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RIGIDITY OF BRAID GROUP ACTIONS ON R AND
OF LOW-GENUS MAPPING CLASS GROUP ACTIONS
ON §!

by Idrissa BA, Adam CLAY & Tyrone GHASWALA (*)

ABSTRACT. Every nontrivial action of the braid group B, on R by orientation-
preserving homeomorphisms yields, up to conjugation by a homeomorphism of R,
a representation p : By — H(;r?l?eoJr(Sl) and therefore determines a translation
number for every element of B,,. In this manuscript we offer a simple characteri-
sation of which actions of B, on R produce translation numbers that agree with
those arising from the standard Nielsen—Thurston action on R. Our approach is to
prove an analogous statement concerning left orderings of B, via a technique that
uses the space of left orderings of By, the isolated points in this space, and the
natural conjugacy action of B,,. We use this result to extend recent rigidity results
of Mann and Wolff concerning mapping class group actions on S! to the case of
low-genus surfaces with marked points.

RESUME. Toute action non triviale du groupe des tresses Bj sur R par des
homéomorphismes préservant 1’orientation conduit, & conjugaison preés par un ho-
méomorphisme de R, a une représentation p : B, — HSEI/CO+ (S1) et détermine
ainsi un nombre de translation pour chaque élément de B,. Dans ce manuscrit,
nous proposons une caractérisation simple des actions de B, sur R produisant
des nombres de translation qui concordent avec ceux issus de 'action standard de
Nielsen—Thurston sur R. Notre approche consiste & démontrer un énoncé analogue
concernant les ordres a gauche sur B, a ’aide d’une technique utilisant 1’espace
des ordres a gauche sur By, les points isolés dans cet espace, et I'action naturelle
de By, par conjugaison. Nous utilisons ce résultat pour étendre les résultats récents
de rigidité de Mann et Wolff sur les actions des groupes modulaires de surfaces sur
S1 au cas des surfaces de faible genre avec points marqués.

1. Introduction

We use Zg’n to denote a surface of genus g with n marked points and b
boundary components, and Mod(Eg,n) its mapping class group. It is well
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known that if b > 0, then Mod(X} ) is a left-orderable group [21]. The
second and third authors showed in [8] that when b = 1, the mapping class
T, of a Dehn twist about a curve d parallel to the boundary component is
cofinal in every left ordering < of Mod(Eg?n), meaning that

Mod (S} ,,) = {7 | 3k € Z such that T, * < v < Tj}.

This fact allows for a type of correspondence when g > 0 between left
orderings of Mod(E;O) and circular orderings of Mod(Zgﬁl) by taking the
quotient by the central subgroup (Ty). Allowing marked points in the g = 0
case establishes a similar correspondence between left orderings of the braid
group B, = Mod(X},,) where n > 2 and circular orderings of B, /(A2),
which corresponds to the subgroup of Mod(X§ ,, ;) whose elements fix a
chosen marked point (here, A2 is the square of the Garside element and is
a generator of the center of B,, when n > 3).

Put another way, there is a correspondence between orientation-preserving
actions of Mod(Z;,O) on R and orientation-preserving actions of Mod(EgJ)
on S, via the “capping homomorphism” when g > 0. A similar correspon-
dence occurs when g = 0 upon restriction to an appropriate subgroup of
Mod (% ,,1,). This correspondence was key in [8], which showed that (up
to sign) the translation number of an element in Mod (X} ) is independent
of the underlying action on R when g > 2. This allows one to conclude, for
instance, that one of the standard definitions of the fractional Dehn twist
coefficient is independent of the underlying action (See Section 5 for this
definition).

The genus restriction in that result arises naturally in the course of
the proof, from an application of Mann and Wolff’s [19] rigidity result
concerning actions of Mod(Egvl) on S'. They show that every nontrivial
orientation-preserving action by homeomorphisms on S is (up to orienta-
tion) semiconjugate to the standard action when g > 3, and characterise
which actions of Mod(Zgyl) on S! are semiconjugate to the standard action
when g > 2. The essential step in [8] is then translating their result into a
corresponding fact about actions of Mod(Z;’O) on R where g > 2. In the
low-genus cases, that is when g = 0 or g = 1, it is easy to see from examples
that the translation number of an element in Mod(E}#O) or Mod(E(l)yn) is
not independent of the underlying action [8, Section 6].

Nonetheless, in the present paper we are able to complete the picture
with an analysis of the genus 0 and 1 cases. Whereas the technique de-
scribed above involved applying an established rigidity result concerning
actions on S! in order to arrive at an analogous statement about actions
of a certain central extension on R, in this manuscript our arguments work
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in the reverse manner. Specifically, we introduce a new technique for es-
tablishing a type of rigidity of circle actions that begins with an analysis
of the central extension and its space of left orderings. To be more explicit,
we introduce some notation.

Denote the space of left orderings of B,, by LO(B,,), which we think of
as the collection of all positive cones P C B,,. Owing to the fact that the
central element A2 is cofinal in every left ordering of B,,, for every 3 € B,
we can define the translation number 73 : LO(B,) — R, which turns out
to be a continuous map (Proposition 3.2). Let Pp € LO(B,,) denote the
positive cone of the Dehornoy ordering. By combining continuity of 75 with
properties of the positive cone Pp and its associated isolated point Ppp, the
positive cone of the Dubrovina—Dubrovin ordering, we prove the following.
In Theorem 1.1 below, we implicitly identify B,_; with a subgroup of B,,
in the usual way, so that we can think of the generator A2_, of the centre
of B,,_1 as an element of B,,.

THEOREM 1.1. — Suppose that P € LO(B,,) and A2 € P, and that
A2 | is not cofinal in the left ordering of B, determined by P. Then
ng(P) = Tg(PD) for all B € B,.

As an immediate consequence, we can determine exactly which left order-
ings of B, = Mod(Xj,,) can be used to compute the fractional Dehn twist
coefficient of an element h € Mod(%§ ,,) in terms of the translation number
of h determined by the left ordering. We can state our result as follows. We
use c¢(h) to denote the fractional Dehn twist coefficient of h € Mod(Z_}Ln)
and T, the mapping class of a Dehn twist about a simple closed curve «
in ng.

THEOREM 1.2. — Suppose that P C Mod(%§,,) is the positive cone of
a left ordering < and that Ty > id. If there exists a simple closed curve
o C X4, such that:

(1) %5, \{a} =%, U, and
(2) T, is not cofinal in the ordering < of Mod (%} ,,),
then c(h) = 7,(P) for all h € Mod (% ,,).

This builds upon the results of [17], which shows that the Dehornoy
ordering can be used to compute fractional Dehn twist coefficients of ele-
ments of Mod (% ,,), and provides a uniqueness result for pseudocharacters
B,, — R provided the character takes on nonnegative values for all braids
in Pp [17, Theorem 8.1]. This also contrasts with the results of [8], which
show that for surfaces of genus g > 2 any left ordering will serve to compute
fractional Dehn twist coefficients. There is an analogous statement in the
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case of Mod(EiO), owing to the fact that this group is isomorphic to Bsg,
see Theorem 5.2.

We can also pass to the quotient Mod(Eg’nH) using the capping homo-
morphism, and recover a rigidity result akin to that of Mann and Wolff [19].
They determined exactly which orientation-preserving actions of Mod(Egyl)
on S' are semiconjugate to the standard action when g > 2, up to revers-
ing orientation of the circle. We answer that same question when g = 0 or
g = 1, by considering Mod(X9 ), and the subgroup H C Mod(X§ ,,, ;) of
mapping classes that fix a prescribed marked point (i.e., H is the image of
Mod (% ,,) under the capping homomorphism).

THEOREM 1.3. — Let H C Mod(X§ ,, ;) denote the image of Mod (X} ,,)
under the capping homomorphism, and * the special marked point arising
from the capping homomorphism. Let a denote a simple closed curve on
Yo,n+1 that surrounds n — 1 marked points, none of which are *. If the
rotation number of the Dehn twist about « is zero with respect to both f;

and fo, then [fi] = £[f2] € Hf (H;Z).

Stated more informally, this says that if rotation number of some curve
surrounding n — 1 marked points is zero, then this completely determines
the circular ordering (equivalently, its corresponding action on S') up to
semiconjugacy and reversing orientation. Again, we can also resolve the
genus-1 case by using the isomorphism between Mod(Z%’o) and Bs, see
Corollary 6.11.

Note also that the rotation number assumption in Theorem 1.3 is neces-
sary, in the sense that there exist circular orderings (equivalently, actions
on S1) for which curves encircling n — 1 marked points do not have rota-
tion number zero, and consequently these circular orderings/actions are not
semiconjugate to the standard one. Such examples can be realised easily
from the examples of left orderings given in [8, Section 6].

