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E-POLYNOMIALS OF GENERIC
GL, x(0)-CHARACTER VARIETIES:
UNBRANCHED CASE

by Cheng SHU

ABSTRACT. — For any unbranched double covering of a compact Riemann sur-
face, we study the associated character varieties that are unitary in the global sense,
which we call GL,, x{o)-character varieties. We introduce k > 0 punctures on the
surface, restrict the monodromies around the punctures to generic semi-simple con-
jugacy classes in GLy,, and compute the E-polynomials of these character varieties
using the character table of GLy, (q). The result is expressed as the inner product
of certain symmetric functions. We are then led to a conjectural formula for the
mixed Hodge polynomial, which is built out of (modified) Macdonald polynomials,
their self-pairings, and self-pairings of wreath Macdonald polynomials.

RESUME. — Pour tout revétement non ramifié de degré deux d’une surface de
Riemann compacte, nous étudions les variétés de caracteére associées qui sont uni-
taires dans le sens global, et nous les appellerons variétés de GL,, x(o)-caractere.
Nous enlevons k points de la surface donnée, exigeons que les monodromies autour
des points enlevés appartiennent aux classes de conjugaison semi-simples génériques
dans GLj, et calculons les E-polynémes de ces variétés de caractére en utilisant
la table des caractéres de GLy, (q). Le résultat est exprimé comme le produit sca-
laire de certaines fonctions symétriques. Nous proposons une formule conjecturale
pour le polynéme de Hodge mixte, qui est construit a partir des polynémes de
Macdonald, de leurs produits scalaires, et des produits scalaires des polynémes de
Macdonald en couronne.

1. Introduction

In this article, we will call Macdonald polynomials what are usually called
modified Macdonald polynomials in the literature, since only this version
of Macdonald polynomial appears.

Keywords: character varieties, mixed Hodge polynomial, symmetric functions.
2020 Mathematics Subject Classification: 14M35, 20C33, 05E05.
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1.1. Background

Given a compact Riemann surface and a reductive algebraic group G,
one can define three moduli spaces: the moduli space of Higgs G-bundles,
the moduli space of flat G-connections and the G-character variety. The
cohomologies of these spaces are identified via the nonabelian Hodge theory
and the Riemann—Hilbert correspondence. Early study of these cohomology
groups focused on the computation of Betti numbers. The method was to
exploit the C*-action on the moduli of Higgs bundles (see for example [5,
9]). However, such a computation is only manageable when G has small
rank. In general, counting points over finite fields proved to be a much
more efficient way to compute the cohomology.

The project of counting points of character varieties over finite fields
was initiated by Hausel and Rodriguez-Villegas in [8]. For character vari-
eties, the counting does not produce the Poincaré polynomial. Instead, one
obtains the E-polynomial of the character variety over complex numbers,
according to a theorem of Katz [8, Appendix]. The E-polynomial has as
coefficients the alternating sum of the dimensions of the graded pieces of
the weight filtration. The computation relies on our knowledge of the char-
acter table of the finite group of Lie type GL,(q). With the E-polynomial
obtained, in a subsequent work joint with Letellier, they proposed a conjec-
tural formula for the mixed Hodge polynomial. This polynomial encodes
the dimension of each graded piece of the weight filtration in each co-
homological degree. Remarkably, the formula is dominated by (modified)
Macdonald polynomials and their self-pairings. Recently, by counting Higgs
bundles over finite fields, Schiffmann and Mellit have obtained a closed for-
mula for the Poincaré polynomial of the moduli space of (parabolic) Higgs
bundles with G = GL,, and arbitrary n, thus proving the conjecture of
Hausel-Letellier—Rodriguez-Villegas at the level of Poincaré polynomials
(see [15, 16, 17]). Some other related conjectures have also been proved by
Mellit (see [13, 14]).

1.2. GL,(o)-character varieties

In this article, we study character varieties that are unitary in the global
sense. Let X’ be a compact Riemann surface of genus ¢, and let p/: 3/ — 3
be an unbranched double covering. We will assume g > 0 throughout, so
that such a covering exists. We introduce k > 0 punctures on X', resulting
in the non-compact surface Y. Denote by p: Y — ¥ the restriction of p’
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E-POLYNOMIALS, THE UNBRANCHED CASE 3

to X. Let C = (C})1<;<k be a tuple of semi-simple conjugacy classes in GL,,.
Finally, let o be an order 2 exterior automorphism of GL,, (see Section 2.1
for the definition of o), and denote by GL, (o) the semi-direct product
GL,, x (¢). Our GL,, (o)-character variety is defined by

k
Che(S) = {(Az,B)( x,); ez < [[ ¢

Jj=1

g k
Alo(Bl)Al_lBl_l H[AZ7B7,] H Xj = 1}// GLn,
=2 j=1

where the bracket means the commutator. Note that A;o(B;)A7 Byt is
just [A1o, B1]. Also note that the defining equation is different from the
branched case [20, Section 1.3]. This is the moduli space of the homomor-
phisms p that fit into the following commutative diagram:

1 ( —>GL

N A

Gal(X/x)

where Gal(3/X) 2 7/2Z is the group of covering transformations, ¢, is the
quotient by Wl(i), and gz is the quotient by the identity component. The
monodromy of p at the punctures must lie in the corresponding conjugacy
classes (C})1<j<k-

The character variety Che (X)), via the nonabelian Hodge theory, is diffeo-
morphic to the moduli space of (parabolic) unitary Higgs bundles, that is,
torsors under the unitary group scheme over ¥ equipped with a Higgs field.
The cohomology of this kind of moduli spaces is interesting in representa-
tion theory. See for example the work of Laumon and Ngo [10].

In a previous article [20], the author studied the case of branched cover-
ings. Using the character table of GL,,(q)(o), a formula for the E-polynomial
of the character variety was obtained in loc. cit. Surprisingly, the for-
mula seems to suggest that the mixed Hodge polynomial is dominated by
Macdonald polynomials and wreath Macdonald polynomials (see below).
Roughly speaking, a wreath Macdonald polynomial appears precisely when
the homomorphism p enters the twisted component GL,, o. In the current
situation, a generator of 71 (X) associated to a genus is mapped into GL,, .
We will see that this generator should give rise to a self-pairing of wreath
Macdonald polynomial.

TOME 0 (0), FASCICULE 0
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1.3. Macdonald polynomials and wreath Macdonald
polynomials

We write Sym|z] for the ring of symmetric functions in the variables
z = (21, 22,...) over the base field Q(z,w), the function field in z and w.
The ring Sym/|z] is equipped with an inner product (—, —), called the Hall
inner product. It can be deformed into another inner product (—, =), w,
called the Macdonald inner product. We denote by P the set of all parti-
tions, including the empty one. For any A € P, denote by H)(z;z,w) the
corresponding Macdonald polynomial. Denote by

Ny(z,w) = <H>\(z; z,w), Hy(z; z,w)>z)w

the self-pairing of a Macdonald polynomial under the Macdonald inner
product. It has an explicit expression (see [6, Corollary 5.4.8]):

(11) N,\(z,w) — H(Za(z)Jrl _ wl(z))(za(z) _ wl(m)Jrl)’

TEN
where x runs over the boxes in the Young diagram of A, and a(x) and
I(x) denote the arm-length and leg-length, respectively. We will also need
a deformation of it:

(1.2) N (u, z,w) = l_l(za(l')"'1 — uw' @) (24 — Tyl
TEA
Wreath Macdonald polynomials were introduced by Haiman in [6], and
their existence was proved by Bezrukavnikov and Finkelberg in [1]. These
are a family of (tensor) symmetric functions depending on an integer r > 1
and an r-core. An r-core is simply a partition A such that there is no box
x € XA with h(z) = 0 mod r, where

hiz) =a(z)+1(z)+1

denotes the hook length of x. In this article, we set r = 2. The wreath
Macdonald polynomials with a given 2-core are parametrised by P? =
P x P, and the set of all wreath Macdonald polynomials, with varying
2-cores, is in bijection with P. For any A € P, write

(1.3) Na(zow) = J[  (*OF —w!@))(zol) — )L,
TEX
h(z)=0 mod 2
and
(1.4) Ni(u,z,w) = H (z0@F _ @) (z0@) gy = 1gpl(@)+1),
TEX
h(z)=0 mod 2
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E-POLYNOMIALS, THE UNBRANCHED CASE 5
Up to a “wreath-V” term (see [20, Section 8.2.2]) that plays no role in

what follows, these are the self-pairing and the deformed self-pairing of the
wreath Macdonald polynomial corresponding to .

1.4. The generating series

We define two generating series, which only depend on g and k:

N 2 2 gle
Qu(z,w) = z x (2w, 2 W ) A(zw, 22, w? HHA ZJ722 w?),
AEP Na(z%w?) j=1
k
. Ny (zw, 2%, w?)?9~1 9
Quleyw) =3 Na(22,w?) H Az 25w’
AEP j=1
where {z1,...,2;} are independent variables.

Remark 1.1. — According to [20], the “wreath-V” term of the self-pairing
of a wreath Macdonald polynomial should not be deformed. Therefore in
Qe (2, w), these terms cancel out. This is the reason why we omit them from
the definition of Ny (z, w).

