shall study the problem of determining those B for
which Ay satisfies the inequality

(2.2) Reé¥(Au, u) < clul2, all u € D(Ay),

for some ¢ > 0, 6 e R. The inequality is always satisfied for
u € Cy(E), so depends essentially on the boundary condition
and the behaviour of A at the boundary. However, it will be
seen that it depends on the full operators B and A at T,
not just on part of (e.g. the principal part of) their symbol.
(2.2) 1s necessary (with 6 = =) for any of the « coerciveness
inequalities »

(23) Re(Au, u) > clul? — olull, ue D(As),
s € ]0, m], or just semiboundedness

(2.4) Re (Au, u) > — ¢ |ul2, we D(As).
These other properties will be treated in [8], under further
assumptions on A. We shall here concentrate on the special

aspects of (2.2), called weak semiboundedness for lack of a
better name.

Remark 2.2. — The assumption of normality is partly justi-
fied by the observation of Seeley [12] that for elliptic boundary



164 GERD GRUBB

value problems, Agmon’s necessary and sufficient condition
for the existence of a ray of minimal growth implies normality.
When e.g. (2.4) holds, there are many rays of minimal growth.
The investigations given below have led us to believe that,
at least when I' is noncharacteristic for A and Y p, = mq,

€M
normality is also necessary for (2.2) (cf. Remark 21.21).

Since r = 2m, the notations of section 1.2 apply (cf. in
particular (1.8), (1.9)). We split B and its right inverse C
accordingly :

Bee 0

B = <B10 Bu)’ B = (Bjk)jema, kEMe
COO O .

C - (Clo C11>, Cbe = (Cjk)jEMav kEMS;

where B and C°* are zero since j <k in M, X M,.
Note that C° and C!' are the right inverses by Proposition
1.9 to B resp. B''. The boundary condition (2.1) may now
be formulated as

(2.5) Boyy = 0, Bioyy + Bllvu = 0.

It 1s wellknown that ¢ is surjective from H2?"(E) onto
m—k—L

11 H" 2 (E|p). We therefore have two other formulations

keMm

of (2.5) (recall notations (1.24), (1.25)) :

Lemma 2.3. — A section ue H*™E) is in D(As) if and
only if {yu, vu} satisfies either of the equivalent conditions
(1), () :

(1) yu € 23™(B), vu + C1B'yy e Z2"(B'1);

(1) ~yu e R*™(I — Co°B), vu 4 C*B'yu e R2"(I — C'B1).

Proof. — (1) is equivalent with (2.5) since B%(C1! = L
(1) is equivalent with (i) by Lemma 1.11.

We shall now prove the fundamental result

Taeorem 2.4. — Let A be a differential operator in E of
order 2m, and Ag the realization defined by a normal boundary
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condition (2.5). The following statements (1)-(iv) are equivalent :
(1) There exist 6 e R, ¢ > 0 such that

Re e¥(Au, u) < c|ul2, all u € D(Aj)
(i.e., Ap is weakly semibounded).
(i) The following identity holds
(2.6) (I — CooBooY*@ o1 (1 — C11B1?) = (.

(11) There exists a sesquilinear form ag(u, ¢) on H™E)
assoctated with A, such that

(2.7)  (Au, ¢) = ap(y, ¢), all u, v € D(As).

(iv) There exists ¢ > 0 such that

(2.8) |(Au, o) < clullaloln all u, v € D(Ag).

Proof. — Clearly (i) = (iv) = (1), since ap(u, ¢) 1is
continuous on H"(E) X H®E). We shall now show that

(1) = (). Let a(u, v) be any sesquilinear form on H™(E)
associated with A. Then

(2.9) (Au, 9) = a(u, v) + <A%u, yo> + { Lyu, yo)

for some & of type (—k, —2m 4+ 1+ j)ieu, cf. Lemma
1.4. By Lemma 2.3 we have
yu = (I — Co0B%)q,,

(2.10) vu = (I — Ci1B1t)gp, — CUBi0yy,

where {¢g, ¢} runs through

I B ¥Ey) x [[ B

k€M, kEM,

am—

el
* (Elr),

This gives by insertion

(2.41) <(@%vu, yo) = QY1 — C1B")q,, y¢)
— (QUCHByy, 7o),

where also @®CHBI is of type (—k, — 2m 4+ 1 + J); em,

Then a(u, ¢), {&yu, y¢) and (APICHBYCyy, yo) are all

continuous on H"(E) X H™(E), so that (i) is equivalent with
11
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the existence of 6 e R, ¢, > 0 for which

(2.12)
Re ¢<a”™(I — C1'BY)g;, yu) < cfulh, all ue D(As).

We now observe that for we Cy(E), u 4+ w e D(As) and
y(u + w) = yu; v(u + w) = vu. Then (2.12) implies

Re e¥<@(I — C11B1)g,, yu) < ¢; inf |u + w|2

w € C§°(E)
L) <6 3 Ivale ., all weD(A)
2

k€M
by a well known theorem (cf. e.g. [11]). Inserting
yu = (I — C°B%)¢, and using the continuity of I — C°°Bo°
we conclude from (2.13)
Re ei0<a01(l —_ CuBu)(Pl, (I — C00B00)¢0>

— Re ei0<(I — C°°B°°)*a°1(l — CuBn)(Pl, <P0>

2
< C3 keEMo I Poxll m_k_%,

valid for all the pairs {¢,, ¢,}. That can only hold if
(I — Co0Bo0)*@ot(I — C11Bt) = (),

Finally we show that (i) ==~ (ii1). When (ii) holds, we have
by (2.9), (2.11), using that also y¢ € R**(I — C°°B°),

(Au, ) = a(u, v) 4 (& — ANC1BY0)yu, yo),

for u, v € D(As). By Proposition 1.6 there exists a sesquilinear
form s(u,v) on H™(E) satisfying

s(u, v) = (& — AC1BY0)yu, yv), for u,y e HME).
Let as(u, ¢) = a(u, ¢) + s(u, ¢). Then as(u, ¢) satisfies (ii1).
This completes the proof of the theorem.

Remark 2.5. — In the proof that (i1) implies (111) we have in

fact constructed ap such that (2.7) (and thus also (2.8))
1s valid for all u € D(Ag), all ¢ e H"(E) with B%yo = 0.

