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TRIPLE PRODUCT p-ADIC L-FUNCTIONS FOR
SHIMURA CURVES OVER TOTALLY REAL NUMBER
FIELDS

by Daniel BARRERA SALAZAR & Santiago MOLINA (*)

ABSTRACT. — Let F' be a totally real number field. Using a recent geometric
approach developed by Andreatta and Iovita we construct several variables p-adic
families of finite slope quaternionic automorphic forms over F. It is achieved by
interpolating the modular sheaves defined over some auxiliary unitary Shimura
curves.

Secondly, we attach p-adic L-functions to triples of ordinary p-adic families of
quaternionic automorphic eigenforms. This is done by relating trilinear periods to
some trilinear products over unitary Shimura curves which can be interpolated
adapting the work of Liu-Zhang—Zhang to our families.

RESUME. Soit F' un corps de nombres totalement réel. En utilisant une ap-
proche géométrique récemment développé par Andreatta et Iovita, nous construi-
sons des familles p-adiques & plusieurs variables de formes automorphes quaternio-
niques de pente finie sur F'. Cela est réalisé en interpolant les faisceaux modulaires
définis sur certaines courbes de Shimura unitaires auxiliaires.

Deuxiémement, nous attachons des fonctions L p-adiques & des triplets de fa-
milles ordinaires p-adiques de formes automorphes quaternioniques propres. Cela
est effectué en reliant des périodes trilinéaires & certains produits trilinéaires sur
des courbes de Shimura unitaires, lesquels peuvent étre interpolés en adaptant les
travaux de Liu—Zhang—Zhang a nos familles.
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1. Introduction

1.1. Arithmetic, p-adic L-functions and p-adic families

Several recent works with important arithmetic applications use in a
crucial way p-adic L-functions (see for example [5, 14, 23, 37]). In contrast
with its complex counterpart, the theory of p-adic L-functions is far from
being well established. Thus, depending on the context, their construction
is performed with the available technology. This work is devoted to the
construction of the so-called triple product p-adic L-functions.

During the nineties, Kato obtained deep results on the Birch and
Swinnerton—Dyer conjecture in rank 0 for twists of elliptic curves over Q
by Dirichlet characters. More recently, Bertolini-Darmon—Rotger in [5] and
Darmon-Rotger in [14] developed analogous methods to treat twists by cer-
tain Artin representations of dimensions 2 and 4. In [6, 29, 30, 32], these
methods were extended in different directions, as for example bounding
certain Selmer groups and treating finite slope settings. We could say that
in these situations a prominent role is played by the unbalanced p-adic
L-function attached to a triple of p-adic families of modular forms. Such
p-adic L-functions were constructed in [13, 16, 20, 21] in the ordinary case
and in [1] for Coleman Families. On the other hand, balanced triple p-adic
L-functions have been constructed in [21] and in [17].

This work grew up of the aim to generalize the methods mentioned above
to totally real number fields. In the present paper, we furnish the p-adic L-
functions that come into play in the ordinary setting. Our main results are:

(i) the construction of several-variables p-adic families of finite slope
quaternionic automorphic forms over totally real number fields;

(ii) the construction of triple product p-adic L-functions for ordinary
families obtained in (i).

To achieve (i), we use a geometrical approach (developed in [1]) that em-
ploys the theory of overconvergent modular forms in the required generality.
For (ii) we work in a hybrid situation: unbalanced in a single component of
the weight and balanced in the rest of the components. Our strategy com-
bines the two approaches used in [1] and [17], and crucially adapts ideas
and constructions performed in [31] to our situation. Moreover, based on
the present work and inspired by the calculations in [1], in the more tech-
nical work [35] the construction in (ii) was generalized to the finite slope
setting.
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1.2. Main results

Let F be a totally real number field of degree d = [F': Q]. We denote by
3 the set of real embeddings and fix 7p € ¥ . Let p > 2 be a prime number
and let py be the prime over p associated to 79 under a fixed embedding
p: Q= C,. We suppose F' is unramified at p and the inertia degree of g
over p is 1.

Let B be a quaternion algebra over F' that splits at 7y and at every prime
over p, and it is ramified at any 7 € ¥ \ {79}. As already mentioned, one
of our goals is the construction of p-adic families of automorphic forms on
(B®A)* using geometrical tools. One of the main obstructions to perform-
ing this task directly on Shimura curves of B is the lack of an adequate
moduli problem. To remedy this issue we work with D = B ®p E for some
CM extension F of F' on which each prime of F' over p splits. Let X be the
unitary Shimura curve attached to D of level prime to p - disc(B) (see Sec-
tion 4.1), and let 7 : A — X be its universal abelian variety (of dimension
4d). For each k € N[XF], a precise piece of the sheaf of invariant differentials
of A produces a modular sheaf wk that gives rise to modular forms for D.

Previous works devoted to developing the theory of p-adic families for
unitary Shimura curves ([8, 15, 25]) construct essentially 1-dimensional p-
adic families. In fact, those works only treat the p-adic variation of powers
of the invertible subsheaf of w attached to 79. Nevertheless, for applications,
it would be better to have more variation. Thus, our first task is to provide
a more general theory of p-adic families in this context. The complexity of
performing this was reflected, for example, in the fact that the rank of w®
grows with k. Nowadays, we have enough technology to perform this task.

The weight space for D is the d-dimensional adic space, denoted W,
attached to the complete group algebra Z,[(Op ® Z,)*]. The weight space
for B is the d+1-dimensional adic space attached to Z,[(Or ®Z,)* x Z, ],
and it is denoted by W& in the text. For each n > 0 we consider certain
open subspaces W,, C W and WS C WY (see Section 6.2 and Section 7.1).

Let X be the adic analytic space attached to X. For r > 0, we denote
by X, the strict neighborhood of the pg-ordinary locus of X where the
universal abelian variety has a pg-canonical subgroup of order < r. We
have (see Section 6.3, Section 7.5, and Proposition 7.7):

THEOREM 1.1. — Let n < r.

(i) There exist a sheaf of Banach modules F,, over X, x W, such that,
for each classical weight k € N[XF|, the map (id, k) : X, — A X
W, induces a natural embedding wX|y, C (id, k)*(F,) of Banach
sheaves over X,..

TOME 0 (0), FASCICULE 0
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(ii) There exists an adic space &,, equidimensional of dimension d + 1,
endowed with a locally free map w : &, — WS without torsion,
which parametrizes systems of Hecke eigenvalues appearing in the
space of automorphic forms for B.

The construction of the sheaves F,, is carried out using a slight mod-
ification of the machinery of formal vector bundles with marked sections
introduced in [1]. We then exploit the description of automorphic forms
for B in terms of modular forms for D. By using the sheaves F,, (more
precisely, their duals), we produce the module of p-adic families of locally
analytic overconvergent automorphic forms on (B ® Ap)*. Such a module
is projective and the usual Hecke operator U, acts compactly on it. Using
the theory developed in [3, Appendix B], we obtain the eigenvariety &,.

Now we explain our result on triple product p-adic L-functions. We say
that a triplet (k, ko, ks) € Z[Xp]® is unbalanced at 19 with dominant
weight ks if k1 ; + ko - + k3.~ is even for every 7 € X, k3, = k1.7 + k2,70,
and (ky,7,k2,r, ks -) is balanced for each 7 # 7y (see Definition 3.4). The
interpolation region for our p-adic L-functions is the set S3 of triplets
((E17V1)> (E%VQ)? (E37V3)) € (Z[EF] X Z)3 such that: (1) (EDE%ES) is un-
balanced at 79 with dominant weight ks; (ii) kr; > 0, for every i = 1,2,3
and 7 € Xp; (iii) v3 = v1 + 1.

Let w1, po, and ug be three ordinary eigenfamilies of automorphic forms
on (B®AF)*. We denote by A1, Ay and Aj the rings over which these eigen-
families are defined, respectively. Let =, y, z be a triplet of classical points
corresponding to ((ky,v1), (ky, v2), (k3,v3)) € S5. We denote by ,, the au-
tomorphic representation of (B ® Apr)* generated by the specialization of
w1 at x, and 11, the corresponding cuspidal automorphic representation of
GL2(AF). Moreover, we denote by a® and S¥ the roots of the correspond-
ing Hecke polynomial at p. In the same way we obtain m, II,, af, 8, 7,
I,, af, BP. Let ug be a newform of 7,. Then we have the following result
(for further details, see Lemma 10.3 and Theorem 10.5):

THEOREM 1.2. — There exists Lp(p1, 2, p3) € A1®A2®F‘raC(A3)
such that, for each classical point (x,y,z) corresponding to a triplet
((ky,11), (kg,12), (kg,v3)) € S3, we have:

‘cp(:ulnu%;uﬁ)(xay,z)

1
1—vy—vo—vs 2
- K. HSP(Iayﬂz) .L(fd;nw()@ny@Hz)Q
gp,l(z) <:uzﬂuz>

)

rlp
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where K is a non-zero constant depending of (x,y, z),

gp(xay7z)
pLoya poner ) (| grater (| _ grense
(1_ wuziz 1- Zmiﬂ 1- w;iﬁz 1- me+2> , p#po
)y etfarogioy (amogpogrey (" proaroprey o glogmogroy
p0—1 p0—1 p0—1 pmo—1 » P="Po

£ 1(z) = 4 L= (B2 BT (L= (82w, ), # b,
P, (1— (550)2])_1@,0) (11— (BEO)Qpl—k&TO)? P = po,

— Firgthergthsa, o 0. m. — by tky  tks, _ (Firtkortks -
2 Z Y, My 2 2 et

and T ~ p means that the real embedding T corresponds to an embeddings
F, — C, via .

Mo

Our construction begins with a triplet of families of p-stabilized new-
forms of quaternionic automorphic representations. Note that, in our set-
ting, there is not a perfect duality between automorphic forms and Hecke
algebras. Consequently, our p-adic L-function is not canonical as an ele-
ment of the Hecke algebra alone. Instead, it is canonical as an element of
the Hecke algebra tensored with the module of isomorphisms between the
dual of the Hecke algebra and a module of automorphic forms.

For the precise form of the constant K, refer to the end of the proof of
Theorem 10.5. The starting point of our construction is a result by Harris—
Kudla and Ichino, which relates the central value L(lf"lf#, I, @I, ®
I1,) to certain trilinear period integrals defined in terms of automorphic
forms of 7, mo and mw3. These trilinear periods can be geometrically in-
terpreted as trilinear products of sections of modular sheaves over unitary
Shimura curves (see Proposition 3.10 and Theorem 4.9). By adapting the
p-adic interpolation of the integral powers of the Gauss—Manin connexion
from [31] to our context, and drawing inspiration from the ideas in [1]
and [17], we perform p-adic interpolation of the trilinear periods over the
unitary Shimura curves. This is sufficient for the construction of the p-adic
L-functions.

1.3. On our condition for weights

The weight space under consideration in this work is the 3(d+ 1)-dimen-
sional space W& x WE x WC. Moreover, the subset S5 € W x WE x W€
of classical weights where our p-adic L-function has interpolation properties

TOME 0 (0), FASCICULE 0



6 Daniel BARRERA SALAZAR & Santiago MOLINA

corresponds to triplets of weights that are unbalanced at 79 with dominant
weight in the third coordinate, and balanced at the other T # 73. Observe
that 7 is the only place at infinity where B is splits.

In general, one could consider other sets of classical points of WY x WY x
WS with other conditions of balance/unbalance on the triplet of weights.
Depending on the sign of the functional equation, one expects the existence
of either p-adic L-functions or families of Galois cohomology classes with
good interpolation properties on the given sets. Furthermore, if two of
these sets of classical weights differ at a single place by its condition of
balance/unbalance, then one would expect a reciprocity law relating these
objects. This would generalize of the classical setting (see [13] and [14]) and
is analogous to the Siegel case (see [33] and a ongoing work by Andreatta,
Bertolini, Seveso, and Venerucci).

In this line of ideas, an interesting set to consider is the one in which the
classical weights are balanced everywhere. In fact, in the ongoing work [4]
with Cauchi and Rotger, we construct p-adic families of Galois cohomol-
ogy classes that interpolate diagonal cohomology classes in such a set. A
main goal of [4] is to prove a reciprocity law relating this family of Ga-
lois cohomology classes to the p-adic L-function constructed in the present
work. From this, we expect arithmetic applications such as p-adic versions
of Kato’s theorem for elliptic curves over totally real number fields.

Our choice of the set S3 is motivated by the fact that, since B will split
at a single place at infinity, the quaternionic Shimura varieties involved in
our construction are curves, and the geometry becomes substantially sim-
pler. For other choices of the set of classical weights, one would have to
work with higher-dimensional quaternionic Shimura varieties, where gener-
alizing Andreatta—Iovita’s ideas may be more involved, and the associated
Galois representations do not fit exactly with the ones we are interested in.
Nevertheless, we believe that future projects in this direction will be very
interesting. Indeed, in the recent work [28], Kazi considers sets of weights
that are unbalanced everywhere for B = My (Hilbert case) to construct
twisted triple p-adic L-functions.
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Part A. Background

2. Basic notations
2.1. Setting

Let F be a totally real field, d = [F : Q], OF its ring of integers, and
Y the set of its real embeddings. Let A, Ay, Ar, and Ag y be the ring of
adeles and finite adeles of Q and F, respectively, and let |- |: A5 /F* — R
be the norm.

In all this paper, we fix an embedding 79 € X . We denote by 1 € Z[XF]
the element with each coordinate equal to 1. For x € F* and k € Z[Xp],
we put 2k = | J S 7(z)kr.

We fix an odd prime p, denote by X, the set of embeddings of F' in
Q, and fix an embedding ¢, : Q <+ C,. For a prime p | p, let F} be the
completion of F' at p, 3, the set of its embeddings in C,, O, its ring of
integers, ry its residue field, ¢, = fix, and e, the ramification index. We
fix uniformizers w, € O,. Using the embedding ¢,, we identify ¥ with
Xp = Uplp >, naturally. Moreover, we will use the notation O := O ® Zy,
which naturally decomposes as O = Hp Oy.

In all this text, we denote by po the prime corresponding to 7y through ¢,,,
and we put Fy = Fy,, Og = Oy, and g = X,,. Moreover, we will suppose
that [Fp : Qp] =1 and F' is unramified at p. We denote O™ =[], O,.
Thus, we have the following decomposition O = Oy x O™ = Z,, x O™.

We fix a quaternion algebra B over F' that splits at 79 and at each p | p,
and it is ramified at each 7 € Ep\{7}. For 7 € £, we put B; = B®p R,
fix an identification ¢, : By, = M5 (R), and let Bjo C BJ be the elements
of positive norm. For each 7 € ¥ \ {79}, we fix an isomorphism B®, C =
M3(C) and denote by ¢ : BX — GL2(C) the embedding obtained. We
denote by disc(B) the discriminant of B.

Let G = Res(g B* and we denote by G(Q)" the subgroup of elements
of G(Q) such that its image in By, is contained in Bj . Let det : G —
Rengm,F be the reduced norm, and let G* = G X ResE Gy, i Gm,o CG.

Fix A € Q such that A < 0 and p splits in Q(v/)). Let E == F(v/\)
and write z — Z for the nontrivial automorphism of E/F. For 7 € X, let
7: E — C be the embedding over 7 such that 7(v/A) = V/\.

Let D := B ®pr F be a quaternion algebra over E, and let us consider
the involution on D defined by | = b ® z — [ := b ® %, where b is the
canonical involution of B. Let § € D* such that § = —6(") and define a

(1) Our § corresponds to the product ad with the notation of [11]
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new involution on D by [ — I* := §~116. Denote V the underlying Q-vector
space of D endowed with the natural left action of D. We have a symplectic
bilinear form on V:

0:VxV-—=Q, (vw)r— Trg(Trp/g(véw)).
Let Gp = Resg D* and let G’ be the reductive group over Q such that,
for each Q-algebra R,
G'(R) = {D — linear symplectic similitudes of (V ®g R,0 ®q R)}.
Denote Tg = Resg Gm.e/ Resg Gy, . Then we have the exact sequence
(2.1) 0—G —G 5Ty —0.
In fact, if d € G’ C D* and O(vd, wd) = pO(v,w) with u € Q, then
Trg/o(Trpp(vddd*w*)) = Trgg(ddTrp )/ p(vow®))
= Trg)o(uTrp/e(viw®)),
thus, i = dd. Hence, d = be € BXE* C D* with det(b)eé = u. We put
mp(d) = mr(be) = [e].
Remark 2.1. — If there exists an embedding ¢ : £ — B, then D ~

My (F) and Tg acts on G* by conjugation of ¢(e). In this situation, we
have an isomorphism G’ = G* x T given by be — (bp(e), €).

Let A C B be an Op-order. Let ¥ : Q(v/A\) — D given by z — 1 ® z
and fix a Og-algebra R such that A ®; R = My(R) ®7 Op. For any R-
module M endowed with a linear action of A®¢, Of, we put M* = {v €
M : (vA) *v==4VX-v}. Then A®z R = My(R) ®z OF acts on these
modules, hence, we write M*! = (} 9)M* and M*? := (§9)M*. Both
R ®7 Op-modules are isomorphic through the matrix ({ ). We have the
following decomposition, that is an equality if disc(Q(v/A)) € RX,

MDODMTeoM =M oM teo M2 M2

2.2. Levels

Fix Op C B a maximal order and let Op = Op ®p, Og. Using this
choices we extend the groups Gp and G from Q to Z. Remark that Op
might not be maximal. In fact, since disc(D) is an ideal of Op dividing
disc(B), if q is an ideal of F' over an odd prime, inert in E, and such that
q | disc(B)disc(D) ™!, then (Op)q is an Eichler order of level q. Neverthe-
less, Op is maximal at every prime not dividing disc(B)disc(D)~!.

ANNALES DE L’INSTITUT FOURIER
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If n is an ideal of F' prime to disc(B), we consider the open compact
subgroup of Gp(Z):

KP(n) {(i 2) €Gp(Z): clemoanE}.

Moreover, we put KZ(n) := K2 (n) N G(Z), Ky(n) == (n )ﬂG’(Af) and
Kfl(n) = KP(m)n G*(Ay). Since WT(Kl(n)) ( + nOE) /(’)X

Tp(Z), then from (2.1) we have K (n )/ EKP (n) = (Op + nOg)* /(’);
Put Pic(E/F,n) := Te(Af)/[(OF +1n0g)*/OX|TE(Q), and for each t €
Pic(E/F,n) we fix a representative bt € G(Af)(E ® Ap ) = G'(Ay)
under mp. We denote I't ;(n) = G*(Q)4 N b KL (n)b; " and I'i(n) =
G(Q)y NbKE ()b, '. We can define analogously K&’ (n), K (n), Kj(n),
K& (n), Tf 1 (n) and T§(n). For any q coprime to n, write also K7{(n,q) :=
K{(n) N Kg(q), and similarly for T} ; (n, q) and I'{ (n, q). Moreover, for each
(] € Pic(Op) ~ A}, /FXOF we fix be € G(A?) such that det(b:) = c. We
put [{(n) := G(Q)+ Nb KL (n)b ! and T'§ | (n) := G*(Q)4 N b KP) ()b 1.

/

KP
O

3. Automorphic forms for G

In this section, we recall some facts about quaternionic automorphic
forms over F'. Moreover, we introduce some algebraic and analytic opera-
tions (triple products) and we recall Ichino’s formula which relates them to
central L-values. One of the main goals of this work is to p-adically deform
these algebraic operations.

3.1. Quaternionic Automorphic Forms

We start by introducing some notations about local representations. Let
k > 1 and v be integers such that k = v (mod 2).

Let D(k,v) be the (G, K)-module of discrete series of BX of weight &k
and central character a — a”. It is the sub-representation of COO(BX o+ (C)
generated by the holomorphic element f5, (24) = (ad — be) =  (ci+ d)~*
Write also f_j == f1. € D(k,v).

Let R, L be the Shimura—Mass operators defined in [9, Proposition 2.2.5],
then f is also characterized by the relations

cost sint i v
(3.1) ( ; )fik:eiktfika afer=a"frr, Lfk=0=Rf_j.

—sint cost

TOME 0 (0), FASCICULE 0
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Let P(k,v) = Sym*(C?) ® C[%5%] be the space of homogeneous polyno-
mials of degree k endowed with the following action of GLy(C): vy = (24) €

GL2(C) and P(z,y) € P(k,v) then
VP (z,y) = det(7) Y /2 P(az + cy, bx + dy).