Results of this flavour are not entirely surprising, as there is a known
connection between isolated orderings and rigidity of their associated dy-
namical realisations [18, Theorems 1.2 and 3.11]. To our knowledge, how-
ever, this manuscript is the first to explicitly compute and exploit such a
connection. Our work also raises the following natural question.

QUESTION 1.4. — When b > 0, does LO(Mod(X! ,)) admit isolated
points? If yes, can one recover the rigidity results of Mann and Wolff using
a technique that exploits the isolated points in LO(Mod (%} ())?

ANNALES DE L’INSTITUT FOURIER
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1.1. Organisation of the paper

Section 2 contains background on orderable groups, including spaces of
orderings, dynamic realisations and translation numbers. In Section 3 we
show that the translation number is a continuous map on the space of
orderings. Section 4 introduces the Dehornoy ordering, the Dubrovina—
Dubrovin ordering, and contains the proof of Theorem 1.1. In Section 5 we
apply this result to fractional Dehn twist coefficients, and in Section 6 we
prove a rigidity result for actions of low-genus mapping class groups on S'.

2. Background

2.1. Left-orderable groups and spaces of orderings

Recall that a group G is left orderable if there exists a strict total or-
dering < of the elements of G such that g < h implies fg < fh for all
f,9,h € G. Equivalently, G is left orderable if there exists a positive cone
P C G, satisfying P- P C P, G\ {id} = PUP~!and PN P~! ={. The
equivalence of these two definitions follows from observing that if < is a
given ordering of a group G, then P. = {g € G| g > 1} is a positive cone;
conversely if we are given a positive cone P then ¢ < h <= g 'h € P
defines a strict total ordering of G that is left-invariant.

A subgroup C' of a group G is <-convex (or convex with respect to <)
if for all ¢,d € C and g € G, ¢ < g < d implies g € C. A subgroup C
of G is relatively convex if there exists an ordering < of G such that C' is
<-convex. We introduce the following definition for ease of discussion later
in the manuscript.

DEFINITION 2.1. — Let G be a group and C a proper subgroup. A
relative left ordering of G with respect to C' is a strict total ordering < of
the set of left cosets G/C such that gC < hC implies fgC < fhC for all
f,9,h € G. When such an ordering exists, we say that G is relatively left
orderable with respect to C.

It is a straightforward exercise to verify that if G is left orderable, then
G admits a relative left ordering with respect to C if and only if C is a
left-relatively convex subgroup.

TOME 0 (0), FASCICULE 0
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Equivalently, G is relatively left orderable with respect to a proper sub-
group C'if there exists a positive cone relative to C, that is, a subset P C G
satisfying:

(i) P+ {id},
(i) CPC C P,

(ili) G = CUPU P! where U indicates a disjoint union.

There is a correspondence between relative left orderings as in Defini-
tion 2.1 and nonempty subsets P C G satisfying (i)—(iii) above. The corre-
spondence appears in [1, Lemma 2.1].

We define the space of relative left orderings, denoted LO,¢(G), as fol-
lows. Set

LO(G) ={P |3 C < G, C #G, s.t. P is a positive cone relative to C'},

note that this is a subset of the power set P(G). We equip the power
set P(G) = {0,1}¢ with the product topology arising from the discrete
topology on {0, 1}, and LO, (G) with the subspace topology. The subbasic
open sets are therefore:

Uy ={P € LOy(G) | g € P}, and Uy-1 = {P € LO,a(G) | g~ € P}.

Equipped with the subspace topology, LOyc(G) is not necessarily com-
pact, however LO,q(G) is compact as long as G is finitely generated [1,
Theorem 1.4]. We similarly define the space of left orderings

LO(G) ={P C G| P is a positive cone}
and topologise it again using the subspace topology inherited from P(G) =
{0,1}¢. Note that there is a natural embedding i : LO(G) — LO,q(G),
since every positive cone P C G is a positive cone relative to the subgroup
{id}. Moreover, each of the spaces LO,q(G) and LO(G) comes equipped
with a natural G-action by conjugation, g- P = gPg~! for all g € G, which
one can check is an action by homeomorphisms.

2.2. Dynamic realisations and translation numbers

Given a left-ordered group (G, <), a gap in G is a pair of elements g, h €
G with g < h such that there is no f € G with ¢ < f < h. We will
call an order-preserving embedding ¢ : (G,<) — (R, <) tight if for every
interval (a,b) C R\¢(G) there exists a gap g, h € G with (a,b) C (t(g),t(h)).
Whenever G is countable there exists a tight embedding ¢ : (G, <) = (R, <)
via the usual “midpoint construction”, see e.g. [9, Chapter 2].

ANNALES DE L’INSTITUT FOURIER
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If G is a countable left-ordered group, a dynamic realisation of an or-
dering < with positive cone P is a homomorphism pp : G — Homeo (R)
defined as follows. First, fix a choice of tight embedding ¢, and then define

pp(g)(t(h)) = t(gh) for all g,h € G, extend this action to t(G) by taking
limits, and then affinely to R \ #(G). One can check that all this works
out, and that any two dynamic realisations of the same order (arising from
different choices of tight embedding) are conjugate to one another via a
orientation-preserving homeomorphism R — R.

Given p : G — Homeo, (S1), we can define the translation number of
g € G determined by p as the limit

n
7a(p) = lim. p(gn)(O).

When p = pp for some ordering with positive cone P, we can (provided the
group G satisfies a certain algebraic condition) define this same quantity
algebraically.

Recall that an element g in a left-ordered group (G, <) is cofinal relative
to the ordering < if

G={heG|3keZsuchthat g " <h<g"}.

When z € G is central, positive and cofinal relative to the ordering < of G
with positive cone P, we can define the floor of g € G with respect to < to
be the unique integer [g]p such that

Z9lr < g < Hladett

Then we set o]
. 19"lp
WP =
While these quantities depend on the choice of z € G, we suppress z from

our notation as the positive cofinal element under consideration will be
fixed in our applications that follow.

It is straightforward to work out the following proposition from the defi-
nitions; we use sh(1) to denote the function sh(1)(z) = 2+ 1 for all x € R.

PROPOSITION 2.2. — Suppose that < is a left ordering of G with pos-
itive cone P and that z € G is positive, central and <-cofinal. If pp is a
dynamic realisation of < with pp(z) = sh(1), then 7,(P) = 14(pp).

We can therefore tackle questions about translation numbers algebraically,
using left orderings of G and cofinal, central elements. We observe that con-
jugation invariance of the translation number (a classical result) implies the
following in our algebraic setting.

TOME 0 (0), FASCICULE 0
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PRrOPOSITION 2.3. — Suppose that < is a left ordering of G with pos-
itive cone P and that z € (G is positive, central and <-cofinal. For all
g,h € G, we have 7,(P) = 7,(gPg™1).

Proof. — Let P € LO(G) and g, h € G. For ease of notation, set gPg~! =
Q. For any k € N we have

Z[hk’]p <p Bk <p Z[h"']p+1
which, by definition of @, yields
P <g ghfg™ <q P

and therefore [(ghg™)*]q = [h*]p. It follows that 7,(Q) = Typy-1(Q) =
7h(P), where the equality 7,,(Q) = T45,-1(Q) is precisely the classical fact
that translation number is invariant under conjugation. O

3. Continuity of translation number and its behaviour
with respect to relative orderings

For a left-orderable group G, we say an element z € G is absolutely
cofinal if z is cofinal with respect to every left ordering of G. Our interest in
such elements stems from the fact that A2 € B,,, which is a generator of the
center of B,, for n > 3, is absolutely cofinal [11, Chapter II, Proposition 3.6].

Let G be a left-orderable group with a central, absolutely cofinal ele-
ment z. Observe that LO(G) = U, U U,-: is a disjoint union, where U,
contains precisely the orderings relative to which z is positive. In this sec-
tion we study the map 7, : U, — R, defined by the translation number for
each g € G, and show that it is continuous. We first require a lemma.

LEMMA 3.1. — Let G be a countable left-orderable group with a central,
absolutely cofinal element z. Let P,Q € U, C LO(G) and let m > 0 be an
arbitrary positive integer. If g € G satisfies [g¥]p = [g¥]q for all 1 < k < m,
then for all £ > m we have |[¢']p — [¢%]q| < % + 1

Proof. — Write ¢ = sm+t, where s > 0and 0 <t < m. Set r = [¢"]|p =
[¢"]q, and v = [¢']p = [¢']¢. From the inequalities

2" <p g™ <pzThand 2¥ <p gl <p 2T

we compute
Z'rerv <P gsm+t <P er+s+v+1.

It follows that rs + v < [gﬂ p <78+ s+ v. A similar computation yields
rs+v < [g°]g < s+ s+, so that [[¢°]p — [¢Y]o] < s < £ + 1. O

ANNALES DE L’INSTITUT FOURIER
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ProposITION 3.2. — Let G be a countable left-orderable group with
absolutely cofinal central element z. Given g € G, the map 7, : U, — R is
continuous.

