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HOMOGENEOUS ALGEBRAS ON THE CIRCLE :
II. — MULTIPLIERS, DITKIN CONDITIONS

by Colin BENNETT and John E. GILBERT

1. Introduction.

For a homogeneous Banach algebra (I on the circle group the
translation operators {T(¢) : 0 < ¢ < o} by definition give a strongly
continuous representation of (0,0) in &, ie. {T(t) : 0 < ¢t < =}
is a semi-group of contraction operators of class (€,) (cf. §1 part 1).
The infinitesimal generator of this semi-group is the differential ope-

rator -2 ; the domain of definition of ( d)k k=12
— main of definition of powers { — ) ,k=1,2,...,
dg P dg

will be denoted by @¥). These spaces @, @‘*¥) provide a natural
setting for applications of methods from interpolation space theory,
either real methods (cf. [5, 13]) or complex methods (cf. [6]) although
only the K-method of Peetre will be used here.

If Ale,p; @), a> 0, is the interpolation space
Ala,p ;@) = (@, &™), ., 0 =ak, 1 <p<ee,

then A(a,p ;@) can be identified with the functions in ¢ satisfying

= dt
([ e - e P Z)P <o (1)
0 a t

Thus A(a,p ;&) is a Lipschitz subspace of @. By considering ¥,
@®) and A(a,p ;@) within this framework of interpolation space
theory we can exploit for arbitrary homogeneous algebras & the
fundamental theorems of stability (or re-iteration) and interpolation
as well as the characterization (1). For instance, by (1) and the
stability theorem, each space A (a,p ;) is a Banach algebra and.
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whenever @*) is dense in A(a,p ;&) (in particular when p < oo),
A(a,p; @ is a homogeneous Banach algebra on the circle group.
More important for our purposes is the interpolation property enjoyed
by all interpolation spaces. Using this theorem together with the
stability theorem we derive estimates for the multiplier norm on
closed primary ideals in A (a,p ;@) and @(¥). With these estimates
the various Ditkin conditions defined in part I of this series can be
readily established. The difficulties involved here are very subtle
because, as we show, the multiplier norm on a closed primary ideal
is not equivalent to the multiplier norm on A(a,p;&), a > 0.

More generally, the interpolation space A(a,p ;X) can be
constructed when {T(¢) : 0 < ¢ < oo}is any semi-group of contraction
operators of class (C) on a Banach space X. Taking say X as

LP(T), 1<p<e , T , T circle group,

and {T(¢) : 0 < t < oo} the usual translation operators, or
PZ) , 1<p<e , ¢(2),
and {X(#) : 0 <t < oo} multiplication by characters,
X : {a,} > {e™a,}

we construct within this unifying framework of interpolation space
theory two large classes of examples illustrating the general theory
developed. Many algebras of interest previously studied in isolation
are produced.

A complete discussion of many applications of interpolation
space theory to Banach algebras more general than the theory given
here appears in [7].

2. Applications of interpolation space theory.

The interpolation theory used in this paper will be that arising
from the K-method of Peetre (i.e. a ‘“‘real method”). For an excellent
discussion of this method as well as of other material used here see
[5] (esp. sections 1.1, 3.3, 3.4).
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Let (¥, lI(.)IIX) be a Banach space on which acts a semi-group
{T(t) : 0 < t <o }of contraction operators of class (@,) and infi-
nitesimal generator A. The domain of definition of powers A* of A

is
}:(k):{f:f,Afa-~‘,Akfex} ’ k21

Under the “graph norm”

Ifll gy = WAy + A flly , fEXW, @

¥ (¥) becomes a Banach space on which

k

£ XAy, f € X 3)
=0

defines an equivalent norm ([4, p. 12]). For each ¢, 0 < t < o9,
set

Kz, =K@, f;%,X) =inf (If,llx + tlf 1l ,,)) . fE€ X,

the infimum being taken over all representations f = f, + f, with
f, € Xand f, € X(*),

(2.1) DEFINITION. — Given any o > 0 and integer k > o the
interpolation space A(a,p ;X%), 1 < p<< oo is the subspace of X of
all f for which

o dt \!/P
Wl pox = (f OGS %,2092 )0 0=k @)

is finite (obvious modifications when p = o) (}).

Under the norm “f”a,p;x,’ A(a, p ; X¥) becomes a Banachspace.
As is usual in the subject we adopt the convention that, for Banach
spaces, 9T, C I(, means the identity embedding 9T, > 9, is conti-
nuous. Then

¥X®) CA,p;¥)CX |, k>aq

(1) With the notation of [S p. 167}, Ae,p;¥) = %X®)
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and X(*¥) is dense in A(a,p ; ¥) at least when p # . We denote
by A(a,0; X) the closure of X(¥) in A(a, o ;X). The important
stability (or re-iteration) theorem for interpolation spaces shows that
A(a,p ; X¥) is independent (up to norm equivalence) of the integer
k in (4) (cf. [5, pp. 198-202]). Important also is the interpolation
theorem : suppose T is a bounded linear operator

T:%¥~> %X , T:x%® >xk
with respective norms M, ,M,. Then Tisa bounded linear operator
T cA(,p; X)> Aa,p; %)
whose norm satisfies the convexity inequality
T < M} M? , 6 =ajk

The Lipschitz character of A(a,p ; ¥) is well-kknown : A(x,p; X)
consists of all fin X for which

© dr\'®
([enam-vrige T) L k> ©)
0

is finite ([S5, theorem 3.4.2]). A very useful estimate is
Ay, , ¢ <const. AN =% ifll )%, f€ x (k) (6)

(essentially this is [5, theorems 3.2.12, 3.2.36], see also [13, pp. 12-13]
for a proof for an equivalent real interpolation method).

