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HOLOMORPHIC GERMS ON BANACH SPACES*

by SOO BONG CHAE

Introduction.

Let E and F be complex Banach spaces, U a non-empty open
subset of E and K a compact subset of E. The concept of holomorphy
type 0 between E and F, and the natural locally convex topology
%w, ¢ on the space #€,(U ; F) of all holomorphic mappings of a given
holomorphy type 0 from U to F were considered first by L. Nachbin
in his monograph [N6]. Motivated by [N6], we introduce the locally
convex space J€, (K ; F) of all germs of holomorphic mappings into F
around K of a given holomorphy type 6 and study its interplay with
¥, (U ; F). If E is infinite dimensional, a study of the locally convex
space #€, (U ; F) is by no means straightforward.

The organization of the paper is as follows : In the chapter on
preliminaries, we have included statements of basic definitions and
results from [N6] for convenience of reference.

In Chapter 2 the locally convex space #€,(K ; F) is introduced.
Let € > 0 be a real number. We denote by #€,.(U ; F) the vector
subspace of €, (U ; F) consisting of those mappings f such that

Ifll, = 2, €™ sup
m=0

xeU

1 .
I—— d'”f(x)“ < oo,
m! 0
Then 3, (U ; F) is a Banach space with respect to the norm || |l,¢ .

We define the natural locally convex topology on 8¢, (K ; F) by consi-
dering 3¢, (K ; F) as the inductive limit of Banach spaces #€,. (U ; F),

(*) This paper is a part of the author’s dissertation at the University of Rochester.
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(IMPA), Rio de Janeiro.
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for all real numbers € > 0 and open subsets U of E containing K
with respect to the natural linear mapping geoe(U 3 F) > 3,(K; F)
assigning to each f€3€,.(U ; F) the germ f €3€,(K ;F) determined
by f. This topology then is equal to the topology obtained by consi-
dering 3, (K ; F) as the inductive limit of ¥€,(U ; F) endowed with
G,,,9 » for all open subsets U of E containing K with respect to the
natural linear mapping #€, (U ; F) > 3,(K ; F).

Bounded sets, compact sets and Cauchy filters in J€(K ; F) and
¥, (K ; F) are characterized in Chapter 3 and Chapter 4 respectively.
In Chapter 4 the Nachbin inequalities play an important role.

The main result is presented in Chapter 6. The following problem
has been considered : When does €, , =%, 4 onJ,(U; F) ? The
topology ‘6,,‘, is discussed in Chapter 5, which is the projective limit
of the topology on 8€,(K ; F), for all compact subsets K of U with
respect to the linear mapping €, (U ; F) = 3€,(K ; F). The two topo-
logies are identical for every open subset of E if dim E <oo, If
dim E = oo, then we prove that they are equal for every open subset
of E satisfying the 6-Runge property. Applying this result, we prove
that #€,(U ; F) is complete for %w,e if U satisfies the 6-Runge pro-
perty. This has been done by characterizing bounded subsets, compact
subsets and Cauchy filters of €, (K ; F), and proving the completeness
of #,(K ; F).

We also have the following results in Chapter 7. If dim E = oo |
then 3¢ (U ; F) and 3 (K ; F) are neither Montel, nor Schwartz, nor
nuclear spaces. If E is reflexive and there exists a non-compact m-
linear mapping from E™ to F, then neither 3¢ (U ; F) nor 8€(K ; F)
is reflexive. In particular, if E is a Hilbert space, then ¥¢(U ; F) or
Je(K ; F) is reflexive if and only if dim E < oo, If E is not reflexive,
then both (U ; F) and #(K ; F) are not reflexive. If E is separable,
then € (U ; F) is bornological if and only if every sequentially conti-
nuous semi-norm on € (U ; F) is continuous.

1. Preliminaries.

For the convenience of the reader, we devote this chapter to
the compilation of several basic facts and definitions in [N6].
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The letters E and F will denote two complex Banach spaces, U
a non-empty open subset of E, K a compact subset of E. By m and
n we mean natural numbers O, 1, 2,... . The open and closed balls
with center ¢ and radius p in E are denoted by B, (£) and —BP(E),
respectively. For a subset X of E, we set

B,(X) = U B,(x)
B,(X)= U B,(x).

For each m £(™E ; F) represents the Banach space of all conti-
nuous m-linear mappings of E™ into F endowed with the norm

ANl =sup [ACe;, ..., x,) 0l

where x,,...,x, are elements in the closed unit ball of E. We
denote by £,("E ; F) the vector subspace of £("E ;F) consisting of
symmetric m-linear mappings of E™ into F. £,("E ;F) is a Banach
space with respect to the induced norm by the norm of £(™E ; F).
We shall let £(°E;F) =£,°E;F) = F as a Banach space. A conti-
nuous m-homogeneous polynomial P from E to F is a mapping
P: E - F for which there is some A€ 2("E;F) such that
P(x) = Ax™ = A(x,...,x) for every x EE, where x is repeated m
times, m # 0 ; P(x) = Ax® = A, m = 0. We denote by R("E ; F)
the Banach space of continuous m-homogeneous polynomials from E
to F endowed with the norm

1Pl = sup [[P(x) Il

where x are elements in the closed unit ball of E. The mapping
A€L("E;F) » AER(™E ;F), where A(x) = Ax™, establishes a
vector space isomorphism and a homeomorphism of the first space
onto the second one. A continuous polynomial P from E to F is a
mapping P: E - F for which there are m and PkEQ("E;F),
k=1,...,m, such that P=P, +---+ P, . This representation is
unique. We denote by %R(E ; F) the vector space of all continuous
polynomials from E to F.

A power series from E to F about ¢ €E is a series in x €E of
the form

2 P,(x—9
m=0
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where P, EL("E ; F). The P, are called the coefficients of the power
series. The radius of convergence of a power series about § is the
largest real number r, 0 < r < oo, such that the power series is uni-
formly convergent on every B,(§) for 0 < p <r. The power series is
said to be convergent if its radius of convergence is strictly positive.

A mapping f: U = F is said to be holomorphic on U if, cor-
responding to every & € U, there is a convergent power series from E
to F about &,

f6)= L Putx =8 .

The sequence (P,,) is then unique at every point £ We refer to this
convergent power series as the Taylor series of f about £ 3¢ (U : F)
denotes the vector space of all holomorphic mappings from U to F.
We set

| B
- gm
P'"_m!d f.

Then we have the differential mapping
d™f:x€U r d™f(x) € R("E ; F)
and the differential operator
d™: fEYU ;F) » d™f€d (U ; 2(E ;F))
of order m. '
Cauchy inequality. Let f€3€(U ; F), p > 0 and B,(§) C U. Then

1 - 1
— dmr(®) " <— sp IF®I
m! P ix—%ll=p

for every m.

A holomorphy type 0 from E to F is a sequence of Banach spaces
%,("E ; F), the norm on each of them denoted by || i, , such that
the following conditions hold true :

1) Each %,("E ; F) is a vector subspace of R("E ;F) ;
2) %, (°E ; F) coincides with ®(°E ; F) as a normed vector space ;

3) There is a real number ¢ = 1 for which the following is true :
Given any k, m, k <m, x €E, and PER,("E ; F), we have
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d*P(x) € %, *E; P ;

|

-k
< o™ IPllg NxI™™% .