Remark 2.6. — A somewhat analogous theory can be set
up for operators A of arbitrary order r, connecting the
mequality (for an integer ¢ € [0, r])

[(Au, 9)l < cluld o],

with sesquilinear forms on HY(E) X HE), cf. Remark 1.8.
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Remark 2.7. — It 1s also easy to prove without use of (1ii)
that (1) implies (1). The equlvalence of (1), (11) and (iv) extends
to the case where the B;, with j > k are replaced by pseudo-
differential operators B; from E|r to F; of order j —k
(cf. Remark 1.14).

2.2. Discussion of (2.6).

We shall now look more closely at what (2.6) stands for.

Lemma 2.8. — The identity (2.6) is equivalent with each of
the following statements (2.15)-(2.18)

(2.15) Z(BY) = Z((1 — CooBoo)*@ot),
(2.16) QMZ(B1) = R(BY*);

(247) (I — CuBu)*@oi*(] — Co0B%) = 0,
(2.18) @Q*Z(BY) < R(B*).

Proof. — (2.6) may be written
@Q"R(I — C11B1) < Z((I — CooBw)¥)

which is equivalent with (2.15) and (2.16) by Lemma 1.11.
(2.6) is equivalent with 1ts adjoint equation (2.17), and thus
with (2.18) by Lemma 1.11.

Remark 2.9. — Because of the continuity properties of the
operators involved, each of the inclusions (2.15), (2.16) and
(2.18) 1s equivalent with the inclusion between the spaces

R |
intersected with IMH" " 2 (E|lr), any o« €R (the spaces
Z(...), R¥...) in (1.24)-(1.27)). Similar statements hold for

the following results.

For any normal boundary condition we shall define the
operator

(2.19) Q = (I — CeoBo)*@ (I — CH1B),
it is an m X m-system of differential operators in E|p, of
type (—k, —2m + 1+ j)jem keuy, Just like A@°; in par-

ticular it has zeroes below the second diagonal. Define the
second-diagonal parts

Qd = (sj,zm—l—ijk)jem,keM,,
A% = (8; sm-1-sjk)j e Mo, kM
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they are vector bundle morphisms. It is easily seen that
(220) Q= (I— C¥B®)*ag(l — CYBY).

Since Q = 0 implies Q, = 0, we get immediately

Lemma 2.10. — The identity (2.6) implies the following
equivalent statements (2.21)-(2.24)

(2.21) (I — C®BY)*a%(I — CyBY) = 0;

(2.22) Z(By) < Z((1 — C¥BY)*ag);

(2.23) AGZ(BY) = R(BP*);

(2.24) AN*Z(BY) = R(B1*).

(2.21)-(2.24) actually express certain properties of the

bundle @ F; inrelation to @ E|p. Let us make this explicit

JjeMm jem
in the case where @° 1is invertible, 1.e. T' 1s noncharacte-
ristic for A:

Treorem 2.11. — Assume that T s noncharacteristic for A.
Then (2.6) implies that Z; = ker B;; is isomorphic to a sub-
bundle of Fi,_y_j, for all je M. In particular,

(2.25) S p; = mq.
jeMm
When furthermore Y, p; = mgq, then
Jjem
(2.26) Z(BY) = (@) R(BY*),
(2.27) Z(BY) = (ag*)'R(BE*),
and Z;,2=F,,_,_; forall jeM.

Proof. — Since A% 1s skew-diagonal and invertible, (2.23)
may be written

Z(Bj) = (Aam-1-1, ) *R(Bam-1-y,2m-1-y), forall jeM,.
This is equivalent with the statement for bundles (cf. (1.22))
Z, < (Qam—1-15) " Bm-1-, 2m—-1-1F2m—1-j,

where (Qy-1-5;) 7 B3n-1-j, 2m-1—; 15 an injective morphism.
This shows the first statement for jeM,; for jeM, it
follows similarly from (2.24).
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Regarding dimensions, (2.23) and (2.24) imply
(228) % (@—p)< 2 pp X (g—p)< 2 pp

jem, JjEeM, JeEM, jem,

respectively; both statements are equivalent with (2.25).
When equality holds in (2.28), (2.23) and (2.24) represent
inclusions between vector bundles of the same dimension,
these must be identities, so (2.26) and (2.27) hold.

Remark 2.12. — When T is characteristic for A, (2.6)
may be satisfied with Y p; < mg, and (2.6)is in a sense less
M

restrictive on B. We refrain from a systematic treatment
here.

Also the inclusions in Lemma 2.8 can now be improved,

when Y p;=mgq, and T is noncharacteristic.
JjeM

Tuaeorem 2.13. — Assume that T' is noncharacteristic for A,
and that 2 p; = mq. Then (2.6) is equivalent with each of the
statements (2 29)-(2.32)

(2.29) Z(B') < (a°t)tR(B*),
(2.30) Z(B1) = (@*)tR(B**),
(2.31) Z(B1) > (a”)R(B*),
(2.32) B1i(@o1)-1Boo* — (.

Proof. — We have from Lemma 2.8 that (2.6) is equivalent
with (2.29). Clearly (2.31) and (2.32) are equivalent. Since (2.30)
implies (2.29) and (2.31), it remains to show that (2.29) 1mphes
(2.30), and that (2.31) implies (2.30).

Assume (2.29). Since we are now dealing with differential
operators and not just morphisms, the dimension argument
in the previous proof is not directly applicable. We have
however, using Theorem 2.11 and Lemma 1.12

(2.33)
R(Boot > a°1Z(B“)
— &01(1 — C11B11) (Bu)
— aol( C11B1 )( )—1R(Boo*)
— (‘;U“(I — CuB1 )( ) ( Boo*Coo*)R(Boo*)
= (I + K)R(B"*),
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where K 1s a subtriangular differential operatorin @ Ejp,

k
thanks to the subtriangular character of B! and B®*.
Denoting R(B°*) by R, we have found

(2.34) R > (I + K)R

Now K is a nilpotent operator on || 2'(E|r). Moreover,
k€M,

since I 4+ K maps R into R, K itself maps R into R.
Then (I 4+ K)|zx has the inverse

Il — Kfx + (K|g)? — --- + (= K]x)",

so it maps R onto R, and the inclusion in (2.34) must be
the identity. Then also the inclusion in (2.33) is the identity,
and we have proved (2.30).

The proof that (2.31) implies (2.30) follows similarly from
Z(B'1) o (@%)-1R(B0¥)
— (@) 4(1 4 B*C*)eu (1 + CHBYIZ(BY)
= (I 4+ K,)Z(Bv).

