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GEVREY REGULARITY AND SUMMABILITY OF THE
FORMAL SOLUTIONS IN TIME OF SOME
INHOMOGENEOUS LINEAR SYSTEMS OF PARTIAL
DIFFERENTIAL EQUATIONS

by Pascal REMY

ABSTRACT. — In this article, we investigate the Gevrey regularity and the
summability of the formal solutions in time of some inhomogeneous linear sys-
tems of partial differential equations with analytic coefficients at the origin of C2.
Given such a system, we first prove that the Gevrey regularity of its formal so-
lutions follows a noteworthy dichotomy with respect to the s-Gevrey regularity
of the inhomogeneity: for s > so with sgp a nonnegative rational number entirely
determined by a convenient Newton polygon attached to the given system, the so-
lutions inherit the Gevrey regularity of the inhomogeneity; for s < sg, if any exists,
the solutions keep the sg-Gevrey regularity defined by the structure of the initial
system. Then, assuming so > 0 and some convenient additional assumptions on the
system, we give a necessary and sufficient condition for the 1/sg-summability of
the formal solutions in a given direction. Several examples illustrate these results.

RESUME. — Dans cet article, nous nous intéressons a la régularité Gevrey et a
la sommabilité des solutions formelles en temps de certains systémes linéaires non
homogenes d’équations aux dérivées partielles a coefficients analytiques a ’origine
de C2. Etant donné un tel systéme, nous montrons tout d’abord que la régularité
Gevrey de ses solutions formelles suit une remarquable dichotomie liée a la régula-
rité Gevrey-s de son second membre: lorsque s > sg, ol sg est un nombre rationnel
positif ou nul entiérement déterminé par le polygone de Newton associé au systéme,
les solutions formelles héritent de cette régularité Gevrey-s; lorsque s < sp, si une
telle valeur existe, les solutions formelles conservent la régularité Gevrey-so définie
par la structure méme du systéme. En supposant ensuite sg > 0 et en ajoutant
quelques hypotheses supplémentaires sur le systéme, nous donnons une condition
nécessaire et suffisante pour que ses solutions formelles soient 1/sp-sommables dans
une direction donnée. Plusieurs exemples viennent illustrer ces différents résultats

Keywords: Gevrey regularity, Summability, Inhomogeneous linear partial differential
equation, Inhomogeneous linear system, Formal power series, Divergent power series,
Newton polygon.
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1. Introduction
1.1. Setting the problem

For several years, various works have been done on the divergent solutions
of some classes of linear partial differential equations or integro-differential
equations in two variables or more, allowing thus to formulate many results
on Gevrey properties, summability or multisummability (see for instance [3,
5, 7,8,9, 10, 11, 21, 22, 23, 27, 28, 29, 30, 31, 32, 33, 34, 38, 39, 41, 42,
43, 56, 57, 58] and the references therein). In recent years, these results
have also been extended to more general semilinear and nonlinear partial
differential equations ([12, 13, 14, 15, 16, 17, 18, 24, 35, 37, 44, 45, 46, 47,
48, 49, 50, 52, 53, 54, 55, 60] and the reference therein).

In this article, we consider an inhomogeneous linear system of partial
differential equations

Opu— 3" Ay g(t,2)0j00u = f(t,x)

(1.1) 1€ q€Q;
ANHu(t,x) =0 = pj(x),j =0,...,s—1

in two variables (¢,z) € C?, where

e x> 1 is a positive integer;

K is a nonempty subset of {0,...,x —1};

Q; is a nonempty finite subset of N for all i € KL (N denotes the set

of all the nonnegative integers) and at least one of the Q;’s is not

reduced to {0};

o the coefficients A; 4(t,x) € M,,(O(D,, xD,, )) are nonzero matrices
of size n x n with analytic coefficients on a polydisc D,, x D,,
centered at the origin of C* (D, denotes the disc with center 0 € C
and radius p > 0) for all i € K and ¢ € Q;;

e the inhomogeneity f(t, x) is a matrix of size n x 1 whose terms are
formal power series in ¢ with analytic coefficients in D,, (we denote
by f(t,z) € M, 1(O(D,)[t])) which may be convergent, or not™;

e the initial conditions ¢;(xz) € M, 1(O(D,,)) are matrices of size
n x 1 with analytic coefficients on D, forall j =0,...,x — 1.

System (1.1) is fundamental in many physical, chemical, biological, and
ecological problems. Examples below present some of these problems.

(1) We denote fwith a tilde to emphasize the possible divergence of the series )7
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GEVREY REGULARITY AND SUMMABILITY 3

Example 1.1 (Acoustic equations). — Let us respectively denote by
v(t,z) and p(t,z) the velocity and the pressure of a fluid with density
p(t, z) and compressibility coefficient ¢(t, z). Then, under some convenient

hypolheses, lhe veCtOI‘
<U)
u
p

is a solution of a linear system of the form

(1.2) O+ (b(t?x) a(fdw))amu = f(t,x)

with @ = 1/p, b = pc? and f(t,z) an analytic function at the origin of
C2. Note that a system of the same type as System (1.2) also occurs when
one searchs “planar” solutions of Maxwell’s equations. In this case, the
functions a(t,z) and b(t,z) are related to the dielectric permittivity eq,
to the magnetic permeability o and to a characteristic ¢o(¢,x) of a non-
conducting medium where neither currents nor charges are present.

Example 1.2 (Quasistationary electric oscillations). — Let us now con-
sider the propagation of quasistationary electric oscillations in cables with
self-induction L(t,z), ohmic resistance R(t,z), capacitance C(¢,z) and
creepage A(t,x). Then, the vector

()

with v the voltage and ¢ the current is a solution of a linear system of the
form

0 c(t,x) a(t,x) 0 _
(1.3) Opu + (((t,x) 0 )&Cu—i— ( 0 r(t,2) u= f(t,x)
where ¢ = 1/C, ¢ = 1/L, a = A/C, b = R/L, and where f(t,x) is an
analytic function at the origin of C2.

Example 1.3 (Reaction-diffusion systems). — Reaction-diffusion systems
are mathematical models that correspond to several physical phenomena.
The most common is the change in time and space of the concentration
of one or more chemical substances: local chemical reactions in which the
substances are transformed into each other, and diffusion which causes the
substances to spread out over a surface in space. In their “simplest” form,
reaction-diffusion systems read as

(1.4) O = A(t, x)0%u + B(t, z)u,

TOME 0 (0), FASCICULE 0



4 Pascal REMY

where A(t,z) € M,,(O(D,, x D,,)) is a nonzero n x n-diagonal matrix of
diffusion coefficients, and where B(t, z) € M,,(O(D,, x D,,)) accounts for
all local reaction.

Reaction-diffusion systems are naturally applied in chemistry, but can
also describe dynamical processes of non-chemical nature. Many examples
can be found in biology, geology, physics and ecology: e.g., morphogene-
sis, ecological invasions, spread of epidemics, tumour growth, dynamics of
fission waves, neutron diffusion theory, wound healing, and visual halluci-
nations.

The work presented in this article is a natural extension of the work [43]
in which we only considered the case n = 1, that is the case of the classical
inhomogeneous linear partial differential equations. Before stating our var-
ious results (see Theorems 2.5 and 3.11) describing the Gevrey regularity
and making explicit a characterization of the summability of the formal
series solutions in time of System (1.1), let us first start by recalling some
known results about these ones.

Notation 1.4. — All along the article,
e we write any formal power series g(t, x) € (’)(Dpl)[[t]] in the form

.13) = Zg_j,* Zg*u Z 9j,v j' V'

3=0 v>0 3,v=20

with g; . (z) € O(D,,), Gun(t) € C[t]® and g;,, € C for all j,v > 0:
e for any n x n-square matrix M, we denote by M%4 with 1 < k, € <
n its term at row k£ and column /;
e for any n x 1-column matrix M, we denote by M* with 1 <k <n
its term at row k.

1.2. Formal solutions and known results

First of all, we have the following.

PROPOSITION 1.5. — System (1.1) is formally well-posed® , that is ad-
mits a unique formal solution u(t,z) € M, 1(O(D),)[t])-

(2) As for the inhomogeneity f(t, x), we denote g« (t) with a tilde to emphasize the
possible divergence of these series.

(3) This notion, introduced by W. Balser and V. Kostov in [2], extends to formal power
series solutions the classical notion of well-posed problem of J. Hadamard [6].

ANNALES DE L’INSTITUT FOURIER



GEVREY REGULARITY AND SUMMABILITY 5

Proof. — Let us set
[k 7
Li(Aig) = {0 {1, n} - Al (1 0) # 0}

forall k =1,...,n,all i € K and all ¢ € Q;. Some of these sets may of
course be empty but, given our assumption A; ,(¢,z) # 0, there exists at
least one k € {1,...,n} such that L£;(A;4) # 0. For any £ € Ly(A;,), if
any exists, we write the term Ayff] (t,z) in the form

A[_k,z] (t,2) = & 1[1:@ a[k 2] (t,z)

1,9

where
[k’z]( z) € O(D,, x D,,) is analytic on the polydisc D,, x D,,
and satisfies a[ ](0 x) £0;

[f]

e the valuation v; ;= > 0 of Ai}ff] (t,z) with respect to t is a nonneg-

ative integer.

With these notations, System (1.1) becomes the system

ol =33 S el n)oiomd = T, )

(1.5) i€K q€Qi LeL(Aiq)

Hulfl(t,2) =0 = ¢ (),5 = 0,..., 5~ 1
forall k =1,...,n, with the classical convention that the third sum is zero
when Ek( iq) = 0.

Writing then the analytic coefficients a[ ](t x) and the inhomogeneities
fIH (¢, ) in the form

kz] Zaikqgj* — and ﬂk t,x) ij

7=0 720

with al®4 (), f [k]( ) € O(D,,) for all j > 0 and all 7, ¢, k, ¢, and looking

2,4, j *
for the n components ¥l (t,x) of u(t,x) on the same type:

~[k Z ul

720

with u[ ]( ) € O(D,,) for all j > 0 and all k =1,...,n, one easily checks

that the coefficients ugkl(x) are uniquely determined for all k = 1,...,n

TOME 0 (0), FASCICULE 0
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and all j > 0 by the recurrence relation

(1.6) ufl (2) = fM(2)

k% Jy*

j!
]

1€ qEQi LEL(Aj,q) j0+j1:j7v[k’z

2,9

together with the initial conditions ugk] (x) = gogk] () forall k =1,...,n

and all j =0,...,x — 1, which ends the proof of Proposition 1.5. g
In [43, 45], the author proved for the inhomogeneous linear partial dif-
ferential equation

Ofu — Z Z tUaa;  (t, )0;0%u = f(t,z)
(17) €K q€Q;

agu(t7x)\t20 = @j(x)vj = 07"‘7’%_ 17

that is for System (1.1) with n = 1, that the Gevrey regularity of the formal
solution u(t, z) depends both on the Gevrey regularity of the inhomogeneity

f(t,z) and on the structure of (1.7), that is on the linear operator

OF =3 ) tvea ot )0} 01

i€ geQ;

PROPOSITION 1.6 ([43, 45]). — Let so be the nonnegative rational num-

ber defined by
sp = max| 0, max| max —— | |.
1€K \q€Q; Vig + K —1
Then,

(1) u(t,z) and f(t,z) are simultaneously s-Gevrey for any s = so;

(2) u(t,z) is generically so-Gevrey while f(t,z) is s-Gevrey with s < sq.
Thus, the Gevrey regularity of u(t,z) follows a noteworthy dichotomy,
governed by the critical value sg, between the Gevrey regularity of the
inhomogeneity JF"v(t7 x) and the one induced by the very structure of (1.7).
Considering then this critical value sg, and under some convenient as-
sumptions, the author gave a necessary and sufficient condition under which
the formal solution u(t,x) is ko-summable, with ko = 1/sg, in a given di-
rection arg(t) = 6.

ProposITION 1.7 ([43]). — Let us denote by

e (; the maximum of all the x-derivative orders q € Q;;
e ¢* the maximum of all the ¢;’s for i € K,

ANNALES DE L’INSTITUT FOURIER



GEVREY REGULARITY AND SUMMABILITY 7

and let us assume the following conditions:
® v;q =0 forallick;
e there exists a unique i € K, denoted by i*, such that ¢* € Q;;
e ¢* +1* > k and a;x ¢+(0,0) # 0.
Then, so = ¢*/(k—1i*)—1 and the following assertions hold for any direction
arg(t) = 6 € R/2nZ issuing from 0:
(1) u(t,z) is ko-summable, with kg = 1/s¢, in the direction 6 if and only
if the inhomogeneity f(t,z) and the formal power series U,y (t) €
C[t] forv=0,...,¢* — 1 are kg-summable in the direction 6.
(2) Moreover, the ko-sum u(t,x), if any exists, satisfies (1.7) in which
f(t, x) is replaced by its ko-sum f(t,x) in the direction 6.

In the present work, we propose to extend these two results to the general
System (1.1). Section 2 is devoted to the study of the Gevrey regularity of
its formal solution @(¢,z). After briefly recalling the definition and some
basic properties of the s-Gevrey formal power series in O(D,,)[t] which
are needed, we introduce a convenient critical value sy > 0 associated with
System (1.1) and we prove that (¢, z) and the inhomogeneity f(t,z) of
System (1.1) are simultaneously s-Gevrey for any s > sg, and that u(¢, x) is
generically sg-Gevrey while f(t, x) is s-Gevrey with s < s¢ (Theorem 2.5).
In the latter case, we give in particular an explicit example in which u(t, x)
is s’-Gevrey for no s’ < sg, that is u(t, z) is exactly so-Gevrey. In Section 3,
we investigate, under some convenient assumptions (see Hypothesis 3.5),
the ko-summability of @(t, z) with kg = 1/sg, and we give a necessary and
sufficient condition under which the formal solution w(¢, z) is ko-summable
in a given direction arg(¢t) = 6 (Theorem 3.11). In Section 5, we present
some technical results (Nagumo norms, matrices with analytic coefficients
and generalized binomial coefficients) which are needed for the proofs of
our two main results. This section can also be read independently of the
rest of the article, so as not to burden the main proofs.

2. Gevrey regularity

All along the article, we consider ¢ as the variable and x as a parameter.
Thereby, to define the notion of Gevrey formal power series in O(D,, )[t],
one extends the classical notion of Gevrey formal power series in C[t] to
families parametrized by z in requiring similar conditions, the estimates
being however uniform with respect to x [51, Chapter 3]. Note that, doing
so, any formal power series in O(D,,)[t] can also be seen as a formal

TOME 0 (0), FASCICULE 0



8 Pascal REMY

power series in t with coefficients in a convenient Banach space defined as
the space of functions that are holomorphic on a convenient disc D, and
continuous up to its boundary, equipped with the usual supremum norm.
For a general study of the formal power series with coefficients in a Banach
space, we refer for instance to [1].

Before stating our main result (see Theorem 2.5 below), let us first recall
for the convenience of the reader some definitions and basic properties
about the Gevrey formal power series in O(D,, )[t], which are needed in
the sequel.

