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SKODA–ZERIAHI TYPE INTEGRABILITY AND
ENTROPY COMPACTNESS FOR SOME MEASURE

WITH L1-DENSITY

by Takahiro AOI (*)

Abstract. — In this article, we prove the Skoda–Zeriahi type integrability the-
orem with respect to some measure with L1-density. In addition, we introduce the
log-log threshold in order to detect singularities of Kähler potentials. We prove the
positivity of the integrability threshold for such a measure and Kähler potentials
with uniform log-log threshold. As an application, we prove the entropy compact-
ness theorem for a family of potential functions of Poincaré type Kähler metrics
with uniform log-log threshold. The Ohsawa–Takegoshi L2-extension theorem and
Skoda–Zeriahi’s integrability theorem play a very important role in this article.

Résumé. — Dans cet article, nous prouvons le théorème d’intégrabilité de type
Skoda–Zeriahi pour une certaine mesure avec une fonction de densité L1 . De plus,
nous introduisons le seuil log-log afin de détecter les singularités des potentiels
kählériennes. Nous prouvons la positivité de seuil d’intégrabilité pour une telle
mesure et des potentiels kählériennes à seuil log-log uniforme. Pour l’application,
nous prouvons le théorème de compacité d’entropie pour une famille de fonctions
potentielles de métriques kählériennes de type Poincaré à seuil log-log uniforme.
Le théorème d’extension L2 d’Ohsawa–Takegoshi et le théorème d’intégrabilité de
Skoda–Zeriahi jouent un rôle très important dans cet article.

1. Introduction

As an important result in complex pluripotential theory, Zeriahi proved
the following uniform version of Skoda’s integrability theorem.

Theorem 1.1 ([36], [40], see [25, Theorem 2.50]). — Let Ω ⊂ Cn be an
open subset and U be an L1-compact family in PSH(Ω). For a compact
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entropy.
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subset K ⋐ Ω, we set V(U ,K) := supx∈K{νφ(x) | φ ∈ U}, where νφ(x)
denotes the Lelong number of φ at x. Then, for any α ∈

(
0, 2

V(U,K)

)
, there

are an open neighborhood E of K and a constant C > 0 depending only
on n,K,U and α such that

(1.1)
∫
E

e−αφ dλ < C, ∀ φ ∈ U .

Here, dλ denotes the Lebesgue measure on Cn and the Lelong number
of φ at x is defined by

νφ(x) := sup {r ⩾ 0 | ∃ Cr > 0 s.t. φ(z) ⩽ r log |z − x| + Cr, ∀ x ∈ U} ,

where U is some (small) neighborhood of x. This theorem has a very im-
portant application to the problem of canonical Kähler metrics on compact
complex manifolds, i.e., α-invariant introduced by Tian [38] (see also [28,
Theorem 4.4.5]). If we consider the singular case when a measure m has
Lp-density, i.e., dm = fdλ for some f ∈ Lp(dλ), p > 1, we obtain the sim-
ilar integrability result by the Hölder inequality (see tame measures in the
sense of [5, Definition 1.3] and measures defined by Kähler metrics with
conical singularities along a divisor in [41, Section 4.4]. For more general
cases, see [29]). So, it is a natural problem that we consider the Skoda–
Zeriahi type integrability theorem for measures with L1-density (which is
not Lp-integrable for any p > 1). However, we can find easily a bad exam-
ple, i.e., there exists a plurisubharmonic function with zero Lelong number
such that the integral in (1.1) diverges (see Example 4.11 and 4.12 in this
article). So, the Skoda–Zeriahi type integrability is a very subtle problem
with respect to measures with L1-density.

In this article, we prove the Skoda–Zeriahi type integrability theorem for
the measure with the L1-density of the form |z|−2(log |z|−2)γ−2 for γ ∈
[0, 1) by using the Ohsawa–Takegoshi L2-extension theorem. In addition,
we prove the positivity of the integrability threshold for this measure and
a certain family of Kähler potentials.

Let Ω ⊂ Cn be a bounded pseudoconvex domain such that |z1| < e−1.
We consider the following hyperplane in Ω:

Ω′ := Ω ∩ {z1 = 0}.

We write the Lebesgue measure on Ω′ as dλ′. The first result in this article
is the following.

Theorem 1.2. — We fix γ ∈ [0, 1). Let U be an L1(dλ)-compact family
in PSH(Ω) such that the family U ′ := {φ|Ω′ ∈ PSH(Ω′) | φ ∈ U} is also
L1(dλ′)-compact. For any K ⋐ Ω′ and 0 < α < 2

V(U ′,K) , there exists an

ANNALES DE L’INSTITUT FOURIER
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open neighborhood V of K in Ω and a constant C > 0 depending only on
n, α, γ and K such that we have∫

V

e−αφ dλ
|z1|2(log |z1|−2)2−γ < C, ∀ φ ∈ U .

Note that
∫
V

dλ
|z1|2(log |z1|−2)2−γ is finite unless γ ⩾ 1. In addition, we can

easily show that |z1|−2(log |z1|−2)γ−2 ∈ L1(dλ) \ Lp(dλ) for any p > 1.
We consider uniform integrability of plurisubharmonic functions to the

study of canonical Kähler metrics of Poincaré type. Let (X,ω) be an n-
dimensional compact Kähler manifold and D be a smooth divisor. Let
sD ∈ H0(X,O(D)) be a defining section of D, where O(D) is the associated
line bundle defined by D. We fix a Hermitian metric h on O(D) and set

Ψ := − log log ∥sD∥−2
h .

A Kähler metric ωΦ = ω +
√

−1∂∂Φ is said to be of Poincaré type if it
satisfies (i) ωΦ is quasi–isometric to ωP :=

√
−1dz1∧dz1

|z1|2(log |z1|−2)2 +
√

−1 dzk ∧ dzk
on any local holomorphic coordinates (z1, z2, . . . , zn) with D = {z1 = 0};
(ii) Φ = O(Ψ) as sD → 0; (iii) the norms of the differentials of Φ is bounded
at any order with respect to ωP (see the details in Auvray’s paper [2,
Section 1]). The top wedge product ωnΦ defines the measure on X with
L1(ωn)-density. More precisely, we have

ωnΦ ≈ 1
∥sD∥2

h(log ∥sD∥−2
h )2ω

n

on a neighborhood ofD. By the computation in [2, Section 1.3], the measure
ωnΦ has full mass, i.e.,

∫
X
ωnΦ =

∫
X
ωn = V . (So, we have Φ ∈ E(X,ω).) By

the condition (ii) above, we know that Φ → −∞ near D, so any Poincaré
type Kähler potential function is unbounded (see [20]).

We note that the space of ω-plurisubharmonic functions PSH(X,ω) (in
particular, the full mass class E(X,ω)) contains a function φ such that
e−αφ is not integrable with respect to the singular measure defined by a
Poincaré type Kähler metric for any α > 0 and φ is not a potential function
of Poincaré type Kähler metrics (see Example 4.12). In order to obtain the
integrability for potential functions of Poincaré type Kähler metrics (with
respect to some singular measure), we introduce the following threshold for
potential functions (see Remark 4.14).

Definition 1.3 (log-log threshold). — Fix an open neighborhood V of
D. For Φ ∈ PSH(X,ω), we define the log-log threshold of Φ by

νD(Φ) := inf
{
c > 0

∣∣∣∣∣ ∃φ ∈ PSH(V, ω) s.t. φ|D ∈ PSH0(D,ω|D)
and Φ ⩾ cΨ + φ on V

}
.

TOME 0 (0), FASCICULE 0



4 Takahiro AOI

For U ⊂ PSH(X,ω), we define the log-log threshold of U by νD(U) :=
sup{νD(Φ)|Φ ∈ U}.

Here, PSH0(D,ω|D) := {φ ∈ PSH(D,ω|D) | supD φ = 0 } (normalized on
D !). For γ ∈ [0, 1), we define the volume form dµγ by

dµγ := 1
∥sD∥2

h(log ∥sD∥−2
h )2−γ

ωn.