The reader can observe that the series 4 (2, w) is roughly what we get
from the series Qo(z,w) and Q(z,w) defined in [20] by pretending that
the number of ramification points is equal to 0. The essential difference
is that there is no restriction on the 2-core in Q4(z,w), and this is an
obstruction to a uniform formula that works in both the branched case and
the unbranched case. The origin of this difference lies in the representation
theory of GL,(q){c). As is explained in [20], if a unipotent character of
GL,(q) corresponds to a partition with 2-core larger than (1), then its
extension to GL,,(¢)o must vanish on every semi-simple conjugacy class.
In the unbranched case, the conjugacy classes are contained in GL,,(¢) and
thus impose no restriction on the 2-core.

The series §.(z,w) resembles the series defined by Hausel-Letellier—
Rodriguez-Villegas for a Riemann surface of genus 2¢g — 1, but the Macdon-
ald polynomial is squared.

1.5. The conjectural mixed Hodge polynomial

For any tuple of semi-simple conjugacy classes C = (C})i1<j<k, let p =
(15)1< <k be the tuple of partitions of n such that each 1, is defined by the

TOME 0 (0), FASCICULE 0



6 Cheng SHU

multiplicities of the eigenvalues of C;. Let Che be the GL,, (o)-character
variety defined by C. Denote by d the dimension of Ch¢, which only de-
pends on pu, g and n. For any A € P, denote by hy(z) the corresponding
complete symmetric function. The summand in , corresponding to the
empty partition is equal to 1; therefore, we can apply the formal expansion

1 m,.m
1+zx - Z(_l) .

m2=0

to 1 + x = Q.. Define the rational functions in z and w:

2 k
(1.5) Hyu(2,w) = <m I % <zj>>.
*\ < =1

The definition resembles the branched case, but does not depend on the
parity of n.

CONJECTURE 1.2. — Let C = (C})1¢j<k be a strongly generic tuple of
semi-simple conjugacy classes in GL,,. Then:

(i) the rational function H,,(z,w) is a polynomial; it has degree d in
each variable, and each monomial in it has even degree; moreover,
H,,(—z,w) has non-negative integer coefficients;

(ii) the mixed Hodge polynomial H.(Che;x,y,t) is a polynomial in q :=
xy and t;

(iii) the mixed Hodge polynomial is given by the following formula:

1
HC(ChC; q, t) = (t\/a)dHu (_t\/aa ) 5
Va
in particular, it only depends on p and not on the generic eigenval-

ues of C.

Remark 1.3. — Although C is a tuple of conjugacy classes of GL,,(g), the
definition of genericity is very different from that in [7] (see Section 4.2).

The above conjectural formula, combined with some fundamental sym-
metries in Macdonald polynomials and wreath Macdonald polynomials,
implies the following.

CONJECTURE 1.4 (Curious Poincaré duality). — We have

1
H. (Chc; 2 t) = (qt)_dHc(ChG q, t)'
q

ANNALES DE L’INSTITUT FOURIER



E-POLYNOMIALS, THE UNBRANCHED CASE 7
1.6. Main theorem and evidences of the conjecture

Our main theorem is a formula for the E-polynomial.

THEOREM 1.5. — The t = —1 specialisation of part (iii) of Conjec-
ture 1.2 holds:

H(Che; 4, —1) = (/)M (wy, \}a)

Then the Curious Poincaré duality specialises to the following symmetry.
THEOREM 1.6. — The t = —1 specialisation of Conjecture 1.4 holds:
E(Che;q) = ¢"E(Che; 7).

Our computation of the E-polynomial follows the line of [20]. However,
there are major differences. On the one hand, in view of the defining equa-
tion of the character variety (see Section 1.2), the computation will only
use the characters of GL,(q), not those of GL,(q){c). The consequence
is that partitions are allowed to have arbitrary 2-cores, as we have seen.
On the other hand, due to the presence of the exterior automorphism o,
only those irreducible characters of GL,,(¢q) that are o-stable have nontriv-
ial contributions to the E-polynomial. This results in the expression (1.5)
which looks more like the series in [20] instead of the one in [7]. Therefore,
we will use a mixture of techniques from [7, 20].

The E-polynomial is the main evidence of our conjecture. However, as
we can observe from the definition of Q4(z,w), if we make the speciali-
sations z = /¢ and w = \/671, i.e. pass to the E-polynomial, then the
wreath terms N A become invisible. This is one reason for which the con-
jectural formula in the unbranched case is formulated after the branched
case. In [20], it is the representation theory of GL,(¢)(c) that suggests the
possible connection to wreath Macdonald polynomials. In the current cir-
cumstance, the wreath terms can only be seen when we explicitly compute
the mixed Hodge polynomials for n = 1 and n = 2 (and arbitrary g > 0).
These computations are given at the end of the article. Without our pre-
vious experience with the branched case, we would have no idea how to
explain these unexpected terms.

To test our conjectural formula® we have computed H,,(z,w) when
n=3,9g=1,23, and:

k =1: C = (Cy) with C; regular;

(1) The author uses MATLAB.

TOME 0 (0), FASCICULE 0



8 Cheng SHU

k = 2: C=(C1,C5) with C; and Cy regular;
k = 2: C = (C1,Cy) with C; regular and Cs conjugate to diag(a, a, b),
a#b.

There is no geometric result in the literature that allows us to compute the
mixed Hodge polynomial of these character varieties when n = 3. However,
our computation shows that part (i) of Conjecture 1.2 is true in every case
we have tested. Since part (i) of the conjecture is a sufficient condition for
the formula in part (iii) to be a polynomial in ¢ and ¢ with non-negative
integer coefficients, this indicates a geometric origin of H,,(z, w).

Let us give one example. We put n =3, g = 1, k = 1, and take one reg-
ular semi-simple conjugacy class. The complete symmetric function hq(z)?
corresponds to this conjugacy class. Unwinding the definitions, we have

Qo(z,w)* ]\Nf(g)(zw722,w2)H D He + N2y (zw, 22, w?)

Qu(z,w) ]\7(2)(22,11)2) ( N(lz)(227w2)

HyHzy

N3 (2w, 2%, w?) Ns (2w, 22, w?)
2 2 2 H) _- 2 9 H13) 4 Ho1)
N(g)(z , W ) N(lx)(z , W )

Ny (zw, 22, w?)
N(l)(zz,wz)

H?l) + terms not of degree 3,

where we have omitted the variables of the Macdonald polynomials. Note
that the partition (21) is a 2-core, and so ]\Nf(gl)(z,w) = 1. Consequently,
H 31y has coefficient 1. For the same reason, we do not see the contribution
of partition (1) in the coefficients of H(1yH ) and H1yH 2. Taking the
Hall inner product with hq(z)? gives

H,, (2, w) = (2 —w)* (3+322) + (2 — w?)? (3 + 3w?)
B (2% —1)(2%2 — w?) (1 —w*)(22 —w?)
+ (2° — w)” (1 + 22222 +1) + 26)
EEERTD
(z —w3)?

+ (1 + 2w (w? + 1) + wG)

1—wh)( —u?)
(2 — w)?
- D1 —u?)

=w® +w?2? + 2wt — 203 2 + w? 2* + 3w? 2% + 8w?

+ (1+2(2* + w?) + 2*w®) — 6

— 2wz —dwz+ 25 +224+822+5.

ANNALES DE L’INSTITUT FOURIER



E-POLYNOMIALS, THE UNBRANCHED CASE 9
Organisation of the article

As in [7, 20], there are three key ingredients in computing the E-polyno-
mial, and they are collected in Sections 2 and 3:
(1) the Frobenius formula (2.3) that reduces the point-counting prob-
lem to the evaluation of o-stable irreducible characters of GL,(q);
(2) a theorem of Lusztig and Srinivasan that expresses an irreducible
character of GL,(¢) as a linear combination of Deligne-Lusztig
characters R%w Or, (3.2);
(3) the character formula (3.1) which reduces the computation of
R%y 01, to the Green function and the linear characters 0r, .

The Green functions can be realised as transition matrices between sym-
metric functions (2.9). The linear characters are computed in Section 5. In
Section 4, we give the definition of our character variety, as well as generic
conjugacy classes, which is a key assumption in our main theorem. The
computation of E-polynomial is achieved in Section 6, using results from
previous sections. In the last section, we check that our conjectural for-
mula is consistent with some known cohomological results when n = 1 and
n=2.

Acknowledgments
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family for their support. I thank Tamas Hausel for answering a question.

2. Preliminaries
2.1. General notations

Let G be an algebraic group, and let X, Y and Z be subvarieties of G.
We will write Nx(V) = {z € X ‘ xYz~t =Y} If g € G, we denote by
Calg) ={heqG | hgh™ = g} the centraliser of g in G. The identity com-
ponent of an algebraic group G is denoted by G°. If ¢ is an automorphism
or endomorphism of a set X, we denote by X¢ the subset of the fixed
points of ¢. If G is a finite group, then Irr(G) denotes the set of irreducible
characters of G.

TOME 0 (0), FASCICULE 0



10 Cheng SHU

For any n € Z~(, we denote by &,, the symmetric group and by 2J,, the
semi-direct product (Z/2Z)" 1 &,,, where &,, acts on (Z/2Z)™ by permuting
the factors.