For each 7 € Xy ~\ {70} we write P,(k,v) to denote the C-vector space
P(k,v) endowed with the action of BX given through the embedding ¢..
Remark that we have an isomorphism:

k)

We denote by A(C) the C-vector space of functions f : G(A) — C such
that:

XY
Ty

(3.2) Pr(k,—v)Y =~ Pr(k,v), p— P (X.Y)=p (

(i) There exists an open compact subgroup U C G(Ay) such that
f(gU) = f(g), for g € G(A).
(i) flar) € C*(G(R),C).
(iii) f is K-finite where K is the maximal open compact of G(R) i.e. its
right translates by K span a finite-dimensional vector space.
(iv) f is Z-finite, where Z is the center of the universal enveloping
algebra of the Lie algebra of G(R).

Write p for the action of G(A) given by right translations, then (A(C), p)
defines a smooth G(A)-representation. Moreover, A(C) is also equipped
with a G(Q)-action: if h € G(Q), g € G(A), f € A(C) we put (h- f)(g9) =
f(h™tg).

Let E = {k € N[Zp] | ks, > 0, k; = kr (mod 2) for all 7,7'}, and for
each v € Z weput =2, = {k € E|k;, =v (mod 2)}. f v € Z and k €
Ey we put P (k,v) = Q. expfry Prlkr,v) and D(k,v) = D(kr,,v) @
P7o(k,v). It is a G(R)-representation (understanding that it is a (G, K)-
module at 79) and the action of the center (F®R)* is given by the character
a +— a’L. For a given weight (k,v), the space

A(k,v) == Homg(r)(D(k, v), A(C))

is endowed with natural G(Q) and G(Ay)-actions, that commute with each
other.

DEFINITION 3.1. — The elements of HY(G(Q), A(k,v)) are called au-
tomorphic forms of weight (k, v).

ANNALES DE L’INSTITUT FOURIER
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Remark 3.2. — We fix ¢ € H°(G(Q), A(k, v)), we identify B} /SO(2) Fj*
with the Poincaré upper half plane $ and define the holomorphic function

fo:9xGA) — Q) Prlkn,v),

TeEXp~{10}

by fs(2,97)(P) = ¢(frr, @ P)(gro9f) frs, (9r,) "5 Where z = gr,i € § for
some g, € BY, g5 € G(Ay) and P € @, Pr(kr,v). If vy € G(Q)T then:

—v—krg

f¢(72a79f) :det’yf(cz+d)k‘r07(f¢(zagf))7 lrgY = (Ccl Z) .

Since D(kr,,v) is generated by fk, , to provide f4 is equivalent to provid-
ing ¢.

DEFINITION 3.3. — Let n be an ideal of F prime to disc(B) and let
X : AR /F* — Q* be a finite character. Let My ,(I'1(n), x) be the space

of ¢ € H(G(Q), Ak, 1)) 7™, such that ¢(f)(ag) = x(a)lal”¢(f)(g) for
a€ Ay, g€ G(A), and f € D(k,v).

3.2. Archimedean trilinear products

Firstly we treat the local setting. Let ki, ko, k3 € Ny and vq,19,v3 =
v1 + vo € Z such that k; = v; (mod 2) for ¢ = 1,2,3. We consider the
following two cases:

(1) Unbalanced: Suppose that ks > k1 + ko and m = (k1 +ko+k3)/2 €
Z. We write mg = *kl’fkﬁki" > 0, and consider the map ¢, :
D(kg, V1 + VQ) — D(kl, Vl) ® D(kQ, VQ) given byZ

33)  tolh) - i(—w‘ (") ()22 )R e R ()

This map is well defined since t,,(fr,) also satisfies the rela-
tions (3.1).
(2) Balanced: Suppose that, for i = 1,2, 3, we have 2k; < k1 + ko + k3
and m = (k1 + ko + k3)/2 € Z. We write m; == m — k; > 0, for
i = 1,2,3. For each 7 € Xp \ {70}, we write t¥ : Pr(k1,11)" ®
Pr(ka,v2)Y — Pr(k3, —v1 — v3) for the map given by:
)

mi mo

r oy
1 Y

1 WY1
T2 Y2

) (p1 @) (x,y) = <ﬂ2 ( vy

T2 Y2
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12 Daniel BARRERA SALAZAR & Santiago MOLINA

where p1 € Pr(k1,v1)Y and ps € Pr(k2,v2)Y. Using the identifica-
tion (3.2) we obtain a BX-equivariant morphism
(3.4) tr : Pr(ks,v1 + va) — Pr(k1,v1) ® Pr(ka,vo).
Now we consider the global setting. Let k;, ky, k5 € Z.
DEFINITION 3.4. — Ky, k,, k5 are called unbalanced at 79 with dominant

weight kg if k1 - + ko r + k3 » is even, for T € p, k3 7, = k1., + k2., and
2]{}1'77- < ]{3177- -+ kgﬂ- -+ k377-, for T 7é T0 and i = ]., 2, 3.

Assume that k, € 2,,, ky € E,, and ks € 2,4, are unbalanced at 7
with dominant weight k5. The products (3.3) and (3.4) provide a morphism
of G(R)-representations

too : D(kg,v1 +v2) — D(ky,v1) ® D(ky, v2)

Thus, we obtain a global and G(Q)-equivariant trilinear product:

t: A(Elﬂ Vl) ® A(E%V?) — A(E&Vl + VQ); t(¢17¢2)(f) = ¢1¢2(t00(f))7
for ¢1 € A(kq,11), ¢2 € A(ky,v2) and f € D(ky,v1 + v2). Here

G102 ijl ®f] = Z¢1(fj1)¢2(fj2)
J J

if f; € D(k;,v;), for @ = 1,2. From this we obtain a trilinear product
between automorphic forms:

(3.5) t: H(G(Q), Aky, 1)) x H*(G(Q), A(ks, v2))
— HO(G(Q),A(E3,V1 + VQ)).

3.3. Test vectors and non-archimedean trilinear products

Let L be a finite extension of Q,, Of its ring of integers,  an uni-
formizer, k its residue field and g := #~x. Let W be a spherical representa-
tion of GLy(L) with central character €. Suppose there is a hermitian inner
product (-, -) : W x W — C such that (gv, gv’') = |e(det(g))| - (v,v’), for
v,v" € W and g € GLa(L).

We write K = GL2(0p) and Ko(w@") = {(2Y) € K : @" | ¢}, for
n € N. Fix vg € WX\ {0} and let v, == (} % )vo € WHKo(="),

If T' is the usual Hecke operator, then there exists a € L™ such that Tvy =
a-vg. Let U : W — W be the operator given by Uv = qil(zjeﬂgjv),
with g; = (10”31) for j € k. Then Uvg = a - vo — ¢~ v1.

ANNALES DE L’INSTITUT FOURIER
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LEMMA 3.5. — if
X = |e(@)| " e(w),
then there exists o(X,Y) € Q(x)[X,Y] such that

<vmvm> = Q(Ch |6(w>‘) : <’U07’U0>7

for all n and m.

Proof. — Firstly remark that, for n > m, we have

{Vn; vm) = |e(@)[™ (Vn—m; v0)-
If j € k, then we have g; = (;4)(F 9). Since (7 )vn = vn, we obtain:
(Uvo,vn) = a7 3 (g0, va) = |e(ow) (@) {0, vipn)
JEK

= le(w)| " e(@){vo, vn41)-
In the same way, we obtain (v,, Uvg) = |e(w)|e(w)  {vyy1,v0). Thus,
(v1,v0) = |e(w)| ™" e(w) (w0, Uo)
|~ e(@){vo, vo) — ¢ |e(@)| " e(w) (vo, v1)
|~ (@) (vo, vo) — a~ {Uwo, vo)
= (ale(w)| ™ e(w) — ag™")(vo, vo) + (v, vo)-
Since @le(w)| te(w) = a, we obtain:
(3.6) (v1,v0) = #(vo,m}
and  (vn+2,v0) = alnt1,v0) — ¢ €(@)(vn, vo).
Then the lemma follows directly from the calculations above. O

Now, for ¢ = 1,2,3, let W; be spaces as above with central characters
€;, spherical vectors vj € WX and let a; be the eigenvalues of the usual
Hecke operator. We denote by «;, 8; the roots of the Hecke polynomial
X?2—a;X +¢;(w)g L. We assume that we have a GLg(L)-invariant trilinear
product ¢ : W1 @ Wy — W3 (ie. t(gvr,gv2) = gt(vy,vq) for each g €
GLa(L)).

We consider the operators V : W; — W;, defined by Vv = g, Ly, and
U*:W; = W;, by Urv =1 Z]ER(J‘W O )v, where go = (5 9). If v,0" € W;
then (Uv,v") = xs3 - (v, U v') with x3 = e3(w)|es(w)|~t. Moreover, if
v € W;, then we write vlPl = (1 — VU)v.

If n € N, we write as above vl = (éwo )’Ud Moreover, let v,, =
(1—B;V)vj = v — Biei(w) ol and vj, = vi —a;v;. A straightforward cal-
culation shows that U*U,Bi = ﬁzvﬁi and Uv,, = a;-vq,. Since dzxs = fs, we

TOME 0 (0), FASCICULE 0



14 Daniel BARRERA SALAZAR & Santiago MOLINA

deduce that, whenever oz # f3, the map v — (v, 1123}(11043,11;3)*1 provides
the projection into the subspace of W3 where U acts as as.

PROPOSITION 3.6. — Assume that ag # (3, then we have that
(t(Vay, Vas ), VB, )

(Vag, V3,)
_ (1= Brasaz (1 = arfoaz ') (1 = Bifacgz) (t(vg, ), vg)
(1 — a1 frasBaaz®)(1 — Bzaz?t) (v, v3)
(t(], va,), v,)
<Ua3,’l}z_}3>

(1= Brases " )(1 — anfraz ) (1 = BiBac (1 — cnasag )
(1 — a1Brazfaas?)(1 — Baz ")

(t(vg, v3), vg)
(5, v5)
. . Ku(w) / KO(W)
Proof. — Firstly observe that, if v € W; and v’ € W, are test
vectors, then we have:
(t(Vo, V'), vh,) = aglx;;(Vt(v,v’), Urvs,)
= a3 (t(v,0"), 0, );
1 1
Ut V') = = " t(gol), g, V') = =3 t(gol o)
JEK q JER
=t(UulP o) = 0;
(t(v, V'), v5,) = a3 (U (P, Vo') + t(VUv, V'), v3,)
= a§1<t(UU,v’), Vg, )-
From these equations we obtain
(3.7) <t(Vv,v’),an> = a:;l(t(v, U’Ul),’UE3>.
Hence, the second equality of the proposition is a consequence of the
first one as <t(v([fl],va2),vga> = (t(VarsVas ), V5,) — 1 (t(Vvay, Vay ), Vh,) =

(1- a1a§1a2)<t(val7vaz),v[’§3>.
Secondly, we have

<t(va17va2)vvzg> = <t(vé7va2)avf33> - 31<t(Vvé7va2)=U§3>
= (1 - 51a2a51)<t(ué,va2),v;3>
<t(’Ué, Uotz)’ U23> = (1 - ﬂ2a§1a1)<t(véa U%)v U23>

+ g er(@)Baog ™ (H(Vvg, v5), v5,)
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Vb, 02),5,) = a3 Las(t(ud, 0d), v3,) — a3 g eal) (H(ud, VoR), v},)
= ag152<t(vé’vg)vv;§3> + 0551042@(’06, Uotz)’v;;’3>7

and therefore

(t(va,, Vasy), U5,)

(1= Bragas ) (1 — an oz ) (1 = Bifaos ) x
= 2 . 2 . (t(vé,v%),053>.
1 —ajfiasfBoas
Since t(vd,v3) = Cvg for some C € C, we compute using (3.6):

(t(v,v3), v5,) = (t(vg, v5), v) — as(t(vg, v5), v5)

as . .
_ (_1 - a3> (t(uh, 02),08),

and we similarly compute
(Vag, vB,) = (v5, v7) — Baes(@) ™ (v], v1) — @s(vg, vg) + @sPaes(w) (v, vg)

([ Bs—as+asq (aspBy — 1) (w3, o)
= 1_|_q71 0>»%0/»

and the result follows. O

3.4. Ichino—Harris—Kudla formula and trilinear products

We recall a result by Harris—Kudla and Ichino which provides a formula
describing the central critical value of triple product L-functions in terms
of certain trilinear periods. Moreover, we relate those trilinear periods with
the trilinear products introduced above.

Let 11y, IT; and I3 be three irreducible cuspidal automorphic representa-
tions of GL2(Ap). Assume also that the corresponding central characters
g; satisfy 1 -9 = £3. We denote by L(s, I} ® 1Ty ® II3) the complex triple
product L-function attached to the tensor product ITy ® Il; ® II3.

Assume that there exist 71, m, 73 C H°(G(Q),.A(C)) irreducible auto-
morphic representations of G(A) associated to IIy, I and II3, respectively,
via the Jacquet-Langlands correspondence. Notice that e3 = x o | - |3,
for a finite character x. This implies that v3 = vy + vy and |e3)? =
| - |22 Let Il be the contragradient representation of Il and write IT =
ITy|det| =2 ® Iy|det|~ % © Is|det|Z for the corresponding unitary au-
tomorphic representation of GLy(Ays), where M = F x F x F. Note
that Ax acts trivially when embedded diagonally in GL2(A ). Moreover,
7 = m|det| T @ my|det|”F @ 7s|det|Z is the Jacquet-Langlands lift of
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II. For ¢ € 7, ¢ € 7, where 7 is the contragradient representation, we
consider the trilinear period:

Hp®3) = / / P()3(g) dg dg,
G(A)/GQAY JG(A)/G(Q)A}

here dg is the normalized Haar measure and, in the integral, we consider
the natural diagonal embedding Arp < Ap X Ap X Ap. The following is
the main result of Harris-Kudla—Ichino in (see [18], [19], [22, Theorem 1.1,
Remark 1.3)):

THEOREM 3.7. — For any ¢ € w, ¢ € 7, we have

Ie®e) 1 o L(1/2,10) 11 ~
= . . . Iv v v/
o 2 P rmmag Lo
~ Ly(1,11,,Ad 7y (bo) @u.Bo)o
where Ly @ 3) = £n, (2" - PRI - Jrynr g db for
certain pairing (- ,- ) between m and ™ compatible with local pairings (-, - ).

In order to interpret this result in terms of the trilinear products de-
scribed in Section 3.2, we introduce some notations. Fix i € {1,2,3}. We
suppose that m; o == 7; |gr)~ D(k;, v4), for k; € Z,,, and

(s |G(Af))K1B(“i) = ((my) ;)7 () ~ C,
for some ideal n; prime to disc(B). Then, we can realize (m;)s inside the
space H°(G(Q), A(k;,vi)), and we denote by ¢f € My b,y (T1(n), xi) a
generator, for certain character y;. If ¢ € H°(G(Q), A(k;,v;)), we define
qba d)* € HO(G(Q)v A(Eza Vi)) by

¢(f)(g) = (/)(9);
o (to) = s o) (5 ( 1)) vataerta)

Wn

where f € D(k;,vi), g € G(A), @ =[1,}a oo™ e A%, @, is a uniformizer
of the finite place v, and sign(f) is £1, if f € Cfix, . ®P™(k;,v;). Observe
that, if ¢ € Mg ,,)(T1(n:),xi) then ¢, ¢* € M, ) (T1(n:),x; ). More-
over, the contragradient representation 72 is generated by qiT?\dCﬂ”’i €
Mg, ) (T1(n:), x; )

LEMMA 3.8. — There exists ¢; € C* such that ¢) = ¢; - (¢9)*.

Proof. — The result follows from the fact that both ¢? and (¢?)* gener-
ate irreducible automorphic representations with the same Hecke eigenval-
ues at finite places not dividing n;disc(B). O
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DEFINITION 3.9. — Write kg = (k3 »,, k3°) and let

¢1, 92 € H'(G(Q), A(ks, v3))

such that ¢; |,x= 3. Put Y™ == |3} V1% write [G] = G(Q)\G(A)/A},
F
and define the Hermitian inner product:

(61, b2) = /[G] Fréa(fk, ® fr ®T™)(g) |det(g)] ™ dg.

We denote by m = (mT)TEEF = (%(kl,r + kQ,T + k3,7))7’€2p7 ms,r, =
(k3,7y — ms,) and, for ¢ = 1,2,3, we denote by m]° = (m; +)rzr, = (M7 —
ki,T)T;ﬁT(r

PROPOSITION 3.10. — Let n = mcm(ny, ng, ng). Assume that ky, ko and
ks are unbalanced at 7y with dominant weight k. Then for eachi € {1,2,3}
there exists ¢; € H°(G(Q), A(k;, Vi))KF(n) in (m;) s such that

1\ (0. [ 9
(¢, t(d1, 92))* = s 54—%?1; eu.00) < e 1>

kQ,To + M3, —

1—vy — vy — v
'L(1223aH1®H2®H3>7

where t is the trilinear product of Section 3.2, C' is a non-zero constant

independent of (ki r,, k2 r,, k3,,) and

(1, 01) (P2, P2) (@3, P3)
L(lanla Ad)L(17HQaAd)L(17H3aAd) .

C((blv ¢27 ¢3) =

Proof. — Consider the morphism

17 = Q) tr - P (kg v5) — P (ky,v1) © P (ky, v2).
T#To

Then by definition t™(Y™) = A™ € P™(ky,11)QP™ (ky, v2) @P™ (s, v3),
where:

mTO mTO mTO
T3 Y3 r3ooys| o |w oy
T2 Y2 1 T2 Y2
If we put veo = f, , @try(frs ., )OA™ € D(ky,v1)@D(ky, v2)RD(k3,v3),
this implies that

(@3, t(d1,92)) = /[ (P30102) (ks vy @ tro(frs ., ) © AT0)(g) |det(g)| 7 dg.

Gl

(3.8) ATO =

Let i = 1,2,3. Consider ¢; € M(Ew,,,i)(f‘l(ni),xfl) given by ¢;(f) =
sign(f)¥i - ¢;(f) - (e; odet) 1. By Lemma 3.8 and the non-degeneracy of the
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inner product (-,-), we have that qbl € 7B, It is clear by definition that
(p3,t(d1, P2)) = <(;3, (¢1,¢2)>. Hence, since (;53 = (-1 )”3(;53, one obtains

(p3, (1, 2))?
1) / [G](¢3¢1¢2)(Um)(gl)(%glfgﬂ(ﬁm)(gg)|det(gl192)”3 dgi dgs,

where U € D(kq, —11)®@D(ky, —1v2) @ D(k5, —v3) is defined analogously as
Voo Notice that, again by Lemma 3.8, we can see ¢ = (¢3¢1¢02)(voo ) |det| ™73
as an element of 7, and we can see ¢ = ($3$1¢72)(5m)\det|”3 as an element
of 7. By Ichino’s formula (Theorem. 3.7) we obtain

(f3,t(P1, P2))*

(G361 62) (V0.), 7o (G361 62) (B2.))
—1)s ) 1/2,11)
Z( 23) “€r(2)° (i {_I Ad) HI (P0 @ @),

where T, = (Tay s Tnys Tns) € G(A® A ® A) with 7, = (w(i_ Bl),

Ugo ® 5Ooo = (fkl,TO ® f—k1,7—0) ® (szﬂ'o ® f—k2,7—0)
® (Fokarg ® Frong) O TP @ TR @ TP € Moo ® T,

and the local terms I, (v, ® ©,) = % - J, with

J :/ (Trl,v(bv)(z)l,vy gl,v)v(ﬂ-lv (bv)¢2,v7 52,1;)1;(%3,1; (bv)(g&va g?::))v db
S\B (¢1,v7 Tnl,'u(;l,v)v(gblvv Tnz,v$2,v)'u((53,'ua Tng,vﬁgfa,v)v
(vto0)
7 :/ (b‘l'of k3,q I- k3,7 )To ((b7'07 bTo)tTo(fks,To )7 tTo/(}\k_;o ))To
B \B (f—kg Toafkg TO) 0(.f1€1,70’f—k1,70 )To(sz,m’f—kz.m )‘Fo
)

/ ((br,br b )AL A),
Jr=
FX\Bf (

db,,.,

T 102 (Tra)o (T ’J)Tde, (1 # 70).