(We call o the holomorphy constant).

It is immediate that each inclusion mapping
2 ("E;F) < 2("E; F)
is continuous and ||P|| < o™ ||Pll, I x ™.

A given f€ 38U ; F) is said to be of holomorphy type 0 at
teUif

1) d™f(¢)E ®,("E ; F), for every m ;
2) There are real numbers C > 0 and ¢ > 0 such that

<Cc™, for every m .
)

”7"'—, am )

Moreover, f is said to be of holomorphy type 6 on U if f is of holo-
morphy type 0 at each point of U. We shall denote by € , (U ; F) the
vector space of all mappings of holomorphy type 6 on U.

0 always denotes a holomorphy type from E to F.

The current holomorphy type from E to F is the holomorphy
type 6 for which ®,("E ;F) = €(™E ; F) for every m as a normed
space. Then 3€,(U ; F) =3 (U ; F).

A semi-norm p on 3¢, (U ; F) is said to be ported by a compact
subset K of U if corresponding to every real number € > 0 and open
subset V of U containing K there is a real number c(€, V) > 0 such
that

p(f)<cE,V) 2 €™ sup

=0 xeV

1 .
—;dmf(x)
m!

‘]

for every f€3€,(U ; F). It is equivalent to saying that a semi-norm
p on 8 (U ; F) is ported by a compact subset K of U if for every
open subset V of U containing K there corresponds a real number
¢(V) > 0 such that

p(f)<c(V) sup NrG
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for every f€3€(U ; F). The compact-6-ported topology on 8 ,(U ; F)
is defined by the family of semi-norms ported by compact subsets of
U. We denote this topology by %w,o .

In the theory of holomorphy type 6 other than the current one,
the classical Cauchy inequalities are not valid. As a substitute for
these inequalities the following inequalities are indispensible in the
study of the compact-0-ported topology %w,o on 3, (U ; F) and the
natural topology on 3€,(K ; F) yet to be defined in the next chapter.

Nachbin inequalities. — Let f€ 3€,(U ; F), X C U, and B,X)CU
with p > 0. Then

1 .
— d"f(x)

; <
m!

[}

Y ™ sup
m=0 xeBp(X)

< 3 (oo +eN™ sup
(V] xeX

m=

1 .
— d"f(x)
m!

[}

where ¢ =2 1 is the holomorphy constant.

We omit & whenever our objects are for the current holomorphy
type.

2. Topology on the spaces 3, (K ; F).

In thi_s chapter we define the natural locally convex topology on
the space of holomorphic germs of holomorphy type 6.

2.1. DerINITION. — Let H(K ; F) be the set of all F-valued map-
pings which are holomorphic on some open subset of E containing K.
Two mappings f; and f, in H(K ; F), defined on open subsets U,
and U, , respectively, are said to be equivalent modulo K if there is
an open subset U of E containing K and contained in both U, and
U, such that f, (x) = f,(x) for every x in U. Each equivalence class is
referred to as a holomorphic germ on K, or a current holomorphic
germ on K. We denote by 7 the equivalence class modulo K determined
by f. The quotient space of € (K ; F) with respect to this relation
will be denoted by (K ; F). ¥ (K ; F) becomes a vector space over
C if we define
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f+e =F+7%;
A =Af
for every f and g in H(K ; F) and A €C.

2.2. DEFINITION, -- A holomorphic germ 7€3€(K ; F) is said to
be of holomorphy type 6 if there is a representative of 7 which is of
holomorphy type 6 on some open subset of E containing K. For
simplicity, we call such a germ a 0-holomorphic germ on K. The
vector space of all §-holomorphic germs on K will be denoted by
F,(K ; F).

2.3. DEFINITION. — The vector subspace of € (U ; F) consisting
of all bounded holomorphic mappings on U is denoted by €~ (U ; F).
The natural topology on 3€=(U ; F) is defined by the norm

fFEFR(U;F) = sup I f(x) I .
xeU
Then 3~ (U ; F) is a Banach space.

2.4. DEFINITION. — Let € > 0 be a real number. By 3,.(U ; F)
we denote the vector subspace of €, (U ; F) consisting of all mappings
f such that

Nfll, = X €™ sup
m=0 xeU

<oo,
()

1 .
—-d"f(x)
m:

The natural topology on #€,.(U ; F) is defined by the norm given
above, Then the inclusion mapping

¥e,.(U; F) <> 3~(U ; F)

is continuous, and d€,.(U ; F) is a Banach space.

Let K be a fixed compact subset of E. Corresponding to every
open subset U of E containing K, there exists a natural linear mapping
Ty : #,(U;F) » ¥, (K ; F) assigning every f€3,(U;F) to its
equivalence class ? modulo K.

2.5. DEFINITION. — The natural topology on 4€,(K ; F) is defined
as the inductive limit of the natural topology on #€,(U ; F), for all
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open subsets U of E containing K and all real numbers € > 0, i.e.,
the finest locally convex topology on#,(K ; F) such that the natural
linear mappings Ty : 8, (U; F) = 8€,(K ; F) are continuous for
all open subsets U of E containing K and all real number € > 0.

2.6. PROPOSITION. — The natural topology on 88, (K ; F) is equal
to the inductive limit of the compact-6-ported topology on 3¢, (U ; F),
for all open subsets U of E containing K, with respect to the linear
mapping Ty .

Proof. — Let © be the natural topology on ¥€,(K ; F) and 6’
the inductive limit of the topology %w,ﬂ on €, (U ; F), for all open
subsets U of E containing K. Since the inclusion mapping

9e,. (U ; F) = #,(U ; F)

is continuous, we have ®' C 6.

On the other hand, let p be a semi-norm on J€,(K ; F) which
is continuous for 6. Then, corresponding to every real number € > 0
and open subset U of E containing K, there is a real number c(s ,U) >0
such that
1 .
— d"f(x)

poTy(f)<cE,U) 3 € sup
m=0 m!

xeU

']

for every f€ ¥8,.(U ;F). This implies that corresponding to every
real number € > 0 and open subset V of U (fixed) containing K,
there is a real number c¢(g, V) > 0 such that

1 .
— d"f(x)

poTy(f)<c(e,V) X €™ sup
m=0 m

xeV

‘]

for every f€ 8€,(U ; F). Therefore, p o Ty is a continuous semi-norm
on ¥, (U ; F). Hence p is continuous for %'

2.7. PROPOSITION. — The natural topology on 8€,(K ; F) can be
defined as the inductive limit of the topology on 3€,¢(U ; F), where
U runs through a fundamental sequence of open neighborhoods of K
and € a sequence of positive real numbers converging to 0.

Proof. — Let (U,,) be a fundamental sequence of open neigh-
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borhoods of K and (€,) a sequence of positive real numbers converging
to 0. For every open subset U of E containing K and real number
€ > 0, there exist m and »n such that U, CU and €, < €.

Then the inclusion mappings
geoe(U ;F) & geoen(U ; F)

1 3

Roe(Uy 3 F) = Hoe (U, 3 F)

are continuoys. Therefore, the sequence of Banach spé‘ces defines the
natural topology on #€,(K ; F).