Proof. — Suppose that {Pq}f;il is a sequence of positive cones converg-
ing to P in U,, and fix g € G. We first consider the double limit
lg"] "

Pq_[g P

(q,}cl)nﬁloo k
and show that this limit tends to zero. To this end, let € > 0 and choose m
such that L < £. Observe that we can choose N, so that [¢*]p, = [¢*]p
for all ¢ > N, and 1 < k < m. Here we use that the sequence P, converges
to P in order to ensure that the orders determined by P, and P agree
on the finite set of inequalities that determine [g¥]p, and [¢*]p. Then by
Lemma 3.2, |[¢‘]p, — [¢°]p| < £ +1 for all £ > m and g > N,,. Thus for
£, q > max{m, N,,,} we compute
lg‘]p, — lg]p| - <f+1) L1z
l m L m

This shows that

I
(q,klgoo k k
Now considering the limit

lim 7,(P,) = 7,(P) = lim_lim (W—[Q’“]P>

q—o0 q—00 k—o0
we observe that for each fixed ¢ the limit limg_ o (M) exists
and is equal to 74(P,;) — 74(P). It follows (e.g. [3, Corollary 19.6]) that
limg— 00 74(Py) — 74(P) = 0, proving the claim. O

We remark that some generalisations of this proposition are possible,
though are not required for this manuscript:

Remarks 3.3.

(1) It is possible to extend the map 7, to have LO(G) as its domain.
To do this, we observe that if P does not contain z, i.e. if 271 € P,
then we can set

- [g"]p
7y(P) = = lim S

Continuity of the map 7, : LO(G) — R defined in this way follows

from Proposition 3.2 and the fact that U, UU,-1 is a separation of

LO(G).

TOME 0 (0), FASCICULE 0



10 Idrissa BA, Adam CLAY & Tyrone GHASWALA

(2) For a central element z in a left-orderable group G, we can let
U,={P € LO(G) | z € P and z is cofinal with respect to P}

(note that U, may be empty). The proof of Proposition 3.2 shows
that for g € G, the map 7, : U, — R is continuous.

(3) If the countability assumption on G is removed, LO(G) is no longer
a sequential space [2, Example 4.12]. However, proofs above can be
recast in the language of nets to remove the countability assump-
tion. We will not need this level of generality for the applications
that follow.

For the next lemma, note that if P € LO,¢(G) is a positive cone relative
to the proper subgroup C, then for every @ € LO(C) the set Q U P is
the positive cone of a left ordering of G, that is, @ U P € LO(G). The
corresponding ordering is the standard lexicographic one, constructed as
follows: assume that the proper subgroup C' of G admits a left order <¢
corresponding to the positive cone @), and that the left cosets G/C admit
a total ordering <p with corresponding relative cone P.

We define the total ordering < on G as follows:

910 <p g2C  if g7 'g2 ¢ C,

N <g2<9, - e
{1d<Qg1192 1fgllggec.

We require this construction for the next lemma.

LEMMA 3.4. — Suppose that G is a group admitting an absolutely co-
final, central element z € G. Further suppose that P € LO,q(G) is a
positive cone relative to the proper subgroup C' C GG, that z € P and that
Q1,Q2 € LO(C). Then for all g € G we have 7,(Q1 U P) = 7,(Q2 U P).

Proof. — Set P, = @1 U P, P, = Q2 U P, each with corresponding
orderings <; and <g of G constucted lexicographically from <q,, <@, and
<p as in the preceding paragraphs.

Fix g € G, and suppose that

2™y g <y 2
so that [g]p, = m.
First note that if 2=™g ¢ C and 2™ g ¢ C, then 2™C <p gC <p
2mHLC and so 2™ <; g <; 2™F1 for i = 1,2. It follows that [g]p, = [g]p,-
Next, suppose that z~™g € C. Observe that this implies 2™ 1g ¢ C
e g € Cimplies z = z2mtlg lgz™™ €
—m+1

—m—1

and z g ¢ C, because z~ g, z

g. Therefore from the inequality
m+1

C, a contradiction—similarly for z

2#M <y g <1 #™T, which implies 2™ <1 g <1 2™, we deduce

ANNALES DE L’INSTITUT FOURIER



RIGIDITY OF LOW-GENUS ACTIONS 11

that 2™ 1C <p gC <p 2™HC and so 2™ <3 g <9 2z™FL. Therefore
lglp, € {m —1,m}.

Last, suppose 2~ g € C and observe that this implies 2~™g ¢ C and
27m=2g ¢ C. Proceeding as in the previous paragraph we conclude that
lglp, € {m,m +1}.

We conclude that |[g]p, — [9]p,| < 1 for all g € G, so that for any g € G

Bl 1.k
hm [g }Pl [g }P2 :0’
k—o00 k
so that 7,(Q1 U P) = 7,(P1) = 74(P2) = 74(Q2 U P). O

4. The Dehornoy ordering, isolated points and
accumulation points

In this section we use the algebraic properties of the Dehornoy ordering,
and the closely associated Dubrovina—Dubrovin ordering, to prove our main
theorem. We frequently use, without mention, that A2 € B,, is absolutely
cofinal [11, Chapter II, Proposition 3.6].

4.1. Generalities on ordered sets and group actions

Suppose that (€, <) is a totally ordered set, and that G is a left-ordered
group acting on Q in an order-preserving fashion. For each z € 2, and for
each choice of positive cone P € LO(Stab(z)), one can create a positive
cone Qp, C G according to the rule:

gEQpy = g-x >z orgé€ Stab(z) and g € P.
For each x € (), set
9, = {Qpa | P € LO(Stab(z))},
and for each subset S C €, set

D5 = [ 0.
zes
PROPOSITION 4.1 ([5, Lemmas 3.6 and 3.7]). — Let G be a countable

left-ordered group acting on a totally ordered set (2, <) by order-preserving
bijections. Let = € §2, and suppose that there exists a sequence of points
{z;}2, C Q converging to = in the order topology on Q. Let S C Q. If
{x;}52, C S then O, N D # 0.

TOME 0 (0), FASCICULE 0
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Proof. — First, for each i € N choose a positive cone Q; € 9,,, and
set P; = @; N Stab(z). Then {P;}2, is a sequence of positive cones in
LO(Stab(z)), choose a convergent subsequence {F;;}72; with limit P €
LO(Stab(z)), this is possible since G is countable and therefore LO(Stab(x))
is a compact metric space.(l)

We claim that Qp, € Og since {Q;, }321 converges to Qp., which will
complete the proof. To see this, suppose (., Uy, is an arbitrary basic
open neighbourhood of @Qp, in LO(G). Then for each ¢ = 1,...,n, either
gi-x > x or g; € Stab(z) N P; suppose without loss of generality that
gi-x>zfori=1,... kand that g; € Stab(z) NP fori=k+1,...,n.

Set y = min;—1 . x{g; -z} and ¢y = maxizl,wk{gfl -}, so that (v, y)
is a neighbourhood of x in the order topology on 2. Now choose s,t € N as
follows: Choose s large enough that for all j > s, z;, € (', y), and choose
t large enough that for all j > ¢ we have P;, € (\;_, , Uy, C LO(Stab(x)).
Set N = max{s, t}.

We finish by showing that Q;, € Ni_, Uy, for j > N. First, Qi; €
ﬂle Uy, , which we can verify by considering cases. Fix g; with ¢ € {1,..., k}.

Case 1. — x < x;; <y. Then g; - x;; >y > x;; so that Q;, € Uy,.

Case 2. — y' < x;; < x. Then gi_1 xy; <y <y, sothat x;; < g-wy
and again Q;; € Uy,.

Next, Q;; € ﬂ?:kﬂ Uy, because g; € P, C Q;, forallic {k+1,...,n}
and for all j > ¢. Overall, this yields @Q;, € N, Uy, and completes the
claim. O

4.2. The Dehornoy and Dubrovina—Dubrovin orderings

We recall the definition of the Dehornoy ordering. Given a word w in
the generators o1, ...,0,-1, we call w an i-positive word (resp. i-negative
word) if there exists ¢ € {1,...,n — 1} such that o; occurs in w with only
positive exponents (resp. negative exponents), and there are no occurrences
of U;d with j > i. We call a braid § € B,, an i-positive braid if 3 admits
an i-positive representative word. Set

Pp ={8 € B, | 8 is i-positive for some 1 < i < n—1}.

THEOREM 4.2 ([10]). — The set Pp is the positive cone of a left ordering
of B,,.

1 Countability is necessary here to ensure that LO(G) is sequentially compact, which
does not hold in general.
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RIGIDITY OF LOW-GENUS ACTIONS 13

As a consequence,
Pyt ={B € B, | B is i-negative for some 1 <i < n —1}.