CororrLary 2.14. — When T is noncharacteristic for A,
and 2 p; = mq, then (2.6) s equivalent with each of the

statements (2.35)-(2.38)

(2.35) Z(B%) = (a*)R(B"*),
(2.36) Z(B%) = (@”*)R(B*),
(2.37) 7Z(B®) > (@n*)-1R(Bu1*),
(2.38) Boo(@01*)-1B1* — (),

Proof. — Follows from Theorem 2.13, using that the iden-
tities are pairwise equivalent (adjoint).

Theorem 2.4 together with Corollary 2.14 prove Theorem 1
in [7].

2.3. Existence and uniqueness of B! for given B,

For the case where I' 1s noncharacteristic for A, and
>, pj = mgq, we shall consider the problem of how B!® and
JeM

€
B'* may look, when B is given, and B shall satisfy (2.6).
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(The question on how B and B'® depend on B! is treated

similarly.)
We shall denote by I* the skew-unit matrix

0 ... 01
(2.39) |
1 ... 00
indexed according to its use. Denote @ E|pr by E° and
k€Mo
@ Elr by E. Given FO' = @ F; and B going from E°
keM, JjeMo
to Fo°.
10 Eazistence. — B is required to have surjective diagonal
part and satisfy (cf. Theorem 2.13)
(2.40)  Z(B1) = (@")-1R(B%*).
Now we find by Lemmas 1.11-1.12
(2.41)

(am)—lR(Boo*) ( ) 1 I+ Boo*coo*)R(Bgot)
(Z ') 1( + BR*CP)Z((I — CPBE)*)

(T~ CPBE)(1 — BFCoorja),

where (I — CPBY)* =1 — CPBY defines the orthogonal
projection of E° onto 7Z° = @ Z, (Z, = ker B,,, cf. Lemma

Mo
1.10), let us denote it pry. k%hen if we define
Fj = sz_l —j fOI' je Ml’

ie. 1= @ F,=1I"Z, with I = (8,1 )jem, ren,; and

jem,

I II II

Bl = I* prg(I — BX*Coo* @01,
then B! is a differential operator from E! to F! of type
(—k, —J)jrem, satisfying (2.40), and its diagonal part
B = X prz@% is surjective. Also

di F; di F))=

im(, ) +dim () =
as required. B! can be any differential operator from E°
to F' of type (—k, —))iem kem:
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20 Uniqueness. — Now let F! = EB F; and B! and B:

satisfying (2.6) etc. be given. By Theorem 211, F=7Z,,,,
for jeM,;, so F' = ®F' for some diagonal bijective mor-

phism @ = (®,); oy, Moreover, we have Z(B1) = Z(B).
Using the decomposition

2'(E') = Z(B1) 4 R(C) (direct sum),
written ¢ = ¢, + ¢,, we find that
Bucp — Bu(% + ‘Pl) — Bn(Pl — B“CHB_uqu

— BuC11§11<P — (D(I)_lBuCnE“cp
= O¥B!e, forall ¢ € 9'(E1),

where ¥ = O-1B1(C! is a bijective differential operator of
type (— k, — J)jken, In F'; by Lemma 1.13 it has bijective
diagonal part. Conversely, if ¥ 1is a bijective differential
operator in F!, then Z(®¥B!)= Z(B1).

So there is existence and uniqueness of B! up to isomor-
phisms. More precisely, we have found :

Tueorewm 2.15. — Assume that T' is noncharacteristic for A,
and consider normal boundary conditions with Z p; = mq.

Let @ F; and B be given. Then the operators B1° and B,
for whwh (2.6) s satisfied, are characterized by
(i) @ Fj - (D( @ sz-l—k)’ Where q) = ((Djk)j,kEM. is any
JeMm, kEM, .
diagonal vector bundle isomorphism.

(i1) B s any differential operator from kg?{ Elr to .g%d F,
of type (— k, — J)jem, rem, y JEM
(iii) B! = O¥YBY, where ¥ is any differential operator in

D Zsn_y1-x with bijective diagonal part, and
k€M,

(2.42) Bl = IX pry(I — BR*Coo*)@,

as defined above.
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2.4. The adjoint boundary condition.

We shall finally study the (formally) adjoint realization; it
represents a boundary condition that may be determined by
methods analogous to those of section 2.3. This leads to a
more 1llum1nat1ng criterion for weak semiboundedness. The de-
termination of the adjoint realization is independent of whether
A is of even or odd order, so for that part, the order will again
be denoted r.

Derinition 2.16. — The formally adjoint realization (As)’
of Ag s the operator sending ¢ into A'v, with domain

(2.43) D((As)') = {v € H(E)|(Au, ¢) — (u, A’v) =0
for all u e D(Ag)}.

We shall now show that there exists a differential operator B’
so that (Ag)’ 1s the realization of A’ determined by the
boundary condition B’pe¢ = 0.

Prorosition 2.17. — D((Ap)’) = D(A's.), where
(2.44) B’ = IX pry(I — BiC*)@*,
here pry denotes the orthogonal projection of @ E|p onto
keM

k@‘ Z,, and T1* = (835-1-j 1) kem- B’ is a system (Bj); ren

of differential operators Bj, from E|p to Z,y,_,_; (for j, ke M),
of type (— k, — j); xkem. When T is noncharacteristic for A, B’
is normal.

Proof. — When u € D(Ag), pu runs through
Zr(B) = R(I — CB),

so
(Au, 9) — (u, A’v) = <A(1I — CB)o, p¢)
— <o, (I— CB)*@*er).
Thus

D((As)") = {» € H'(E)|(I — CB)*&*p¢ = 0}
= {v e H'(E)|pv € Z((I — CB)*a*)}.
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Like in (2.41) we find
(1 — CB)*@L%) = (@) Ri(B¥) = (&)1 + BICHR(B)

= 7Z((1 — C;B,)*(I — BiC*)a*)

= 7'(B'),
with B’ defined by (2.44), since (1 —CBy)* =1 — (B,
1s the orthogonal projection of EB E|r onto EB Z,, cf. Lemma
1.10. (As in section 2.3 we msert Ix to get the correct
type.) The diagonal part 1s B;=I1X pr; @}, which is
surjective when @ is invertible (i.e., when I' is noncharacte-
ristic).

Next, we consider the uniqueness question. Given a bundle
@ F; and a normal system B’ = (B),); e of differential
JEM ~
operators Bj, from E|p to Fj, of type (—k, —); rew
for which (Ap)" = A%. This means that

(2.45) Z'(B') = Z'(B')

in view of Proposition 2.17. Now Z'(B) = R(I — C'B’),
so0 (2.45) implies .
B(I — C'B’) =0.
In particular, the diagonal part must be zero, so we conclude
Z(B;) = R(I — C;B)) = Z(B).
Assume in the rest of this proof that also B’ is normal; then
an analogous argument gives the opposite inclusion, so in

fact )
Z(B) = Z(B)).