2.8. ProposITION. — 3, (K ; F) is a bornological, barrelled and
(DF)-space.

Proof. — The inductive limit of bornological (respectively, bar-
relled) spaces is also bornological (respectively, barrelled). Therefore,
¥, (K ; F) is both bornological and barrelled. #,(K ; F) is also a
(DF)-space as a countable inductive limit of (DF)-spaces.

3. Current holomorphic germs.

Attention is now restricted to the space ¥¢(K ; F) of current
holomorphic germs on a compact subset K. The natural locally convex
topology on #(K ; F) is described, in a simpler way, by means of the
Banach spaces 8% (U ; F) rather than the Banach spaces 4, (U;F).
We then characterize the bounded subsets, compact subsets, and
Cauchy filters in #(K ; F) in terms of #>(U ; F) and show that
Je(K ; F) is complete,

3.1. PROPOSITION. — The natural topology on 3€(K ; F) is equal
to the inductive limit of the topology on 3~ (U ; F), for all open
subsets U of E containing the compact subset K, with respect to the
natural linear mapping 8>(U ; F) > ¥ (K ; F).

Proof. — For each open subset U of E containing K and each
real number €> 0, the following inclusion mappings are continuous
for any holomorphy type 0 :
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€, (U ; F) < Je=(U ; F) = 5e(U; F) .

This fact and 2.6 prove the proposition.

Let G be a vector space, (E,), ., a family of locally-convex
spaces. Let T, be a linear mapping from E, to G for each A€L
Equip G with the inductive limit topology of E, with respect to T,
for all A€ 1. For T, (E,) is a vector subspace of G and the topology
on E, can be transferred to T,(E,) by taking as neighborhoods in
T, (E,) the images of neighborhoods of E, by T, . Then G is also
the inductive limit of its vector subspaces T, (E,) with respect to the
inclusion mappings. In the sequel, we consider only one topology on
T, (E,), namely, the transferred one without specification.

3.2. PROPOSITION. — Let & be a subset of ¥ (K ; F). The fol-
lowing are equivalent,

a) & is bounded in 3¢ (K ; F).
b) There exist real number C > 0 and ¢ > 0 such that

sup
xeK

far every ? EX, f€E ?, and m.

c) There exists an open subset U of E containing K such that
& is contained and bounded in T3~ (U ; F).

'71' d™f(x) " <Cc"

Proof. — Since the implication c) = a) is clear, we prove the
rest.

a) = b). Let & be bounded in ¥6 (K ; F). Then every continuous
semi-norm on € (K ; F) will be bounded on &. Let a = (¢,,,) be a
sequence of positive real numbers such that (ozm)l/"' - oo, We define
a semi-norm p, on #(K ; F) by

1 .
—'dmf(x)
m!

p(f)= Y «a, sup

m=0 xeK

where f is a representative of ? It is well-defined since every f€ ?
will take the same value on K. For every open subset U of E containing
K, p, o Ty is a continuous semi-norm on 38~(U ; F) by the Cauchy
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inequalities. Therefore, p, is continuous on ¥ (K ; F). Hence p, is
bounded on & for every sequence a described above. This implies that
there exist real numbers C > 0 and ¢ > 0 such that

1 Tm
—d"f(x)

' <Ccm
m!

sup
xeK

for every ?ew, fe ?, and m.

b) = c¢). Assume that b) holds true. We choose a real number
p > 0 such that pc < 1. Since K is compact, we may cover K with a
finite number of open balls B,(%,),. ..»B,(&,) all centered in K.
Let U be the union of these balls. Let f €& and f a representative
of f. Then the Taylor series of f about ¢ converges uniformly on
B, (§) whenever £ is a point of K since

oo
X
m=0

for x € B(¢). We define a mapping g: U = F by

Ix — EI™ < C/(1 — pc)

— d™f )

1
m

) 1 R
gx) = X — d"f(E) x — &)

m=0
if x EBp(g’,), for some j=1,...,n. Then g is holomorphic on U.
We may assume that f is defined and holomorphic on some open
subset V of U. Thus, f(x) = g(x) for every x € V. Hence g is equi-
valent to f modulo K, ie., 2 = f. Furthermore,

sup [lg(x) Il < C/(1 — po) .
xeU
Therefore, & is contained and bounded in Ty (U ; F).

3.3. COROLLARY. — The strong dual 3¢'(K ; F) of 3¢ (K ; F) is a
Frechet space.

Proof. — Let (U,,) be a fundamental sequence of open neigh-
borhoods of K. Then the natural topology on #2 (K ; F) is the inductive
limit of the topology on €~(U,, ; F), for all m by the same argument
as in 2.7. Let @3, be the closed unit ball of ¥~ (U,, : F) for every m.
Set &, = Ty @, . Then the family of semi-norms p,, on ge'(K ; F),
defined by
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Pm(A) = sup A, DI,

m

generates the strong topology on #€'(K ; F). Therefore, 3¢'(K ; F) is
metrizable.

- Let (A,) be a Cauchy sequence in 3'(K ;F). For each
f € 8K ; F), the sequence ((A,,, f)) is Cauchy in C. Let A be the

pointwise limit of (A,). Then A is continuous and linear. Thus,
3¢’ (K ; F) is complete.

3.4. COROLLARY. — The space 3&(K ; F) is not metrizable.

Proof. — Suppose that J€(K ; F) is metrizable. Choose f,, in
#~U,,,, s H\F"U,, ; F) for every m, where (U,) is a fundamental
sequence of open neighborhoods of K such that U, ;DEU,,,H . By
Mackey’s countability condition (Cf. [H, 2,6]) there exists a sequence
(A,,) of positive real numbers such that the sequence (A, ?m) is
bounded in € (K ; F). This is absurd because of 3.2.c.

3.5. DEFINITION, — A subset & of 8¢,(K ; F) is said to be relati-
vely compact at a point £ €K if for every m the set

{d"f) : Tex, fef)

is relatively compact in the Banach space %,("E ;F).

3.6. PROPOSITION. — Let & be a subset of 3¢ (K ; F). The fol-
lowing are equivalent.

a) & is relatively compact in 3¢(K ; F).

b) & is bounded in Y& (K ; F) and relatively compact at every
point of K.

c) There exists an open subset U of E containing K such that &
is contained and relatively compact in the Banach space T;3€~(U ; F).

Proof. — The implication c) = a) is clear.

a) = b). Let & be relatively compact in € (K ; F). Then it is
bounded in (K ; F). It remains to show that & is relatively compact
at every point of K. Let £ €K. Then the mapping
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fEY%K ;F) > d"f(t)€R("E ; F) ,

where f€ ?, is well-defined for every m. This is also linear and conti-
nuous since

Nhdmf(®l < sup Nd™feol .

Therefore, & is relatively compact at &.

b) = c¢). Assume that b) holds true. Since & is bounded in
(K ; F), by 3.2 there exist real numbers C > 0 and ¢ > 0 such that

1 .
—d"f(x)

; <Cc™m
m!

sup
xeK

for every ?E &, fe 7, and m. As in the proof b) = c¢) of 3.2,
choose a real number p > 0 to be pc < 1. Let U be the union of the
open balls B,(%,),...,B,(§,) all centered in K such that UDK.
Then & is contained and bounded in the Banach space T d€~(U ; F).
To prove that & is relatively compact in Ty8€”(U ; F), it is sufficient
to show that every sequence in & admits a Cauchy subsequence in
Tyd”(U ; F). Let € > 0 be given a real number. Choose an integer
N > 0 such that
(*)  2C(p)"* (1 - pe) <€f2 .