Here A, and A, are both equal to | 22 s R T S T as el-
ements in Pr(ky,,v1) @ Pr(kar,v2) ® Pr(ksr, —v3) and Pr(kir, —11) ®
Pr(ko,r, —v2) ® Pr(ks -, v3), respectively, and

tro (ka‘To) ® f—ks,m € D(Ela Vl) ® ’D(E% VQ) ® D(Efiv *V?))a
tro (fks,rg) ® f—ks,ro € D(ky, —v1) ® D(ky, —12) ® D(E& v3).
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By the BX-invariance of A, we have that

(A, A,

JT - (TT,I)T(TT,Q)T(TT,3)T .

Since we can easily compute that (Y,;); = k; - + 1, we obtain by [21
Lemma 4.12] (see also [21, Section 4.9])
mr+1)mq !mo lms !
L.(1,1I,,Ad) e Lt e _
§FT( ) (1/27 HT) (klrr + 1)(/{2’7- + 1)(k3,7 + 1)

To compute J, notice that, by [36] and [34], the space

IT(‘PT ® ‘ZT) =

Homa,, 0(2))(D(ky,v1) @ D(ky,v2) @ D(ks, —v3),C)

is one dimensional, hence, we have that

/. IR AR AN OB
= K- (/1 @ fa,try (f3))ro - (J1 ® Fastry(f3))ros

for fi ® fo ® fB S D(Epl/l) ® D(EQ,VQ) ® 'D(Eg,,*l/g), f1 ® :fvz ® f3 €
D(ky, —v1) @ D(ky, —v2) @ D(ks,v3), and some constant K (depending on
k; TO) To compute K consider f; ® f ®f3 Jry g @R 70 fro, @f karg
and f1® fo® f3 = fkl,TO ®R™3:70 f o @ f—ks.,- By [21, Lemma 3.11] the
left-hand-side is

fFTO (2)2LT0(1/27 HTO)
Ly (1,11, Ad)

. 2172m3,m ,

while the right-hand-side can be computed using the fact that
<fki,70af—ki,70>7'o =1, <Lf7 f>‘ro = _<fa Lf>7—0, Lijkiva: j(ki,‘ro +7 -
DRIy, . (see equality (4.9)), and a formula for t-,(f _, . ) obtained
by exchanging in (3.3), the fy, by f-k, , and R" by L". We obtain that

<fk1,r0 ® ng‘m fk2 ;o) t‘ro (]?*ks,ro )>TO
<k1 - > (i o ® R fk?vfo ’ f*klvfo ® LMo f*k2,rg>‘fo
70

(mg ) (m — 2)!
(k1,rg — D(k2,7, — 1)1’

= (-
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and analogously for <fk1,ro ® R™3:70 szm stro (f=ks 4y ) mo- Moreover, we can
compute similarly:

<t7'0(fk3.7—0)’ 2 (J?—kg,m»‘m
= Z Cg2 <Rj(fk1,7—0 )7 Lj(f*lm,q—o )>7'0 <Rm3’70 _j(fk2,1—o )7 Lo _j(fflm,q—o )>7'0
J

- (m - 2 ' m3 ‘f'[)
= (—1)meno c;,
( ) (kl,‘l'o - )' k2 T ' Z ’

where C; = (") (, ™7? ). Since > im0 (‘;‘)( B = (A+B), we conclude

J k1,rg+i—1 n—j n

<t7’o (fks,ro )7 tTo(fN—ka,To )>To

= (—1)m3”0 (m — 2)!(771377-0)! ( kg,m -2 )
(k170 — D!(kazg — 1)! \kory + mary — 1

Putting all this together, we conclude that I, (pr, ® @r,) = 2172m270 .
2

(o2 )
k2,ro+ms,n—1/ °

Finally, we can choose the explicit test vectors provided in [21] to obtain
that I,,(v, ® @) is an explicit constant, which is equal to 1 if v { n ([21
Lemma 3.11]). We obtain that

<¢)37 t(d)lv ?\2/»2
(($3162) (VL) o (b312) (V%))

i U GRP (k-2 )P L/200
24—2ms.~, k277—0 + ms3 -, — 1 L(]., H, Ad) ’

for some constant C not depending on k; ..
The result follows from the fact that L(1,II) = L(:=252=% 11 ®

1

2
I, ® [3) and the denominator ((¢z¢1¢2)(vS), T (¢3¢1¢2)( %)) is (up-to-
COHStaHt) <¢1a ¢1><¢27 ¢2> <¢3a ¢3> by Lemma 3.8. U

4. Modular forms for G’

In this section we introduce unitary Shimura curves which have a well
behaved moduli interpretation. We define the sheaves which give raise to
modular forms for these curves, and we interpret the triple product defined
in Section 3 in more geometric terms.
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4.1. Unitary Shimura curves

Let n be an integral ideal of F' prime to disc(B). We define the unitary
Shimura curve over C of level Kj(n) as:

(41)  X(©):=G(Q@:\Ox G (hp)/Km) =[] T\,
tePic(E/F,n)

the last decomposition comes from the fact that, by strong approxima-
tion, 7 : G’ — Ty induces an isomorphism G/(Q);\G’(A;)/K;(n) =
Pic(E/F,n).

To describe the moduli interpretation of the Shimura curve, we consider
an Eichler order, Op w C Op, of level m | n such that K (n) C @]Xgm. Let
Om i =0Bm ®0, Op CDand Vz =0, CV.

LEMMA 4.1. — Possibly enlarging m, there exists § € B such that [ — [*
stabilizes O, DE}FOm ={veV: Ow)eZ, forwe Oy} and O has
integral values when restricted to Vz. Here D, is the different of £ /F.

Proof. — As I* = §7118, 60p m and | + [ stabilizes O, we only have
to check that dOy, is a bilateral ideal. Consider the ideal 7 = {b € B :
Trp/r(ba) € OF; for all a € Dp/gOp,m} where D g is the different of F'/Q.
By [40, Lemme 4.7(1)] J is a bilateral ideal of norm m_ldisc(B)_lD;/zQ,
hence, possibly enlarging m, we can assume that m_ldisc(B)_lD;?Q is
principal and generated by d € F.y. By strong approximation we have
J = 0Oy It is easy to check locally that § can be chosen to satisfy §2 = d,

hence § = —§. Since Dg/o = De/rDr/q, we obtain

DypOm = {w € D: Trp;p(wid) € DyjpDp g, for all v € On}

={weD: 0(d,w) €Z, for all v € On}. O

Let L/E be a finite extension such that B ® p L = My(L). By [11,
Section 2.3] the Riemann surface X (C) has a model over L, X, which solves
the following moduli problem: if R is a L-algebra then X (R) corresponds
to the set of the isomorphism classes of tuples (A, ¢, 6, @) where:

(i) A is an abelian scheme over R of relative dimension 4d.

(ii) ¢ : Om — Endg(A) gives an action of the ring Oy on A such
that Lie(A)™! is of rank 1 and the action of Op factors through
Op CECL.

(iii) 0 is a Op-invariant homogeneous polarization of A whose Rosati
involution sends ¢(d) to ¢(d*).

(iv) A class @ modulo K;(n) of Oy-linear symplectic similitudes « :
T(A) S Op.
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We denote by # : A — X the universal object and, for each t €
Pic(E/F,n), let X! be the corresponding connected component of X. We
have the following description over C.

A= | ] F’i’l(n)\(ﬁx((C2®F,TOE)><M2((C)EF\{TO}>/Dﬂt”@mbt_l,
tePic(E/F,n)

where the action are (z,v, M) -d = (z,v+d(7),M +d) and v - (z,v, M) =
(v2, (cz + d)~ v, My~Y) for d € DNt Onb; ", v € 1 1 (n) with 7(v) =
(x%)and (z,v, M) € Hx (C2@p ., E) x My(C)># {70} Tts universal polar-
ization is given by the restriction of the form © to DN t‘l(ambt_ ! Finally,
observe that T(A) = t’l(ambt_ ! and the class of Op-linear symplectic simil-
itudes is given by a : f(A) 3 On, t=bb; s b

Remark 4.2. — Let ¢ € Pic(OF) and put OF, = b:Onb ' N D. Let X¢
be the Shimura curve solving to the moduli problem of X but using Oy,
instead of On. The irreducible components of X°¢ are in bijection with
Pic(E/F,n) and I'f ;(n)\$ naturally appears as an irreducible component
X<(C).

We give an alternative description of the points of X¢. Let (A, ¢, 0, «) be
a point in X ¢, then there exists a unique isogenous pair (Ag, tg) with mul-
tiplication by Oy, such that ker(A — Ag) ={P € A: bP =0, forallb €

bOm N D}. From 6, we obtain a homogeneous polarization 6y : Ay — Ay.
b

Moreover, the map ag : T(Ag) 2> T(4) S bc@mb:1 ey be(deg ) 1O
has image in @m, and provides a symplectic isomorphism between
(@m, ¢ 1O) and (f(Ao)7 o). Thus, X°¢ classifies quadruples (A, to, 0o, o),
where (Ay, tg,00) is as for X and ag is a symplectic isomorphism between
(O, 10) and (T(Ay), o).

Remark 4.3. — Working with the levels introduced in Section 2.2 instead
of K{(n) we obtain analogous Shimura curves. For example we obtain the
Shimura curves attached to K{(n, q) for each ideal q coprime with n, which
satisfies a similar moduli problem as X with an extra K{(q)-structure.

Remark 4.4. — As p { disc(B) a class a of Op-linear symplectic simili-
tudes modulo K (n) is decomposed as a = a, x o where a,, : T,(A) =
(Om)p ~ My(Op ® Zy) and P : T(A)P 5 (O)P.

© induces a perfect pairingon Vz, = (Om), = M2(Op®Zy). As p splits in
Q(VA) then G'(Z,) = GL2(Op ® Zy,) x Z via b(t1,t2) — (bt2, det(b)t1t2)

identifying K, (n), with KZ(n), x /o
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The map «, identifies T,(A)* with My(Op ® Z,) and denote a,

T,(A)~ 5 My(Ofp ® Z,). Reciprocally, a My(Op ® Z,)-lineal isomor-
phism a, gives rise to a symplectic similitude o, = (a; ,q, ), where
af : Tp(A)t — Ma(OF ® Z,) is provided by the rule ©(a;f (v), o, (w)) =
ep(v,w) with e, the corresponding perfect dual pairing on T,(A4) ( e, is
characterized by its image in T,(A)" x T),(A)~ because, since the Rosati
involution sends ¢(v/A) to —u(v/A), it vanishes at T,(A)* x T,(A)* and
Tp(A)~™ x Tp(A)7). The action of (v,n) € GL2(OF ® Z,) X Z; on ay, is
given by o, — a;, -y and a;‘ — noz;|r -4~ Hence, to provide a a;, modulo
Ki(n)p amounts to giving o, modulo K{(n),,, or equivalently, the point
P = (o))" (§ §)(mod n) € AnOp ® Z,] ' that generates a subgroup
isomorphic to (O ® Z,)/(nOF ® Z,). We have an analogous description
for K,(n)-structures.

4.2. Modular sheaves

We introduce the sheaves which give rise to the modular forms for G’. Let
Lo/ F be an extension such that B& g Lo = My (Lo), write L = Lo(v/A) D E,
and denote by X the base change to L of the unitary Shimura curve X.
Using the universal abelian variety m : A — X we define the following
coherent sheaves on X :

W= (W*Q}L‘/XL>+72 w_ = ((Rlﬂ*OA)+’2)v H = (Rlﬂ'*Q;\/XL)

Note that we have w_ =~ (7{}, )" and the sheaf # is endowed with a

+,2

Gauss-Manin connection 7 : H — H ® Q. The natural Op-equivariant
exact sequence:

(4.2) 0— W*Q}L‘/XL — RIW*QZ/XL — R'1,04 — 0,
induces the Hodge exact sequence (see [15, Section 2.3.1]):
(4.3) 0—w-—H—w —0.

If L contains the Galois closure of F' then the natural decomposition
FogL= L>r induces:

wz@wT ’HZ@HT.

TEXFR TEXF

As the sheaves (Qzl4/XL
tion (ii) of the moduli problem of X imply that w., is locally free of rank 1,

while w; is of rank 2 for 7 # 73. Moreover, since the Rosati involution maps

)"t and (Q} 5, )"? are isomorphic, then condi-
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VA to —V/A, we deduce that w_ is locally free of rank 1. Thus, w, = H.r
for each 7 # 79, and we have the exact sequence

(4.4) 00— wry — Hry —> w? — 0.

Let k = (k.) € N[XF], we introduce the modular sheaves over X, con-
sidered in this text:

®k7'
Wk = Wry °® ® SykawT

T#To
HE = ® Sym* 7, = SymF He @ ® Sym* w,.
TEX R T#To
DEFINITION 4.5. — A modular form of weight k and coefficients in L

for G' is a global section of WE, i.e. an element of HY(Xp,wk).

4.3. Alternating pairings and Kodaira—Spencer

Notice that RIW*Q;UXL is a On ®z Ox,-module of rank one, hence if
we fix a generator w € R'm, Q% /x, We can define the unique symplectic
(Op,m ®z Ox, )-linear involution

c: RIW*QA/XL — RIW*Q;UXL»
such that ¢((b® e)w) = (b®@eé)w for all b € Op n and e € Op.

Since 7.2}y, ~ Lie(A)" and R'm.O4 =~ Lie(A"), the polarization
6 : Lie(A) — Lie(AY) provides a Ox, -linear morphism (see [15, Remar-
que 2.3.1)):

O: F*QA/XL X R'm.04 — Ox,
satisfying ©(Az,y) = O(z, \*y) for A € On. From (4.2) it is equivalent
to give an alternating pairing © on ’Rlﬂ'*Q;‘ /X1 The involution ¢ and O,
provide for each 7 € ¥ an alternating pairing:

+2
Pr: (Rlﬂ—* 1.4/XL>

x(le ’.4/XL>T — Ox,,

+,2

given by @, (u,v) == 0O (u, 5 (9 §)ec(v)). If T # 79, this provides an isomor-
phism:
2 +2 2 N
(4.5) eri \N(RImx, ) = Nwr = Ox,.
If 7 = 79, we obtain an isomorphism:
(4.6) Oro * Wry —> W_
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given by @, (v,w) = €(v)(pr (w)) for w € wyy C Hy and v € H,y =
+.2

(le*ﬂj4 / XL) . Thus, the Kodaira—Spencer isomorphism (see [15, Lem-
7o

me 2.3.4]) induces the isomorphism:

-1
~ Pr
KS: Q%Q — Wy, QW —O>wf_%2.

4.4. Katz Modular forms

Let Ry be a L-algebra and f € H°(X/Ry,wE). Let R be a Rg-algebra,
and (A, ¢, 0, ) a tuple corresponding to a point of X (Spec(R)). We denote
by w4 the R-module of the invariant differentials in (9114/1%>+’27 i.e. the pull
back to R of the sheaf w introduced in Section 4.2.

Let w = (fo,(fr,er)r#7,) be a R-basis of wy then there exists
f(A40,0,w) € R, 4,y Sym*~ (R?) such that:

®
f(Aa L, 9, a) = f(Av L, 9, a, w)((fra e'r)‘r;é"'o) . fO Fro .
Thus a section f € H(X/Ry,wk) is characterized as a rule that assigns
to any Rg-algebra R and (A4, t, 6, a, w) over R a polynomial f(A,¢,0, o, w) €
& try Sym"” (R?) such that
(A1) f(A,:,0,a,w) depends only on the R-isomorphism class of
(A,1,0,);

(A2) Formation of f(A4,¢,6,a,w) commutes with extensions R — R’ of
Ry-algebras;

(A3) If (t,g) € R* x GLa(R)*#\70} and w(t, g) = (teo, (fr.e-)g,) then
(AL 0,0,w(t, g) =t %0 (g7 f(A, 1,0, a,w)).

Using the isomorphism ¢, of (4.5) we obtain

) @k
Er, v
Wk ~ Wre? ® ® (Symk’wT) ® </\w7>
T#To
Pr kTO k, v
~ W’ ® ® (Sym wT> .
T#To
We obtain an alternative description of a section f € H°(X/Ry,wk) as a
rule that assigns to a Rp-algebra R and (A4, ¢, 6, «, w) as above a linear form
f(A 0,0, 0,w) € Q,sry Sym" (RQ)v with
e

T €r — ®kr
f So‘r(f'r/\e'r) ke fO 0'

Tr  Yr

F(A1,0,0) = f(A,,0,0,w) | T]
T#To
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This rule satisfy:
(B1) The element f(A,:,0,a,w) depends only on the R-isomorphism
class of (4,,6,a).
(B2) Formation of f(A,:,0,a,w) commutes with extensions R — R’ of
Ry-algebras.
(B3) If (t,g) € R* x GLo(R)®r M0} then f(A,1,0,a,w(t,g)) =t -
(g_lf(A, 1,0, a, w)) )

4.5. Modular forms for G’ and automorphic forms for G

Let t € Pic(E/F,n) and denote by M(I'{ ;(n),C) the C-vector space
of holomorphic functions f :  — &, Pr(kr, k)" such that f(yz) =
(2 + d)froy f(2) for v € T4, () with 70(1) = (£ 5). As det(T% ,(n)) = {1}
then there is no action of the determinant. Over C the modular forms for
G’ are described by:

LEMMA 4.6. — We have a canonical isomorphism of C-vector spaces:

H(Xe,wt) = @ Mp(Tf,(n),C).
tePic(E/F,n)

Proof. — As in Section 4.1, over C we have Lie(4) = (C?* ®p, E) x
My (C)*#>m} and Lie(4)? = (§9)Lie(4) = (C®p, E) x (C?)Fr>{m},
Thus, wa,r, = (Lie(4)$?)V = Cda,, where dz,, = VA(dz®1)+dz®@VA €
(C®pr E)Y and wa » = (dz,,dy,) € (C?)Y for 7 # 79 .

If t € Pic(E/F,n) then a section ¢ € H°(Xc,wk) over X* is given
by f(2)(I1;r, |(¥: dxg: |k7)dx¢g" where f : 9 = &, ., Pr(kr.kr)Y is a
holomorphic function. Since v*dz,, = (cz + d)~dx,, and v*(dz,,dy,) =
(dz,,dy,)7(7)~! we deduce that f(yz) = (cz + d)*royf(z) for each v €
F’il(n). d

Now we relate modular forms over C for G’ and G. Let A := (OF)} /U2
with Uy = {u € Oplu = 1 mod(n)}. f v € Z and k € E,, for [ €
My (T 1(n),C) and [s] € A we put

—kA2krg ro+v1
(4.7) (5%, f)(z) =872 (cz +d)~Froy ! f(ys2)-
here v, € I} (n) with detys = s and 795 = (} ). This gives an action of
A on M(T'% ;(n),C).

PRrROPOSITION 4.7. — We have a natural isomorphism of C-vector spaces
o s HOG(Q) Ak, ) ™ = @ My(TS 4 (n),©)*
cePic(OF)
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Proof. — By Remark 3.2, to give ¢ € H°(G(Q), A(k, )57 (™ is equiv-
alent to give a holomorphic function

fo: 9 x G(Ap)/EP () — Q) Prlkr,v)
T#To

As GQ™M\G(Ay)/KE(n) 5 Af,/FX O} = Pic(Op) then f, is charac-
terized by f§ = f5(-0c) : H = &, 4, Prkr,v)" with [¢] € Pic(OF). We
can verify that f§(vz) = det )2 (cy 4 d)kTO’yf;(T) if v € T'§(n).
Since any v € I'f ;(n) C I'{(n) has reduced norm 1 and T'{(n)/I'{;(n) ~
(Op)}/UZ = A then f§ € My(T'§ ;(n),C)2. O

We define an action of A on H°(X®,wk) using the description of Sec-
tion 4.4. Let f € H°(X®,wk) and a tuple (4,0, a,w) over some ring R as
in Section 4.4. For [s] € A we put:

—k+2krgTo+vl

(s, [)(A, 0,0, 0,w) == s 2 F(A s, v g w).
This is well defined as, if s = 7% € U2, we have

f(A’ [’7 9) a? w) = f(A) [’7 8_197 fys_la’ n_lw)

=) [T o) (A 570,95 o w)
T#To
—kt2krg Totrl
= Ng/o(n)™"s 2 f(A,¢, 5_19,75_104711})

—k+2krgTo+rl

= s R (41,5710, 77, w).

