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CERTAIN REAL SURFACES IN C?> WITH ISOLATED
SINGULARITIES
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ABSTRACT. — The surfaces in C? with an isolated CR singularity at the origin
and with cubic lowest degree homogeneous term in its graph near the origin, under
certain geometric condition, can be reduced — up to biholomorphism of C? — to
a one-parameter family of the form

42
M = {(z,w) €C?:w=2%Z+t222 + 333 +o(|z\3) }, t € (0,00),

near the origin. We prove that M is not locally polynomially convex if t < 1. The
local hull contains a ball centred at the origin if ¢t < \/3/2 We also prove that M;
is locally polynomially convex for t > 1/3/2. We show that, for v/3/2 <t < 1, the

local hull of M; contains a one-parameter family of analytic discs passing through
the origin. We also prove that, if we remove the higher order terms from the

V15—+/33
2v2
new results about the local polynomial convexity of the union of three totally-real

planes are also reported.

graphing function of My, it is locally polynomially convex for ¢ > . Some
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2 Sushil GORAI

RisuME. — Les surfaces dans C? avec une singularité CR isolée & I’origine et
avec un terme homogene de plus bas degré cubique dans son graphe prés de 'ori-
gine, sous certaines conditions géométriques, peuvent étre réduites — a un biholo-
morphisme prés de C2 — & une famille & un parameétre de la forme

t2
My := {(z,w) €C?:w=2%241t222 4 323 +0<|z\3)}, t € (0,00),

prés de l'origine. Nous prouvons que M; n’est pas localement polynomialement
convexe si t < 1. L’enveloppe locale contient une boule centrée a 'origine si t <
\/g/ 2. Nous prouvons également que M; est localement polynomialement convexe

pour ¢ > 4/3/2. Nous montrons que, pour \/5/2 < t < 1, 'enveloppe locale de M;
contient une famille & un paramétre de disques analytiques passant par 'origine.
Nous prouvons également que, si nous supprimons les termes d’ordre supérieur
de la fonction graphique de My, elle est localement polynomialement convexe pour

t> 7”2572 V33 De nouveaux résultats sur la convexité polynomiale locale de 'union
de trois plans totalement réels sont également rapportés.

1. Introduction and statement of results

Let K be a compact subset of C™. The polynomially convex hull of K is
defined by K = {zeCm: |p(z)} <supglp|, p € Clz1,...,2,]}. The set K
is said to be polynomially convex if K = K. A closed subset E of C" is said
to be locally polynomially convex at p € E if E N B(p;r) is polynomially
convex for some r > 0, where B(p;r) denotes the open ball in C" with
centre p and radius 7. In C, polynomial convexity of a compact set K is
equivalent to C\ K is connected which is purely a topological condition on
the compact set. In higher dimensions, there is no such criterion. Polyno-
mial convexity is one of the fundamental and classical concepts in several
complex variables; it came up, mainly, due to its deep interconnections
with polynomial approximations. We will state a couple of such results for
motivations. The first result is a generalization of Runge’s approximation
theorem.

THEOREM 1.1 (Oka—Weil). — Let K C C™ be a compact polynomially
convex set. Then any function that is holomorphic in a neighborhood of K
can be approximated uniformly on K by polynomials in z1, ..., z,.

A few notations: for a compact K C C", ¥(K) denotes the algebra of
all continuous functions on K, and #(K) denotes the uniformly closed
subalgebra of € (K') generated by polynomials in z1, ..., z,. In this paper,
planes will mean 2-dimensional real subspaces of C? and surfaces will be
2-dimensional real submanifolds of C2.

A real submanifold M of C" is said to be totally real at p € M if
T,M NiT,M = {0}, where T,M denotes the tangent space of M at p
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CERTAIN REAL SURFACES IN C? WITH ISOLATED SINGULARITIES 3

viewed as a subspace of C". The manifold M is said to be totally real if it
is totally real at every point p € M. A point p in a real surface M in C?
is said to be a CR singularity if M is not totally real at p, i.e., T,M is a
complex subspace of C2. We now state another approximation result, which
is a generalization of Stone—Weierstrass theorem.

THEOREM 1.2 (O’Farrell-Preskenis—Walsh). — Let K C C" be a com-
pact polynomially convex subset of C" and E C K be such that K \ E is
locally contained in totally-real submanifolds of C™. Then

P(K)={f€CK): f|, c 2(E)}.

If F is an arc or finitely many points in K, K=K implies Z(K) =
% (K). The subsets that we will consider in this paper will be totally real
except at one point.

For a compact subset K C C™, the main obstruction to #(K) = € (K)
is having analytic structure in K. One of the ways to get analytic structure
is by attaching analytic discs to K, that is, existence of a continuous map
¢: D — C™ that is holomorphic on D and ¢(dD) C K. Constructions of such
families of analytic discs attached to a submanifold are crucial for the hull
of holomorphy and extension of holomorphic functions [1, 2, 6, 15, 18, 19].

We now give a brief survey about the local polynomial convexity of real
submanifolds in C2. We start with a very simple case: the graph of a linear
function on C is either a totally-real subspace or a complex subspace that
is of the form M = {(z, f(z)) € C*: f(z) = az + bz }. Any compact subset
of M is polynomially convex. M is totally real if and only if b # 0. Next,
we consider €2-smooth real surface in C2. For each point a € M, there
exists a ¢ > 0 such that

M N B(a;6) = {(z f(2)) € C*: f € €*(D(a;6))}.

Such a surface M is totally real at a € M if and only if %(a) # 0.
Wermer [26] showed that a real surface M in C? is locally polynomially
convex at each of its totally-real points, which was then generalized to
higher dimensions in [14]. Let 0 € M be an isolated CR singularity of the
surface M. Locally, near the origin, M is of the form

(1.1) M N B(0;0) = {(z,f(z)) € C%: f(2) = pp(2,2) —|—0(|z|k)}7

where pg(z,%) is a homogeneous nonholomorphic polynomial of degree k,
k > 2. We say that such a surface M has a CR singularity of order k.
Bishop [6] considered the case k = 2, i.e., pa(z,%) = az? + bz? + czZz. Under
Morse theoretic nondegeneracy condition (equivalently ¢ # 0), Bishop [6]
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4 Sushil GORAI

showed that, by biholomorphic change of variables, for sufficiently small
0 >0, M N B(0;9) can be taken to now-famous Bishop’s normal form:

(1.2) MNB(0;6) = {(z, f(2)) € C*: f(2) =v(2* +Z%) + |2|* + o(|2]*) },

where v > 0 is a biholomorphic invariant. The origin is called the elliptic
CR singularity if v < 1/2, parabolic if v = 1/2, and hyperbolic if v > 1/2.
For v < 1/2, Bishop [6] showed, by constructing a one-parameter family of
analytic discs with boundaries passing around the origin in M, that the sur-
face is not locally polynomially convex at the origin. Kenig—Webster [19],
for €°°-smooth surface M, showed that the local hull is a three dimensional
% *°-smooth manifold. For 0 < v < 1/2, Moser—Webster [20] described com-
plete local invariants of M in case M is real analytic near the origin and it is
immediate from their normal form that the local hull is a three dimensional
real analytic manifold in this case. Forstneri¢ and Stout [9] showed that the
surface is locally polynomially convex at the hyperbolic CR singularities.
Joricke [16] studied the case v = 1/2. For k > 3, Morse theory does not
give any nondegeneracy condition. This type of CR singularity is called de-
generate CR singularity. Before proceeding further with the discussion, we
mention the following definition on nonparabolic CR singularity [5, 13] that
makes sense in case of degenerate CR singularity as well as nondegenerate.

DEFINITION 1.3. — A surface M of the form (1.1) is said to have a
nonparabolic CR singularity of order k at the origin if there is an isolated
CR singular point for the surface {(z,pk(z,z)) tz € (C} at the origin,
where py, Is as in (1.1).

Harris [13] showed that having a nonparabolic singularity of order k at
the origin is stable under 0(\z|k) perturbation. We note that the quadratic
terms in Bishop’s normal form (1.2) are real-valued. In general, for k > 3,
there is no biholomorphic change of coordinates under which the lowest
order homogeneous term becomes real-valued. The question arises: is it
possible to characterize the local polynomial convexity of a surface with
nonparabolic CR singularity of order k, k > 37 Efforts [5, 13] have been
made to achieve a Bishop-type dichotomy for nonparabolic points in case of
higher order CR singular points, but one of the assumptions of the results in
this directions is — up to a biholomorphic change of variables — the lowest
order homogeneous term is real-valued. Maslov-type index (see Section 2.1
for a definition) plays a crucial role in case of higher order degeneracy
(see [5]). The papers [3, 4] describe conditions, in terms of the coefficients
bound of the lowest order homogeneous term (not necessarily real-valued),
under which M is locally polynomially convex at the origin. Wiegerink [27],
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CERTAIN REAL SURFACES IN C? WITH ISOLATED SINGULARITIES 5

on the other hand, demonstrated conditions under which the local hull is
nontrivial (see Theorems 2.16, 2.17 and 2.18).

In this paper, we restrict our attention to surfaces M of the form (1.1)
with k& = 3 and, to simplify the notation, from now onwards we call the
polynomial p3 as p. A general form of p is:

p(2,2) = a12%Z + ag27* + a3z,
where a1,a3,a3 € C. We denote S = {(2,p(z,2)) € C? : z € C}. We
impose the following geometric condition on M:

M is a real surface in C? as in (1.1) with k = 3 and S is as defined
(%) above from M such that there exists a proper holomorphic map
®: C% — C? with ®~1(S) is the union of three totally real planes
in C2.
It is interesting to note that condition (*) turns out to be a condition on

the coefficients of the polynomial p. We consider the proper holomorphic
map ®: C2 — C2 defined by

(1.3) O(z,w) = (z,p(z,w)),

where p(z,w) = azw® + asw?z + ajwz?. The following result, due to
Thomas [24, Lemma 3], gives a necessary and sufficient condition in terms
of the coefficients of p for ®1(S) to be a union of three totally-real planes.

THEOREM 1.4 (Thomas). — Assume S = {(z,w) € C? : w = p(2,%)},
where p(z, w) = azw3 + agw?z +aywz?. Let ®: C? — C? be as above. Then
®~1(S) is the union of three totally-real planes if and only if a3 = 3aja3
and ag # 0.

In view of Theorem 1.4, we obtain that, under the conditions a% = 3aqag
and ag # 0, the preimage of S under the particular proper holomorphic
map ®: C?> — C? is a union of three transverse totally-real planes. One
is tempted to think that there might be different proper holomorphic map
on C? such that the preimage under that map is also a union of three
transverse totally-real planes, possibly different. We show that, up to an
invertible complex linear map, the proper holomorphic map ® is unique
(see Lemma 2.1). Hence, in view of Theorem 1.4, for each a € C\ {0}, the
given surface is

(1.4) S, = {(z,pa(z,E)) eC?:z¢ (C},

where p, (2, %) = 222 +az7> +§E3. The complex number a which appears in
the coefficients of the cubic polynomial p, is not a biholomorphic invariant.
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6 Sushil GORAI

Our search of a biholomorphic invariant for this family of surfaces leads us
to certain normal form due to Harris [12].