If o is an order 2 automorphism of GL,,, then we can define a semi-direct
product GL,, X {¢). The o that we will use is defined as follows. Denote by
J, the matrix

1
(Jn)ij =
1
If n is even, define the diagonal matrix tg = diag(aq,...,a,) with a; = 1 if
i < N and a; = —1 otherwise. Write J/ = toJ,,. Write
(2.1) T, = J;, if n is even,
J, if nis odd.

Define o € Aut G as sending g to J,g7'J,,t, where g~! is the transpose-

inverse of g. We have (G7)° = Sp,yy if n = 2N and (G?)° = SOgny41 if
n=2N +1.

2.2. Algebraic groups defined over a finite field
2.2.1.

We will denote by p > 2 a prime number and ¢ a power of p. We denote
by k an algebraic closure of F,. An algebraic group G over k is defined
over [, if there is an algebraic group G over F, such that Go ®r, k = G.
If this is the case, we denote by F' the geometric Frobenius endomorphism
of G. We denote by G¥ the finite subgroup of F-fixed points. We may also
denote it by G(g). If X C G is a subvariety, we say that X is F-stable if
F(X)=X.

2.2.2.

Let G be a connected reductive group defined over F,, and let T C G be
an F-stable maximal torus. Denote by W the Weyl group of G defined by T.
The G¥-conjugacy classes of F-stable maximal tori are parametrised by the
F-conjugacy classes of W. Two elements v and w of W are F-conjugate
if there is some @ € W such that zvF(x)~! = w. This bijection is given
as follows. Let w € W and choose w € Ng(T) representing w. By the

ANNALES DE L’INSTITUT FOURIER



E-POLYNOMIALS, THE UNBRANCHED CASE 11

Lang-Steinberg theorem, there exists g € G such that g~ F(g) = . Then
gT g~ is an F-stable maximal torus whose G¥'-conjugacy class corresponds
to w. Conversely, any F-stable maximal torus can be written as g7'g~" for
some g € G. Since g~ F(g) normalises T, it defines an element of W whose
F-conjugacy class corresponds to the G¥'-conjugacy class of gT'g~!.

Fix an F-stable Levi subgroup Ly C G. The G¥-conjugacy classes of
the G-conjugates of Lo are in bijection with the F-conjugacy classes of
N¢(Lo)/Lg. This bijection is completely analogous to the torus case above.
Let w € Ng(Lo)/Lo, choose w € Ng(Lo) representing it, and let g € G
be such that ¢g~'F(g) = w. Then L := gLog~ ! is also an F-stable Levi
subgroup. Define F,, := adw o F. It is another Frobenius endomorphism
on G, and Ly is F,,-stable. Now ad g is an isomorphism between Ly and L.
We have a commutative diagram:

Ly =9,

(2.2) F | |

Ly —— L.

adg

In particular, Lg"“ ~LF

2.3. Frobenius formula
2.3.1.

Let G be a finite group and let o be an automorphism of G of order 2.
Then o induces an action on Irr(G) by composition. Denote by Irr(G)? the
subset of o-fixed elements.

PROPOSITION 2.1. — Let C = (Cj)igj<r be an arbitrary k-tuple of
conjugacy classes in G. Then we have the following counting formula:

k
23 #{(. B, e [[ o,

k
AlU(Bl)Alefl H[A“Bl] HX] = 1}

—la 3 <>1(G1|)29 21£[|C|X

x€Irr(G)”

TOME 0 (0), FASCICULE 0
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Proof. — We will follow the strategy in [7, 20]. The left-hand side of (2.3)
turns out to be the value at 1 € G of the convolution of a collection of
functions on G. The computation of this value can then be reduced to the
Fourier transforms of individual functions in the convolution. Recall that
if f1 and fo are complex-valued functions on G that are invariant under
conjugation by G, then their convolution product is defined by

(frxf2)(@) =Y fi(y)fa(2),

yz=z
which is also invariant under conjugation. Define such a function n! by
n'(z) = #{(A,B) € G* | ABA"'B~' =z},
and another function n’ by
n'(x) = #{(A,B) € G* | Ao(B)A™'B~" = z}.

Denote by n9~! the convolution product of g — 1 copies of n'. Denote by
1¢; the characteristic function of the class C;. Then

k
#{(A“Bz)Z(XJ)] € G¥ x H Cj

j=1

g

k
Ald(Bl)Alefl H[AZ,BZ] HXJ = 1}
=2 j=1

/

= *n? P xlg xox10,)(1).

By the compatibility between Fourier transform and convolution (see [20,
(2.7.2.6) and (2.7.2.7)]), we have

(2.4) (' *n9 txlo, x--x1c,)(1)

k
1 -1 |Ci|x(Ci
- & Y PR (FEH ) TG

‘ |X€Irr(G) =1 X( )
where for any function f on G and any character x,
f(h)x(h)
F() = .
,;; x(1)
According to [7, Lemma 3.1.3], we have
Gl \?
F(n' = (|> .
00 = (1
It remains to compute F(n')(x).

ANNALES DE L’INSTITUT FOURIER



E-POLYNOMIALS, THE UNBRANCHED CASE 13

Let p: G — GL(V) be an irreducible representation with character x.
We have

e X (a.b)eG? x(1)
1
=——Tr Z p(ac(b)a'b7").
X(l) (a,b)eG?

Note that >, p(ac(b)a™') is an endomorphism of V' that commutes with
p(h) for any h € G. By Schur’s lemma, it must be a scalar endomorphism.
We deduce that

za:p(aa(b)afl) = W Idy .

Using the orthogonality of irreducible characters, we compute

1 1 1 G- xo0(b) 4
— Tr Z plac(b)a™'b7") = Z x(7)
X)L x(D) &z x(@)

0 if xoo # x,
2
(%) otherwise.

We conclude that in (2.4), only the o-stable irreducible characters con-
tribute to the sum. O

2.4. Symmetric functions

Now the letter ¢ denotes an indeterminate.

2.4.1.

Let z = (21, 22,...) be an infinite series of variables. The ring of sym-
metric functions over a field K is denoted by Symy[z]. In this article, K
can be Q, Q(q), or Q(g,t), i.e. functions fields in variables g, ¢t over ratio-
nal numbers Q, and in these cases, we will write Sym,_[z] and Sym, ,[z].
We will omit the subscript if there is no confusion with the base ring. For
any partition A € P, the corresponding Schur symmetric functions, mono-
mial symmetric functions, complete symmetric functions and the power
sum symmetric functions are denoted by sx(z), ma(z), ha(z) and py(z)
respectively.

TOME 0 (0), FASCICULE 0
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For any partition A = (1™*,2™2,...), define z\ = [[, 9" m;!. We have

2) =) X}s:(2)

TEP
Z 2 X p-(z
where X7 is the value of the irreducible character of &,, (with n = |7| = |\|)

corresponding to 7 at a conjugacy class corresponding to A.

2.4.2.

There are two families of Hall-Littlewood symmetric functions defined
n [12], and they are denoted by Py(z;¢q) and Qx(z;q), for A € P. The
function by (q) is the difference between them:
ba(@)Pa(z; q) = Qa2 q).
By [12, (2.6) and (2.7)], we have

1

(2:3) |GL,(q)|

_ q72n((1"))7nb(1n)(qfl)fl.

‘We have
(26) S/\(Z) = Z KA,T(Q)PT(Z; Q)7

for some polynomials Ky -(¢) in ¢ and they are called Kostka—Foulkes
polynomials. The modified Kostka—Foulkes polynomials are defined by

(27) [?A,T(q) = qn(T)K)\,T(q_l)-
The modified Hall-Littlewood function is defined by
(2.8) HAzq ZKT,\ q)s+(z

Finally, the Green polynomial is defined by
(2.9) Q% (q) =D X5Ku-(g)

Note that (Q3(¢)),, is the transition matrix between the modified Hall-
Littlewood functions and the power sum symmetric functions.
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2.4.3.

The ring Symyg[z] has a natural A-ring structure {p,},cz., with p,
sending p1(z) to p,(z) and sending ¢ and t to their n-th powers. Let
A be a A-ring containing K as a A-subring. Given any element z of A,
there is a unique A-ring homomorphism ¢, : Symy[z] — A sending p;(z)
to . For any F' € Symy|z], its image under this map is denoted by F[z].
Concretely, we can write F' as a polynomial f(pn(z) ’n € Z>0), we have
Flz] = f(pa(x) | n € Z). This is the plethystic substitution for F.

2.4.4.

The Hall inner product on Sym/z| is defined by
(52(2), 54(2)) = Ox s
for any partitions A and p. We have
(PA(2), u(2)) = 2202 -
The (g,t)-inner product on Sym, ,[z] is defined by

(Fla).Cldl),, = (Fl. Gl(q — 1)(1 — 1)a])

q,t
for any F', G € Sym,,[z].

3. o-stable irreducible characters of GL,(q)
In this section, we recall the character formula for Deligne-Lusztig in-
ductions, the construction of o-stable irreducible characters of GL,,(¢), and

introduce some combinatorial data called types. Types will be used in our
explicit computation of the E-polynomial in Section 6.

