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THE GRUNWALD PROBLEM AND HOMOGENEOUS
SPACES WITH NONSOLVABLE STABILISERS

by Elyes BOUGHATTAS & Danny NEFTIN (*)

ABSTRACT. — We give an affirmative answer to the Grunwald problem for new
families of nonsolvable finite groups G, away from the set of primes dividing |G|.
Furthermore, we show that such G verify the condition (BM), that is, the Brauer—
Manin obstruction to weak approximation is the only one for quotients of SL,, by G.
These new families include extensions of groups satisfying (BM) by kernels which
are products of symmetric groups S, with m # 2,6, and alternating groups 2s.
We also investigate (BM) for small groups by giving an explicit list of small order
groups for which (BM) is unknown and we show that for many of them (BM) holds
under Schinzel’s hypothesis.

RESUME. — Nous apportons une réponse positive au probléme de Grunwald
pour de nouvelles familles de groupes finis non résolubles G, en dehors de ’en-
semble des places divisant |G|. De plus, nous montrons que ces groupes G vérifient
la propriété (BM), c’est-a-dire que l'obstruction de Brauer—-Manin & ’approxima-
tion faible est la seule pour les quotients de SL, par G. Ces nouvelles familles
sont formées d’extensions de groupes vérifiant (BM) par des produits de groupes
symétriques &,,, pour m # 2,6, et de copies du groupe alterné 5. Nous étudions
également (BM) pour des groupes de petit cardinal, en donnant une liste explicite
de tels groupes pour lesquels (BM) est inconnue, et nous démontrons que pour
plusieurs d’entre eux, (BM) est vérifiée si I'hypothése de Schinzel est vraie.

1. Introduction

The Grunwald problem is a stronger version of the Inverse Galois Prob-
lem (IGP) originating in the classical problem of determining which division
algebras admit a G-crossed product structure for a given finite group G,
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2 Elyes BOUGHATTAS & Danny NEFTIN

see [29, 42, 48, 51, 57]. Further recent interest in the problem arose from its
relation to the regular IGP [16, 34] and weak approximation [18, 28, 30].

The problem asks for the possible local behaviour of Galois extensions
L/k with finite Galois group G, that is, the possibilities for their comple-
tions L, /k, at finitely many places v of k. It may be stated as follows.
Given a finite set of places S of a number field k, and Galois field exten-
sions L") /k, for v € S with embeddings Gal(L®") /k,) — G, determine if
there exists a Galois extension L/k with Gal(L/k) ~ G such that L, = L")
for all v € S7

The Grunwald-Wang theorem [61] answers the problem affirmatively
when G is abelian and S does not contain a place dividing 2. Nevertheless,
in [60], a counterexample with k = Q, 2 € S and G = Z/8Z is given by
Wang. In fact, Grunwald problems are expected to be solvable whenever
the places of S do not divide the order of G, a property also known as
the tame approximation property for G over k [18]. The answer at places
dividing |G| is less clear, cf. [44, Section 3.1-3.2] and [49] for recent work
on certain groups G.

A main approach to the IGP and the Grunwald problem originates in
Noether’s construction, where G is equipped with a free action on a rational
space and the corresponding quotient is considered. Here we consider more
generally a finite algebraic k-group G, choose an embedding G <4 SLy ks
and let X := SL,, /G be the quotient. The solvability of all Grunwald
problems for a constant group G is then equivalent to the weak approxima-
tion (WA) property on X [28], that is, to the set X (k) of k-rational points
being dense in X (kq) := [[,cq, X (ky), where Qy is the set of places of k
and the product is endowed with the product topology.

In all known instances where (WA) fails, the failure is explained by the
Brauer-Manin set. It is well known that X (k) is contained in a closed
subset X (kq)Brn(X) C X (kq) cut out by the Brauer-Manin obstruction,
see Section 2.3. It may happen that the latter containment is strict, so
that (WA) fails. In fact, it is conjectured by Colliot-Théléne in [9] (see
also [13, Conjecture 14.1.2]) that X (k) is dense in X (kg)B"»(X) for smooth
rationally connected varieties X, in particular for the quotient variety X
defined above. When this holds, we say that the Brauer—Manin obstruction
to weak approximation is the only one on X and that G verifies (BM).
This does not depend on n, nor on the embedding ¢ by the “no-name”
lemma [12, Corollary 3.9] and [13, Proposition 13.3.11]. Furthermore, by
a theorem of Lucchini Arteche [36, Corollary 6.3], when fixing a constant
group G and letting X as above, if G verifies (BM) then X (k) is dense
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in X(kg) = [Toeq,\s X (ky) for any finite set S € Qx containing the prime
ideals dividing |G|, that is, the tame approximation property holds for G.
More generally, solving all Grunwald problems for G over k is equivalent
to describing the closure of X (k) in X (kq), see [64, Section 3.3].