THEOREM 1.5 (Harris). — Let M be a €*°-smooth real surface in C?
with an isolated CR-singularity of order 3 at the origin. Then, locally, near
the origin, up to biholomorphism of C2, M is of the form

{(z,p(2,2) + o(|2*)) € C*: |2| < 6},

where p is one of the following degree 3 homogeneous polynomials: z>

Z,
272, 73, 2% + v27%, 2%% + y27° + ¢z° with v > 0 and ¢ € C. Moreover,

~ and c¢ are biholomorphic invariants.

Our geometric condition (x) forces the normal form of p to be of the form
2%2Z 4+ 7272 + ¢z°. Therefore, by Theorem 1.5, the normal form of surfaces
of our study is

(1.5) {(z.pe(2,2)) €C*:z2€C}, te(0,00),

where
2
pi(2,2) = 222 + t27° + 523.
The real number ¢ becomes a biholomorphic invariant. Therefore, it is
enough to consider the surfaces S; for ¢ € (0, 00).

We now provide a couple of argument supporting our claim that the fam-
ily of surfaces My, t € (0, 00), though the lowest degree homogeneous term
of the graphing function is not necessarily real-valued, is a right class of
surfaces that can provide the Bishop-type dichotomy. Firstly, condition (x)
is also hidden in Bishop’s surfaces. For every surface with nonparabolic
CR-singularity, the graph of the quadratic polynomial in Bishop’s normal
form can be pulled back by proper holomorphic map on C? to the union of
two totally-real planes. This leads to pulling back Bishop’s surfaces with
CR singularity to unions of two totally-real surfaces. Forstneric-Stout [9]
used this to show local polynomial convexity at hyperbolic CR singularity.
Approaching to local polynomial convexity at CR singularity of higher or-
der, in general, is difficult; this is the main reason of assuming “thin” or
“flat” surfaces, i.e., the lowest order homogeneous terms in the graphing
function to be real-valued in [5, 13]. In [3, 4], pulling back by proper holo-
morphic mapping on C? to union of certain totally-real surfaces is used
crucially. Hence, condition (x) is a very natural condition to assume if we
use this same approach for our surfaces of consideration. Secondly, we look
at Bishop’s normal form in a slightly different viewpoint, using the following

ANNALES DE L’INSTITUT FOURIER



CERTAIN REAL SURFACES IN C? WITH ISOLATED SINGULARITIES 7

biholomorphic transformations 7; : C? — C?, j = 1,2, defined by

Ti(z,w) = (z,w — y2%),

To(2z,w) = (2, dyw),

m3(z,w) = (z,w + 2%).
Define ¢: C2 — C2 by ¢(z,w) = 73 0 73 o 71. Therefore, we have

o(2, f(2)) = (2 4+ 272)* + o(|2]?).

By putting ¢ := 2, we obtain that
(1.6) (2 f(2)) = (z+12)* +o(|2]?),
where t is also a biholomorphic invariant. Surfaces with parabolic CR sin-
gularity are given by ¢ = 1. From the relation of ¢ with Bishop’s invariant,
we can say that the surface has an elliptic CR singularity if ¢ < 1, and

hyperbolic CR singularity if ¢ > 1. We now apply the biholomorphic map
o: C? = C? on M, defined by

o(z,w) =01 0 02(z,w),
where

o1(z,w) = (z,w + 2%),

o2(z,w) == (z, 3tw).

We also see that the surface M; is, locally near the origin, equivalent to a
surface of the form:

{(zow) e C*:w=(z+1t2)° +0(|2]*)}, t€(0,00).

Therefore, for obtaining a Bishop-type phenomenon, a right class of surfaces
with isolated CR singularity of order k at the origin to consider are:

{(z,w) €C?:w=(z+t2)" +o(|k[*)}, te€(0,00).

In this paper, we will study the surfaces for k = 3, i.e., the surfaces M,,
t € (0,00). For each t € (0,00), we will consider the corresponding proper
holomorphic map

(1.7) ®;: C* — C? defined by ®4(z,w) = (2,pe(2,w)).

Thomas [24] considered a class of triples of totally-real planes that are the
preimage of surfaces S, of the form (1.4), where a € C is sufficiently small,
for demonstrating triples of totally-real planes whose pairwise unions are
locally polynomially convex at the origin but the local hull of the whole
union contains a ball centred at the origin and with positive radius. We note
that, for every t € C, the map ®,, defined in (1.7), is a proper holomorphic
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8 Sushil GORAI

map on C2. For each t € C \ {0}, the preimage ®,'(S;) is a union of
three totally-real planes. Thanks to the proper map (1.7) and the normal
form (1.5) of S, it is enough to consider the following triples of totally-
real planes whose image is S¢, ¢ € (0,00), under the proper holomorphic
map (1.7).

VB(V3—i)  1-iv3

t . _
(1.8) P w= o z 5
. 14+

P;: :—\/g(f—H)z— +22\/§E.

Our first couple of results are about the local polynomial convexity of
compact subsets of P¢ U P} U Pj.

THEOREM 1.6. — For each t > 7”25\}2\/5, P} U P} U P} is locally poly-

nomially convex at the origin.

The first part of the following theorem gives a generalization of a result
of Thomas [24], and the second part demonstrates a new phenomenon for
the union of three totally-real planes in C".

THEOREM 1.7. — Ift < 1, PLUP{UP} is not locally polynomial convex
at the origin. Moreover, for every 6 > 0:

(i) the polynomial hull of (Pt U P} U P}) N B(0;6) contains a neighbor-
hood of the origin in C? if 0 < t < \/3/2;

(ii) the polynomial hull contains a one-parameter family of analytic
varieties passing through the origin if v/3/2 <t < 1.

The next couple of results are about the local polynomial convexity of
compact subsets of Sy at the origin.

THEOREM 1.8. — For t € (0,00), let S; = {(2,w) € C? : w = py(2,%)},
where p;(2,%) = 2°Z + t27° + t*23 /3. Then:
(i) the surface S; is locally polynomially convex at the origin if t >
15—/33 .

2v2 7’
(ii) S is locally polynomially convex at the origin.

A couple of new phenomena occur here which were not present in the case
of Bishop’s surfaces. Part (ii) of the next theorem describes the surfaces S;
whose local hull contains a nonempty open ball centred at the origin and
part (iii) determines those surfaces which have analytic discs with boundary
in S; and pass through the CR singularity at the origin.

ANNALES DE L’INSTITUT FOURIER



CERTAIN REAL SURFACES IN C? WITH ISOLATED SINGULARITIES 9

THEOREM 1.9. — Let S;={(z,w) € C* : w=p;(2,%)}, where p;(z,Z) =
2%%Z + t27% + t223 /3. Then:
(i) fort € (0,1), S is not locally polynomially convex at the origin;
(ii) for every § > 0, the polynomial hull of S; N B(0;4) contains a
nonempty open ball centred at the origin if t € (0,1/3/2);
(iii) for every 6 > 0, the polynomial hull of S; N B(0;4) contains a
one-parameter family of analytic discs with boundary in S; passing

through the origin if t € [v/3/2,1).

We now consider the surfaces M; C C? with an isolated CR singularity
at the origin of order three, i.e. there exists r > 0 such that

(1.9) M, B(0;7) = {(2,w) € C*: ¢(z,w) = 0},

where ¢(z,w) = pi(2,%) + F(2,%Z) — w with F(z) = o(|2[*). Next, we state
a couple of theorems for M; analogous to Theorems 1.8 and 1.9.

THEOREM 1.10. — For t € (0,00), let M; be as in (1.9). Then M, is

locally polynomially convex at the origin if t > \/g .

THEOREM 1.11. — For t € (0,00), let M; be as in (1.9). Then:
(i) M, is not locally polynomially convex if t € (0,1);
(ii) for every ¢ > 0, the polynomially convex hull of M;NB(0; ¢) contains
a nonempty open ball centred at the origin if t € (0,v/3/2);
(iii) for every 6 > 0, the polynomial hull of M; NB(0;0) contains a one-
parameter family of analytic discs with boundary in M; and passing
through the origin if \/3/2 <t < 1.

Remark 1.12. — We make a couple of remarks here.

(1) The number v/3/2 has a crucial geometric meaning. For this number
onward the boundary of any analytic disc attached to M; has to pass
through the CR singularity, the origin. It seems a hyperbolic sector
is appearing in the picture. In another viewpoint, both the matrices
corresponding to Weinstock’s normal form (see Lemma 2.5) of the
planes have nonreal eigenvalues if and only if 0 < ¢t < /3/2.

(2) The numbers \/g and 7”125\;5‘/5 seem to have no special importance.

It is just that our technique does not work. We expect that M, will
be locally polynomially convex at the origin for ¢ > 1.

We now turn our discussion towards local polynomial convexity and the
local hull of the unions of three totally-real surfaces. In view of condi-
tion (*), the unions of three totally-real surfaces have a very close connec-
tion with the surfaces M;. One of the main approaches of showing local
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10 Sushil GORAI

polynomial convexity of surfaces at the isolated CR singularity comes from
looking at the unions totally-real surfaces those arise as preimages under a
proper holomorphic maps, and showing that the unions are locally polyno-
mially convex at the origin. Forstneric—Stout [9] used this to prove their the-
orem. We will also use this in our proofs of Theorem 1.8 and Theorem 1.10.
If the totally-real surfaces are pairwise transverse, then locally the union of
totally-real surfaces can be seen as a union of small perturbations of their
tangent spaces at the origin. The study of the local polynomial convex-
ity of the union of two totally-real subspaces began with Weinstock’s [25]
(see Theorem 2.6) necessary and sufficient condition. The unions of three
totally-real planes in C? was first considered by Thomas [23, 24] showing
that there exist triples of totally-real planes such that the local hull of the
union contains a ball centred at the origin and, also, by demonstrating
examples where there are no nontrivial hull. Sufficient conditions for local
polynomial convexity of the unions of three totally-real planes in C?, in
terms of the pair of matrices in Weinstock’s normal form (see Lemma 2.5),
is given in [11] (see Theorem 2.7). In this paper, we provide some new re-
sults in this setting (see Theorem 3.1, Theorem 3.2, Theorem 3.3) that will
also be used in the proof of Theorem 1.8. It is not trivial to pass the local
polynomial convexity to the union of totally-real submanifolds intersect-
ing at the origin from the union of their tangent spaces at the origin. The
union of two totally-real submanifolds in C™ intersecting transversely at the
origin is locally polynomially convex if the union of their tangent spaces
s [10, 21]. These results use Weinstock’s result (Theorem 2.6) crucially. In
our case Kallin’s lemma will allow us to pass local polynomial convexity
from the union of tangent spaces to the union of totally-real surfaces for

t> \/g as in [10]. This passage does not seem to work for

T

Few comments about our proofs of the theorems.

e In the base of our approach towards local polynomial convexity
of My, there lies the union of three pairwise transverse totally-real
planes. Therefore, we first prove Theorem 1.6 with the help of Theo-
rem 2.7 and theorems that are stated and proved in Section 3. The
first part of Theorem 1.8 follow immediately from Theorem 1.6.
For S;, the planes which we get are not pairwise transverse. We
deal with that separately.