3.1. Deligne—Lusztig inductions
3.1.1.
Let H be a connected reductive group defined over F, and denote by F
the geometric Frobenius endomorphism. If L. C H is an F-stable Levi

subgroup, we denote by Rf the Deligne-Lusztig induction, which is a Q,-
linear map from the set of Lf-invariant functions on L% to the set of
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HF-invariant functions on H¥. We fix an F-stable maximal torus 7' C H,
and denote by Wy the Weyl group of H defined by 7. We will assume
that T is split so that F' acts trivially on W . For any w € Wy, we choose
an F-stable maximal torus T, corresponding to the conjugacy class of w.
Let 1 be the trivial character of T.X'. The Green function Q%ﬂ (u) is defined
as the restriction of Rﬂl to HE the subset of unipotent elements. These
functions only depend on the F-conjugacy class of w.

PROPOSITION 3.1 ([4, Proposition 12.2]). — Let s € HY be a semi-
simple element and v € HY a unipotent element that commutes with s.
Let 6 be a Q,-valued function on T . We have

1 Cu(s)° _
(3.1) Rgﬂ(us):m > ) ()0 (hsh™Y).
H {h€HF |hsh—1€T,)}

3.1.2.

Fix a semi-simple element s € H¥. For any 7 € Wy, put
Ar={heH|hsh ' €T}, A=A, nH".

The set AL is crucial for the computation of Deligne-Lusztig characters.
If AP is non-empty, we may assume that s € T, since R% 0 is invariant
under conjugation by HY. Put L := Cg(s)°. For any h € AL, h=1T,h is
an F-stable maximal torus of L. In particular, T, is an F-stable maximal
torus of L. Let Wy, := Wy (T) be the Weyl group of L defined by 7. The
L¥-conjugacy classes of the F-stable maximal tori of L are parametrised
by the F-conjugacy classes of Wr. There is a natural map from AZ to the
set of F-conjugacy classes of Wy, sending h € A" to the class of h™ 1T} h.
Denote by B, the image of this map. Let v € W, represent an F-conjugacy
class of Wy, and denote by Ai , the inverse image in AL of this F-conjugacy
class.

Let g, € H be such that T, = g,Tg; . Write sg = g7 'sg, and Ly =
Cu(so). Let Wy, be the Weyl group of Ly defined by T. The F-conjugacy
classes of W, are in natural bijection with the 7-conjugacy classes of Wr,,.
Two elements v and w are T7-conjugate if there is some x € W, such that
v = 2wtz 771, Therefore, we can identify B, with a set of T-conjugacy
classes of Wp,.

ProroOSITION 3.2. — We have
|AL

T,u| -

|LE |22t

v o

where z, is the cardinality of the centraliser of 7 in Wy, and z, is the
cardinality of the stabiliser of v under the T-twisted conjugation by W, .
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Proof. — This is [7, Equation (4.3.3)], but we can give a direct proof
(without assuming H = GL,,). We begin by showing that A, = Ny (T7)- L.
Let h€ A, then h~'T.hC L. There exists { € L such that (h ' T, hl~' = T;;
that is, h = nl for some n € Ny (T;). Conversely, any product nl with
n € Ny(T;) and | € L lies in A,. We have the following bijections:

AEJLF = (N (T) /NL(T)) " 2 (Na(T) /N1 (T)) ™ = (Wi /Wi,)"

The first bijection is induced by the identifications A, = Ny (T,) - L and
(A, /L)F = AF /LF . The second is induced by the conjugation by g=!, while
the Frobenius endomorphism is twisted according to the diagram (2.2).
More precisely, F, = ad7 o F, where 7 = g-'F(g,) represents 7 € Wpg.
The last bijection is obtained by taking the quotient by 7. Since T is
assumed to be split, the action of F' on Wy is trivial, and we are left with
the conjugation action of 7. Suppose that hL corresponds to wWp, under
these bijections. Since wW7p, is preserved under the conjugation by 7, we
have w™lTrwr™! € Wp,. We claim that the following two statements are
equivalent:

(i) the L¥-conjugacy class of the maximal torus h~'T,h corresponds

to the T-conjugacy class of v € Wp,;

(ii) w™trwr~? lies in the T-conjugacy class of v.
Since h='T,h = I7'T,1, the L¥-conjugacy class of this torus corresponds
to the F-conjugacy class of [F(I)~!. But h is fixed by F, and so [F(I)~! =
n~1F(n). Taking the conjugation by g-! and the quotient by T sends n
to w and F(n) to 7wr~!. The claim is proved. It remains to count the
number of cosets wWip, such that w=l7wr 1! lies in the T-conjugacy class
of v. Equivalently, we count the cardinality of

W(r,v) = {w e Wy | w™lrwr ™! lies in the 7-conjugacy class of V}

and then divide by |Wpg,|. If wy and wy are such that wflTwlT_l =

w;lngT_l, then wgwfl commutes with 7. Conversely, if w; € W(r, v) and
¢ € Cyw,, (1), then cw; satisfies (cw;) ™ rew; 7~ = wy 'rw 7~ 1. Therefore,

we have

|W(T, I/)} = ’CWH (T)|

It follows that |AZ, | = |[L¥[z 2, . O

Wi, _
L )
Zy

3.2. o-stable irreducible characters

Write G = GL,,. Denote by T C G the maximal torus consisting of
diagonal matrices, and by B C G the Borel subgroup consisting of upper
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triangular matrices. Denote by A the set of simple roots of G defined by
(T, B).

3.2.1.

Let M C G be an F-stable Levi subgroup and let Thy € M be an F-
stable maximal torus. Let W), be the Weyl group of M defined by Ty,.
For any w € Wy, we choose an F-stable maximal torus T, C M whose
MF-conjugacy class corresponds to the F-conjugacy class of w. Let 6 be a
regular linear character of M ¥ (see [11, Section 3.1, (a) and (b)]). Since F
preserves Ty, it acts on Wj,. Let ¢ € Irr(WM)F . It extends to a character
@ € Irr (W x (F)). Such an extension is not unique. Write

(3.2) RGO = |Wy[™" Y @(wF)RE 0r,,
weW s

where 07, is the restriction of  to T.X. By [11, Theorem 3.2], for some
choice of ¢, the function ege MRgG is an irreducible character of GL,(q).

3.2.2.

For any subset I C A, denote by L; the corresponding standard Levi
subgroup of G with respect to (T, B). If L; is o-stable, then we may choose
an isomorphism

Ly 2 GLy, x [ [(GLy, x GL,,).

If we write the elements of L; as block diagonal matrices, then L; is of the
form

GL,,

GL,,

GL,,
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Write W == Ng(Ly)/Lj. Since o leaves L stable, it induces an automor-
phism of W;. As is explained in [20, Section 3.2.2], there is an isomorphism

Wigeyo ((L}')O) = WY.
Therefore, for any w € W7, we may choose w € (G?)° representing w.
If g € (G7)° is such that g7'F(g) = 1, then define L;,, = gLrg~'. It
is an F-stable and o-stable Levi subgroup of G. If M is an F-stable and

o-stable Levi factor of a o-stable parabolic subgroup, then M is necessarily
G*-conjugate to an Ly, for some I and w.

3.2.3.

Let M = Ly, for some I and w as above. Write M as My x M; with
My = GLy,, and M; = [[,(GL,, x GLy,), where ng and the n;’s are as in
the previous paragraph. Let Th; C M be an F-stable and o-stable maximal
torus. We can write Ty = Ty x Ty with Ty C My and 77 C M;. We may
assume that Ty C M is a split maximal torus. Denote by Wy (resp. W7)
the Weyl group of My (resp. M1) defined by Ty (resp. T1).

Let ny and n_ be some non-negative integers such that ny+n_ = ng. Let
Moo C My be a Levi subgroup containing T such that ME = GL,_ (q) x
GL,_(q). Its Weyl group is isomorphic to &, x &,,_.

Let 6; be a linear character of M{" that is o-stable. Then 6 := 1X7nX#6; is
a linear character of Moo x My, where 1 is the trivial character of GL,, (q)
and 7 is the order 2 irreducible character of Fy and is regarded as a character
of GL,_(q) via the determinant map. The actions of F' and o preserve My
and My, and thus they induce actions on Wy and W;. Let ¢ € Trr(Wy)F'n
Irr(W1)? and let (¢4,0-) € Irr(&,, x &,_). Then ¢ = (o4, 90, ¢1) is
an irreducible character of the Weyl group of Myy x M;.

For any connected reductive algebraic group H defined over Iy, define
er = (—1)"" where rky is the Fg-rank of H. Note that My x M; and M
have the same F,-rank.

THEOREM 3.3 ([19, Propositions 5.2.2 and 5.2.3]). — Suppose that 0
is a regular linear character of M&) x M{¥. Then for some choice of the
extension @, the function eGeMRgH is a o-stable irreducible character of
GL,,(q). Moreover, every o-stable irreducible character of GL,,(q) is of this
form.

If the My-component of M is trivial, then ege MRg@ is called a quadratic-
unipotent character. Note that if we further require n_ = 0, then it is a
unipotent character in the usual sense.
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3.2.4.