Note that this definition is slightly different than the typical definition of
the Dehornoy ordering, where one would ask that there are no occurrences
of U;tl with j <4 [11]. Our reason for doing this is as follows. Recall that
for m,n € N and m < n, there is an embedding i : B,, — B, given by
i(aj) =o; for all 1 < j < m — 1. For ease of notation, we will write B,,, in
place of i(B,,).

ProposITION 4.3 ([11, Chapter II, Proposition 3.16]). — Given n,m >

1 with m < n, the subgroup B,, is convex relative to the Dehornoy ordering
of B,,.

Proof. — Let <p be the ordering corresponding to Pp. Without loss of
generality assume that id <p a <p B for some a € B, and § € B,,.
Hence « is i-positive and f is j-positive for some i € {1,...,n — 1} and
je{l,...,m—1}

Assume i > m — 1, we will arrive at a contradiction. Let w be an -
positive representative word for a, and v a j-positive representative word
for 3. Then w™'v is a representative word for a—'3, which is i-negative
since it contains only occurrences of o, ! while containing no occurrences
of o, for k > i. But then o138 € PD_l, a contradiction to a <p f. O

For ease of exposition, we single out a particular subset of the positive
cone of the Dehornoy ordering. We set
Pxl={B e B, | Bis (n—1)-positive} C B,,

note that the definition of Pffl depends on the index n, so we will always
take care to specify the index when we are working with this subset.

PROPOSITION 4.4. — The subset P5! C B,, and its inverse (P5')~! are
positive cones relative to B, _1.

Proof. — We verify the three conditions in the definition of a relative
positive cone.

(i). — Since 0,1 € PX! we know P5! # {id}.

(ii). — Let o, 8 € B,—1 and v € P! Then « is (n — 1)-positive and
«, B are represented by words which contain no occurrences of o,,_1, which
implies that g is also (n — 1)-positive.

(iii). — Since Pp is the positive cone of a left ordering and P! C Pp,

we conclude that P5! and (P5!)~! are disjoint. Neither contains elements
of B,—1 C B,, by definition. This shows that B,_; U P5! U (P5h)~! is
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a disjoint union; that it is equal to B, follows from the fact that every
element of B, is i-positive for some i € {1,...,n — 1}, and those that are
i-positive for ¢ € {1,...,n — 2} are the elements of B,,_;. O

In preparation for the next lemma, we introduce another canonical or-
dering of B,,, known as the Dubrovina—Dubrovin ordering. We define its
positive cone, denoted Pp5p C B, inductively.

For By = (01) & Z, set P2, = {0} | k > 1}. Now, assuming that we
have defined P}i;' C B,,_1, define PB, according to the rule:

Py = Pppt U (PEHCY,

where Plr)el C B,,. Note that this defines a positive cone by Proposition 4.4.
This positive cone is of interest as it is an isolated point in LO(B,,), specif-
ically:

THEOREM 4.5 ([12]). — If Q C B, is a positive cone containing the
braids
o1, (0'10'2)_1, (010203),..., (07 ... 0,”_1)(—1)”

then Q = Ppp.

We remark that this definition of the positive cone differs from that
n [12]. In the original source, the positive cone Pp, is defined to be the
subsemigroup of B,, generated by

(0'10'2 R O'n_l), (0'10'2 S O’n_g)il, ceey (0'”_1)(71)”',

We have altered the definition here for ease of exposition, so that the convex
subgroups agree with those arising from our definition of Pp. One can see
that our definition of P}, is equivalent to that of [12] by noting that our
Ppp is the image of Dubrovina and Dubrovin’s positive cone under the
automorphism ¢ : B,, — B,, given by ¢(0;) = (0,_;)"V".

LEMMA 4.6. — Suppose that Q C B, is a positive cone relative to B, _1.
Then Q € {Pg, (P)) ).

Proof. — Let Q C B,, be a positive cone relative to B,,_1. Note that
0102 ...0,-1 & Bn_1, and so since B,, = B,_1 UQ U Q ™!, we can choose
e € {£1} so that (c102. con_1) D" € Q. Then Q' = sz,l U Q€ is the
positive cone of a left ordering, and by our choice of €, Q' contains

o1, (0’10’2)71, (0’10’20’3), RN (0'1 L. 0_”_1)(,1)”.
This implies that Q" = P}3, by Theorem 4.5. In particular, this means that

QR = Ql N (Bn \ Bn—l) = PSD n (Bn \Bn—l) = (Pgl)(_l)n- U
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RIGIDITY OF LOW-GENUS ACTIONS 15

COROLLARY 4.7. — Suppose that C is a relatively convex subgroup
satisfying B, 1 CC C B,,. Then C = B,,_1 or C = B,,.

Proof. — Assume that B,,_; € C C B,,, with both containments proper.
Choose a positive cone P € LO(B,,) such that C is convex relative to
the induced ordering <p. Set @ = P N (B, \ C), so that @ is a posi-
tive cone relative to C. Since B,_1 C C and C # B,, we know that
(0109...0,_1)D" € QU Q™. Suppose (0102...0,_1)D" € Q, the
case of Q~! being similar.

Next, set R = P}, N(C\ By,—1), which is a positive cone in C relative to
B,,_1, as is R~!. Now we observe that PR ' URUQ and Ppy' URTTUQ
are distinct positive cones in B,,, each containing the elements

o1, (0'10'2)_1, (0'10'20’3), ceey (0’1 . ..Un_l)(_l)n

by construction. This violates Theorem 4.5, and so is a contradiction. [

Note that the embeddings B,, C B, for m < n also allow us to think
of A% as an element of B, for all m < n. We can apply the previous
Corollary to analyse actions of B, by order-preserving automorphisms of
an arbitrary totally-ordered set.

PROPOSITION 4.8. — Suppose that B,, acts nontrivially (i.e. without
global fixed points) on a totally ordered set (€),<) by order-preserving
bijections. If A2_, € Stab(zg) for some xq € ), then Stab(xg) = B,,_1.

Proof. — Assuming A2 _; € Stab(zg) for some zg € €, equip B,, with a
left ordering < relative to which Stab(zg) is convex as follows. Choose @ €
LO(Stab(xg)), without loss of generality we may assume that A2_; € Q,
then declare id < § if and only if 8- x¢ > z¢ or § € Stab(xz) and 8 € Q.

Now observe that if a € B,,_;\Stab(zg) and id < a, thenid < A2* | <«
for all k > 0 since A2_, is contained in the <-convex subgroup Stab(zg),
while « is not. This contradicts the fact that AZ_, is cofinal in every left
ordering of B,,_1, so we conclude B,,_; C Stab(zo).

Thus B,,—1 C Stab(zg) C B,. Since we are assuming the second contain-
ment is proper (the action is without global fixed points), Corollary 4.7
implies B,,_1 = Stab(xg). O

THEOREM 4.9. — Suppose that P € LO(B,,) and A%_, is not cofinal
in the left ordering of B,, determined by P. Then:

(1) If A2 € P, then there exists Q € LO(B,,_1) such that

PE'UQ € {BPB~T| B € B,}.
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(2) If A2 € P~ then there exists Q € LO(B,,_1) such that
(P5)™'UQe{BPBT[f € Bu}.

Proof. — We show (1). Let < denote the left ordering determined by P

relative to which A2,

the totally ordered set

is not cofinal, and note that A2 is positive. Consider

S={TCB,|feT and a < § implies a € T'}.

This set is totally ordered by inclusion, and one can verify that left-multi-
plication by elements of B,, defines an action of B,, on S by order-preserving
bijections.

Consider the element sg € S defined by

so=1{B € B, | B < A% for some k € Z}.

Without loss of generality we assume that id < A2 _,, and define a sequence

{si}2, C Sbys;={B€ B, |B<A% }fori>1(ifid > A2_,, define an
analogous sequence using negative powers). We show that {s;}5°; converges
to sg in the order topology on S.

To see this, let (tp,¢1) be an open interval containing so. Then the con-
tainment ¢y C sp is proper, so there exists 8 € sg \ to. Since 8 € s there
exists N > 0 such that 3 < A2¥ | for all kK > N, so that 8 € sj,. Since every
element in ¢ is less than 3, this shows ty C s, C s¢ and so s € (tg,t1) for
all k > N.

Now we are in a position to apply Proposition 4.1. For each § € B,
define the set tg = {a € B, | a < B}, and set T = {tg | B € B,} C S and
note {s;}52; C T C S. The stabiliser of each tg € S under the B,-action
is trivial, and Oy, = {BPB~1} for each B € B,. Thus Oy = {BPB~1| B €
B, } and by Proposition 4.1, O, N{BPS~1 | B € B,} # 0.