ANNALES DE L’INSTITUT FOURIER



CERTAIN REAL SURFACES IN C? WITH ISOLATED SINGULARITIES 11

e To prove Theorem 1.10, we use Kallin’s lemma to enable us to prove
local polynomial convexity of union of three totally real surfaces
which can be seen as small perturbation of the planes in Theo-
rem 1.6.

o We use some results of Wiegerink (Theorems 2.16, 2.17 and 2.18)
to prove Theorems 1.9 and 1.11. Theorem 1.7 follows from Theo-
rem 1.9.

About the layout of the paper: in Section 2, we collect some results from
the literature and prove a lemma about uniqueness of proper holomorphic
map, up to invertible C-linear transformation. We also provide a discussion
about Maslov-type index here. We state and prove three general results
about local polynomial convexity of union of three totally-real planes in C?
in Section 3. In Section 4, we state and prove the local polynomial convexity
of certain unions of three totally real surfaces. Proofs of Theorems 1.6,
1.8 and 1.10 are discussed in Section 5. We demonstrate the proofs of
Theorems 1.7, 1.9 and 1.11 in Section 6. Some open questions are mentioned
in Section 7.
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2. Preliminaries

The most part of this section is devoted to collect the results from the
literature that will be used in our proofs. We begin the section by showing
that the proper map in condition (*) is unique up to invertible C-linear
transformations.

LEMMA 2.1. — Let S = {(z,p(z,%)) € C? : z € C}, where p(z,%) =
Z?Zl a;jz 2377 with ag # 0 and a3 = 3aja3. Let V: C?> — C? be a proper
holomorphic map of the form ¥(z,w) = (z, Q(z,w)), where @Q is a homo-
geneous polynomial. Assume further that W='(S) can be written as union
of three pairwise transverse totally-real planes. Then ¥ = & as defined
in (1.3) up to a C-linear transformation.
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12 Sushil GORAI

Proof. — We first note that the degree of the polynomial ) must be 3,
and, since () is homogeneous, it can be written as:

Q(zw) = ez +w) (o + w) (137 +w).

Then, if we designate ¥~1(S) = U?Zl{(z,w) € C?: w = ajz + Bz},
for aj,8; € C, j = 1,2,3, we must investigate the solutions (a, §) of the
equation

3

(2.1) cH (1j + )z + BZ) Za 730,

j=1

Comparing the coefficients, we get that ¢ = az and

(11 + a)(p2 + @) (ps + ) = 0,

(11 + p2 + p3 + 3a) = ajz)g,
(1 + a)(p2 + @) + (p2 + a)(pus + @) + (p3 + a)(p + o) =
B3 =1.

Thus, we have 8 € {1,w,w?}, where w = ¢>™/3. Let us name the pairs of
coefficients as (aj, 3;), 7 = 1,2,3 defining the three planes, where 5 = 1,
B2 = w, and B3 = w? We note that, for fixed k € {1,2,3}, uj + o,
j =1,2,3, are the roots of the following equation:

A\ @\
23— GZ( >+ LEANN
B a3 B

(2.2) 3 22 + ey
as as

ai

a36’

Consider the equation

By previous computations, we see that each of the following triples are the
roots of equation (2.2): (w1 + o, po + a1, p3 + ar), (w(p + a2), wlps +
ag), w(ps + ag)), (wz(ul + a3), w? (2 + az), w?(us + ag)). If we assume
that r1,ry and r3 are the roots of equation (2.2), then the polynomial @
exists such that U is a proper map with the required properties if and only
if there exist permutations 71, mo € S3 such that

rkzwjrﬂj(k)—kal—ajﬂ, j=1,2 and k=1,23.

We also note that one of the members in each triple is zero. Therefore, by
looking at the first triple, we obtain that

{(z,w) e C*:w=2z} CUHS).
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This implies that
Q(z,2)=p(z,Z) VzeC.

Since {(z7w) ceC?:w= E} is maximally totally real, therefore, we con-
clude that

Q(z,w) = p(z,w) V (z,w) € C2.

Choosing any other triple will contribute a C-linear transformation to the
map P. O

The following result [22, Theorem 1.6.24] plays a vital role in this paper.

THEOREM 2.2. — Let ®: C" — C" be a proper holomorphic map. A
compact subset K of C" is polynomially convex if and only if ®~1(K) is
polynomially convex.

Next, we state a lemma due to Kallin [17] (also see [7]), which will be
used repeatedly in this sequel. It gives a condition under which the union
of two polynomially convex sets is polynomially convex.

THEOREM 2.3 (Kallin). — Let Ky and K» be two compact polynomially
convex subsets in C™. Suppose Ly and Lo are two compact polynomially
convex subsets of C with L; N Ly = {0}. Suppose further that there exists
a holomorphic polynomial P satisfying the following conditions:

(1) P(Kl) C Ly and P(Kz) C Lo;
(ii) P=1{0} N (K U K3) is polynomially convex.

Then K; U K5 is polynomially convex.

The next couple of lemmas are of linear algebraic flavour. The first one
from [11] gives certain normal form for pair of matrices under similarity of
matrices with real entries.

LEMMA 2.4. — Let A, B € R?>*2 such that A has two distinct real eigen-
values, say A1, \a. Also assume that det[A, B] > 0. Then there exists an
invertible matrix T € R?*2 such that

TAT-! = (Al 0) and TBT ' = (81 q)
0 )\2 qg S2

for \j,s5,g € R, j=1,2.

The next result from [25] gives a normal form for tuple of totally-real
maximal subspaces of C".
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LEMMA 2.5. — Let Py, ..., Py be maximal totally-real subspaces in C"
such that P; N\ Py = {0} for all j = 1,...,N. Then the subspaces can be
parametrized by a tuple of n X n matrices with real entries as follows:

Ph=R", Pj=(A;+:iR", j=1,...,N,
where A; e R**", j=1,...,N.
We call this normal form as Weinstock’s normal form. Weinstock [25]

proved the following theorem about the union of two transverse totally-
real subspaces in C”.

THEOREM 2.6 (Weinstock). — Suppose P, and P, are two totally-real
subspaces of C™ of maximal dimension intersecting only at 0 € C™. Denote
the normal form for this pair as:

P, :=R" and P,=(A+iDR",

for some matrix A with real entries. Then the union P; U P, is locally
polynomially convex at the origin if and only if A has no purely imaginary
eigenvalue of modulus greater than 1.

In this paper we are concerned only with the case n = 2. We wish to
transform the planes in (1.8) into Weinstock’s normal form. In view of
Lemma 2.5, Weinstock’s normal form depends only on whether the inter-
section with a particular totally real subspace is trivial or not. In our case
we consider that particular plane to be Fy. To transform into Weinstock’s
normal form it is enough to consider a couple of totally real planes of the
form:

PO DW= E,

(2.3) _
P w=az+ f7Z,
where 8 # 0. We first apply the following invertible C-linear transformation
T:C? — C?
defined by
T(z,w) = (z +w, —i(z — w)).
Clearly, T(Py) = R? and
T(P) = {(z +az+ 0z, —i(z —az — ﬂ?)) 1z € (C}.
Putting z = = + iy, we note that
T(P) = (B +iC)(R?),

ANNALES DE L’INSTITUT FOURIER
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where B and C' are two 2 x 2 matrices with real entries that we get as
follows: putting o = a1 + i and S = B + 55

B:(l"i-al'i‘ﬁl B2 — g )
—ar =P l—a1+ 5

and
C:< az + 2 1+a1—/3’1)'
ar+pBi—1  Ba—a
Here we view the matrices as linear transformations. We have Py N\ P, =
{0} implies that the matrix C' is invertible. The condition Py N P, = {0}
transfers into |8]? — |a|? — 2ReB + 1 # 0. Hence, we can write

T(Py) = (BC™' +il)(C(R?)).
Since the matrix C' is invertible matrix with real entries, we obtain that
T(Py) = (BC™! +4I)(R?).

Therefore, Weinstock’s normal form is Py ~ R? and P, ~ (A + il)(R?),
where A = BC~! as before. Putting the values of & and 3 we obtain
Weinstock’s normal form for the triple of planes (P¢, P, P4) in (1.8) as

P{=R* and P} =(AS+i)R* j=1,2,
where the matrices A! and A} are:
__t 1 .t 1
(24) Al = (ﬁ“f“ Hf > and A} = < v+ I )
1—t V3(1—t) 1—t V3(1—t)
We will use these matrices in the proofs of our theorems.
Next, we mention a general result from [11] about local polynomial con-
vexity of the union of three totally-real planes in C2. It gives a sufficient
condition, in terms of the matrices involved in the Weinstock’s normal

form, for local polynomial convexity of union of three totally-real planes at
0 € C2. We need few notations from [11]:

Q= {(A17A2) S (R2X2)2 : det[Al,Ag] 7é 0, #O'(Al) =21 ¢ (T(Aj) Vj},
@(Al,AQ) = det Al(TI‘AQ)z + TI‘AlAQ(T‘I‘ A1A2 — T‘I‘Al rI‘I'142)7

1
A(AhAg) = 4det AlAQ - Z(TIAI TI'AQ)2.

THEOREM 2.7 (Gorai). — Let Py, Py, P> be three totally-real planes
in C? such that Py N P; = {0} for j = 1,2. Hence, let Weinstock’s nor-
mal form for { Py, Py, P>} be

Py=R?* P;j=(A; +iDR?* j=1,2,
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and assume (A1, As) belongs to parameter domain ). Assume further that
the pairwise unions of Py, Pi, P» are locally polynomially convex at 0 € C2.
Given j € {1,2}, let j¢ denote the other element in {1,2}. Then, the
following hold.
(i) Let 0(A;) CR, j=1,2. If:
e cither det Aj det[AhAz] >0,5=12;
e ordet Ajdet[A;, As] < 0 and (det A;)O(A;, Ajc) < 0 for some
jef{1l,2};
then Py U Py U P, is locally polynomially convex at 0 € C2.
(ii) Suppose 0(A1) C R and o0(A43) C C\R. If:
e either det Ay det[A1, A2] < 0 and (det A;)O(A1, A2) < 0;
e or O(A41,As) < A(Ay, A);
then Py U P, U P, is locally polynomially convex at 0 € C2.
(iii) Suppose 0(A;) C C\ R, j = 1,2. If ©(A;,Ajc) < A(A1, Ap) for
some j € {1,2}, then PyU Py U P, is locally polynomially convex at
0eC

2.1. Maslov type index

Let M be a %‘'-smooth orientable totally-real submanifold of C? and
v: 81 — M be a curve. In this case, the pull back bundle v*T'M over v is a
trivial bundle. Let X7, X5 be global sections of the above pull back bundle
over v such that

(2.5) T, )M = Spang { X1(¢), X2(¢)} V(e St

DEFINITION 2.8. — Let v be a curve in a ¢'-smooth totally-real sub-
manifold of C2. The Maslov-type index of v in M is denoted as Ind s (7y)
and is defined as the winding number of the map h(x, x,): St — €\ {0}
defined by h(x, x,)(¢) == det(X1(¢), X2(¢)), where X1, X, are global sec-
tions of the above pull back bundle over v satisfying (2.5).