Let M = L, with w =1, i.e. a standard Levi subgroup. Then eg = €)s
and M{" = [[,(GLy,(¢) x GLy, (¢)) and F acts trivially on Wy = [],(S,, x
G,,). A o-stable linear character of M{ is of the form ({;,¢; *);, where
¢; is a linear character of GL,,(¢q) for each i. The linear character 6 in
Section 3.2.3 is regular if and only if ; # (Ji whenever i # j and (? # 1
for all 5. The set of o-stable regular linear characters of M{" is denoted by
Irr?, (ME).

reg

3.3. Types

Types are some combinatorial data that are used to describe o-stable
irreducible characters associated to standard Levi subgroups.

3.3.1.

Denote by ¥ the set of data of the form
w=wiw_(w;)i,

where wy and w_ are partitions and (w;); is an unordered sequence of
nontrivial partitions. An element of ¥ is called a type. For any type w,
we denote by w, = (w;); the part without the components w; and w_, so
we may write w = wyw_w,. The sequence w, is equivalent to a sequence
(mx)xep, where P is the set of partitions and my is the multiplicity of A
in w,. The size of a type is defined by |w| = |wi |+ |w_|+ >, |w;|. For any
a € Zxo, we denote by T(a) the subset of types of size a. If we require w,
to be an ordered sequence of partitions, then we call w an ordered type.
We denote by T the set of ordered types. The subsets of Tand T consisting
of elements with w, = w_ = @ are denoted by ‘f* and ¥...
Denote by [(w,) the length of w,. Write w. = (mx)xep and define

(3.3) N(w.) =[] mal,
A

and
(3.4) K(w.) = (=1)!@)](w,).

Define {w.} = (2my)rep and {w} = wiw_{w,}. Define amap [-]: T — P
by requiring that the parts of [w] are the union of the parts of the partitions
wi, w— and w;’s.
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3.3.2.

Denote by T, the subset of T consisting of elements of the form

w = (1" )((A"))s.
We define its dual type by w* = (ny)(n_)((n;));. Elements of T, can
also be represented by a sequence of integers: w = nyn_(n;); if w =
(17+)(17-)((1™));. There is a surjective map from T to T, sending w =
wiw_(w;i)i to |wy||w—|(lws])s. For w € Ty, we denote by T(w) the inverse
image of w under this map. For «, B € ‘E, we write a = f, if they lie in
the same T(w).
Let s € GL,, be a semi-simple element. Suppose that the multiplicities
of its eigenvalues are given by a sequence of integers (n;);. Then we say the
conjugacy class of s is of type w = w, = ((1™));.

3.3.3.

For any x € Irr(GLn (q))o, there exists some F-stable and o-stable Levi
subgroup M such that x = ege MRgQ as in Theorem 3.3. This character
is induced from a smaller Levi subgroup Mgy x M;j. Denote by Irrg C
Irr(GLn(q))a the subset of characters such that M can be chosen to be a
standard Levi subgroup. Define a map

(3.5) m: Iy, — %

as follows. Let ¢ = (¢4, ¢—,¢1) as in Section 3.2.3, and let wy and w_
be the partitions corresponding to the characters ¢ and ¢_. Since the
Weyl group of M; is isomorphic to [[,(&,, X &,,), 1 gives a sequence of
partitions w’/. Each partition in w’ has even multiplicity. Let w’, be such
that {w’} = w!. Then we define 7(x) = wiw_w/,. For any w € ¥, define

(3.6) Irr? =71 (w).

It is empty unless [{w}| = n. Its elements are called o-stable irreducible
characters of type w.

For all o-stable characters of the same type, the Levi subgroup M in
Theorem 3.3 can be chosen to be the same, and the characters ¢ are the
same by definition. Therefore, there is a surjective map

(3.7) Irr?, (M{) — Trr?, .

reg

The cardinality of the fibre is equal to 2!(“~) N'(w,). This can be explained

as follows (see also [20, Section 3.5.2]). Write 6 = ((;, ¢ )i € Irrg, (M)
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as in Section 3.2.4. Replacing ¢; by (; ! does not change the resulting o-
stable irreducible character of GLy(¢), hence a factor 2 for each i. If the
partition A appears m) times in w,, then an arbitrary permutation of the
corresponding factors of 6 does not change the resulting o-stable irreducible
character of GL,(q), hence the factor N(w.).

3.3.4.

Let L be a o-stable Levi subgroup of GL,, containing a split maximal
torus T. Denote by W, the Weyl group of L defined by T. By choosing
an isomorphism L = GL,, x GL,_ x[[, GL,,, we can parametrise the
conjugacy classes of W, by T(w), with w = (17+)(1"=)((1™)),. (If L is
the centraliser of a semi-simple element, then we make the convention that
ny = n_ = 0.) Then the map [—]: ¥ — P is simply the map between
conjugacy classes induced by the inclusion W — W where W = &,, is the
Weyl group of GL,, defined by T.

Suppose that w is the type of an element s € TF. Let B, be the set
defined in Section 3.1.2.

LEMMA 3.4. — Let T be the partition corresponding to the conjugacy
class of 7. Then
Br={vef(w)| v =1}

Proof. — Unwind the definitions. O

4. GL,(0)-character varieties
In this section, we give the definition of GL, (c)-character varieties and
the definition of generic conjugacy classes. We also explain how to pass to
finite fields.
4.1. Definition of GL, (0)-character varieties

4.1.1.

Let p': ¥’ — ¥/ be an unbranched double covering of compact Riemann
surfaces, and let R = {z;}1<j<r C X’ be a finite set. Put ¥ = ¥’ \ R and

Y = p’~}(¥) and denote by p: ¥ — X the restriction of p’. Fix the base
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points of ¥ and ¥ so that we have an injective homomorphism of fundamen-
tal groups 7 (2) — 71(X). Let Rep(X) be the space of homomorphisms p
that make the following diagram commute:

m (%) L GL, (o)

N A

Gal(3/5) = p,

where ¢ is the quotient by Wl(i) and ¢y is the quotient by GL,. Our
GL,, (o)-character variety Ch(X) is defined as the categorical quotient of
Rep(2) for the conjugation action of GL,, on GL, ().

4.1.2.

Denote by g the genus of ¥'. We may choose the generators a;, (i,
1<i<g,andy;, 1 <j <k, of m(X) that satisfy the relation
k

(4.1) [T 8 H

and the condition: the generators Bl, oy, Bi, 2 <4< g,and vy, 1 < j <E,
are the images of some elements of 71 (%), while ay lies in 71 (2) \ 71 ().
Let C = (C})1gj<k be a k-tuple of semi-simple conjugacy classes contained
in GL,. We define the subvariety Reps(2) C Rep(X) as consisting of
p € Rep(X) such that p(v;) € C; for all j. Then we define Che(X) =
Rep¢ (X)) GL,,. The defining equation of Rep.(X) is then

k
(4.2) Repe(%) = {(AiaBi)i(Xj)j € GL29 x H Cj

=1

9 k
Ala(Bl)Alefl H[A“B'L] H X] = 1}
=2 Jj=1

4.2. Generic conjugacy classes
4.2.1.

Let C = (C})1<j<k be a tuple of semi-simple conjugacy classes in GL,,.
For each j, let t; € T be a representative of C;, and write ¢, =(a;1,...,a;jn)
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with each a; , € C*. Write A = {1,...,n}. For any j and any subset A C A,
write [A]; =[] ca aj,4- Following [21, Section 4.4], we say that C is generic
if for any 1 < M < [n/2] and any 2k-tuple (Aq,...,A,B1,...,Bg) of
subsets of A such that

o [Ai|=-o = Ay =By = = [By| = I

e A;NB; =g, for all j,

we have

(4.3) [A] - [ARle[Ba]it - [Bip T # L.

We say that C is strongly generic if for any M and (Aq,..., A, Bq,...,
By) as above, we have

(4.4) [Ag]y - [Age[Ba]y ' Byl # 1.

Remark 4.1. — In [7], one may take a central conjugacy class that is also
generic. But in our situation, this is not possible. See [21, Remark 3].

In fact, according to the above definition, in order for the tuple C to be
generic, it is necessary that there exists a regular conjugacy class among
the Cj’s.

4.2.2.

We can also define generic conjugacy classes in the finite group GL,,(¢){o).
Let T be the maximal torus consisting of diagonal matrices. Let C =
(Cj)1gi<k be a tuple of semi-simple conjugacy classes in GL,(q), such
that each C; has a representative t; € T, Note that not all semi-simple
conjugacy classes of GL,,(¢q) have representatives of this form. For each j,
let (aj1,...,a;,) € (F;)" be the eigenvalues of ¢;. With the same nota-
tions as in the previous paragraph, we say that C is generic (resp. strongly
generic) if for any 1 < M < [n/2], (A1,..., A, B1,...,Bg), we have

(4.5) (Al [Alk[Ba]y ' [Bilp " #1  (resp. £1).