The property (BM) is known for many solvable groups such as finite
abelian k-groups by Borovoi [3] and, in the constant finite abelian case, by
Sansucs’s reinterpretation [50] of Voskresenskii’s work on algebraic tori [59,
Section 7.2, Theorem)], see [64, Theorem 3.3.1]. It is also known for split
extensions of k-groups that verify (BM) by a finite abelian k-group, by
Harari [28], and for finite supersolvable k-groups by Harpaz and Witten-
berg [30]. However, little is known about (BM) for nonsolvable groups. In
fact the known examples of such groups are the symmetric groups &,,, the
alternating group 2s [37], the simple group of Lie type PSLy(F7) [40] and,
more generally, groups for which a generic polynomial exists, that is, when
the quotient variety X is retract rational [32, Chapter 5].

In the present paper, we show that group extensions of a group verify-
ing (BM) by certain nonsolvable kernels N, such as powers of 25 and &,
also verify (BM), yielding new families of nonsolvable groups verifying (BM)
and having the tame approximation property.

THEOREM 1.1. — Let k be a number field. Consider a short exact se-
quence of finite algebraic k-groups

(1.1) 1—N—F—Q—1,

with N (k) ~ A x [[;_, &% for s,tg,t1,...,ts € NU{0} and ny,...,n, €
N\ {2,6}. If Q verifies (BM) over k, then E also verifies (BM) over k.

In particular, if F is constant and S is a finite set of places of k not
dividing the cardinal of G, then all Grunwald problems for E over S are
solvable, that is, I has tame approximation over k.

In a parallel work, Harpaz and Wittenberg [31, (1) of Corollary 4.13]
prove independently — with a different method — the theorem in case @ is
supersolvable and N (k) ~ 25 or &,, for n € N\ {2,6}. For supersolvable Q,
their theorem [31, Theorem 4.5] actually allows N to be any group that

satisfies the following condition:
For every homogeneous space X of SL, , and Z € X (k) whose

(o) stabiliser H over T satisfies H (k) ~ N(k), the Brauer-Manin ob-
struction to weak approximation is the only one on X.

For the proof of Theorem 1.1, we do not require ) to be supersolvable
but on the other hand assume @ verifies (BM) and reduce to the case
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where (1.1) splits. In such case, we show that N can be chosen to be any
group which satisfies (o) with the additional condition on the X’s to have
a rational point. For the purpose of proving this, we supply in Theorem 6.1
a dévissage method for (BM) which extends Harari [28, Théoréme 1] and
whose proof relies on his fibration method [28, Théoréme 3]. In particular,
this approach allows showing that (BM) holds for iterative semidirect prod-
ucts of groups verifying (BM) by abelian groups or by products of copies
of As, &, n # 2,6. Sufficient conditions to adding further groups to this
list are provided in Corollary 6.2.

To allow powers of &, and 25 in the kernel, we first consider more
generally forms G of powers of constant k-groups N which are center-
free and indecomposable, that is, which cannot be written as a product of
two nontrivial groups. We show that such groups G are Weil restrictions
along a finite étale algebra A/k of forms of the extension of N to A, see
Theorem 3.1. This yields a description of homogeneous spaces of SL,. whose
geometric stabilisers are powers of complete indecomposable center-free
groups, see Theorem 4.1.

We then deduce that homogeneous spaces of SL, with geometric sta-
biliser &?

n?

n # 2,6, are stably rational, see Corollary 4.2. Similarly, we
show that homogeneous spaces of SL, with geometric stabiliser 2% are re-
tract rational, see Corollary 5.2, extending Maeda’s theorem [37] on the
stable rationality of the field of invariants of 5. To carry this out, we use
a “twisted” version of an argument of Buhler [32, Section 2.3, pp. 46-47] to
produce a strongly versal G-torsor with a rational base for twisted forms G
of AL, t > 1.

Small groups

We apply Theorem 1.1 and previous known results in the literature to
give an explicit list of the nonsolvable groups with cardinality at most 500
for which (BM) is known, see Proposition 6.4. The list of those “small”
nonsolvable groups for which (BM) is unknown is given in Table 6.1. The
smallest nonsolvable groups for which (BM) is unknown are central ex-
tensions of Ay, Symy, and PSLa(7) of orders 240 and 336. The smallest
simple group for which (BM) is unknown is 2g. We also list the “small”
(solvable) groups of cardinality at most 191 for which (BM) is unknown,
see Proposition 7.4. Furthermore, under Schinzel’s hypothesis (H) [52], we
show that all but one, a semidirect product of Z/4Z acting on the Heisen-
berg group Hes, verify (BM). We suspect that a similar reasoning could
show that Hes xZ/4Z verifies (BM) conditionally on Schinzel’s hypothesis.

ANNALES DE L’INSTITUT FOURIER
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Property (BM) under Schinzel

To get (BM) under Schinzel’s hypothesis, we prove the following theo-
rem. Recall that a finite k-group @ is supersolvable if there exists a se-
quence {1} = Qo C Q1 C -+ C @, = Q of normal k-subgroups of @ such
that @Q;/Q;—1 is cyclic for all i.