2.1. Gevrey formal power series

DEFINITION 2.1. — Let s > 0. A formal power series
_ t
ut,x) = Zuj,*(x)ﬁ € O(D,)[t]
720

is said to be Gevrey of order s (in short, s-Gevrey) if there exist three
positive constants 0 < r < p1, C > 0 and K > 0 such that the inequalities

;. (2)] < CKIT(1 4 (s 4 1)5)
hold for all x € D, and all j > 0.

In other words, Definition 2.1 means that u(t,z) is s-Gevrey in ¢, uni-
formly in x on a neighborhood of z = 0 in C.

Notation 2.2. — We denote by O(D,, )[t], the set of all the formal series
in O(D,,)[t] which are s-Gevrey.

Observe that the set C{¢, 2} of germs of analytic functions at the origin of
C? coincides with the union | J o150 O(Dp,)[t]y- In particular, any element
of O(D,,)[t], is convergent and C{t,z} N O(D,, )[t] = O(D,,)[t],-

Observe also that the sets O(D,, )[t], are filtered as follows

O<DP1)[[t]]O - O(Dpl)[[tﬂs - O<DP1)[[t]]s’ - O(Dpl)[[tﬂ
for all s and s satisfying 0 < s < s’ < +o00.
Following Proposition 2.3 specifies the algebraic structure of O(D,, )[¢]..

PROPOSITION 2.3. — Let s > 0. The set O(D,,)[t], endowed with the
usual algebraic operations and the usual derivations 0; and 0, is a C-
differential algebra.

Proof. — See [51, Proposition 3.4]. O

ANNALES DE L’INSTITUT FOURIER



GEVREY REGULARITY AND SUMMABILITY 9
2.2. Main result and applications

Let us first extend Definition 2.1 to the elements of M,, 1 (O(D,,)[t])-

DEFINITION 2.4. — A n x 1-column matrix u(t,xz) € M, 1(O(D,,)[t])
is said to be s-Gevrey if its components ul* (¢, x) € O(D,,)[t] are s-Gevrey
forallk=1,...,n.

We are now able to state the main result in view in this section.

THEOREM 2.5 (Gevrey Regularity Theorem). — For all i € K and all
q € Qi, let us denote by v; ; the nonnegative integer defined as the smallest
valuation of all the nonzero terms of A; 4(t,x):

. . k.l
Vjq = Mmin min vz[q’ ] .
ke{l,...,n} ée[,k(Ai,q) ’

Let sy be the nonnegative rational number defined by

g—K+1
Ssp = max| 0,max| max — | |.
i€EK \q€Q: Vig + K —1

Then,

(1) @(t,z) and f(t,x) are simultaneously s-Gevrey for any s > So;

(2) ul(t,z) is generically so-Gevrey while f(t, x) is s-Gevrey with s < sg.

Remark 2.6. — As in Proposition 1.6, we observe again that the Gevrey
regularity of u(¢, x) follows a noteworthy dichotomy, governed by the critical
value sg, between the Gevrey regularity of the inhomogeneity f(t, z) and
the one induced by the structure of System (1.1), that is by the linear
operator
A=0F =33 Aigt,z)0;0!.

1EK qgEQ;
Remark 2.7. — Let us denote by C(a,b) the domain
Cla,b) = {(y1,92) € R? : y1 < a and y; > b}
for any a,b € R. Let us also denote by N;(A) the convex hull of the domain
Clr,—r)UJ | Cli+q,—i+uviy).
1€ gEQ;
When i + g < & for all i € K and all g € Q;, the domain N;(A) is reduced
to the domain C(k,—£) and has no positive slope (see Figure 2.1a). On
the other hand, if i + ¢ > & for some i € K and ¢ € Q;, the domain N;(A)

has at least one positive slope (see Figure 2.1b) and the critical value s
is the inverse of the smallest of these slopes. By analogy with the linear

TOME 0 (0), FASCICULE 0
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partial differential equations, we refer the domain N;(A) as the associated
Newton polygon of System (1.1) at t = 0.

[ ) [ )
[ [ ]
° ’
'
° o o
L] '

° * —iF VigT-@- -
—K —K 5\0?6

(a) Case i +q < K (b) Casei+q >k
for all i € K and all g € Q; for some i € K and ¢ € Q;

Figure 2.1. The domain N;(A)

Before we move on to the proof of both parts of Theorem 2.5, let us first

formulate two corollaries that deal with convergent inhomogeneity f(t,x)
as well as some additional examples.

COROLLARY 2.8 (Necessary and sufficient condition for convergence).
Assume that i + g < k for all i € K and all ¢ € (Q;, that is so = 0. Then,
the formal solution u(t,x) is convergent if and only if the inhomogeneity

f(t,x) is convergent.

Remark 2.9. — When i + g < k for all i € K and all ¢ € Q;, and f(¢t, z)
is convergent, we find here the classical Cauchy-Kovalevskaya Theorem.

COROLLARY 2.10 (Maillet-Ramis type Theorem). — Assume that the
inhomogeneity f(t,x) is convergent. Then, the formal solution u(t,z) is
either convergent or sg-Gevrey for some positive rational number sq > 0
defined as the inverse of the smallest positive slope of the associated Newton

polygon.
As said at the beginning of the introduction, System (1.1) is fundamental

in many physical, chemical, biological, and ecological problems. We present
below two examples arising from these different problems.

Example 2.11. — Let us first consider the acoustic equations (1.2) and
System (1.3) modelling the quasistationary electric oscillations. From The-
orem 2.5, the value sy attached to these two systems is s = 0. Then, since

ANNALES DE L’INSTITUT FOURIER



GEVREY REGULARITY AND SUMMABILITY 11

their inhomogeneities are convergent at the origin of C2, Corollary 2.8 tells
us that their formal solutions are also convergent at the origin of C2. In par-
ticular, they define analytic solutions in a neighborhood of 0 € C2, whose
explicit forms are given by relations (1.6).

Example 2.12. — Let us now consider the reaction-diffusion system (1.4).
Since the derivative order in x is greater than the derivative order in t,
System (1.4) is a non-Kovalevskian system and its formal solution u(t, x)
is in general® divergent. More precisely, Theorem 2.5 tells us that u(t, x)
is 1-Gevrey. Indeed, the value s¢ attached to System (1.4) is sp = 1 and
the inhomogeneity of System (1.4) is zero.

Let us now move on to the proof of Theorem 2.5. We start with the first
and most technical point.

2.3. Proof of the first point of Theorem 2.5

According to Definition 2.4, relations (1.5) and Proposition 2.3, it is clear
that the following implication holds:

U(t, z) is s-Gevrey = u¥(t,2) € O(D,,)[t], forall k=1,...,n
— (¢, 2) € O(D,)[t], forall k=1,...,n

— f(t,x) is s-Gevrey.

_Reciprocally, let us fix s > sg and let us assume that the inhomogeneity
f(t,z) is s-Gevrey. By definition (see Definitions 2.1 and 2.4), there exist
three positive constants 0 < r < p;, €' > 0 and K > 0 such that the
following inequality holds for all j > 0, all z € D, and all k =1,... n:
(2.1) 8@ < R+ (s + 1)),

gki (x) of the formal series ul®l (¢, z)
satisfy similar inequalities for all £ = 1,...,n. To do that, we shall pro-
ceed in a classical way based on the Nagumo norms and on a technique
of majorant series, as already developed, for instance, in [3, 41, 43, 45].
However, as we shall see below, our calculations to determine a convenient

We must prove that the coefficients u

majorant series appear to be much more complicated because we work now
with systems and no longer with equations.

(4) We write “in general” since, for certain initial data @i (), u(t,z) can be convergent
(it is for instance the case when all the ¢; are zero).

TOME 0 (0), FASCICULE 0
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2.3.1. First step: some preliminary inequalities

From relations (1.6), we get, for all j > 0, allx € D, and all k = 1,.
the recurrence relations

ulfl @) M)
TA+(s+1)(j+r) TA+(s+1(+r)
jam (@)l

4,45J0,% J1t+i,*
PIPIED IS g PRI+ GG + )

€K q€Qi LeLy(Aiq) jotjy =j—vlF*

starting with the initial condition u[ ](x) = @Bk] (x) for 5 =0,...,k— 1.
Let us now apply the Nagumo norms (see their definition and properties
in Section 5.1) of indices ((j + k)o,r) with

0 = max (max q)
€K \geQ;
Notice that o > 1 thanks to our assumption on the sets ;. From Property

1 of Proposition 5.2, we first receive for all j > 0 and all K = 1,...,n the
following inequalities:

’ ug]:]-f'i,*||(j+n)o,7' ||fk]||(]+m)or

P+ (s+1)(+k) TA+(s+1)(j+r)

4! Ha[ké 99yl
D ID DD DD

4,q350,% "€ T j1+4* | (K)o,
€K G€Qi LELK(Aisa) jotji=j—0]

~ jolji! T+ (s+1)(j+ k)

Writing then (j + #)o in the form
(j +#)o = joo + (1 +1)0 + ¢+ 0 g
with
Tkt = ('f—Z‘FU[ ’]) —q=20

we finally get, from Properties 4-5 of Proposition 5.2, the following inequal-
ities forall j >0 and allk=1,...,n

|| J+N*H(j+n)a,r Hfj,*H(j+n)a,r
P+ (s+ 1) +5)  TA+(s+1)(j +r))

’uhﬂ *H +1)
530 D SENED SN g
1EK GEQ: L€ Lk (Aisa) jot gy =j vl a JF(1+(8+1)(J1+ i))

(2.2)

ANNALES DE L’INSTITUT FOURIER



GEVREY REGULARITY AND SUMMABILITY 13

where C; 4 ¢ ; is the positive real number defined for all j > v [k 4 by

()
i,q

Cighktj= . +1)(j0 o X ||1||aqu1k)wr(ae)q

(s+1)jo

|| [k,£] q
a; ,q350.%  joo,r
>< . A —
(14 (s+1)jo) H<]1H+ >

h=1

JIP( + (s + 1)(j1 + )T + (s + 1)(j — o)

(j — o DID(L + (s + 1))+ (s + 1)(j +K))

. [k,£] k,0]
and where (]_U}w ) and ((s+1)(] ol )) stand respectively for the bino-
Jo (s+1)jo

. . k.6
(] 7[k z]) _ (G — U[,q })!
Jo Jol(j — U[k 4 — jo)!

and for the generalized binomial coefficient

<<s+1>< i’z‘”)— PO+ (s + DG - vy)
(s+1)j ST+ (54 Djo) D1+ (s + 1) — v — jo))

1(1

mial coefficient

2.3.2. Second step: bound of C; ¢ k¢ ;

Let us first start with two technical lemmas.
LEMMA 2.13. — The following inequality holds for all j > [qe] and all

Ui
joG{O,...7 [kf]}
()
]0

— Jo 7 <
( (s+1) (G0 )
(s+1)jo

Proof. — Applying succesively the Vandermonde’s Inequality (Proposi-
tion 5.5) and Proposition 5.7, we get

((s +1)( - vifz”)) y (s(j - vEfi;“)) (j Viﬂ) . (J‘ %”)
(s +1)jo g sjo jo )7\ o

for all j > /%% and all jo € {0,...,j—o/"}, and Lemma 2.13 follows. O
LEMMA 2.14. — There exist two positive constants c1,Cy > 0 such that

the following estimate holds for all j > 0:
M1+ (s+1)(G+1))

ali+1T < T(1+ (s+1)j)

< CL(j + )5+,

TOME 0 (0), FASCICULE 0
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Proof. — From the Stirling’s Formula, we have the equivalence

FA+(s+D)@+1))
(14 (s+1)j)  j—+oo

(s+ 1" +1)°H!

which proves Lemma 2.14. O
Let us now apply Lemmas 2.13 and 2.14: for all j > vz[fcq’e] and all jo,j1 = 0
such that jo+j1 =J5 — vz[kqé], we have
a1l d
Ci . < 1 , q 2,q9530,% ll joo,r
,q,k, 0,7 || ||o’i,q,k72,r(ae) 1—\(1 + S+ 1 ]0 hlJ ]1 +7’+
. k£
(= vy + 1) d X Ci(GL+ 1) (G +9)**!
% I*”r‘r’U[k 4l [k,€) :
¢ (G —vig +1)...(G+r)H
hence,
i a1
Cl i,q4;50.* | joo,r

) <L q
Ciahits < | ”‘th,qwkvl’r(ae) cn+v£],cc}£] ) T(1+4 (s+1)jo)
1

LU DG G )G 1)
(G =vl? + 1) G+

since j; < j and h < ¢ < 0, and therefore

H [k,£]

Oi z 14570 % || joo,T
C, . < 1, q 1 > 1Jo0,
vkt S 1o r(7€) e “ T+ (5 + Do)
1
. k¢ ) o
y G—oT 1) (+i+1)
((j—v[“]Jrl) e (G +Hi+1) . (G +w))H!
ci el
<y, o6y~ e

Tiak, " Cn+v£’ff] % I'(1+ (s+ 1)jo)
1
. k¢ . L
G-l +1).. (G+i+1)

g (G- W]+1) )t (G + i+ DEFDE=D

since k > 1. Of course, we use here the classical convention that the product
(j — vz[ﬁz’z] +1)...7 is 1 as soon as vz[kq/] = 0. Observe also that all the

calculations above remain valid when ¢ = 0.

ANNALES DE L’INSTITUT FOURIER
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LRI

LEMMA 2.15. — Assume v, ,~ > 1. Then, the following inequality holds
forall j > v [k 9 and all v € {0,.. ., l[qu] —1}:
. j+i+1
j—

v+ 1)

Proof. — We proceed by recursion on v.

For v = 0, the hypotheses j > v [ 4> > 1 and ¢ > 0 implies
Jti+1 j 1

JoJ .
2+ 1) 206+1) 252737

hence, the inequality (and also Lemma 2.15 if v[k b= =1).

LRI

Let us now assume v; ;- > 2 and let us suppose that the inequality holds

for all v' € {0,...,v} for a certain v € {0,... ,vl[fcq’g] —2}. We must prove it
for v + 1. Applying our assumptions, we get
. . J+i
— HN=U(-1)—-v>—"——.
) =G -0 g
The sought inequality follows then from the relation
+1+1
jpis ittt
2
which ends the proof. O
Applying then Lemma 2.15, we deduce that
Cl HalquJ]o *H] o,r
Cignes < gy o (0€) -

e X
A sl T T (s + Do)
1
R ) [k.¢] [k.] [k.]
% 2(S+1)%(l + 1)(s+1)vi7{1’ (] +i+ 1)q+vm; —(s+1)(v; " Hr—1)
for all j > Ul[fcq’é] and all jo,j1 > 0 such that jo +j1 = j —v;, . Observe

here that all the inequalities on C; 4 ¢,; Written above remain valid when
[k aq_o.