In Proposition 11.1 of the appendix we prove that both descriptions of
the A-action coincide. Moreover, in Section 11, we describe the action of
Hecke operators from the perspective of Katz modular forms due to the
isomorphism ¢y, of Proposition 4.7. Thus we obtain:

COROLLARY 4.8. — We have the following decomposition compatible
with Hecke operators:

HO(G(Q), A(k,v))7™ = @ HOXE, wh)?,

c€Pic(OF)

where X(E’O is the irreducible component of X¢ corresponding to 1 €
Pic(E/F,n).
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4.6. Connections and trilinear products

For k € N[XF] and m € Z, we consider the sheaves:

: kyy—
7—[,% = w, ° " ® Sym™H,, ® ® SykawT.
T#To

Then from (4.4) we obtain the exact sequence:

(4.8) 0 — wk — HE,

(46) k— 270

S W @ Tt @ Sym™ T (M) = He o — 0.

By Griffiths transversality the Gauss—Manin connection (see [15]) induces
a connection:
_ KS
Vi — B @ Gumm (3 ) @ QY B3 2.

Moreover, for each j we put Vi = Vk42(j—1)70,j—1 © " © Vk,0-

As in Section 4.4, a global section f of HE is given by a rule that to
each tuple (4,¢,0,a) and w°® = {(fr, e;)}rzs, a basis of @D, .., wr assigns
a linear form:

f(A 1,0, 0,w°) ® Sym" R2 ) — Sym"o (H,,),
TH#To

such that f(A,:,0,a) = f(A, 1,0, wo)(HméTo | = & ||#). Thus, if f is

zr yr
a section of wk C HE then for each P € &ty Sym” (R?) we have
F(A, 1,0, 0,w0)(P) = £(A, 1,0, 0,w)(P)fE* with w = (fo, w?).

Now let k; € Z,,, ky € E,, and k3 € =,,4,, be unbalanced at 7
with dominant weight k4. Recall the notation m = (m.)rex, = ((k1,- +
kor + ksr)/2)resp, M3 r, = k3, — May, and for i = 1,2,3 we denote
m;° = (Mir)rtry = (Mr —kir)r+£r,. The following result gives a geometric
interpretation of the linear product ¢ of (3.5) in terms of the isomorphism
in Proposition 4.7.

THEOREM 4.9. — Let ¢ € Pic(OF). There exists a morphism t. : wki x
wha — wks such that, if f; € HO(X®,wki) fori = 1,2 and (4,1,0,a) € X,
then

ms,

tC(flva)(Avbveva) = Z Cj VJE (fl) ms o~ (fQ)(AaLve’avwo)(ATo)

3=0
where AT € ®T¢TO (Symk” (R2) ® Sym*27 (R2) R Symk”wT) is given

by AT (xla Y1,T2, y?) = HT;ATU z2 T ye;r i | 931 . y1 - ‘mZ T | z;: Zi: |m377 and
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cj = (=1) (mi*o)(k:’j;g;%l) Moreover, if ¢; € HO(G(Q),A(Ei,Vi))KlB(“)

for i = 1,2 then:

te(thy o (D1) e thy s (2)c) = (211> - LE3,V1+V2<t(¢17¢2)>c-

Proof. — By the definition we have that

Im(t.) C whs™m2707 @ Sym™70 (U, ),

thus, to prove that t. is well defined we need to check that Im(t.) C wks.
From (4.8) it is enough to prove €(t.(f1, f2)) = 0.
We will prove that, for each k, f € H°(X¢,wk) and j € N, we have:

(4.9) ey (f) = G(key +3 = 1)V " ().

Indeed, assuming this

e(te(f1, f2))

m3,rg

= 3 o (9, () TE T () + UL (e v (1)

=0
= Z (cns1(n+ 1) (k1,7 + n)

n=0

t en(ms = 1) (karg + Mgz, =1 = 1) Vi (f1) Vo™ " (fa)
= 0.

To prove (4.9) it is enough to work locally, thus, let U = Spec(R) be an
open of X°¢ such that trivializes the sheaves H,, and w. Let uq,us € Hr,
be a basis such that u; € wy, is a basis and @, (ui,u2) = 1, and let
{fr,er} be an horizontal basis of w, for 7 # 7y (remark that it is possible
as V(wr) € w,®9Qf). Let D € Der(R) be the dual of u; ®uy € w? & QL.
Since the Kodaira—Spencer isomorphism is given by the composition

V4 (pr,0€)®id
Wry > Hry —2 Hry @ Qi —2

w;ol ® Qf,
we have that 7(D)(u1) = (u2 + auy) for some a € R. Moreover, from
0 = V(D) (Pry(u1,u2)) = @ry(V(D)ur,u2) + @r(u1, v(D)uz), we obtain
V(D) (ug2) = (cu; — aug), for some ¢ € R. By changing us by us + auy, we
can suppose that a = 0, thus \/(u1) = ugu? and /(uz) = cus.
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For any f = (37, bjuf0 “u)M € wk=T™ @ Sym” (M., ), where M €

& try wk is a monomial in wi, write f(X) = 3""_,b; X’ € R[X]. Hence,

=0

v&,rf
T k) . . .

= | Sy uy T+ (kg — )by T 4 ebyuy T P M
§=0

corresponds to Vg (f) (X) = Df(X)— (X2 —c)f'(X)+ks X f(X). Since €
is given by derivation f(X) — f/(X), we compute that (€07, —Vk—2,r—1°
e)f(X) = kr, f(X). From this fact and a simple induction we deduce the
equality (4.9).

Now we are going to prove the second statement of the theorem. Let
p:$ — I (n)\$ be the projection to the connected component of X¢
corresponding to t € Pic(E/F,n). Then, by the Riemann—Hilbert corre-
spondence, we have:

p*Rlﬂ'*Q;‘/XC = p*R'71.Z ¢ O5 = Og ®c Hom(D, C),

here Oy, is the sheaf of holomorphic functions of $ and each element in
Hom(D,C) provides a horizontal section by inducing the corresponding
linear form on H1(A,Z) =DnN @mb;l cD.

Then p*w,, = Ogdzy C p*H, = Oga+ Oyf and p*H, = p*w, =
Og dxl @ Og da2 for 7 # 79. In the formulae above we have dzg = o + 23,

al(y®e) =To(e)-dand B(y®e) =To(e)-cfor e € E and v € B such that
70(7) = (%£%). Moreover if v € D, we have dxl(y) = ¢, and da2(y) = d.,
where 7(y) = (‘Cl: 4 )- Remark that a, 8, dzl and dz? are horizontal, in
particular we obtain 7(dzg) = 8 ® dz € p*H,, @ Q.

Observe that (Lie(A))} is generated by the expressions s(7) = 570(7) ®

T

1+ 2\%70( ) ® VA for v € B. Since a(s(y)) = d and B(s(y )) = cif
T0(y) = (¢ g) we obtain &, (a, 8) = O(s(§9), 67 (§ §)s(§§)) = —1 where
s(7) = 570(7) ®@ 1 = 37=70(7) ©® VA. We deduce from (4.6):

KS(dz?) = e 7 (dzo) (@, dzo) = €(B)(0r,dzo) dz = Fry (B, dag) dz = dz.

Now let f € M(I% ;(n),C)* and denote by sy the section attached to f
in Lemma 4.6, then:

(4.10) v s(2)
(e e )

2i fllc/T0 +2; (970)

—|— dZow,
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where dZy = a + 2z and some w € C™($) ® Sym~T =1 (H1). Indeed, since
B =(z—2)"Ydxo — dZo) = (2iy) " !(dzo — dZTo) we obtain:

0 .
iss(z) = o fG) | T 1% 4 1 ) a2
T#To

1 2 kro+1
ko f() [ T 195 22 e | aokots
T#To

_ 0 kTo d:z: da: k- k7'0+2
~((gr32)re (T4 arf

T#To

ZZy 0 o)

The claim follows from induction and the equality
SRIL ©P) (225 ot © P)
2if570+2 0z  2iy Iy ’

70
Finally since dzg and dZ are linearly independent, comparing formu-
las (4.10) and (3.3), we obtain the second claim of the theorem. O

Part B. p-adic families

We construct p-adic families of modular forms on the unitary Shimura
curves X. From these families we construct families of autmorphic forms
of B. Moreover, we construct local pieces of an adic eigenvariety.

5. Integral models and canonical groups

In this section we introduce the technical tools necessary to realize the
p-adic variation of the modular sheaves introduced in Section 4.2.

5.1. Integral models and Hasse invariants

Let n be an integral ideal of F prime to p and disc(B). From now on
we will denote by X the unitary Shimura curve of level Ki(n,[],.,, p)
introduced in Remark 4.3. By [11, Section 5.3] X admits a canonical model
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over Op, representing the analogue moduli problem described in Section 4.1
but exchanging an F-algebra by an Op-algebra R. Namely, it classifies
quadruples (A, ¢, 0, a?) over R, where o is a class of O p-linear symplectic
similitudes outside py. We denote this integral model by Xj,¢, which has
good reduction (see [11, Section 5.4]). Let X be denote the formal scheme
over Spf(Qy) obtained as the completion of X, along its special fiber
which is denoted by Xip .

Let m: A — Xju be the universal abelian variety. Since we have added
K (p)-structure for all p # po, A is endowed with a subgroup C,, C A[p]~!
isomorphic to O, /p by Remark 4.4. The p-divisible group A [p™] over Xin¢
is decomposed as:

Alp™] = o | P AP™IT| e Ay @ | P AP<I |,

p#Ppo p#po

We are interested in the p-divisible groups Gy = Alpg’]™! and G, =
A[p>]=Lif p # po, which are defined over X, and endowed with actions
of Oy and O, respectively. The sheaves of invariant differentials of the
corresponding Cartier dual p-divisible groups are denoted by wy = wgp
and wy = wgp if p # po. By Lemma 4.1, the universal polarization 6 is an
isomorphism over Oy. Hence, this notations are justified because 6 induces
the following identifications:

+,2 0* —1
(5.1) w= (W*Q}&/th) ~ (W*Q}&V/Xint) =wo P @ Wy-
p#po

The universal polarization provides a pairing (see Remark 4.4)
O : Ap™]" x Ap®]” — G,u[p™].
Since p splits in Q(v/\), we have that O ® Z, ~ O?, and the isomorphism
that switches components induces an isomorphism ¢ : A[p™®]~ — A[p™=]*t
We obtain an isomorphism of p-divisible groups

(5.2) 0:G0— G  0(P)Q) =86 (P,a—l ((1) (1)) C(Q)> .

Hence, we have an isomorphism of sheaves of invariant differentials wqg ~
wg, compatible with (4.6).

Let O be a ring containing all the p-adic embeddings of O — Oc,,
then over O we have a decomposition wp = B, ey, wp,r With each wy - of
rank 2, for p # pg. The alternating pairing © provides, as in the complex
setting, an isomorphism ¢, : /\2 Wp,r = Ox,-
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There is a dichotomy in Xj,; which says that any point in the generic
fiber Xy is ordinary or supersingular (with respect to Gp), and there are
finitely many supersingular points in Xi,. From [25, Proposition 6.1] there
exists Ha € H(X im,wgfl) that vanishes exactly at supersingular geo-
metric points and these zeroes are simple. This is called the Hasse invari-
ant and it is characterized as follows: For each open Spec(R) C X fix
w a generator of wy |gpec(r) and z a coordinate of Gy over R such that
w = (1 + a1z + agz?---)dx, then [p](x) = aaP + --- for some a and

— -1
Ha |gpec(r)= awP™'.

We denote by Hdg the locally principal ideal of O <., described as follows:
for each U = Spec(R) C Xy if wo |y = Rw and Ha |y = Hw®®~1 then
Hdg |y = HR C R. Let Hdg the inverse image of Hdg in O, which is also
a locally principal ideal. Note that Ha?" extends canonically to a section of
HO(x, wgn -1 g Z./p"*17), indeed, for any two extensions Ha; and Hag
of Ha we have Ha?" = HaZ" modulo p"+! by the binomial formula.

Remark 5.1. — From [8, Proposition 3.4] we obtain the existence of a
p — 1-root of the principal ideal Hdg. This ideal is denoted Hdg'/®»~1).

Now we introduce some formal schemes in order to vary p-adically the
modular sheaves and to produce p-adic families. For each integer r > 1
we denote by X, the formal scheme over X which represents the functor
(denoted by the same symbol X,.) that classifies for each p-adically complete
@—algebra R:

h € X(R),
2,(R) = { [(h.m)] | n € HO(SpE(R), b (wg M7 ). 5
n- Ha?' = p mod p?

here the brackets means the class of the equivalence given by (h,n) =
(W,n") if h =R and n = n’(1 + pu) for some u € R. The formal scheme
X, turns out to be the p-adic completion of the partial blow-up of X at the
zero locus of Hdg”ﬂrl and p (see [3, Definition 3.1]).

5.2. Canonical subgroups

The theory of the canonical subgroup originally developed in the context
of p-adic topology was generalized to the adic setting in [3]:

PROPOSITION 5.2 ([3, Corollaire A.2]). — There exists a canonical sub-
group C,, of Go[ph] for n < r over X,. This is unique and satisfy the
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compatibility C,,[pi '] = Cy,_1. Moreover, if we denote D,, :== Gy[p§]/C
then wp,, ~ wgo[pn]/Hdg%,

By [3, Proposition A.3], the cokernel of the map dloggp(,ny : Golpg] —
wgpppny = wo/p" is killed by Hdg!/ "=V If we write Qy C wy for the
subsheaf genera}ed by the lifts of the image of the Hodge-Tate map and
Ty = p"Hdg_%, we obtain a morphism
(5.3)  dlogy: Dn(X,) — Q0 ®0y, (Ox,/Tn) C wo/p"Hdg™ 5 .

In order to carry out the p-adic interpolation we work on covers of
X,-. First notice that, by the moduli interpretation, the p-divisible group
[1pzp, G» — X, is étale isomorphic to Hp;épg(FP/OP)Q' Assume that r > n.
Firstly, we add p™-level corresponding to the primes p | p such that p # po:
We denote by X, , — X, the formal scheme obtained by adding to the
moduli interpretation a point of order p™ for each p # po whose mul-
tiples generate G,[p]/Cy (see Remark 4.4). It is clear that the extension
X, — X, is étale and its Galois group contains [],_, (Op/p"Oy)* as
a subgroup since F' is unramified at p. Moreover, X,.,, has also good re-
duction (see [11, Section 5.4]). Now we trivialize the subgroup D,: Let
X,n be the adic generic fiber of X, ,. By [3, Corollaire A.2], the group
scheme D,, — X, is also étale isomorphic to p~"Oy/Oy. We denote by
126G, the adic space over X, , of the trivializations of D,,. Then the map
ZG,, — X, is a finite étale with Galois group (Oy/p"Op)*. We denote
by J&, , the normalization ZG, ,, in X, which is finite over X,.,, and it
is also endowed with an action of (Oy/p"Op)*. These constructions are

captured by the following tower of formal schemes endowed with a natural
action of (O/p"0)* ~[],(0y/p"Oy)*:

I8, — X — X

6. Overconvergent modular forms for G’

Following the approach introduced in [1], we deform the modular sheaves
of G’ which allow us to define overconvergent modular forms for G’ and
families of them. We also construct other overconvergent sheaves which will
be useful to construct triple product p-adic L-functions.

6.1. Formal vector bundles

In this subsection we slightly modify the construction performed in [1,
Section 2] which we briefly recall first. Let S be a formal scheme, T its
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(invertible) ideal of definition and € a locally free Og-module of rank n.
We write S for the scheme with structural sheaf Og/Z and put € the
corresponding Og-module. We fix marked sections sy, ..., sy, of £, namely,
the sections si,...,Ss,, define a direct sum decomposition & = (’)g‘ P Q,
where @ is a locally free Og-module of rank n —m.

Let S — Sch be the category of formal S-schemes. There exists a formal
scheme V(&) over S called the formal vector bundle attached to £ which
represents the functor, denoted by the same symbol, S — Sch — Sets,
and defined by V(E)(t : T — S) = H(T,t*(£)V) = Homo, (t*(£), Or).
Crucial in [1] is the construction of the so called formal vector bundles
with marked sections which is the formal scheme V(& s1,...,8m) over
V(&) that represents the following functor S — Sch — Sets

Vo(E,sl,...,sm)(t:T—>S)
={pe HUT,t*(£)") | p(t*(s;)) =1, i=1,...,m},

here p is the reduction of p modulo Z. The construction of Vo (&, s1,. .., 8m)
is as follows: the projection & — @Q defines a quotient map @, Sym”(E) —
D, Sym” (Q) whose kernel is the ideal (s1,...,sy,) and, hence, defines a

-

closed subscheme C' C V(&) = Sym(€), with corresponding ideal sheaf
denoted by J. Then Vy(&, s1,. .., $m) is the Z-adic completion of the open
formal subscheme of the blow-up of V(£) with respect to J, defined by the
requirement that the ideal generated by the inverse image of J coincides
with the ideal generated by the inverse image of Z.

Given the fixed decomposition £ = Q& (s;);, let us consider now the sub-
functor @Q (&, 81,-..,8m) that associates to any formal S-scheme ¢ : T — S
the subset of sections p € Vo(E, s1,...,8m)(T) whose reduction p modulo
T also satisfies p(t*(m)) = 0 for every m € Q.

LEMMA 6.1. — The morphism WA/Q(& S1y-vy8m) = Vo(E,51,...,8m) Is
represented by a formal subscheme.

Proof. — Since we have the direct sum decomposition & = O’Sf & Q,
we have the closed subscheme @, Sym*(Q) — @, Sym*(£) and, hence, a
closed subscheme V' C V(€ s1,...,8m). Let J be the corresponding ideal
sheaf. Then we write WA’Q(&sl, ..., 8m) for the closed formal subscheme
given by the inverse image of J in Vo (&, s1,...,5m).

Let U = Spf(R) be a formal affine open such that Z is generated by
a € R and &y is free of rank n with basis ej,...,e, such that e; = s;
modulo Z, for i =1,...,m, and Q = (em+1,--.,en) modulo Z. Thus,

V(E)|v = Spf(R(X1, ..., X))
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and
VO(E,sl, .. .,Sm)|U = Spf(R<Z1, ey Zmme—ﬁ-la . 7Xn>)

with the corresponding morphism Vo (&, s1, ..., $m) — V() given by X; —
1+ aZ;, fori=1,...,m (see [1, Section 2]). Since the inverse image of J
corresponds to (a, Xpm41,. .., Xn), we deduce that \7@(5,51, e Sm)lu =
Spf(R{Z1,..., Zm,Tm+1, -+ Tn)) with the corresponding morphism
@Q(E,sl,...,sm) — Vo(€,51,...,5m) given by X; — aZ;, for j = m +
1,...,n.

Given a formal scheme t : T — U, a section p € Vy(&,81,...,8m)(T)
defined by the images p*(Z;) = a; and p*(X;) = b; provides the morphism
p € Home, (t*(€),Or) satisfying p(t*(e;)) = 1+ aay, for i = 1,...,m,
and p(t*(e;)) = b;, for j = m + 1,...,n. Thus, sections coming from
%A/Q(E, $1,...,8m)(T) will correspond to those p also satisfying b; = ac;, for
j=m+1,...,nand some ¢; € R. Hence, to sections such that 5(t*(m)) = 0
for every m € Q. a

Remark 6.2. — Notice that this construction is also functorial with re-
spect to (€,Q,5s1,...,8m). Indeed, given a morphism ¢ : & — & of lo-
cally free Og-modules of finite rank and marked sections si,...,8, € &,
shy...,s0. € & such that §(s}) = s; and §(Q’) C Q, we have the mor-

’9m

phisms making the following diagram commutative
@Q(Sa S1y-+4y Sm) — Vo(g, 1545 Sm) — V((C:)
Vo(&,s),...,sh) —— Vo(E,8),...,s) — V(E).

Remark 6.3. — In fact, @Q(E,sl,...,sm) depends on @ C &£ and the
image of s; in £/Q. Indeed, since p(t*(m;)) =0 for m; € Q and t : T — S,

@Q(& (si +m;);)(T)
={p e H (T, t*()"); p(t*(si +mi)) =1, p(t*(Q)) = 0}
= Vo(€, (5:):)(T).
6.2. Weight space for G’

We fix a decomposition O* = O° x H where H is the torsion subgroup
of O* and 0% ~ 1 + pO is a free Z,-module of rank d.
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We put Ap = Z,[0*] and A% := Z,[O0°]. Then remark that the choice

of a basis {e1, ..., eq} of OY furnishes an isomorphism A% 2 Z,[T1, . .., T4]
given by 14+7T; = e;, for i = 1,...,d. Moreover, for each n € N we consider
the algebras:
A, =Ap —T{) E AO::A% —T{) ...E .
p TP " p " p

The formal scheme 20 = Spf(Ap) is our formal weight space for G'.
Thus, for each complete Z,-algebra R we have:

W (R) = Homont (O, R).