This gives for the bundles:
@ Fj=~ @ (Elr e ker B;J) = @ (Elr e ker Bj;) == @ sz—l—j)
JEM Jjem jem JEM

the range space for B’. So ED Fi=a ( D Zy,- 1_1) for some

diagonal bijective morphlsm It 18 finally seen from (2.45),

like in the proof of Theorem 2.15, that B’ = B’C’'B’ where

B'C’ is a differential operator from @ Zy,_,_. to @D F}
kEM ieMm
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with bijective diagonal part. We have proved

Taeorem 2.18. — Assume that B', defined by (2.44), is

normal. A normal system B’ = (Bj)j«em of differential
operator Bj, from E|p to Fj of type (—k, — ) iem
satisfies
D((As)') = D(Ag)
if and only if
(1) Fj=Zyp_y—; for each jeM;

(ii) B’ = ¥B’, where ¥ is a bijective differential operator
from hE[EBM Lopm—y1- to j@M Fj, of type (— k, — J)jxem.

Now let r = 2m. We then have, with obvious notations,

T'z0 O
(2.47) [Ix [P z prZ‘] X
I - BOO*COO* aOO* alo*
X [ O Bll*Cll*] [aOI*
X pro(l — B}I*Cll*)@@l* 0
S, X pra(l — B2°*C°°*)a10*]

(S; and S; not worth calculating). Thus, using Lemma 1.12,

(2.48)  Z(B'00) = Z(I* pry(I — BI*Ci1*)@ors)
= (@m*)1(T + BI*Cy*)Z(I — BR*Cy*)
— (aOI*)—IR(Bll*).

This formula is valid whether @%* 1is invertible or not, if we
by (@%*)-1 understand the mapping of a set into its inverse
image by @°* . Connecting this with Lemma 2.8 (in particular
(2.18), cf. also Theorem 2.4), we find

Tuaeorem 2.19. — Ay s weakly semibounded (or, equiva-
lently, satisfies (2.6)) if and only if
(2.49) 72m(Bo0) < Z2m(B'09),

that is, if and only if YD(As) = yD((As)’).

For the noncharacteristic case this has the consequence

CororrLary 2.20. — Let T' be noncharacteristic for A. If
Ag is weakly semibounded, then (Ag)" is weakly semibounded
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if and only if ¥ p; = mq. When 2 p; = myq, (2.6) is equi-
valent with /&M

(2.50) Z(B) = Z(B'),
ie., YD(Ap) = yD(Ap).

Proof. — Let Ap be weakly semibounded. Then by Theo-
rem 211, Y p;, > mq. When Y p; > mgq, the fiber dimen-
JeM €M

sion of the range space for B’ 1is

Y (9 — Pam-1-j) = 2mq — 3 p, < mg,
JEM kEM

so, by Theorem 2.11, Ap cannot be weakly semibounded.
Now assume Z p; = mq. Then by Theorem 2.13 and

(2.48), (2 6) 1s equwalent with (2.50). Since (Agp) = Ap, and
(2.50) ts symmetric in {A, B} and {A’, B’}, (2.50) must also

be necessary and sufficient for the weak semiboundedness
of Ajp.

Remark 2.21. — It was shown in [6, Theorem 3.4] for the
case where A is elliptic, that also for general realizations A
of A, yD(A) < yD(A*) (closure in [ H-* 2 (E|p) is

. k€M,
necessary for weak semiboundedness (the above proof was

inspired from that theory). This is the reason for our conjecture
that normality is necessary under much more general circums-
tances than those accounted for in Remark 2.2; for the lack
of normality tends to enlarge Z(B°) and diminish yD((As)’).



CHAPTER 3
SYSTEMS OF TYPE (m, —m,), ;—y.. . ..+

3.1. Green’s formulae.

In this chapter we describe how the results of Chapters 1
and 2 extend to systems A that are of « mixed order », and of
a symmetric type.

Let {m,, ..., m;} be a set of nonnegative integers, and let
A = (A,); =1,...,, beagq X ¢g-matrix of differential operators
on Q, of type (my, — m), _1....,; 1.e, A, is of order

m, + m,. Among the systems of this type are the strongly
elliptic systems, cf. [2]. Denote

(3.1)
N={1,..-,Q}’ mzmaxm,, ;l'—_—ml—‘—--._'_mq’
teN

and assume m > 0.

For such systems one usually studies boundary conditions
of the following kind: There 1s given a set of p integers
{#1, ..., #p} and a p X g-matrix of differential operators
B = (Ba)s=1,....pit=1,...q ON £, of type

(mb ("':)s:l, e pit=1,..., q;

it defines the boundary value problem (3.2)-(3.3)
q9
(32) Au=f, 1e, XAu=f s=1...,¢;
t=1

q
(3.3) YoBu =0, 1e., N voBu =0, s=1,...,p;

t=1

here f={fi, ..., fotsu={ug, ..., u}.
(3.3) determines a realization Ag by

Ag: ur— Au, D(Ayp) =gu € tl;L H™+(Q)| v, Bu = Og.



178 GERD GRUBB

We shall say that Ay 1s weakly semibounded if there exist
¢ > 0,6 e R such that

Re ¢¥(Au, u) < ¢ EN AR for all u e D(Ag);
like in Chapter 2, the inequality depends only on A and #
at I', but involves the exact operators, not just for instance
principal symbols. When A 1is elliptic, one usually assumes
p = m; we do not assume that on beforehand.

If for some s, m; — p, < 0 for all ¢, then the terms 4,
q9

are all zero, so Y yo#,u, = 0 1is trivially satisfied; we can
t=1
therefore assume that p, < maxm,=m for all s. We
shall furthermore assume that the yu, are > — m + 1,
hereby we exclude boundary conditions of very high order,
just like boundary conditions of order > 2m were excluded
in Chapter 2. Our boundary conditions still include those
that arize in connection with sesquilinear forms as in Guedes
de Figueiredo [9].

To apply our techniques we shall set up a Green’s formula
and reformulate (3.3), such that differential operators on T'
of the same order are grouped together.