Now suppose 2 is a Banach algebra such that

(a) X is a right Banach module over o under an operation °,

) {T@) : 0 < t < »}acts on o and

Tt) (fog) = (T@WN-(T(t)g) , fE€z , g€
(2.2) THEOREM. — When ¥ and 9 satisfy conditions (a), (b)
ifoglly ,, x< COT\St.{”f"yI“g”a’p; xt Wl . % llgllg} (7

foral f,g in AN A(a,p; X).
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Proof. — (cf. |10, proot lemma (1.5)]). Use the stability theorem
for A (o, p ; ¥)and the Leibnitz formula

k

(T() = DF (Fog) = ¥ Y (T — 1Y 10 [(T(1) — D¥ITYg)

j=0

in the characterization (5).

It will be convenient to speak of a Banach space which is an
algebra with jointly continuous multipliciation as a Banach algebra
without renorming the space so that the norm necessarily is sub-
multiplicative.

(2.3) COROLLARY. — Suppose Ay, 1; %) C U for some o . Then
A(a, p; X) is a Banach subalgebra of N whenever

aza, , p=1, oz,>¢)z0 , 1 <p <o, (8)

When (8) holds

Ifoglly , .y < const. IIflly ,.x lglly ©)

foral f,g € A, p; X).

Proof. — Inequality (9) follows form (7) provided A (a, p ;¥) C ¥,
in particular when o = o, ,p = 1. But A(a ,p; %) C A(oz0 15 %
if a > a, 1 <p <o and so A(a ,p ; X)is a Banach subalgebra of a
whose norm satisfies (9) when (8) holds.

(2.4) CoROLLARY. — If X is a Banach algebra for which
T@)(fog) = TW@)foT(t)g

then A (o, p ; X) is a Banach algebra for all o > 0, 1 < p < o, whose
norm satisfies (9).

For the remainder of this section and all of §3 we shall take
for ¥ a Banach algebra & homogeneous on T in the sense of Silov,
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i.e. satisfying (H.0), (H.1), (H.2), (H.3) in §1 of part 13). As
in part I we assume the translation operators {T(¢) : 0 < ¢t < oo}
are contractions and that

e (T Cc & C e : (10)
the infinitesimal generator of the semi-group {T(¢) : 0 < ¢ < oo}

is D = From (10) it follows that

d—s'.
e*(T) C @ C A(a,p;X) CCT) , k>a>0. (11)

(2.5) THeorREM. — Let @ be a Banach algebra homogeneous
on the circle group T. Then for « > 0, 1 < p < oo the spaces
Al,p;@&), Ao, ;) and A*) are all Banach algebras. Further-
more, A@,p;X),Na,oo;X) and &*) gre homogeneous Banach
algebras on T provided o > 0, 1 < p < oo,

Proof. — The first assertion is clear (cf. corollary (2.4) and
(9)). That T is the maximal ideal space of @(¥) has been proved
by Loy ([14, p. 312]). But. in view of the inner inclusion rela-
tion in (11), the spectral radius norm on A (o, p ;&) and N(a, p ; &)
is dominated by that on @¥). Hence. since @‘*) is dense in
Al,p;@), p ¥ o, and in A (o, o0; @), it follows that T is the
maximal ideal space of A(a,p ;@) and N(«, p ; @) also when p # o
([14, p. 312]). On the other hand, the operators {T(¢) : 0 < ¢t < oo}
are strongly continuous on @*) and hence, by (6), on the dense
subspace @*) of A(a,p; Q@) , Ma,00,Q), p # . Thus

A(a,p;o) , NMa,p;X)
and @*) are homogeneous on T.

For well-known technical reasons of no interest here, the spaces
Ala,p;@), AMa,oo ;&) with « an integer, i.e. « = [a], will not
be considered ; instead, X¥), k = 1, 2,. .., will be discussed, albeit
briefly.

By a multiplier on a Banach Function algebra % we shall always
mean a complex-valued function ¢ such that the pointwise product

(3) the notation changes from Part I : T(f) always denotes an operator from some
semi-group {T(¢#) : 0 < t < oo} sometimes specified sometimes arbitrary,
but T (sic) denotes the circle group originally denoted by oD. D will here

d
be reserved for the differential operator EE
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of belongs to U for all f €Y. The operator f — of necessarily is bounded
(closed-graph theorem). On @ and A(x,p ; @), of course, the mul-
tipliers are just &, A («, p ;%) respectively and the multiplier norm
is equivalent to |I()|l« “(')”a,p;a' Also, any 0 € A(a,p;d)is
a multiplier on any closed ideal I in A(a,p ;&).