Note that the density function ∥sD∥−2
h (log ∥sD∥−2

h )γ−2 is in L1(ωn) but
not in Lp(ωn) for any p > 1. By scaling, we may assume that dµγ is a
probability measure, i.e.,

∫
X

dµγ = 1. By Theorem 1.1 and the proof of
Theorem 1.2, we obtain the positivity of the integrability threshold (see
Definition 4.5), which is the second result:

Theorem 1.4. — Fix γ ∈ [0, 1). Let U ⊂ PSH(X,ω) be an L1(ωn)-
compact family such that νD(U) < ∞. Then, we have

α(U ,dµγ) ⩾ min
{

2
ν(U , X) , αω|D

(dλ′), 1 − γ

νD(U)

}
.

More precisely, for any 0 < α < min
{ 2
ν(U,X) , αω|D

(dλ′), 1−γ
νD(U)

}
, there

exists Cα > 0 depending on α such that∫
X

e−αΦ dµγ < Cα, ∀ Φ ∈ U .

Here, αω(U ,dµγ) denotes the integrability threshold of U for the singular
measure dµγ and αω|D

(dλ′) denotes the α-invariants of (D,ω|D) respec-
tively (see Definition 4.5 and 4.6). Note that we obtain the trivial upper
bound α(U ,dµγ) ⩽ αω(U ,dλ) since dλ ⩽ Cdµγ for some constant C > 0,
where dλ = V −1ωn.

Remark 1.5. — This theorem is an analogue of the lower bound for the
α-invariant of the singular measure denoted by µ(1−c)D for c > 0 in [4,
Proposition 6.2] (see also [17, Proposition 2.2]). In [4], the corresponding
log pair (X, (1 − c)D) is klt in the sense of the minimal model program. In
our case, the corresponding pair (X,D) is log canonical (which is not klt).

If a family U is L1(ωn)-compact in the full mass class E(X,ω), we have
ν(U , X) = 0 [24, Corollary 1.8] (see also [15, Proposition 2.11]). Thus, we
immediately have the following corollary.

Corollary 1.6. — Fix γ ∈ [0, 1). Assume that U is L1(ωn)-compact
in the full mass class E(X,ω) and νD(U) < ∞. Then, we have α(U ,dµγ) ⩾
min

{
αω|D

(dλ′), 1−γ
νD(U)

}
.

ANNALES DE L’INSTITUT FOURIER
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As one of important applications of the integrability threshold, Chen–
Cheng [13] proved that the geodesic stability of the (twisted) Mabuchi
K-energy is equivalent to the existence of (twisted) constant scalar cur-
vature Kähler metrics on compact complex manifolds (see the extended
K-energy in [7]). The Chen–Tian formula [11, 39] says that the Mabuchi
K-energy is decomposed into the sum of the entropy part and the energy
part. The entropy part is called the relative entropy. A certain type of
compactness theorem of the relative entropy ([5, Theorem 2.17], [7, Theo-
rem 2.8] and [15, Theorem 4.44]) is an important tool of the proof of vari-
ational characterization of a constant scalar curvature Kähler metric [13].
In addition, Zheng [41] proved the conic version of Chen–Cheng’s result,
i.e., the existence of constant scalar curvature Kähler cone metrics on com-
pact complex manifolds is equivalent to the geodesic stability of the log
Mabuchi K-energy. (Kähler cone metrics have mild singularities compared
with Kähler metrics of Poincaré type.) In the conic (log) case, the com-
pactness result [41, Lemma 6.3] of the log relative entropy (the log twisted
Mabuchi K-energy) for positive cone angle also holds and is an important
tool of the proof. In both cases, the compactness theorem of the (log) rel-
ative entropy is proved by the positivity of the integrability threshold (in
particular, (log) α-invariant).

By Theorem 1.4, we can show the compactness theorem on the finite
energy space (E1(X,ω), d1) ([15, Section 3 and 4] for details and see Sec-
tion 5.1) with respect to Poincaré type Kähler metrics. We define the rel-
ative entropy with respect to dµγ by:

Entdµγ

(
V −1ωnΦ

)
:=
∫
X

log
(
V −1ωnΦ

dµγ

)
ωnΦ.

The third main result in this article is as follows:

Theorem 1.7. — We take U := {Φj}j ⊂ E1(X,ω). Assume that
νD(U) < ∞ and there exists K > 0 such that d1(0,Φj) < K and
Entdµγ

(V −1ωnΦj
) < K for all j. Then, there exists a d1-convergent sub-

sequence of {Φj}j .

Remark 1.8. — By Theorem 2.8 in [7], the entropy compactness the-
orem holds for a probability measure dµ = fωn with f ∈ Lp(ωn), i.e.,
if |supX Φk| < C and Entdµ(V −1ωnΦk

) < C for all k, there exists a d1-
convergent subsequence. In general, if we only assume the existence of a
uniform upper bound of |supX Φk| and Entdµ0(V −1ωnΦk

), then there exists
a sequence in E1(X,ω) which does not have d1-convergent subsequence (see
Example 5.18).

TOME 0 (0), FASCICULE 0
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In order to prove Theorem 1.7, we need a certain type of local Lp-
convergence results with respect to the singular measure dµγ (see Sec-
tion 3). By applying Theorem 2 of Di Nezza–Lu [20], we have the compact-
ness result for a family in E1(X,ω) whose Monge–Ampère measure has at
most Poincaré type singularities.

Corollary 1.9. — We take {Φj}j ⊂ E1(X,ω). Assume that there ex-
ists K > 0 such that d1(0,Φj) < K for all j. If S(B, 1)-condition holds for
some B > 0 in the sense of [20] , i.e.,

ωnΦj
⩽

B

∥sD∥2
h(log ∥sD∥−2

h )2ω
n

for all j, then there exists a d1-convergent subsequence of {Φj}j .
Remark 1.10. — If we consider the relative entropy with respect to the

Lebesgue measure dλ (or the measure defined by a Kähler metric with coni-
cal singularities alongD), the direct computation tells us that Entdλ(dµ0) =
+∞, i.e., potential functions of Poincaré type Kähler metrics do not satisfy
the assumption of the entropy finiteness. So, the compactness results for
measures with Lp-density ([5, Theorem 2.17], [15, Theorem 4.44] and [41,
Lemma 6.3]) cannot be applied to Poincare type Kähler metrics directly.
On the other hand, by considering the relative entropy with respect to the
measure dµγ , we have Entdµγ (V −1ωnΦ) < +∞ for a Poincaré type Käh-
ler metric ωΦ and we can show the similar compactness result under the
assumption of uniform log-log threshold.

At the end of Introduction, we mention the following natural problem.
Problem 1.11. — Can we characterize the existence of constant scalar

curvature Kähler metrics of Poincaré type by certain variational properties
of the (log) Mabuchi K-energy?

This article is organized as follows. In Section 2, we prove Theorem 1.2.
The Ohsawa–Takegoshi L2-extension theorem and the integrability theo-
rem of Skoda and Zeriahi (Theorem 1.1) play an important role in this
proof. In Section 3, we prove that if a sequence of plurisubharmonic func-
tions converges in L1(dλ)-topology, it also converges in Lploc(dµγ)-topology
for any p ⩾ 1. This is an analogue of the Lploc(dλ)-convergence results of
plurisubharmonic functions with respect to the Lebesgue measure dλ. In
Section 4, we introduce the log-log threshold for a plurisubharmonic func-
tion which is possibly unbounded. We also prove Theorem 1.4, i.e., the
positivity of the integrability threshold for a family with unform log-log
threshold. In Section 5, we prove Theorem 1.7 and Corollary 1.9 by apply-
ing Theorem 1.4.