We also consider the following formal schemes 20° = Spf(A%), 20,, =
Spf(A,) and 209 := Spf(A%). By construction we have 20 = |J,, 2,, and
200 = J,, WY. Moreover, we have:

) (C,) = {k € Homeont (0%, C) + |k(e;) — 1] < p P i=1,...,d}.
We denote by k : O* — Aj the universal character of 20, which decom-
poses as k = k? ® k; where:

ky: H — Z,[H|* k0" — (A%)*.

Let kK2 : 0% — (A2)* be k° composed with (A%)* C (A%)* and put
k, = k% @k : 0% — A%

LEMMA 6.4. — Let R be a p-adically complete A%-algebra with maxi-
mal ideal mg. Then k¥ extends locally analytically to a character O°(1 +
p"A"1Or ® R) — R*, for any A € R such that \P~! € pP~2mp. In partic-
ular, kY is analytic on 1 + p"O.

Proof. — By definition k2 (3, vie;) = H?Zl(Ti—i—l)"“ € Zy[Th,...,Tq] ~
A% C AY. Formally, we have that (T; + 1)7 = exp(y; log(T; + 1)). For any

mpme (P et
,(m',p) =1wehaveprii- =1 (=~ )*Tip € pAY and

m = pn+5m m m
m— (s+1)p" = p"(p*m’ — (s + 1)) > 0. Hence, u; := p"log(T; + 1) € pAY.
We have that kY (p"a) = H:l:ll exp(u;7y;) with a = >~ v;e;. This implies
that, for any adic AY-algebra R, the character k? can be evaluated at the
Zp-submodule O° ®z A~'p™R, for any A with valuation v(\) < g—j. Note
that, by means of the exponential map, we can identify O° ®z, A" 1p" R with
(1+A"1p"0®z, R) C (O®z, R)*. We conclude that kY can be evaluated
at O (14 A" 1p"0O ®z, R) C (O ®z, R)*, and the result follows. O

/

7

TOME 0 (0), FASCICULE 0



38 Daniel BARRERA SALAZAR & Santiago MOLINA

Let O™9 := 14pO™ and recall the decomposition of rings O = 2Ly, x O,
As above we introduce:

Ary = Zp[Z;] AEO = Zp[1l + pZy] = Z,[T]
A = Z,[O™*] A0 = 7, [0 ~ Z, [Ty, ..., T4]
TP" 0 0 TP"
A‘ro,n = ATO <p> ATO,n = AT() <p>
ATO = AT 57...,£ AT00 .= AT00 ﬁ,...7£ .
" p p " P p

Thus, we have decompositions A? = ASM ® A0 and A, = Ay, ® ATO.
We denote by K2, : (1 + pZy) — A% ., kpo¥ 0 070 — A0 ko e

Ly — Nry o and k72 0 O™ — AJ0 the universal characters. Then we have

decompositions k? = k% = ® k™9 and k,, = k.. ,, ® k7. Moreover
n T0,M n 0, n ’

k,n0k=k,=kl @k, =k? @k ’®k;.

T0O,M

6.3. Overconvergent modular sheaves

We fix L a finite extension of QQ, containing the image of every p-adic
embedding of F. We will work over the ring of integers of L. Let r > n.

As in Section 5.2, we denote by Z, = p"Hdgfﬁ considered now as an
ideal of Ojg,.,,, which is our ideal in order to perform the construction of
Section 6.1. Let &, , be the reduction modulo Z,,, then from (5.3) we have

(6.1) dlogo : Dn(jﬁr,n) ®Zp (Oj@r’n/In) = Qo ®O?6ml (Ojﬁﬁr,n/ln)v

where €2y is the Ojg, ,-submodule of wy generated by all the lifts of
dlog (D, ). By construction, there exist on J&,. ,, a universal canonical gen-
erator P ,, of D,, and universal points P, ,, of order p™ in G,[p"]. We put:

(6.2) Q=0 Puw =200
pF#Po
where Q0 = @D,.p, wp, and we denote Q the associated O5g-module.

Now we produce marked sections of € in the sense of Section 6.1 as follows.
Let p | p and we consider two cases:

e if p = po we denote by sy € Q the image dlogy(Pp,,) using the
isomorphism (6.1).
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o if p # po consider the decomposition w, = @TEZF wp,r over J&,. ,
and the dlog map:

(6.3) dlog,, : Gp[p"] — wg, [prp = wp/P"wp = @ Wy, /D" Wy .
TEX,

Then the image of P, ;, by dlog,, provides a set of sections {sp,r}res,
of wy 7/ Inwp,r € wp/Inwp.

The following lemma allows us to use the constructions recalled in Sec-
tion 6.1:

LEMMA 6.5. — We have the following facts:
e The Ojg, ,-module S is locally free of rank 1, and € is locally free
of rank 2d — 1.
e The O5—-module generated by {so} U U, {8p.,r}res, is a lo-

cally direct summand of Q.

Proof. — It follows directly from the isomorphism (6.1) and the fact
that, since G, is étale, dlog, provides an isomorphism between wy, /p"wy
and G, [p"] ®z, (038,.,/P"O038,.,)- O

Applying the construction recalled in Section 6.1 to the locally free
O3e,.,,-module €2 and the marked sections s == {so} UU,.p,{Sp,r}rex,
of Q) we obtain the formal scheme V(£2,s) over 3&,.,,. By construction we
have the following tower of formal schemes:

n

Vo(,8) — 36,.,, 25 %,.
For any X,-scheme T we have
Vo(@,)(T) = {(p,9) € 36,0 (T) X T(T, p2") : p(p"s;) = 1 mod T, ).
Let s¥ == Upozpo (8,7 }res, then from (6.2) we have:
Vo(2,8) = Vo (0, 50) X356, VO(QO,SO).

As we are interested in locally analytic distributions (rather than func-
tions) we perform the following construction. Let ¢ty € Q" be such that
to(so) = 1, ty, € Wy, any section such that ¢ (sy Aty -) = 1, and
Qs C QO the direct summand generated by the sections in s°. We put
t0 = Upp, {tp,m Jrex, and we define:

v(Q, s) = Vo(Qq, to) X3e,., @QSO (92°,t%) o, 36, 2 X,

)
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The t,  are defined modulo Qso, which is fine by Remark 6.3. By construc-
tion we have

@(Q S)(T) _ (pv 90) S jﬁr,n(T) X F(Ta p*(QE)/ 5> QO)\/);
’ p(p*to) = @(p*tyr) =1, p(p*sp,r) =0mod Z,, |

Recall that the morphism g, is endowed with an action of (O/p"O)*.
Then WA’(Q, s)/X, is equipped with an action of O*(1 + Z,Resp, /2Ga) C
Reso,z, G- In fact, if (p,¢) € @(Q,s)(T) and A(1+v) € O*(14+ O ®z
Z,Or) then we write:

AL +7)*(p,0) = (Ap, M1 + ) * ),

where * denotes the extension of the natural action of @ on QV given by
A * o(w) = o(Aw). This action is well defined since, for each 7 # 79, we

have (Ar(1+77)) *©)) (Arp)*sp,r) = Arp(p*Arsp,) = Ap(p*sp,) = 0
mod Z,,, and, for each 7, we have

Ar(1+797) % 9) (Nip)tr) = Xip(p™ A7 ) = (p*t;) mod Z,.

As r > n by Lemma 6.4 (with A = Hdg:fl) k% extends to a locally
analytic character

kY : O%(1+ O ®2 L,0x%, ®z, %) — Ox, ®z, AD.
DEFINITION 6.6. — We consider the following sheaves over X, X 2,,:
Fn = ((gn © f0):Og(0.5) @ An) kp] Q% = (914(Oge,) @ An) [Ky].

The overconvergent modular sheaf over X, x 20,, is defined as Qk» =
0
Q" @04 on, O, where

Qko = ]:7\1/ = %mxrxmn (]:n, Oxrxmn) .

Observe that F, is the sheaf on X, x 20, given by the sections s of
(gnofo)*(’)wﬂ’s)@mn such txs = k9 (t)-s, for all t € O (14+Z,Reso,. /2Ga).

DEFINITION 6.7. — A section in HO(X, x 23,,, Q%) is called a family of
locally analytic Overconvergent modular forms for the group G'.

Remark 6.8. — The present construction performs the p-adic variation of
the modular sheaves for unitary Shimura curves over a d-dimensional weight
space. Compare with [8] and [15] where the p-adic variation is essentially
constructed over a curve inside our weight space.
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Remark 6.9. — Considering the adic generic fiber of F,, we obtain a
sheaf of Banach modules over X,. x W,, which, by construction, satisfies the
properties stated in 1.1(i). The sheaves Q%= are introduced to construct of
triple product p-adic L-functions.

6.4. Local description of F,

We consider the sheaf 7, = ((f0).Ogq 4 ® A,) K] over 38,., x 200,
using notation of Section 6.3. Let p : Spf(R) — J&,.,, x 209 be a morphism
of formal schemes over 29 without p-torsion such that p*Qy and p*wy ,
are free R-modules of rank 1 and 2, respectively. Fix a basis p*QY = Reg
and p*wpr = Rf: ® Re, for p # po such that f; = s,,, eg = to, and
er =ty modulo p*Z,. Moreover, we assume p*Z, is generated by some
a, € R.

We denote by ey, e, fY € p*(y & Q%) the dual R-basis, then by defi-
nition, we have that

~

V(Q,s)(Spf(R))

= Z arfY + Z brel +boey : bo,br € (14 ayR),a; € anR p,
T#To TH#To
By Section 6.1 we have that p*OwQ,S) = R(Yzy,(Z+, Y )res, p#po), Where
D rtry O Sy 30,4, brel + boeg as above corresponds to the point given
by the ideal (Y, = bgzl, Zy=2=)C POy (q.s)-

Under the identification Op ®z R ~ R*F the group (1 + O ®z Z,R)
corresponds to (1 + a, R)*F. A point (1 + A®z) € (1 + Op ® Z,R) acts
on ¢ € Vo(Q,s)(Spf(R)) by (1 + A ® z) * ¢p(w) = ¢(w) + z¢(Aw). Then
(t;) € (1 + a, R)®F acts on fY and e by multiplication by ¢,, and on ey
by multiplication by t,,. Therefore (¢,), acts as Y, +— (t, — D)o, + ¢, Y,
forT € Xp ,and Z, — t.Z, for 7 # 79.

LEMMA 6.10. — Let P,, € R{x;);ex, such that K2(1 + a,2,) =

P,, ((zr)rexy). Then we have:
\ Z.
P (FL) = Pa, (Yr)resy) - R<

1+ anY: >rezF\{m} '

Proof. — The inclusion D is clear. Now we consider f € p*(F)) =
R<Y‘rov(ZTaYT)TEEp,P?fPonvOJ' Then f/Pan(YT) € R<ZTaYT>(1+u"R)2F =
R(YTD>1+%RQ/§®T€2F7p7gp0R<ZT, Y, )1+enf Agin [1, Lemmas 3.9 and 3.13],
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we have R(Y; )1to® = Rand R(Z,, Y, )17 = R(Z, /(1+,Y,)), hence,
the result follows. 0

Remark 6.11. — To obtain a description of F,, we need to consider the
action of O* and descend using the morphism g, : 3, , — X, in the same
way as in [1, Section 3.2.1]

6.5. Overconvergent modular forms a la Katz

Here we give a moduli description of the families of overconvergent mod-
ular forms introduced above.

6.5.1. Notations

Let R be a complete local @—algebra, k: O™* — R be a character and
n € N.

DEFINITION 6.12. — Let C¥(O™ R) be the R-module of functions f :
07> x O™ — R such that:

o f(tx,ty) =k(t)- f(x,y) for each t € O™* and (z,y) € O™ x O™,
e The function y — f(1,y) is analytic on the disks yo + p™ O™, where

yo belongs to a system of representatives of O™ /p™ O™,

The space of distributions is defined by
DE(O™, R) := Homg(C*k(O™, R), R).

Remark 6.13. — Note that CX(O™ R) C Ck (O™ R) and, if k =k €
N[Ep~{70}] is a classical weight, then C(?(OTO , R) is the module of analytic
functions and naturally contains SymE(Rz). We obtain a natural projection
DX(O™, R) — Sym®(R?)V.

The subgroup Ky(p)™ C GL2(O™) of upper triangular matrices modulo
p acts on CK(O™,R) and DE(O™,R) by (g % f)(z,y) = f((z,y)g) and
(g% w)(f) = plg™" = f), where g € Ko(p)™, f € CE(O™,R) and p €
DE(O™ R). Since y + f(1,y) is analytic on the disks yo + p"O™, this
action extends to an action of Ko(p)™ (1 + p"Ma(R ®z, O™)).
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6.5.2. Locally analytic functions

For 7 > n we describe the elements of H%(X, x 20,,, F,,) as rules, extend-
ing the classical interpretation given in Section 4.4.

Let R be a A,-algebra and P € (X, x 20,,)(Spf(R)) corresponding to
the isomorphism class of (A,:,0,aP?). We use the following notations in-
troduced in Section 5 in the present situation: C,, C Gy, Dy, C, C Gy for
p # po, L, = p"Hdg(A)™ 1 C R, dlog, : Dn(R) = Qo ®r (R/Z,) and
dlog,, , : Gy P"] = wpr Or (R/Ly).

Let w = (fo,{(fr,er)}+) such that fy is a basis of Qg and if p # pg
and 7 € ¥, then {e,, f;} is a basis of w, ; and f, generate weD - Suppose
the reductions modulo Z, of fo and (fr,e;) lie in the image of dlog, and
dlog,, ., respectively. Then p"fldlog;}(fT) generate C}, for each 7 € X,,.

For s € HY(X, x 20,,, F,) and (A, 1,0, ", w) as above we assign the lo-
cally analytic function s(4,¢,6, apo w) € C’:L‘:LO’O(OTD, R) defined as follows.
Fix (z,y) € O™* x O™, As A[p] ! = (p”_ldlog;}fﬁp”‘ldlogp_}eT), then
() logs 1, = rlrdlog e ) ) generates A] 1 /Cy = Gyl Gy
Thus, (legal(fO) (or(fr Ner)™ ( (y)dlog;,lrf,r - T(x)dlogp_;lreﬂ'))‘l'#"'o) €
A[p™]—1 gives a point P&,y €T6mn (R) lying above P. Finally we define:

‘r;éTo

Now we verify it is well defined. Firstly observe that

PE oy fo+ Y m@)fY +T)ey | € V(Q,s)(R).
TH#To
In fact, we have sy = dlogo(P&y)) = fo, Sp,r = dlogp’T(P&y)) = (fr A
er) Hr(y) fr—7(x)-e;) and ty, = 7(r) - fr +7(s) - e, for any r, s € O™
such that rz + psy = 1. Hence,

fot+ Y @) +7(w)e) | (sp.r) =0;
TH#To

f0+z f\/+7— ) (ti)El(i:O’(p’T»'

T#To
Moreover, by the local description of Section 6.4, the function y +—

s(A, ¢, 0, P, w)(1,y) is analytic over any open yo + p"O™ (where P(m )
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is constant). Finally, if t € O™* then s(A4,¢, 0, aP°, w)(tz, ty) =
5 <tPg;,y>, fo+t (Z T(2) fY +7(y)es ))
(e (s oo )

=k0(t) - s(A, 1,0, 0f ,w)(z,y).

Ift € Z;(1+Z,R) and g € Ko(p)™(1 + T,My(R))>*\{7} then
(tfo, {(fr,er)g}-) satisfies the same properties as w. If t € Z,° we have:

S(A,L,Q,apo )(SC y)—s<t*<P(xy f0+z fv+T()v>>

=k ., (1) - 5(A,0,0,0 07w)(ﬂc,y)-
If g € Ko(p)™ we have P( = PY

(2.1) and then:

z,y)g

s(A, 1,0, wg)(z,y)g9) =s (P(x ) Jo+ Z y)rg 19" <J§:>>

=5(A,1,0,a", )(w,y)-

These two last properties, and the fact that the action of Z; x Ko(p)™
can be extended to an action of R* x Ky(p)™ (1 + Z,Ma(R)) analytically,
allows us to extend the rule defined above to any basis w of {2 satisfying the
above properties but not necessarily lying in the image of the dlog maps.
Moreover, this rule characterizes the section s.

6.5.3. Distributions

Now let u € HO(X, x 20,,Q%"). Using the construction above, we
obtain a rule that assigns to each tuple (A4,t,0,aP° w) as above, a dis-
tribution (A, ¢,60,aP, w) € DX’ (O™, R). The rule (A4,:,0,a, w) —
w(A, ¢, 0,aP° w) characterizes p and satisfies:

(B1) u(A,1,0,aP° w) depends only on the R-isomorphism class of

(A, 1,0,aP).
(B2) The formation of p(A,t,6,aP, w) commutes with arbitrary exten-
sions of scalars R — R’ of A,-algebras.
(B3-a) u(A,1,0,a a tw) = k7 (t) - u(A,¢,0,ab°, w), for all t € Zy.
(B3-b) g u(A4,t,0,a wg) = u(A,r,0,aP w), for all g € Ky(p)™

Remark 6.14. — Note that this description fits with the classical setting
of classical Katz modular forms explained in Section 4.4.
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7. p-adic families and eigenvarieties for G

We construct d+ 1-dimensional families of Hecke eigenvalues of automor-
phic forms for G, using the spectral properties of the Up-operator acting
on families of overconvergent modular forms.

7.1. Weight space for G

The weight space for G’, denoted by 20, is formal spectrum of Ag
Z,]O*] (see Section 6.2). For G we consider AG = Z,[O* x ZX]

&)

Z,[H') © AG°, where H' is an abelian finite group and AS® = A%
. " " et
Zp[\4+pZy) = Zp[T1, . .., Ty, T]). We write also AG :== AG( IR, Tp ).

Then we consider the formal schemes 2¢ := Spf(A%) and 20¢
Spf(AS). The scheme 20€ is called the weight space for G. Similarly as
in Section 6.2, we have the moduli interpretation:

QITG(R) = I_Ionlcont((o>< X Z;vR)

The map O — O* x ZX given by t — (t72, Ng/g(t)) induces a mor-
phism of weight spaces:

(7.1) k0% — 0.

In terms of characters, if (r,v) € 209(R) and t € OX then k(r,v)(t) =
v(N(t) - r(t)~2.

LEMMA 7.1. — The morphism k extends to a well defined morphism
k: WG — 92,.
L ..., %> is the completion of the con-

Tpn
p

Proof. — By definition Ap(

n n
TP TP
1 d

tinuous Ap-algebra ¢ : Ap — Ap( .,

p™

m is power bounded and satisfies the following universal property: for any
non-archimedean topological continuous A g-algebra f : Ay — B such that
f(p) is invertible in B and f(T;)f(p) ' is power bounded in B, then there

| ) — B with

) C AF[%} such that each

P P
Tl Td
p 0 T p

exists a unique continuous homomorphism g : Ag(
f=goe.

Each variable T; corresponds to a Z,-generator o; of AOF, and T cor-
responds to exp(p) € 1+ pZ,. Note that the corresponding algebra mor-
phism k* : Ap — A$ satisfies k*(T; + 1) = (T; + 1)"3(T + 1)%, where

TOME 0 (0), FASCICULE 0



46 Daniel BARRERA SALAZAR & Santiago MOLINA

N k* ?" " et
log,(Np/qai) = pB;. Considering F': Ap — AG — AG( R ,T; )
we have

. o
FI?") = (T + )T +1)% 1)
pn
- (e s @y or
n=1 m>=1 n=0
o o
-2 -1 ;
C)T" > G
m>1 n=0
) o
" .
(e ).
p n>1
for some A € A¢. This implies that p_lF(Tipn) € Ag(Ti ey T‘z ,%)
and it is power bounded. Thus, there exists a continuous morphism k&’ :
" " o T B /
Ap(=-,..., =) = A ( L=, ..., =, 7). such that F' = k" o ¢. The
completion k' provides the morphism we are looking for. O

7.2. Overconvergent descent from G’ to G

Recall the Shimura curve X¢, for ¢ € Pic(Op), introduced in Remark 4.2.
Repeating the constructions performed in Section 5 and Section 6 we obtain
for > n a formal scheme X¢ and a sheaf Q%» over X¢ x20,,. The irreducible
components of X¢ are in correspondence with Pic(E/F,n), and similarly
for X¢. We denote by X%° the irreducible component corresponding to
1 € Pic(E/F,n). We consider the universal character of 3¢

(tn,vn) : O X L) — AG c AC,
and its image through k : WS¢ — 20, denoted k& = (k& kfm) =
k(tn,vn) : O — AY. Let
Mye(T5 1 (n,p), AY) = HO(X5° x 07, (id, k) Q") @z, Q.