For « > 0 and £k > 0 set

o, , (b)={f € Ala,p @) : f(§) =--- = DI f(g) = 0},
I®) (£,) = {fea® : f(g) =--- = D*f(§,) = O},

where e‘fo € T. Thus Iy, (&) and I%) (&) are closed primary
ideals in A(a,p; @, Q%) respectively (though not necessarily the
smallest closed primary ideal in the appropriate maximal ideal if
functions in @ are all sufficiently smooth). For two quite general
classes of algebras we shall derive precise estimates for the multiplier
norm on I, (&), I(cf) (§,) (cf. theorems (3.2), (4.1)). By homo-
geneity it is enough to consider Eo = 0 only. The Strong Ditkin
and Strong Analytic Ditkin conditions for A («,p; @), AM«, oo ; &)
and @), p # oo follow provided the smoothness of functions in
@ is suitably restricted. Interest in these results arises on the one
hand from the importance of the two Ditkin conditions in the har-
monic analysis of A (a,p; @), @¥) (cf. part 1 and [12, §39] [20,
chaps. 1, 2]) and on the other from the fact that the multiplier norm
on ]a,p (§,) must be markedly different from the multiplier norm
on A(a,p : @), o« > 0. In contrast, for & itself, the multipliers on
1, &) (= lg’) (§,)) may well coincide with @ as Meyer has shown
for the Wiener algebra %(R'(Z)) ([15]). The proofs given are also
of technical interest ; for we use a group of automorphisms on T
(introduced by one of us in [1]) with play exactly the same role for
the circle group as the dilation group does for the real line. Amusingly
enough, although these operators do not give automorphisms of, say
(' (Z)), classical results such as Bernstein's theorem enable us to
derive all the results we need (cf. (4.2), (4.3), (4.4)).

As the proofs for the two classes differ only in detail some
preliminary explanation will be instructive. Define »(§) on T by
() = ¢ — 1 and set
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d .
(€] :d—l): —ie ¥ D;
thus
k
D = ¥ B8,() ©" (12)
n=1

with B, € C*(T). When @ : f > &f is defined by

1
ef(§) = " (f(&) — 1(0) ,  FEE),

it is easy to check that
(a) for each f in (M)

m—1

)~ Zy O S0 = O (NE I 0), m21,33)

) for all fin ") and o in @"(T), n < m,

o " em (o] = v | 3 ent @) o Q@’Zo)g(M)

-0

In particular,

FETIT=D@©) = f=v" &7 (f). (15)

Now, by the stability theorem for A (a,p ; @),
A, p;@) = (1@, @ual*ny . 0 =a-[a], (16)

provided o # [«]. Suppose for the moment we have established

(A) for all f € QUED gpg g € & (T)

|a]

~ 1
= I 7 v* 0 1O 0l < const. 1fllggyy My (@)
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(B) for all f € QUAI*Y) gpg ¢ € @=(T)
laj

1
- Y — pkekf(0 .
IWif Pay v 1(0)) o”([a]H) < const. ”f”([a]+l)Ml(o)'

Then, by (15) and the interpolation theorem applied to (16),

Wfolly ,.q <const. lIflly .. My(@I*1=EM (9)*~1¢1 (17

Wi

for f € la,p(O), o # [a). This estimates the multiplier norm on
Ia,p (0), hence on Ia,p (EO).

We deal first with estimate (B). The left hand side is
llv® ®° (f) allg + IID? [v® @2 (f) alllo , feam,

where b = [a] + 1. Using (12) and (14) we can thus reduce the
proof of (B) to the establishing of

b n
Y Y rner-t@tpun-ten-Lo), < const lIfll, M, (o). (18)
n=0 L=0

The proof for (A) is identical except for one additional (but tri-
vial) technical complication : with a = [«] write

f- ) 'I_Vk@kf(o) = Pe(f) — L v ©° f(0).
k=0k! a!

Hence, just as for (B), (A) reduces to the establishing of

2 }r: HV"”(I)“_Q(@Qf) Vn—Q@n—QOHa

a
+ Ilfll(a)s . Ip* D¥olly (< const. |Ifll,, M, (0). (19)

k=0

Since & is a Banach algebra' we can see that what is now wanted is
an estimate for |V ®" (@‘Z Dll g or for some similar expression. This
is the heart of the proof.
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The multiplier norm on the primary ideal I(;‘)(O) in @®) is
estimated by (A) alone with £k = [«].

3. Lipschitz algebras on T.

Let ¢, —1 < r < 1, be the linear fractional transformation

et — r )
¢, (5) = 1= et et e T.

Define &, : €(T) = &(T) by @,(f) = fo ¢,. Throughout this section
we shall impose on & the following condition.

ConpITION (R). — For r, —1 < r < I, ®, is a linear operator on
& with

1P, (1 +cos NIl <p, D IIfIly , FEX, (20)

for some function Py -

(3.1) Remarks. — Clearly each @, is an isometric automorphism
of @(T) hence bounded on X if ¢, maps & into &. However, (20)
is a more convenient (and natural) formulation of this boundedness
requirement. As later examples show, p,(r) is closely related to the
index function associated with LP-spaces and general rearrangement-
invariant Banach Function spaces on T where the index function
is important in interpolation theory (cf. [4] ; in [1] there is a syste-
"matic study of properties stemming from condition (R)). Here we
show that p, (r) is crucial in describing the properties of @ and
its Banach subalgebras A (a,p ; @), A(a, o0 ; &). Throughout we shall
assume

P ()21 , -1 <r<0; 2D

in practice (21) always is satisfied.