It remains to show that every element of O, is of the form P5! U Q
where Q) € LO(B,,_1). Every element of O, is of the form P U Q where
P is a positive cone in B, relative to Stab(sg), and @ € LO(Stab(so)).
By Proposition 4.8 we have Stab(sg) = B,—1, so @ € LO(B,,—1). Now by
Lemma 4.6, P € { P!, (P5!)~1}. Since we have assumed A2 € P, we also
have A2 € BPB~! for all B € B,, and thus A2 is contained in every limit
point of {BPB~ | B € B,}. It follows that P = P!, finishing the proof.

The case where A2 € P~ is nearly identical in its proof. O

The next theorem shows that whether or not A2_; is cofinal in an or-
dering completely determines the translation numbers of 8 € B, relative

to that ordering.
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THEOREM 4.10. — Suppose that P € LO(B,,) and A2 € P, and that
A2 | is not cofinal in the left ordering of B, determined by P. Then
Tﬁ(P) = Tﬁ(PD) for all ﬁ € B,.

Proof. — By Theorem 4.9, there exists @ € LO(B,,—1) such that

P5'UQ € {aPa~1]a < B,}.

Fix 8 € B,. By Lemma 2.3, 75 is constant on {aPa~! | a € B, }, and by
Lemma 3.2, it is therefore constant on {aPa~! | « € B, }. In particular, we
conclude that 75(P) = 75(P5'UQ). By Lemma 3.4, 75(P5'UQ) = 75(Pp),
which concludes the proof. O

From this, we arrive at the following corollary, which we can think of
as meaning that A2 | serves as a “test element” for computations of the
translation numbers defined by a given left ordering of B,,.

COROLLARY 4.11. — Suppose that P € LO(B,,) and A2 € P. Then
78(P) = 73(Pp) for all B € By, if and only if a2 (P) =7a2_ (Pp) =0.

Proof. — Observe that if Taz_ (P) =72 (Pp), then 7o2 (P) =0 as
A2,
subgroup Bj,_1).

On the other hand, if 72 (P) = 0 then we suppose that A2™, > A2
for some m > 0 and arrive at a contradiction (the case of m < 0 being
identical). For in this case, AZ*™ > AZ* for all k > 0, so that [AZ¥7%]p > k.
We compute

is bounded in the Dehornoy ordering (it is contained in the convex

oA 1
maz, (P) = lim el 2 i =

this contradiction shows A2, must be bounded above by AZ. Now apply
Theorem 4.10. 0

4.3. Many orderings sharing the same translation numbers

At this point, it is a natural question to ask how many left orderings of
B,, satisfy the condition that A2_; is bounded. We answer this question
with the following proposition:

PROPOSITION 4.12. — There are uncountably many left orderings of
B,, relative to which A2 _, is bounded.

n—1
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Proof. — Consider the subgroup H = (A2_; A2), which is isomorphic
to Z @ Z, and the restriction map r : LO(B,) — LO(H) given by r(P) =
P N H. This map is clearly continuous.

Considering the short exact sequence
0— (A2 ) — H — (A2) — 0,

we let S C LO(H) denote the set consisting of the four lexicographic or-
derings arising from this short exact sequence. Observe that P € LO(B,,)
corresponds to an ordering where A2_; is bounded if and only if r(P) € S.

Next, observe that BPpB~! € r=1(S) for all 3 € B,. Moreover, the
Dehornoy ordering is an accumulation point of its own conjugates [11,
Chapter XIV, Proposition 2.3]. Therefore the set {3PpS~1 |3 € B,} is a
closed (hence compact) subset of r~1(S) which contains no isolated points.

Thus it is uncountable, meaning 7~1(.9) is uncountable. O

5. Fractional Dehn twist coefficients of low-genus surfaces

Let EZm denote a surface of genus g with n marked points and b boundary
components. Given a curve o € ng we use Ty, € Mod(Egﬂl) to denote the
class of a Dehn twist about «a; given a boundary component d we use Ty
to denote the class of a Dehn twist about a curve parallel to the boundary
component d.

Now, if Egm is a hyperbolic surface with boundary (i.e. b > 0, and g > 0
or n > 1), then we can construct a particular action of Mod(sz) on R
as below, and use it to define the fractional Dehn twist coefficient of an
clement h € Mod(X? ).

Let p : EZ n = ZZ » denote the universal cover, and fix an isometric

embedding ig,n C H2. Choose zg € 822),1 and let d denote the component
of the boundary containing x. Fix a choice of lift zg € d C 9%P . so that

e - g,n’
for each h € Mod(Zg’n) there is a unique lift of h : Zg’n — Eg’n satisfying
h(Z) = o, so that h also fixes d. Thus we have an action of Mod(%} ,,) on

ig’n fixing 67, which extends to an action on (Q)ig’n by orientation-preserving
homeomorphisms.

Let ¢ C H2 denote the closure of d, and identify 8iz’n \ ¢ with the
interval (0, 7), and thus with R, by identifying each point y on the boundary
with the unique geodesic from 7 to y. Now the action on the boundary
of Mod(ZZm) yields an orientation-preserving action on R. We orient the
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boundary and parameterise it so that the action of the boundary Dehn
twist T, satisfies Ty(z) = « + 1 for all x € R. This gives

ps,a : Mod(2? ) — Homeo, (S")

which we call the standard representation with respect to d, or the Nielsen—
Thurston action on R with respect to d. The fractional Dehn twist coeffi-
cient of h € Mod(X? ) can be defined as

g,mn
C(h, d) = Th (ps,d)'

That this is equivalent to the usual definition of the fractional Dehn twist
coefficient can be found in [16, Theorem 4.16], and for the special case of
the braid groups (which is our case of interest) the result appears in [17].
When there is a single boundary component (as in our case of interest), we
do not need to keep track of the component d used in this construction, so
we simply use the notation p, and c(h).

THEOREM 5.1. — Suppose that p : Mod(%g,,) — Homeoy (R) is an
injective homomorphism such that the induced action of Mod(E(l),n) on R
is without global fixed points, and let d denote a simple closed curve parallel
to the boundary component of X ,,. If there exists a simple closed curve
o C X}, such that:

(1) g, \{a} =%5,_, UG, and

(2) p(Ty,) has a fixed point in R,
then p is conjugate by a (possibly orientation-reversing) homeomorphism
of R to a representation p' : Mod(X} ,,) — Homeo (S) such that:

(1) p/(Ty)(xz) =2+ 1 for all z € R, and

(2) c(h) = mi(p') for all h € Mod(%5,,).

Proof. — Let ¢ : B, — Mod(X},,) denote the standard isomorphism.
First note that as p provides an action without global fixed points, the
element p(¢(A2)) = p(T,;) must act without fixed points. Thus, by using
an orientation-reversing homeomorphism if necessary, we may conjugate p
to produce p’ with image in Homeo, (S').

Note also that ¢(A,_1) is represented by a Dehn twist about a curve
7 such that 3§, \ {7} = X§,,_; U X3 ;. Moreover, if o is any other curve
such that 3 ,, \ {a} = 5§, UX§ |, then there exists a homeomorphism
of 3§, carrying + to « [13, Section 1.3]. Thus p/(¢(An,—1)) is conjugate to
an element having a fixed point, so itself has a fixed point.

Now fix an enumeration {rg,r1,...} of the rationals, and define a pos-
itive cone P C B,, in the usual way: 8 € B, satisfies § € P if and only
if p'(¢(B))(r;) > r;, where i is the smallest index such that p’(¢(5))(r;) #
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r;. One can verify that 73(P) = 75(p’ o ¢) for all § € B, and that
73(A%_,)(P) = 0. By Corollary 4.11 this implies that 75(P) = 73(Pp)

for all g € B, which by [17, Theorem 7.5] implies that 73(P) = ¢(¢(8)),
completing the proof. O

We can also offer a restatement of this theorem in terms of left orderings
of B, & Mod(Eém), which appears as Theorem 1.2 in the introduction.

Proof of Theorem 1.2. — Let pp denote the dynamic realisation of the
given ordering. The restriction 7; > id guarantees that pp is conjugate
via an orientation-preserving homeomorphism of R to a representation p’
with image in Homeo, (S1). Therefore 7,(P) = 74,(p') = c(h) for all h €
Mod(%,,) by Theorem 5.1 . O

~

We arrive at similar results for the surface Eio. Recall that Mod(EiO) =
B3, where the square of generator of the centre A} is carried to the Dehn
twist Ty about the boundary curve d, and each generator is carried to
a Dehn twist about a non-separating simple closed curve (e.g. see [20]).
Therefore we conclude:

THEOREM 5.2. — Suppose that p : Mod(X{,) — Homeo, (R) is an
injective homomorphism such that the induced action of Mod(ZiO) on R
is without global fixed points, and let d denote a simple closed curve parallel
to the boundary component of 2%70~ Let o be a non-separating simple closed
curve on X o. If 71, (p) = 0 then p is conjugate by a (possibly orientation-
reversing) homeomorphism of R to a representation p' : Mod(X] ) —
Homeo, (S1) such that:

(1) ' (Ty)(xz) =x+1 for all z € R, and
(2) c(h) = Th(p') for all h € Mod (X1 g).