In the same way as at the end of Section 4.5, we describe an action
of A on M{;S(I‘il(n,p),l\g). For t = (t,1°) € O* = ZY x O™ we
put ), (t) = 1, (), (to)r,(ty ). Now let p € M], (51 (n,p),AS) and let
(A, 1,0, aP° w) over some R be as in Section 6.5. Then for s € A we put:

(5% p)(A, 1, 0,0 w) =1l (s) - (A, 1,570, v7 a0 w),
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where 7, € K1(n,p) and det(ys) = s. This action is well defined: if n € U,
then 7 : A ~ A induces
(A, 1,0, 0P w) = p(A, 0,720, o n~ w)
= ki (k7Y - (A 20,07 b w)

=1l,(n%) - (A, 1,020, 7 a0, w),

where the third equality follows from the fact that Np,g(n) = 1. Finally,
this action is compatible with the action introduced in Section 4.5 under
specialization to classical weights.

In a compatible way with Corollary 4.8 we define:

DEFINITION 7.2. — The space of families of locally analytic overcon-
vergent automorphic forms for G with depth of overconvergence r is:

M(Tkg,u,,b)(rl(“»l?%/\g):: @ M;:g(rig(ﬂvp)aAS)A
CEPiC(OF)

7.3. Hecke operators

We define Hecke operators acting on p € M(”kg’yn)(Fl(n,p), AG).

7.3.1. Hecke operators Ty, with g € G(A})

Given (A, ,0,aP°) € X4°(R), and the double coset

n [ o) ok | o [T p) =& [0 [ v

p#bo p#Po i p#bo
with g; € G(A’}) let (A9 ,9:,09 (a9 )P0) € X5%O(R) as in Section 11,
where ¢; = det(g;). For w a basis of w4, Proposition 11.3 suggests to define:

(Ty)e(A, 1,0, 07, w)
= Z (det(7:)) - prer (A9, 09 det () 7109, k(%P0 w),
where ¢’ is the class of cdet(g) = cc; and b.g; = Vflbc/ki for v; € G(Q)+
ki € KE(n, [1p4p, P), and the basis w in w4 is the image of w through the

isogeny A — A9 that is an isomorphism in tangent spaces. In the same
way as in Section 11.2, we can verify that T} is well defined.
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7.3.2. Hecke operators Uy, where p | p and p # po

We define U, for any p # po dividing p by:

(Upp)e(A, e, 0,070, w)

— Wp i o _ Po Wy 7
LS (3 )en) (mnton (7))

€Ky
where A; = A/C; with C; defined as in Section 11.3. Following Remark 4.4,
the morphism of° is provided by the subgroup A[p]~1/C;, and w(ﬁép ;)
is the basis of wy, given by w by means of the natural isogeny A — A,.

Moreover, the action of (7”0” i) on Dgﬁro (O™ R) is given by:

wy i _ 1 —i
Joomron# L D))= o (6 ) 2) e

By Section 11.3 this definition is consistent with the classical definition up
to constant.

7.3.3. Hecke operator Uy,

We define Uy, by means of the formula

1
(Upoﬂ)c(A7L797C¥poyw) =~ Z ,uc(AiaLiawPoa’iaafoaw)a
i€F,

where the basis w is defined similarly as above, and A; = A/C; is
characterized by the fact that C; 1= ;N Alpo] ! has zero intersec-
tion with the canonical subgroup (see Section 11.3). By [8, Lemma 7.5],
(Ai,z,i,wpoﬁi,afo) € X;, thus, Uy, defines a well defined operator in
Mo, (T1(n,p), AS).

Remark 7.3. — As noticed above, the specialization of the operators U,
at classical weights and U of Section 3.3 coincides up to a constant. Indeed,
by Section 11.3, for any classical z = (k,v) € 20¢ we have:

(v+2)14k,
2 : U x) )
(Uppt)s = wfwm Mz P F Po
P2 Uy, p = po.

This implies that the pair of eigenvalues o, and 3, of U, satisfy the Hecke
k
polynomials X?2 —apX—&—w;”Jrl if p # po and X2 —agX +pFro~1 for p = py.
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7.3.4. Hecke operator Vj,

We analogously define V,,, as follows:
(‘/PON’)C(A7 L, 0, apov w) = M (Aooa leos WPOQOO, CVES, w),

where the basis w is defined similarly as above, and A, = A/Cy is char-
acterized by the fact that C ! := C, N A[pg] ! is the canonical subgroup.
Since one can prove that (Ao, too, Wy, boo, @B2) € XL_, one obtains that,
for r > 1, V,, is well defined

V}Jo : M{kjcslwn)(rl(n7p)7AS) — M(Tk%ﬂyn)(Fl(nvp)a Ag)

7.4. Banach space structure and compactness

Let ¢ € Pic(Op) and y = (2, (r,v)) € (X0 x WE)"9 with residue field
L, and consider the induced point in X0 x WG denoted again by y. The
interpretation as Katz modular forms identifies

HO(Spt(Oy,), y* (id, k)*Q%")) © Q, ~ DE° (0™, 01,) © Q,,
k=k(r,v) = (kr, k™),

which is a Banach L,-module. We denote by |- |, the induced norm on
HO(Spf(OLy), y*(id, k)*Qk") ® Q,, which, in fact, does not depend on the
identification.

For any p € M{kgyyn)(lﬁ(n,p), AG), we define the supremum norm

|l = sup {[y" pely; y € (X500 x WT)™, ¢ € Pic(Op)},
y*pe € HO(Spf(Oy,), y* (id, k)* Q%)) ® Qp.

LEMMA 7.4. — || is a norm on M(Tkg)yn)(l"l(n,p),Ag) which turns it

into a potentially orthonormalizable AS ® Q-Banach module.

Proof. — See [26, Lemma 2.2]. It is clear that |-| is an ultrametric
norm. We have to prove that it is finite, complete and separated. Let
{U; = Spf(A;)}ier € X0 x WE be a finite trivialization of Q by affi-
noids. Thus, by Katz modular form interpretation HO(U;, (id, k)*Qkn) &
D}jgm (O™, A;). The supremum norm on A; ® Q induces a finite norm
|-|; on DgS’TO (0™, A;) ® Q. Moreover, we have that I is finite and |u| =
max{|o;pc|u,li; ¢ € I,c € Pic(Op)}, thus, | - | is finite. Note that | - |; is com-
plete and separated on reduced affinoids. Since X&0 x 20¢ is reduced, |- | is
separated. We deduce that | - | is also complete since every Cauchy sequence
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induce a Cauchy sequence in D,ljfmo (0™, 4,)®Q whose limits can be used,
via identifications o;, to produce a section in My , | (T'1(n,p), AS). which
lies in the limit of the original Cauchy sequence.

That |-| is potentially orthonormalizable follows from [12, Section A],
since L is discretely valued and for each classical weight (r,v) we have
DK (O™, A;) ~ DE (O™, 01)) B0, Ai, where k == k(r, v).

We conclude as the action of A is unitary and continuous. O

PROPOSITION 7.5. — The Ag ® Q-lineal map

Up =[] Us

plp

on M’

(kG vn

)(I‘l (n,p), AS) is compact.

Proof. — Using the notations of proof of 7.4 it is enough to prove com-
pactness restricted to the affinoid U; = Spf(A;). Using notations from
Section 6.5.1,

HO(U, (id, k)" Q%) © Q ~ DX+ (0™, A;) ® Q
[
~ (4;,00Q)®L ®p¢po Dy (0, OL ® Ar(w;,n) ®Q.

The operator U, is the composition of the operator Uy, acting on W, =
G
A;®Q and, for each p # po, the operator U, acting on W, := DS”'” (0p, OL®
Afyp) by fogxop pdUpp = Zienp fojxop((l) @y ) * ¢dpu. It is enough to
prove that each U, is compact in each (Op ® AS ))-Banach module W,.
By [8, Lemma 7.5], the action of U,, factors through the restriction
}ﬁ;’gl — X%0. Similarly as in [27, Proposition 2.20], this implies that the
action of Uy, on Wy, is compact.
Finally, by [38, Lemma 3.2.8] and [10, Corollary 2.9] the action of U, on
W, is compact . O

7.5. Eigenvarieties

The following proposition allows the construction of the eigenvariety as
stated in the introduction.

PROPOSITION 7.6. — The AS[1/p]-module of families of overconvergent

forms M(Tkg)yn)(]f‘l(n,p), AG) is projective.
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Proof. — For each ¢, the neighborhood of the ordinary locus XF is an affi-
noid, and we use Banach sheaves over them, hence, My (T'{ ;(n, p), AG)A s
projective. Thus M(Tk%un)(l“l(n,p), A9) is a finite sum of projective spaces
and then it is projective too. O

As M{kg)un)(Fl(n,p), A%) is a projective AS[1/p]-module and the Hecke
operator U actingon Mc ,, | Ty (n, p), AS) is compact (see Proposition 7.5)
then from [3, Section B.2.4] there exists the Fredholm determinant of U,
which is denoted by Fj(X) = det(l — XU, | M{kgyyﬂ,)(Fl(n,p),AS)) €
AG[1/p]{{X}}. We denote by WS the corresponding adic weight space,
and let Z,, C Aml/v,? be the spectral variety attached to F,(X) (see [3, Sec-
tion B.3]). Then the natural map Z, — WS is locally finite and flat. By
construction Z,, parametrizes reciprocals of the non-zero eigenvalues of U,,.
In order to parametrize eigenvalues for the all Hecke operators we construct
a finite cover of Z,, as follows.

The operator U, is compact on M(Tks’yn)(l"l(n,p),Ag) then using [3,
Corollary B.1, Theorem B.2] we obtain a natural coherent sheaf denoted
M, over Z, endowed with an action of the Hecke operators. The image
of the Hecke operators in Endp,_ (M) generates a coherent Oz, -algebra
and the adic space attached to it is denoted &,, which by construction is
equidimensional of dimension d+1 and endowed with a natural weight map
w: &, — WS which is locally free and without torsion. This is the adic
eigenvariety introduced in Theorem 1.1(ii) of the introduction.

7.6. Classicality

Let X¢(po) be the Shimura curve obtained adding I'g(pg)-level structure
to the curve X introduced in Section 4.2. Recall that, by the definition
of X¢, the curve X°(pg) has the full I'y(p)-level structure. Observe that its
irreducible components are in bijection with Pic(E/F,n) and let X°(po)°
be the irreducible component corresponding to 1. If (k,v) € 205(Q,) is
a classical weight, i.e. k € ZE,, then the space of classical forms of weight
(k,v) and level T'1(n, p) is:

My Ti(n,p), @) = @D H (X%(po)% )™,
c€Pic(OF)

where wk is defined in the same way as in Section 4.2. Observe that by
Corollary 4.8 elements of My, (I'1(n,p), Q,) which are defined over num-
ber fields determine automorphic forms for G.

TOME 0 (0), FASCICULE 0



52 Daniel BARRERA SALAZAR & Santiago MOLINA

The space of locally analytic overconvergent automorphic forms for G
with depth of overconvergence r, which we denote by M(TE,V) (T1(n,p),Qp),
is defined as the specialization of the AS[1/p]-module My (I'y(n,p), AS) at
(k,v). Observe that a form p € My (T'1(n,p),Q,) is overconvergent in
the sense that it is defined in some neighborhood of the ordinary locus and
locally analytic in the sense that it is a section of a Banach sheaf. Remark
the contrast with the coherent modular sheaves used to define classical
modular forms.

The space of overconvergent automorphic forms for G with depth of
overconvergence r is:

M{kazl/g)(rl(nvp),@p) = @ HO(X;>0’WE)A
c€Pic(OF)

Using the existence of the canonical subgroup in X, we obtain a canonical
section of the natural morphism X(pg)¢ — X° over X,., this implies the
following diagram:

(k v) Fl(n,p ) M(Evl’)(]‘—‘l(n’p)V@P)

/

M(;igm(mp) ).

In the next result, if we work with respect to the morphism 3, we consider
the Hecke operator U, and, for h € Ry, the superscript h means the
generalized eigenspace for Uy, of slope less than h. In the same way, if we

work with respect to the morphism «, we consider Hecke operators U, for

p # po and we use superscripts h’ = (hp)pspo € R{;O#“}.

PROPOSITION 7.7. — Let (ho, h°) = (ho, hp)pp, € R0 X R;"O#O}.

(i) If, for each p # po, we have h, < min{k, +1: 7 € £,} then o
induces an isomorphism:

Y T,a oy 0
My, (D1 (n,p), @) <2 =5 M5 (T (v, p), @) <2

(ii) If ho < k., — 1 then f induces an isomorphism:
M(E-,V) (Fl (I‘l, P)s @P) <ho = M(Tkazljg)’ (Fl (ﬂ, p)’ @p)<h0 .

Proof. — The first statement is a consequence of the locally analytic
BGG-resolution and our the description in Section 6.5. More precisely,
we have seen in the proof of Proposition 7.5 that U, factors through
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k — k _
res : D" (O, Zy) ® Qp — Dy’ (Op,Zp) @ Qp, indeed since k, is ana-

lytic C’gfm((’)p,@p) = C’,%” (Op, Q). Repeating this for each p # po it is
enough to consider analytic distributions instead of locally analytic ones.

Consider the last terms of the BGG-resolution (see [24] or [38]), which
form a exact sequence:

k70 = (©))s k7o =
@ Dy (0y,Zp) @ Qy —— @ Dy (Op,Zp) @ Qp
cexr—{70} oeXp—{10}

— Sym®” (Q%) — 0,
here ©Y is obtained from the morphism on the locally analytic functions
given by applying %’ i.e. taking k, + 1-derivatives in the variable y,
of the second coordinate. Remark that we have w’,f“*l@g olUy,=Uy00Y,

if 0 € ¥, and OY o U, = U, 0 OY, if not. Thus, by the hypothesis on h°
we obtain an isomorphism

D" (07, Z,) @ Q5" = symd”™ (@)<Y,

This directly implies the first claim by the Katz modular form interpre-
tation. This argument is used in an analogous way in [2, Section 7.2 and
Section 7.3].

The second statement belongs to a general type of results generalizing
the geometric approach to classicity introduced in [26]. Our result is con-
sequence, for example, of the main results of [7]. g

Part C. p-adic L-functions

We construct ordinary triple product p-adic L-functions. For this pur-
pose, we introduce the space of (classical and dual) p-adic modular forms
for G'. We also introduce the g-expansion of a p-adic modular form by using
Serre-Tate coordinates.

8. p-adic modular forms
8.1. Definitions
Let ¢ € Pic(Op) and denote by X¢_, the ordinary locus of X¢, namely, the
(dense) open subscheme of X¢ obtained by removing the points specializing

to supersingular points. Since it can also be defined as the open formal
subscheme where Hdg is invertible, then X{ ; C X} for each » > 0. Note
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that X¢ 4 classifies quadruples (A4, ¢, 8, a¥°) where A has ordinary reduction.
For each p # po, the K{(p)-structure endows A with a subgroup C, C
Alp]~'. Moreover, as A is ordinary, the p-divisible group Gy :== A[pg°] ! —
X, 4, attached to the universal abelian variety over X{

¢ lies in the exact
sequence:

0 — Gn[p™] — Go — Q,/Z, — 0.

Since Hdg is invertible, we have that Qo |x: = wo |x: = wgp |z« and

ord

then Q [xc = w [xc . Thus, it does not cause any confusion to put wkn =

Qe Jg xaw, -

DEFINITION 8.1. — The space of families of p-adic modular forms is:
Mfk*;if)(rl(n, phAS) = P HOE x W k)2 e Q.
c€Pic(OF)

8.2. g-expansions

Let W be the Witt vectors of Fp and consider X over W. Let X,.q be the
adic generic fiber of X,q. The p-divisible group G = A[p>]~! attached to
the universal abelian variety A /X,.q lies in an exact sequence:

81) 0—Gup™] =G — Q/Zy x [] (F/0p)* — 0.

p#po
The image of ¢ is the canonical subgroup of G. As above, we have wgp =
wo & Drex, prpg Wor-

DEFINITION 8.2. — Let X (n) be the adic space representing the functor
classifying O /p"Op-equivariant frames over X,.q i.e. pairs of morphisms
(1,7) such that the following sequence is exact:

0 — Gulp"] == Glp"] = p " Zp/Zy x [[ (p7"0p/0p)* — 0,
p#Po

and (p=*,0) € (p7"0y/Oy)? generates Cy.

The space X (n) is finite étale over Xypq. Let X(n) — X9 be the normal-
ization of Xopq in X'(n) and consider the projective limit of Spf(W)-schemes
X(c0) = lim X(n), which is an affine formal scheme over W by [31, Sec-
tion 2.3].

If R is a W-algebra we put M(oo, R) = H°(X(c0), Ox(s0)) & R. For
n € N, the module of universal convergent modular forms (see [31]) is
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M(o0, Ay,). Moreover, if M is a A,-module we put
Dy (O™, M) = Homy, (™ (O, A), M),

In particular, we obtain DX’ (O™, M(oo, A,,)).

The universal object (A, ¢,0,aP) over X(oo) gives rise to a p-divisible
group, denoted again by G = A[p>®]~!, equipped with the universal
frame (8.1). We also have a canonical basis f; := dlogy(1) and f, =
dlog,, ,(1,0), e; = dlog, .(0,1) for each p # po and 7 € %,. Observe that
¢-(f-Ae;) = Land f. generate wo, . Finally we put w = (fo, {(fr, ) }r7,)-

DEFINITION 8.3. — The g-expansion of p € H%(Xoq X W,,wkn) is
the distribution 1i(q) = (A, ,0,0,w) € DX (O™, M(o0, A,)) (see Sec-
tion 6.5 for the notations). Repeating the construction for the curves }C;r(:i
we obtain a g-expansion morphism:

(82) ML (D (n,p), AG) — DI (O, M(00, Ay)) ),

Now we introduce some coordinates and related notions which will be
crucial to construct p-adic L-functions. In the same way as in [31], we have
a classifying morphism:

c: X(00) — Gyy.

This is described as follows. Firstly observe that, using the classical Serre—
Tate coordinates, G,,/W is identified with the moduli space of the exten-
sions of G,,[p™°] by Q,/Z,. For example, let R be an Artinian ring with
maximal ideal mg and m’gﬂ = 0, for m > 0, then given such an exact

sequence over R,

(8.3) 0 — Gmrlp™] ~14+mp — E =5 Q,/Z, — 0,

we consider s = p™r " (p%n) —1 € mpr = G,(R), and this definition does
not depend on m. Reciprocally, if s € G,,(R) = mpg, we consider the exact
sequence (8.3) with E = Es == (G, g[p™] @ Q,)/{(((1 + 5)%, —2), z € Zy),
1(a) = (a,0) and 7(a,b) = 0.

Thus, let © € X(oco) corresponding to (4,¢,6,aP°), a morphism =, :
Gp[p™] = (Fy/Op)? for each p # po, and an exact sequence Sp : 0 —
Gm[p™] = Go[p™] ™ Q,/Z, — 0 where, as above, we use the notations
Alp™]=t = G = Go[p™] ® D, .y, 9p[P™]- The morphism ¢ maps z to the
point classifying the extension Sy.
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PROPOSITION 8.4. — There exists a morphism 3 : X(00) Xsprw) Gm —
X(00) such that the following diagram is commutative:

B
%(OO) XSpf(W) Gm —_— f{(oo)

(cXid)l ci

Gm Xsptw) Gm —— G,

where the bottom arrow is the formal group law. Moreover, if x € X(c0)(F,)
is a closed point then ¢ induces an isomorphism ¢ |,: X(00); — Gy, over
W, here X(0), Is the formal completion at x.