ANNALES DE L’INSTITUT FOURIER
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2. Skoda–Zeriahi type integrability

Let Ω ⊂ Cn be a bounded pseudoconvex domain with |z1| < e−1. We
consider the hyperplane Ω′ := Ω ∩ {z1 = 0}. The symbols dλ and dλ′

denote the Lebesgue measures on Ω and Ω′, respectively. In this section,
we prove Theorem 1.2 by applying the (modified) Ohsawa–Takegoshi L2-
extension theorem. More precisely, we consider an L2-extension of the con-
stant function 1 on Ω′. We follow B.Y. Chen’s simplified proof [10] of the
Ohsawa–Takegoshi L2-extension theorem and we will modify the weight
function.

We will use the following elementary lemma throughout this article.

Lemma 2.1. — For γ ∈ R, we consider the following integral

Sγ :=
∫

Ω

dλ
|z1|2(log |z1|−2)2−γ .

If γ < 1 then Sγ is finite, otherwise Sγ = +∞.

Proof. — It is enough to compute Sγ when Ω = B := {z ∈ C | |z| < e−1}
by the Fubini theorem. By taking the polar coordinates z = r eiθ, we have

dλ
|z1|2(log |z1|−2)2−γ = dr dθ

r(−2 log r)2−γ .

The primitive function of r−1(−2 log r)γ−2 is (2 − 2γ)−1(−2 log r)γ−1 if
γ ̸= 1 or −2−1 log(− log r) if γ = 1. By taking r → 0, it follows that
Sγ < ∞ only if γ < 1. □

We recall the Ohsawa–Takegoshi L2-extension theorem.

TOME 0 (0), FASCICULE 0
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Theorem 2.2 ([34], see the simplified proof of [10]). — Let φ be a
plurisubharmonic function on Ω. For any holomorphic function f on Ω′ =
{z1 = 0}∩Ω with

∫
Ω′ |f |2 e−φ dλ′ < ∞, there exists a holomorphic function

F on Ω such that F |Ω′ = f and

(2.1)
∫

Ω

|F |2 e−φ

|z1|2(log |z1|−2)2 dλ ⩽ C

∫
Ω′

|f |2 e−φ dλ′.

Here, the constant C > 0 only depends on n.

Note that the measure |z1|−2(log |z1|−2)−2dλ in the integral in the left
hand side of (2.1) is singular along Ω′ and non-pluripolar, i.e., it does not
charge mass on Ω′. Firstly, we extend the above result for the measure with
L1(dλ)-density which is more singular than the measure in (2.1).

Proposition 2.3 ([33, Theorem 1.2], [22, Theorem 3.19]). — Fix γ ∈
(0, 1). Let φ be a plurisubharmonic function on Ω. For any holomorphic
function f on Ω′ = {z1 = 0} ∩ Ω with

∫
Ω′ |f |2 e−φ dλ′ < ∞, there exists a

holomorphic function F on Ω such that F |Ω′ = f and∫
Ω

|F |2 e−φ

|z1|2(log |z1|−2)2−γ dλ ⩽ C

∫
Ω′

|f |2 e−φ dλ′.

Here, the constant C > 0 only depends on n and γ.

Remark 2.4. — Indeed, for γ ∈ (0, 1), dλ
|z1|2(log |z1|−2)2−γ ≫ dλ

|z1|2(log |z1|−2)2

near Ω′.

Remark 2.5. — Proposition 2.3 has already been proved by [22, 33] in
a more general framework (see [33, Definition 1.1 and p. 706], [22, Defini-
tion 3.18]). By considering a small modification of the weight function in
the simplified proof by B. Y. Chen [10], we obtain a short proof of Propo-
sition 2.3 which is based on complex analysis. (In the proof of [10], the
weight function is defined by η0 := −ρ + log(−ρ) for ρ < 0. Compare η0
with the weight function denoted by η = ηγ below.) The outline of the
proof of Proposition 2.3 is similar to B.Y. Chen’s proof, but we give a
self-contained proof of Proposition 2.3 for reader’s convenience.

Proof of Proposition 2.3. — We can take an increasing sequence {Ωj}j
where Ωj is a bounded smooth pseudoconvex domains such that Ω =

⋃
j Ωj

and Ωj ⋐ Ωj+1. In addition, we can take a smooth approximation φk ∈
PSH(Ωk) ∩ C∞(Ωk) such that φk ↓ φ on each Ωj . So, we may assume
that a holomorphic function f can be extended to some neighborhood of
Ωj ∩ {z1 = 0}. In addition, by taking the limit as k, j → ∞, it suffices that
we only consider the case when φ is smooth and strictly plurisubharmonic
on the closure Ω.

ANNALES DE L’INSTITUT FOURIER
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Fix γ ∈ (0, 1). For sufficiently small ϵ > 0, we set following functions:

ρ := log(|z1|2 + ϵ2), η = ηγ := −ρ+ (−ρ)γ .

We may assume that ρ < −1. In addition, we set following plurisubhar-
monic functions:

ϕ := φ+ log |z1|2, ψ := − log η.

Let χ : R⩾0 → R⩾0 be a smooth function such that χ ≡ 1 on [0, 1/2] and
χ ≡ 0 on [1,∞) and |χ̇| ⩽ 3. For a holomorphic function f on Ω′, we set
fϵ = fχ(|z1|2/ϵ2).

We consider the ∂-closed (0, 1)-form vϵ := ∂fϵ. Since f is holomorphic,
we have supp vϵ ⊂ {ϵ2/2 ⩽ |z1|2 ⩽ ϵ2}. We can find the minimum solution
uϵ such that vϵ := ∂uϵ and uϵ ∈ (Ker ∂)⊥ ⊂ L2(Ω, e−ϕ dλ). For ϵ > 0, the
function ψ is bounded, so we have uϵ eψ ∈ (Ker ∂)⊥ ⊂ L2(Ω, e−ψ−ϕ dλ). For
any r > 0, the Hörmander’s L2-estimate [27] implies that we can compute
as follows.

(2.2)

∫
Ω

|uϵ|2 eψ−ϕ dλ =
∫

Ω
|uϵ eψ |2 e−ψ−ϕ dλ

⩽
∫

Ω
|∂(uϵ eψ)|2√−1∂∂(ψ+ϕ) e−ψ−ϕ dλ

=
∫

Ω
|∂uϵ + uϵ∂ψ|2√−1∂∂(ψ+ϕ) eψ−ϕ dλ

⩽ (1 + r−1)
∫

Ω
|vϵ|2√−1∂∂(ψ+ϕ) eψ−ϕ dλ

+
∫

Ω
|uϵ|2|∂ψ|2√−1∂∂(ψ+ϕ) eψ−ϕ dλ

+ r

∫
supp vϵ

|uϵ|2|∂ψ|2√−1∂∂(ψ+ϕ) eψ−ϕ dλ.

Here, we have used the Schwarz’s inequality in the last inequality. Note that
the term |∂(uϵ eψ)|√−1∂∂(ψ+ϕ) makes sense for the plurisubharmonic func-
tion ψ+ϕ (see [8]). Since ϕ is plurisubharmonic, by the direct computation,
we obtain

√
−1∂∂(ψ + ϕ)

⩾ −
√

−1∂∂η
η

+
√

−1∂η ∧ ∂η

η2

=
(
1 + γ(−ρ)γ−1) √

−1∂∂ρ
η

+ γ(1 − γ)
√

−1∂ρ ∧ ∂ρ

η(−ρ)2−γ +
√

−1∂η ∧ ∂η

η2 .

TOME 0 (0), FASCICULE 0



10 Takahiro AOI

Since ∂η = −
(
1 + γ(−ρ)γ−1) ∂ρ, we have

√
−1∂∂(ψ + ϕ) ⩾

(
γ(1 − γ)η

(1 + γ(−ρ)γ−1)2 (−ρ)2−γ
+ 1
)

1
η2

√
−1∂η ∧ ∂η

⩾

(
γ(1 − γ)η
4(−ρ)2−γ + 1

)
1
η2

√
−1∂η ∧ ∂η.