Proof. — We need only observe that when n = 3, A2 | = 02, and that
if a,y are nonseparating curves in E%’O then there exists a homeomorphism
of 1 , carrying one to the other [13, Section 1.3.1]. Now proceed as in the
proofl of Theorem 5.1. O

In analogy with Theorem 1.2, if so inclined, one can restate Theorem 5.2
purely in terms of left orderings of the mapping class group Mod(EiO).

6. Mapping class groups of low-genus surfaces acting on
the circle

We use the results of the previous section to control the action of low-
genus mapping class groups on S!. First, we require a brief background on
circular orderings, their relationship with left orderings, and cohomology.
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6.1. Circular orderings and cohomology

Given a group G, recall that an inhomogeneous 2-cocyle f : G? — {0,1}
is a function satisfying f(id,g) = f(g,id) = 0 for all g € G and f(h, k) —
f(gh, k) + f(g,hk) — f(g,h) =0 for all g,h,k € G. A circular ordering of
G is an inhomogeneous 2-cocycle that also satisfies f(g,h) € {0,1} for all
g,h € Gand f(g,g7!) =1 forall g € G\ {id}.

Given a group G with a circular ordering f, we can construct a left-
ordered central extension G ¢ of G as follows. Take the set Z x G, and
equip it with a multiplication according to the rule (n,g)(m,h) = (n+m+
f(g,h),gh). One can check that Pr = {(n,g) | n > 0} \ {(0,id)} defines a
positive cone in G ¢, so that G ¢ is left ordered. There is a central extension

0—Z-5G LG —1

where ((n) = (n,id) and ¢(n, g) = g. The element (1,id) is positive cofinal
and central, and the floor of (n,g) € C~¥f is given by [(n,g)] = n.

This construction is nothing more than a special instance of the usual
correspondence between elements of H?(G;7Z) and equivalence classes of
central extensions 0 — Z - H -5 G — 1. Recall that two central exten-
sions

0—2Z-%H G—1 and 0—Z-2%H, 2 G—1

are equivalent whenever there exists a homomorphism ¢ : H; — Hs such
that ¢v1 = 12 and pa2¢ = p1, which in fact makes ¢ into an isomorphism.

With these lifts in hand, we can also define the rotation number of an
element g € G relative to a circular ordering f of G. It is

roty(f) = 74(Pf) mod Z,

where g € G ¢ is any element satisfying ¢(g) = g. It is straightforward to
check that this definition is independent of our choice of lift g, and that for
all k € Z, rot gr (f) = k(roty(f)).

Since a circular ordering on a group G takes values in {0, 1}, it is bounded.
Thus it defines an element [f] in bounded cohomology HZ(G;Z). We say

two circular orderings fi, fo on G are semiconjugate if [fi] = [f2] €
HE(G;Z).
Remark 6.1. — Given a circular ordering f on a countable group G, one

can define a dynamic realisation py : G — S'. There is a dynamical notion
of two actions of G on S! being semiconjugate. The two uses of the word
semiconjugacy are compatible. More precisely, fi; and f; are semiconjugate
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circular orderings on a group G if and only if p¢, and py, are semiconjugate
(see [8] for an exposition of this well-known fact).

The next result gives a characterisation of semiconjugate circular order-
ings on a group G in terms of translation numbers of their left-ordered
central extension. The result is well-known from a dynamical perspective
(see e.g. [6] for an expository discussion in terms of bounded Euler classes
and translation number, or [14]).

PROPOSITION 6.2. — Let f; and fs be circular orderings on a group G.
Let Py, and Py, be the positive cones of the left-ordered central extensions
éfl and C~¥f2. Then [f1] = [f2] € HZ(G;Z) if and only if there exists
an equivalence of central extensions 0 : G no— G ¢, satisfying 745(Py,) =
Tg(g)(PfQ) for all g € Gy,.

Proof. — Throughout this proof we will write P; in place of Py, and éz
in place of G , in order to simplify notation.

Suppose fi(g,h) — f2(g,h) = d(g) + d(h) — d(gh) for some bounded
function d : G — Z (so [fi] = [f2] € HZ(G;Z)). Then 0 : Gy — G
given by 0(n,g) = (n+d(g), g) is an equivalence of central extensions. Let
(n,g) € Gy. For k € Zsg, let (n,g)* = (mg, g*). Then

Tﬁ(n,g)(PQ) - T(n,g)(Pl) = klggo %([9(71, g)k]Pz - [(nhg)k]Pl)

= Jim %q(mk +d(g"), gy — [ 6",

I
5
-1
3
o
_|_
U
)
=
|
3
z

I
g

since d is bounded. Therefore 7y, ) (P2) = T(n,g)(P1)-

Conversely, suppose 6 : C:‘l — CNJQ is an equivalence of central extensions
satisfying 7(,,,)(P1) = To(g,n)(P2) for all (n,g) € G1. Then 6 takes the
form 6(n,g) = (n + d(g),g) for a function d : G — Z satisfying fi(g,h) —
f2(g,h) = d(g) + d(h) — d(gh) for all g,h € G. We will show d is bounded,
and in particular, that —1 < d(g) < 1 for all g € G.

Let (n,g) € G and k € Zwg. Then

k—1
(n,g)* = (kn +Y_ filg'9), g’“)
i=1
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and
k—1
0((n,g))* = (kn+ kd(g) + Zfz(gz}g),gk) :

The assumption 7, ¢y(P1) = Tg(n,qg)(P2) implies

k—1 _
) - hm n - <kn+kd( )+ ;f2(9179)>
= lim ( +Z fi(d'9) fz(gi,g))>

k—
— —d(g) + lim %Zm( 9) ~ folg',9)).

[en)

I
?rb—‘
5E
el

VS

ol

]

+
:ﬁ

Since f1(g%,9), f2(¢*, g) € {0,1}, we have

k—1
—(k=1) <) (filg' 9) — fo(g'9) <k —1
=1
S0
=
-1< lim = i) — i < 1.
1< lim ;(ﬁ(g ,9) = fag',9)) <1
Therefore —1 < d(g) < 1 for all g € G, as desired. O

6.2. Quotients of the braid group, circular orderings and lifts

For n > 2 set §,, = o0109---0,—1. Recall that the Garside element
A,, whose square generates the centre of B,,, can be expressed as A, =
8,0p—1 -+ - 62. Moreover, we have 07 = A2 [11, Lemma 4.4]. The following
lemmas allow us to bound the translation number of A,,_1 € B,,.

LEMMA 6.3. — Suppose that n > 3 is an integer. Then the following
hold for all k € 7Z:
(1) AZEFDAZE = A~2 (A,6,A716,)F, and
(2) AN = A2 (071 And T A,
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Proof.
To show (1). — We first compute
AgzlAi = AELA;EI
= (0 - 02) (6 -+ 02) (65 - 8, 2) (051 -+ 6,2 y)
= (O - 02)0n (05 -0, )
= An(SnA;lén.
Now we observe that
APEFDAZE = AZZ (AT A2 )
= Agzl(AiAgzl)k
= A2 (AL0,A16,)".
To show (2). — We begin with
A%—lAi = AiAi—l
= 52(57171 A 52)(57171 .. 52)
= 62‘1An((5n_1 -+ 09)
= 6;1An5:§(6n_1 -+ 09)
= 5;1An5271An‘
Now we write
Ai(—kfl)Aik = Ai—l(Aiin)k
= A7 (AZA7 )

n—1
= A2 (671N TIA )R O

PROPOSITION 6.4. — If (G, <) is a countable left-orderable group and
x,y € G are positive and <-cofinal, then the product xy is positive and
<-cofinal.

Proof. — Suppose that P is the positive cone of <, and note that g € G is
<-cofinal if and only if pp(g) is without fixed points. Therefore if z,y € G
are positive and <-cofinal then pp(z)(a) > a and pp(y)(a) > a for any
a € R. Thus

pp(zy)(a) = pp(z)(pp(y)(a)) > pp(y)(a) > a

for all a € R. Therefore zy is <-cofinal. O
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PROPOSITION 6.5. — If < is a left ordering of B,, n > 3 such that

A2 > 1, then there exist positive integers k,¢ such that AQ(kH) < A%k

and A;?% < A2(£+1 .
Proof. — By Lemma 6.3(1), we have that
A_Q(l’rn-‘rl)A?lm = Agzl(AnénAglén)m

e
for all integers m. So to show that there exists a positive k& such that
A;E(lkH)Aff > id, it suffices to show that the product A,d,A, 14, is
positive and cofinal, for then there exists an integer k£ > 0 such that
A2 (AL, A 1,)F is positive.