Proof. — The proof can be found essentially in [31, Lemma 2.3.4, Propo-
sition 2.3.5]. Notice that, since Fp, = @Q,, the Lubin-Tate p-divisible group
is just G,,, in this case. O

Let R be a W-algebra. Following [31, Definition 2.3.10] f € M(oo, R)
is called stable if 277 (B(x,&))) = 0 for each £, € Gyy[p], and denote
M(o0, R)¥ C M(co, R) the module of stable functions. Let H?(Xoq X
20, wk")? be the module of u € HO(Xorq X W,,,wkn) such that u(q) €
Dk (070, M(o0, An)?).

Repeating  this  construction but using AXJ,,

Mﬁ:adic(l"l(mp), A%)? to be the p-adic modular forms p whose sections
pie lie in HO(X50 x 28, whn)¥ ®z, Qp, for each ¢ € Pic(OF).

we  define

8.3. Action of U,
The previous description of ¢ : X(c0) — G, coordinates allows us to
compute the Uy -operator in coordinates and to prove the following:
LEMMA 8.5. — Let pu € M{~*"(T'y(n,p), AS). Then
€ MYy (n, p), AF)?
if and only if U,y = 0.

Proof. — The above description of (8.3) implies that, for a big enough
extension of R and given s € G,,(R), we have

Eslp] = { <§ziv(1 + S)%’ _g)@,j—o,...,p—l} 7
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where £, is a primitive p-root of unity. The canonical subgroup is p, =
{(5,3)',0)]-:07___71,_1} and the subgroups that intersect it trivially are C; =
{(€7(1+ )7, 1)z pa} fori=0,...,p—1.

For each i we identify E,/C; ~ ((1+mg)®Q,)/((£(1 +5)%, %), n€
Zy), and m; : Eg/C; — Qp/Z, is given by m;(a,b) = pb mod Z,. Thus,
E,/C; corresponds to fl(pmwi_l(pim)) -1 =1pm1,p ™)) -1 =
THLpTH) —1=(1+ s)%fzi, — 1. Then for f € Og,, = W{q] we have:

Upof(q)—t S AE1+ 1)
OiEOF/po

=L S @+ -1,

o icor /po

(8.4)

where @m is the formal group law of the multiplicative group. The re-
sult follows directly from the above computation together with Proposi-
tion 8.4. g

Remark 8.6. — Notice that W[q] is topologically generated by f, =
(1+ q)*, with a € Z,. The above computation shows that Uy, fo = 0, if

pta, and Up, fa = fasp, if 0| .

Remark 8.7. — In the same way we can describe the action of the oper-
ator Vp, in coordinates. In fact, remark that the quotient by the canonical
subgroup is given by G5/, ~ (1 +mpg) ® Q) /{((1 + 5)"P, —n), n € Zy).
Thus, G/, corresponds to the point «~* (p™ 77! (7)) =1 =2"'(1,1)~1 =
(1+s)?—1. Hence, V,, actson f € Og,, = W(q] by Vs, f(q) = f(1+q)P —
1). Thus, Vy,fa = fap for each a € Z,. One obtains the classical relation
Upo 0 Vpp = Id.

9. Connections and Unit root splittings
9.1. Unit root splitting

Let H! = HéD denote the contravariant Dieudonné module attached
to GP — Xorq, and remark that we have a decomposition H! = H} @
@TGZ”W%D wy,r. Hence, the Hodge filtration 0 — w — H' — wg — 0,
restricts to the exact sequence

9.1 0 — wy — Hy = wy — 0.
0 e
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As explained in Section 4.3, we have fixed an isomorphism wg = wg, =~ wo
which, together with the Gauss-Manin connection 7 : Hj — H{ ® Q%EM,
provides the Kodaira—Spencer isomorphism

KS:wy— My D H @ Q% —— wi, ® .,

1 2
KS: Q% ~wy®uwg, ~ws’.

LEMMA 9.1 ([31, Lemma 2.3.1)). — There exists a unique morphism
D : Xorq — Xorq lifting the Frobenius morphism x — xP on the special fiber
such that ®*G ~ G/G°[p], where G° is the formal part of G. In particular,
® induces an endomorphism ®* on ’Hé. Moreover, there exists a unique
®*-stable splitting ’Hé = wo ® L where L is an invertible quasi-coherent
formal sheaf over X,.q. In addition, L is horizontal with respect to the
Gauss—Manin connection, that is, VL C L ® Q%Q,rd'

Remark 9.2. — Since G° ~ G,,,, we have a decomposition £ ~ Ly @
@TGE;’,WSM wyp,r and Lo defines a Unit Root splitting HE = wo & Lo.

9.2. The overconvergent projection

As in Section 4.6, for k and m € Z we consider the sheaves wk C HE, =
wgm " @Sym™HE ® Qres, ptvo Sym"*w, .. The elements of HO(X,, Ha,)
are called nearly overconvergent modular forms. In the same way as in [39,

Proposition 3.2.4] using [39, Proposition 3.1.3] we have:

PROPOSITION 9.3. — The following morphism, which is induced by the
Unit Root Splitting, is injective:

Vem : HO (X, M) — HO(Xora, Ha) — HO(Xopa, k).

k—27¢

m_1_, the Gauss—
k+219

Manin connection induces morphisms /g m : Hm — H,,, "}~ and, for j € N,

As in Section 4.6, we have the morphism ¢ : H,En —H

we put Vi = Vk42(j—1)70,j—1°" " © Vk,0- The following result is analogous
to [39, Lemma 3.3.4]:

LEMMA 9.4. — For each f € HO(XT,H%), where 2m < k,,, there exist
g; € H(X,.,wk=2070) for j = 0,...,m, such that we can write in a unique
way:

m

F =90+ Vi_2r(91) + Vi_ar (92) + -+ VI 20mre (9m)-
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Proof. — We prove this result by induction on m. If m = 0 the result
is clear, then we suppose that m > 0. Remark that g, = ¢ le™f €
HO(X,,wk=2mm0) where ¢ = % From (4.9) we deduce that
" 2 (9m) = ¢+ gm = €™ f. Then we obtain €™ (f — vg‘_zmmgm) =0.
Thus, we deduce f — ' 9., 9m € H O(XT,’H%R_l), and the result follows
from a simple induction. g

DEerFINITION 9.5. — If f € HO(XT,’H%) and 2m < k;,, the overconver-

gent projection is H"(f) = go.
The following result will be proved at the end of the Section :

LEMMA 9.6. — Let egrq = @1” U;“ be the standard ordinary opera-
tor, let f € HO(X,«,’H%) with 2m < k,, then we have eord(Ve,m(f)) =
eord (H"(f))-

9.3. Connections on Formal Vector Bundles

Consider the formal vector bundle f : V(H{) — Xora. Then by [1, Sec-
tion 2.4], the Gauss Manin connection extends to a connection:

7 i Ovayy — [+ Oy ® Q.0

The Unit Root Splitting gives V(HJ) ~ V(wg) x V(Ly), hence, we can define
the Serre operator

O 1 f:O0u(ug) — [eOyaz) — [uOyap) ® Ok, — f-O0v() @ U

ord ord

LEMMA 9.7. — Recall sy from Section 6.3. Then the Serre operator
can be extended to (g, o J0)+Ovy(wo,s0)s 1-€. there exists a morphism (also
denoted by ©) making the following diagram commutative

o ~
f*OV(wo) —_— f*OV(wo) ® Q%e

| l

€] ~
(gn © fO)*OVo(wg,so) — (gn S f0>*OVo(wo,so) ® leford~

ord

Proof. — We check this locally. Let J&,, be the formal scheme over X,,q
defined analogously as J&,.,, and p* : S = Spf(R) — J&,, be a neighbor-
hood such that H} |s= Rfy ® Reg, with fo € wy congruent to so modulo
p", and ey € Ly. Le D be a derivation dual to a generator of Q:l*:ord and
write /(D) fo = ao fo + boeo and 7 (D)eg = co fo + doeo.
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We claim that ag € p"R or, equivalently, \/(D)sg € Lo. We denote by o
the Frobenius morphism acting on W and we put (QOD)” = Q(’? Xw.eW —G.
Let ¥ (Q(J)j)" — g{f be the projection, V' : G — Gy be the Verschiebung
morphism. As H§ = Hg we can define ¢ := D(V?) o D(X) on Hj. By [31,
Lemma B.3.5] the image of dlog, : T},(Go) — wo C H{ can be identified
with the elements ¢ € H} such that ¢ = p¢. By [31, Lemma B.3.6], we
have that pp v (D)§ = v(D)g§ = p v (D)E. Thus, ¢ v (D) = v(D)¢
and, again by [31, Lemma B.3.5], this implies that \7(D)¢ € Ly. Choosing
¢ to be any pre-image of sq, the claim follows.

Write p*Oy 1y = R(X,Y) with X and Y corresponding to fo and e,
respectively, and remark that the map R(X) = p*Ovy) = 0" Ov(wo,s0) =
R(Z) is given by X — 1+ p"Z.

Finally, we define ©(D) : p*Oy(wg,59) =+ P*Ov(wp,s0) DY

- Qo n 8
0(D)Q = DQ + F(l +p Z)ﬁ@-

Then, if P(X) € p*Oy(y,) C p* Oy (3z), we have

0

Thus, we have

0

which implies that ©(D) satisfies the desired property. O

kY 0,7
The Katz interpretation of the sheaves implies that w*» = wy™ T @uwkn

where:

k0,-:—0

oK = ((gn o fo)*Oww)so) @An> [k?lﬂ'o]\/7
K - N

wy = ((gn o fO)*OVo(wo750) ® An) [kg,m}-
Hence, the connection © of Lemma 9.7 gives rise to a connection © : wkn —
wkn @ Q%..- On the other hand, recall w* = (g1,.(Oss,) ® An)[kjjl] and
remark that the covering J&; — X,.q is étale, hence, the derivation on
O3, induces a connection v/ : Wk = Wk @ Q;:md. Let k,, + 279 : O* —
A, ®z, O be the character (k, + 270)(z) = (10z)? - kn(z). Then these
connections induce the Serre operator:

KS
O:wn — W@ leord ~ Wk @ w$? = wknt270,

Remark 9.8. — Let U = Spf(R) trivializing w, and let w = (fo, (f-, €7)r#r,)
be a basis such that 7 (f;) = v(e-) = 0 and f; generate we,. If A/R is the
corresponding universal abelian variety, then a modular form is given by a
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distribution p(A,¢,0, a0, w) € Dg? (O™, R). Thus, for each derivation D
and ¢ € 071:;0 (O™, A,,), we have

/ $d(0(D)1)(A. 1,0, 0P, w)
OT0X xO70

=0(D) (/(’)"'OX o ¢d,u(A,L,9,ozp°,w)> )

THEOREM 9.9. — If i € H(Xopq X W,,,w*)?, there exists M (11)(q) €
D,lj:to (O™, M(o0, Ay, Sw A.,)) such that, if k : A, — W is a classical
weight, then ©Fp € H(Xorq % 20,,, wkn+2k70) and:

(id @ )(M (1) (0)) = (©* 1) (q) € DX (O™, M(00,An)).

Proof. — Identifying H%(G,,,Og,,) ~ W[q] ~ W][Z,] the map 8 of
Proposition 8.4 induces 8* : M(o0, A,,) — M(o0, A,,) &w W[Z,]. By [31,
Lemma 2.1.6 and Remark 2.3.11], it restricts to 8* : M(oo,A,)Y —
M(00,An)" Sw WIZX] = M(oo, Ay @Zp A.,)Y. We define M (u)(q) by:

/ £(a,b) dM (1) (q)
OT0X xO70

e ( / Fa,b) du(q)) € M(o0,An B, Ary)®,
OT0X xO70

for each f € C’}f;o (O™, A,). To check the desired properties it is enough

to consider points € X(o0)(F,). By Proposition 8.4, the formal comple-
tion induces res, : M(00,A,) = M(0c0,Ap)e ~ HY(Gn, Og,, ) Ow A, ~

m

Wq] &w An. We will verify that for each f € Ck«" (O™, A,,)

(9.2) res, /OTUX o f(a,b)dOu(q)

Sy 1>diq ves, /O @) du(q)) .
(q

+1)4 ) fy then we have

dg

If we put fo = dlogy(1) and ng ==

v ((q + 1)52) no = 0.

In fact, recall p = D(VP)oD(X) acting on H as in the proof of Lemma 9.7.
By [31, Lemmas B.3.5 and B.3.6], we have ofy = pfy and 7 ((¢+ 1)’%)@5 =

pe 7 ((¢ + l)diq)f, for all £ € H}. Hence, we deduce ¢ng = 19 and pp v
((qg + 1)(%1)770 =v((qg+ 1)0%)7]0. By [31, Lemma B.3.5], there exists basis
{a, B} of H} satisfying pa = pa and ¢ = B. If we write 7 ((g+ 1)(%1)770 =
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fia+ fo3 we have f1 = p?"p" f1 and fo = p"" fo, for all n € N, and, thus,
f1 = f2 =0 as required.

By [31, Theorem B.2.3], we have that f2 = KS(%). Thus, vfy =
nof? and 779 = 0. Then O(f(q)fy) € wp is given by the projection of
(g+1) 5 F(@FF + F(@)nof§ € Hy = wo®Lo which is equal to (¢+1) &, f ()£
This implies that, under the isomorphism

HO(Xora x Wy, okn), =5 DK (O™ A,,) & W gl;
W /L(J?, (an (fTa eT)T))7

the Serre operator acts on u® f € DX (O™, A,)) @w Wq] by O(u® f) =
b (q+ l)diqf. Hence, the claim (9.2) follows.

Note that Z,[q] ~ Z,[Z,] is topologically generated by fo(q) = (14+4q)%,
with a € Z,, and Z,[Z] is topologically generated by f, with o € Z).
Hence, if we write © : Gy, = Zy[q] — Gm = Zp[dl, Of = (¢ + 1) f,
then for @ € ZX we have ©%f,(q) = oF fa(q) = k*((1 + T)%)falq) =
k*(fa(Gm(T, q))). This implies that res, (id @k)(M (1)(g)) = res, (0% 1)(q),
by Proposition 8.4. Hence, the result follows. O

Proof of Lemma 9.6. — By (9.2), the Serre operator © acts g-expansions
as Of = (¢ + 1)d(—qu. By Remark 8.6, this implies that U,,©f = pOU,, f
(compare with [13, Lemma 2.7]). The result follows from Lemma 9.4, since
Yem (Vi) = Og. O

Remark 9.10. — The results of Sections 9.1, 9.2 and 9.3 are also valid
using X, instead of Xy.q.

10. Triple product p-adic L-functions

In this section we put together the constructions performed in the text in
order to produce triple product p-adic L-functions. Firstly, using the results
from Section 9 we perform a p-adic interpolation of the trilinear products
introduced in Section 3.2, which leads to triple product p-adic L-functions.
These products are related to L-values via Proposition 3.10, which imply
the interpolation property satisfied for these p-adic L-functions.

10.1. U, action on distributions

Let R be a A,-algebra and k™ : O™ — R* be a character. Observe that
Uy, acts naturally on M (oo, R) through the moduli interpretation of the
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unitary Shimura curves. For p # pg, the Hecke operator U, acts on p €

DE™ (O™, M(c0, R)) by Uy = Dien, V(Y i)*,u), where (% i)*,u is the

distribution given by [0« oo ¢ d(( % i)*u) = [orrox x om0 (s oy )x0) dpt
and v; : M(oco, R) — Moo, R) corresponds to the (bijective) map that
sends (A4,,0,aP° w) to (Ai,ai,wpﬁi,af07w(wop i)) (see Section 7.3.2 for
this notation). Let

Up =[] Uy : DE* (0™, M(c0, R)) — D} (O™, M(o0, R)).
p

Let DF™ (O™, R) be the k™-homogeneous distributions of functions on
pO™ x 07X If p # po, let U, act on ¢ € Hompg (DX (O™, R), M(c0, R))

by Upip() = p(Ug 1) where Ugpi = Y (5 =p ) + 1) and

1 — w, 1
d = P dp.
/pOTO X OT0% ¢ ((0 wp) *M) /pOTUxOTOX <( 0 1) ) ¢> :

Then, as before, we put:

U, = HUp : HomR(EfLTO (O™, R), M(o0, R))
p
— HomR(ﬁfLTo (OTO, R), M(OO, R))

One checks that we have a well defined morphism of R[U,]-modules:
(10.1) D (O™, M(o0, R)) — Homp (51{0 (O™, R) ,M(oo,R))
which sends y; € DE™ (O™, M(c0, R)) to the morphism:

fi2 — k(@Y — Xy) dpa (z,y) dua (X, Y).

OTOX xOT0 ~/p(9"0 X OT0 X

DEFINITION 10.1. — Considering the standard ordinary operator
€ord = lim,, U;"! we define:

D" (0™, M(oo, R))*™
= cora (DI (07, M(o0, R)) ).
Homp (D5 (0™ ). M(oo. R))
= eond (HomR (ij“ (O™, R), M(c0, R))) ,

the spaces where U, is invertible.
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LEMMA 10.2. — The morphism (10.1) induces an isomorphism of R[U,]-
modules:

0 —.70 ord
DE" (0™, M(o0, R))™ — Homp, (DX (O™, R), M(o0, R)) .

Proof. — Since the morphism is continuous, it is enough to prove that
the specialization of any classical weight k € N[X ] is an isomorphism, since
such classical weights form a dense set. Write A = M (o0, Ry). The same
arguments in the proof of Proposition 7.7 show that the ordinary parts of
DE” (O™, A) and Sym” ™ (A2)V are naturally isomorphic. Similarly, one can
proof that the ordinary parts of Homp, (E%TO (O™, Ry), A) and Sym®™ (42)
also agree. Thus, taking specialization at k, we obtain the natural map
between Sym”® ™ (42)¥ and Sym” " (A2) which is an isomorphism. O

10.2. p-adic families of trilinear products

We fix integers r > ng > ni,ne > 1. For i = 1,2,3, we denote by
(Tn;, Un,) : O XLy — AS the universal characters of 205 and k : 20§ —
20, as introduced in (7.1). Then we put kS, = k(rn,,Vn, + Vn,) and
kgi = k(ryn,,vp,) for i =1,2.

We put R := A ®AS Oy =vn, +my AG ~ AS ®AS ®A,, and consider
the characters:

TO o 70 __ 1p70 __ 170 . T0 X
mp’ =r r) —r +vp,oN:0 — R,
TO o 70 __ 170 __ 170 . To X
my’ =r r) —r’ +vy oN:0 — R,
TO

TO _ 70 __ 70 . To X
my’ =1 —r0 —r°:0 — R,

m3 7, = Tny,mo + Tngyrg = Fog,mo Z; — R,
where N : 07> — Z* denotes the norm map. In the same way as in (3.8)

G,

(0™, R)@r Cnid (O™, R) the

&m0
we denote A™ € Cp,!

function defined by:

A ((z1,91), (72,92), (23, 93))

=m{ (z3y2 — Toy3) - M’ (z3y1 — T1y3) - M3’ (T1y2 — T2y1),

»TO

G
(0™, R) @ Cr?

where C*™ (07, .) denote the k7-homogeneous locally analytic functions
on pO™ x O™ and the function is extended by 0 where m3° is not defined.
Let 1 € Ml’;gl (T1(n,p),AS)) and po € M{;S2 (T1(n,p),AS). For i =

1,2 and ¢ € Pic(Op), let p;c € Mic(T§(n,p),AS )> be the component

ANNALES DE L’INSTITUT FOURIER



TRIPLE PRODUCT p-ADIC L-FUNCTIONS 65

G,10
(see Definition 7.2), and let p; (q) € D::" (OTO,M(OO,A%)) be its ¢-
expansions (see Section 8.2). Using (8.4) and Uy, oV,,, = Id, one checks that

K70 o
M) = (1= Voo Upo) in,e(9) € Dl (07, M(00,A%)7) .
By Theorem 9.9 and Remark 9.10, we have

k5o
M) € Dt (07, M(00, AT, © Ar,))
G,T
and we put @m“o,u[f?]c = (m3770)*M(M[11?]c) € Dzz‘l 0(OT",./\/I(OO,R)).