[ké

LEMMA 2.16. — Let s > sg. Then, the following inequality holds for all
tekK,allge Q;, allke {1,...,n} and all £ € Ly(A;q):
(s + D)+ k —i) > g+ o
Proof. — Let us first assume ¢ > k —¢. Then, by definition of sy and v; 4
(see Theorem 2.5), we easily get the inequality
q—K+1 g—Kk+1

s> 8y =
= O/Ui,q‘i‘fi_l [ké]_’_l‘€

TOME 0 (0), FASCICULE 0
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When g < k — ¢, we also have
qg—k+1
N
Consequently, the inequality
(2.3) s> _g—KFr
[k.0] )
Vig TH—1

is always true, and Lemma 2.16 follows by adding “+1” to the both sides

of (2.3) and by multiplying by vl[fcq’e] +Kk—1i>0. O
Let us set
Cy =
olF L ke |y [k, £]
1)—tg g 7 i (s +1)v,”;
9(s+1) 2 ||1||g;qukye7T(O'e)qu(Z + 1)(5 Vi
max max [k, 2]
i€ | ke{l,...,n} Kt o
9€Qi \ 1eLy,(Ay.q) ¢

Then, Lemma 2.16 implies the final inequality

(k4] H
4,q:J0,* ll joo,r

I'(1+ (s+1)jo)

a
(2.4) Ciqrej <Co

(k€]

for all j > vl[?q’a and all jo,j1 = 0 such that jo+j1 =7 —v;,

2.3.3. Third step: the majorant series method

We shall now bound the Nagumo norms ||u£kl jour for any j > 0 and
any k = 1,...,n by using the classical majorant series method, which here

consists of determining formal power series

VM) =3l
320

(K]

which are convergent at the origin of C, and whose the coeflicients v;

satisfy the following condition for all j > 0 and all k =1,...,n:
Jugia ]
ul ||
25 < —— 2lor o IR
(25) ri+(s+1)yj
First of all, let us set

(k] kL
K] _ Hfj,*”(jM)U,T 4 a0 \GE,W]-,* jor

T TOH DGR e T I (s 1))

ANNALES DE L’INSTITUT FOURIER
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LEMMA 2.17. — There exist two positive constants B',C’' > 0 such
that the following inequalities hold for all j > 0, all i € IC, all ¢ € Q;, all
ke{l,....,n} and all ¢ € Li(A,; 4):

g[lii < C'BY  and agqu] s < C'BY.

Proof. — According to our assumption on the coefficients f][ki (x) (see
inequality (2.1)), we first deduce from Properties 3-4 of Proposition 5.2
that the following inequality holds for all j > 0 and all k =1,...,n

(K]
0< g[_k] < ||fj7*||071'”1||(j+)§)0-77n < OKJF(l + (S—I- 1) )7“(]""“)‘7.
25T+ (s+1)(5+ k) T(I+(s+1)(j+r))
(K]

The sought inequality on g; ¢

follows then from the fact that the quotient

D1+ (s+1)j)
F(1+(s+1)(G+ k)

is bounded (see Lemma 2.14).
[k.€]

7,2,q,8’
function a[ ](t x), is proved in a similar way and is left to the reader. O

The inequality on «; due to the analyticity on D,, x D, of the

We are now able to bound the Nagumo norms HuJ *H . Recall that,
due to inequalities (2.2) and (2.4), the following holds for all J = 0 and all
k=1,....n

|| ]+R*||(j+f€)o,7' <g[k]
P+ (s+1)(j+r) =7

[k,€] ’ u31+z * H(jl.H)g r
+CZZ Z Z Z ajo’i’%sr(l‘i'(s—‘-l)(jl +Z))7

1€ q€Qi €L (AiLq) jotjr=5— “iqu]

(2.6)

where Cs is a positive constant independent of 4, ¢, k and /.

Let us now introduce, for any k = 1,...,n, the formal power series
[k] Z olF X7,
7=0

the coefficients of which are recursively determined for all j > 0 by the
relations

IR S ol DD DR

1€ qEQ; LEL (A;, q)jo+j1=j—v£l_“q’£]+i

TOME 0 (0), FASCICULE 0
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Starting with the initial conditions

Uo = Hu[k] H0r = H(,o[k]HOm, and, for j=1,...,k =1 (if k = 2):
(K]
k] H Hp o, k.0 [0
v = (1 + (sfl—{) ) + Z Z Yo irq,5 Y51

(1.q,00eV Go+jr=j—r—vl"+i

s

=7 or (k] €]
T+ (s+1)5) + Z Z Yo i,q,s Vs

(1,0,0€V™ jo+jr=j—r—vl"+i

where
k ) . ke |
VI = {(1,q.0) € K x Qi x Li(Ai);j —r— ol i >0},
Observe that the condition “x > ¢ for all ¢ € K” implies j — ﬁ—vl[fcq’e] +1i < J;
hence the initial conditions on the vj[-k} ‘s with j = 1,...,k — 1 make sense

for all k =1,...,n. Observe also that the set Vj[k] may be empty.
Reasoning by induction on j > 0, one can easily check that the inequal-
ity (2.5) holds for all j > 0 and all k =1,...,n
On the other hand, let us define the n x n-matrix o(X) € M,,(C[X]) by

X)=C) > (X
€K qEQ;
with a; ¢(X) € M,,(C[X]) such that
K—1 v[.k’e] k£ .
" XETs Nl XT it e Li(Ay )
a; o (X) = >0
0 otherwise

for all k,£ € {1,...,n}. Let us also define the n x 1-column matrix h(X) €

=t el :
(k] _ g gor K [k]
h (X)_;_ T (s+1) XJ—|-X ]§>0 X7

for all £ € {1,...,n}. Note that, due to Lemma 2.17, the coefficients of
a(X) and h(X) are all analytic at the origin of C.
Then, the n x 1-column matrix
vl (X)
v(X) = : € M, 1 (C[XT)

ANNALES DE L’INSTITUT FOURIER
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is the unique solution of this type of the system
(In — a(X))v(X) = h(X),

where I,, stands for the n x n-identity matrix. Since a(0) = 0, we deduce
from Proposition 5.4 that the matrix I, — o(X) is invertible and that
its inverse is a m X n-matrix with analytic coefficients at the origin of C.
Consequently, the coefficients v/*/(X) € C[X] of v(X) are also analytic at
the origin of C for all k = 1,...,n. This brings then us to the following
result which allows to bound the Nagumo norms ||u£leNT forall j > 0
andallk=1,...,n.

LEMMA 2.18. — There exist two positive constants C”, K" > 0 such
that the following inequaliy holds for all j > 0 and all k =1,... ,n:

iy < C"K"T(1+ (s +1)).

il o

We are now able to conclude the proof of the first point of Theorem 2.5.

2.3.4. Fourth step: conclusion

[k]

We must prove that the sup-norm of the u;, (z) has estimates similar to

the ones we arrived at for the norms ||u£k,]k ng. , (see Lemma 2.18). To this
end, we proceed by shrinking the disc D,.. Let 0 < 7’ < r. Then, for all
j=20,allk=1,...,nand all x € D,, we have

k io (K]
s @de@V?] gl

W (2)d, (2)77 !
( )dr( ) (7" _ ,r,/)jo' = (r _ r/)ja’

J* dr(x)ﬁj

X

k
[t ()] =

and, consequently,

’ugkl(x)‘ < C’”(

"

K"\’ ,
)0> L(1+ (s +1)j)

(r—r’

by applying Lemma 2.18. This proves that the formal series u*!(t, z) are
s-Gevrey for all k = 1,...,n, which ends the proof of the first point of
Theorem 2.5 thanks to Definition 2.4.

2.4. Proof of the second point of Theorem 2.5

In this section, we assume sg > 0, that is there exists at least one i € IC
and one ¢ € @Q; such that ¢+ > &, and we fix s € [0, so[. According to
Definition 2.4, the filtration of the s-Gevrey spaces O(D,, )[t], (see page 8)

TOME 0 (0), FASCICULE 0
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and the first point of Theorem 2.5, it is clear that we have the following
implications:

f(t,a:) is s-Gevrey = f¥ (t,x) € O(Dp, )[t], forallk=1,...,n
= fM(t,z) € O(D,,)[t],, forall k=1,....n

= f(t,x) is so-Gevrey
= u(t,x) is sp-Gevrey.

Therefore, to conclude that we can not say better about the Gevrey
order of u(t, x), that is u(t, x) is generically so-Gevrey, we need to find an
example for which the formal solution (¢, z) of System (1.1) is s'-Gevrey
for no s’ < sg.

When n = 1, that is when System (1.1) is reduced to an inhomoge-
neous linear partial differential equation, such examples can be found, for
instance, in [3, 41, 43, 45]. In the case n > 2, such an example is given by
the following.

PROPOSITION 2.19. — Let us consider the system
0 a 2 _ Iy
Opu — (b 0) Oiu = f(t,x)

(2.7)
u(0,x) =

1
11— <1> c M271(O(D1))
with a,b > 0, f(t,z) € Ma1(O(D1)[t],) and 8%]"}@(0) >0 for all ¢ > 0,
all j > 0 and all k = 1,2. Then, the formal solution u(t,z) of System (2.7)
is exactly 1-Gevrey.

Proof. — Since the critical value of System (2.7) is sg = 1, it results from
the above calculations that it is sufficient to prove that @(¢, x) is s’-Gevrey
for no s’ < 1.

According to the general relations (1.6), the coefficients ugll(m) and
uﬂ (z) of the components ul!l(t,z) and ul?(t,z) of the formal solution
u(t,z) of System (2.7) are recursively determined from

1

up (@) = ug (@) = T

by the relations
1 1 2
ulhy (@) = fil@) + adtul (@)

ully (@) = @) + vo2ulll ().
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Reasoning then by recursion on j > 0, one easily checks that

/217 i (25)!
uil(x) — qli/21pli/2] m n remg-l] (z)

o 2j)!
u.[lz,l (:L') - QU/%bb/ﬂ (1_(:1:))2]4_1 -+ I‘em?] (LC)

for all j > 0, where [z] (resp. |z]) stands for the ceil (resp. the floor)

of x € R, and where remgk] (z), k = 1,2, are linear combinations with

nonnegative coefficients of terms of the form 02 fgi] (x) with &' = 1,2,
£e€{0,...,j—1}and ¢ € {0,...,25}.
Consequently, using our assumptions on a, b and f(t, z), we deduce that

ugkl (0) > m? (24)! with m = min(a, b)

forall j > 0 and all k =1,2.

Let us now assume that u(t,z) is s'-Gevrey for some s’ < 1, that is
aM(t, z) and 4l (¢, 2) are both s’-Gevrey. Then, applying Definition 2.1 to
the above inequalities, we get the relations

T(1+ (s +1)5)
1<CK) —————==
= (1 +2j)
for all j > 0 and some convenient positive constants C' and K independent
of 7. Proposition 2.19 follows then, since such inequalities are impossible.
Indeed, it results from the Stirling’s Formula that

: . i\
cpi LA+ 15 C\/m Kel ™ (' + 1)) o
T +2)) it 2 1

which approaches 0 when j tends to infinity. O

3. Summability

In this section, we assume that the critical value sg introduced in The-
orem 2.5 is positive, and we are interested in the kg-summability, with
ko = 1/sg, of the formal solution (¢, z) of System (1.1). More precisely,
our aim is to make explicit a necessary and sufficient condition under which
u(t, z) is ko-summable in a given direction arg(t) = 0.

Before specifying the framework of our study (Hypothesis 3.5) and stat-
ing our main result (Theorem 3.11), let us start by recalling some notions
about the ko-summability of formal power series in O(D,, )[t].
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3.1. kp-summable formal power series

Still considering ¢ as the variable and = as a parameter, one extends,
in the similar way as the s-Gevrey formal series (see Definition 2.1), the
classical notion of ko-summability of formal series in C[¢t] to the notion of
ko-summability of formal series in O(D,, )[t] in requiring similar conditions,
the estimates being however uniform with respect to x.

Among the many equivalent definitions of kg-summability in a given di-
rection arg(t) = 6 at ¢ = 0 [51] (see also [20, Section 5]), we choose in this
article a generalization of Ramis’ definition which states that a formal se-
ries g(t) € C[[t] is ko-summable in direction  if there exists a holomorphic
function g which is 1/ko-Gevrey asymptotic to g in an open sector Xy -/,
bisected by 6 and with opening larger than 7/kq [40, Definition 3.1]. To ex-
press the 1/ko-Gevrey asymptotic, there also exist various equivalent ways.
We choose here the one which sets conditions on the successive derivatives
of g [51, Chapter 6] (see also [25, p. 171] or [40, Theorem 2.4] for instance).

DEFINITION 3.1 (kg-summability). — Let kg > 0 and sog = 1/ko. A
formal series u(t, x) € O(D,, )[t] is said to be ko-summable in the direction
arg(t) = 0 if there exist a sector ¥y s k., a radius 0 < ry < p; and a
function u(t, x) called ko-sum of u(t, z) in direction 6 such that

(1) w is defined and holomorphic on g ~ /i, X Dy, ;

(2) for any x € Dy, the map t — u(t,x) has u(t,x) = > ;5 uj*(as)zi,

as its Taylor expansion at 0 on Xg s /k,;
(3) for any proper(5) subsector ¥ € Xg ~r/k,, there exist two positive
constants C, K > 0 such that the following estimate holds for all

p>0andall (t,z) € X X D,,:
|0Pu(t, )] < CKPT(1+ (sg + 1)p).

We denote by O(D,,){t}k,.0 the subset of O(D,,)[t] consisting of all the
ko-summable formal series in the direction arg(t) = 6.

Notice that, for any fixed € D,,, the ko-summability of (¢, z) coin-
cides with the classical ko-summability. Consequently, Watson’s lemma, [20,
Theorem 5.1.3] implies the unicity of its kg-sum, if any exists.

Notice also that the kg-sum of a kp-summable formal series u(t,z) €
O(Dy, ) {t}ky:0 may be analytic with respect to = on a disc D,, smaller than
the common disc D, of analyticity of the coefficients u; .(z) of u(t, z).

(5) A subsector X of a sector X is said to be a proper subsector, and one denotes 3 € ¥/,
if its closure in C is contained in ¥/ U {0}.
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Denote by 9; '@ (resp. ;') the anti-derivative of @ with respect to t
(resp. x) which vanishes at ¢ = 0 (resp. « = 0). Following Proposition 3.2,
which is proved for instance in [42, Proposition 2], specifies the algebraic
structure of O(D,, ) {t}ke:0-

PROPOSITION 3.2. — Let kg > 0 and 6 € R/2wZ. Then, the set
O(Dy, ) {t}ko:0 endowed with the usual algebraic operations and the usual
derivations 0, and 0, is a C-differential subalgebra of the Gevrey space
O(D,,)[tl,,- Moreover, it is stable under the anti-derivations 0; b and 0.