Note that (AnénAnl)" = A2 and 0" = A2. Since A? is positive and co-
final, both A6, A, ! and §,, are positive and cofinal. Therefore, their prod-
uct (An6,A; 16, is positive and cofinal by Proposition 6.4. This proves
the existence of the required k.

Now by Lemma 6.3(2), we have

ANUAY = A (8, Ay A
for all integers m. As above, in order to show the existence of the required
¢ > 0 it suffices to prove that §,, 1A, 07~ A,, is positive and cofinal. Recall
that n > 3, so by writing 6, 'A,0" 1A, = (5,1A,0)072A,,, we can
observe that d,1A,6" 1A, is a product of the positive, cofinal elements
0 1ALS, 672 and A, so is itself positive and cofinal as well. O

COROLLARY 6.6. — Suppose that P € B,, is the positive cone of a left
ordering with A2 € P. Then —1 < 7a,_,(P) < 1.

Proof. — By Proposition 6.5 we can choose k > 0 such that A kﬂ)

A2k But then Ainf(lkﬂ) p AZmF for all m > 0, and so [AQm(kH)] < mk.

Thus
[ A2Zm(k+D) Ip i

n—1

Similarly by using Proposition 6.5 to choose £ > 0 such that A 2¢ < A
we can show that 72 (P) > —1. D

l+1

PROPOSITION 6.7. — Set G,, = B,,/(A2) and let f be an arbitrary

circular ordering of G,,. Then the central extension (G,) is isomorphic to
B,.

Proof. — The braid group B,, has presentation

0i0; =0;0; ifli—j]>1
Bn: O1y--+,0n—-1

0050, = 00,05 if|i—jl=1
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and upon setting a = d,, = 01...0,_1 and b = §,01, noting that §,0; =
0i+10p for 1 <7 < n — 2, we arrive at the presentation

B, = <a,b | a” ="t ba" tha = a'baT b for 2 < i < n/2>
Therefore our group G,, has the presentation

G, = <a, b ’ a” =b""t =id,ba’ " 'ba" = a*ba" b for 2 < i < n/2> .

Now let f be an arbitrary circular ordering of G,,, and recall that (@:) f
is constructed as Z x G, with multiplication (n,g)(m,h) = (n +m +
f(g,h),gh), and that there is a short exact sequence

O—>Zi>@fi>Gn—>1.

We will denote the generator of the kernel of ¢ by ¢, so that i(t) = (1,id),
and recall that the quotient map acts by ¢(n, g) = g.

Recall from [7, Definition 2.9] that one may choose a minimal generator
of any circularly ordered cyclic group. In this setting, this means we may
choose i € {1,...,n —2} and j € {1,...,n — 3} such that o’ and ¥
are generators of (a) and (b) respectively, satisfying f(a’,a*") = 0 for all
k=1,...,n—1and f(t/,b™)=0form=1,...,n— 2.

——

A presentation for (Gn), is given by

<x,y,t

where u, v, k; € Z are integers that are chosen so that (0,a%)” = (u,id) and
(0,/)" = (v,id) and

(0,6)(0,a")1(0,07)(0,a") ™" = (0,a")*(0,67)(0,a") " ~1(0, ) (k;, id)

i—1

t central, z" = t*,y" "1 =7,
yr'lyz =t = alyr Tyt for 2 < i < n/2 ’

for 2 <4 < n/2 [15, Proposition 2.5]. First we observe that by our choice
of 7, j, we can compute the n-fold product:

n—1

(0,a%)---(0,a%) = (Z f(ai,aki),a"i> = (1,id).
k=1

Here, the equality 37— f(a’,a*) = 1 follows from the fact that our choice

of i yields f(a’,a*") =0 for 1 < k < n — 2 since a’ is a minimal generator

of Z/nZ, and f(a*,a™ V%) = 1. Thus u = 1. We similarly compute that

v = 1. So eliminating the variable ¢ from our presentation for (G/\n/) o we

arrive at

n—1 7

<x, y ‘ 2" ="yt lyr Tt = alya T T lya™ for 2 < i < n/2> .
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We conclude the proof by showing that the group defined by this presen-
tation is not left orderable /u\n/less k; = 0 for all 3.

Given a left ordering of (G,);, we can assume that z > id and therefore
y > id as well. Mgze/over, both of these generators are positive and cofinal
since the group (G,,) g is generated by roots of the central element z" =
y™ 1, and therefore by Proposition 6.4 every element in the semigroup
sg(z,y) is positive and cofinal as well. In particular, for all w € sg(z,y)
and for all g € (/G\n/) o We have gwg~—! > id (though perhaps this conjugate
is no longer cofinal). We use these facts below.

First suppose that k; > 0 for some ¢ with 2 < ¢ < n/2. Then considering
the relator yz'~lyz—" = 2lyax ' Lyx™  we right-multiply by y~tz = T1y~1
to arrive at

i~ Lyz iy~ lg ity = gy iy~ gk
here we have used that z' is central. Now the left hand side is a conjugate
of the negative element % and is thus negative. On the other hand, using
centrality of 2™ the right hand side becomes z'yx™" 2"y ~1. Recalling that
i < n/2, the quantity xm*i—2i
k; > 0. But then z'yz™*~2y~1 is positive, a contradiction.

Next suppose that k; < 0 some ¢ with 2 < ¢ < n/2. Again, we begin with

yr'lyr~" = xlyz~ " lya™¥ and rearrange the expression to arrive at

is either positive or the identity whenever

xfnk 7zy71x1 Zyl‘l 1yI72 _ yxilily.

Observe that the left hand side can be written as

—nki—Qz( i, —1, 1—1 i—1

T oy e Tyt Ty

and since n > 2, k; < 0 and ¢ < n/2, —nk; — 2i > 0. Therefore this
is a product of conjugates of cofinal, positive elements, and thus, every
conjugate of the left hand side is positive. Consequently, every conjugate
of the right hand side, which is yz =%y, must also be positive.

This implies that = 1y2, y~ 2z~ 1y4, ... 20217 1y2(=1) are all
positive elements. Therefore their product

a2 L2y 2n=2) i1 2(n=)

_ x(nfl)(fifl)yﬂnfl) _ m(nfl)(7i71)+2n

is also positive. However, (n —1)(—i—1)+2n = (2—i)n+ (i —n) + 1, and

2—i<0and i—n <n/2—n <1, so overall this quantity is negative. But
then x(” D(=i=D+2n 4id is a contradiction, completing the proof. O
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6.3. Semiconjugacy of mapping class group actions on the circle

We wish to apply the rigidity result of Theorem 4.10 to mapping class
groups of marked spheres and once-marked surfaces of genus one.

Let X ,, be a disk with 7 marked points. Recall that there is an isomor-
phism ¢ : B, — Mod(%j,,), such that if d is a curve isotopic to 9%,
then ¢(A2) = Ty. Here T, denotes the Dehn twist about d.

There is an inclusion € : ¥ ,, <+ ¥ n41, where the complement of €(j ,,)
is a once-marked open disk. Let * denote the marked point in ¥g 5,41 that is
in the complement of €(%f ,,). Let G,, € Mod(Xo,,+1) be the stabiliser of .

By extending homeomorphisms of E(Z(I)m) to Yo .nt1 by the identity, we
get the so-called capping homomorphism C : Mod(E(l)yn) — Gy. The cap-
ping homomorphism gives rise to the central extension

0—Z -5 Mod(},,) - G, — 1

where «(1) = T, [13, Section 3.6.2].

Since there exists a left ordering < on Mod(X§ ,,) so that Ty is <-cofinal,
G, is circularly orderable (in fact, as observed earlier, Ty is <-cofinal for
every left ordering < of Mod(%4 ,,)).

For the next theorem, we first recall a well-known fact about circular
orderings on a group G—namely that they come in pairs. Let f : G? — Z
be a circular ordering on G. Define the opposite ordering f°P : G* — Z by

jor(g.ny = J L F@h) i g7 id b id, and gh # id,
o f(g,h) otherwise.

It can be checked that f°P is indeed a circular ordering on G. Furthermore,
if we let d : G — Z be the function d(id) = 0 and d(g) = 1 if g # id, we
have
f(g.h) + f°P(g,h) = d(g) + d(h) — d(gh)

for all g,h € G. Since d is bounded, we have [f] = —[f°P] € HZ(G;Z), and
therefore in H?(G;Z). Intuitively, we can think of f°P as being obtained
from f by reversing the orientation of the circle. The next theorem is a
restatement, using the notation developed in this section, of Theorem 1.3.

THEOREM 6.8. — Let a be a simple closed curve on X 1 that sur-
rounds n — 1 marked points, none of which are x. Let fi; and fs be circular
orderings on G,, satisfying rotr, (f1) = rotr, (f2) = 0. Then [f1] = £[f2] €
H (G; 7).