Here, we have used the inequality 1 + γ(−ρ)γ−1 ⩽ 2. We can write ∂ψ =
−∂η

η = − 1+γ(−ρ)γ−1

η
z1 dz1

|z1|2+ϵ2 . Thus, on Ω, we obtain the following estimate:

(2.3) |∂ψ|2√−1∂∂ϕ ⩽
1

γ(1−γ)η
4(−ρ)2−γ + 1

< 1.

On the other hand, on supp vϵ, the equality
√

−1∂∂ρ= (|z1|2+ϵ2)−2ϵ2 dz1 dz1
implies that

(2.4) |∂ψ|2√−1∂∂ϕ ⩽
(
1 + γ(−ρ)γ−1) |z1|2

ηϵ2
⩽

4
η
.

By combining (2.2), (2.3) and (2.4), we obtain the following estimate.

(2.5)
∫

Ω

1 − 1
γ(1−γ)η
4(−ρ)2−γ + 1

− 4r
η

 |uϵ|2 eψ−ϕ dλ

⩽ (1 + r−1)
∫

Ω
|vϵ|2√−1∂∂(ψ+ϕ) eψ−ϕ dλ.

For sufficiently small ϵ > 0, we have η ≈ −ρ. So, by taking sufficiently
small ϵ > 0 and r > 0, we obtain

1 − 1
γ(1−γ)η
4(−ρ)2−γ + 1

− 4r
η

≈ 1
η1−γ .

Therefore, the left hand side in (2.5) can be bounded from below by∫
Ω η

γ−1|uϵ|2 eψ−ϕ dλ.
Next, we consider the limit of the right hand side in (2.5) as ϵ → 0. Since

f is holomorphic, we have vϵ = ∂fϵ = fχ′(|z1|2/ϵ2) z1 dz1
ϵ2 . On supp vϵ ⊂

{ϵ2/2 ⩽ |z1|2 ⩽ ϵ2}, we have

|vϵ|2√−1∂∂(ψ+ϕ) eψ−ϕ ⩽
|f |2|χ̇|2|z1|2

ϵ4
(|z1|2 + ϵ2)2η

ϵ2
eψ−ϕ ⩽ 36|f |2 e−ϕ .

Here, we have used the fact that ψ = − log η and |χ̇| ⩽ 3. By scaling
ϵw := z1, the Fubini theorem implies that

lim sup
ϵ→0

∫
Ω

|vϵ|2√−1∂∂(ψ+ϕ) eψ−ϕ dλ ⩽ C1

∫
Ω′

|f |2 e−φ dλ′
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INTEGRABILITY AND ENTROPY COMPACTNESS 11

as ϵ → 0. Here, we set C1 := 36
∫

{1/2<|w|2<1} |w|−2idw ∧ dw and this
constant C1 is independent of f and φ.

We set a holomorphic function Fϵ by Fϵ := fϵ−uϵ. Note that uϵ vanishes
on Ω′. By taking ϵ → 0, we obtain a holomorphic function F := limϵ→0 Fϵ
on Ω such that F |Ω′ = f and∫

Ω

|F |2 e−φ dλ
|z1|2(− log |z1|2)2−γ ⩽ C1

∫
Ω′

|f |2 e−φ dλ′. □

Remark 2.6. — From the proof above, we can easily show that C ∝
γ−1(1 − γ)−1.

Note that V(U ′,K) is finite since the Lelong number ν(φ, x) is upper
semicontinuous on PSH(Ω′) × Ω′ (see [25, Exercise 2.7]). By using Propo-
sition 2.3, we can prove Theorem 1.2.

Proof of Theorem 1.2. — We apply Proposition 2.3 for a constant func-
tion f ≡ 1 on Ω′. We show that there exists an open neighborhood V of
Ω′ in Ω such that the norm of the extension satisfies |F | > 1/2 on V . We
take K ⋐ Ω′ and 0 < α < 2

V(U ′,K) . By assumption, Theorem 1.1 implies
that there exists an open neighborhood E of K in Ω′ and Cα > 0 such
that

∫
E

e−αφ dλ′ < Cα for any φ ∈ U . We consider a finite cover of K
by small balls, so we may assume that E is a ball in Ω′. In addition, we
take a bounded Stein neighborhood Ẽ of K. Since the family U is L1(dλ)-
compact, we may assume that φ ⩽ 0 on Ẽ. By using Proposition 2.3, we
have ∫

Ẽ

|F |2 dλ ⩽
∫
Ẽ

|F |2 e−αφ dλ
|z1|2(− log |z1|2)2−γ ⩽

∫
E

e−αφ dλ′ < Cα.

By the mean value inequality with respect to |F |2, we obtain the C0-bound
of |F |2 on Vr := {z ∈ Ω | d(z, ∂Ẽ) > r} for sufficiently small r > 0. Cauchy
integral formula tells us that we obtain the uniform C1-bound of F on
V2r, i.e., |∂F | < C ′ for some constant C ′ > 0 on V2r. By using the fact
that F |Ω′ = 1, we obtain the inequality |F (q)| ⩾ |F (p)| − |F (p) − F (q)| ⩾
1 − C ′|p− q| for p ∈ Ω′ and q ∈ V2r. Thus, we can find a sufficiently small
neighborhood V of Ω′ such that |F | > 1/2 on V , so we have∫

V

e−αφ dλ
|z1|2(− log |z1|2)2−γ ⩽ 4

∫
E

e−αφ dλ′ < 4Cα. □

Remark 2.7. — Demailly–Kollár and Berman use the Ohsawa–Takegoshi
L2-extension theorem in order to show the integrability of e−αφ ([17, Propo-
sition 2.2] and [4, Proposition 6.2]). In our case, we want to deal with po-
tential functions of Poincaré type Kähler metrics, i.e., such functions must
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be equal to −∞ on D (equivalently, on Ω′), so we need to the L2-extension
result for the singular measure dµγ (see Section 4 in this article).

3. Local Lp(dµγ)-convergence

In this section, for p ⩾ 1, we show the local Lp(dµγ)-convergence of
plurisubharmonic functions with some integrability condition. For simplic-
ity, we use the same symbol as follows:

dµγ := dλ
|z1|2(log |z1|−2)2−γ .

The following theorem is an analogue of the fact that if a sequence of
plurisubharmonic functions on Ω converges in the sense of L1(dλ)-topology
then it converges in the sense of Lploc(dλ)-topology for any p ⩾ 1 (see [25,
Theorem 1.48]).

Theorem 3.1. — Assume that φj ∈ PSH(Ω) converges to φ ∈ PSH(Ω)
in L1(dλ)-topology. We also assume that there exists α > 0 such that for
any open subset E ⋐ Ω, there exists Cα > 0 such that

∫
E

e−αφj dµγ < Cα
for any j. Then φj converges to φ in Lploc(dµγ)-topology for any p ⩾ 1.

Proof. — By the result of Lploc-convergence with respect to the Lebesgue
measure dλ (see [25, Theorem 1.48]), it suffices to show the Lploc(dµγ)-
convergence on arbitrary small open ball which intersects Ω′. Since φj →
φ in L1(dλ), we can find a subsequence φjk

such that φjk
→ φ almost

everywhere as k → ∞. In addition, we may assume that φj ⩽ 0 by taking
a sufficiently small ball B in Ω. Fatou’s lemma implies that∫

B

e−αφ dµγ ⩽ lim inf
k

∫
B

e−αφjk dµγ ⩽ Cα

and we obtain e−φ ∈ Lαloc(dµγ). By the elementary inequality (−αφj)p

p! ⩽

e−αφj for any p ⩾ 1, we have φj , φ ∈ Lploc(dµγ).
For ϵ ∈ (0, 1), we define an convex and increasing function by

χ(s) :=
∫ s

0
(log(x+ 1))ϵ dx, s ∈ R⩾0.