The next theorem and theorem (3.6) are the main results of
this section.
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(3.2) THEOREM. — Let & be a homogeneous Banach algebra on
T satisfying condition (R). Then, provided o # [«],

"l
fo. e + 1yll, ., < const. ([ », (—rydr)@1if Il N0,
0

Q,p;a

for all f in the primary ideal layp(O) in Ala,p; @), 1 < p <L oo,
and o in @°(T), where

jaj+1

() N@,a) = X [sin*ED¥all ,
k =0

(i) s> ([a] + D (o] + 2) , S integer.

(3.3) Remarks. — (i) The method of proof of (3.2) can be
used to show : when s > (m + 1) (m + 2)

1
Ifa . (e + 1¥ll,, < const.( [ o, (=P dr* Ufll,,, N

for all fin 1¢"(0) in @) and ¢ in €™(T) where

m:l
N(O,r)= -

sk gk
: |Isin® ¢ D olld.

(o

— 1
(ii) Under the usual mapping z — i(i-;{_—l—) of the unit disk onto
z

the upper half-plane,z = ¢ ™ = —1 maps onto e and ¢, to the dilation
1 +r
1 —r
maximal ideal space, automatically functions in 03 vanish at * oo ;
in contrast, for Banach algebras @ on T, functions in Ia’p(O) do not
all vanish at z = — 1. The factor (¢f + 1)° builds in the “zero at
—1 property seemingly necessary for all applications of the ope-
rator @,.

operator x —> ( )x. For any Banach algebra 3 with (—o0, =) as
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(iii) On €(T) {<I>r : —1 < r < 1} is a group of contraction ope-
rators of class (@,o). In view of the expressions for N(¢ , «) and N(a , r)
it is interesting to note that the infinitesimal generator of this group

is (sin §) d
1S (81 -_.
dg

(iv) For the practical significance of estimate (3.2) (i) see (29)
and (31) where 0, = ¢r(a), o € &(T).

Because of the discussion in §2 we have only to show :

(A)' for f € @la)

R

n
&Y

e oe=-L @) v-2 en-L (et + 1) o)l

i

n=0 L=0

a

Wl | X IPFDE (e + 1 o)ll, (< const.Ifll,, My (0);

(B)' for f e @®)

1 4 2
My(0) = ([ o, (=ndr) Y lisin* £D* ol
0 k=0

1 » b
M, (o) =(f pa(—r)dr) Z |lsin* & D¥ oll ,
0 ' k=0

(recall a = [a], b = [a] + 1). Now by (12)
‘ n 7152
p=2 @=L (¢t + 1) 0) = (eft + 1)7*n (kz, n, (§) sin* Do
=0

with n, € (M), n, independent of o. Consequently, both (A)
and (B)' follow easily from the second of the following two lemmas.
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When these have been proved (the first lemma is the most important
step in the proof of the second) theorem (3.2) will finally have
been established.

1
(3.4) LeMMA . — Suppose @ is defined by of = j(f(‘;’)—f(O)).

Then, for each integer m > 0.
1
et + 1)2m 1 (A, < const. (fo b (=1dr) Wl )

for all f in ¢™m*V.

(3.5) LemMa. — For each integer m > 0
. ! m
et + 1 e (O, < const. ( [ o (-ryar)” lfll,, ©2)
0 ©

for all f € ) whenever n > m?.

Proof of (3.4). — We have to estimate
I + 127 TR, + D7 [(eF+ D2, FEQ™ . (23)

Now
et + 1
- — dr
et +r) (1 + reft)

1 !
@19 = Onwar=if @, mp (

changing variables so that e’* = ¢_(e'*). Thus

dr

TEr A

1
(@ + 1)@ =2 & ((1+cos D
0
When m = 0 condition (R) gives

1
lie® + 1) efll, <2 [ lie_, (I + cos §) DI, dr
0

1
<2 (f0 po(=n dr)iDAIl,
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and so
1
et + D el <2(f o, (-rdr) 1y, - (25)
0

For the case m > 0 only the second of the terms in (23) requires
further proof since, by (25),

. a1
e + 1™ @flly < const. ([ oo (=n)dr) Wiy, (26)
0

whenever f € Q"*Y)_ But

2

D[D_, f] = icit (1—+_i57 o (Df).