With respect to t, the ko-sum wu(t, z) of a kg-summable series u(t,x) €
O(Dy, ) {t}ke:0 is analytic on an open sector for which there is no control
on the angular opening except that it must be larger than 7 /kg (hence, it
contains a closed sector igﬂr /ko Disected by 6 and with opening 7/kg) and
no control on the radius except that it must be positive. Thereby, the k-
sum u(t, z) is well-defined as a section of the sheaf of analytic functions in
(t,x) on a germ of closed sector of opening 7 /ky (that is, a closed interval
1:977,/;60 of length 7 /kq on the circle St of directions issuing from 0; see [26,
1.1] or [19, 1.2]) times {0} (in the plane C of the variable z). We denote by
Oje,w/ko « {0} the space of such sections.

COROLLARY 3.3. — The operator of ky-summation

Sk0;05 O(Dm){t}ko;@ — Ofe,w/kox{o}
u(t,z) —  u(t, )

is a homomorphism of C-differential algebras for the derivations 0; and 0.
Moreover, it commutes with the anti-derivations d; ' and 9; '

The following proposition investigates the kyp-summability of the analytic
functions at the origin (0,0) € C2.

PROPOSITION 3.4. — Let a(t,z) be an analytic function on a polydisc
D,, x D,,. Then, a(t,z) € O(D,,){t}k,:0 for any ko > 0 and any direction
0 € R/2nZ.

Proof. — Let us fix kg > 0 and put so = 1/kg. We also counsider a
direction 0 € R/27Z, and four radii 0 < p < p’ < p; with j = 0, 1. Let
us first start by observing that a(t,z) is its own Taylor series at (0,0) on

D,, xD,, . On the other hand, we derive from the Cauchy Integral Formula

| I

g — p. a(t 7$ ) ! /

(915 a(tu (E) - (227_[_)2 ﬁt/_tlzpé_p()/ (t, — t)p+1(1‘/ — 1‘) dt'dx
o' —z|=p1—pY
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the inequalities )
1
|0Pa(t, x)| < Q<M> p!
for all p > 0 and all (¢,x) € D,y x D, where a stands for the maximum
of |a(t,x)| on the closed polydisc D, x D, (D, denotes the closed disc
with center 0 € C and radius p > 0). Observing then that p! = T'(1 + p) <
I'(1 + (so + 1)p) for all p > 0 (it is clear for p = 0 and stems from the
increase of the Gamma function on [2,4+o00[ for p > 1), we finally get the

inequalities
1 p
PFa(t.a)l < o 5r ) T+ G50+ 1)
Po — Po
for all p > 0 and all (t,x) € D,y x D,y The choice of an arbitrary sector
Y9 >n/ke C Dy ends the proof of Proposition 3.4. O

Let us now turn to the study of the kp-summability of the formal solution
u(t,z) of System (1.1).

3.2. Main result and applications
3.2.1. Notations and framework of the study

In the sequel of the article, we denote by
e ¢* the maximum of all the x-derivative orders ¢ € (J;cc Qi
e i* the maximum of all the ¢-derivative orders i € KC such that ¢* € Q;;
e ¢; the maximum of all the z-derivative orders ¢ € Q;\{¢*} if any

exists (that is Q; # {¢*}),
and by

o Koo ={i e K : q" € Qi};

° /C;* = Ko \{#*};

o Q) =Q:\{¢*} (hence, Q) = Q; if i & Kyr).
Thereby, i* stands for the maximum of all the t-derivative orders ¢ € KCy»
and ¢; stands for the maximum of all the z-derivative orders ¢ € Q). Ob-
serve that /7. and some @} may be empty.

HypPOTHESIS 3.5. — We assume the four following conditions:
(1) i* 4+ ¢* > K;
(2) Ajx 4+(0,0) € M,,(C) is invertible (hence, in particular, vi o« = 0);
q* — K+ i
3 = —
(3) so 0
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(4) v;q4, =0 for all i > i*, if some exists.
Remark 3.6. — Since i* < k, condition (1) implies ¢* > 2.
Remark 3.7. — Hypothesis 3.5 tells us that the associated Newton poly-
gon N;(A) of System (1.1) is the convex hull
CH(C(k,—k)UC(* + ¢*,—i"))

of C(k,—r) U C>* + g*,—i*) (see Remark 2.7 for the definition of the
domain C(a,b)). Indeed,

e when ¢ < ¢*, the definition of ¢* implies the inclusions
Cli+q,—i+v,q) CC>E +q",—i")
for all ¢ € Q;
e when ¢ > ¢*, we first have the inclusions
Cli+q,—i+vq) CC(i+q;,—10)
for all ¢ € Q;, and then the inclusion
C(i+ qi,—1) C CH(C(k, —k) U C(>i* + ¢*, —1")),

which is obvious when ¢ 4+ ¢; < k& (we have indeed C(i + ¢g;, —i) C
C(k,—k) by definition of these sets), and stems from condition (3)
when @ + ¢; > & since we have the inequalities

1 K —1* K—1
0<hkyg=—= <

= :k/7
so ¢ —K+iP* g —kK+i 0

where kg = 1/5sg is the slope of the segment with end points (k, —k)
and (i* + ¢*, —i*), and where k{ is the slope of the segment with
end points (k, —x) and (i + ¢;, —¢) (see Figure 3.1).

In particular, N3(A) has a unique positive slope, the latter being equal to

I k=i

so  qF — K+

and determining by the segment with end points (k, —k) and (i* + ¢*, —i*)

as shown on Figure 3.1.

The following technical lemma, which is a direct consequence of Hypoth-
esis 3.5, will play a key role in the proof of our main result (see Section 3.3).

LEMMA 3.8. — The following relations hold:

(1) (so+1)(k =) =q*;
(2) (so+1)(i —3*) < g*—gqforalli e K and all ¢ € Q).
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Figure 3.1. The Newton polygon N;(A) under Hypothesis 3.5

Proof. — The first point is straigthforward from condition (3) of Hy-
pothesis 3.5.

Let us prove the second point. The inequality is obvious when i < @*

since ¢* — ¢ > 0 for all ¢ € Q}. When ¢ > ¢*, if any ¢ exists, Remark 3.7

and Figure 3.1 imply the relation
i* * l _ .
vte-toa > so.
1 —1*

Adding then “+41” to the both sides of this inequality and multiplying by
1 —14* > 0, we finally get
(s0+1)(i —i*) < q¢" —q
and therefore
(so+1)(i—i*) < ¢ —q
since ¢; > ¢ for all ¢ € Q}. This ends the proof of Lemma 3.8. O

Let us now turn to the formal solution (¢, z) of System (1.1).

3.2.2. A preliminary calculation

Let us write the components %*!(¢,2) of the formal solution w(t,x),
the components fl¥(¢, z) of the inhomogeneity f(t,z) and the coefficients
al"(t,x) for k € {1,...,n}, i € K, g € Q; and £ € Lik(A; ) in the form

m“(t,x):za&’i@)x—p () = 32 0 2
128 !

v>0 V>0

O I S B ()

’ v!
v>0
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with u[k] (1), ]ﬁk]() € C[t] and alk! (t) € OD,,) for all v > 0. By

1,q;%,V

identifying the terms in ¥ in (1.5), we first get the identities
O, (t) = L (1)
e S N i~
1530 DD DI DIl (A TEREFEINCL LD
1€ qeQi LeEL (A, q) Votrvi=V
for all k =1,...,n and all v > 0. Rewriting them in the form

o~ L i
ol (1) = + Y et moit . )

(€K g« LELY(A; gx)

1D DD SR DI ) LT O

e *KE[,k(A *)Vo+'/1 v
v1#V

vied et
153D DD DIND D (8 IS LT N
1€EK qeQl LeLy(Aiq) Votri=V

and returning to a matrix notation we finally get the relations
(31)  Ageluprgr () = 0T (t) = fu(t)

Y Y <y)3 0 Ay ot 2) gm0 DT n 44+ ()

1€+ vot+r1=V
v1#V

=33 N < )a 0 Ai o (t,2)10—00iThn 1y 1q(t)

€K qeQ) votrvi=v
where Ay« is the linear differential operator of order ¢* defined by
Ago = Y Aige(t,0)0}.
T
Observe that all the indices 14 4+ ¢* and v4 + ¢ of the terms @, ,, 14+ (¢) and
Uy, +4(t) in the right hand-side of (3.1) are < v + ¢*.
LEMMA 3.9. — The following identity holds for all i € {0,...,x — 1}
and all v > 0:
azﬂ*,u(olt:O = 8xy(pi(x)|x20-
Proof. — Let k € {1,...,n}. Lemma 3.9 is straightforward from the

identities

.~ ti
gl =", ~

|
>0 J:
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and
v Ky — oau, K]y k™
8I<pz (I) - awuz,*(x) - Z ui,erVM’
m=0
which provide the relation ag’aL’fL(t)‘t:O = uyﬂ = Bgcpgk} (%)|2=0- O

Consequently, since condition (2) of Hypothesis 3.5 and Proposition 5.4
imply that A;}q* (t,0) is well-defined and with analytic coefficients at the
origin of C, we deduce from relations (3.1) that each coefficient u, 14+ (t) is
uniquely determined from the inhomogeneity f(t, x), the initial conditions
¢;(z) (Lemma 3.9 above implies indeed the relations 9}t ,4q+ ()10 =
O pi(2)|p—p for all i = 0,...,5* — 1, which allow to fully solve the
differential equation (3.1)), and from the formal series u, ./ (t) with v/ =
0,...,¢* — 1. In particular, the same applies to the formal solution u(t, ).

3.2.3. The summability theorem

Before stating our summability theorem, let us first extend Definition 3.1
to the elements of M,, 1 (O(D,,)[t]).

DEFINITION 3.10. — Let kg > 0.

o A n x l-column matrix u(t,z) € My 1(O(D,,)[t]) is said to be ko-
summable in the direction arg(t) = @ if its components u*(t, z) €
O(D,))[t] are ko-summable in the direction 6 for allk =1,...,n.

e The ko-sum u(t,x) of u(t, z), if any exists, is then the n X 1-matrix
whose the k'™ component if the ko-sum of u*(t,z) for all k =
1

RN 3

According to the calculations above, we are now able to state the main
result in view in this section.

THEOREM 3.11 (Summability Theorem). — Assume that Hypoth-
esis 3.5 holds. Let arg(t) =60 € R/2wZ be a direction issuing from 0. Let
ko = 1 — LZ*
so  ¢F—K+*
Then,

(1) The unique formal solution u(t,z) € My1(O(D,))[t]) of
System (1.1) is ko-summable in the direction 0 if and only if the
inhomogeneity f(t,z) and the formal series ou(t,x)|g—0 =
Usp(t) € Mp1(C[t]) for v = 0,...,¢* — 1 are ko-summable in
the direction 6.
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(2) Moreover, the ko-sum u(t, z), if any exists, satisfies System (1.1) in
which f(t,x) is replaced by its ko-sum f(t,x) in the direction 6.

Observe that Theorem 3.11 extends to System (1.1) the result already
obtained by the author in [43] in the case n = 1, and which is recalled in
Proposition 1.7. Observe also that our present result significantly improves
the one of [43] since we have here much weaker conditions on the valuations
Vi,q, and on the number of elements ¢ € K such that ¢* € Q;.

Before starting the proof of Theorem 3.11, let us illustrate it with two
examples, the first one to clarify, for the convenience of the reader, the
above observation; the second one dealing with the important example of
the reaction-diffusion systems.

Example 3.12. — We restrict here to the case n = 1.

e Let us first consider the equation
{afu — a(t, £)0;03u — b(t, x)0pu = ft,z)
Ofu(t, ) =0 = (), j = 0,1

where the coefficients a(t,x) and b(¢, ) are analytic on a polydisc
D,, xD,,, the initial data ¢o(x) and o1 () are analytic on D,, , and
where f(t,z) € O(D,,)[t]. We have x = 2, K = {0,1}, Qo = {1}
and Q1 = {3}; hence (i*,¢*) = (1, 3). Assuming besides a(0,0) # 0,
Hypothesis 3.5 holds. Consequently, sg = 2 and Theorem 3.11 tells
us that its formal solution (¢, x) is 1/2-summable in the direction 0
if and only if the inhomogeneity ]7(757 x) and the three formal power
series Uy o(t), Us1(t) and u, 2(t) are 1/2-summable in the direction
0. Observe here that to apply Theorem 3.11, no assumption on the
coefficient b(t,x) is made, unlike in [43, Theorem 3] (see Propo-
sition 1.7) where the condition b(0,z) # 0 should also have been
assumed.
e Let us now consider the equation

{afu — alt, )0} 0,u — b(t, 2)8,0%u — c(t, 2)Pu = f(t, )
agu(ta x)|t:0 = 90](1.)7‘7 = 07 13 2

where the coefficients a(t,z), b(t,xz) and c(t,z) are analytic on
a polydisc D,, x D,,, the initial data ¢o(x), ¢1(z) and @a(z)
are analytic on D, , and where f(t,z) € O(D,,)[t]. We have
k=3, K=1{0,1,2}, Qo = {3}, Q1 = {3} and Q2 = {1}; hence
(t*,¢*) = (1, 3) (here, ¢* occurs twice in the sets @y and Q7). As-
suming besides a(0,2) # 0 and b(0,0) # 0, Hypothesis 3.5 holds.
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Consequently, s = 1/2 and Theorem 3.11 tells us that its for-
mal solution u(t, z) is 2-summable in the direction 6 if and only if
the inhomogeneity f(¢,z) and the three formal power series Us,0(1),
Us,1(t) and U, 2(t) are 2-summable in the direction 6. Observe here
that this could not be obtained with the result of [43, Theorem 3]
(see Proposition 1.7) since ¢* could belong to only one set Q; with
i€ k.

Example 3.13. — Let us consider the reaction-diffusion system (1.4). Ap-
plying first Theorem 2.5, we have shown in Section 2 that the value sqg
attached to System (1.4) is so = 1 and, therefore, that the formal solution
u(t,z) of System (1.4) is 1-Gevrey. Let us now assume that the diagonal
coefficient AFFl(¢, 2) of the diffusion matrix A(t,z) satisfy AF*1(0,0) # 0
for all kK =1,...,n. Then, all the conditions required in Hypothesis 3.5 are
satisfied and Theorem 3.11 above applies, providing thus a characterization
of the 1-summability of %(¢, z) in a given direction 6: u(t, z) is 1-summable
in the direction 6 if and only if its two formal coefficients u, o (t) and @, 1(¢)
are 1-summable in the direction 6.

3.3. Proof of Theorem 3.11

Let us first start by observing that the necessary condition of the first
point is straightforward from Definition 3.10 and Proposition 3.2, and that
the second point stems obvious from Definition 3.10 and Corollary 3.3.
Consequently, we are left to prove the sufficient condition of the first point.
To this end, we fix from now on a direction # and we suppose that the
inhomogeneity f(¢, ) and the formal series Ou(t, x)|p—0 € My 1(C[t]) for
v =20,...,g5 — 1 are all kg-summable in the direction 6. To prove that
the formal solution w(t, ) is also kg-summable in this direction, we shall
proceed through a fixed point method similar to the ones already used by
W. Balser and M. Loday-Richaud in [3] and by the author in [41, 42, 43].
However, as we shall see below, the calculations are much more complicated
because of the matrix coefficients and the fact that the set IC;* may be
nonempty.