Remark 2.9. — We note that, for any other choice of a pair of global
sections {Y7, Y5} of the pull back bundle v*T'M over v, there exist a smooth
map A: S — GL(n,R) such that Y;(¢) = A(¢)X;(¢), j = 1,2. Hence, the
winding number of the map h(x, x,) is equal to the winding number of the
map Ny, ,y,)- Therefore, the Maslov-type index of v in M is independent
of the choice of the global sections of v*T' M.

Remark 2.10. — We note that any two closed curves 7; and v, which
are homologous in M have the same Maslov-type index (see [8] for more
discussions).
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We now proceed to define the Maslov-type index of a surface in C? with
an isolated CR singularity.

DEFINITION 2.11. — Let M be an oriented real submanifold of C? with
an isolated CR singularity at p € M and U, be a contractible neighborhood
of p in M such that U, \ {p} is an oriented totally-real submanifold of C?,
where the orientation is induced by the orientation of M. The Maslov-type
index of p is denoted by Indy(p) and is defined by the Maslov-type index
of a simple closed curve v: S' — U, \ {p} that winds around the point p.

Remark 2.12. — Since Indps(y) depends on the homology class of ~
and the neighborhood U, is contractible, we see that the definition of
the Maslov-type index of an isolated CR singularity is independent of the
curve v chosen.

We now mention a lemma from [8] which is pertinent to graphs over
domains in C in C2.

THEOREM 2.13 ([8, Lemma 8]). — Let Q be a domain in C containing
the origin and f € €1 () such that (%)71{0} = {0}. Suppose that the
graph Sy has an isolated CR singularity at 0 € C%. Let v: S — Q\ {0}
be a smooth, positively-oriented, simple closed curve that encloses 0 € C2.

Then the Maslov-type index Inds, (0) equals to the winding number of the

of

curve 5z oy around the origin.

Next, we mention a lemma due to Bharali [5], which gives an easy way
to compute the Maslov-type index of a graph of homogeneous polynomial
in z and Z of degree k around an isolated CR singularity at the origin.

THEOREM 2.14 ([5, Lemma 2.5]). — Let p be a homogeneous polyno-
mial of degree k in z and Z such that

{z eC: %(z,z) - 0} = {0}.

Define a polynomial q in z by q(z) = %(z,?)’zzl. Then the Maslov-type
index of the graph S, of p of the origin,

Inds, (0) =2(3_{n(¢): ¢ € {0} ND}) = (k= 1),
where u(¢) denotes the multiplicity of ¢ as a zero of the polynomial q.

The next theorem is due to Forstneri¢ [8] in C2?, which says, in certain
cases, the existence of one analytic disc attached to a totally-real surface M
in C? gives the existence of many analytic discs attached to it.
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THEOREM 2.15 (Forstneri¢). — Let v C M be the boundary of an im-
mersed analytic disc Fy: D — C? in a totally-real surface M of C? with
Maslov-type index j > 1. Then Fy lies in a 2j — 1 parameter family of ana-
Iytic discs with boundary in M. If Misa sufficiently small €?-perturbation
of M, then there exists such a 2j — 1 parameter family of analytic discs with
boundary in M. If j = 1, the union of discs form a Levi flat hypersurface.
If j > 1, the union of the discs contains an open ball.

Next, we state a series of theorems due to Wiegerinck [27] about the local
polynomial hull of certain graphs. We will use these results in our proofs
of describing local hulls.

THEOREM 2.16 (Wiegerinck). — Let ¢ be a €*-smooth, k > 2, function
on a disc in C centred at the origin. Suppose that the graph of v, denoted
by S, has an isolated CR singularity at the origin of Maslov-type index j,
0<j <k If %e(gp(z,f)/zj’l) is strictly subharmonic on a punctured
neighborhood of the origin, then there exist analytic discs with boundary
in S,.

THEOREM 2.17 (Wiegerinck). — Let F'(z,%) be a homogeneous function
of degree k in z and Z, and €?-smooth away from origin in C. Suppose
that the origin is an isolated CR singularity of S = {w = F(Z,E)} and the
Maslov-type index at 0 € C? is j, 0 < j < k. Assume that Re (F(Z,E)/zjfl)
is a subharmonic but nowhere harmonic function on C\ {0}. Then, the
following hold.

(i) S is not locally polynomially convex at 0 € C2.

(ii) For evey r > 0, the polynomial hull of S N B(0;r) contains a
(2§ — 1)-parameter family of analytic discs with boundary in S pass-
ing around zero if and only if the curve C: S* — C defined by

F(z,%)

2k

C(z) =

has the following property:
if, for two different points z; # z2 on the unit circle, C(z1) = C(z2),
(xx) then 21 and 29 divide the unit circle into two segments of length at
least ﬁ
Moreover, if the Maslov-type index j > 1, this family will fill an
open neighborhood of the origin in C2.
(iii) If property (xx) is not satisfied by the curve C, then for evey r > 0,

the polynomial hull of SN B(0;r) contains at least a one-parameter
family of analytic discs with boundary in S passing through the
origin.
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THEOREM 2.18 (Wiegerinck). — Let f(z,%) = p(2,%) + O(|2[**!) be
a smooth function of class €* on a disc D(0;r), where py, is a homogeneous
polynomial of degree k in z and Z. Suppose that the origin is an isolated
CR singularity of S = {(z,w) € C? : w = py(2,%Z)} and that the Maslov-
type index at 0 € C? is j, 0 < j < k. Assume that B%e(pk(z,f)/zjfl) is
subharmonic but nowhere harmonic on C \ {0} and the curve C: S* — C
defined by

C(Z) _ pk(;;; Z)

has the property (xx). Then, for every r > 0, the polynomial hull of S N
B(0;r) contains a (2j—1)-parameter family of analytic discs with boundary
in S, whose union contains an open ball centred the origin in C? if j > 1.

3. The union of three totally-real planes

The next few theorems describe a class of triples of totally-real planes
in C? whose union is locally polynomially convex at the origin, but the pair
of 2 x 2 matrices corresponding to these triples does not fall into the open
set described by Theorem 2.7. We will use these theorems while proving
Theorem 1.8. These theorems might also be of independent interest. In the
statements of the next three theorems, we will assume that the planes are
in Weinstock’s normal form.

THEOREM 3.1. — Let Py, Py, P, be three totally-real planes in C? such
that
Py=R? and P;=(A;+i)R?* j=1,2.
Assume that the pairwise unions of Py, Pi, and P, are locally polynomially
convex at 0 € C2. Assume further that A; and A, satisfy the following
conditions:

(i) det A1 =0 and det Ay > 0;
(i) det[A;, As] > 0.
Then Py U Py U Py is locally polynomially convex at the origin.

THEOREM 3.2. — Let Py, P1, P> be totally-real planes such that
Py=R?* P;j=(A;+iDR?* j=1,2.
Assume that the pairwise unions of Py, Py, and P, are locally polynomially
convex at 0 € C?. Further assume that
(i) |det A;| <1 and detA; <0 for j =1,2;
(11) det[Al, AQ] > 0.
Then Py U Py U Py is locally polynomially convex at the origin.
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THEOREM 3.3. — Let Py, P, P> be three totally-real planes such that
Py=R? Pj=(A; +iD)R? j=1,2.
Assume that the pairwise unions of Py, Py, and P, are locally polynomially
convex at 0 € C2. Assume further that
(i) det[A1, As] > 0;
(ii) det A; <0, 7 =1,2;
(111) ﬂ(Al, Az) > min{det Ay (TI' 141)27 det A (TI" Ag)z},’
where ﬁ(Al,AQ) = 4det A1A2 — TI‘(AlAQ)(TI‘(AlAQ) — TI‘Al T‘I‘Ag) —
i(Tr Ay Tr Ag)%. Then Py U Py U P, is locally polynomially convex at the

origin.

Proof of Theorem 3.1. — Under the conditions (i) and (ii), thanks to
Lemma 2.4, without loss of generality, we may take the matrices as:

(0 0 _ (51 ¢
Al = (0 )\) and A2 = (q Sz),

where A, s1, s2,q € R. The planes are of the form
Py = {(a:,y) eC?®:z,y€ R},
P = {(ix,()\+i)y) G(CQ::C,yGIR},
Py ={(s1+ i)z +qy, qz+ (s2 +1)y) : v,y € R}.

Consider K; = P, NB(0;1), j =0,1,2. We consider the polynomial
p(z,w) = 22 +w?
Clearly,
p(Ko) C {z € C:Smz =0, Rez >0}.
For (z,w) € K,

p(z,w) = p(iz, A +i)y) = —2® + (A — 1)y® + 2iAy”.

We wish to look at the image of K; under p more carefully and prove
that p(K1) N p(Ko) = {0}, and p~1{0} N K; = {0}. Our argument goes as
follows.

Case I: A > 0. — For (z,w) € Ky, p(z,w) € {z e C:SQmz > 0}. If
Smp(z,w) = 0, then the real part Rep(z,w) < 0, and Rep(z,w) =0 <~
(z,w) = 0.

Case II: A = 0. — In this case, Rep(z,w) < 0 for all (z,w) € K; \ {0}.

Case III: A < 0. — For (z,w) € K1, p(z,w) € {z e C:3mz < O}, and
Smp(z,w) = 0 implies the real part Rep(z,w) < 0 for all (z,w) € K1\ {0}.
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Therefore, in each of the above cases,
(3.1) p(K1) Np(Ko) = {0} and p~'{0} N K, = {0}.
For (z,w) € Ka,
p(z,w) = p((s1+ )z + qy, g + (s2 + 1)y)
= (s +¢*—1)2” + (53 +¢* — 1)y* + 2(s1 + s2)qry
+ 2i(s12% 4 s9y® + 2qzy).

We first assume that det Ay > 0. This gives us s1s2 > 0. If s > 0,
Smp(z,w) > 0; if s; < 0, then Smp(z,w) < 0 for all (z,w) € Ky \ {0}.
Therefore, Smp(z,w) # 0 for all (z,w) € Ky \ {0}.

We now assume that det A, = 0, i.e., g> = s159. Hence, s; and sy have
the same sign. If s; > 0, then we have, for (z,w) € Ko,

Smp(z,w) = 2(y/512 + /52y)? > 0.
If s <0, then
Smp(z,w) = 2(vV=s12 +vV—529)> =0 V (z,w) € K>.
We also have
Smp(z,w) =0 = Rep(z,w) < 0.
Therefore, in both cases, we obtain that
(3.2) p(K3) Np(Ko) = {0} and p~*{0} N K, = {0}.

By assumption, K = K; U K is polynomially convex. We now obtain,
from (3.1) and (3.2), that

p(K) Np(Ke) = {0} and p~{0} N (K U K,) = {0}.