Note that χ(s) ⩽ (s+ 1)(log(s+ 1))ϵ+O(1) ⩽ s(log s)ϵ+O(1). Recall that
the Legendre transformation χ∗(t) is defined by χ∗(t) := sups⩾0(st−χ(s)).
By the direct computation, we have

χ∗(t) =
∫ t

0
(exp(y1/ϵ) − 1) dy, t ∈ R⩾0.
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Note that χ∗(t) ⩽ t exp(t1/ϵ) for any t ⩾ 0. For simplicity, we write dµγ =
fγ dλ. If γ + ϵ < 1, it follows from the direct computation that Cγ,ϵ :=∫

Ω χ(fγ) dλ < ∞. Indeed, we have

χ(fγ) ≈ 1
|z1|2 (log |z1|−2)2−γ−ϵ

near {z1 = 0} = Ω′. We fix r < α/3. Note that we may assume that dλ is a
probability measure on B by scaling. By the Hölder inequality for the pair
χ and χ∗ (see [5, Proposition 2.15] and [15, Proposition 1.3]), we have∫

B

|φj − φ|ϵ dµγ ⩽ 2∥r|φj − φ|ϵ∥Lχ(dλ)∥r−1fγ∥Lχ∗ (dλ).

Here, the symbols ∥ · ∥Lχ(dλ) and ∥ · ∥Lχ∗ (dλ) are the Orlicz norms with
respect to the functions χ and χ∗, respectively (see [5, Section 2] and [15,
Section 1]). Since χ∗(t) ⩽ t exp(t1/ϵ), we have∫

B

χ∗(r|φj − φ|ϵ) dλ ⩽
∫
B

r|φj − φ|ϵ er|φj−φ| dλ

⩽ r

∫
B

|φj − φ|ϵ e−rφj e−rφ dλ

⩽ r∥|φj − φ|ϵ∥L3(dλ)∥ e−rφj ∥L3(dλ)∥ e−rφ ∥L3(dλ).

Here, we have used the Hölder inequality in the last inequality. It follows
from [25, Theorem 1.48] that ∥|φj −φ|ϵ∥L3(dλ) → 0. Thus, the assumption
of Theorem 3.1 implies that we have

∫
B

|φj − φ|ϵdµγ → 0 as j → ∞. By
the Schwarz’s inequality (with respect to the measure dµγ), we have∫

B

|φj − φ|p dµγ ⩽

(∫
B

|φj − φ|ϵ dµγ
)1/2(∫

B

|φj − φ|2p−ϵ dµγ
)1/2

for any p ⩾ 1. We have already showed that the last integral in the right
hand side is bounded, so we can prove that

∫
B

|φj−φ|p dµγ → 0 as j → ∞.
Thus, we have finished the proof. □

Remark 3.2. — In general, a sequence of plurisubharmonic functions
which converges to some plurisubharmonic function in L1(dλ), does not
converges in Lp(dµγ). Indeed, for t ∈ (0, 1), ut := log(|z|2 + t) ∈ PSH(B)
converges to u0 := log |z|2 ∈ PSH(B) in L1(dλ) as t → 0. Here, B denotes
the unit disk in C. But, ut does not converge to u0 in Lp(dµ0) for any p ⩾ 1
because u0 /∈ Lp(dµ0).

By Theorem 1.2, we immediately have the following corollary.
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14 Takahiro AOI

Corollary 3.3. — Assume that φj ∈ PSH(Ω) converges to φ∈ PSH(Ω)
in L1(dλ)-topology. If the family {φj |Ω′} is L1(dλ′)-compact, then φj con-
verges to φ in Lploc(dµγ)-topology for any p ⩾ 1.

4. Integrability threshold

In this section, we discuss the positivity of the integrability threshold
with respect to the measure dµγ for some L1-compact family of quasi-
plurisubharmonic functions.

4.1. Nonpluripolar product and full mass

Let (X,ω) be an n-dimensional compact Kähler manifold. We recall the
definitions of the nonpluripolar complex Monge–Ampère measure and the
space of ω-plurisubharmonic functions with full mass. We define the space
of ω-(quasi-)plurisubharmonic functions by

PSH(X,ω) :=
{
φ : X −→ R ∪ {−∞} usc

∣∣∣∣∣ ωφ := ω +
√

−1∂∂φ ⩾ 0
(as a current)

}
.

Here, the word “usc” means “upper semicontinuous”. For φk ∈ PSH(X,ω)∩
L∞(X) (k = 1, . . . , r), Bedford–Taylor [3] showed that the wedge product
∧rk=1ωφk

is an well-defined closed positive (r, r)-current (see also [16, Sec-
tion 3 in Chapter III]). So, we can define the complex Monge–Ampère mea-
sure ωnφ for φ ∈ PSH(X,ω) ∩ L∞(X). Moreover, for a possibly unbounded
function φ ∈ PSH(X,ω), we can define the complex Monge–Ampère mea-
sure as follows.

Definition 4.1 ([9, 24]). — For j ∈ Z>0, we define the canonical cut-
offs of u ∈ PSH(X,ω) by

φj := max{φ,−j} ∈ PSH(X,ω) ∩ L∞(X).

We define the nonpluripolar complex Monge–Ampère measure of
φ ∈ PSH(X,ω) by

ωnφ := lim
j→∞

1{φ>−j}ω
n
φj
.

By using Definition 4.1, we define the full mass class in PSH(X,ω) as
follows.
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INTEGRABILITY AND ENTROPY COMPACTNESS 15

Definition 4.2 ([9, Definition 2.1]). — The set of ω-plurisubharmonic
functions of full mass is defined by

E(X,ω) :=
{
φ ∈ PSH(X,ω)

∣∣∣∣ ∫
X

ωnφ = V

}
.

Note that the complex Monge–Ampère measure ωnφj
does not put mass on

pluripolar sets, i.e.,
∫
X
ωnφj

=
∫
X
ωn = V for any j by the Stokes theorem.

In general, for φ ∈ PSH(X,ω), the total Monge–Ampère mass of ωnφ is
equal to or less than V , i.e.,

∫
X
ωφ ⩽ V . Full mass ω-plurisubharmonic

functions have mild singularities in the following sense.

Proposition 4.3 ([24, Corollary 1.8] and see [15, Proposition 2.11]). —
For φ ∈ E(X,ω), the Lelong number of φ is identically zero.

Example 4.4. — The computation in Auvray’s paper [2, Section 1.3] im-
plies that Ψ = − log log ∥sD∥−2

h ∈ E(X,ω), where sD is a defining section
of a smooth divisor D and h is a Hermitian metric on O(D) (see the next
subsection). So, we obtain PSH(X,ω) ∩ L∞(X) ⊊ E(X,ω). For more ex-
amples of unbounded ω-plurisubharmonic functions with full mass, see the
systematic construction in [24, Example 2.14] and [15, Section 2.3].

4.2. Positivity of integrability threshold

Let (X,ω) be an n-dimensional compact Kähler manifold. Let D be a
smooth divisor onX and sD be a defining section ofD. We take a Hermitian
metric h on the line bundle O(D) which is the associated line bundle of D.
By scaling, we may assume that ∥sD∥h < e−1. Set Ψ := − log log ∥sD∥−2

h .
By scaling again, we may assume that Ψ ∈ PSH(X,ω) (see [2]). For γ ∈
[0, 1), we set the singular volume form dµγ with L1(ωn)-density as follows:

dµγ := ωn

∥sD∥2
h(log ∥sD∥−2

h )2−γ
.

If γ = 0, we have dµ0 ≈ ωnΨ by the direct computation. Since dµγ has finite
volume for γ ∈ [0, 1), we may assume that dµγ is a probability measure on
X by scaling.

Firstly, we define the integrability threshold for a family in the set of
quasi-plurisubharmonic functions and a probability measure.