Thus

[ +1)? 8] _(f) = (; J‘r’) o_ ((¢F + 1) D).

r

This last result coupled with a routine induction argument shows
that for each integer k and g € € (T) there exista,, ... ,a, € L7(0,1)
andg,..., &, hy,-.., b € @™(T) such that

k
[ + D?OF & @N = ¥ ag(r) hg(®) ®_,((1 + cos £)gg D).
L=0

But then, by (12) and (24) there exist functions Yor--+3Yp 1N
@°(T) so that

m P

ID™ [(e'* + 1)*>™*! &f]ll < const. D, ‘/; I®_, (1 + cos§)g, D* Nlldr.
=0

This combined with (26) gives

A 1
It + 12 g, <const. ([ o, -)dr)if sy

because of condition (R). The proof is now complete
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Proof of (3.5). — We have
Qe + 1) DK ()] = (¢FF + 1) DKTI(f) + y(§) O f(0)
with v a function in €(T). Thus, if g(§) = (et + 1),
g e (f) =g®[(et + 1) "1 (f)] + 8(§) @™ 1£(0)

(6 € €7°(T)) and so

o1
llg* @™ (NI, < const. (‘4 P (=) dr) {lgs—1 q>m—1(f)”(l) + ||f||(m_l) }

using (21) and lemma (3.4). Continuing this proof we see by induc-
tion that

llg® @™ ()l @ < const. (\{;Ipd(—r) dr)p

x g @ PO,y + N, _y)?
for f€ AU) and integer p, 1<p < m, where
s, = 1+Q2+D+@+D+...Qe-D+D=p.

Inequality (22) follows easily.

Important applications of theorem (3.2) follow from the next
theorem. Frequently we shall require o0 to be a function in €%(T)
satisfying

iE_l
(Ge ) eeem . o<m< @+
4

(3.6) THEOREM. — For any o € C™(T) satisfying (25) set

7, = (e®* + 1) &(0) , s = ([a] + )2
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Suppose that the function p,(r) satisfies

1
@ [p (=rdr<e | (B p (N =01),r>1-.
0 '
Then
m Wil =0 . a# (28)

for all f in the ideal Ia,p(O) inA(a,p;Q),pF oo o0rin No, ;@)

We postpone for the moment the proof of (3.6).

(3.7) COROLLARY. — Under hypotheses (a) and (b) of theorem (3.6)
for o # [a] the algebras A (a,p ; ), p F =, and A(a, o0 ; Q) satisfy
the Strong Ditkin condition. In fact there exists a sequence

{r,} C e~(T)
such that

() 7,8 = I in a neighborhood of 0,

() fim frlly , .o =0 , f€I, 0.

n —»oo

Proof of (3.7). — Choose any o0 € Gw(T) such that o(§) = 1
in a neighborhood of 0 while a(§) = 0 in a neighborhood of -
Then for 0 < r < 1,

6 <I>r(o) = 1 in a neighborhood of 0 (depending on r),

i)’ <I>r(o) = 0 in a neighborhood of 7 (independent of r).

Because of (ii)’ there exists ¥y € €7(T), such that
'y‘I’r(O) = <I>r(0) , 0<r<1 , (¢ + 1)y *kyee(T) , k=0

Now, with r, =1 — 1/n, set

7, =®, (0) = (e + 1P ((¢F + 1)"* N (o).

n r
n
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Then {7,} has property (i) and, by (28), since (27) automatically
is satisfied,

lim 117, llg o = lim I(F (@ + )75 9) (e + 17 B (0, ., =0

Ny e rl—
so that{ T, }also has property (ii).

(3.8) COROLLARY. — Under hypotheses (a) and (b) of theorem
(3.6) for a # [a] the algebras A(c,p ; &), p # oo, and A (a, ; Q)
satisfy the Strong Analytic Ditkin condition. In fact there exists a
sequence {1} C € (T) satisfying

@) 7, has an analytic extension into the open unit disk,
(ii) Tn(O) =1 for all n,

i) tim 1fr,lly .. = 0 . f€ I (0).

7> P

Proof. — Choose any ¢ € C*(T) satisfying (27) and such that
0(0) = 1. If o also has an analytic extension into the open unit
disk then, with
T =2+ 1P () , r,=1-1/n

n

n n
clearly {7,} has the required properties.

The practical importance of the estimates in theorem (3.2) lies
in the next two theorems from which theorem (3.6) will follow easily.

(3.9) THEOREM. — For any function o € @7(T) the function

g,

o, =@ , 0<r<I,

satisfies

k +1

. e
llsin® £ D¥o || 4 < const. p, (r) ( > ||(
m=0

£
et +1

) D" ol )(29)

uniformly inr, 0 <r <.
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Proof. — Now
k

@ - 1D o, = X v, (®I[E* - 1D o (30)

m =0

where vy, ..., v, are functions in €*(T). But

a-r

= joif
Dor ie' (1 — o)

@, (Do)

SO
(e** — 1)D o, = ie* &, ((e*'* — 1)Do).
Using this last result and (30) we deduce that
k

llsin* £ D* 0,1 . <comst. Y\ |I®, ([e** — 1) D]" 0)llq

m =0

k'i;l
< const. p, (r)( }_‘ Il D"' olla).

ity
This establishes (29).
(3.10) THEOREM. — For any o € €(T)

lisin* & D* {(e* — 1) 0 }lla

eft —

<const.(%) cl(r)( Z Il( T D'” olla ) 31

uniformly inr, 0 <r < 1.
Proof. —- Now

k
(e — )k DX {(e't — o, }= X 5, (5 (et — D[(e?* — 1) DJ"o,
m=0

with 60, ee., 6, in €~ (T). Since

@ - D& ()= (" + D 11 ) (ii v : ©)

we obtain (31) exactly as in (3.9).
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In the next theorem X* denotes the dual space of X and D"60
the (distributional) derivative of the Dirac measure 6, at 0.