_ k&0

The trilinear product t(p1,c, fio,c) € HOInR(Dgg3 (O™, R), M(c0,R)) is
defined by:

t(,ul,ca,u&c)(//b)
= / / A (v1,v9,v3)d (@ms,m M[f]c) (v1) dpa,c(ve) dp(vs),
2‘{0 2;0 2;0

where £7° := 0™ x O™ and £3° := pO™ x O™*. From Lemma 10.2 we
obtain:

(eorat(p1.c, i2.c))c € Mﬁgd“(n(n,p),mmd

kG,T

= P (Dn;‘?’ (0™, M(00,R)) @I,)md .

c€Pic(OF)

Note that the space MﬁgadiC(Fl(n,p), R)°*! is endowed with the action of
Hecke operators. '

10.3. Construction
Let pp € Mo (T1(n,p),AS)) and py € Mc (T1(n,p),AS)) be as be-
nq 2
fore, and let us we take p3 € Mo (T'1(n,p),AS) such that Uyps = afpus,
n3

for some of € (A§)* and all p | p. Assume that there exists fiz €
Ml:Ss (T'1(no, p), ASB)7 for some ng | n, such that ug is an element of

Mﬁg;adic (Fl (n7 p)’ ASE} )ord [ﬁ(}]

= {u € Mﬁgdic(F1(n,p)7A§3)°rd  Upp= o Top = agp, Nn} ,

where ¢ are prime ideals of F, T, = T, for any g € G(A’;) of norm ¢,
and ay is the eigenvalue of fi3. Let R = A ® AS ® A, where Aj, is

ns3?
the fraction field of A,, thus, R’ can be viewed as rational functions on

W x Qﬂ% x W, with poles at finitely many weights in 20,,,.

ni

TOME 0 (0), FASCICULE 0



66 Daniel BARRERA SALAZAR & Santiago MOLINA

In the rest we use the following notation: If (z,y, z) € Qﬂfl X QITSQ X W,y
we denote by p, py, p, and [i, the specializations of the families i at
x, pe at y, and pg and fig at z. By Proposition 7.7, if z € 20, is a
classical weight then the specialization g, is a classical modular form in
Mj,, (T1(n,p), Qp)d, where k. is the specialization of k¢, at z. Let us
denote by f* € My (T'1(ng,p),Q,) the eigenvector for the adjoint of the
U, operators associated with [, as in Section 3.3. The following result is
analogous to [13, Lemma 2.19].

LEMMA 10.3. — There exists L£,(u1, o, pt3) € R’ such that, for each
classical point (z,y,z) € WG x WG x W,,,, we have:

</1*27 (eordt(lffl,ca NQ,c))c(m,y,z)>
<M§7 //Jz>

where (-,-) is the Petersson inner product defined in Section 3.4, and
Wi € My_(T1(n,p),Q,)[E}] defines the dual basis of ju..

£p(/1417/fv27/$3)(1'7y, Z) =

Proof. — Notice that MFz*¥(Ty (n,p), A, )°"[fi5] is a finite dimensional
ng

A;m—module generated by the oldforms i, for any d | D with n = ngD,
where

(/]3)?("4’ Ly 07 apoa w)
= r;(det(fyd)) : (ﬁ3)C’ (Agda Lgda det(yd)ilagda kil(agd)po ) w)v

as in Equation (11.1) in Section 11.4 of the Appendix. The family fiz corre-
sponds to an idempotent of the Hecke algebra, which induces a projection
of Mﬁéadic(Fl(n,p),R)ord to leg_;dic(l"l(n,p),R’)Ord[ﬁg]. The projection
of eorat(ft1,c, ft2,c) to the line defined by ps is a R’-linear combination of
the forms fig. It is therefore enough to show that, for all divisors dy, da, we
have (iit, i%) = o(2) - (1%, i), for some o € R®Q. In fact, by Lemma 3.5,
we have that

0=0((=Vn, = Vn,)(4a)es32) 4a, a, 0(Xa,Ya)ajdrds € QXa, Yalajdydss
where g4 = Ng/g(d) and a € R is the eigenvalue for T;. The result follows
as qq is prime to p. Il
DEFINITION 10.4. — Let p1, pi2, pi3, where p; € Myc (Fl(n,p),A,Cji), be

test vectors for three families of eigenvectors such that Uyus = abus, for
some of € (AS)* and all p | p. The function Ly,(u1,p2, p3) € R’ in-

troduced in Lemma 10.3 is called the triple product p-adic L-function of
M1, 2, 13-
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10.4. Interpolation property

Let (ry,11) € WS, (ry, v0) € WS, and r € W, be classical weights and
put k; = k(ry,v1),ky = k(ry,12) and kg = k(rg,v1 + v2) where k is the
map (7.1). We suppose that (kq, ko, k3) is unbalanced at 79 with dominant
weight ks, and k. ; € Z~¢ for each 7 € ¥p and ¢ = 1,2, 3.

We write (x,y,z) € Qﬁfl X QUSQ x 2, for the point corresponding
to the triple (kq,v1), (ky,v2) and (ks,v1 + v2). As ps is ordinary, then
from Proposition 7.7 and Corollary 4.8 we deduce that its specialization
at p, corresponds to an automorphic form of weight (kq,v1 + o). If ky
and k, are big enough, then the same is true for u, and p,, obtaining
automorphic forms of weights (k,, 1) and (ko, v2), respectively. We denote
by 7z, my and 7, the automorphic representations of (B ® Ar)* generated
by these automorphic forms, and 11, II, and II, the corresponding cuspidal
automorphic representations of GLa(AF).

Assume that p; are eigenvectors for all the U, operators, namely Upu; =
ol -, and write o, ab and of for the corresponding specializations at x,
y and z. Moreover, we assume that fi; is the p-stabilization of the newform
iS for each p | p. Write B¥ for the other eigenvalue of U, as usual, and
write 8, 89 and BE for the corresponding specializations.

THEOREM 10.5. — With the notations above we have:
Ep(2,y,2)
Ly, pa, i) (2,y,2) = K (g, g, 1) - | ] ’}7
olp p1(2)
1
. L(l”’l’%,ﬂx ®Hy®Hz)2
(m2, mg)
here K (u3, s, p43) Is a non-zero constant,
5p(x,y72)
EByal 5By 8L BroyBE 2By 8L
( _ﬁvﬁzig l_aﬁgfg 1- §$+g 1_[37%52)’ p # Po,
= zpvo PO gbPO wppo Po pPo wp Po _Po PO wp P0o qP0O /PO
w Qy B © M zo Oty By z By Bz
(]._ 2 p:,tgff )(]-_ : pygz—[f )(]-_B ng—é )(1_6 pmgfl )7 p = Po,

—ky -

Epn(2) = {(1 — (B, ) (1= (88w, "), b # o,
) (1= (B20)2p~Fsmo) - (1 — (BE0)2p!~Femo),  p = py,

k1,7 +k2, 7 +k3, k, ,+E, ,t+Ek,
mo = Szt 5 0 and m, = =R =0 € 7[5,
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Proof. — By construction we have:

<lu’;aeord(®m3"r0:u’[zp]t /,Ly, (A‘(ro,y7z))>t>
<:uzﬂuz> |

(10.2) L, (p1, po, p13)(w,y, 2) =

Observe first that A(T; 4.y differs from A™ of Equation (3.8). Indeed,
A(Tz,y’z)((xh Y1), (12, y2), (r3,y3)) is extended by zero whether (v1y2—z2y1) €
07X, Thus if we denote fi, = ©™370 uf]c * fby,c then:
/AT; yz) Wy dpz — /ATO dprzy dpe
= / / AT (v1,v2,v3) dig 4 (v1, v2) dps (vs),
D Jgio
where D =[], Dy and Dy = {((z1, 1), (22, 92)) € (O} xO0y)?: (z1y2—
221) & Op'} = Uien, (Di X Di) with Di = U, ,ox (a +pOy) x (ai + pOy).

Since u; are Up-eigenvectors, a calculation smnlar to that of proof of
Proposition 7.5 shows that the corresponding p-component

€p ¢=/ / AT dpigy dpz
D, p(9|¢,><(9;<

satisfies

1
Ep = 45 AT dU, d
’ aiaz Z //D? /o xOF phey CH=
Z // / ATO(Ulwpg;lav2wp9;17v3)
azOéy O><><(’)p)2 Oy ><(’);<

i€kKp

Aty (v1,v2) dp (v3)

igp

/ / / A7 (01, 02, 0392) At (01, 02) dpis (03)
away icry O x0,)2JpO, xO)F

m%

p

/ / / AT (v, 09, 03) Aty (01, 02) U dpis (3)
amay (O x0p)2 JpOp x O
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since wpgj_l*lDi =0,if7 # j, and wpgi_l*lDi = 1px <0, By Remark 7.3,
p
k, +1
abph = wgl’”+’, if p # po, and afo P = pkrro~Ll This implies that

Lp(pa, p2, p3)(z,y, 2) = H( — B Babw 7,,7;)

P#£Po

<,U:7 €ord (@ma'TO MLp}c : My,c(ATO))c>
(ut, pz) '
AS v7n3 o /*L:L’ cﬂy C(ATO) S HO(X':vH%naS,To) a’nd 0 g 2m377'0 < kTO»S’ fI'OHl

Lemmas 9.4, 9.6 and Remark 9.10, we obtain eyq(©™3:m0 ug[,ff]cuy7c(ATU)) =
(10.3)

6ord('7k3,m3,ro VAR NLP,}Cﬂy,c(ATO)) = eord(H" (V70 N[fcuy <(A™))).

A laborious but straightforward computation shows that

m T m k377' -2 -
V" ey (A7) = (=1)7e (m +°k2,m—1) H(lfl, )
mgy,—ofl
+v [ Y w vtk gt (A7) |
1=0

: ks ro—2  \_1/~i  mMan sro ki o2, 7y —2
Where a’i = (_1)7I+m3’70+1(m3,75;1092,7071) 1(23:0( ; 0)(m3 Tokl,iof’jff B ))

and t(u;[g }c, y,c) is defined as in Theorem 4.9. This relation implies:
(10.4) H7 (77070 kg (A7)

. kar — 2 -t
= (T <m3 +0/€2 — 1> 't(ugg]c’uyﬂ).
sTO »TO

Since p, is ordinary, we obtain from (10.2), (10.3) and (10.4):

(—1)m3=T0 <u’;,t(u£],uy)>
e (s, )

m3,rq+ka 7o —
H( pr’apw o 2>.
pP#po
Thus, the result follows by Theorem 4.9, Proposition 3.10, Remark 7.3
and Proposition 3.6. Notice that K (ug,ug,p3) = (C - C(M;7MZ,MZ))1/2 :
272¥ms.70 where the constants C' and C(u2, Hys p2) are as given in Propo-
sition 3.10. O

‘CP(MlaMQa Mg)(.T, Y, Z) = (
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11. A-action and Hecke operators

We verify that the two actions of A introduced in Section 4.5 are com-
patible with the morphism in Lemma 4.6. Moreover, we describe the action
of the Hecke operators on the space of quaternionic automorphic forms in
terms of the associated moduli description of the unitary Shimura curves.

11.1. Compatibility of the A-action

Recall the space M (T'{ ;(n),C) introduced in Section 4.5 endowed with
the action of A = (Op)% /U2 given by (4.7). Fix f E M (TS 1 (n),C).

By Lemma 4.6, f is interpreted as a section of wk on a connected com-
ponent of X¢ and given by f(2)([T,., | %7 4% |- )daer € HO(XO wh),
where w = (dazm7 (dxr,dy;),) is a basis of w4.

Let Jo := Onb7' N D and V = (C2 @p ., E) x My(C)=r M7} We con-
sider A, = UZ(J) C V where v,(d) = (d({),d) € V for d € D and put
A, = V/A,. We consider the polarization 0, : A, x A, — Z given by
(v2(P1),v2(B1)) — O(P1, B2). Finally, let o, be the isomorphism (see Re-
mark 4.2) a, : (A, ®7Z ~ Omb1,0.) = (O, c1O) given by a(8) = Sb.
Thus, as a Katz modular form we have f(z) = f(A,,t,,0,, a,,w).

PROPOSITION 11.1. — For s € A write ks = b 'y, 1b.. Then, if f €
My (T 1(n),C), we have

—kt 2k To+vl
(5% f)(As 1,0, 0., w) =5 2 - f(A. 1,8 0., ko, w).

Remark 11.2. — Notice that v, 'a, provides an isomorphism between
(TA..0.) and (O, sc~1O), thus, an isomorphism between (TA.,s16.)
and (O, ¢ 1O).

Proof. — Write 79(vs) = (% ;) and consider the map ¢ : (4,2, ty.2) —
(A, t,) induced from the map on V given by (v, M) — ((cz +d) - v, M~s).
It is an isomorphibm and sends 0., to s710., o, to (b 'y, tbe)a, and w

o (cz + d)~twy; L. This together with relation f(2) = f(A., ¢z, 0., s, w)
and properties (B1) and (B3) from Section 4.4 conclude the proof. O

11.2. Moduli description of Hecke operators

By Proposition 4.7, f € HO(G(Q) A(k, v))KT ™ corresponds to (fo). €
Dcpic(or) MeTi 1 (n), C)~ = = Dccric(or HO(Xéo,wf) Thus, for g €

ANNALES DE L’INSTITUT FOURIER



TRIPLE PRODUCT p-ADIC L-FUNCTIONS 71

G(Ay), the last space inherits the action of the Hecke operator T, attached
to the double coset K (n)gKP(n) = ||, ¢ K (n). Recall that the isomor-
phism of Proposition 4.7 depends on the choice of elements b, € G(Ay)
whose norm is a representative of the class c.

Now we define a Hecke action in terms of the moduli problem. Let
¢ € Pic(OF), ¢ be the class of cdet(g). Write b.g; = 7; 'berk; with v; €
G(Q)y and k; € KB(n). Let (A,1,0,a) € X°(R) and @ : (T(A),0) —
(@m,c’lé)) a representative of . Let n € Z be such that ng; € @m,
thus, afl(nfl(amgi_ 1y provides a Oy-submodule C; C Ay, isomorphic
to n’l(amgi_l/@m. Then we consider A% := A/C;, the isogeny v, :
(A% 199) — (A,1) and the polarization 69 : A9 — (A9%)V obtained
from v, and 6. If det(g;) = ¢;, the abelian variety A% has attached

the class ay, modulo KP (n) of the isomorphism a9 : (T(A%),09) &
(n’lémgfl,cfl@) % (5m, ¢1@). Thus, we obtain a point
(A9 1909 %) € X (R). We write w = (dzr,, (dzr,dy;)r) € wae for

the pull-back of the basis w € w4 using ¢;,. We define:

(Tgf)C(Aa Ly 0,04,’[1))

—k+2krgTo+vl

Afiiidetn@ P fo(A%,0% det(y,) 109 kT o w).

It is straightforward to verify it is well defined. For example, we clearly
have isomorphisms of symplectic modules k; ‘a9 : (T A%, det(v;)~169) =
(O, det(v;) "t det(k;)c e, 1) = (O, (¢/)71O).

Independence of a. — If v € Kfl (n), let AJ" be constructed using ya.
Then Af' = A", As vg; = g;ko for some j and ko € KE(n), then

(A%,0g det(yi) 109 by (7@)%) = (A%,0% det(y) 6%, k; "koa®),

v oYy vt
since
(Adiko (giko gaikoy — (493 195 §9)
and
(y@)9 = koa%.
As 'y;lbcf kiko = (bc'ybc_l)yflbc/ki, then we can choose 7; and ; such that
det(v;) = det(;), and k; = kjko. Thus,

(A 03 det() 7103k (y)") = (A% 0%, det(a,) 0% k%)

v Ty

and the claim follows.
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Independent of the choice of v;. — If b.g; = ﬁ;lbc%i then = ﬁi'yi_l
G(Q)4 Nbo K (n)b' = T (n) and k; = b_'Bbok;. If s = det() and
ks = b;lﬂ’lbcz, then by A-invariance of f.:

—k+2krgTo+rl

s~ =2 7fc,(Agi’Lgi7det( i)~ 1ng k19 ,w)
= fc/(Agl,v‘h, det(y:) 710 kot w).
Only depends on g;KZ(n). — If k € K (n) then
(Agik, Lgika 091]6) = (Agi, 9, 991)

and a9% = ka9

A-invariant. — If s € A and ks, € KP(n) with det(ks) = s~%, by the
A-invariance of f and Propositions 11.1 and 11.3], we have that

* (qu)c(A,L,H,a,w)

—kt2krgTotvl  ~ 1
=s 2 (Tgf)e(A, b, 8770, ksa,w)
,k+2k.,.07—0+,1 ) o 1 .
= Z (sdet(v;:)) 2 fer (A% ,09% s7  det(y;) ™ 0%, kok; " a%, w)

= (Tyf)c(A 1,0, a,w).
ProrosiTION 11.3. — We have that Ty f = Tgf.
Proof.

(Tgf) (AZaLZaamasz)
= (Tyf)(z,bo) Zf (2, begs)

—k+2k,-0 To+vl

= Zf(m{ be Zdet YT (ez+ d) a2, be)
7k+2k7—07-0+u1
- Zdet i) : (cz+d)* o e (Ayzs iz Oz Qs ).
Let J? = @mgflbfl N D and ASY9 = v,(J?"). We have an isomorphism
byt Ay = V/AS, — Agi = V/AL9 given by
Yi(v, (Mr)7ry) = ((c2 + d)o, (M7 (7)) r 7, ) -

Notice that ¢; is well defined since 1;(v.,-(8)) = v.(87v:), for all § € Jo,
and Bv; € (’)mbglwﬂD = Omk:igi_lbc_l ND = JZ*. Similarly as in the proof
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of Proposition 11.1, ¢; sends 6., to det(y;)~10%, a.,. to

~ b o~
k7rag : T(A9) ~ Ogg to7? H Ombst —— Oy,
\ k.lT
Omgl —) (9
and w to (cz +d) " twy; ! = ((ez + d)~'da,,, (dzr, dy, )7 ()~ 1). Thus,
(T f) (AZ? Lz, ezv azaw)

—k+2k,— To+vl
By Zd (i) — (chrd)’kTOfyi_l
X for(AZ 12 det(v) 7109 k7 a2, (ez + d) "ty
k+2k7070+u1 1
Zdet (vi) for (A% 09 det(y;)~10% k7 adi w). O

11.3. The Uy-operator

Assume that f has Iwahori level at p | p. We denote by U, the Hecke oper-
ator T, as defined above. We have a distinguished decomposition
EP(n,p) (T D)KL (0,9) = Ui, (57 1) KT (n,p). For any ¢ € Pic(Op),
assume that cp lies in the class ¢/, this implies that ¢p = ¢’(7,), for some
7 € Op. Assuming that ¢ and ¢’ are coprime to p, v, generates p in O,.
We have that bc(ﬁ(’f' ;) = ('VOF' i)bc/ki with k; € KP(n,p). By the previous
computations,

(Upf)e(A, 1,0, 0, w)

—k+2kry T vl . .
ZhA2kroTotvl Yo o i _ Yo i
:fY]J 2 Z ((;J 1) *fcl (Ai7li7’7p9i,ki 1047;,11]((;3 1)) )

i€Kyp

where A; = A/C; (and ¢;,0;, o; are also obtained from C;) with
-1
Ci % Op < OP 1) /Om

- (MQ(op) <“g‘ i) B /MQ(OP)> x (wa) (ﬁ*’ j)l/Mz(Op))

Thus C; is characterized by C; "' == C; N A[p]~"'. Moreover, C; " corre-
sponds to the cyclic subgroups of A[p]~! not intersecting the canonical
subgroup C' C A[p] ! that characterizes o), by Remark 4.4.
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11.4. Oldforms

Let n = noD and d | D. Given a newform ¢ € HO(G(Q), A(k, v)) 57 (m0)
let ¢? € HO(G(F), Ak, )57 ™ given by ¢%(f)(g) = ¢(f)(9ga), where

10

9d = (6 w,) and @wa = [],q @0

We describe this oldform as in Section 4.4. Under Proposition 4.7, ¢
corresponds to a tuple f = (fc)cepic(op) Where fo € Mg(T§ 1 (ng),C)Aro =
HO(X5 ,wh)Amo and An, = (Op)/UZ. If begg = 77 'bok with 74 €
G(Q)4 and k € KP(ng), we have

f‘fi(AZ7Lza92ua27w) = fd(zvbc) = f(zabtgd)

—k+2kry o +v1 ke 1
= det(7q) 2 (cz+d)" "oy, f(vaz,be)

—k+2krgTo+vL

_ det(ya) 2
(cz + d)kmo

—1
de ft' (A’m27 L’dey 0’”27 a7d27 U))

We conclude by an analogous computation as above

(11.1) ff(A,L,G,a,w)

(1]

2]
(3]
(4]

(5]

[6]

[7]

—k+2krgotrl

= det(vyaq) 2 for (A99 Lgd,det(*yd)*lﬂgd,kilozgd,w).
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