Definition 4.5. — For U ⊂ PSH(X,ω) and a probability measure dm
on X, we define the integrability threshold of U for dm by
(4.1)

α(U ,dm) := sup
{
α⩾ 0

∣∣∣∣∃ Cα> 0 s.t.
∫
X

e−αΦ dm<Cα for ∀ Φ ∈ U
}
.
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Secondly, we recall the definition of theα-invariant introduced by Tian [38]
which is a holomorphic invariant of a Kähler manifold.

Definition 4.6 ([38, p. 229]). — We denotes the set of normalized
quasi–plurisubharmonic functions as PSH0(M, θ) for a Kähler manifold
(M, θ), i.e.,

PSH0(M, θ) :=
{
φ ∈ PSH(M, θ)

∣∣∣∣ sup
M

φ = 0
}
.

We write dλ = V −1ωn and dλ′ = V −1
D ωn−1|D respectively, where VD :=∫

D
ωn−1. We define the α-invariants for (X,ω) and (D,ω|D) by:

αω(dλ) := α(PSH0(X,ω),dλ), αω|D
(dλ′) := α(PSH0(D,ω|D),dλ′),

respectively.

Note that the class PSH0(X,ω) is L1(dλ)-compact ([23, Proposition 1.7],
[5, Section 1.3]). By the boundedness of the Lelong numbers on compact
complex manifold (see [38, Proposition 2.1], [31, Lemma 2.3.43]), it is
showed that the α-invariant of the set of normalized quasi-plurisubharmonic
functions for the Lebesgue measure is positive.

Theorem 4.7 ([38, Theorem 1.5] and [5, Proposition 1.4]). — We have
αω(dλ) > 0 (so, αω|D

(dλ′) > 0).

Remark 4.8. — Note that aω(dλ) in Definition 4.6 does not depends on
the choice of (smooth) Kähler metric in the fixed cohomology class [ω].
It is well-known that α(dλ) is invariant under the action of holomorphic
automorphisms (see [38, Proposition 2.1]).

Remark 4.9. — In the Fano case, i.e., [ω] = c1(X), Tian proved that
there exists a Kähler–Einstein metric if αω(dλ) > n

n+1 , i.e., the positivity
condition for α-invariant gives a sufficient condition of the existence of
a Kähler–Einstein metric [38, Theorem 2.1]. The similar results for a log
Fano pair (X,D) and a general polarization are given in [5, Section 4.4], [18,
Theorem 1.4] and [41, Proposition 4.22].

Remark 4.10. — We know that the positivity of α-invariant is related to
the Lelong number of (quasi-)plurisubharmonic functions and singularities
of a probability measure. If we consider a measure with Lp(dλ)-density for
some p > 1, i.e., dm = fdλ, f ∈ Lp(dλ), Theorem 4.7 and the Hölder
inequality tell us that the integrability threshold for the set of normal-
ized ω-plurisubharmonic functions PSH0(X,ω) is positive (see [5, Propo-
sition 1.4] and [41, Section 4.4]). However, in our case, i.e., the density of
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the measure dµγ is not Lp(dλ)-integrable for any p > 1, we can find an ω-
plurisubharmonic function with zero Lelong number such that the integral
in (4.1) diverges. The following examples tell us that we need to restrict the
function space in order to obtain the positivity of the integrability threshold
for dµγ .

Example 4.11 (Integrability threshold for U ∋ Ψ). — If a family U con-
tains a potential function of Poincaré type Kähler metric, then we have
α(U ,dµγ) ̸= ∞. For instance, if Ψ = − log log ∥sD∥−2

h ∈ E(X,ω) ∩ U , we
obtain α(U ,dµγ) ⩽ 1 − γ by the following computation:∫

X

e−(1−γ)Ψ dµγ =
∫
X

ωn

∥sD∥2
h(log ∥sD∥−2

h )
= ∞.

Example 4.12 (Vanishing case). — For sufficiently small ϵ > 0, we set
φϵ := −ϵ(log ∥sD∥−2

h )ϵ ∈ E(X,ω). The Lelong number of φϵ is 0 on X. For
any α > 0, we can find a sufficiently small neighborhood V of D such that
αφϵ ⩽ (1 − γ)Ψ on V , so we have∫

X

e−αφϵ dµγ ⩾
∫
V

e−(1−γ)Ψ ωn

∥sD∥2
h(log ∥sD∥−2

h )2−γ
= ∞.

Thus, if φϵ ∈ U , we have α(U ,dµγ) = 0.

By Example 4.12, we know that the integrability threshold for the singu-
lar measure dµγ must be 0 for all (normalized) ω-plurisubharmonic func-
tions with full mass. But, from Example 4.11, we expect that the integra-
bility threshold is positive for a family of Kähler potentials of Poincaré
type. In order to consider elements in E(X,ω) which make the correspond-
ing integrability threshold positive, we introduce the following threshold
for potential functions.

Definition 4.13 (log-log threshold). — Fix a sufficiently small open
neighborhood V of D. For Φ ∈ PSH(X,ω), we define the log-log threshold
of Φ by

νD(Φ) := inf
{
c > 0

∣∣∣∣∣ ∃φ ∈ PSH(V, ω) s.t. φ|D ∈ PSH0(D,ω|D)
and Φ ⩾ cΨ + φ on V

}
.

For U ⊂ PSH(X,ω), we define the log-log threshold of U by νD(U) :=
sup{νD(Φ)|Φ ∈ U}.

Remark 4.14. — For Ψ ∈ PSH(X,ω) in Example 4.11, we have
νD(Ψ) = 1. On the other hand, for φϵ ∈ PSH(X,ω) in Example 4.12,
we have νD(φϵ) = +∞ for any ϵ > 0 since the inequality φϵ ⩽ cΨ holds

TOME 0 (0), FASCICULE 0



18 Takahiro AOI

on a sufficiently small neighborhood of D for any c > 0. Thus, the subset
{νD(Φ) < +∞} ⊂ PSH(X,ω) doesn’t contain functions like φϵ.

Remark 4.15. — For Φ ∈ PSH0(X,ω), if the volume form ωnΦ satisfies
S(B, 1)-condition for some B > 0 in the sense of [20], we can easily show
that there exists C > 0 depending only on B such that νD(Φ) < C. How-
ever, the converse does not hold in general. For instance, by assuming that
X is projective, we can find a smooth hypersurface F ⊂ X transverse to
D which is defined by σ ∈ H0(X,O(F )). We take a smooth Hermitian
metric hF on O(F ). For sufficiently small ϵ > 0, we can construct an ω-
plurisubharmonic function ΨF := −ϵ(log ∥σ∥−2

hF
)ϵ such that νD(ΨF ) < ∞

but ωnΨF
does not satisfies S(B, 1)-condition for any B > 0.

For a family U ⊂ E(X,ω) with uniform log-log threshold, we prove The-
orem 1.4, i.e., the positivity of the integrability threshold.

Proof of Theorem 1.4. — The proof of the case when γ ∈ (0, 1) is similar
to the case when γ = 0. So, we only prove Theorem 1.4 in the case γ = 0.
Let W ⋐ V be a sufficiently small open neighborhood of D specified later.
Here V is the fixed open neighborhood of D in Definition 4.13. We write

A := min
{

2
ν(U , X) , αω|D

(dλ′), 1
νD(U)

}
.

Fix 0 < α < A. On X \ W , Skoda–Zeriahi’s integrability theorem (The-
orem 1.1) and the L1-compactness of U imply that there exists Cα > 0
such that

∫
X\W e−αΦ dµ0 < Cα for any Φ ∈ U . Thus, it is enough to show

that
∫
W

e−αΦ dµ0 is uniformly bounded. We also fix a sufficiently small
constant ϵ > 0 such that α + ϵ < A. By the definition of νD, we can find
φ ∈ PSH(V, ω) such that φ ∈ PSH0(D,ω|D) and Φ ⩾ (α+ ϵ)−1Ψ +φ on V

for each Φ ∈ U . Directly, we have∫
W

e−αΦ dµ0 ⩽
∫
W

e−α(α+ϵ)−1Ψ−αφ dµ0 ⩽
∫
W

e−αφ dµγ .