(3.11) TuroreM. — The distributions 8, , D§,,..., DI®1§
belong to A(a,p; QO* for all & but if p,(r) = O(1) asr~> 1 —
then D'®1*V§  does not belong to A(a,p; Q* 1 < p < oo

Proof. — Since A(a,p; Q) C Aa,p;&T)) C CY(T) the
first assertion is clear. Now set

0,(§) = (f + 1)2ler2 ® (' + 1)?)
= (1 — r)? (F + 12Llal+d (1 _ peit)2
Then

llo,Il, < const. ||®, (' + D)l < const. P o ().

But

Hence (much as in the proof of (3.9)) we obtain

R 1 +r\" const.
|| D* o,ll, < const. p,(r) m}:O - r) a = a1, k>0
Consequently (cf. (6))
llolly ,,q < const. (1 — ™% p (). (32)

Now define {ﬁr}0<r<l in Afe,p; @) by B, = (1 - r%o . By
(32) this is a uniformly norm bounded family in A («, p ; &) whenever
pa(r)=0(1),r—> 1~ But

lim sup < g, DI*I*!1 § > = lim sup DI®1*! g (0)
l‘_.)] r->1-—
= const. lim sup (1 — r**2 DI®I*! [1/(1 — ref€)?2] (0) = oo.

ro1 -

Hence DI!*! § € A(a,p; ®*
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(3.12) CoroLLARrY. — When p,(r) = O(l), r > 1| —, the family
{(et — Di¥l*y . ¢ € C™(T)}
is dense in Ia’p(O), p F oo, and in Ia,w(O) N Ao, ;).
We can finally prove theorem (3.6).

Proof of (3.6). Choose any ¢ in C7(T) satisfying (27). Then
for each f in Ia_ p(O)

Wl e = WP (€5 + 170l o < const.p, @) IIflly ., (33)

uniformly in r, 0 < r < 1, substituting (29) in theorem (3.2). Given
g€ > 0 choose ¢ € C™(T) with

i 2
IIf— (eff — ntat? Olly p.a <E-
Then, by (33),

W7 lly, . o Sconst. p () e+ lie® — DI ¢ {(e® D7 My . o

Since (ef — DI ¢ belongs to Iy ,(0), substitution of estimate
1
(31) in theorem (3.2) clearly gives (28) provided f pa(—r)dr<°°
0
and p (r) = O(1), r > 1 -,

(3.13) Remark. — It can be shown that

liz, Il =01 -nN"% , ro>1l-

a,p;a

is the best possible estimate for {7 }. Hence {7}, . _ is unbounded
in the multiplier norm on A («, p ; &) but bounded in the multiplier
norm on [, p(O), a> 0.

Some important examples illustrate the general theory of this
section. (For formal definitions and extended discussion see [5,
pp. 226-232], [23, chap. VIII])). Denote by W‘;”(T), 1 < g < oo
m = 0, the Sobolev spaces :
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w;"(T) ={f: f,Df,...,D"fELIM} , 1< q < oo

W)(T) ={f:f,Df,...,D"fEC (M} , q =

The interpolation spaces

Il

BYP(T) = (LUT) , W' (T, , . q<-e°

6 = a/m,

BZP(T) = (&T) . WI(T),, . q=<

are just the classical periodic Besov spaces (cf. [2]). Appendix I of
[8] and stability indicate why we have chosen to define B*? via

the space @(T) rather than via L™(T) which at first sight might seem
more natural. It is known that

Bf”“ cem , a=l/q,

(a simple proof for the non-periodic case appears in [8, p. 240],
cf. also [11, p. 289)]. For convenience of notation we set

B = Bq'/q"(T) L 1Kg<ee s BT=C(T) , g=c~
Then, by the stability theorem,
Aa,p;®@7) =Bf? |, B=a+1lg , a>0,
Hence (cf. also [19, ex. 2.3] for an entirely different proof) :

(3.14) THrorRiM . — The Besov spaces B‘;P (T) are Banach alge-
bras for

a> 1/q p=1l;a>1/g , 1<p<-o
-the so-called SCHAUDER ALGEBRAS. Furthermore, B9,
Ala,p;B?) , p#* oo and Na,p;B7)

are homogeneous algebras on T.

Proof. — Apply corollary (2.3). That T is the maximal ideal
space of 39, hence of A (o, p;B9), p # o, and N(a ,p ; B?) is clear.
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We now estimate pq(r) where
I, ((1 + cos DNt < p () IIfllaa
For g = oo, obviously

p.(r) =1 , -1 <r<i.