Let {s, t} € N X N. We have by Lemma 1.2 for u,
v, € C2(Q)

ms+m‘—1

(L =](Agu, ¢) — (w, Ay, = sz . < QY Y90,
where @ 1s of order m;+m —j —k — 1. Set
j=] —m,+ m and k=k — m, 4+ m, and set

astjk == a:t, J+ms—m, k+mi—m
for
je{—m;+m, ...,2m — 1}
and

ke {—my+m, ..., 2m — 1},

where we put &‘,jk =0 for j>m+m or k> m+ m
Then @, 1s of order

m,+m—(]+m—m)— (k+m—m)—1
=2m—j]—k—1
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for all j, k. (Here, for j > m,+ m or k > m,+ m, the
order is negative in accordance with c‘i:,jk = 0. We have

actually just augmented the usual boundary matrix by some
zero rows and columns.) Now

2m—1 2m—1

I:t = 2 ' 2 <a:ljkYk+m¢—muta Yj+rn,—m‘)s>°

j:-—m, +m k=—my+m

For u,¢e ¥ C*(Q) one has

teN

(3.4) (Au, 9) — (u, A'v) = 3 I

s, teN

and we shall now regroup the terms in Y, I,. Define as
usual 5 teN

(35) M={0,...,2m— 1}, My={0,...,m — 1},
M,={m, ..., 2m — 1}.

For each ke M, define
(3.6) N, ={teNk+ m —m > 0},
and denote |N,| = ¢,. Clearly,

3.7) & # Ny <o @ Nyy © Ny =Nppy
N =N2m_1=N,

using that N, = {t{{/m, > 0} = N (and all N, equal N if
and only if all m, equal m as in Chapter 2). Note that

gn = ‘""" = Qap-1 = ¢q. Moreover, it 1is easily seen that
(3.8) G+ -+ G = m.
Denote the trivial bundles ' X ][] C by E,.
tEN,

Now define for each {j, k} e M X M the N; X N, matrix

Ay by
(3.9) djk = (dstjk)sENj, tENS

it 1s a differential operator from E, to E; of order
2m — j — k — 1. Altogether the @, from a system

(3.10) . A = (@), ren
of type (—k, —2m 4+ 1 4+ j)jrem-
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Introduce the vector valued trace operators B,, for ke M,
by

(3.11) B = {Yitm-mlht}ren,;
they are continuous and surjective from [][ H*™*"(Q) onto
Heten—k=%(E,), for o+ 2m > k + —;.—, lerNécspectively. Alto-

gether they form a vector (of vectors) B :

(3.12) Bu = {BiU}rem
Actually, Bu consists of a rearrangement of the traces
{Youl, Yilyy -y Ymam-1U15 5 Yolqy Yilgy -, qu-i-m—luq}’

and it has a total number of Y, (m, 4+ m) = Y ¢, elements.

teN kEM
These are exactly all that enter in (3.4). It is tehus reasonable
to call Bu the Cauchy data of u. We now find

2m—1 2m—1 ~
E Ist = 2 E Z <astjkYk+m,—mut’ Yj+m,—m‘):>
s, teN s, tEN j=—m +m k=—m+m
2m—1 2m—1

= Z Z z 2 <asljlcYk+m,—mut’ Yj+m,—mps>

Jj=0 k=0 SEN] tEN;

S (@B, B> = (@Bu, Be),

J, kEM

and have hereby proved Green’s formula
(3.13) (Au, ¢) — (u, A’v) = <(QBu, Bv),

it is valid for all wu, ¢ e [[ H™"(Q). (A similar formula
teN
holds when the functions wu, are replaced by sections in

bundles, we omit this aspect for simplicity.)

Let us now consider the case where I' is noncharacteristic
for A. This means that the N X N-matrix A° whose
entries are the functions A, , ., stemming from the decom-

mg+my

positions A, = Y A, D! is bijective. The elements
=0

@ am-1-; are N; X Ny, ,_;-submatrices of A° so that

when the m, are not all equal, @ can never be invertible

(in view of (3.7), cf. also below). This 1s the main reason for

the trouble with setting up e.g. a Lions-Magenes theory for
boundary value problems for systems of mixed order. However,
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1t 1s possible to treat a particular class of boundary value
problems, as indicated below.

Define (cf. (3.5))
(3.14) Rou = {Bil}yem, Blu = {Bi}iem,

and note that B% 1is a rearrangement of the Dirichlet data
{YolUss -+ oy Ym—1U1} -« -5 Yolgs - - -5 Ymg-1Yq) 3

Bou has Y ¢. = m entries and B'u has mgq entries. With
k€M,

the usual decomposition of @&

. @ao  @ot - -

(3.13) takes the form

(3.145) (Au, ¢) — (u, A'v) = (@%B%, B%)
+ <@pty, 8oy + (@ropou, pio).

Because of (3.7), the second diagonal in @%, resp. A%,
consists of N; X N-submatrices, resp. N X N,-submatrices,
of A°. Then we obtain, by application of Proposition 1.9 to

IX@% and to Ix(@10)* (cf. (2.39)):

Turorem 3.1. — When T is noncharacteristic for A, @%
is surjective with a right inverse 2°' of type

(—2m + 1 4k, — J)jem, rem,
and @ is injective with a left inverse 2'° of type
(_ 2m 4 1 + k’ - j)jeM,, kKEM,*

It will be seen below that these properties suffice to gene-
ralize the results of Chapter 2 in a very satisfactory way.
Moreover, (3.15) may be viewed as a Green’s formula for some
special boundary operators, for Theorem 3.1 clearly implies

CoroLLArY 3.2. — Define x and %' by

XU = (i‘“ﬂ‘u
x'u = — QIO*Bly — F00*Boy,

(3.16)
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Then we have for all u, v € [ H™"(Q)

(3.17) (Au, ¢) — (u, A'v) = <{xu, B%) — (B, x'v),

where, if T' s noncharacteristic for A, {B°, x} and {B°, x'}
are surjective continuous mappings of [ H*ttm(Q) onto

1 « 1 N
I B 2E,) x [ H*'2E,) for all « > —%.
k

K€M, €M,

We shall call {B%u@, xu} (resp. {P°u, x'u}) the reduced
Cauchy data of u with respect to A (resp. A’). (The @°-
term may of course be distributed in other ways). Boundary
conditions for A that can be expressed as normal conditions

on the reduced Cauchy data (i.e., « factor through @° ») can
be treated much like those of Chapter 2; in particular one may
set up a Lions-Magenes theory (details will be given elsewhere).
Note that the Dirichlet operator B° belongs to this class.
One of the main theorems of this chapter (Theorem 3.11) will
be that the boundary conditions defining weakly semibounded
realizations are indeed conditions on the reduced Cauchy data.
A few more comments on this class are given in section 3.4.