& being relatively compact at each point of K, it is relatively compact
at £, ,...,%,. Thus, corresponding to every sequence (f,) in &, we
can select a subsequence, call it again (f,,), with the following pro-
perty : There is an integer M > 0 such that if p and ¢ = M, then

1 .
**) |ﬁ A" (f, — fEN| <21 +p+ -+ pY)
for everyfp67p ,qu};, m=0,...,N,andj = 1,...,n This can
be done by a diagonal process. If x € B, (¢ j)» then by the Taylor series

of f;, — fq about S, and the inequalities (*) and (**) we have

I fp(x) — fae) I <e

for every f, € }”;, and f, € ?; whenever p and g = M. Therefore, the

subsequence (7,”) is a Cauchy sequence in the Banach space
T3 U ; F).
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3.7. COROLLARY. — A subset & of (K ; F) is relatively compact
if and only if the following are true :

a) There exist real numbers C > Q and ¢ > 0 such that
<Ccm

1 .
sup || — d"f(x)
m!

xeK

for every ?E&?, fe€ 7, and m ;

b) There exist a real number p > 0 and a finite number of points
£ ,...,&, in K such that pc <1, the union of B,(§,),. ..,B,,(E,,)
covers K, and & is relatively compact at each point &, , ... §, .

Proof. — The proof of 3.6 actually shows 3.7.

3.8. PROPOSITION. — Let ¥ be a bounded Cauchy filter in 3e(K ; F).
Then there exists an open subset U of E containing K such that  is
a bounded Cauchy filter in the Banach space Ty 3€”(U ; F).

Proof. — & being bounded in ¥ (K ; F), there exist real numbers
C > 0 and ¢ > 0 such that

sup <Cc™

xeK

1 -
— d™ f(x)
m!

for every ? €T, fe ?, and m. As in the proof b) = c) of 3.2 choose
a real number p > 0 such that pc < 1. Let U be the union of the
open balls B,(£,),...,B,(§,) where &, ,...,§, are suitably chosen
in K such that U D K. Then % is contained and bounded in the Banach
space Ty 9€”(U ; F). We claim that & is a Cauchy filter in T d€=(U ; F).
In fact, let € > 0 be a given real number. Choose an integer N > 0
such that
*)  2CEANTYA - pe) <e/2 .

% being a Cauchy filter in (K ; F), corresponding to each integer
m=0,...,N, there is a set &, € & such that

(**) sup

xeK

1 .
r—n-,'d'"(f—g)(x)u<8/2(1 +p+ -+ pN)

for every ? and g in Q,, with f€ ? and g € g. @ denotes the intere-
section of &, ,..., Xy . Then & belongs to the filter & If x €U, i.e.,
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x € B(EI.) for some j, then, by the Taylor series of f — g about Ei and
the inequalities (*) and (**), we have

sug Nf(x) —gx)ll<e

for f€ ? and g € g where 7“ and g are in @. Therefore, & is a Cauchy
filter in the Banach space Ty %€~ (U ; F).

3.9. PROPOSITION. — Every bounded subset of 3(K ; F) is me-
trizable,

Proof. — Let & be a bounded subset of #6(K ; F). Then there
exists an open subset U of E containing K such that :

a) & is contained and bounded in the Banach space T;527(U ;F) ;

b) Every Cauchy filter in & is a Cauchy filter in the space
Ty3€~(U ; F) by 3.8.

On the other hand, the normed topology on T de”(U ;F) is
finer than the induced one by the natural topology on ¥¢(K ; F).
Therefore, every Cauchy filter in the Banach space Ty#¢”(U ; F) is
also a Cauchy filter in €(K ; F). Therefore, the two topologies are
equivalent on &. Hence, & is metrizable.

3.10. PrRopPOSITION. — The space ¥e(K ; F) is complete.

Proof. — Since #€(K ; F) is a (DF)-space by 2.8, it is sufficient
to show that #&(K ; F) is quasi-complete. (Cf. [GR, 1.4]). Let & be a
bounded closed subset of J€(K ; F). Then there exists an open subset
U of E containing K such that a) and b) of the proof of 3.9 hold
true. Since the natural linear mapping Ty is continuous, & is closed
in the Banach space T;8€”(U ; F). Therefore, & is complete for the
normed topology of Ty#~(U;F). On & the two topologies are
equivalent, and hence & is complete in ¥ (K ; F).

4. 0-holomorphic germs.

In this chapter, we generalize results obtained in Chapter 3 to
the space €, (K ; F). For each result stated in terms of 3% (U ; F),
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the corresponding statement concerning €, (U ; F) is also valid. In
the theory of 6-holomorphy type other than the current one, the
classical Cauchy inequalities are not true in general. Therefore, the
proofs adopted in Chapter 3 can not be carried over to this chapter
unless we modify them using the Nachbin inequalities.

We will omit proofs which are obvious modifications of corres-
ponding ones in Chapter 3.

4.1. PROPOSITION. — Let & be a subset of 8€,(K ; F). The fol-
lowing are equivalent.

a) & is bounded in 3,(K ; F).
b) There exist real numbers C > 0 and ¢ > 0 such that

<Cc™
6

sup
xeK

1 -
—d"f(x)
m:

for every 76&’, f€ ?, and m,

c) There exist an open subset U of E containing K and a real
number € > 0 such that & is contained and bounded in the Banach
space Ty 3, (U ; F).

Proof. — We will show only b) = c¢). Assume that b) holds true.
We choose real numbers p > 0 and € > 0 such that a(p + €) ¢ < 1.
We cover K with a finite number of open balls B, (%)), ...,B,(§,)
all centered in K. Let U be the union of these balls. As in the proof
b) = ¢) of~ 3.2, for every f € &, there exists a mapping g € #, (U ; F)
such that f = g. Thus & is contained in Ty ¥, (U ; F). By 4.1,
)

m

1 . 1 .
—d"f(x) —d™ f(x)
m. m:

Z €™ sup

m=0 xeU

< (o(p +€))™ sup
'] xeK

o 6

<C/(1 —a(pt+e)o)<e

for every 76 &, and f€e ? Therefore, & is contained and bounded
in the Banach space Td€,.(U ; F).

4.2. COROLLARY. — The strong dual 3 ,(K ; F) of 3,(K ; F) is a
Frechet space.
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4.3. COROLLARY. — The space 3, (K ; F) is not metrizable.

4.4. PROPOSITION. — Let & Dbe a subset of 8€,(K ; F). The fol-
lowing are equivalent.

a) & is relatively compact in 3 ,(K ; F).

b) & is bounded in 3 ,(K ; F) and relatively compact at every
point of K.

c) There exist an open subset U of E containing K and a real
number £ > 0 such that & is contained and relatively compact in

TU geee(U ; F).