3.3.1. An associated system and the fixed point procedure

Let us first define the element v(t,z) € My, 1(O(D,,)[t]) by

=1 q -1 ; g —1
~ " 12 ~ v
U(t,.’L‘) = Z (,0](.%') - Z am@j(x)\mzo ﬁ + Z u*,u(t)j'
§=0 v=0 ou=0 :
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LEMMA 3.14. — 9(t, ) is ko-summable in the direction 0.

Proof. — Since the sum on j defines an analytic function on C x D, ,
Lemma 3.14 is a direct consequence of Propositions 3.2 and 3.4 and our
assumption on the formal series 4, , (t) with v =0,...,¢* — 1. O

LeEMMA 3.15. — al¥l(t, z) —ol¥(¢t,2) = Ot 29") forallk =1,...,n
Proof. — Let k € {1,...,n}. Since
k k K ¥ k
P (@) =il (@) = Dol — and @) =l =,
v>0

i
; Z
V! prvs 4!

the formal series ol¥l (¢, 2) can be rewritten in the form

i —1
1K 1”
o)=Y T T
7=0 v>0 j=i* v=0
Hence,
u™(t @) Z Z J7 il Vl
j=i* v>q*
and Lemma 3.15 follows. O

Let us now introduce the element w(t,x) € My, 1(O(D,,)[t]) defined by
the relation
U(t,z) = o(t,z) + 07" 8,7 wt, z).
With these notations, System (1.1) becomes

(32) OF O T W — Y Ajge(t, )0
PEK 4%

SN Ayt 2o 0w

€K qeQ),
= f(t2) =0T+ > A g(t,2)0;0%.
€K qEQ;

From condition (2) of Hypothesis 3.5 and Proposition 5.4, we know that
the matrix A;« 4 (¢, ) is invertible and that its inverse A;}q* (t,x) has
analytic coefficients on Dy x Dy, for some convenient radii 0 < pf, < po
and 0 < p} < p1. Consequently, denoting by

B (,2) = A7y (t.2) € Mo(O(Dy, % D)
and by
By y(t2) = A7l (t.2) A o(1,2) € Mo(O(Dyy % D)
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for all (i, q) # (i*, ¢*), we finally derive from (3.2) that w(¢, x) is a solution
of the system

(3.3) Dyw — H(t,z,w) = g(t, ),
where Dy~ is the integral operator
Dq* =1 + Z Bi,q* (t,iE)aZ_i*,
iek’,
q
where

H(t,w,w) = Bie g (t,2)0 7077w =3 N Byy(t,2)0i 997w,
i€k qeQ)

and where the inhomogeneity g(t,z) € M, 1(O(D, )[t]) is defined by

G(t.7) = Bis g (t,2) | 07T =Y Y Ayt 2)0;0%0 — f(t, )

1€ geQ;

LEMMA 3.16. — w(¢,z) is the unique formal solution of System (3.3)
whose the components @w*l(t,z) € C[t, 2] are formal power series in t and
xforallk=1,...,n

Proof. — Let us first rewrite System (3.3) in the form

+ZZBW] 2)9 " w ZB“] 2)0p " 074wl

1EK’ =1

—ZZZB[’M 6’ 18‘1 qwz]—g[k](t x)

e qEQ’ /=1

for all Kk = 1,...,n. Writing then the analytic coefficients B[ ](t,a:) €
O(D,;, x D) and the inhomogeneities g¥l(t, ) in the form

¢ f ~ x"
Bty =Y Bl 0% and gt =Y gtho

v>0 v>0

with Bl (#) € O(D,,) and g} (t) € C[t] for all v > 0 and all i, ¢, k, ¢,

1,q;%,V
and looking for the n components w(* (¢,z) of a formal solution of Sys-
tem (3.3) on the same type:

a2 = @l s
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with {ELk,,( t) € C[[t] for all v > 0 and all kK = 1,...,n, one easily checks

that the coeflicients w[ | »(t) satisfy, for all k = 1,...,n and all v > 0, the
recurrence relations

FX Y Y (1)shmoal,

1€IC’ (=1 vo+vi=v

: Z Z < >B[k’§ % VO( )af_i*’[by,]ul—q*

=1 vo+ri=vr
(k.0 [t Ik
SEES S (M) waral e, =it
1€EK qeQ), (=1 vot+vi=v
which can be rewritten in the form

~k kl z i* ~l

ek, =1
a*

where Al¥ (t) € C[t] is a formal power series in ¢ of the form

R () = G () + reml¥ (1),

v

the remainder term rem[ ]( t) being a linear combination with analytic co-
efficients in D, of terms of the form 8;@5]1,, with £ € {1,...,n} and
vV ef{0,...,v—1}.

Let us now fix v > 0 and let us set

all =S all s Al = Al

VR VAL |
>0 >0

[k, 4] _ ke
and qu *O( ) ZBi,q*;j,Oﬁ
7=0 ’

with wj[kl,hgk]u,Bl[qu]] o € Cforall j > 0 and all 4,¢*, k,¢. Then, one can
easily check this time that the coefficients wj[kl],

all k=1,...,n and all j > 0 by the recurrence relations

TR 3D DD Sl G4 LN

zEIC’ =1 jo+j1=J

are uniquely determined for

since 7 < 4* for all i € Kj.. Consequently, the coefficients w,[ﬂ,(t) are
uniquely determined for all k = 1,...,n and all v > 0, and System (3.3)
admits a unique formal solution in M, 1(C[t,x]). Since w(t,z) €
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M, 1(O(D,,)[t]) is by construction a formal solution of this system,
Lemma 3.16 follows. 0

Let us now observe that Propositions 3.2 and 3.4, Lemma 3.14 and our
assumption on JF(t7 x) imply that the inhomogeneity g(¢, x) of System (3.3)
is kp-summable in the direction 6. Thereby, it is sufficient to prove that the
formal series w(t, x) is also kp-summable in the direction 6. To do that, we
shall proceed as in [3, 41, 42, 43] by using a fixed point method as follows.

Let us set
x) = Z @L’“] (t,x)
n=0
for all k = 1,...,n, and let us choose the solution of System (3.3) recur-

sively determined by the relations

D *1150(757 x) = g(t 33),
(3.4) T ~
Dywy41 = H(t,z,w,) forallp>0
with
@ (t,2)
wy(t,x) = : forall u >0
@yl (t, )

LEMMA 3.17. — Let h(t,z) € M1 (O(Dy)[t]). Then, the system
(3.5) Dy = h(t,z)
admits a unique formal solution y(t,r) € M, 1(O(D,; )[t]).

Proof. — Let us first rewrite System (3.5) in the form

g+ 3 ZB[“ 2)0 "yl = pF (¢, )

’LG]C/ (=1

for all K = 1,...,n. Writing then the analytic coefficients B, [k 4 (t,z) and

the inhomogeneltles R¥(t, ) in the form
k¢ k¢ tJ ~ & tJ
BRIty =3 B {Jy*(x)ﬁ and A () =) hg’l(x)ﬁ
720 320

with B4 (x) hlk] (z) € O(D,) for all j > 0 and all i, k, ¢, and looking

i,q*35,x U)o Tk
for the n components 7* (¢, z) of y(t,x) on the same type:

Z y[k]

7=0
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with y[ (z) € O(D,y) for all j >0 and all k= 1,...,n, one easily checks,

%
due to the fact that i* —4 > 0 for all i € K., that the coefficients y[ ]( )
are uniquely determined forallk =1,...,n and all 7 > 0 by the recurrence
relation

36 @ =tlm - Y Y Y ( )B[fq‘{m, @ @),

zEIC’ =1 jo+j1=J

with the classical convention that the terms yj[l] i are zero as soon as

Jj1 < 1i* —i; hence, Lemma 3.17. o O
Applying Lemma 3.17 to relations (3.4), we first deduce that all the
wy,(t, v) are well-defined and in M,, 1(O(D)[t]). Moreover, according to
the recurrence relations (3.6) and the definition of H (see page 32 and
use the fact that ¢* > 2 (see Remark 3.6) and ¢* —¢ > 1 for all ¢ € Q]
and ¢ € K), we observe that the components w[ ](t x) of w,(t,x) are of
order O(z*) in z for all p > 0 and all k¥ = 1,...,n. Thereby, for any
kEe{l,...n}, Wk (t,x) itself makes sense as a formal power series in ¢ and
z and, consequently, W (¢, z) = @l¥ (¢, z) by unicity (see Lemma 3.16).
In Sections 3.3.3-3.3.5 below, we shall show that the formal series
~[k] (t,z) are all ko-summable in the direction 6, and that their kp-sums
[ ](t x) satisfy inequalities of the form

|6tprk (t,z)| < C’ K’pl"(l + (so + 1)p)(clz)* ,C",K',c>0

forallk =1,...,n,all p,u > 0and all (¢,2) in a convenient domain X x D,
independent of k:, p and (see Proposition 3.28). These will then allow us

Z wl[f] (t,x)
nz=0
defines, for all k = 1,...,n a holomorphic function, which is the kg-sum of
w*l(t, ) (see Section 3.3.6).
Before proving all this, let us start by looking at an auxiliary system
that will allow us to define the functions ka] (t,x) from the recursive rela-
tions (3.4).

to prove that the series

3.3.2. An auxiliary system

Statement of the result. In this section, we fix a positive integer I > 1
and we consider the system of integral equations

I
(3.7) z— Z bi(t,2)0; 'z = h(t, z)
i=1
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of unknown

where the coefficients b;(¢, z) are n x n-matrices with analytic entries on the
polydisc D, x D, and where the inhomogeneity h(t,z)e M1 (O(D [t
is kgp-summable in a direction 6. Using Definition 3.10 and Proposition 3.4,
we assume besides that the coefficients b;(¢,x) and the kg-sum h(t,z) of
E(t, z) in the direction @ satisfy the following property: there exist a radius
0 < r; < pl, a sector X bisected by 6, opening larger than 7/ky and ra-
dius less 1, four constants ¢ > 0, A, A’ > 0 and B > 1, and a polynomial
P(X) € RT[X] with nonnegative coefficients such that

(3.8) {35 bl (1, )] < ABPT(1 + (s0 + 1)p)

07 h ) (t, )] < A'BPT(1+ (s0 + 1)(p + ¢)) P(|])
forall k,0 € {1,...,n},alli=1,...,I,all p > 0 and all ({,x) € ¥ x D,,.
Adapting the proof of Lemma 3.17, it is clear that System (3.7) admits a

unique formal solution z(¢, z) € My, 1(O(D,)[t]). The aim of this section
is to prove the following.

PrOPOSITION 3.18. — Let Cs, be the positive real number defined by

Cs, = s6(2+T(spsy)) with sy = { 1

J+1 if s < 1,
S0

where the notation |a| refers to the floor of a € R. Let ¥/ be a proper
subsector of ¥ bisected by 6 and opening larger than m/ ko'® . Then, the
formal solution Z(t,x) is ko-summable in the direction 6§ and its kg-sum
z(t,x) exists on ¥’ X D,.,. Moreover,

(1) The following inequalities hold for all k € {1,...,n}, all p > 0 and
all (t,x) € ¥ x D,,:

(3.9)  [0P2M(t, 2)] < eMTAUHC0) A BPD(1 + (59 + 1)(p + ) P(Ja]).
(2) The sum z(t,x) satisfies the system of integral equations

I
z— Zbi(t, )07 'z = h(t, x).

i=1

(6) Such a choice is already possible by definition of a proper subsector, see Footnote 5
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Observe that the constant /4 +C0) which occurs in (3.9) only depends
on the homogenous part of the equation (3.7): number n of components,
number I of coefficients and constant A defined by the coefficients b;(t, x).
In particular, it is not depend on the bounds defined by the kg-sum of the
inhomogeneity ?L(L x). Observe however that the latter are found as they
are in the bounds (3.9).

Proof of Proposition 3.18. When all the coefficients b;(t, z) are zero,
Proposition 3.18 is straightforward from the second inequality of (3.8) since
System (3.7) is reduced to z = h and e™AU+C%) > 1. When some of the
coefficients b;(t, z) are nonzero, we proceed as in the proof of Theorem 3.11
throughout a fixed point method(™.

Let us set
ZW(t,x) = 7t )
p=0
for all k = 1,...,n, and let us choose the solution of System (3.7) recur-

sively determined for all u > 0 by the relations

1]

I ZM (ta (E)
(3.10) Zun(tx) =) bi(t,2)0 "%, Zu(tx) = :
=t M, 2)
H )

together with the initial condition Zy = h. Observe that Zu(t,x) €
M, 1(O(Dy)[t]) for all 4 > 0. Observe also that the components Zﬂc] (t,x)
of z,,(t, z) are of order O(t*) for all u > 0. Thereby, for any k € {1,...,n},
ZI¥] (t, ) itself makes sense as a formal power series in ¢ and x and, conse-
quently, ZIk] (t,x) = ZI¥(¢, ) by unicity.

Let us now denote by z(t,z) the ko-sum of Zp = h in the direction
0 and, for all p > 0, let z,(t,z) be determined by the relations (3.10)
in which all the z, are replaced by z,. By construction, the components
z,[f] (t,x) of 2, (¢, x) are all defined and holomorphic on ¥ x D, . Lemma 3.19
below provides some bounds on the successive derivatives of the functions

sz] (t,x).

(") This method remains valid when all the b;(t,z)’s are zero, but is, of course, much
more complicated than the one given just before.
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LEMMA 3.19. — The inequalities
(3.11) |0Fz[M(t,2)| < A'BPT(1+ (s0 + 1)(p + ) P(|z])

SR (UAC ) (1A

x nt E

1l — !
= 7! (b =)

hold for all k € {1,...,n}, all u,p > 0 and all (t,x) € ¥ X D,,.

Proof. — The proof proceeds by recursion on p. The case p = 0 is
straightforward from the second inequality of (3.8) since we have zy = h.
Let us now suppose that the inequality (3.11) holds for a certain p > 0,
and let us prove it for Z;[qu]Ll for any k € {1,...,n}.

Applying the Leibniz Formula, we get

u+1 ZZS’“’C“tJC

i=1 (=1

forall k € {1,...,n}, all p > 0 and all (¢,2) € ¥ x D,.,, where the terms
Spuk,e,i(t, x) are defined by

Sppktitz) = > (Ifo )af%y“”(t,x)afliz{fl(t,x).

po+p1=p
Lemma 3.20 just below provides then the sought inequality, which com-
pletes the proof of Lemma 3.19. O

LEMMA 3.20. — Letp,u >0, k, 0 € {1,...,n} andi € {1,...,1}. Then,
(3.12) |Spoukiei(t, )| < A'BPT(1+ (s0 + 1) (p + ¢)) P(|2])0p,u(t)
for all (t,x) € ¥ x D,,, with

(t) i min(u+1,p) (IACSO)j (12A|t|)ﬂ+1,]‘
o = — E - —.
P T = 4! (41— 75)!
Proof.