We conclude this section by establishing the « halfways »
Green’s formulae. By a sesquilinear form on [] H™(Q) we
shall understand an integro-differential form ‘<N

(3.18) a(u, ) = 3 Y (Quw, Puwy),

S, tEN iE€I(s,t)

where the Q, and P, are differential operators on Q of
order < m,, resp. < m,, and the I(s, ¢) are finite index sets.
a(u, ¢) is defined and continuous on [[ H™(Q) x [] H™(Q),

teEN SEN
and it is associated with A if and only if

(3.19) Asl == 2 .:tiQ:;;, . all S, te \I'

i€I(s )

Applying Remark 1.8 to each A, and collecting the terms
one finds, just as 1n section 1.2

Taeorem 3.3. — When a(u, ¢) is a sesquilinear form on

II H™(Q) associated with A, then for all ue ][] H™t"(Q),

tEN tEN
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all v e ] H™(Q)

SEN ;
(3.20) (Au, ¢) = a(u, ¢) + (ABly, B> + < LB, B);

where & = (&) e, s a system of differential operators
from E, to E; of type (— k, —2m + 1 + j); rew,. Conver-
sely, for any such system & there exists a sesquilinear form
a(u, v) on || H™(Q), fitting together with A in (3.20).

teN

3.2. Normal boundary conditions;
weakly semibounded realizations.

We shall now reformulate (3.3). By (1.4) we have

my—
YoRBuhy = X By, 1Y 1
1=0

where each 4%, , i1s a differential operator in I' of order
m, — u, — l. Letting k=1— m, + m, we can write

2m—1
YO'@stut = 2 '%.\‘t, k+m,—mYk+m,—mut
k=—m;+m
where we have added on some zero terms (recall
—m< —yu, < m—1), and B \ym-n is of order m —p, — k.
Introduce the index sets

L={1,...,p}, Liy={selim—p,=j} for jeM,

and denote |L;j = p;. Clearly, L equals the disjoint union
U L;, and Y p;=p. Denote the trivial bundles T' X [] C
JEM

jeM SEL;

by F; (with F; being the zero bundle T X {0} when

L; = @). For each {j, k} e M X M we now define the
p; X g,-matrix

Bjk - (‘%st, k+m,—m)s €L}, tEN,

it 1s a differential operator from E; to F; of order j — k.
Altogether the B;, form a system B = (B;); ,ex of type
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(— k, —J)jxem- With B as defined above, the boundary
condition (3.3) may then be written in the form

(3.21) BBu = 0,

(or equivalently, 2 ByBu=0 forall je M)

Our consxderatlons in the following will be valid also when
the F; are nontrivial vectorbundles. From now on we study
boundary conditions (3 21) where B = (B;,);xem goes from
@D E, to EB F; and is of type (— k, — j);xeu, and the F;

J
k€M
are any bundles over I' of dimension p; Definition 1.15
can now be generalized :

Derinition 3.4. — The boundary condition BBu =0 —
or the operator B — will be said to be normal when the diagonal
part B, = (3;Bj);xem s a surjective morphism. (Then in
particular p; < q; for all jeM).

Assume from now on that the boundary condition is normal.
We split B 1in blocks as usual

B 0O
(3.22) B = [Blo Bu]: BSE == (Bjk)jEMs,kEMp

and the considerations in section 1.3 now apply to B, B
and B!, which have the right inverses C, C° resp. C1. (3.21)
may be written

(3.23) Bwgoy =0,  Bugy 4 Bugly = 0.

Define Z*(B%) — {p e [ H* " ¥(E,|B®e — 0!, etc., then
k €M,
Lemma 2.3 generalizes to the present case.

Traeorem 3.5. — Let B = (Bj)jrem be a system of diffe-
rential operators from E, to F,, of type (—k, — j)jrem
defining a normal boundary condition BBu = 0. Let Ay be
the realization of A defined by

(3:26) An:ur—sAu, D(As) = fu e J] Hetn(@)[Bpu = 0},

tEN
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The following statements (1)-(1v) are equivalent :
(1) There exist 6 € R, ¢ > 0 such that

(3.25) Ree®(Au,u) < ¢ X lwls, all ue D(Ay)
teN

(t.e., Ap ts weakly semibounded).
(11) The following identity holds

(3.26) (I — COOBOO)*&OI(I — CuBu) = 0,

(i) There exists a sesquilinear form as(u, ¢) on [] H™(Q)
assoctated with A, such that ten

(3.27) (Au, ¢) = as(u, ¢), all u, v € D(As).
(1v) There exists ¢ > 0 such that

1
2

(328) 1(Aw, o) < o 3 Tulz) (3 1o,
; ‘ all u, v € D(Ag).

Proof. — With the notations introduced above, the proof
goes in complete analogy with the proof of Theorem 2.4
(y and v being replaced by p° and B!, A% replaced by
dOI).

The Remarks 2.5 and 2.7 extend immediately to the present
case. Remark 2.6 extends as follows : For systems A = (A,,), ex
of type (my, — l,);;exn where {m},ex and {l},ex are sets
of nonnegative integers, one can set up Green’s formulae
generalizing (3.15) and (3.20), just like the formulae in Re-
mark 1.8 generalize (1.11) and (1.14), and one can again define
Cauchy data for A and for A’, and normal boundary condi-
tions. Then the inequality

1 1
2 2

2 2
l(Au? V)I < c (th " ut"m,) <:§N " V:"l,)
may be set in relation to sesquilinear forms on
[[ H™(@) x [[ H«@),
teN SEN

generalizing Theorem 3.5. We refrain from details in order to
limit notations. [Not all systems of mixed order are of this
type.]
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3.3. Discussion of (3.26).

All the statements in sections 2.2 and 2.3, that do not depend
on whether @% is invertible, extend immediately. We shall
use the convention that when an operator S is not invertible,
S1 denotes the mapping sending sets into their inverse
images by S, 1.e. S7' is viewed as a relation.

Lemmas 2.8 and 2.10 thus generalize to

Lemma 3.6. — The identity (3.26) is equivalent with each of
the following statements

(3.29) Z(B't) = Z((1 — CooBoo)*@o1),
(3.30) Z(BY) < (@)7AR(B**),
(3.31) Z(B™) < (Q**)R(B1*),
and it tmplies each of the equivalent statements
(3.32) Z(BY) < Z((1 — CyBY)*ay),
(3.33) Z(BY) = (@) R(BY*),
(3.34) Z(BY) = (ag*)*R(BF).