Here, we write γ = α(α + ϵ)−1 < 1. By the definition of A, we have α <

αω|D
(dλ′). Since φ|D ∈ PSH0(D,ω|D), it follows from Theorem 4.7 that

the integral
∫
D

e−αφ dλ′ is uniformly bounded. By taking a finite covering
of D and repeating the proof of Theorem 1.2, we can find a sufficiently
small neighborhood W of D such that there exists an uniform constant
C > 0 independent of φ, (so, Φ) such that

∫
W

e−αφ dµγ ⩽ C
∫
D

e−αφ dλ′.
Thus, we have finished the proof of Theorem 1.4. □

Remark 4.16. — By taking a suitable γ ∈ (0, 1), Theorem 1.4 can be ap-
plied to the integrability threshold for the measure defined by a complete
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Kähler metric which does not has Poincaré type asymptotic behavior. In
particular, Székelyhidi [37, Section 3.1] shows that there is a Kähler mani-
fold with an extremal Kähler metrics with the asymptotic

idz ∧ dz
|z|2(log |z|−2) 3

2
.

By the direct computation, we can find a corresponding Kähler poten-
tial Φ1/2 with the asymptotic (− log |z|2) 1

2 (which also has zero Lelong
number). However, the computation in Example 4.12 implies that we have∫

exp(−αΦ1/2) dµ1/2 = ∞ for any α > 0, so α({Φ1/2}, µ1/2) = 0. Thus,
the positivity of integrability thresholds in this case is more complicated.

5. Entropy compactness theorem

In this section, we prove a certain compactness result of the relative
entropy. Firstly, we recall quickly the definition of the finite energy space
denoted by E1(X,ω) and the d1-metric.

5.1. Finite energy space and d1-metric

In this subsection, we recall the definition of the finite energy space
(E1(X,ω), d1) which is a complete geodesic metric space, i.e., (E1(X,ω), d1)
is a complete metric space such that any two points can be connected by a
geodesic path. We only mention the results in [14] and [15, Section 3 and 4]
without proof in order to prove Theorem 1.7.

Let H = H(X,ω) be the space of Kähler metrics cohomologous to ω, i.e.,
H = H(X,ω) := {φ ∈ C∞(X) |ωφ = ω +

√
−1∂∂φ > 0 }. The space H has

an infinite dimensional Riemannian manifold structure defined by the L2-
inner product called the Mabuchi metric [21, 32, 35]. Lempert–Vivas [30,
Theorem 1.1] proved that in general, H is not geodesically complete, i.e.,
there is a Kähler manifold with two Kähler metrics such that there is no
smooth geodesic in H connecting them. We recall the finite energy class
E1(X,ω) in E(X,ω) and we see later that the space E1(X,ω) is the metric
completion of H.

Definition 5.1 ([9, 24]). — We define the set of ω-plurisubharmonic
functions of finite energy by

E1(X,ω) :=
{
φ ∈ E(X,ω)

∣∣∣∣ ∫
X

|φ|ωnφ < ∞
}
.
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Example 5.2. — We can easily show that Ψ = − log log ∥sD∥−2
h ∈ E1(X,ω)

by the direct computation. So, the space of potential functions of Kähler
metrics of Poincaré type is included in E1(X,ω) (see definition of Kähler
metrics of Poincaré type in [2]).

Example 5.3. — On the other hand, we can find a ω-plurisubharmonic
function with full mass which is not in the finite energy space. Indeed,
for sufficiently small ϵ > 0, one can show that Ψβ := −ϵ(log ∥sD∥−2

h )β ∈
E(X,ω) \ E1(X,ω) for β ∈ [1/2, 1) by the direct computation.

Definition 5.4. — For φ0, φ1 ∈ H, we define the d1-metric between
φ0 and φ1 by

(5.1) d1(φ0, φ1) := inf
{∫ 1

0
dt
∫
X

|φ̇|ωnφt

∣∣∣∣ {φt}0⩽t⩽1 ⊂ H is smooth in t

}
.

Remark 5.5. — X.X. Chen [12] proved that there exists a geodesic
{φt}0⩽t⩽1 connecting φ0, φ1 ∈ H by solving the homogeneous complex
Monge–Ampère equation. (Note that φt is not smooth in general.) This
geodesic is called the C1,1-geodesic and defined by the Mabuchi metric. Dar-
vas [15, Theorem 3.6] proved that the C1,1-geodesic minimizes the length
between any two points (with respect to dp-metric for p ⩾ 1). For more
details, see [15, Section 3].

Darvas proved the following result which says that the finite energy space
E1(X,ω) is compatible with the metric space structure of (H, d1).

Theorem 5.6 (p = 1 for [14, Theorem 2] and [15, Theorem 3.36]). —
The finite energy space (E1(X,ω), d1) is the metric completion of (H, d1).
Moreover, (E1(X,ω), d1) is a complete geodesic metric space.

As we will see later, for φj , φ ∈ E1(X,ω), if d1(φj , φ) → 0 then
∫
X

|φj −
φ|ωn → 0 as j → ∞. However, the converse does not hold in general, so
the convergence in the sense of d1-metric is strictly stronger than the con-
vergence in the sense of L1(ωn)-topology. In order to describe the topology
of (E1(X,ω), d1), the following energy functional plays a fundamental role.

Definition 5.7 (see [9, Section 2]). — We define the Monge–Ampère
energy (which is also called the Aubin–Mabuchi, or Aubin–Yau energy) by

I(φ) := 1
V (n+ 1)

n∑
j=0

∫
X

φωjφ ∧ ωn−j , φ ∈ PSH(X,ω) ∩ L∞(X).
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For φ ∈ PSH(X,ω), we define

I(φ) := lim
k→∞

I(φk) ∈ R ∪ {−∞},

where φk denotes the canonical cutoff of φ.

We mention the upper semicontinuity of I with respect toL1(ωn)-topology.

Proposition 5.8 (see [15, Corollary 4.14]). — For u, uj ∈ E1(X,ω), the
Monge–Ampère energy I : E1(X,ω) → R∪ {−∞} is upper semicontinuous
for L1(ωn)-topology, i.e., if φj → φ in L1(ωn), then we have

lim sup
j→∞

I(φj) ⩽ I(φ).

The convergence in the sense of d1-metric is characterized by the L1(ωn)-
convergence and the energy convergence as follows.

Theorem 5.9 ([14, Proposition 5.10], [15, Theorem 3.46]). — For
φj , φ ∈ E1(X,ω), d1(φj , φ) → 0 if and only if

∫
X

|φj − φ|ωn → 0 and
I(φj) → I(φ) as j → ∞.

In order to prove Theorem 1.7, we recall important inequalities in [15,
Section 3 and 4] and [14] between d1, I, supX and L1-norm.

Proposition 5.10 ([15, Proposition 3.40]). — For φ ∈ PSH(X,ω), φ ∈
E1(X, θX) if and only if I(φ) > −∞. Moreover, for φ0, φ1 ∈ E1(X, θX), we
have

|I(φ0) − I(φ1)| ⩽ d1(φ0, φ1),(5.2)
1
V

∫
X

(φ0 − φ1)ωnφ0
⩽ I(φ0) − I(φ1) ⩽ 1

V

∫
X

(φ0 − φ1)ωnφ1
.(5.3)

Lemma 5.11 ([15, Lemma 3.45]). — There exists a constant C > 0
depending only on X and ω, such that

1
V

∫
X

φωn ⩽ sup
X
φ ⩽

1
V

∫
X

φωn + C

for all φ ∈ PSH(X,ω).

Theorem 5.12 (p = 1 for [14, Theorem 3] and [15, Theorem 3.32]). —
For φ0, φ1 ∈ E1(X,ω), we have

d1(φ0, φ1) ⩽ 1
V

∫
X

|φ0 − φ1|ωnφ0
+ 1
V

∫
X

|φ0 − φ1|ωnφ0
⩽ 22n+6d1(φ0, φ1).