Hence, by Theorem 2.3, K U Ky is polynomially convex. Therefore, Py U
Py U P is locally polynomially convex at the origin. O

Proof of Theorem 3.2. — Thanks to Lemma 2.4, without loss of gener-
ality, we may assume that

)\1 0 S1 q
A == A =
1 (0 )\2> and 2 (q s )
where Aj,s;,¢ € R, j =1,2. The planes become
Py = {(m,y) eC?:z,y€ R},

P ={((\ +i)z, (A2 +1i)y) € C*:z,y € R},
Py={((s1+9)z+aqy, gz + (s2 +i)y) € C*: 2,y € R}.
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Let K; = P; NB,j =0,1,2, and let K := K;UK5. Consider the polynomial
p(z,w) = 22 +w?

We have p(Ko) C {z € C: 2> 0} and p~*{0} N Ky = {0}. We now divide

the remaining proof into three cases.

Case I: |det A;| < 1 for j = 1,2. — We now look carefully at the image
of K7 under the polynomial p:

(3.3) p((/\l + 1)z, (A2 + z)y) =\ = D22+ (A3 — Dy 4+ 2i(\2? + Aay?).
The imaginary part is
(3.4) Smp((Ar +4)z, (A2 +14)y) = 2(A12” + Aoy®).

Since det A1 = A1 Ay < 0, one of Ay or Ay must be positive and the other is
negative. Assuming Ay < 0, we see that

A
(3.5) Smp((\ +i)z, (Ao +i)y) =0 <= y?= —A—lmQ.
2

Then the real part of p((/\1 +i)x, (A2 + z)y) becomes, in view of (3.5),

(36)  Rep((\+ i)z, Mo+ i)y) = Al

7(>\1 - AQ)()\l)\Q + 1)1’2 g 0.
2

Since |det 41| < 1, we obtain that Rep((A1 + i)z, (A2 +1i)y) = 0 <

—

(x,)=0. Thus, we obtain that p(Ko)Np(K1)={0} and p~*{0} N K; ={0}.
For (z,w) € Ko,
(3.7) plz,w) = (57 +¢* — Da® 4 (s5 + ¢* — 1)y* + 2¢(s1 + s2)zy
+ 2i(s122 + 2qzy + s21°).
The imaginary part
(3.8)  Smp((s1+9)z+ qy,qz + (s2 +1)y) = 2(s12” + 2qzy + s2°).
We have

(3.9) Smp((s1+ i)z + qy, gz + (s2 +1)y) =0
= 2qzy = —(s12% + s29?).
The real part becomes, in view of (3.9),
Rep((s1+ 9z + qy, gz + (s2 +1)y) = (¢* — s152 — 1) (2® +3°)
= —(det Ay + 1) (2% + ¢?).
Since |det Ao| < 1, p(Kp) N p(K3) = {0}. Therefore,

(3.10)

p(Ko) Np(K) = {0} and p~{0} N (Ko U K) = {0}.
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Hence, by Theorem 2.3, Ky U K is polynomially convex.

The next two cases fall under the condition |det A;| = 1 for some j = 1, 2.
Since det A; < 0, we only need to consider det A; = —1 for some j = 1,2.
We now consider the other two cases.

Case II: det A; = —1 for some j € {1,2} and |det A;| < 1 fori # j. —
We again consider the Kallin’s polynomial p(z,w) = 22 + w?. We first look
at the image of K7 under the polynomial p. Equations (3.3), (3.4), (3.5),
and (3.6) remain the same. Clearly, p(Ko) Np(K7) = {0}. If |det A;] < 1
and (3.5) holds, then, by (3.6), we get that

Rep((A1 + i)z, A2 +1i)y) =0 <<= (z,y) =0.
Therefore,
(3.11) p 10} N K; = {0}.
If det A; = —1 and (3.5) holds, then, by (3.6), we obtain that
Rep((\ + i)z, (A2 +1)y) = 0.

This implies that

(3.12) p HO}nK, = {(()\1 +i)z, (A2 +1i)y) €C*:y® = —i\lmz}
2
which is the union of two real line segments in C? intersecting only at the
origin.
We now look at the image of K5. Equations (3.7), (3.8), (3.9), and (3.10)
remain the same. Clearly, p(Ko) Np(K3) = {0}. If |det A2 < 1 and (3.9)
holds, then, by (3.10), we get that

Rep((s1+ i)z +qy, gz + (s2+i)y) =0 <<= (z,y) =0.
Therefore,
(3.13) p {0} N Ky = {0}.
If det A = —1 and (3.9) holds, then, by (3.10), we obtain that
Rep((s1 + i)z + qy, gz + (s2 +1)y) =0.

This gives that p~1{0}NK> is the union of two real line segments in C? inter-
secting only at the origin. Therefore, in this case, we have @ N P/([?) =
{0} and p~1{0} N (Ko U K) is the union of two real line segments in C2
intersecting only at the origin. Hence, p~1{0} N (Ko U K) is polynomially

convex.
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Case III: det A; = —1 for j = 1,2. — We consider the same Kallin’s
polynomial p(z, w) = z?+w?. We now need to consider carefully p~1 {0} N K

for j = 1,2. If det A; = —1, then we see, from the above computations,
that, for each z € K7, the real part Rep(z) vanishes whenever Smp(z) = 0.
The similar is true when det Ay = —1. We also see that, if det A; = —1,

then the set p~1{0} N K; = {z € K; : Smp(z) = 0} is a union of two
real line segments in C? intersecting at the origin. Therefore, p~1{0} N K
is a union of four real line segments in C? intersecting pairwise only at the
origin, which is polynomially convex. Hence, by Kallin’s lemma, Ky U K is
polynomially convex. g

Proof of Theorem 3.3. — Since A1, Ay € R?*? and det A; < 0 for j =
1,2, both matrices have real eigenvalues. Assume, without loss of generality
(otherwise we will interchange the matrices), that

(314) 6(141, Ag) > det AQ(TI' A1)2.

Since det[A;, As] > 0, by applying Lemma 2.4, we get, up to a simultaneous
similarity by real matrix, that

)\1 0 S1 q
A= Ay = .
1 ( 0 )\2) and 2 (q So
We first view (3.14) in terms of the entries of the matrices A; and A,.

A1t >\1Q>

Arde = <)\2q A252

Therefore, we compute:
ﬂ(Ah Ag) = 4/\1)\2(3182 — q2) + ()\151 + /\282)(/\182 + )\281)

1
— 1(/\1 + )\2)2(81 + 52)2
1
= 4)\1)\2(8182 — q2) — 1()\1 — )\2)2<81 — 82)2.
Hence,
2
(3.15) B(A1, As) > det Ax(Tr 4;)? <= ¢ > @

We now consider compact sets
K;=PNB, j=0,1,2,
and the polynomial
p(z,w) = zw.

Clearly,
(3.16) p(Ko) C R.
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Since p((A1 + )z, (A2 + i)y) = (MA2 — D)ay + i(M + A2)zy, hence, we
obtain that

(317) p(Kl) - {u+iv eC: ()\1+>\2)U= ()\1)\2—1)1}}.
We also get that

p((s1+ 1)z +qy, qr + (s2 +1)y) = ((s1 + )z + qy) (qz + (s2 +1)y)
= (517 + qy)(qz + s2y) — 2y
+i(gz® + (51 + s2)2y + qu?).

The imaginary part of p((s1+4)z+qy, gz+(s2+1)y) is gz®+(s1+52)Ty+9y°,
which vanishes, thanks to (3.15), if and only if (x,y) = (0,0). Therefore,
we have

(3.18) p(K2) C {u+iveC:v#0}U{0}.

We now divide the remaining part of the proof into two cases.

Case I: Tr Ay # 0. — In this case, we consider K = K1 U K2 From
equations (3.16), (3.17) and (3.18), we obtain that p(KO) ﬂp( ) C {0}.
We also see that p~1{0} N (Ko U K) is a union of two real line segments
intersecting only at the origin, which is polynomially convex. Hence, by
Kallin’s lemma (Theorem 2.3), Ko U K = Ky U K; U K is polynomially
convex.

Case II: Tr A; = 0. — In this case, we consider K := Ky U K. Since
Tr Ay = 0, from equation (3.17), we have

p(Kl) CcR.

Therefore, p(K ) C R In this case also equation (3.18) holds. Therefore,
We obtain p(K) ﬂp(Kg) = {0}. Again, as before, p~ {0} N (K U K3) is a
union of two real line segments in C? intersecting only at the origin. Hence,
p~ {0} N (K U K3) is polynomially convex. Therefore, by Kallin’s lemma
(Theorem 2.3) K U K5 is polynomially convex. a

4. The union of three totally-real surfaces

The next couple of theorems are the most important theorems of this
section. Those will be crucially used in our proof of Theorem 1.10.
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THEOREM 4.1. — Let Sy, S and Sy be three totally-real surfaces in C?
intersecting transversely at the origin such that

ToSo = R?,

ToS1 = (A + )R,

TSy = (Ag + )R,
where A1, Ay € M3(R). Assume that the pairwise unions of TySy, TpS1
and TpS, are locally polynomially convex at the origin. Assume further

that det[Ay, A2] > 0. Then Sy U Sy U Sy is locally polynomially convex at
the origin if one of the following holds:

(i) det A; >0 for j =1,2;
(ii) det A; < 0 and |[det A;| < 1.

Proof. — Since Aj, Ay € M>(R) and det[A;, A3] > 0, we obtain, in view
of Lemma 2.4, that there exists an invertible matrix T' € R?*2 such that

TAT! = (“ 0) and TA,T~! = (s1 q)
0 Ao q S2

for A,s;,t; € R, j = 1,2. Therefore, without loss of generality, we may

assume that
)\1 0 S1 q
' ( 0 Az) and A (q 82)

Since Sy is a totally-real surface passing through the origin and TSy =
R? C C2, by implicit mapping theorem there exists a § > 0 such that
So N B(0;0) = {(z +ifo(z,y), y +igo(z,y)) € C*:
for small enough z,y € R},

where fj and gy are real-valued functions. Locally around the origin we can
view the totally-real surfaces as follows:

50(5) = {($+Zf0(l',y), y+290(x7y)) € C2 : (lL’,y) € R2 m‘B(076)}7
51(6) = {(()\1 +Z)$ + f1($7y)7 ()\2 +Z)y+91(%y)) S (C2 :
(z,y) € R* N B(0;0)},
S2(6) = {((s1 + D)x + qu + fa(z,y), gz + (s2 + 1)y + g2(2,y)) € C*:
(z,y) € R*N B(0;0)},

where fo,go are real-valued, and f;(z,y) ~ o(|(z,y)|) and g;(z,y) ~
o(|(z,y)|) for all j =0,1,2.
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We first assume (i), i.e., det A; > 0 for j = 1,2. We will use Kallin’s
lemma to conclude the local polynomial convexity of So(d) U S1(8) U S2(6)
for some small enough ¢ > 0. Consider the polynomial

p(z,w) = 22 +w?
Clearly,
1) plz+ifolz,y),y +igo(z,y)) = 2° + v +o(|(z,y)*).