Proof. — We will show only b) = c). Assume that b) holds true.
Then there exist real numbers C > 0 and ¢ > 0 such that

sup <Cc™

xeK

1 .
—| dmf(X)
m. 0

for every 7 EX, fe 7, and m. Choose real numbers p > 0 ande > 0
with o(p + €) ¢ < 1. Cover K with a finite number of open balls
B,(§;),j =1,...,n, all centered in K. Let U denote the union of
these balls. Then, & is contained and bounded in the Banach space

F,y¢ (U ; F). To prove that & is relatively compact in Ty 38, (U; F),
it is sufficient to show that every sequence in & admits a Cauchy
subsequence in T I, (U;F). Let 6§ > 0 be a given real number.
Choose an integer N > 0 such that

(*) 2C(p+ N1 —a(p+e)c)<8/2.

Since & is relatively compact at every point of K, it is relatively
compact at each & jo0=1,...,n Let( f ) be a sequence in &. Then
it is possible to select a subsequence call it again ( f ), with the
following property. There is an integer M > 0 such that if p and
q = M, then

1 .
(**) ot dm(fp - ) &) IL
<820 +o(p+te)+---+ (a(p +ENY
for every fPE?;,, qu’;, m=0,...,Nyand j=2,...,n If p

and g = M, by the Nachbin inequalities, (*) and (**), we have (where
X={&,....6D:
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1

m!

<
6

d™(f, - f) (x)

i €™ sup
m=0

xeU

oo 1 "
< X (olp +eN™ sup | — d"(f, = f) ()
m=0 m .

xeX

<6é6.
0
Therefore, (7,") is a Cauchy subsequence in the space T;8€,.(U ; F).

4.5. COROLLARY. — A subset & of 3, (K ; F) is relatively com-
pact if and only if the following are true :

a) There exist real numbers C > 0 and ¢ > 0 such that

<Cc™
I

sup
xeK

for every 76.‘12, fe€ 7, and m.

b) There exist real numbers p > 0 and € > 0 and a finite number
of points &, ,...,%, in K such that o(p + €) ¢ <1, the union of
B,(§)), ..., B, (¢,) covers K, and & is relatively compact at each
point £, ,...,&,.

1 .
— d"f(x)
m.

4.6. PROPOSITION. — Let & be a bounded Cauchy filter in
3, (K ; F). Then there exist a real number € > 0 and an open subset
U of E containing K such that ¥ is a bounded Cauchy filter in
Tydpe (U ; F).

Proof. — Since ¥ is bounded in 3, (K ;F), there exist real
numbers C > 0 and ¢ > 0 such that

1.
— d"f(x)

. <Cc™
m!

()

Sup
xeK

for every 7 €Y, fe ?, and m. Choose real numbers p >0and € >0
with o(p + €) ¢ < 1. Let U denote the union of the open balls
which we have defined before in the proof b) = c), 4.4. Then  is
contained and bounded in Ty, (U ; F).

We now show that & is a Cauchy filter in T €, (U ;F).Let
6 > 0 be a given real number. Choose an integer N > 0 such that

(*) 2C0(p+e))N —a(p+e)e)<8/2.
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% being a Cauchy filter, for eachm =0,1,..., N, there corresponds
a set &, €F for which

1 .
%) sup || —d"(f, = f) ()

xeK

]
<820 +a(p+e)+---+ (a(p + NV

for every 7, g€, , and fE 7, g€ 2. Let & be the intersection of
Q,, m=0,1,...,N. Then & belongs to the filter &. By the
Nachbin inequalities, (*) and (**), we have

o 1 .
' ™ sup || — d™(f — || <
m2="o xeg m! (f g)( 0
& m I .
< L (a(p+eNT sup |—d"(f- ()| <&,
m=0 xeK ||m: 0

for every f, Z€EQ and fE f, g€ Z.
Therefore, ¥ is a Cauchy filter in Ty8€,. (U ; F).

4.7. PROPOSITION. — Every bounded subset of 3 ,(K ; F) is me-
trizable.

4.8. PROPOSITION. — The space 3, (K ; F) is complete.

5. Topologies on the space 3¢, (U ; F).

If E is finite dimensional, then the natural locally convex topo-
logy on the space #(U ; F) is the topology %, induced on it by the
compact-open topology on the space € (U ; F) of all continuous F-
valued functions on U. If E is infinite dimensional, %, is not the
natural topology on the space #&(U ; F). One of many reasons is that
the differential operator d™ of order m, for any m = 1,..., is not
continuous for the topology %®,. Nachbin [N6] has considered the
topology ¥ on #(U ; F). It is a generalization of the topology By -
In fact, §, C G, ; B, = B, if and only if E is finite dimensional, or
F =0. Let ‘60’,, denote the compact-open topology on 3€,(U ; F).
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We have seen that the natural topology on #,(K ; F) is the
inductive limit of the topology %w,ﬂ on #,(U ; F), for all open
subsets U of E containing K. In this chapter and the following one,
we will study the topology ‘Ew’e on #,(U ; F) through the natural
topology on #,(K ; F), for all compact subsets K of U.

5.1. DeriNiTiON, — Let U be a fixed open subset of E. The topo-
logy G, 4 on 3, (U ; F) is defined as the projective limit of the natural
topology on 8€,(K ; F), for all compact subsets K of U, i.e., the
coarsest locally convex topology on 3€,(U ; F) for which the natural
linear mappings Ty : fE I, (U ; F) 7 € 960 (K ; F) are continuous.

5.2. DEeFINITION. — Corresponding to every compact subset K of
U and every m we have the semi-norm p on 3€,(U ; F) defined by

p(f) =sup I d™f(x)l,

for f€ 3, (U ; F). The topology B_ , on €, (U ; F) is defined by all
such semi-norms.

5.3. DEFINITION. — Corresponding to every compact subset K of
U and a sequence («,,) of positive real numbers such that (am)'/ m >0
as m — oo, we have a semi-norm p on €, (U ; F) defined by

1 .
———|d'"f(x)
m!

p(f)= 2 a,, sup
m=0 xeK )

for f€3€,(U ; F). The topology B, 4 on 4, (U ; F) is defined by all
such semi-norms.

5.4. PROPOSITION. — By 4 CT_ 4, C B, g CF, 5 CB,, -

Proof. — It is immediate that
Bp,06 CB,, 0 C%B,0 C%w,o > ‘Bw,ﬂ C%B, 6

It remains to show that®, , CG, ,.Let K be a compact subset of U.
Then the semi-norm p described in 5.3. is defined and continuous on
the Banach space #8,¢(V ; F), for all open subsets V of U containing K
and all real numbers € > 0. Let g be a semi-norm on #,(K ; F)
defined by
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a(H =p(H)

for ]7 EFK,(K;F) ; fe ? Then q is well-defined and continuous on
#, (K ; F). It is clear that g o T (f) = p(f) for every f€ #,(U ; F).
Therefore, p is continuous on €, (U ; F) for the topology ® and
hence, G, , CG, ,.

m,0

5.5. REMARK. — If dim E = oo, then B, ;‘Z«‘S,,C‘Ea on (U ; F)
if F+#0.

Proof. — Denote by 6, the topology on J€(E) determined by
the family of all semi-norms p of the form

p(f) = sup Nd™f @)l

where K is a compact subset of E and m =0, 1,...,n. By the
Hahn-Banach theorem, one can show that the semi-norm ¢q,, on € (E)
defined by

4m() =11d"FO) I
is continuous for the topology B, if and only if m < n. Therefore,
G CBpey for every m .