LEMMA 4.2. — Let (Cj)1<j<k be a generic tuple of conjugacy classes,
with eigenvalues given by (a; 1,...,a;r). Let M and M’ be positive integers
such that M + M’ < [n/2]. Let

(Aq,...,A;,Bq,...,By) and (AL,... AL, B],....,B})
be two 2k-tuples of subsets of A such that

o [Ai] == Ad = By = = [By| = M

o |A)] = - = |A}| = [B}] = = By = M

e the sets Aj, B, A} and B} are mutually disjoint, for all j.
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Then,
[Ad)i - [AR[BaT - [Bily ' # ([Ar- - [ALLR[BYT - B
Proof. — Suppose
[Ar) - [AxleBalr - Bl ' # (A (AL B Bl )
with e = 1. For each j, put ;&j = A; UBj and ]§j =B, U A’. Then,

):tl

Ay (Bl Bl = 1,

which is a contradiction. The case € = —1 is similar. O

4.3. The R-model

As in [20], we define the character variety over a particular base ring so
that when passing to finite fields the conjugacy classes remain generic.

4.3.1.

The generic conjugacy classes (C;); are represented by some n-tuples of
complex numbers
J J J
(al,...,al,...,alj,...,alj)7
satisfying
(i) al # al for any j and any 7 # s;
(ii) [A1]1~~~[Ak]k[B1]1_1~~[Bk],;1 # 1, for any 1 < M < [n/2], any
2k-tuple (A1,..., Ay, B1,...,By) of subsets of A such that:
[ ) |A1| = e . = |-A-k| = |B1| = . = |Bk‘ :M,
e A;NB; =0, for all j.
For each j and each 1 < r < [j, choose b/ € C such that (b7)? = a?. Denote
by Ry the subring of C generated by {(b2)*! |all r,j}. Let S C Ry be the
multiplicative subset generated by
(i) al — aJ for any j and r # s;
(ii) [Ai]r - [Agle[Bi]7t - [Bk]lzl — 1, for any M and (Aq,..., Ay,
By,...,Bg) as above.
Define the ring of generic eigenvalues as R = S~'Ry. We will see below
that the character variety is defined over R.
Denote by p; = (m]‘7r)1grglj € T, the type of Cj, so that m;, is the
multiplicity of ai.
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4.3.2.

Let Ag be the polynomial ring over R with n?(2g + k) indeterminates
thought of as the entries of some n x n matrices Ay, By,..., A4y, By, X1,...,
X, with det A;, det B;, det X;, 1 < i< g,1 < j <k, inverted. Let Iy C Ay
be the ideal generated by

(i) the entries ofAla(Bl)Alefl[Ag, Bs]---[Ag, Byl Xy - - - X—1d (note
that o is defined over Z);
(ii) for all 1 € j < k, the entries of Hi7;1(Xj — al 1d);
(iii) for all 1 < j < k, the entries of the coefficients of the following
polynomial in an auxiliary variable ¢:
L
(4.6) det(t1d —X;) — [ [ (t — ad)™.

Define A := Ag/v/Io. Then Rep. = Spec A is the R-model of Rep,. Let
GL, act on Bi, A;, B;, 2 <1< g, and Xj, 1 < j < k by conjugation, and
act on Ay, by the o-twisted conjugation. Then Che := Spec ASE»(B) ig the
R-model of Che, since taking invariants commutes with flat base change
(see [18, Section 1.2 Lemma 2]).

4.3.3.

Let ¢: R — F; be any ring homomorphism. For each 1 < j < k, denote
by C;ﬁ the subvariety of GL,, over F, defined by Section 4.3.2(ii)-(iii).
Denote by Rep? (resp. Ch?) the variety over IF, obtained by base change
from Rep. (resp. Ch¢). We have

k
47) Rent(E) = { (40 B € GL(0) x [ 715

g k
AlU(Bl)Ailel H[A“BZ] H Xj = 1}’

i=2 j=1

where C’f(]Fq) is a conjugacy class in GL,(q) with eigenvalues ¢(a’), 1 <
r < l;. By the definition of the base ring R, the tuple of conjugacy classes C?
is also generic.

Remark 4.3. — Our construction of R guarantees that ¢(al) € (F;)%.
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PropoOSITION 4.4. — We have,
1
4.8 Ch&(F,)| = —————|Repd(F,)|.
(19) OBEE)] = e gy IRerE )
Proof. — The same as [20, Proposition 4.3.3]. O

5. Two lemmas

In this section, we denote by T' the maximal torus consisting of diagonal
matrices and denote by W the Weyl group of GL,, defined by T.

5.1. A constraint on types
5.1.1.

We show that only a particular subset of the set of o-stable irreducible
characters of GL,,(¢q) contributes to the E-polynomial.

LEMMA 5.1. — Let (C1,...,C%) be a tuple of semi-simple conjugacy
classes in GL,,(q) such that each C; has a representative s; € T¥. Let M
be a o-stable and F-stable Levi factor of a o-stable parabolic subgroup of
GL,, (k). Suppose that (C;); is strongly generic and that for all j, we have
C; N M # @. Then M is GL,(q)-conjugate to a o-stable standard Levi
subgroup.

Proof. — We may assume that M = Ly, for some o-stable I and some
w € Wy (see Section 3.2.2). There exists w € (G7)° representing w and
g € (G7)° such that g7'F(g) = w. Then Ly, = gL;g~'.

For each j, let t; € C; N M, then we have the following:

e g 'tjgliesin Lp;
e there exists [; € L such that ljgfltjglj*1 lies in T
e there exists w; € W such that

ljg_ltjgl;1 = w;s;w;

For any connected reductive algebraic group H, denote by
Dy: H— H/[H,H| = ZﬁI/(ZI"i N [H,HD
the natural surjection. We have

Dy, (g~ "9l Do(lyg~ 915 Y)) = Dr, (97 t50(t;)9)-
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‘We deduce that

2k 2k
(5.1) Dy, <H gltja(tj)g) =Dy, (H(szngl)a(szjwjfl)),
j=1 j=1
and we denote by I this element of Z7 /(Zp N [Lg, Ly)).
We may choose an isomorphism L; = GL,,, X [[,(GL,, X GLy, ), so that

Z3 (23, 0 [Lr, L) = K x [ [ x k).
The action of ¢ on the factor k* x k* corresponding to each ¢ sends (z,y)
to (y~1,271), and on the first factor sends x to 2~ !. From the right-hand
side of (5.1), we see that [ is a fixed point of 0. We can then write | =
(lo, (1, 1; 1)) under the above isomorphism.
In view of the right-hand side of (5.1), each [; is of the form

[Aq]y - [Arle[Baly ' [Ba], !

(see Section 4.2.1 for the notations). We can then apply Lemma 4.2 and
conclude that [; # ljj-El whenever ¢ # j. Moreover, all [; lie in F,. However,
the left-hand side of (5.1) shows that [ is an F,,-stable element (see (2.2)).
According to [20, Section 3.2.2], W7 is of the form [], 2y, for some posi-
tive integers N/, so w consists of some signed cycles. It is easy to see that
if there is some signed cycle in w that has size larger than 1, then [; = [;
for some i # j, which is a contradiction. Finally, if there is some negative
cycle of size 1, then the corresponding factor [; satisfies [; = I = [ L and
so must be equal to £1. This is impossible due to the strongly generic
condition (4.4). We conclude that w = 1. O

Let x € Irr(GLn (q))‘7 and let C be as in the above lemma. Suppose that
x ¢ Irrd,, and that it is obtained from a Levi subgroup M as in Section 3.2.3.
By the above lemma, there exists some C; such that C; N M = @. The
definition of RG6 and (3.1) imply that x must vanish on Cj.

5.2. Sum of linear characters
5.2.1.

Let M = Lj be a o-stable standard Levi subgroup. As in Section 3.2.3, we
write M = My x My, where My = GL,,, and M; = Hﬁzl(GLm x GL,,,) for
some integers [, ng, and n;. Let n; and n_ be some non-negative integers
such that ny +n_ = ng, and let Mg = GL,,, X GL,_ be a Levi subgroup
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of My containing MyNT. Denote by Wy (resp. W1) the Weyl group of My
(resp. M7) defined by T'. For each j € {1,...k}, let

w; € Woo x W1 C WM(T),

and choose an F-stable maximal torus T,,, C Mgy X M; corresponding
to the conjugacy class of w;. Recall that Irrf,, (M{") is the set of o-stable
regular linear characters of M{" defined in Section 3.2.4. An element 6 €
Irrf, (M{") determines a linear character 1 X7 X 60 of Mgy x M{" as in
Section 3.2.3. For each j, we denote by 6; the restriction of this linear
character to Tfj.

Let C = (C4,...,Ck) be a tuple of semi-simple conjugacy classes in
GL,(q) with representatives s; € T*. For each j, let h; € GL,(q) be such

that hjs;h; ' € T,

LEMMA 5.2. — Suppose that C is strongly generic. We have:

k
(5.2) > T 0i(hsihy ) = (—-2)".

9€Irrr“eg(M1F) j=1

Proof. — We first give an expression for Hj(hjsjhjl). Let g; € GL,, be
such that ngg;1 =Ty, Write z = g;lhj. Then zs;z~! € T. We deduce
that = nl with n normalising T" and ! centralising s;. Write

ns;n~ ' = diag(a;1,...,a;,) € TF.
Note that this element also lies in 75" since gvsjaf1 lies in 75" . We
write w; as a permutation HieAj cr,, of {1,...,n}, where I; ;s are disjoint
subsets of {1,...,n} indexed by A, and ¢y, , is a cyclic permutation of I ;.