First case: 0 < p < i. — All the derivative orders p; — ¢ which occur in
the definition of S} . &, (t, z) are negative. Thereby, using the inequalities

(3.13) |2 (t, 2)| < AT(1 + (50 + 1)e) P(|a]) x nuw

for all k = 1,...,n, the first inequality of (3.8), and the two inequalities
B > 1 and [t| < 1, we get the relation

|Sp kit )| < A'BPT(1 4 (s0 + 1)(p + ¢)) P(|z])S,, .. (1)
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with
/ _ P\ (14 (so + 1)po)I'(1 + (so + 1)c) o (AJt)r!
Spnll) = Z:<m) (R Py s e G o

Inequality (3.12) follows then from the technical Lemma 3.21 below which

Po+p1=p

implies

(A" o (ARRDP o (12 AJE)

(p+1)! = (p+ 1) I (p+1)
< opu(t)-

Second case: 1 < p < p+i. — Let us write Sy, 1¢,:(t, ) in the form

Sppkt,i(t, ) = Z (

Po+p1=p Po
p1<i—1

Spu(t) < (p+1)(nI?)"

>3p°b (t,2)0" 'z (t x)

+ > ( >3”°b (t,2)a 0t ).

pPo+p1=p
P12t

Observe that all the derivative orders p; — i are negative in the first sum
and satisfy 0 < p; — i < p— ¢ < p in the second sum. Thereby, using the
inequalities

P~ 20 (8, 2)| < A'BPIT(L 4 (so + 1) (p1 — i + ¢)) P(|z)

p1—1
(IAC,,)? (I2A|t|)»—i
”“Z Co |t])
(1 —7)!

for all p; € {i,...,p} and, as in the first case, the inequalities (3.8), (3.13),
B > 1 and [t| < 1, we get the relation

|Sp,k,i(t, 2)| < A'BPT(1+ (so + 1) (p + ¢)) P(|z])S,, , ;(t)
with S}, ,;(t) =S, .01 (#) + 5, . i:0(t), where

Py
I'(1+(s0+1)po)l'(1+(s0+1)c) (AJt])rt!
Sy = > (7 (nrzye A
Paphrtil pﬁzp;:p Do F(1+(so+1)(p+c)) (p+1)!
p1<i—1
and where

p’ulz Z plZ:z( ) 1+ 80+1)p0)F(1+(30+1)(p1_H_c))

200+P>1 =p j=0 F(1+(30+1)(p+6))
p12>i

(IACs, ) (I* At~

x Ant - -
J! (n—g)!
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As in the first case, the technical Lemma 3.21 allows to bound the first sum
! / .
p,u,i;l( ) of Spu z( )

u (Al
(n+1)!

(At nk (P2AJ)

gnHIZ#ﬁLl -
(w+1! I (p+ 1)

S;;,,u,z,l( ) ( 12)

To bound the second sum Sj, , ;.5(t) of S}, , ;(t), we use the second technical
Lemma 3.22 below and we get:

SluzZ()

I\ T+ (s0 4+ Dpo)T(L+ (s + D)(p— i — po +©))
= <p0> T(1+ (so+1)(p+0))

po=0 ;=0
. (TAC,,) (I*Alt|)»—
X An J! (1 =)
7p7 — (14 (s + 1)po)T'(1+ (s0 + 1)(p — i — po +¢))
72 Z <p0> L1+ (so+1)(p+c))

(IACs, )’ (I*AJt|)»—3
7! (n=J)!

pilp i 7( ) (L+ (s0+ Dpo)T(L+ (s0+ 1) (p — i =po +))
2 T(1+ (so+1)(p+c))

(IAC,, )7t (I2AJt])nt+i—

G-D!  (p+1-j)!

up i+1 AC, (IACSO)J‘A (12A|t|)“+1*j

ey i G- (p+1-j)!

x An*

N

nt P (TAC,, )T (T2 AJt|)t 1=
I 4 J! (p+1—51"

Thereby, the term S, , ;(t) is bounded by

Sh () < ”lpfl (IAC,)T (I*At|)»+—7

< t
Pt ST e e

Jj=0

since p — i+ 1 < min(x + 1, p), which proves the inequality (3.12).
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Third case: p > p+i. — We write now Sp ,, k.¢,:(t, z) in the form

Spauktilt,r) = Y (;1)85051'( 2o )t @)

Po+p1=p
p1<i—1

+ > (p0>8p”b(t 2)o (L, o)

~ potpi=p
tSp1Spti—1

+ 0y ( )8”“() (t,2)00 20t ).

Po+p1=p
p1z2pti

Here, the derivative orders p; — ¢ are negative in the first sum, satisfy
0 < p1 — ¢ < p in the second sum, and satisfy p; — ¢ > p in the third sum.
Thereby, using the inequalities

|07 "2 (¢, 7)) < A'BPTT(L+ (so+ 1) (p1 — i+ C))P(IID

p1—1 2 w—j
Xnﬂz IAC’ (I2Alt))
= (1 —7)!

for all p; € {i,...,u+ 14— 1}, the inequalities

0P~ 20 (8, 2)| < A'BPIT(L 4 (so + 1)(p1 — i + ¢)) P(|z)

(TACs)T (I?Alt|)r—7
nt
; gt =)

for all p; € {u+14,...,p}, and, as in the two previous cases, the inequali-
ties (3.8), (3.13), B > 1 and |t| < 1, we get the relation

|Spuikei(t, @) S A'BT(L+ (so+ 1)(p + ) P(|2])S} ,:()

with S, (t) =S, . ;.1(t) + 5}, ..:.2(t), where

X J A

/ _ P\ T(1+(so+1)po)I'(1+(s0+1)c) L (AR
Traaall) = +Z_<p> Fa+ o Dot

TOME 0 (0), FASCICULE 0



42 Pascal REMY

and where

SluzQ()

B (1+ (so+ Dpo)T(L+ (so + 1)(p1 —i +¢))
= 2 Z( ) L(1+ (so+1)(p+c))

po+pi=p j=0
i<pr<pti—1

. (TAGs, )7 (I Aft|)»—7
J! (u —J)!
Py Z ( ) (50 + 1)po)T(1+ (so+ 1)(p1 —i +¢))

Potpr=p j=0 T'(1+4 (so+ 1)(p+c))
p1=>pt+i

X An

(IAC,,) (I* At~

4! (1w —3)!
X S (14 (50 +1)po)I'(1 + (so +1)(p —i—po +¢))
= 2 X ( ) L1+ (so+D)(p+¢))

x An#

po=p—p—i+l j=0
(LACs, )7 (I*Ajt[)»—
J! (1= 9)!
I A R
(IACy,)’ (I2AJt)"~
J! (=)t
SN (1 + (so+ 1)po)T(1+ (so+1)(p—i— c
£ E (e
(IACs,)T (I2A|t|)n—7
J! (1= 9)!
( > (14 (504 D)po)T(1+ (so + 1)(p —i — po + ¢))
L1+ (so+1)(p+c))
(IACs,)’ (I2AJt)~
J! (=)t

I so+1po>F(1+<50+1)<p—z'—po+c)>
_g z:: ( ) T(1+(so+1)(p+c))
x Ant

(IAC ) (I2Alt])r—3
(1 —J)!

x An*

po=0 j=0

x An*

x An*

j=0 po=0

p—

x An*
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ptlp—itl—j (1+ (so+ 1)po)L'(1+ (so +1)(p—i — po + ¢))
—Z 2 () L1+ (so +1)(p + )

(IAC,, )i~ (P AJt))+1=7
G-=D! (p+1-5t"

Applying then the two technical Lemmas 3.21 and 3.22 as in the previous

=1 po=0

x An*

case to bound the two sums of S},  ;(t), we finally get

5 < M TACY (Al
PSS gt (p+1-5)!

7
=0

hence 5}, , ;(t) < 0y ,,(t) since p > p+14 > p+ 1. This proves the inequal-

ity (3.12) and completes the proof of Lemma 3.20. O
LEMMA 3.21. — Let p > 0 and pg € {0,...,p}. Then,

(p) L(1+ (so+ 1)po)T(1 + (so + 1)e)
DPo

L(1+ (so+1)(p+c)) st

Proof. — Lemma 3.21 is clear when p = 0. To prove it in the case p > 1,
let us first observe that the increase of the Gamma function on [2, +o0o0[ and
the relation I'(a) < 1 =T'(2) for all a € [1,2] imply

(3.14) I'(a) <T(b) forall a>1 and all b > max(2,a),
which leads us to the inequality
D1+ (so+1)e) <KT(14 (so+1)(p— po + ¢)).

Thereby, applying the Vandermonde’s Inequality (Proposition 5.5) and the
classical properties on the variations and the bounds of the generalized
binomial coefficients (Propositions 5.6 and 5.7), we get

<p) L(1+ (so+ Dpo)T(L+ (s0+ o) _ o)
Do F1+(so+1)(p+c0) h ((50+1)(z)+c)>

(so+1)po
()

()

—_

which ends the proof. O
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LEMMA 3.22. — Letit>1,j>1andp >1i+j— 1. Then,

p‘ii_j <p) T+ (s0+ Dpo)T (1 + (so+ Dp—i—po+¢) _ Cs

Po L1+ (so+1)(p+0)) S

po=0

Proof. — Let us denote by S; ; , the sum of the left hand-side and let us
first start by proving the inequality

S@J‘J, < Sl,jap for all pzi+5—1.
The latter is clear when ¢ = 1. When i > 2, let us observe that the inequal-
ities
{1+(80+1)(p—1—p0+0)

max (2,14 (so+1)(p—i—po+c¢))
1+ o+ D(p—it—po+c)=1

>
>

hold for all pg =0, ...,p — i+ 1 — j. Thereby, applying the relation (3.14),
we get

S . < p—itl-j <p> T(1+ (so 4 1)po)D(1+ (so + 1)(p— 1 — po + ¢))
,7,P X

= \Po L1+ (so+1)(p+0))
and we conclude by using the fact that p—i+1—j < p—j,that p > i+j—1
implies p > j, and that all the terms of the sum S j, are positive.

Let us now prove, for all p > j, the inequality

(3.15)
4/ p\T(L+ (s0+ Dpo)T(L+ (so+ 1) (p—1—po+¢)) _ Cs,
Py (p) L+ (50 + D(p +0)) ST

When p = j = 1, the left hand-side of (3.15) is reduced to the quotient

T'(1+ (so + 1)c)
(14 (so+1)(14¢))

which is less than 1. Indeed, the relation (3.14) applied to the inequalities

1+ (so+1)(1+4c¢) > max(2,1+ (sp+ 1)c)
1+ (so+1De=1

implies T'(1 + (sg + 1)(1 + ¢)) = T'(1 + (so + 1)c). The inequality (3.15)
follows then from the relation Cs, > 1.

0
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Let us now suppose (p,j) # (1,1). Applying the pawn formula and the
recurrence relation I'(1 4 z) = 2T'(z), we first have

(P) L(1+4 (so +1)po)l'(1+ (so+1)(p—1—po +¢))
Po L(1+ (so+1)(p+c))

. p (p - 1) (1 + (so+ 1)po)l'(1+ (so+1)(p — 1 —po +¢))

p—po\ Do (so+ 1)(p+c)T((so + 1)(p+¢))

< L(p ) E Lot DLt o oL o v )

i\ po L'((so + 1)(p+ )

for all pg = 0,...,p — 7. Observe that these relations make sense since
j = 1. Observe also that the condition (p,j) # (1,1) implies p > 2; hence,
the inequalities

(so+1L)(p+c) =1+ (so+1)(p—1+c) =2

Thereby, using the increase of the Gamma function on [2; 400 and applying
successively the classical properties on the variations of the generalized
binomial coefficients (Proposition 5.6) and the Vandermonde’s Inequality
(Proposition 5.5) and then, we get

<p>r<1+<so+1>po>r<1+<so+1><p—1—po+c>> 1 ()
Po T(1+ (so+1)(p+0)) S ((S‘)Zi)fi}pfc))

-1
(I;O )
((50+1)(p*1)>
(so+1)po
1

(So(Pfl)) ’

SoPo

(.

[y

and, consequently,

4/ p\ T+ (so+ 1)po)T(1+ (50 + 1)(p— 1 — po + ¢))
> ()

= \ro 1+ (s0+1)(p+0))

po=0 ( Sos(g)piol) )

since all the terms are positive. The inequality (3.15) follows then from
Proposition 5.8, which ends the proof of Lemma 3.22. (I
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To end the proof of Proposition 3.18, we shall now prove that the series
>0 zl[,](t x) are convergent for all k = 1,...,n and that their respec-

tive sums z¥l(t,z) are the kg-sum of ZI*! (t,w) in the direction 6. From
Lemma 3.19, we derive the inequalities

(3.16) 0Pzl (t,x)|

min(u,p) . .
TAC, ) (nI2A)+—7
SABIL(L+ (s + )+ e)P(lal) Y. ECwP )

= J! (1 —9)!

min(g,p) . .

TAC, ) (nI2A)*—I

S A'BPT(1+ (s + 1)(p + ) P(r) (nIACy,)! (nI* A)”
= J! (1 —4)!

for all k € {1,...,n}, all u,p > 0 and all (t,x) € ¥ x D,,. Indeed, the
radius of ¥ is less 1 and the coefficients of the polynomial P(X) are all
nonnegative.

LEMMA 3.23. — Let oy, denote the positive real numbers defined for
all i,p > 0 by

mi%”” (nIAC,,)7 (nI2 A)r—
@ = - -
o= ! (n =)

Let p > 0. Then, the series u>0 Qpp IS convergent and its sum satisfies
the relations:

(3.17) Z iy = M4 Z ”IAC < TAT+Cg).