Proof. — Consider the central extensions

0—7Z-5 A 25G,—1 and 0—7Z-2 A, 2 G, —1
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corresponding to [f1], [f2] € H?(G;Z) respectively. Let j € {1,2}. Recall
from the proof of Proposition 6.5 G, and A; admit group presentations

G, = <a, b | a” =b""t =id, ba' " tba" = a’ba" b for 2 < i < n/2>
Aj = (zj,y; |9:§‘ = y;’_lvijé-_lijj_i = zéij;i‘lyj for 2 <i<n/2)

respectively, with p;(z;) = a, p;(y;) = b, and ¢;(1) = z}. Let 0; : B,, — A;
be the isomorphism given by 6;(o1 ---0,—1) = x; and 0;(o1 - 0p—101) =
y; as per Proposition 6.7. Then p16; = p20> : B, — G, is the cap-
ping homomorphism. By replacing f; by f;¥ if necessary, we may as-
sume 0;(A%) = 27 = 1;(1). With this assumption, it suffices to show
1] = [fa] € H2(Goi 7).

Let @; be the positive cone of the left ordering on A; coming from the
lifting construction of Section 6.1, applied to the circular ordering f; on G,.
Then ¢;(1) = z} € Qj is the corresponding positive cofinal central element.
Consider the positive cone P; = {g € B; : 0;(g) € Q;}. Then A% € P;.
Note that since 0;(A2) = 1;(1), 74(P;) = 79,(¢)(Q;) for all g € By,.

Consider now the element A2, € B,. As an element of Mod(Xj,,),
A2 | is a Dehn twist about a simple closed curve surrounding n — 1 marked
points. Since p;0; is the capping homomorphism, p;0;(AZ_,) = T} for some
simple closed curve 3 surrounding n — 1 marked points in ¢ ,,41. Observe
that none of the n—1 marked points are in the complement of e(Eéyn), where
€: E(l),n — Xo,n+1 is the inclusion. Therefore, by the change of coordinates
principle [13, Section 1.3], T3 and T, are conjugate in G,,. Since rotation
number is a conjugacy invariant, we have rotr, (f;) = rotr, (f;) = 0. So
we have Ta2  (Pj) = 7p,(a2_)(Q;) € Z, which implies 752 (F;) = 0 by
Corollary 6.6. By Corollary 4.11 we can conclude 74(P;) = 74(P) for all
g € By,.

Finally, from the definition of 6;, we have 020; L. A; — A, satisfies
Hgﬁflbl = 15 and pg@g@fl = p1. Therefore 929{1 is an isomorphism realising
the equivalence of central extensions of GG,,. For an arbitrary x € A; we have

T2(Q1) = 7'01—1(90)(]31) = T‘gl—l(z)(Pg) = 7'9291—1(05)(622).

By Proposition 6.2 we may conclude [fi] = [f2] € HZ(Gy; Z). O

6.4. Genus 1 and the (projective) special linear group

In the case n = 3, G5 is isomorphic to the modular group PSLy(Z). Iden-
tify PSLa(Z) as the set of fractional linear transformations of the complex
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upper-half plane z — ZZ—:’ with gt —rs =1 and ¢,r,s,t € Z. An explicit

isomorphism ¢ : Gz — PSLy(Z) is given by

é(a) = <z — z—l—ll) and  o(b) = <z —s Z) .

The image of A3 = ¢? in G5 is given by (a~!b)%, and
o((a™'0)?) = (2 — 2 —2).

Let F be the element (z — z — 2) in PSLa(Z). We get the following corol-
lary of Theorem 6.8.

COROLLARY 6.9. — Let f1 and fy be circular orderings on PSLs(Z)
with the property that rotp(f1) = rotp(f2) = 0. Then [f1] = £[f2] €
H2(PSLy(Z); Z).

There is a surjective homomorphism ¢ : Bs — SLy(Z) with ker(p) =

(A3) given by @(o1) = [§ 1] and @(o1) = [ 4 7],

Exploiting the fact that Bs is a central extension of SLa(Z), we can prove
a theorem for SLy(Z) analagous to Theorem 6.8.

THEOREM 6.10. — Let A = [} 1] and let fi and fs be circular order-
ings on SLo(Z) so that rota(f1) = rota(f2) = 0. Then [fi] = £[f2] €
H{(SL2(2); Z).

The proof follows the same strategy as that of Theorem 6.8, with many
of the details being identical. However, there are a few key differences which
we highlight in the proof.

Proof. — Let

0— 7% Hy 25 SLy(Z) — 1
and

0 — Z -2 Hy 22 SLy(Z) — 1
be the left-ordered central extensions of SLy(Z) corresponding to f; and fo
respectively. For the remainder of this proof, let j € {1,2}. Any torsion-free
central extension of SLy(Z) is isomorphic to Bs. By replacing f; by f;p if
necessary, we can choose isomorphisms 6; : Bs — H; so that 6;(A3) = ¢;(1)
and p;0;(0%) = [§ 2] = A% Note that roty, (A%) = 2roty, (4) = 0.

Let @; be the positive cone on H;, and let P; = {b € Bs | 0;(b) € Q,}.
Note that P; is a positive cone on Bz with A% € P;. Let 7,(P;) denote the
translation number of b € B treating A} as the cofinal central element, and
7,(P;) the translation number treating A% as the cofinal central element.
Then 27,(P;) = 7(P;) for all b € Bs. Since roty, (A?) = 0, To2(Pj) € Z
80 T,2(Pj) € 2Z. Therefore by Corollary 6.6, 7,2(F;) = 0. It follows from
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Corollary 4.11 that 7,(Py) = 7,(P2) for all b € Bs, and so Tp(P1) = Tp(FP2).
Therefore for all g € Hy, 17,(Q1) = 7'020;1(9)(Q2). The proof is completed

by noting that 0260, L. H, — Hyisan equivalence of central extensions and
applying Proposition 6.2. |

Let ¥ be a genus-1 surface, or a genus-1 surface with one marked point.
Then Mod(X) = SLy Z) via an isomorphism mapping a positive Dehn twist
T, about a non-separating simple closed curve to [§ 1] [13, Section 2.2.4].
Since positive Dehn twists about non-separating simple closed curves are
conjugate in Mod(X) [13, Section 3.3], we have the following corollary.

COROLLARY 6.11. — Let ¥ = X, or ¥ 1, and let a be a non-separating
simple closed curve on X. Let f1 and fo be circular orderings on Mod(X)

so that rotr, (f1) = rotr, (f2) = 0. Then [f1] = £[fs] € H}(Mod(X); Z).

Remark 6.12. — There is a natural action of G,, on S! via the so-
called conical cover (see [4]). Consider the n 4 1-punctured sphere X 41
with a distinguished puncture *, so G, is isomorphic to the subgroup of
Mod(X¢,n+1) that fixes . Assuming n > 3, we can fix a hyperbolic metric
on Yo nt+1. Choose a parabolic element v € m(Xg 41) corresponding to
the distinguished puncture *, and let io’nJ’,l be the cover corresponding to
the cyclic subgroup () C m1(Xg, n+1). The covering space io,n-ﬂ is called
the conical cover at the puncture *. The conical cover is homeomorphic to
an open punctured disk and has a hyperbolic metric obtained by pulling
back the metric from X ,,11. The Gromov boundary of io,n_i'_l is the dis-
joint union of a point (corresponding to the puncture %) and a circle. The
boundary circle parametrises geodesic rays starting from *, and every ray
out of * has a unique preferred lift to i07n+1. By lifting elements of G,
to io7n+1, we get an action of G,, on the boundary circle. Consider now a
simple closed curve o on X 5,41 surrounding * and another puncture as in
Theorem 6.8. There is a ray § from * to the other puncture that is disjoint
from «. Therefore T, fixes §, and the lift of T,, to iom“ fixes the lift of ¢.
This gives a fixed point of the action of T}, on S!, and so the rotation num-
ber of T,, is 0. By Theorem 6.8, every action of G,, on S* such that T,, acts
with rotation number 0 is semiconjugate (up to reversing the orientation
of the circle) to the action coming from the conical cover.

Similarly, SLa(Z) acts on the set of half rays in R?, which is circularly
ordered. The element A = [} 1] fixes the half ray passing through the point
(1,0), and so the rotation number of A corresponding to this action is 0.
Theorem 6.10 implies that any action of SLy(Z) on S! such that A acts
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with rotation number 0 is semiconjugate, up to reversing the orientation of
the circle, to the action on the set of half rays.

The modular group PSLy(Z) acts on the upper half complex plane H?
by isometries and therefore on its boundary OH? ~ S'. The element F =
(z — z —2) fixes co and therefore F' acts with rotation number 0. We
can conclude from Corollary 6.9 that up to reversing the orientation of the

circle, any action on S' with the property that F acts with rotation number
0 is semiconjugate to the action on JH? described above.
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