The character 6; o ad g; of TF%; can then be written as (@ji)ien,, where
each a;; is a character of F;. With these notations, we have

0;(h;sihi ') =[] (%i( 11 am>>~

P€EA; YEIL; ;

(by Remark 4.3, the component 1 of 6 has no contribution to this value).

Let 6 be represented by a tuple (Cy,..., () of distinct characters of Iy,
where [ is the number of factors GL,,, X GL,,, in M;. Foreachr € {1,...,1}
and each j, put

I;r = I—I Ij,i7 I;T = |_| Ij,i7

{i€Ajlaj,i=¢r} {i€As]a;,i=¢"}
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and for each r,

J=1 \yerf, Vel
Then,
k l
H aan’( H aj,v) = H ¢r(ar)
Jj=1li€eA; YEIL; ; r=1
Therefore,

k l
H (h; isih; Z H ¢r(ap).
)yJ=1 (¢1,--,¢) r=1

regular

0elrr?, (MY

reg

Remark 4.3 says that each a, is in fact a square in Fy. Therefore we can
apply [20, Lemma 5.2.2, Equations (5.2.1.2) and (5.2.2.1)] and obtain

l
S TG = 3 wP, P (12! = (21

(C1yeeesG) T=1 P1<P
regular

6. Computation of E-polynomials

The goal of this section is to prove Theorem 6.4.

6.1. Symmetric functions associated to types
6.1.1.

For any w = wiw_(w;); € ¥, define the associated Schur symmetric
function by
8w(2) = Sw, (2)5w_(2) H 5w (2)
i

Then pe,(2), My (2), ho(z), Po(z) and H,(z) can be defined similarly.
Define zy, = 2o, 2o_ [[; 2w, and n(w) = n(wy) + n(w-) + >, n(w;). For
any a, B € %, if a =~ B, we define X5 = X/O;I xZ‘j [L; x5'; otherwise we put
x5 = 0. If o= B, we define

Kp.a(q) = Ks, o (0)Kp_a_ HKﬁz,al
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othervyvise, we define Kg o(g) = 0. Similarly, we can define IN(g,,,L(q)7 S0 we
have Kg.a(q) = ¢"* Kg.a(q™).

LEMMA 6.1. — Let pu € ;. Then the following identity holds:
z (i) — 1
e [0 ] = ()Wl (g 7 H(z).

Proof. — See [7, Lemma 2.3.6]. O

LEMMA 6.2. — Let « €T and B € T,. Then

77 2 X7 QE(Q)
(sax), Ha(x, ) = 3 =% _—
TEY ulig

[v]=[7]
Proof. — See [7, Lemma 2.3.5]. O

R

6.2. A combinatorial formula for irreducible characters

For simplicity, we will write 6, =&,,, and 6_ =6G,,_.

n4
6.2.1.

Let x be a o-stable irreducible character of GL,(g). According to Sec-
tion 5.1.1, we may assume that x is induced from some o-stable standard
Levi subgroup M = M, x M, and we can write x as a linear combination
of Deligne-Lusztig characters:

6.1) x =164y x&_xW|™" Y py(w)e(w)p(w)RE, O
w=(w4,w_,w1)
€6 X6 _xWy
Suppose that x is of type a. Fixing an isomorphism Wi = [[,(&,,, X &,,),
the irreducible character (¢4,p—,¢) of &4 x &_ x W; corresponds to a
unique ordered type, the unordered version of which is exactly {a}. In this
subsection, a will be regarded as an element of T. The sum over w only
depends on its conjugacy class, which we denote by O(w). Note that the
conjugacy classes of G x &G_ x W; are parametrised by a subset of T. The
type of O(w) will be denoted by 7. We have

60 gl =k e ) =7,

Zr
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We will therefore replace the summation ) (—) by Zo(w)|(9(w)| (=)
However, for each O(w), we will choose a w representing it so that T,
and 6,, have definite meanings.

If s € TF is a semi-simple element, then the character formula (3.1)
reads

1 Ca(s _
(6.3) RS, 0.(s) = GG > ol ()0, (hsh™h).
G (h€GF|hsh—1€Ty}

Denote by p € ‘ES the type of the conjugacy class of s. Since T is split,
the Cg(s)¥-conjugacy classes of the F-stable maximal tori of Cg(s) are
parametrised by the conjugacy classes of WC@(& (T'), which are in bijection
with a subset of T. If h= T,k is of type v € T (with vy = v_ = @), it
is known that Q¥ (q) = Ccl(;) , (1), where the left-hand side is the Green
polynomial defined by symmetric functions.

Let AL and B, be as in Section 3.1.2. Recall the notation z, therein.
Combining (6.1) and (6.3) gives

{O‘}QCG() (1)

SIDY |oG H g (hsh )

T heAF
(6.4) o)
Qu
_Z Z Z O (hsh™
T {veB, } heAE

Equality (@ uses the surjective map A" — B, described in Section 3.1.2.

Now we can work in the context of Section 5.2.1. For each j, let p; be
the type of the semi-simple conjugacy class C}.

LEMMA 6.3. — We have

- K(w.) .
S TIxe) = N(w )H<S{w} z;), Hy, (%5,4)),

x€lrrg, j=1 j=1

E

where for each j, z; is an independent family of variables.
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Proof. — We calculate

k
> TIxe)
XEIrrij:l
x:j}g /(q)
PRI H,CG

Zr,
s Th 1/17,.,7
ell, B

( Z Z Hehs”>

(hl,“.,hk)eHjAf v O€lrry, (MF) =1

reg

@

w}
XT; Q ()
2 o Z Z H|CG

Zr;

,,,,,

. < Z (_l)l(w*)2l(w*)l(w*)!>
(

h17~~,hk)€HjAfj,Vj

[I©)

ZT]]XT7 Z Qﬁ; (Q)

Zr;

willoyl=lrsly Y

(Zj7q)>a

j:1 Tj

||@
N 2

In equality @, we have applied (6.4) to each x(C;). The factor 2/ N (w,)
comes from the surjective map (3.7). In equality @, we have used Lemma 5.2.
We have (@ because the summation over h; is independent of hj, which

produces ’CG )V |z.,.j] /zv, by Proposition 3.2. Finally, equahty @ uses
Lemma 6.2. O

6.3. Some notations
6.3.1.
For any partition A, the Hook polynomial Hy(q) is defined by:
(6.5) Hy(q) = [J(1 = ¢"™),

TEA
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where  runs over the boxes in the Young diagram of A, and h(x) is the
hook length of x. If we denote by A\* the dual partition of A\, then

(6.6) D h(x) = A+ n(A) + n(AY).
TEA
For any w = wyw_(w;) € T, put Hy(q) = He, (q)Ho_(¢) [[; Hu, () Then
for x € Irry,, we have (see [12, Chapter IV, Section 6 (6.7)]):
|GL.(9)]
x(1)
Recall the notation {w} in Section 3.3.1.

(6.7) = (—1)"q5”(”_1)_”({“’})H{w}(q).
6.3.2.

According to [21, Theorem 4.6], the dimension of the character variety
is given by:

k
d:=(29-2)dimG+ ) dimC;
j=1
k
= (29 —2)dim G + Z(dimG — dim Cg(s;))
j=1
k
= (29 — 2)n* + kn? — Z(Zn(p,j) +n)
j=1

k
=n?(29+k—2)—kn — ZQn(uj).
j=1

Note that n((1™)) is equal to the number of positive roots in GL,,.

6.4. The formula for E-polynomials
6.4.1.

Define the infinite series:

k
Qe(q) = Z gN(1=9) (qfn(A)HA(q))2g+k—2 H SA[ z; }

\EP j=1

k
Q* (q) — Z q|/\\(2—29) (q—n()\)H)\(q))4g+2k>—4 H S)\|: Z; :|27

AeP j=1
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Recall that for each 1 < j < k, we denote by p; the type of the semi-
simple conjugacy class Cj.

THEOREM 6.4. — Suppose that C is generic. Then with the notations
above, we have

2

(@2 ¢ |
q) 7j1:[1hﬂ;(zj)>'

(6.5) Che(E,)| = q%d@

Proof. — Proposition 4.4, equation (4.7) and Proposition 2.1 now give

aF 29—2 k c
- 3 ()T

xE€Irr(GF)o
6.9
(09 e Vi
- Z X( 2g+k 2 Z H
\{:}e{in x€lrrg, j=1

In the second equality, we have used the fact that irreducible characters of
the same type have the same degree (see (6.7)). This formula holds for any
generic tuple of conjugacy classes.

We calculate

(6.10) |Che(F,)|
GF 1P 151
- Z x(1) 29-&-; 2 Z H
H:flin x€lrrg, j=1
GFlzg 2[15_,1C5) £ N
B Z N X( 1)2q+7c i [ (541 (2), Hu, (25,9))
weT j=1

B K(w*) ‘GF| 29+k 2 k k
-y K. <Xm> 1 e ORI AERY

.:':w

C:l ~
<s{w}<zj>, |GF||H (2, q>>

Jj=1
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(_1)k71q2(n2(2g+k 2)— k:n)

k
K(ws) (1—o\fw n({wt) 20+k—2
<Z ¥ )q(l 9N }l(H{w}(q)q ( })) Hs{w}(zj)’

k j_l
H ZJvQ)>

In @ the sum can be taken over the entire ¥ because if w was not of size N
then the inner product of symmetric functions would vanish. We have also
used Lemma 6.3 in this equality. Equality @ uses (6.7).