Suppose that G, = B, . Let (a,,) be a sequence of positive real
numbers such (am)” ™ = 0 as m > . Then the set

00 l .
(‘X.={f€ JeE) : Y, a,, "——d'"f(O) < 1}
m=0 m !
is a V.-neighborhood of 0. Therefore, there exist a compact subset K
of E, a real number r > 0 and an integer m > 0 such that @ C{,
where

@:{fec’fe(E):sup k]—'&"f(x) <r,0<k<m§.
xeK .
— . . gmt1 < )
Set € ifec’}e(E) : ll P d f(O)l I/am“]

Then B3 C €, and hence, € is a5 ,,-neighborhood of 0. But this is absurd
since ¢q,,,, is not continuous for the topology G, . Thus, B, # B, .
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5.6. PROPOSITION. — The topologies B, o, G, o and B, o have
the same family of bounded subsets and the same family of relatively
compact subsets, On each bounded subset, they are equivalent.

Proof. — See [N6, 12 and 13], or 4.1 and 4.3.

5.8. COROLLARY. — Let &L be a %w’e-bounded subset of 3, (U ; F).
Corresponding to every compact subset K of U there exist a real
number € > 0 and an open subset V of U such that & is bounded in
the Banach space 3y¢ (V ; F).

Proof. — 1t follows from 4.1.
5.9. PROPOSITION. — The topology Cr, o IS complete.

Proof. — We apply the Corollary to Proposition 3 in [H, 2.11]
here.

Order the family of all compact subsets of U by set inclusion. If
K CJ, then the natural inclusion

Iy(J;F) = 3,(K; F)

is continuous. Since 3, (K ; F) is separated for any compact subset
K of U, it suffices to show that if 7 belongs to every #,(K ; F),
for all compact subsets K of U, then f belongs to 8€,(U ; F) for
some f€ f. This is clear. Since each €, (K ; F) is complete by 4.9.
we conclude that €,(U ; F) is complete for €, , .

5.10. CorOLLARY. — The topologies 6, o and ®,, , are quasi-
complete.

Proof. — It is a consequence of 5.6 and 5.9.

6. Runge property.

Classically, in the complex plane C, a compact subset K of U is
said to be U-Runge if the image of € (U) under the linear mapping
Ty @ #&U) - F(K) is dense in the space &(K). In this chapter, we
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extend this concept to an arbitrary Banach space E and obtain a
sufficient condition for B, o =B, -

6.1. DEFINITION. — A compact subset K of U is said to be (0 , U)-
Runge if for every real number € > 0 and open subset V of U con-
taining K, there exist a real number § = §(€, V), 0 <8 < ¢, and an
open subset W = W(V ,€) of V containing K such that given any f
in €, (V ;F) there is a sequence (f,) in 8€,(U;F)N¥,;(W ;F)
converging to f in the sense of ,5(W ; F). U is said to satisfy 6-Runge
property if every compact subset of U is contained in some (0 , U)-
Runge compact subset of U.

6.2. PROPOSITION. — For the current type 0, a compact subset K
of U is (6, U)-Runge if and only if for every open subset V of U
containing K, there exists an open subset W of V containing K such
that given any f€3>(V ; F) there is a sequence (f,,) in

FU;FHNIW;PF
converging to f in the sense of 3¢~ (W ; F).

Proof. — Let K be a (0, U)-Runge compact subset of U and V
an open subset of U containing K. Let » > 0 be a real number such that
B, (K) C V. Choose real numbers p > 0 and € > 0 witha(p +€) <,
where o is the holomorphy constant. Set V' = B, (K). Then V' CV.
By Nachbin inequalities and Cauchy inequalities we have

“2 €™ sup

m=0 xeV’

1 .
—|dmf(x)
m!

\ m 1 qm
< 2 (@(p+ )" sup | — d"f(x)
m=0 xeK llm .

2 +
<Y ["(” E)] sup Il F() Il <oo
m=0 v xeB,(K)

for every f€3”(V ; F), ie., 5" (V;F) C aeoe(v' ; F). Correspornding
to € and V', there exist a real number §, 0 < § <€, and an open
subset W of K such that given an fE€ zeoe(v’ ; F), in particular, given
any fE€3™(V ; F), there is a sequence (f,,,) in ¥ (U ; F) N ¥8,5 (W ; F)
converging to f in the sense of 38,5 (W : F), and hence, in the sense of
F=(W ; F) since 3, (W ; F) CF=(W ; F) continuously.
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Conversely, let V and € > 0 be given as in 6.1. Corresponding to
V, there exists an open subset W of V such that given any f €42~ (V ; F),
in particular, given any fE€8C,.(V ; F), there is a sequence (f,,) in
(U ; F) N¥e=(W ; F) converging to f in the sense of F&<(W ; F).
Let » > 0 be such that B, (K) C W. Choose real numbers p > 0 and
8 > 0 with o(p + 8) <. Then the sequence (f,,) is in ,5(W' ; F)
where W’ = B, (K). Now

> €F sup
k=0 xeW’

i—d" fn — ) ()

oo

< Y (a(p + &) sup

k=0 xeK

1 Jk
Fd (fm f)(X)l

S +5
<X [0(” )] sup [l (fyy — £) G > 0

xeW
as m - oo, Therefore, K is (6 , U)-Runge.

6.3. PropPOSITION. — Let K be a (0 , U)-Runge compact subset of
U. Then the image of 3,(U ; F) under the linear mapping

Ty :3,(U;F) > 8,(K; F)
is dense in ¥e,(K ; F).

Proof. — We show Jhat the image of §€,(U;F) in¥,(K ; F) is
sequentially dense. Let f€ 3, (K ; F). Then there exist a real number
€ > 0 and an open subset V of U containing K such that a represen-
tative -of f, say f, comes from J€,. (V ; F). Corresponding to € and V,
by 6.1. there exist a real number 8§, 0 < § < €, and an open subset
W of V such that for the mapping f, there is a sequence (f,,) in
F, (U ; F)NJ,s (W ; F) converging to f in the sense of 48,5 (W ; F).
Therefore, the sequence (?m) converges to f in €,(K ; F) where
f:, = Ty(f,,) for every m. Thus the image of #€,(U ; F) under Ty is
sequentially dense in ¥, (K ; F).

6.5. ProPOSITION. — If U satisfies the 0-Runge property then

S =%‘5,,’a on the space 3€,(U ; F).

w,0
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Proof. — We need to show that B, o CB, ,. Since U satisfies
0-Runge property, the topology B, 0 ON #, (U ; F) is determined by
the family of all semi-norms on #€,(U ; F) ported by (6 , U)-Runge
compact subsets of U. Therefore, it is sufficient to consider only
(0 , U)-Runge compact subsets of U in this proof.