Proof. — For any M > p, we have

M
Zau,p
pn=0
B Zmin(#yﬁl’) (nIAC ) (nI2A u—j . i min(p,p) nIACSO J (nIQA)“_j
B ] — )
p=0 35=0 J: ( pu=p+1 ;=0 (:u‘ .])
& (nIAC,) ( I2A =i 2 nIAC’ (nI2A)r—i
R ! > Z il
pn=0 j=0 p=p+1 j=0

:ZP:X”: (nIAC,,)’ (nﬂA H=i +Z i nIACSU )? (nI?A)r—

y| _
jmou= (1 = i=0 u=pt1 (o= 9!
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:z”:” J(nIA"C nIA z”: %:J (nIA.'CSO)j (nF'A)u
§=0 p=0 J: J=0 p=p+1—j J: w
P ((nIAC,,) = (nI2 A

The convergence and the first equality of (3.17) stems then from the identiy

M—j

(nI2A)"

nI?A .
= for all .. .
M—+oo £ 1! € orall j €{0,....p}

As for the second inequality of (3.17), it follows from the relation

» .
Z nIAC f (nIASJSO)J _ ntac,
7=0 7=0 J:

which completes the proof. O

Applying Lemma 3.23, we deduce from the second inequality of (3.16)
that the series >° - 0) z,[f] (t,x) are normally convergent on ¥ x D,., for
all k € {1,...,n} and all p > 0 and satisfy the inequalities

D 1072t @) < A'P(ry)em A UFCI BT (1 + (0 + 1) (p + )
pn=0
< A'P(r)D(1 + (so + 1)) AUFCI BPT(1 4 (50 4 1)p)
((so +1)(p+ c))
X
(so+1)c

for all (t,z) € ¥ x D,,. Denoting then by [so] (resp. [¢]) the ceil of sq (resp.
¢), we deduce from the classical properties on the bounds of the generalized
binomial coefficients (Proposition 5.7) that

> (0Pt )] < A”B"PT(1+ (so + 1)p)
n=0
forall k€ {1,...,n}, all p > 0 and all (¢t,z) € £ x D,, with
A" = A'P(r)L(1 + (so + 1)¢)em ! AUFCIgTsol+ DIl g
B" = 4l=lHp,

In particular, choosing any proper subsector ¥’ € ¥ bisected by 6 and
opening larger than 7/kg, the sums z*l(¢,z) of the series >0 z,[f] (t,z)

are all well-defined, holomorphic on ¥/ x D,.,, and satifies the inequalities

(3.18) 07 2F (¢, )| < A" B"PT(1 + (s0 + 1)p)
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forall k € {1,...,n},p > 0and (¢,2) € ¥’ x D,,. Hence, Conditions 1 and
3 of Definition 3.1 hold.

To prove the second condition of Definition 3.1, we proceed as
follows. The Removable Singularities Theorem implies the existence of

lim¢—o 07 2Fl(t, ) for all z € D,, (use here that the inequalities (3.18)
tey’

are actually valid on ¥ x D,,) and, thereby, the existence of the Taylor

series of 2 at 0 on X’ for all z € D,, (see for instance [51, Chapter 4];

see also [25, Corollary 1.1.3.3] and [20, Proposition 1.1.11]). On the other

hand, considering recurrence relations (3.10) with sz ] (t,z) and the ko-sum

h(t,z) instead of ELk] (t,x) and h(t,z), it is clear that

20(t, )
2(t,x) = :

2 (¢, x)

satisfies System (3.7) with right-hand side h(t,z) in place of h(t,z) and,
consequently, so does its Taylor series. Then, since System (3.7) has a
unique formal solution z(t,z) € My, 1(O(D,)[t]), we then conclude that
the Taylor expansions of each of its components z[¥(¢,2) are the formal
series Z1¥l (¢, x). Hence, Condition 2 of Definition 3.1 holds.

This proves the ko-summability of Z(¢, z) in the direction 6 and the exis-
tence of its kg-sum on ¥’ x D, , where ¥’ stands for any proper subsector
of ¥ which is bisected by 6 and opening larger than 7 /ky. As for the two
additional properties on z(t,x), the first one stems from Lemma 3.23 and
the first inequality of (3.16), and the second one is straightforward from
Corollary 3.3.

This achieves the proof of Proposition 3.18 and we can now return to
the study of the formal series i[;,[f] (t,z), k =1,...,n, defined by the rela-
tions (3.4).

3.3.3. ko-summability of w,, (¢, ) and some estimates

Let us first recall that the coefficients B; 4(t,z) € My 1(O(D,; x D))
are n X n-matrices with analytic entries in D, X D, for some convenient
radii 0 < py < po and 0 < p} < p1, and that the inhomogeneity g(t, z) €
M 1(O(Dy)[t]) is ko-summable in the direction 6. Thereby, denoting its
ko-sum by ¢(t,x), we derive from Definitions 3.1 and 3.10 that there exist
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a sector

2ko 2k
e>0

29’>ﬂ/k0:{t6(€* : |t|<rand0—7r—E<arg(t)<9+7r+6},

bisected by 6, opening larger than m/ko and radius r < min(1, pf), a radius
r1 < min(1, p}), and two positive constants C' > 0 and K > 1 such that(®

(3.19) {VfB%ﬂ@ﬁﬂhﬁCK?Fu-%@0+1m)
| C

079" (1, 2)] < CKPT(1+ (50 + L)p)
for all k,¢ € {1,...,n},all p > 0,alli € K, all ¢ € Q;, and all (t,z) €

Ee,>7r/k0 X Dy, .
Let us now fix a sector

* ™ s
’9,>Tr/k0:{t€C S < and@—%—s’<arg(t)<0+2ko+e’}

with 0 <7’ <7 and 0 < €’ < ¢, and let us define for all u > 0 the sectors
T T
Y,=9teC" :|t|<rpand § — — —¢, <arg(t) <0+ — +¢,
2ko 2ko

with

r—r 4 - e—¢
——— and g, =¢ +—~.
2(p +1) ! 2(p+1)

By construction, all the sectors ¥, > /ko and X, are bisected by 6, opening

!
Ty =1+

larger than 7/ko and radius less 1. Moreover, they satisfy the inclusions
X0 sr ke € Zpt1 € By € X sk

for all 4 > 0.
The goal of this section is to prove the following result.

PROPOSITION 3.24. — Let Cy, be the positive real number defined by
1 if sg > 1
Cs = sh(2+ T (sgst with s, = 1
o = 56(2 + T(s055) R (ES e
S0

where the notation |a| refers to the floor of a € R.

(8) Observe that such choices on the radii r and r1, and on the constant K are already
possible due to the definition of the ko-summability (see Definition 3.1).
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Let (P,(x))u>0 be the sequence of polynomials in R™ [z] recursively de-
termined from Py(x) = 1 by the relations

(820) Pyuii(z) = CC,0,7 Pu(a)

so~x
+ CC4, Z Mag—q*a(x).
na* + q*)
€K geQ)
Then, for all > 0, the element w, (t, x) € M, 1 (O(D,; )[t]) is ko-summable
in the direction 6 and its ko-sum w,(t,x) exists on ¥, X D,,. Moreover,

(1) The following inequalities hold for all k € {1,...,n}, all p,u > 0
and all (t,x) € ¥, X Dy, :

(321) |6wak] (t, JC)‘ < ’I’L#En(#+1)i*C(i*+CSU)OKp+H(R7i*)
x D1+ (s0 +1)p + ug*) Pu(lz])-
e sums w,(t,x) satisfy the recurrence relations
(2) Th . (t, ) satisfy th Jati

{DQ*wo(tvx) = g(t’x)a

3.22
(8.22) Dywyyr = H(t,z,w,) forall p >0

Proof. — The proof proceeds by recursion on g > 0.

The case p = 0 stems from Proposition 3.18 applied with z = wy, h= g,
I = 7* (we have indeed i € K. = i* —i € {1,...,i*}), ¥ = g sr/ko»
=%y, A=A'=C,B=K,c=0and P=P,.

Let us now suppose that Proposition 3.24 holds for any element w, (¢, z)
with p/ € {0,...,u} for a certain p >0, and let us prove it for Wyt1(t, ).

By assumption, the element H(t,, W) € Mua(O(Dy)[t]) is ko-
summable in the direction § and its ko-sum is the function H(¢,x,w,,)
(Corollary 3.3) which is holomorphic on ¥, x D,,. Besides, denoting by
Cp, . the positive constant

Cp = nhH1en DI O +Co) O P+ (D= (1 4 (50 4+ 1)p+ (u+ 1)),
the two technical Lemmas 3.25 and 3.26 below provide us the inequality
|6 H k] (t,z,wy)| < CpuPusi(|z])

for all £ € {1,...,n}, all p > 0 and all (¢t,z) € ¥, x D,,. The sought
result on ﬁuﬂ(t,m) follows then by applying Proposition 3.18 with z =
Wpsr, h = H(t,z,@,), [ = i*, 8 = %,, ¥ = S, A = C, A’ =
nhtlen(nt )i CE+C) O R tD=") ' B = K ¢ = (u+ 1)(k — i*) (re-
call that (so + 1)(k — i*) = ¢*, see Lemma 3.8(1)) and P = P,;;. This
completes the proof of Proposition 3.24. O
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LEMMA 3.25. — Let u > 0 and ¢, (t,z) the holomorphic function de-
fined on ¥, x D,, by
Gut, ) = Bix g (t,2)07 ™" 0,7 wy(t, ).
Then, the following inequalities

107 ¢} (t,2)] < Cpu x CCu05 " Pu(la)

so~x

hold for all k € {1,...,n}, all p > 0 and all (t,z) € £, x D,,.

Proof. — Let k € {1,...,n} and p > 0. From the Leibniz Formula, we
first get

Feplta)= Y Z( )ag’OB}’fgjl(t,x)af”Plamfw}fl(t,x)

pot+p1=p £=1
for all (t,x) € ¥, X D,,. The inequalities (3.19) and (3.21) (observe that
Kk —i* + p1 = 0) and the identity (s + 1)(x — *) = ¢* (Lemma 3.8(1))
provide us the relations

|07l (t, )|
< 5 S (2)ormra s et
Po+p1 =pL=1 Po

x CKPHIFEDE=ID (1 4 (50 4+ Dpr + (u+ 1)g*)05 7 Pu(|z))

for all (t,x) € ¥,, x D,,, which we rewrite in the form

p P
187 o) (1, 2)| < Cpu x COLT Py(e]) Z £

(s1+1) p+ (p+1)g*
(so+1)po

Lemma 3.25 follows by applying successively the Vandermonde’s Inequality
(Proposition 5.5)

((So +p+ (p+ 1)(1*) o ( 801)) (p) ((u + 1)61*)
(so+1)po ~ \sopo) \po/ \ (1 + 1)g*
~(am) o)
B SoPo/ \Po
and Proposition 5.8. O

LEMMA 3.26. — Leti € K, ¢ € Q}, p > 0 and x;,q,,(t, ) the holomor-
phic function defined on ¥, x D,, by

Xi#bu(t’ l‘) = Bi,q(tv x)aé_i* ag—q* wﬂ(tv .%‘)

TOME 0 (0), FASCICULE 0



52 Pascal REMY

Then, the following inequalities

k] B+ q —q)! g
|5fX£qM(t7x)| < Cpu X CC’SOM% ©Py(|z))

hold for all k € {1,...,n}, all p > 0 and all (t,z) € £, x D,,.

Proof. — Let k € {1,...,n} and p > 0. From the Leibniz Formula, we
first get

k k0 i—i* +p1 Ag—q*
8fx£gu Z Z (po>3f°Bz[,q J(t,x)a; +p a1 w;[f](t’x)

po+p1=p {=1

for all (t,2) € ¥, x D,,. Let us now observe that the inequality (3.21)
provides us the relation

107 TP wlfl (1, @) < nten (DT O HCl) 0 peprbm(e =ity izt
X T(1+ (so+1)(i — i + p1) + pg*) Pu(|2])

for all £ € {1,...,n} and all (t,z) € ¥, x D,, when i —i* +p; > 0, and
the relation

|8ti7i*+p1wl[f] (t, x)| < nﬂen(ﬂ+1)i*c(i*+050)CK/,L(/{—i*)F(l + ﬂq*)Pu(M)

for all £ € {1,...,n} and all (t,z) € ¥, X D,, when ¢ —i* +p; < 0 (use
here the fact that lt] < r, < 1). Usmg then the inequalities K > 1 and
i —1i* < k — ¥, the relation (so + 1)(i —¢*) < ¢* — ¢ (Lemma 3.8(2)) and
the inequality (3.14), we finally get

O (1, )| < eI O ) € G (i)

x T(1 4 (so + 1)p1 + pug* + ¢* — q) Pu(|z])

for all £ € {1,...,n}, all p € {0,...,p} and all (t,z) € ¥, x D,,. This
brings next us to the relations

k)
o ) <Y Z(p()) CE™T(1 + (so + 1)po)

po+p1=p L=1
w pietrt)i" O +Cs) o frpi+(pt+1)(r—i")

X T(1+ (so + )p1 + ug* + ¢* — 0)9% 7 Pu(|])
for all (t,x) € ¥, x D, , which we first rewrite in the form
k _ *
07X, (@) < Cp x COI Py(la])

P\ (1 + (so + )po)l'(1 + (so + 1)p1 + pg* +q* — q)
- Z <p0> L1+ (so+1p+ (n+1)g*) ’

pPo+p1=p
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then, in the form
07X (@) < Cp x COT Py(la])
p
i (po)
— ( (so+1)p+(p+1)g* ) ’

(s0+1)po,(so+1)(p—po)+(k+1)g* —q,q

Lemma 3.26 follows by applylng successively the Vandermonde’s Inequality
(Proposition 5.5)

( (s0+Dp+ (p+ 1)g* )
(s0+ 1)po, (so +1)(p —po) + (1 + 1)g* — q,q

() ) ()

and Proposition 5.8. O

3.3.4. Bounds of the polynomials P,
In this section, we are interested in the polynomials P, introduced in
Proposition 3.24. Our goal is to prove the following.
PRroOPOSITION 3.27. — Let B be the positive real number defined by
B=CCyW|q*" +>. Y 71

€K qeQ)

Then, the inequalities

0< Pyx) <
hold for all 4 > 0 and all x € [0,1].

Proof. — The left inequality is obvious since all the coefficients of the
P,(x)’s are nonnegative. The right inequality is proved by recursion on
1 = 0 as follows.

The case p = 0 is clear since Py(x) = 1. Let us now suppose that Propo-
sition 3.27 holds for all the polynomials P,/ (z) with p' € {0,...,u} for a
certain p > 0, and let us prove it for the polynomial P, (z).

Applying the recurrence relation (3.20), the inequalities ¢* > 2 and ¢* —

g = 1 when ¢ € @}, and the fact that z € [0, 1], we first get
e

Poi(z) < B ———

e ((n+ Dg*)!
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for all z € [0, 1], where B’ is the positive real number defined by

B =CCeouo+CCey Y > g
1€EK qeQ)]
with
g (g +1)...(ng" +¢" = q)
(+1)...(p+q - —q)

gt — 1 ¢ —q
1 q<ﬂ+*)...<,u+ " ) .
_ q q <q*q -q
(p+1)...(p+q-—q)

Consequently, B’ < B and the sought inequality on P,4(x) follows,
which ends the proof of Proposition 3.27. O

We are now able to improve the bounds of the functions 87 w,[f] (t,x) given
in Proposition 3.24 and conclude the proof of Theorem 3.11.

3.3.5. Final estimates on w,(t, z)

According to the definition of the sectors ¥, (see page 49), we deduce
from Propositions 3.24 and 3.27 that all the functions ka] (t,x) are holo-

morphic on Eg)>ﬂ Jko X D, and satisfy the inequalities

(3.23) [OPwlf)(¢,2)| < et DV CC HCo0) g gpta(s=i)

(B]z])"
(ng*)!
for all k € {1,...,n}, all p,u = 0 and all (¢{,x) € Xf ., x Dy, (recall
that the radius r; was chosen so that 71 < 1). The following result specifies

the latter.