Finally, we state the L1(ωn)-compactness result for some bounded class
in E1(X,ω).
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Theorem 5.13 ([6, Lemma 2.6], see also [15, Lemma 4.13]). — For
C1, C2 ∈ R, the subset defined by{

φ ∈ E1(X,ω)
∣∣∣∣ C1 ⩽ I(φ) ⩽ sup

X
φ ⩽ C2

}
is compact with respect to weak L1(ωn)-topology.

5.2. Proof of Theorem 1.7

In this subsection, we discuss the entropy compactness theorem by using
the integrability threshold in Section 4.

Definition 5.14. — For two probability measures dν1,dν2 on X, we
define the relative entropy of dν2 for dν1 by

Entdν1 (dν2) :=
∫
X

log
(

dν2

dν1

)
dν2

if dν2 is absolutely continuous to dν1 or Entdν1 (dν2) = +∞ otherwise.
Here, the measurable function dν2

dν1
is the Radon–Nikodým derivative of dν2

for dν1.

Remark 5.15. — It is well-known that the relative entropy satisfies
Entdν1(dν2) ⩾ 0 and the equality holds if and only if dν1 = dν2 by the
Jensen inequality. It is also well-known that the relative entropy is the Le-
gendre transform of the functional ϕ → log

∫
X

eϕ dν1. We refer to [5, Sec-
tion 2.3, Section 2.4] for more details of the relative entropy.

Remark 5.16. — The relative entropy for some measure with singularities
is sometimes called the log relative entropy (or log entropy). In particular,
the log relative entropy for the measure dλβ with cone singularities with
angle 2πβ plays an important role in [41] for the study of the log Mabuchi
K-energy. We can regard our measure dµ0 as the limit of dλβ as β → 0
(see singular Kähler metrics and their approximations in [1, 26]). We can
call the functional Entµ0 the log relative entropy (for angle 0), but in this
article, we just call it the relative entropy for simplicity.

Remark 5.17. — The outline of the proof of Theorem 1.7 is similar to the
proof in [15, Theorem 4.44]. The difference between them is that our case
deals with the relative entropy for the (very!) singular reference measure
µγ . So, we need to show that the integrals

∫
X

e−αΦj dµγ ,
∫
X

e−αΦ dµγ are
uniformly bounded by choosing a suitable constant α > 0. Moreover, we
need to show that some L1(ωn)-convergence sequence also converges in the
sense of Lp(dµγ)-topology.
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Proof of Theorem 1.7. — As in the proof of Theorem 1.4, we assume
that γ = 0. By scaling, we assume that V =

∫
X
ωn = 1. Since U =

{Φj}j is d1-bounded, i.e., d1(0,Φj) < K for any j, the inequality (5.2) in
Proposition 5.10, Lemma 5.11 and Theorem 5.12 implies that |supX(Φj)|
and I(Φj) are bounded. Thus, Lemma 5.13 implies that there exists Φ ∈
E1(X,ω) with ∥Φj − Φ∥L1(ωn) → 0 by taking a subsequence. So, it follows
from Theorem 5.9 that we only need to prove limj→∞ I(Φj) = I(Φ). From
Proposition 5.8, we know that lim supj→∞ I(Φj) ⩽ I(Φ). By the second
inequality (5.3) in Proposition 5.10, we have

I(Φ) ⩽ I(Φj) +
∫
X

|Φ − Φj |ωnΦj
,

so we can show that lim infj→∞ I(Φj) ⩾ I(Φ) if the second term in the
inequality above goes to 0 when j → ∞. Thus, it suffices to prove that∫
X

|Φ − Φj |ωnΦj
→ 0 as j → ∞.

We consider increasing and convex functions a, b : R⩾0 → R⩾0 defined by

a(s) := (s+ 1) log(s+ 1) − s, b(t) := et −t− 1.

Note that b is the Legendre conjugate of a, i.e., b = a∗. Since a(s) ⩽
s log s+O(1) and we assume that Entdµ0(V −1ωnΦj

) < K for any j, we can
find Kr > 0 for any r > 0 such that∥∥∥∥r−1ω

n
Φj

dµ0

∥∥∥∥
La(dµ0)

< Kr.

Here, the symbol ∥ · ∥La(dµ0) denotes the Orlicz norm with respect to the
function a (see [5, Section 2] and [15, Section 1]). Since b(t) ⩽ t2 et for any
r > 0, the Hölder inequality for a pair of a and b (see [5, Proposition 2.15]
and [15, Proposition 1.3]) implies that∫

X

|Φ − Φj |ωnΦj
=
∫
X

|Φ − Φj |
ωnΦj

dµ0
dµ0

⩽ 2
∥∥∥∥r−1ω

n
Φj

dµ0

∥∥∥∥
La(dµ0)

∥r|Φ − Φj |∥Lb(dµ0)

⩽ 2Kr ∥r|Φ − Φj |∥Lb(dµ0) .

Note that

A := min
{
αω|D

(dλ′), 1
νD(U)

}
is positive by Theorem 4.7 and the assumption of Theorem 1.7. So, we can
find sufficiently small r > 0 such that α := 3r < A. By using the Hölder
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inequality, we obtain∫
X

b (r|Φ − Φj |) dµ0

⩽ r2
∫
X

|Φ − Φj |2 exp(r|Φ − Φj |)dµ0

⩽ r2∥Φ − Φj∥2
L6(dµ0)∥ exp(−rΦj)∥L3(dµ0)∥ exp(−rΦ)∥L3(dµ0).

By using Corollary 1.6, we can find a constant C > 0 independent of j
such that

∫
X

e−αΦj dµ0 ⩽ C for all j. Moreover, Fatou’s lemma implies
that we have

∫
X

e−αΦ dµ0 ⩽ C. By Theorem 3.1, we can show that ∥Φ −
Φj∥L6(dµ0) → 0 (j → ∞), so it follows that

∫
X

|Φ − Φj |ωnΦj
→ 0. Thus, we

have finished the proof of Theorem 1.7. □

Example 5.18 (Comparison with Theorem 2.8 in [7]). — For sufficiently
small δ ⩾ 0, we set a function

Ψ 1
2 −δ := −ϵ(log ∥sD∥−2

h ) 1
2 −δ

for a fixed sufficiently small constant ϵ > 0. Note that Ψ 1
2 −δ ∈ E1(X,ω)

for δ > 0. By the direct computation, we obtain a uniform constant C > 0
such that ∣∣∣∣sup

X
Ψ 1

2 −δ

∣∣∣∣ < C, Entdµ0

(
ωnΨ 1

2 −δ

)
< C

for any δ ⩾ 0, i.e., the sequence {Ψ 1
2 −δ}δ>0 ⊂ E1(X,ω) satisfies the as-

sumption of Theorem 2.8 in [7]. However, if we set δj := 1/j, the se-
quence {Ψ 1

2 −δj
}j does not have a d1-convergent subsequence, because Ψ 1

2
/∈

E1(X,ω). Note that this is an example of quasi-plurisubharmonic functions
with finite entropy (with respect to the relative entropy for the reference
measure µ0!) which is not of finite energy (see [5, Theorem 2.17] and [19,
Theorem A]).

Proof of Corollary 1.9. — It follows from (b) of Theorem 2 in [20], there
exists A1, A2 > 0 depending only on B such that Φj ⩾ A1Ψ+A2 for any j.
Thus, we can find r > 0 such that rΨ ⩽ A2 on the neighborhood V in the
definition of the log-log threshold νD, so we obtain νD(Φj) ⩽ A1 + r for
any j. We write f := 1

∥sD∥2(log ∥sD∥−2)2 . So, it follows from the inequality
ωnΦj

⩽ Bfωn ≈ Bdµ0 that there exists some constant CB > 0 depending
only on B such that Entdµ0(V −1ωnΦj

) < CB . Thus, we complete the proof
by Theorem 1.7. □
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