Let K be a (8 , U)-Runge compact subset of U. Let € ¥€,(K ; F).
Then there exist a real number € > 0 and an open subset V of U
containing K such that a representative of )N”, say f, comes from
F,¢ (V ; F). Since K is (0 , U)-Runge, corresponding to € and V, there
exist a real number 6§, 0 < 8§ < €, and an open subset W of V con-
taining K such that for the mapping f, there is a sequence (f,,) in
#,(U ; F) Ndy5 (W ; F) converging to f in the sense of #,5 (W ; F).
Let p be an arbitrary semi-norm on §€,(U ; F) ported by K. Then
there exists a real number ¢(§ , W) > 0 such that

lp(fm) =PI <p(fr — ) <

<c(d,W) ), & sup
k=0 xeW

L
1 (frn — f) )

0
Therefore, lim p(f,,) exists as m —> oo,

Define a semi-norm q on #&,(K ; F) by
a(f) = lim p(f,)

if 7€3€G(K ; F) is such that a representative of 7 is the limit of a
sequence (f,,) in ¥, (U ; F) NIy (W ; F) in the sense of 8,5 (W ; F).
It is easy to check that g is a well-defined semi-norm on 3¢, (K ; F).

To show that the semi-norm p is continuous on 8¢, (U ; F) for
the topology G, 4, it is sufficient to show that g is continuous on
¥, (K ; F) since

p(f) = q(Tx(f), FEFK,(U ;F) .
By 2.8, it suffices to show that g is sequentially continuous.

Let (?;") be a sequence in #€,(K ; F) converging Lo 0. By 4.6,
there exist a real number € > 0 and an open subset V of U con-
taining K such that ( f,,)) is contained and converges to 0in T FEy(V; F).
For each m choose f,, € 3, (V ; F) with f,, € f,, . Then the sequence
(f,,) converges to 0 in J€,¢(V ; F). By 6.1, corrcsponding to € and
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V, there exist a real number §, 0 < § < g, and an open subset W of
V containing K such that, for each m there is a sequence ( fm'n) in
3, (U ; F) NJ,y5 (W ; F) converging to f,, in the sense of &, (W ; F).
For each m choose an integer m(n) > m satisfying the following :

* % 8 sup

k=0 xeW

N 1) = Py meny) | < 1m .

1 .
74 Un = Fm) @) <1

~ Since ( f,») converges to 0 in J,5;(W;F), by (¥), the sequence
(fon,meny) converges to 0 in 3€,5(W ; F).

Therefore,
mli—];noo p(fm'm(n)) = 0 .

This proves that g is sequentially continuous on the space 3, (K ; F).

The preceding proposition has the following application.

6.5. PropOSITION. — If U satisfies the 0-Runge property then
dey (U ; F) is complete for G, , .

Proof. — Use 6.5. and 5.9.

Most of the important open subsets satisfy the -Runge property.
All balanced open sets are in this type. We also conjecture that every
open subset satisfies the §-Runge property. It 1s not answered in the
literature whether or not every open subset in C” satisfies the -Runge
property for the current holomorphy type 0.

7. Miscellaneous results.

In contrast with the finite dimensional theory, the spaces of
holomorphic mappings and germs on infinite dimensional Banach
spaces do not satisfy many nice properties in the general theory of
locally convex spaces. In this chapter we examine the spaces d€(U)
and J(K) for the following properties : Montel ; Schwartz ; nuclear ;
reflexive ; Mackey convergence. We also give a necessary and sufficient
condition that the space #€(U) be bornological. We assume the
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coneepts of compact, nuclear: addrint’égrak’bolynomials;s&.w‘;ﬂ‘icﬁ.Ean be
found ini[G]-and [Dl}, AT TS IRGAGI I 1REEHOT DN
All results concerning the 'Spacé’ 5’6’ (U FY ard’ &%tﬁ‘”ré%ﬁégfl‘fo
any locally convex topology 6, B, C% C‘@ Accordlngly, on
the space'%e, KSRy we eotisider i‘hé ‘indtrctive ﬁmit “of the"t6pology
‘18 on e (U F), for all open subsets l{ of E contammg K.
RIS TE B ‘(\p 50y \J‘ 0y % i e r\\ Y Uy i-’i/ ), 0 f \[ VERTIROSR S § ‘(,v v
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-t .blg.e"t' P &R, (TE: f,E)“ Thei: theueqnwalennef ctlaiss ,SP' miodulo; K
determingd: by Plconsistgiofi P-alone. Thus weicaniconsider®;y {"‘Et* P)
as a vector subspace of €, (K ; F). The inclusion mapping i

OB Y SRR TP

is also continuous. W a1sé “hive" thd ¥olloWing proposition.
yad banitab
7.2. PROPOSITION. . — Fhir Bhnden! spdée . ,(™E ; F) is a closed
subspace of 8€ ,(K ; F). SR aw
HERIC A PR £ B T
7.3. COROLLARY. — Z{‘hgﬁdu‘al E€ f)-f‘ E, is a closed subspace of
F (V) ana 3 (K).

syt ow wol/t ([0 EdY ban [IE 27 D)

Proof. — E'= 2(E;C) =£,(E;C) = 2('E; F). (Cf. [G]).
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7.4. COROLLARY. — The Banach space %.,("E ;F) of all conti-
nuous compact m-homogeneous polynomials from E to F is a closed
subspace of 8¢ (U ; F) and 3€(K ; F).

Proof. — £,("E ;F) is a closed subspace of 2("E ; F).

7.5. ProposITION. — #C(U) or 38(K) is either Montel, or Schwartz,
or nuclear if and only if dim E < oo,

Proof, — If 3€(U) satisfies one of these properties, then its closed
subspace E' satisfies the same property. A normed space satisfies one
of these properties if and only if the dimension is finite. Therefore,
the necessity is proved. The sufficiency is classical. The same argument
proves the proposition for d€(K).

7.6. PrROPOSITION. — If E is not reflexive, then neither 32(U)
nor 8(K) is reflexive. If E is a Hilbert space, then 8€(U) or 3 (K) is
reflexive if and only if dim E < oo,

Proof. — If 38(U) or 2 (K) is reflexive, then the closed subspace
E' is also reflexive. Therefore, E is reflexive. This proves the first
part.

If E is a Hilbert space and #e(U) or J8(K) is reflexive, then
the Banach space %,(™E) is reflexive for every m. Let R (™E) and
%,("E) be the Banach spaces of continuous nuclear and integral m-
homogeneous polynomials on E respectively. By the Borel transfor-
mation

: TERN(™E) » TER(™E ;
TER,("E) » Te2,("E)
defined by

T(p) = T(w™) , pEE',
we have
EN("E) ~ R("E") ;

2,("E) ~2,("E") .
(Cf. [G, III] and [D1, 3.2]). Now we have
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%, ("E) ~%,("E") > R4("E") ;
%n("E"Y =~ R("E") & €, ("E)" = %,("E)
for every m. Put E = E". Then we obtain
@ ("E) = 2,("E) .

If E is infinite dimensional, the identity mapping on E is not
compact, that is, there is a noncompact continuous 2-linear mapping
on E since £2(’E) = 2(E ;E') and E = E'. Thus, neither #€(U) nor
J(K) is reflexive. If E is finite dimensional, then both #€(U) and
Je(K) are Montel, and hence reflexive.

Proposition 7.6. does not seem to be true for Banach spaces. We
give a possible counter-example, a Banach space E which is reflexive
and infinite dimensional such that every continuous m-linear mapping
on E is compact. (Compare with the preceding proof).