X T(1+ (so + 1)p + pq*)

PROPOSITION 3.28. — Let us set K1 = 24" K and ¢ = ne™ € +Cs0) x
24" K=" B. Then, the inequalities

0F il (¢, )] < e CUFEICKIT(L + (so + 1)p)(ela])

hold for all k € {1,...,n}, all p,p > 0 and all (t,x) € 3 . % Dy,

Proof. — We first derive from the recurrence relation I'(1 + z) = 2I'(2)
applied pg* times the identity

*

Hq

T(1+ (so + 1)p+ pg*) = T(1 + (so + 1)p) H((SO +1p+7).
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Next, applying the inequality so + 1 < ¢* (use Lemma 3.8(1) and the fact
that k > i*), we get the following relations:

B

T(1+ (so+1)p+ ug*) <T(L+ (so + 1)p) H(pq* + )

=T(1+ (s0+1)p) (pq*;;*ﬂq*> (ng*)!

< 2pq*+uq* (,uq*)!l“(l + (30 + 1)]?)-
Proposition 3.28 stems then from the inequality (3.23). O

We are now able to complete the proof of Theorem 3.11.

3.3.6. Conclusion

Let us now choose a proper subsector 2’9’7>7T Jko of 2’97>W Jko bisected by
the direction 6 and opening larger than 7 /kq (recall that such a choice is
already possible by definition of a proper subsector, see Footnote 5). Let
us also choose a radius 0 < 1] < min(ry,1/c) and let us set

Oy = ™ Ol C0) o Z(C,Jl)u €R}.
n=0

Thanks to Proposition 3.28, the series }_ ﬁfwhk] (t,x) are normally
convergent on Sk X D,, for all k € {1,...,n} and p > 0 and satisfy
the inequalities

nz=0

opwlll(t, @) < CLET(1+ (s0 + 1)p)

for all (t,z) € X sk X D,,. In particular, the sums wl¥(t,z) of the

series ) <o ka] (t,x) are well-defined, holomorphic on 3 _ ;. x D, and
satisfies the inequalities

Orwl(t, )| < CLETT(1+ (50 + 1)

for all k € {1,...,n}, all p > 0 and all (t,2) € X ~r/ko X Dyr. Hence,
Conditions 1 and 3 of Definition 3.1 hold, since Zg7>ﬂ/k0 S El@,>7r/ko'

To prove the second condition of Definition 3.1, we proceed as
follows. The Removable Singularities Theorem implies the existence of

lim oo OPwll(t, x) for all z € D, and, thereby, the existence of the
tezg,>7r/k0
Taylor series of w*! at 0 on 2’9”>7r/k0 for all z € D,/ (see for instance [51,

TOME 0 (0), FASCICULE 0



56 Pascal REMY

Chapter 4]; see also [25, Corollary 1.1.3.3] and [20, Proposition 1.1.11]). On
the other hand, considering recurrence relations (3.22), it is clear that

wlll(t, z)

w(t,x) = :
w™ (t, )

satisfies System (3.3) with right-hand side g(¢,x) in place of g(t,x) and,
consequently, so does its Taylor series. Then, since System (3.3) has a
unique formal solution w(t, z) € M, 1(C[t, z]) (see Lemma 3.16), we then
conclude that the Taylor expansions of each of its components w!*! (t,z) are
the formal series w!*!(t, ). Hence, Condition (2) of Definition 3.1 holds.

This proves the ko-summability of w(¢,x) and achieves the proof of the
sufficient condition of the first point of Theorem 3.11, which ends its full
proof.

4. A more general system

In this section, we consider the following more general system in two vari-
ables (t,z) € C? defined by the n inhomogeneous linear partial differential
equations

ol = 3 33T e alm A, ayaiomul = F (¢, )
(4.1) €KL q€EQk,i L€Ly i q
ol ulkl(t, T)|i=0 = cpgk}(x)J =0,...,5—1
forall k=1,...,n, where
e ki > 1 is a positive integer for all k =1,...,n;
e [ is a nonempty subset of {0,...,kx — 1} forallk=1,...,n
® (i, is a nonempty finite subset of N for all k = 1,...,n and all
i € Ky, and at least one of the Q,;’s is not reduced to {0};
o Ly, qisapossibly empty subset of {1,...,n}forallk =1,...,n,all
i € K and all ¢ € Q1 4, and at least one of the Ly ; 4’s is nonempty;
e the valuation Ul[fcq’ﬂ > 0 are nonnegative integers for all k = 1,...,n,
all i € K, all g € Q; and all £ € Ly ; o3
o the coefficients a[ ! ](t x) are analytic functions on a polydisc D, x
D,, and satisfy aE’q (0,z) Z0for all k = 1,...,n, all i € K, all
q € Qk,i and all £ € Lk,z‘,q§
e the inhomogeneities f[k'] (t,z) are formal power series in ¢ with an-
alytic coefficients in D, forall k=1,...,n
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e the initial conditions cpgk} (x) are analytic functions on D,, for all
k=1,...;,nandall j =0,...,k; — 1.

As for System (1.1), this system admits a unique formal solution u(t, x) €

My, 1(O(D,,)[[t]): reasoning as in the proof of Proposition 1.5 (see page 4),

one easily checks that its coefficients ugkl (z) are uniquely determined for

all k =1,...,n and all j > 0 by the recurrence relation
k k
] (@) = (@)

i1
s IID DD SRS DR - U ML

1€EKL qEQR,i L€ELL i 4 Gotji=j— U[k N3
i,q

together with the initial conditions ugkl( ) = gog-k] () forall k =1,....n
andall j =0,...,5; — 1.

Let us denote by k the maximum of kq,.. . The above relations
can be used to explicitly determine all the funct1ons u[ for k =1,.
and j = 0,...,k — 1. Therefore, deriving x — kg tlmes with respect to
t the k*" equation of System (4.1) for any k = 1,...,n, we deduce that
the formal solution @(¢,z) of System (4.1) is also the formal solution of a
system of the type (1.1). Consequently, Theorems 2.5 and 3.11 apply (if
Hypothesis 3.5 is valid for the latter), providing thus the Gevrey regularity
and a characterization of the ko-summability of u(¢, x).

Example 4.1. — Let us first consider the system

Pt = adtul™ 4 b9,ul?

Oul? = co,ul? + dultl

al(0,2) = oy (@), B (t,2) =0 = 91 (@)
ul(0,2) = @%2] (x)

where the coefficients a, b, ¢ and d are nonzero complex numbers, and

(4.2)

where the initial data <p[1]( ), go[ll] (z) and <p([)2] () are analytic functions on
a common disc D,, . From calculations above, System (4.2) admits a unique
formal solution wu(t,x) € Mg 1(O(D,,)[t]). More precisely, its coefficients

[ ) L(x) and u[ ] . (x) are uniquely determined for all j > 0 by the recurrence
relatlons

1 1 2
ujlla () = adful L (2) + bull, L (@)
2 2 1
uihy (@) = c0pu (0) + duj ()
together with the initial conditions u[ ] () = @%1]( ), u[ll]*( )= <p[11] (z) and

ug]*( ) = <pg2] (2). In particular, these relatlons show us that u[lz]* (z) is equal

TOME 0 (0), FASCICULE 0



58 Pascal REMY

to the analytic function @[12] (x) € O(D,,) defined by

(@) = c0u i (z) + el ().

Consequently, deriving once with respect to ¢t the second equation of
System (4.2), we deduce that the formal solution u(t, ) is also the formal
solution in Moy 1(O(D,, )[t]) of the system

2 0 0 0 b a O 4
(4.3) Ofu = (0 C)ataqur (d O)E?tu—l— (0 0>8wu

with the initial data u(0,z) = @o(x) and dyu(t, z)p—o = p1(x).

Applying first Theorem 2.5, we deduce that the value sy attached to
System (4.3) is 5o = 1, and thus that %(¢, ) is 1-Gevrey. On the other hand,
Theorem 3.11 can be not applied since condition (2) of Hypothesis 3.5 fails.

Example 4.2. — Let us now consider the system

o2l = 49,03ul

ol = coult 4 qul?!

W(0,2) = (@), Bull(t, 2) imp = o1 (2)
ul? 0,2) = %z] (@)

(4.4)

where the coefficients a, ¢ and d are nonzero complex numbers, and where
the initial data @Ll] (z), <p[11] (z) and @BQ] (z) are analytic functions on a com-
mon disc D,,. As in the previous example, one can easily check that the
formal solution u(t, x) € Ma 1(O(D,,)[t]) of System (4.4) is also the formal

solution in My 1(O(D,,)[t]) of the system

2 0 a 3 0 0
(4.5) Ofu = (c 0) 01 0pu + (O d) Oru

together with the initial data w(0,z) = @o(z) and Ou(t,x)|=0 = @1(2)
with ¢’ () = 02l (2) + defy ().

Here, the value sg attached to System (4.5) is given by the pair (i,q) =
(1,3) and is equal to so = 1. Consequently, Theorem 2.5 tells us that u(¢, x)
is 1-Gevrey. Moreover, since the matrix

0 a
c 0
is invertible, all the conditions required in Hypothesis 3.5 are satisfied

and Theorem 3.11 applies, providing thus a characterization of the 1-
summability of @(¢,z) in a given direction 6: @(¢,z) is 1-summable in the
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direction € if and only if its three formal coefficients . o(t), @ 1(t) and
Uy 2(t) are l-summable in the direction 6.

5. Appendices
5.1. Nagumo norms
In this section, we recall the definition of the Nagumo norms [4, 36, 59]

and some of their properties.

DEFINITION 5.1. — Let f € O(D,,), p 2 0 and 0 < r < p; be. Then,
the Nagumo norm H fH with 1ndlces (p, ) of f is defined by

||fH = sup\f() ()P,

where d,(x) denotes the Euclidian distance d,(x) =1 — |x|.
Following Proposition 5.2 gives us some properties of the Nagumo norms.

PROPOSITION 5.2. — Let f,g € O(D,,), p,p’ > 0 and 0 < r < p1 be.
Then,

(1

2

(1) [I-1,, is a norm on O(D,,).

(2) £ ( ) Hfllp,rdr(x)*p for all x| <.

3) NS = sup,, <. |f(x)| is the usual sup-norm on the disc D,.
0,r — |z|<r

(4) ||fg||p+p T g ||f||p T||g||p N

(5) 102 Fllp41, < @+ DI,

Proof. — See [51, Proposition 12.2] O

Remark 5.3. — Inequalities (4)—(5) of Proposition 5.2 are the most im-
portant properties. Observe besides that the same index r occurs on their
both sides, allowing thus to get estimates for the product fg in terms of f
and g, and for the derivative 0, f in terms of f without having to shrink
the disc D,..

5.2. Matrix with analytic coefficients

PROPOSITION 5.4. — Let p > 1 be and A(X) € M, (C{X}) with X =
(X1,...,Xp) anxn-matrix with analytic coefficients at the origin (0, .. .,0)
of CP. Assume that the matrix A(0) € M,,(C) is invertible.

Then, A(X) is invertible in M,,(C{X}), that is its inverse has analytic
coefficients at the origin of CP too.
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Proof. — Let us denote by d(X) = det(A(X)) the determinant of A(X).
By assumption, d(X) € C{X} is analytic at the origin of C? and d(0) # 0.
Consequently, the inverse 1/d(X) of d(X) is well-defined and analytic on
a convenient polydisc D,, X --- x D,  centered at the origin of CP. From
this and from the theoretical relation

o= detl(A) adj(4),
where adj(A) stands for the adjugate of A, that is the transpose of the
cofactor matrix of A, we deduce that the matrix A(X) is invertible and

that its inverse has analytic coefficients on D, x --- x D, . This ends the
proof. O

5.3. Generalized binomial and multinomial coefficients

In combinatorial analysis, the binomial coefficients (:1) and the multi-

nomial coefficients (n1 n ) are defined for any nonnegative integers 0 <
seeeslg

m < n and any tuples (n,nq,...,n,) of nonnegative integers satisfying

q =2 and ny + -+ + ng = n by the relations

n n! n n!
= ——— and =—.
m m!(n —m)! N, ..., N nil...ng!

They respectively denote the number of ways of choosing m objects from
a collection of n distinct objects without regard to order, and the number
of ways of putting n = ny 4 - - - + n, different objects into ¢ different boxes
with n; in the i-th box for all i =1,...,q.

Using the fact that n! = I'(1 4+ n) for any integer n > 0, one can easily
extend the definitions of these coefficients to the case where their terms are
no longer necessarily integers by setting

a I'l+a)
(5.1) =

b L(1+b)I(1+a—0b)
for any nonnegative real numbers 0 < b < a and

a I'l+a) I'l1+a)
(5.2) = === -
a1, ... ,0q F'l+ay)...T(1+ay) T4 ay)

for any tuples (a,as,...,a,) of nonnegative real numbers satisfying g > 2

and a; + - -+ 4+ a4 = a. Observe that all these coefficients are positive.

The four propositions below, which are proved for instance in [51, Chap-
ter 13], extend to the generalized binomial coefficients (5.1) and the general-
ized multinomial coefficients (5.2) some well-known results in combinatorial
analysis.
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PROPOSITION 5.5 (Vandermonde’s Inequality [51, Proposition 13.2]).

(1) (Binomial case) Let 0 < b < a be two nonnegative real numbers
and 0 < m < n two nonnegative integers. Then,

a+n > a n .
b+m b/ \m
(2) (Multinomial case) Let g > 2 be an integer, (a, a1, ... ,aq) a tuple of

nonnegative real numbers and (n,n1, . ..,ng) a tuple of nonnegative
integers such that ay +--- 4+ aq = a and ny + --- +ng = n. Then,

a+n a n
a1 +ni,...,0q + Ng A1y-evyQg) \N1y---,Nyg

PROPOSITION 5.6 (Variations of the binomial coefficients [51, Prop. 13.4]).

(1) Let b > 0. Then, the function Biny : a € [b, +oo[ — () is increasing
on [b, o0l
(2) Let a > 0. Then, the function bin, : b € [0,a] — () is increasing

b
on [0,%] and decreasing on |

¢ a|. In particular, bin,(a/2) is the
maximum of bin, on [0, a.

2

PROPOSITION 5.7 (Bounds of the binomial coefficients [51, Proposi-

tion 13.5]). — Let 0 < b < a and A a nonnegative integer greater than
a/2. Then,

PROPOSITION 5.8 (Sum of the inverses of binomial and multinomial
coefficients [51, Proposition 13.6]). — Let s > 0 be and let us set Cs =
§'(24T(ss’)), where s’ > 1 is the positive integer defined by

1 ifs>1

/
S =

1
LJ +1 ifs<1,
s
where |a| stands for the floor of a € R.
(1) (Binomial case) The following inequality holds for all integersn > 0:

"1
—— < C..
P

(2) (Multinomial case) The following inequality holds for all integers
q=2andn > 0:

> % <CTL

ni+-+ng=n (sn1 ..... an)
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