Here, the right sides in (3.29) and (3.30) are identical, by
Lemma 1.11. When (3.29) holds, we already have

Blopou _]’_ Bllﬁlu — O <3 ﬁlu + CllBIOBOu e Z(Bll)
— Blu 4+ C1Bgoy e Z((I — CooBoo)*&M)
< (I — COOBOO)*&Olﬁlu +(I— (CooBo0)* @01 C11B1ogoy, — (),
showing that our boundary condition implies a condition on
the reduced Cauchy data. A more precise statement will be
obtained in Theorem 3.11 below.
We shall now show how Theorems 2.11 and 2.13 may be

generalized.

Tueorem 3.7. — Assume that T' s noncharacteristic for A.
Then (3.26) implies that 7Z; = kerB;; is a subbundle of
(Qam-1-;,7) 7 Bin-1-j> am-1-Fam-1-; for je My, resp. is iso-
morphic to a subbundle of Fy,_,_; for j € My. In particular,

(3.35) Sp2 Y g [=m].

jeMm k€M,
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When furthermore 3 p;= ¥ g,

(3.36) Z(BY) = (@) R(BY*),
(3.37) Z(BY) = (@g*)*R(BM™);

S0 Zj = (azm—l—j. j)—l B;m—l—j, 2m-1—j F2m—1—j fo" je M,, and
Zj ( 7, 2m— 1—])—1 B;m—l—j, 2m—1—j F2m-—1-—j = F2m—1—j for jeM,.

Proof. — When T is noncharacteristic, then A% is a
surjective morphism from. @ E, (of dimension mgq) to
kEM,

b E; (of dimension 2 qj), and @Q9* is an injective mor-
JjEM,

phism in the other dlrectlon Then (3.33) resp. (3.34) imply the
first statement of the theorem; in particular we have for the
dimensions in (3.33) resp. (3.34)
(3.38) % (@—p)<mg— 3 ¢+ 3 pj
JEM, JEM,

JjeM,
(3-39) (@ —p) < % Pr
J €M, JeM,
Each of these inequalities is equivalent with (3.35). Now
assume there is identity in (3.35) and thus in (3.38) and (3.39).
Then (3.33) resp. (3.34) are inclusions between vector bundles
of the same dimension, so they are identities, and we have

proved (3.36) and (3.37).

To prove the analogue of Theorem 2.13 we shall first extend
some considerations from section 2.3. Denote, for ¢ = 0,1,

=D E,Z= D Z, and F: = P F,. Then I — CPBY
keM. keM, . keM, .
defines the orthogonal projection of E° onto Z°, denoteit prz.

Prorosition 3.8. — Define the system B = (Bj,);cew, of
differential operators By, from E, into Zs,_,_; of type
(— kK, — ])j,kem,, by

3.40 Bt = X pra(l — Boo*(oo* &01’
p

its diagonal part 1% prp@0t is surjective when T is noncharac-
teristic for A. Then

(3.41) (@9)1R(B®*) = Z((I — CwBow)*@%) = Z(Bn).
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Proof. — A direct generalization of the existence proof in

section 2.3.

Taeorem 3.9. — Assume that T' is noncharacteristic for A,
and that 3 p; = m. Then (3.26) is equivalent with each of the

following ‘statements (3.42)-(3.44)

(3.42) Z(B1) < Z(Bu),
(3.43) Z(B1) = Z(Bu),
(3-44) | Z(B") > Z(BY),

for B defined in Proposition 3.8.

Proof. — In view of (3.41) and Lemma 3.6, (3.26) is equi-
valent with (3.42). Since (3.43) implies (3.42) and (3.44), we
have to show (3.42) == (3.43), and (3.44) =~ (3.43). By use
of Theorem 3.7 we find, assuming (3.42),

(3.45) Z(BY) = (@) R(BY*)
= 7((1 — CyBR)AY) = Z(BY).

Then (3.42) implies, by use of Lemma 1.12,

Z(BY) = Z(B) = (1 — CUBY) Z(BY)
= (I — C=BYZ(BY) = (I — CUBY(I + TyBY)Z(B)
= (IL+ K)Z(B"),

where K 1is subtriangular. Now the argument in the proof
of Theorem 2.13 applies, showing that the inclusion must be
the 1dentity, and we have proved (3.43).

(3.44) 1mplies (3.43) in a similar way.

Part of Corollary 2.14 is immediately generalized (and the
remaining part will come out as a corollary at the end of sec-
tion 3.4) :

Cororrary 3.10. — Assumptions of Theorem 3.9. (3.26) is
equivalent with (3.46) and (3.47)
(3.46) Z(B%) < (Ao1*)1R(B!1¥)

~

(3.47) Z(B) = (@0*)-1R(B1*),
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With Theorem 3.9 we can now show that weakly semiboun-
ded realizations represent boundary conditions on the reduced
Cauchy data.

Tueorem 3.11. — Assume that T' is noncharacteristic for A,
and that Ay is the realization of a normal boundary condition
(3.48) BBu = 0,
with ¥ pj=m. If Ap 1is weakly semibounded, then there
existsjszdiﬁerential operator B = (B,,) em, rem, from @D E,

k€M,

to jg?h F;, of type (—2m 41+ k, — ])jew, xem, and with
surjective second-diagonal part, such that
(3.49) Bu = Bu@or,
Hereby (3.48) is equivalent with
(3.50) Boogoy = 0, B1ogoy 4 Bilxy = 0.
Proof. — By Theorem 3.9, we have
Z(B1) = Z(B);

moreover, we have by Theorem 3.7 that F! = ®I*Z°, with

IX = (3, gn-1-k)jem, rem, and @ a diagonal vector bundle
isomorphism. Now

'(EY) = Z(B") + RT)
so that, using the argument in section 2.3,
(3.51) B1 = BuCupn
= BUTHIX pry, (I — Bgo*coo*)&m = Bu@o,
where B!l = BUCHIX pry(I — B®*C%*) is a differential
operator from E° to F!' of type

(— 2m + 1+ ky — 1) e, rems
Note that

(3.52) Bl = ®@¥IX pry(I — BR*C0*),
where ¥ = ®-1BU(C1! is a bijective differential operator in

D Zsyp-1-x of type (— k, — j); kem, so that by Lemma 1.13

kEM;
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its diagonal part is a vector bundle isomorphism. Thus the
second-diagonal part of B!,

Bit = ¥ ,I% pry,
is a surjective morphism.