Equation (2.5) shows that

(&
|GF|

(6.11) = qu"(”j)*Wﬂij (qfl)fl

Combined with Lemma 6.1, this shows

(6.12) ), {L

] = oS, a0

G

For any symmetric functions u(z) and v(z), we have

(lizgle) = (e o[£ 5))

This can be checked on the basis of power sums. We can then move 1/(1—q)
to the left-hand side of the inner product.
Rewrite the left-hand side of the inner product (6.10) as follows:

Z N (1 g)l{w}|<H{ 1(9)g —n({w}))29+k—2ﬁ8{w}|:1zj‘ }

weT i1 q
k
= ( = ot e o 2]
w+EP j=1 q
k
. (1-g)|w-]| —n(w_)\29+k—2 [ z; }
(Zq (Ho(a)a™") Iﬁw1q>
w_€P j=1

k 2
. (Z gé:i; q(2—29)\w*\ (Hw* (q)2q—2n(w*))29+k—2 Seo. { Zj } ) ]

W, =1
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By definition

1
Q.(q)
-y Y Mm@kl (F,, (q)2g-2n(en)) 22
HAmA “r
mz20 wa=(mx)r€%.
l(ws)=m k z 9
'HS“’*[l § }
j=1 — 4
k
_ K(w.) (2—2g)|w.| 2 _2n(w,))29+k—2 z; 12
= Z N(w*)q (Hw*(Q) q ) st*[lfq} )
WL ET, j=1
whence
N g NN (H ) (g~ 1)) QHS{W}[ ZJ
weT j=1
_ Q(9)?
Q)
Therefore,
L(n2(2g+k—2)—kn)=S"* n Qe (q)? k
|ChC(IFq)| = q2( ( " ) ) ZJ:l (IL] < Q (q)) 3Hh[lz; ZJ
* =1
Finally, we use Section 6.3.2. O

COROLLARY 6.5.

(i) Thet = —1 specialisation of part (iii) of Conjecture 1.2 holds.
(ii) The t = —1 specialisation of Conjecture 1.4 holds.

Proof. — Specialising Qq(z,w) and Q. (z,w) to z = \/q, w = \/671, we
get

k
vz va ) =D Nalg,g ") H Hx(z5:4,47 1),

AEP
k
(Vv )= Nalaa ) [ Hx(zjiq.a7")*
AEP j=1
Then use [20, Lemmas 8.1.3 and 8.1.4] and [6, Proposition 3.3.2]. This

proves (i).
By [20, Remark 8.1.2], we have

Qe (z,w) = No(w, 2), D (z,w) = Qu(w, 2),
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and so
H,(z,w) = H,(w, 2), H,,(z, w) = H, (-2, —w).

We deduce from this that part (iii) of Conjecture 1.2 implies Conjecture 1.4.
Therefore the t = —1 specialisation holds. O

7. Mixed Hodge polynomial
7.1. Evidences of the conjecture

We check that our conjectural formula for the mixed Hodge polynomial
is consistent with known cohomological results when n = 1 and n = 2. For
simplicity, we assume k = 1.

7.1.1.

We first consider the case n = 1. The definition of the character variety
reads

Che(X) = {(A;, By); € GLYY | By?X; =1}/ GLy,
for a given element X; of GL;. The action of GL; on A; is given by

gAio(g)~t = g?A;, for g € GLy,

and its action on all other components is trivial. We see that there are two
connected components corresponding to the two solutions of Bi, and each
connected component is a (2g — 2)-dimensional torus. The mixed Hodge
polynomial is then 2(t + ¢t?)29~2.

The formula in Conjecture 1.2(iii) gives

2(ty/@)* 2Ny (zw, 220?272
= Q(t\/a)2g—2 (t\/§+ 1)251—2
\/a I

as expected.
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7.1.2.

Then we consider the case n = 2. In this case, the centraliser of o in GL,
is just SLo, and o acts on the center by inversion. Now the character variety
is defined as

Chc(Z) = {(AmBz)z(Xl) (S Gng xCq

g
AlU(Bl)Ailel H[A“ Bz]Xl = 1}// GLQ,

i=2
where () is the conjugacy class of diag(a,a™!) with a? # 1. For any 1 <
7 < g, write Az = ;0 and Bl = blﬂl, with a;, bl € SL2 and «;, ﬂz € (C*,
the center of GLy. Thus we realise Che as a quotient of

M = {(a“bl)z(az,ﬁz)z(Xl) c Sng X((C*)Qg X Cl

g

H[aivbi}ﬁfQXl = 1}// GLo,

i=1
where GLy acts on X7, a; and b;, 1 < i < g, by conjugation, acts trivially
on By, ay, Bi, 2 <1 < g, and acts on «ay by

g: ay —> det(g)ay, for g € GLs.
The finite group I' := {£1d}* C (C*)?9 acts on M in such a way that
Che =2 M/T. Define

g

H[aubﬁXl = il}// SLs,

i=1

My = {(a7,b7)7(X1) c SL;Q x (1

where SLo acts by conjugation on each component. Since it is necessary
that ﬂfZ = +1d, we have

M =My x {#1} x (C*)*720 M_ x {+v/—1} x (C*)?972

where {£1} and {++/—1} are the solutions of 3? = 4 Id. The induced I'-
action on My x {£1} x (C*)2972 is as follows. Let (€;)1<i<2y € I', then ez
identifies the two components:

ex s My x {+1} x (C)2972 =5 M, x {—1} x (C*)*72,

while e;, ¢ # 2, acts in the usual manner. Denote by I'g the subgroup of '
consisting of elements whose es-component is trivial. We see that

(M x {£1} x (C*)272) /T = (M, x (C*)?9~2) /T,
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The same argument applies to M_. We see that
Che = (My x (C*)?972) /To U (M_ x (C*)*972) /T.
Considering the cohomology with compact support, we have

He((My x (C7)2972) /To) & H(M,)™ @ He((C*)*2),

29—2 is trivial. Denote by &

since the action of T'y on the cohomology of (C*)
the irreducible character of I' that is nontrivial only on the es-component.
Then
HC(M+)FO = Hc(My)st ® He(My )y,

where H.(My)s = H.(My)' is the T-invariant subspace and H.(My),
is the k-isotypic component. This is also a direct sum of mixed Hodge
structures. The mixed Hodge polynomial of H. (M} )s can be deduced from
the mixed Hodge polynomial of the GLy-character variety defined by the
conjugacy class C1. The mixed Hodge polynomial of H.(M), is equal to
the mixed Hodge polynomial of

Ho(My )var = @ He (M )y
~€eIrr(T)
v#1L

divided by (229 — 1), since the mapping class group acts transitively on the
set of nontrivial irreducible characters of I'. We call H.(M )ya, the variant
part of the cohomology.

7.1.3.

According to [2, Section 4.4], the Poincaré polynomial of the SLay-charac-
ter variety with one regular semisimple conjugacy class is given by
(1+¢%)29 4 t4971(1 4+ )29 ((29 — 1)t — 29)
=1y

We deduce from this expression the Poincaré polynomial of the cohomology

(229 — )12t 1),

with compact support by Poincaré duality. The variant part is
(7.1) (229 — 1)t5974(t +1)2972,

On the other hand, using the character table of SLa(q) in [4, Section 15.9],
we compute the E-polynomial of this character variety. The result is

(72)  (a=D*72((2% - 2)¢* ' +¢¥ g+ D+ (g + 1)),

The stable part of the E-polynomial can be computed using the character
table of GLa(g) in [4, Section 15.9], and the result is

(7.3) (= D* 2 (=¢* '+ g+ 1) 4 (g + 1)),
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We deduce the variant part of the E-polynomial:
(7.4) (2% —1)g* (g —1)* 2

The variant part of the Poincaré polynomial and the variant part of the
E-polynomial have an obvious common deformation:

(7.5) (22971 — )09 AP (gt + 1)
If we write z = —t,/q and w = 1/,/q, then this is just
(22971 _ 1)(t\/c>])6974(z _ w)29*2,

with 6g — 4 equal to the dimension of the SLo-character variety.

Remark 7.1. — In principle, we can use the method of [3, Section 4.4]
to prove that each cohomological degree has only one weight, and then
the variant part of the mixed Hodge polynomial is given by (7.5). Since
our goal is to check that the conjectural formula is consistent with known
results, we omit the proof.

The stable part of the mixed Hodge polynomial can be computed using
the conjectural formula of Hausel-Letellier—Rodriguez-Villegas. Taking into
account the variant part, we see that the mixed Hodge polynomial of Che
is given by

(23 —w)? (2 —w)?972

o)

(1+2%)

(2 — w?)*9 (2 — w)* 2
(22 —w?)(1 — w*)
(z —w)
(z2-1)(1 —w?)
with z = —t,/g and w = 1/,/q, and multiplied by (¢,/g)%~*. This is exactly
the formula predicted by Conjecture 1.2.

+2 (1+w?)

49—2
+2(z —w)t™?
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