We also have

p((A 4+ i)z + fi(z,y), A2+ i)y + g1(z,y))
= (M 492" + (A2 +9)*y* + o(|(z, 9)?)
= (AT = D)2 + (A3 — )y* + 2i(M12® + Aay?) + o(|(z,y) ).
Since det A; > 0, the imaginary part ofp(()\l +i)x+ fr(z,y), A +i)y+
g1(z,y)) is 2(\ 2% + Aay?) +o(|(z, y)[?) = 0 or < 0 for (z,y) € R*NB(0; )
and equal to zero only when (x,y) = (0,0). Therefore there exists a constant
C1 > 0 such that

(4.2) p(51(9)) € {u+iv e C:|u| < Cilv]}.

We also compute:

p((s1+9)z+qy+ fo(2,9), gz + (52 + 1)y + g2(z,y))
= (82 +¢° — D + (52 + ¢* — Dy? + 2i(s12% + s2y® + 2qxy)
+ o(|(z,y)[?).

Since det Ay > 0, the imaginary part of the above equation 2(s122 + say? +
2qzy) + o(|(z,y)[*) = 0 or < 0 and equal to zero only when (z,y) = (0,0).
Therefore, there exists a constant Cy > 0 such that

(4.3) p(52(0)) € {u+iveC:|u| < Caolv|}.

Consider C' := max{C1, Cs2}, and choose £ > 0 such that ¢ < 1/C. From
equation (4.1) we see that the imaginary part ofp(:chifo(z, y), y+igo(z, y))
is o(|z|2). Therefore, shrinking § if necessary, we obtain

(4.4) p(So(8)) C {u+iveC:|v| <elul}.
From equations (4.2), (4.3) and (4.4) we have

p(S0(8)) N p(S1(8) U S2(8)) = {0}
We also have from above computations that

p~ {0} N (So(6) US1(8) USa(8)) = {0}.
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Hence, all the conditions of Kallin’s lemma hold and we conclude that
So U S1 U Sy is locally polynomially convex at the origin.

Finally, we assume (ii), i.e., det A; < 0 and |det A;| < 1. We consider
the matrices in the normal form

A0 51 ¢
' < 0 )\2> e <q 82
Consider the polynomial
p(z,w) = 22 +w?

Let Ds = R? N B(0;5) as before. We have
pley) = 2" +y’.

Hence, p~1{0} N Sy(8) = {0}. In fact, for given € > 0 there exists a § > 0
such that

(4.5) p(S0(8)) C {w € C: Rew >0, [Smw| < eRew}.

By using the computations in the proof of Theorem 3.2 we get that

(46) p(()‘l + Z)I + fl(-% y)v ()‘2 + Z)y + gl(xa y))
= (AT = Da® + (A3 — 1)y” + 2i(Mz® + Aay®) +o(|(z, ) P).

Equation (4.6) gives us that the imaginary part

(4.7) Smp((A1 + i)z + fil@,y), (A2 + i)y + fa(z,y))

=2\ + Xoy?) + o(|(z, ) ).
From (4.7) we see that Smp((A +4)z + f1(x,y), (A2 +9)y+g1(z,y)) =0in
a curve which is a small perturbation of the curve y? = —i—;xz. Then the

real part of p((A\ +i)z+ f1(2,y), (A2+14)y+g1(x,y)) becomes, shrinking &
if required,

(4.8) Rep((M + i)z + fi(z,y), (A2 + 1)y + g1(z,y))
_ %2()\1 — A2)(Mdg + Dz + o[ (. y)[?)
<0.

Since |det A;| < 1, we obtain that Rep((A\ + i)z + fi(z,y), (A2 + i)y +
fo(z, y)) =0 < (z,y) = 0. Hence, there is a conical neighborhood V of
{(z,w) € 51(8) : Smp(z,w) = 0} such that Rep(z,w) < 0 forall (z,w) € V.
Thus, from (4/5)\ and (4.8), we obtain, shrinking ¢ > 0 if necessary, that

_—

P(So(9) Np(S1(9)) = {0} and p~'{0} N S1(d) = {0}
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For (z,w) € S3(9),

p(z,w) = (7 +¢° = 1)a? + (s3 +¢° = 1)y* + 2q(s1 + s2)ay
+ 2i(s12° 4 2qzy + s29°) + o(|(x, y)|2).
The imaginary part
Smp(z,w) = 2(31x2 + 2qxy + s2y%) + 0(|(az7 y)|2)
We have the imaginary part vanishes in a curve which is a small perturba-
tion of the curve
2qzy = —(s12% + s9y?).

Then, in view of (3.9), the real part becomes

Rep((s1+ )z + qy + fa(2,), gz + (s2 + )y + g2(,y))
= (¢° = s152 = 1)(@® +9*) + o(|(z, )*)
= —(det Ay + 1)(2® + ) + o(|(z, y)|?)
< 0 and = 0 if and only if (z,y) = 0.
Hence, there is a conical neighborhood W of {(z, w) € S3(8) : Smp(z, w) =0}
such that Rep(z, w) < 0 for all (z,w) € V.
Therefore, shrinking § > 0 further, if required, we obtain that

—_—

p(S0(8)) Np(S2(6)) = {0} and p~'{0} N (So(6) U S2(6)) = {0}.
Hence, by Theorem 2.3, So(6)US1(6)US2(0) is polynomially convex. There-
fore, Sy U S U Sy is locally polynomially convex at 0 € C2. d

THEOREM 4.2. — Let Sy, S; and Sy be three totally-real surfaces in C?
intersecting transversely at the origin such that TySy = R?, TpS; = (A1 +
il)R? and Ty Sy = (As + il)R2. Assume that the pairwise unions of TySy,
TyS1 and TySy are locally polynomially convex at the orgin. Assume further
that:

(i) det A1 =0 and det Ay > 0;
(i) det[A;, As] > 0.

Then Sy U Sy U Sy is locally polynomially convex at the origin.

Proof. — Under the conditions (i) and (ii), by Lemma 2.4, without loss
of generality we assume that

0 0 s21 b2
A = A == .
! <0 A) and Az ( ta Szz)
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Locally around the origin we can view the totally-real surfaces as follows:
So0(0) = {(z +ifo(x,y), y +igo(z,y)) €C*: (x,y) eR*N B(0;0)},
$1(6) = {(iz + fi(z,y), A +4)y+ g1(z,y)) €C*:

(z,y) € R* N B(0;
S2(0) = {((s21 + )z + toy + faw,y), tax + (522 + i)y + g2(w,y)) €C
(z,y) eR*N B(0;6)},

)},

where fy and gy are real-valued, and

filw,y) ~o(|(z,y)]) and  g;(z,y) ~o(|(z,y)]) forall j=0,1,2.
We now divide our argument in two cases.
Case I. — Assume det A1 = 0 and det A = 0.
We consider the polynomial
p(z,w) = 22 +w?
Clearly,

4.9  p(z+ifolz,y),y+ig(z,y) =2 +y* +o(|(z,y)?).

Hence, ﬂ%ep(ac +ifo(z,y),y +igo(z, y)) > 0,and = 0 if and only if (z,y) = 0.
For (z,w) € 51(9),
p(z,w) = p(iz + fi(z,y), A+ i)y + g1(z,y))
= —2? + (N = 1)y? + 2i\y® + 0(\(m,y)|2).
We first note that on the set S1(d) N {y = 0} the real part Rep < 0 and
equal to zero if and only if x = 0. Therefore, by continuity, there exists
e > 0 such that Rep < 0 on {(iz + fi(z,y), (A + i)y + g1(z,y)) € C?:
(z,y) € R*N B(0;6), |y| < €|z|}. On the other part of S1(8), we get the
imaginary part Smp > 0 and = 0 only when (z,y) = 0. Hence, there exists
a constant C; > 0 such that ‘§Rep | C1Smp(z) for all z € {(zx +
filz,y), A+ )y +g1(z,y)) € C*: (z,y) € R*N B(0;9), |y| > ela]}.
For (z,w) € Ko,
p(z,w) = p((s21 +9)x + tay + fa(,y), tox + (s22 + 1)y + g2(z, y))
= (831 + 15 — 1)2” + (s3p + 15 — 1)y +2(s21 + s22)tawy
+ 2i(8017% + $20y> + 2taxy) + o(|(z, y)|2).

Since det Ay = 0, we have

Smp(z, w) = 2(v/5212 + v/5229)° + o(|(z, )[?).
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On the set S2(d) N {./52133 + /S22y = 0} the real part

Rep = —(1+ s22/s21)y” + o(|y|*) <0,
and equal to zero if and only if y = 0. Again, by continuity of the real part,
there exists e; > 0 such that Rep < 0 on {((s21 +1)z +t2y+ fo(z,y), tox+

(s22+i)y+ga(z,y)) € C*: (z,y) € R*NB(0;0), |z < (e1—+/522/+/521)|yl}-
On the other part of S3(d), we get the imaginary part Smp > 0 and = 0

only when (x,y) = 0. Hence, there exists a constant Co > 0 such that
’?Rep(z)| < CoSmp(z) for all z € {((521 +i)x +toy + folx,y), tax + (S22 +

Dy + ga2(z,y)) € C*: (z,y) € R2NB(0;0), |z > (e1 — /522/+/521) |yl }-
From (4.9) we get that the imaginary part

Smp(z +ifo(z,y), y +igo(z,y)) ~ of|(z,y)]).
Since
?Rep(:c + Z‘fO(Iv y)a Y+ Z.QO(xv y)) 2= Oa
and = 0 if and only if (z,y) = 0, we get a sufficiently small g3 > 0 (g2 <
min{1/C7,1/C5}) such that
p(50(9)) C {z € C:|Smz| < ea|Rezl}.
Hence, all the conditions of Kallin’s lemma are satisfied. Therefore, shrink-
ing 0 if necessary, we conclude that Sp(d) U S1(6) U S2(d) is polynomially
convex.

Case II. — Assume det A; = 0 and det A5 > 0.

We will deal with the surface S1(§) as in Case I and for the other two sur-
faces we will use computations done in the proof of Theorem 4.1. Then, by
using Kallin’s lemma, we conclude that Sy U.S1 U Sy is locally polynomially
convex. U

5. Proofs of Theorems 1.6, 1.8 and 1.10

We begin this section by proving Theorem 1.6. This theorem plays a vital
role in the proof of the other two theorems.