Now, when g < oo

2m

2
[ ls@@rde = [ 1gmr e (nat
0 0

where Pr(t) is the Poisson kernel, — 1 < r < 1. But

1 —r
(1+cosz)P_,(t)<2( +r) , —1<r<1

1

(notice again the importance of the factor (1 + cost)). Consequently,
1 —r 1/q
19, (1 + cos DNMle <2 (75) " Wil

On the other hand, since

W2

2m n
[ IDlgs,Er dE <~ 1= [T D)l at,
0

0

we deduce that
I, (1 + cos 1) Iy < const. (L+ 774 (1= I~ flys
where ¢ = min (q, q¢'). The interpolation theorem thus gives :
(3.15) THEOREM. — For the algebras (39 (T),
pq(r) < const. (1 +r)~12 | _1<r<i,

1 ,
where b = ) q (min (q , 2)). In particular, 639 (T) satisfies condition
(R) when q = 1.
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Consequently, the theory developed in this section applies to
all the Schauder algebras @37, @7)") and A («,p ;®9), provided
qg > 1

(3.16) Remarks. — (i) The algebras
A(a, oo ;e(T) and A(1,00;e(T))

ie. Ma,oo;@37) and A(l,o ;@) in our notation, are of course
the familiar Lipschitz algebras lip (T, d%), Lip (T, d) respectively
discussed extensively in [22]

(ii) The spaces L9(T) can be replaced with Lorentz LP9-spaces
or, more generally, rearrangement invariant Banach Function spaces
on T (cf. [1]).

(iii) The Strong Ditkin condition has been established directly for
the analogous spaces 03" (R") where the problem is very easy (cf. [11,
p. 295).

4. Subalgebras of &' (Z).

Let «(Z) be a convolution Banach subalgebra of £'(Z) with
maximal ideal space T and Gelfand Transform the usual Fourier
T ransform.

)

5 :{}>r® =2 f, e,

throughout this section @(T) = & (a(Z)). We shall always assume
that {X(1) : 0 < t < oo},

x( A{fy->Ae™ry , {f }e aD),

is a semi-group of contraction opcrators on %Z) of class (€,). Thus
d(T) is a homogeneous algebra on T in the sense of Silov which
we suppose satisfies also : €(T) C Q(T). The infinitesimal generator
of {(X(: 0<t<oo}isM: {fn} - {infn}. From corollary (2.4) we
deduce that the interpolation space
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Al,p;a(2) = («(2) , a(")(Z))o’p;K 6 = a/k,

is a convolution Banach subalgebra of U(Z) foralla>0and 1 <p < oo,
Of course, with obvious notation,

F(A(@,p;aZ)) = Ala, p ;£ (T))

and A (a,p ;& (T)) is a Banach subalgebra of the Wiener algebra
%(R'(Z)) ; in fact, A (o, p ;@(T)) has maximal ideal space T, while
A,p;(M), p # «, NMa,;(T)) and ™ (T) are homo-
geneous algebras on T all containing @ “(T).

To overcome the fact that (very likely) the operators ¢ do not
map @(T) into @ (T) (cf. [21, chap 4] for the example % (£'(Z)))
we introduce two conditions the second of which is of considerable
technical interest. These conditions will be imposed as needed.

ConDITION (H — L). — The Banach algebra o(Z) is said to satisfy
the Hardy-Littlewood condition if the operator F :{f,} >{F } defined

by

oo n
F =Y/ ., n>0 , Fn=—(gfm) , n<0
n+l1 — o
satisfies
IKE, My, < const. IKF My, > {f,3E€ 0 **0(2),

for each integer k > 0.

The significance of the operator F is clear : for by summation

by parts, when f(§) = Y f, €™,

1 - .
(@NH &) = > (f@ - fO) = 2, F et =g1F,}. (33)

CoNDITION (B). — The Banach algebra Q(T) (= F(&(Z))) is said
to satisfy the Bernstein condition if there is « homogeneous Banach al-
gebra B(T) on T satisfying condition (R) with @3(T) C & (T).
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The closed primary ideals I, p(Eo) and I(")(So) inA(a, p;Q(T)),
Q) (T) respectively are defined exactly as in §2.

(4.1) TuroreM. — Suppose W(Z) satisfies the condition (H - L)
and @ (T)= G (a(Z)). Then, provided o # [a].

[} +1

folly o < const. llflly .. (X WAD*oll, ) G4
k=0

for all f in the ideal la’p (0) in Ao, p;X(T)) and o in @7(T).

Proof. — In view of (34) and the Hardy-Littlewood condition,
inequalities (18) and (19) hold with

(o] la)+1
My(0) = ¥, ¥ DFoll, , M,(0)= 2 |Iv*Drall,
k=0 k+1

Inequality (34) follows by interpolation.
Estimate (34) thus shows that

o] +1
Ifo. (e + Dty o < const. Iflly . q (X lsin* Dol ),
e il k=0

for all f in Ia’p(O) and o in @™(T). If @ (T) satisfies also the
Bernstein condition, say @3 (T) C & (T) where 3(T) satisfies condition
(R), then

ja] +1
Ifo. (e + ler, < const.ifly,,, (& lsink §Dkoll  )35)
k=0

for all f in Ia’p(O) and o in €7(T). Choose any ¢ in C*(T) satisfying
(27) and set

o, =® () , 7,E=[E*+D*]o , 0<r<l1

(4.2) THEOREM. — Suppose ofZ) satisfies the Hardy-Littlewood
condition and Q(T) (=% (a(Z))) the Bernstein condition for some
Banach algebra @3(T). If o, r) =0Q), r > 1-—, then,

lim |1fr, || =0 , a#[al,

Q,p;
r—1-— pia
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for all f in the closed ideal la,p(O) in Ala,p;AT)), p # oo, or in
Ao, o0 (T)).