Let p and g be realssuch that 1 < g <p <o ;(1/p) + (1/9) = 1.
Let E = [P, the Banach space of complex sequences (x,,) satisfying

Ips

(x,,)P <o

(1]

Then, E is an infinite dimensional reflexive Banach space. Furthermore,
2(™E) = £,(™E). This fact can be shown easily by induction on m
using the following : every continuous linear mapping from I? to I”
is compact if 1 <r <p < oo (Cf. [P, Theorem 1] or [R, Theorem A2]);
E is separable ; TE £, ("E) if and only if T: E = 2("'E) is
compact.

7.7. ProposiTION. — 8(U ; F) is bornological for 6, %, CB ;C&‘Bw ,
if and only if dim E < oo,

Proof. — B and 6, share the same bounded subsets.

We do not know when #(U ; F) is bornological for ¥, in general.
This is a problem yet to be solved. We conjecture that 32(U) is bor-
nological for B, if E is separable. A necessary and sufficient condition
for (8€(U),®,,) to be bornological is given in 7.11. Recently S.
Dineen has shown that (€(I*), %B,,) is not bornological (Cf. [D4]).
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7.8. PROPOSITION. . «"The  3pace ¥&5 (K3 F) sdtisfies the Mackey
convergence condmon for the natural topology

WGy
) J —
\ « S

Proof. — Let (f ) be,a. muc\acmmée €K-; B) ;converging, 10:0:
Then there exist a real number € >0 and an open subset U of E
containing K such that thé- keduenCe 1§ cohtained and converges to 0
in Ty 4, (U F) by 4. 6“ ‘\Smce every metrizable lo_callx convex space

%ahsﬁes t Mack cony rgence condl ié;f:yrllﬁére”‘ jé‘a se uex}ce 1(7\ )
of ‘posi “si “to ‘90 sﬁ'h tﬁat Qcm ) c'oh’vqf es

.ibi 5 O‘v iir'i Ti03

ne (15T
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OI2 0 B} A avixsilsr ap (05%
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7.9. CorOLLARY. — If ( f ) is ﬁs;otie;;é’!e‘iﬁ :’:‘fé (ﬁwF) convergmé
10/ G:forithé 1opolégy B 3 ther “for! efery’ 'cbrfip‘acf Vbt K of U
therel exist 4'7eal m’tmber “gl 5 0 ‘and an’ aﬁén Subser vV of U‘coﬁtdzrfz‘ng
Koisgehs thaps! o zooiaiinon wiove dml dope booleasmin eliaolal brs

oo TR T \1)‘3 WG ”x ! iy "“"”"7"'(’3’ zi d e
_ llm 28"7\ ({ et
o= (‘_.‘;‘ [ (mf)&” =0 (, /r’ I\ x(v QE s( \ ’[ |8 Auif) & J94
H

sivieiine { rotgoen 10 995a2 554;!.ﬂrnu s a\ =4 ad
r Some se&uence (7\,,,) o positive real numbers converging to oo,

- Proof. — LetK be a compacf 'suosgt “Qf U. Consider the sequence
(f,,) where f = Tg(f,,)- Then it converges to 0 in 569 (K F) Apply
& m :andi 4.6 .to:qbtain the sdesifed: formiriomil 2iint tf LG

wiono aoitagha yd yitess mwonz gd s st etdl PR = \
" oo T%l&:rFR@vomm 1es il E-"is‘éepamb'le v :hemfae(ww} fshﬁsﬂe‘é
the Mackey: dbnﬁb}gmce cconditibn{l} 30 > % v L sginoo o
P e RN T 1 vino hog "H (fm- L P oideingee el

Proof. — Let ( f ) be a sequence in (U ; F) convergitg 460
for . Since 6 and %, have the same family of convergent sequences,
it sufﬁces to show. thag Jthere is a seqpence;:of positive #¢al numbers
N,y X —*ooasm—>°°'suchthat)\ mIm 0851, 7 R.for T u

Let £ €U. Then, by 7.9, there is an open subset V of U con-
taining ¢ such:dhathobnood smer sod sueide 5 bns 5 o Jootd

. %@ sup Jlfm(x)ﬂ

Sina U is, separébiwe oan: ﬁndm sédnenpe ev,,) of apenm (stmsots’faf
U such.that ;11 7 i as ! ' e w
Lra) CfV)“) OfSY

"'& /")“'C' 1

'évé}‘# | ORI




HOLOMORPHICG GERMS O BANACH SPACES 137
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c) hm sup Il £ GOl = O for every k EaN
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For each compact subset K of U there is an mteger n suehlghgt,
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Thus #E(U) satisfies the Mackey convergence condltlon

v i SEg o

The Mackey convergencé conchtloﬁ éthd the bornological property
are -two. independent ganeepts. « 1o i
However; gne’ proves:that!every: métrizable tocally ' convex:spacs 19
botnologiedlrusing: the:Mack gy convergerice s condition lonssuch’ aspdce.)
We generalize this fact in the followingiway : #:Jocatly conyex sepoav
rated space satisfying the Mackey convergence condition is bornolo-
gical if and only if every sequentially continuous semi-norm is con-
tinuous.

23 «(‘l$.), G Jv’
Bl
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Proof. — The necessity is obvious. We show the sufficiency. Let
p be a semi-norm which is bounded on bounded sets. Since the
Mackey conyer ;.‘.,“.l.f;@ossd%tipr&n'e\,@.ldﬁ-vtrue; ior, VerYs8guence (x,);
converging to O, there; is &eequen AAAAAA
as m = o, such that )\ X, >0 as m S oo, Therefore there is a
réal number }f,(f sﬁéh“thét’ I ARS M'/for m Thus is squen.
tially continuous, ‘and - Hénee ccjmtinﬁdus SEC AR B
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7.11. ProrosiTiON. — Let E be separable. Then 3€(U ; F) is bor-
nological if and only if every sequentially continuous semi-norm on
de(U ; F) is continuous.

Finally we discuss the independence of the Mackey convergent
condition and the bornological property.

If E is a Banach space of nonmeasurable cardinal, then it is real-
compact. (Cf. [GJ, 15.24]). Then C(E) is bornological for the compact-
open topology B, by Nachbin-Shirota theorem. (Cf. [N2, 29] or [N1]).
Thus J(E) is a closed subspace of a bornological space @ (E) which
is not bornological for B, .

Let E be separable. Then € (U) with respect to the topology
.. is a non-bornological space which satisfies the Mackey convergence
condition.

The following example will show that a bornological space may
not satisfy the Mackey convergence condition. Let G = R(%Y Then
G is a bornological space if we endow G with the product topology
since a nonmeasurable product of bornological spaces is also borno-
logical by the Mackey-Ulam theorem. Let T be a one-to-one mapping
from [0, 1] onto the set of all sequences of positive real numbers.
Define a sequence (x,,) in G by

xple = [T@]), ,

where [x], is the o~th coordinate of x and [T(a)],, is the m-th term
of the sequence T(a) for a € [0, 1]. Then it is clear that (x,,) converges
to 0 in G, and there is no sequence of positive real numbers A, for
which (A, x,,) converges to 0 in G.
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