Proof of Theorem 1.6. — We will work with Weinstock’s normal form
of the triples of totally-real planes as in (2.4)

Py =R* P/ =(A,+iDR?* j=1,2,

where
__t 1 _ t 1
= (FF ) e (FE T
1—t V3(1—t) 1—t V3(1—t)
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‘We have

V31— T VB(1-1?)
U(At):{m\/m t2—M}

(Al = {—t2+\/4t2—3 —t2—\/4t2—3}
1) — )

VB(1-12) T V31 -12)

We note that the eigenvalues of A} and A% are not purely imaginary for ¢ €
(0, 00). Hence, by Theorem 2.6, P{UPf and P{UPS are locally polynomially
convex at 0 € C2. To show P} U P} is polynomially convex, we need some
computations. First, we apply an invertible C-linear transformation C2 —
C% by z — (A% —il)z. It maps P{ to R?, and P} to (B! + il)R?, where
Bt = (AYAL + T)(AY — AL)~L. Tt suffices to show that Tr B! # 0. We
compute:

ot 1 t oyt
(5.1) At AL = < BT 182 VB2 \/5(1—t2)>
: t t t 1 ’
V3(1—t)2 + V3(1—t2) T31—t)2 T 1-2
t2 1 t t
(5.2) AyAl = ( ShwREE VA ﬁum)
’ t t t 1 )
TVBA-02  V3(1-t2) T3(1-0)2  1I-¢
V31— [ 0
5.3 AL Ay =25 1t
(5:3) (41 -4 s o )
- 3(+3tJ)r(t27t;) 2t
o 3(14+t)(1—-t V3(14+t)(1—¢2
(5.4)  (ALAL+1) = < . L ‘3_31<+t2+23>
V3(1—t)(1—t2) 3(1—t)(1—¢2)

Thus, we obtain that
Tr(B') = Tr((A{ A% + T)(A] — AY) ™)

3 — 2
=v5(1- 3=
£0 Vte(0,00).

Hence, the pairwise union of the totally-real planes Py, P; and P, is poly-
nomially convex. From (5.1) and (5.2), we obtain that

3—1t2
2t?
5.6 TrAt— —— "
( ) rAy \/§(1 . t2)
2t2
5.7 L
( ) T Ay \/3(1 _t2)

ANNALES DE L’INSTITUT FOURIER



CERTAIN REAL SURFACES IN C? WITH ISOLATED SINGULARITIES 33

2(t* — 22 + 3)
3(1—2)2
16t2

3(1—t2)3°

(5.8) Tr AL AL = —
(5.9) det[Al, AL] = —

We now divide the remaining part of the proof into four cases.

Case I: t2 > 3. — In this case, we note that
det[A],A5] >0 and detA! >0, j=1,2

Hence, we have det A} det[A], A5] > 0 for j = 1,2. Therefore, in view of
Theorem 2.7(i), we get that Pt U P} U P} is locally polynomially convex at
the origin.

Case II: t? = 3. — We note that
det[A], A5] >0 and det A5 =0, j=1,2.

Hence, by Theorem 3.1, we obtain that P} U P U P4 is locally polynomially
convex at the origin.

Case III: % <t? < 3. — For \/g <t< \/ﬁ, we see that

X

3-17
det[Ai,Ag] > 0, det A; < 0, j = 1,2, and |d€t A§| = ‘3(1—#)

Hence, all the conditions of Theorem 3.2 are satisfied. Therefore, P{UP{UP}
is locally polynomially convex at the origin.

Case IV: 15%@ < 12 < 2. — In this case, we have
det[A], A5] >0 and det A% <0, j=1,2.
We now show that B(AY, AL) < det Az(Tr A;)%. We compute:

4 2
T ALAL — Ty ATy Ay = 28 F20 —3)

3(1—t2)2
4(t% — (212 — 3)?
Tr AL A (T A AL — T AL Ty AL — — 2~ CF—5))
9(1 — 2)
mAtN)zg—ﬂi—{ﬁ—&4+w#—1ﬂ
15432 9(17t2)4 .
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Thus, we have

det A3 (Tr A7) — B(AT, AY)

4t4(3 — 12) 4¢2 6 4 )
=950 —@p e @ 8t 18 —12)
4t2 2 2 4 6 4 2
42
= ————— (4* — 15t + 12).
9(1—t2)4( + )

Since, by assumption, % < t? < 2, we get that 4t* — 15¢2 + 12 < 0.
This implies det A5(Tr A%)? < B(AL, AL). Hence, using Theorem 3.3, we
conclude that Pt U P} U P} is locally polynomially convex at the origin.

Therefore, combining all the cases, we conclude that P} U P{ U P} is

locally polynomially convex at the origin for every t > 1;’;\[233 d

Proof of Theorem 1.8.

(i). — Assume t > 7”25\;%/§ We will show that S; is locally poly-
nomially convex at 0 € C2. Given S; = {(z,pt(z,f)) S (C}7 where
pi(2,2) = 222 + 222 + %23. We now use the proper holomorphic map
®;: C? — C? such that ®;(z,w) = (z,p¢(z,w)). In view of Theorem 1.4,

we obtain
®;71(S;) =PtUPUPL

We recall that the pair of matrices (2.4) corresponding to Weinstock’s nor-
mal form of the triple (P¢, Pf, P}) is

t 1 _ t 1
A§:<\/§(11+t) H—tt ) and Aéz( \/5(11+t) T+t )

t
Cl-t VBt 1=t V3(1-t)

By Theorem 1.6, we get that, for each t > 7”25\;%/57 PYU P} U P} is locally

polynomially convex at the origin. Therefore, in view of Lemma 2.2, for

t> 7”125\;5‘/@, the surface S; is locally polynomially convex at the origin.

(ii). — We use the proper map ®; so that

d71(S1) = PR UP UP,
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where the planes are:

VB(VB—i)  1-iv3
2 2 ’

VB(VB+i)  1+iv3_
2 2

Since P} N P} = {(z,w) € P} : z = =%z} for 0 < j < k < 2, by [10,

Lemma 1.3], the pairwise unions of Py, P; and P, are locally polynomially

convex at the origin. We now use the change of variables ¥: C? — C2
defined by

Py w=—

U(z,w) = (z+w,i(z — w)).
We denote ﬁ =V(P;), j=0,1,2, where

(22, —2y) € C*: z,y € R}

{
Plz{( (1—iV3)x, =2y + (V3 + 3i)z )GCQ:x,yGR},
={( (1+iv3)z, =2y — (V3 = 3i)z) € C*: 2,y € R}.
Let K, = 7 =0,1,2, and K = K; U K5. We consider the
j B(0; 1),

polynomial F ( w) = z. Clearly, we have:

F(K;)CcRcCC,

F(K;) c (1-iV/3)RCC,

F(K3) C (1+4V3)R C C.
Thus, we have KoK = {0}. We also obtain that F~'{0}NKy = {(0, —y) €
C?:yc ]R} N Ko, which is polynomially convex, and F~1{0} N K =

{(0, —y)€C?:yc R} N K. Therefore, by Kallin’s lemma (Theorem 2.3),
we conclude that KoUK (= Ko U K7 U K5) is polynomially convex. O

Proof of Theorem 1.10. — We know that there exists 7 > 0 such that
M, N B(0;r) = {(z,w) € C*: ¢(2,w) = 0},

where ¢(z, w) = pi(2,%) + F(2,Z) —w with F(z) = o(]z]*). We first prove
that, for ¢ € (0,1) U (1,00), the preimage of M;, near the origin, under
the proper holomorphic map ®;, is a union of three pairwise transverse
totally-real surfaces intersecting only at the origin. More precisely, we will
show, shrinking r, if needed, that

oYM, N B(0;r)} = SHuUStU S,

TOME 0 (0), FASCICULE 0



36 Sushil GORAI

where

So={(¢.C+f(Q) eC?:CeC, (| <},

(-5 580 g0) et e <o
3+iV3 1+zxf
:{(Cv_ 9% ¢—

with f(¢) ~ 0(|C\), g(¢) ~ o(|C\) and h(¢) ~ o(\(|) near the origin.
We see that

oSt My = &(®(CC+ Q) =

C+h(§)) eC?:¢eC, C|<r}7

This implies

o(Cpe(C,C+ £(Q)) =
= () + 3¢+ ) (F(O)) +3(C+ 0 F(C) — 3F((.0) = 0.
Thus, we obtain that

(5.10) (t£(C)+ (C+10))" = 3tF(C) + (¢ + t0)?

3tF(C) )1/3
C+t)3)

Since our requirement is f(¢) ~ o(|¢|) near the origin, we have chosen the
cube root of unity as 1 in (5.10). Since F(¢) ~ o(|¢[*) and (¢ 4 #€)® ~

O(|¢?),

— tf(C)+(C+tC)=(C+tC)(1+

‘3tF(O — 0 as(—0.

(C+t)?
3tF(¢)

1/3
Hence, in a small neighborhood of the origin, the function (1 + (<+t2)3>

well defined and continuous. Expanding the right-hand side of (5.10), we
get that f is €"'-smooth near the origin and f(¢) ~ o(|¢]).
Since ®,(St) C M;, we get that

o(o(c -5 -0 00))) =0
This implies

12(9(¢))” — 3te*™/3(C +10) (9(0))” + 3¢" /3 (¢ + 10)g(¢) — 3F(C) =0

pin/ 03 - 3tF(C)
= (tg(Q) + P + () —(<+t<)3(1+(<+t§)3>'
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Thus, we have
3tF(¢)

‘ (¢ +1t0)?
We now choose e as the cube root of unity to get a ¢'-smooth g in a
small neighborhood of the origin and

9(¢) ~ o([¢])-
We also have ®;(S%) C M;. This implies that

¢(<7 _3+21\/§ 1+zxf

— 0 as(—0.

im/3

S h(0) =0,

and hence,

2

(5.11)  2(h(C))” + 3te/3(¢ 4+ 1) (h(C))
+3e”/3(C + 10)*h(¢) = BF(¢) =0
= (th(¢) +e*™/3(¢ + tZ))3 = (¢C+t¢)? (1 + m>

In this case, choosing e as the cube root of unity, we get from (5.11)
that h is € -smooth in a small neighborhood of the origin and h(¢) ~ o([¢]).
The tangent spaces of S, St and Si at the origin are:

ToSs = {(¢,() e C*: ¢ e C},
T, = {(g _“[ _;\/§<> e«:?:gec},

2t

T05§={<C, 3+1f 1+2i\/§c>e(cz:(e(c}.

2im/3

Using a C-linear change of coordinates, in view of (2.4), we get Weinstock’s
normal form for the tangent spaces as

To(S5) =R?, ToS) = (A} +iDR?,  j=1,2,

where
__t 1 .t 1
1-t V3(1—t) 1—t V3(1—t)
Smce t > VI15-V33 , by Theorem 1.6, any compact subset of the union

2v/2
U (A} +4iDR2 U (Ag +4I)R? is polynomially convex. We now divide the

rest of the proof in few cases.
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Case I: t? > 3. — 1In this case, we note that
det[A], A5] >0 and detA’ >0, j=1,2.
Therefore, in view of Theorem 4.1(i), we get that S§ U St U S is locally

polynomially convex at the origin.

Case II: % < t?2 < 3. — For \/§< t < /3, we see that

3—t2
det[Af, A5] >0, detAl <0, j=1,2, and |detA§|:’3 <1

(1-1%)
Hence, by Theorem 4.1(ii), we conclude that S§ U St U S% is locally poly-
nomially convex at the origin.

Case III: t?* = 3. — We note that
det[A],A5] >0 and detA’ =0, j=1,2,

Hence, by Theorem 4.2, we obtain that S§U St U S% is locally polynomially
convex at the origin.