The proof of (4.2) follows from the multiplier inequality (35) and
estimates (29), (31) applied to @3(T). The analogues of theorem (3.11)
and corollary (3.12) for A(a, p ;& (T)) hold because

Ala,p:03(T)) C Aa, p;(T)) C Ala, p ;&(T))

(using the Lipschitz characterization (5) or interpolation, for instance).
We omit the details.

Exactly as in corollaries (3.7) and (3.8) of theorem (3.6) we
deduce from theorem (4.2) the following important results.

(4.3) COROLLARY. — Under the hypotheses of theorem (4.2) the
Banach algebras A (a,p ; AT)), p # o, and Na,p ;A(T) satisfy
the Strong Ditkin and Strong Analytic Ditkin conditions whenever
a # |al.

Finally, we discuss some examples of algebras satisfying the
Hardy-Littlewood and Bernstein conditions. On £9(Z), 1 < q < oo,
and ¢, (Z) the family {X(@): 0 <t <oo}is a semi-group of contraction
operators of class (e0 ). For convenience of notation we define Q‘&(Z)
by

@ (2) =§{f,,} TR AT )""<°°§

with obvious modifications when g = oo. Then SZZ(Z), k=12,...,
is the domain of definition of M¥. The Beurling space bs‘”(Z) is
the interpolation space

byP(Z) = A, p;90(2) = (¥(Q2) , KT 6 = alk,

6, p;K
and similarly for ¢ = oo. It is known that b:‘”(Z) C £'(Z) whenever

(essentially this is contained in proposition 2.1 of [11], however,
see [7] for alternative proof). Set
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b¥(2)=b'@) , B=1-1/g ; b' @) =@ ;
then by stability

A, p;b9(2) =8P@Z) , y=oa+ 1 - 1g),

and by corollary (2.3) we have :

(4.4) THioriM. — The Beurling spaces b:p(Z) are convolution
Banach subalgebras of %' (Z) whenever

a>l-1/q , p=1 ; a>1-1/g , 1<p <00
-the so-called BEURLING ALGEBRAS. Iurthermore,

g7 , F(A@,p;b?) , p#Foo and FG(\a, ;b))
are homogeneous algebras on T.

Proof. — That T is the maximal ideal space of b9, hence of
A(a,p;b?), p # oo, and of Na,o ;b?), is easy to establish as
are the remaining homogeneity properties.

Particular examples of the algebras b7, A (o, p ; b?) have been
widely studied in the literature with a completely different definition.
For instance :

(i) A(a,1;b") is the classical Beurling algebra SZ:x(Z) (cf. [17,
18] and [20, p. 137)).

(i) A1 — 1/g,1;8%), i.c. the Banach algebra b?, is precisely
the discrete analogue of the algebra Q9(R") introduced by Beurling
([3, p. 10] ; cf. also [11], [18, theorem (2.2)]).

We shall prove that the algebras b7 satisfy the Hardy-Littlewood
condition and % (b7) the Bernstein condition so that the harmonic

analysis of these particular examples can be developed within the
framework of this paper.

(4.5) THEOREM. — The algebras b(Z) and A (o, p ; b7), 1 <g < oo,
all satisfy the Hardy-Littlewood condition.
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Proof. — Certainly F is bounded
F: 8, ,@)~> 8@ , 1<q<ew , k=01,...,
(cf. [9, p. 143]). Hence, by interpolation, F is bounded

F: A+ 1,p;8) > A, p ;).
The theorem follows.
(4.6) TurorEM. — For each algebra F(b9), 1 < g < oo, there is

a homogeneous Banach algebra &3 on T satisfying condition (R)
together with

() B C ) () pa) = 0() , r-> 1-.(36)
In particular, %(b?) satisfies the Bernstein condition, 1 < q < oo,

Proof. — Taking Fourier Transforms we see that %(b?) = @B2.
That

@ CFRY(Z) =5k

is Bernstein's theorem (or least a weak variant of it). Now it is
known that %1 C 5% whenever g, > g, (essentially this is [11,
proposition 2.1 (iii)]). Hence

@ =gGi(b?) CsBI) Cadp') , 1<qg<L2

On the other hand, by the Hausdorff-Young theorem and the Lipschitz
characterization (5),

F'@)Cr , 2<qg<o , —+— =

Hence, in all cases, there exists a Besov space G3° such that@* C Si(b9).
Theorem (3.15) shows that part (ii) of (36) holds also.

(4.7) Remarks. — (i) All the theory developed in this section
applies to b9, A (o, p ;b?) as well as to Banach algebras obtained
by replacing 9 with, say, a rearrangement invariant Banach Function
spacc on Z.
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(ii) The Ditkin condition for Q&(Z) (= A(a,1;%")) has been
established by Reiter ([20, p. 137]) by entirely different methods.

(iii) Entirely analogous results hold for the Banach algebras
a'®)(Z) or the special examples (b9) ¥, k =1, 2,....
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