This proof not only gives the existence of B!, it also serves
to discuss the characterization of B!, when B is given

and B shall satisfy (3.26). For we then have by (3.51)-(3.52)
B! = ¢¥BY;

and on the other hand, any such operator (with ® a diagonal
vector bundle isomorphism and ¥ a bijective differential
operator in P Z,,;_, of type (— k, — J)jrem,) satisfies

keM,
Z(BY1) = Z(B'). So Theorem 2.15 carries over word for
word.

Taeorem 3.12. — The complete analogue of Theorem 2.15
holds.

3.4. The adjoint boundary condition.

Define the formally adjoint realization (Ap)’ as the ope-
rator sending ¢ into A’¢ and with domain

(3.53) D((As)") = gv € “EIIN H™+(Q)|(Au, ¢) — (u, A'¢) =0
for all u e D(As)}.
Like in section 2.4, we easily find that
D((As)) = 30 € tl;IN Hr+m(Q)|(I — CB)*A*gy = 02

so defining

(3.54) B’ = IX pry(I — BXC*)@*
we have
(3.55) D((As)") = D(As).

However, B’ need not be normal; in fact (cf. (2.47))

. [Bw
B :[B'“’ B'u]'
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where
B0 — [X pry(I — Bu*Ci*)@oi*;
B'11 = X prg(I — BR*Coo*)q10%

where we can only be sure that B’'! has surjective diagonal
part (when T' is noncharacteristic), cf. Theorem 3.1. But we
have 1n any case, as in section 2.4

Z(B') = Z((I — CUB1)*@01%) = (@01*)-1R(B1*),
which can be applied to Lemma 3.6 and Corollary 3.10, giving

Prorosition 3.13. — Ay is weakly semibounded if and only
if
(3.56) 72m(Bo0) < Z2m(B'00),
that is, if and only if B°D(As) < B°D(Ay). When T s non-
characteristic and Y, p; = m, (3.56) is equivalent with
JeM

(3.57) Z2m(B00) — Z2m(B/00),

i.e., B°D(Ap) = B°D(As).

Now Ap and Aj are no longer analogous, so the trick
of Corollary 2.20 cannot be applied to prove weak semiboun-
dedness of Aj,. (Computations seem unmanageable.) We
shall circumvent this by using that we are in fact dealing with
boundary conditions on the reduced Cauchy data {B%u, xu}
(boundary conditions where B! factors through @°), in
view of Theorem 3.11. For such conditions, it is easy to repeat

the whole theory in a simpler version based on the Green’s
formula

(Au, 9) = a(u, ¢) + {xu, BO%)> + (LB, po%),
cf. (3.20). This gives

Tueorewm 3.14. — Assume that T' s noncharacteristic for A.
Let Ag be the realization defined by a boundary condition

(3.58) Boogoy — 0, Bogoy + Bllxy = 0,

where the differential operators B®, B and B! go from
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@D E, to @ F, @ F; and D F; (respectively), and are

k€M, JEM, JjeMy R jeMm, .

of types (—k,  —])uewy (—h —7])ew rew, and
(—2m 4+ 14k, — j)jem, xem, (respectively). Assume that the
boundary condition ts normal in the sense that the diagonal part

BY® and the second-diagonal part BY are surjective morphisms,
and assume that 3, p; = m. Let IXC1! denote the right inverse

- JjeM
of BI*X according to Proposition 1.9. Then Ap is weakly
semibounded if and only if each of the following equivalent
conditions hold :

(3.59) (I — CooBoo)*(T — CuBu) = 0;
(3.60) Z(B") = R(B*);
(3.61) Z(B1) > R(B%*);
(3.62) Bupe* — 0;
(3.63) Z(B®) = R(Bu*);
(3.64) Z(B®) = R(B1*);
(3.65)

~

Z(Bo%) o> R(B1*).
It is used in the proof that (3.58) is equivalent with

Bou € R(I — Co0B);
xu + C11Bogey e R(I — C11Bu).

By Green’s formula (3.17) :
(Au, ¢) — (u, A'0) = (xu, %) — (BOu, x'v)

(3.66)

we now see, using (3.66), that ¢ € D((Ap)’) if and only if

0= ((I _ CuBu)(Pl _ CuBlo(I _ CooBoo)%’ o0
— (I — C°B®)g,, x'¢)

for all smooth ¢, ¢, i.e.if and only if

(I _ 611].311)*(3% =0
(I — C°°B°°)*B1°*CH*B°V + (I — C°°B°°)*x'v = 0.

This may be reformulated by the usual technique to a normal
boundary condition

(3.67)  Broogoy — 0, Briogoy 1 By’ — (),
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where B'00 B0 and Bt go from @ E, to F°, F* and F!

k€ Mo - ~
(respectively), of types as in Theorem 3.14, B’® and B
having surjective diagonal resp. second-diagonal part; here

FO = @ keI‘ B2m—1—j,j and Fl S @ ker B2m'-1—j, 2m—1—j° SO
Jj€Mo jem,
(Ag)" = Aj, the realization of A’ defined by the boundary
condition (3.67). Moreover, Ay is the formally adjoint
realization to Aj in the analogous way. Observing that
Zen(B) = BOD((An)) = Z2%((1 — C1Bu)*) = Ren(Bis®)
we may write (3.64) as
(3.68) Z2m(B0) = Z2m(B'00);

and since Ap and (Ap)’ = Aj now enter in a symmetric
way, we can conclude that (3.68) must also imply weak semi-
boundedness of (Ap)’. So we have proved

Tueorem 3.15. — When T is noncharacteristic for A and
S pj=Tm, then Ay is weakly semibounded if and only if
JeM
(Ap)" is weakly semibounded.

The formulation analogous to Corollary 2.20 is also valid.
Let us finally note that the adjoint equation to (3.62),

(3.69) BooBu* — (,
and 1its equivalent statement
(3.70) Z(B") > R(Bu*),

provide the analogues of the last two statements in Corollary
2.14: When Bu'=Bu@" g5 in Theorem 3.11, then

Bl* — @0 *Bu*  where A%* is invertible, so (3.70) and
(3.69) are equivalent with

(3.71) Z(B%) > (@*)'R(B1*),
resp.,
(3.72) Boo(@01*)-1B1u* — (),

the perhaps simplest version of (3.26). Corollary 3.10 can now
be completed with (3.71) and (3.72).
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