Therefore, combining all the cases, we conclude that S§ U St U S} is

locally polynomially convex at the origin for every ¢ > \/g . Thus, in view
of Theorem 2.2, we conclude that M; is locally polynomially convex at

0eCift> /3 0

6. Proofs of Theorems 1.7, 1.9 and 1.11

In this section, we first prove Theorem 1.9 and we apply it to prove
Theorem 1.7. Finally, we give a proof of Theorem 1.11. We begin with a
lemma in one variable complex analysis.

LEMMA 6.1. — Let g4(2) = 2% +t2* + %zf‘, 0 < t < 1. For each point
a € 0D, g; has only two preimage of g;(a) on D if and only if 0 < t < v/3/2.

Proof of Lemma 6.1. — Counsider a point a € 9D. The equation g;(z) =

gi(a) gives us
t2 t?
22+t + 526 =a® +ta* + gaﬁ.
If t = 0, then there are only two roots a, —a of the above equation. There-
fore, we assume t # 0. The above equation gives us
2
= (z+4a)(z—a)+t(z" —a)+ 5(26 —a% =0

= (z—a)(z+a) <1 + (2% 4 a?) + g(z4 +a%2? + a4)> =0.
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Hence, the set gt_l{gt(a)} consists of a, —a, and the roots of the following
quartic equation:

2 ta? 2
3z4+t<1+3>z +1+ta®+ Sa =0.

To find the roots of the above quartic we make a change of variable w = 22,
where w is the new variable. The quartic now reduces to a quadratic equa-
tion:

t? ta? t?
3w2+t(1+§>w+1+m2+3a420.

w:—23t<1+ . )i\;’(ut )

Since a € dD, a = €'¥ for some 1 € [0, 27]. The roots of the above quadratic

are:
3 t
A= — (1 42 M) f’(1 +te?),

The roots are

2 3
3 t V/3i ;
= (1 21’([) 1 24 .
A2 o ( +3 3¢ > o7 — (1 +te*)

The real and the imaginary parts of \; are:
3
ReA = Eovie cos(2y) — w/3),

SmA = \2/—? —sin(2¢ — 7/3).

Hence,

M2 = 5 =+t BCOb(Qw—W/S) - ?Sln(2¢—ﬂ'/3)

Thus, we have
3 .
Ml=1 = 2 +3c0s(2Y —7/3) - V3sin(2y — 7/3) = 0.
We now consider a function g: [0,27] — R defined by
g(z) = 3cosz —/3sinz.

We need to find the minimum value of g in [0, 27]. We compute ¢'(z) =
—3sinx — v/3sinx and ¢/(x) = 0 implies = 7 — 7/6 and = = 27 — 7/6.
The function g attains its minimum at * = 7 — 7/3, and the minimum
value is —2+/3. Hence, |A| = 1 if and only if

V3

3/t<2V3  — t> -
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By a similar argument, we obtain that |\o|?> = 1 if and only if

%+3mquwﬁﬂ+¢%m@¢+wm):o

That is, |A\2| = 1 if and only if ¢ > @ Hence, the number of preimages of
g+(a) under g; is 2 if and only if 0 < ¢ < ? O

We now present our proof of Theorem 1.9.

Proof of Theorem 1.9. — We first compute the Maslov-type index for S;
2
at 0 € C2. Given py(2,%) = 2%Z + t22° + £2°. Putting z = z + iy, we get

%(2,2) = (1 +t)2%2% — (1 —t)%y* + 2i(1 — t*)xy.
z
For ¢ # 1, clearly, (9p;/0z)” {0} = {0}. In this case, we have
_ 9 _ 2
q(z) = o (z,1) = (z 4+ 1)~

Therefore, using Theorem 2.14, we obtain that the Maslov-type index:

2 ift<1
6.1 Indg, (0) =4 ’
(6.1) s.(0) {—z if 4> 1.
Next, we show that the function ¢.(z,%z) = ﬂ?e(@) is subharmonic
in C\ {0} for t < 1. We have
= 223
PED o e B2
z 3 z
Hence,
.t o tE 24t
(6.2) $1(2,2) = 2Z + 5(22 +7%) + 3 (|22)»
2 20,4 | 4
(6.3)

Hence, in view of (6.3), we get that ¢ is subharmonic in C\ {0} for all
te(0,1).

(i). — Assume that ¢t < 1. In view of (6.1), the Maslov-type index
Indg, (0) = 2 and ?Re(@) is subharmonic in C\ {0}. Therefore, applying
Theorem 2.17(i), we conclude that S; is not locally polynomially convex at
the origin for t < 1.
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(if). — By part (i), we already know that the local hull of S; is nontrivial.
We will use Theorem 2.17(ii). For that, we consider the curve defined on
the unit circle:

C(z) = P2)

23

(6.4) 2
=22 +tz' + 526, |z| = 1.

Since t € R, we see that Ci(2) = C;(Z). We now consider the polynomial

2
(6.5) gi(z) =22 +t2* + %26.

By Lemma 6.1, we obtain, under the condition 0 < ¢ < 1/3/2, the preimage
of g¢(a) under g; has exactly two points and the points are a and —a for any
a € OD. Hence, if for any two distinct points z1, 2o € 9D, Ci(21) = Ce(22),
then z; = —z9. Therefore, 21, zo divides the unit circle in two segments of
lengh 7 > 7 /2. Hence, Theorem 2.17(ii) applies in this situation. Therefore,
for 0 < t < v/3/2, the polynomial hull of S; N B(0; §) contains a ball centred
at the origin and with positive radius.

(iii). — We assume v/3/2 < t < 1. In this case, using Lemma 6.1,
we obtain that the set g;l{gt(a)} has more than two points in the unit
circle. The proof of Lemma 6.1 shows that it has exactly four points in
the set g; '{g:(a)} NOD if v/3/2 < ¢ < 1, and the set is not of the form
{a,—a,ia, —ia}. Hence, the curve C;(z) defined as in (6.4) does not satisfy
property (xx) in Theorem 2.17. Hence, by Theorem 2.17(iii), we obtain, at
least, a one-parameter family of analytic discs with boundary lying in S}
passing through the origin. O

Proof of Theorem 1.7. — Let us fix a > 0 and let K = (P U Pf U
P} N @1 (B(0;6)). We note that @, ' (®4(K)) = K. Clearly, ®;(K) C
S¢NB(0;6) is a compact subset containing a neighborhood the origin in .S;.
By Theorem 1.9(i), for ¢t < 1, ®;(K) is not polynomially convex. Therefore,
K is not polynomially convex. Since § > 0 is chosen arbitrarily, PtUP{UP}
is not locally polynomially convex at the origin.

-~

(i). — We consider K as before. By Theorem 2.2, we get that ®;(K)
is polynomially convex. Since ®;(K’) contains a neighborhood of the origin

in the relative topology of S, using Theorem 1.9(ii) we obtain that m
contains a ball B(0;r) for some r > 0. Since ®;(K) is polynomially convex
and contains ®;(K). Hence,

— ~

(6.6) T, (K) C &,(K).
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Therefore, &, ! (B (0; 7’)) cK , which contains a neighborhood of the origin
in C2.

(ii). — Using same K as in part (i), we see that, for @ <t <1,
<I>/(E) contains at least a one-parameter family of analytic discs passing
through the origin. We also have ®; {0} = {0}. Therefore, in view of (6.6),
the preimages of the analytic discs lie in K. The boundary of each of the
preimages of analytic discs passes through the origin. The preimage of a
disc is an analytic variety with boundary in K. O

Proof of Theorem 1.11.

(i). — We assume t < 1. In view of Lemma 2.13, we get that
Indg, (0) = Indy, (0).

In the proof of Theorem 1.9(i), the Maslov-type index for S; is computed.
Hence, for ¢ € (0, 1), the Maslov-type index

Inth (0) =2

We also know that %e@ is strictly subharmonic in C\{0}. Since a small
¢*2-perturbation of strictly subharmonic function is again strictly subhar-
monic and F(z,%) ~ o(|z|?) near the origin, we obtain that ?Rew
is strictly subharmonic in a small deleted neighborhood of the origin. There-
fore, by Theorem 2.16, we conclude that there is an analytic disc with
boundary in M,;. Hence, M; is not locally polynomially convex at the ori-
gin.

(ii). — We will use Theorem 2.18 to prove this. We know that
Indp, (0) =2, VO<t<l,

and %e@ is subharmonic but nowhere harmonic in C \ {0}. Since 0 <
t < v/3/2, by Lemma 6.1, S; satisfies property () (see Theorem 1.9(ii)
for computations). Hence all the conditions of Theorem 2.18 are satisfied.

Thus, for every r > 0, the polynomial hull of M; N B(0;r) contains a ball
centred at the origin and of positive radius.

(iii). — Assume @ < t < 1. We know that the Maslov-type index of S,
the graph of lowest order polynomial of the local graphing function near
the origin, is 2. By part (i), we already know that there is an analytic
disc with boundary on M;. Actually, the proof of Theorem 2.16 in [27]
gives a one-parameter family. If the disc encloses the CR singularity at the
origin, then, by using Theorem 2.15, we obtain a three parameter family
of analytic discs that will fill a neighborhood of the origin. Otherwise, the
boundaries of the discs must pass through the origin. O
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7. Questions

In this section we mention a few questions whose answers will make the
picture clearer. The questions seem quite interesting (at least to the author)
and classical. We begin with a conjecture.

CONJECTURE 7.1. — The surface M, is locally polynomially convex if
t>1.

Theorem 1.10 proves above for ¢ > \/g = 1.2247... The only part that

remains open is for 1 < ¢ < %

QUESTION 7.2. — Does there exist an example of a surface M, for
V/3/2 <t < 1 such that the local polynomial hull at the origin contains a
nonempty open ball centred at the origin? Or does the disc attached to it
always have boundaries passing through the origin?

Wiegerinck’s result just gives a one-parameter family on analytic discs.
We do not know whether an if-and-only-if condition for obtaining a three
parameter family of analytic discs, analogous to Theorem 2.17, is possible
when the higher order terms are present. In any case, it will be interesting
to know the local hull of M; for v/3/2 <t < 1.

QUESTION 7.3. — What can one say about the fine structure of the
local hull of S;? Will it contain an interior point if § <t<1?

QUESTION 7.4. — What can one say about the local polynomial con-
vexity of M fort =1, i.e., at the parabolic CR singularity of higher order?

QUESTION 7.5. — What can one say about the local hulls and local
polynomial convexity about the surfaces with cubic lowest order homoge-
neous term that do not belong to this family? Does there exist any other
one-parameter family exhibiting Bishop-type dichotomy?

QUESTION 7.6. — Can one achieve analogous results for surfaces with
CR singularity of higher order, i.e. when My, locally at the origin, is of the
form {(z,w) € C* : w = (z + t2)* + o(|z|*) }, k > 37

In this case, one cannot apply Theorem 2.16 to get nontrivial hull for
t < 1 as the subharmonicity condition that appears in Theorems 2.16, 2.17,
and 2.18 is not automatic, which was the case for k = 3.
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