THEOREM 1.2. — Let k be a number field. Consider a short exact se-
quence of finite algebraic k-groups

1—N—>F—Q—1

such that the derived subgroup of N(k) is Z/2Z. Assume that either @
is supersolvable, or the sequence splits and @ verifies (BM). If Schinzel’s
hypothesis (H) holds, then E verifies (BM).

Note that the class of supersolvable groups contains that of nilpotent
groups. Further note that supersolvability differs from solvability by re-
quiring that @;_; is normal in ) and not only in @Q;. As an example, the
alternating group 24 is solvable, but not supersolvable.

To prove the theorem, we show (BM) holds under the Schinzel’s hy-
pothesis (H) for homogeneous spaces of SL, whose geometric stabiliser has
derived subgroup Z/2Z, see Theorem 7.1. For this, we combine the fibration
method [63, Chapitre 3, Corollaire 3.5] that relies on Schinzel’s hypothe-
sis (H), and a descent method for torsors under tori [30, Corollaire 2.2]. We
then make use of Theorem 6.1 and the aforementioned theorem of Harpaz
and Wittenberg [31, Theorem 4.5] to deduce Theorem 1.2 in Section 7.2.

Acknowledgement
We thank Olivier Wittenberg for helpful discussions, noting the rela-
tion to Schinzel’s hypothesis and shedding light on the proof we give in
Appendix A.
2. Preliminaries
2.1. Notation

Throughout the paper, if k is a field, k denotes a fixed separable closure
of k, and Ty the absolute Galois group Gal(k/k). A variety over k is a
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separated k-scheme of finite type. If GG is an algebraic group over a perfect
field k, a homogeneous space of GG is a k-variety X endowed with a left
action of G such that the action of G(k) on X (k) is transitive.

For a connected scheme S and group S-schemes G and H, we say that H
is an S-form of G if there exists an étale cover T' — S such that the base
changes Gp and Hp are T-isomorphic group schemes. When S = Spec(k),
we say H is a k-form of G. Recall that S-forms of G are classified by the
pointed set H}, (S, Aut(G)) [41, Chapter ITI, Section 4, p. 134] where Aut(G)
is the sheaf of automorphisms of G.

When S’ — S is a finite locally free morphism of schemes and X' is a
quasi-projective S’-scheme, we denote by Resg /g(X") the Weil restriction
of X’ along S — S, which is again an S-scheme [4, Section 7.6, Theorem 4].

2.2. Torsors

Let k be a field, G an affine algebraic k-group and f : Y — X a morphism
of k-varieties. Assume a left (resp. right) action of G on Y is given, and
let G act trivially on X. We say that f is a left (resp. right) torsor over X
when f is a G-equivariant étale map and the morphism G xxY — Y xxY
mapping (g,y) to (g-y,y) (resp. to (y-g,y)) is an isomorphism. When the
context is clear, we omit the left or right nature of the torsor.

Furthermore, when A is a k-algebra and G a group Spec(A)-scheme, we
shall denote by H'(A,G) the pointed set H, (Spec(A),G) defined in [13,
Section 2.2.1]. When A = k, this corresponds to the nonabelian Galois
cohomology defined in [54, Chapitre I, Section 5] and it classifies both right
and left G-torsors over k. In this case, we let Z* (k, G) denote the pointed set
of 1-cocycles, that is, continous maps (a) er, : I'r — E verifying a,¢ =
ay7y(a¢) for any v, ¢ € T'y, see [53, Chapitre I, Section 5.1].

When G is an affine algebraic group over a field k, o € Zl(k,G) is a
right k-torsor under G, and Y a quasi-projective variety endowed with
a left G-action, we denote by ,Y the quotient of ¢ X, Y by the action
of G defined as g:(s,y) = (sg~',gy) (the existence of such a variety is for
instance ensured by [56, Lemma 2.2.3]). The quotient ,Y is also known as
the contracted product of o and Y. In particular, for a k-group G and a
right k-torsor o € Zl(k, () one gets the twisted group ,G when G is acting
on itself on the left by g-h = ghg~'. Then, the twisted group ,G acts on ,Y
in the following way: if (s, g) is the class of @ € ,G(k) and (s,y) the class
of B € ,Y(k), then after choosing h € G(k) such that s’ = s-h, one may
set a-f as the class of (s, (gh)-y) (also see [56, p. 20, Example 2]).

ANNALES DE L’INSTITUT FOURIER
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Let f: Y — X be a left G-torsor, for a linear algebraic k-group G. It
is said to be weakly versal if, for every field extension M/k and every left
G-torsor t : T — Spec(M), there exists an M-point a of X such that ¢ is
the base change of f by a. If, moreover, a may be chosen in any nonempty
Zariski open subset of X, then f is said to be versal. Following the termi-
nology of [24, Section 1] and the definitions in [23, Section 1], we say that f
is strongly versal if there exists a finite dimensional k-vector space V on
which G acts on the left faithfully and a G-equivariant dominant ratio-
nal map V --» Y. According to [23, Theorem 1.1], we have the following
implications:

strongly versal = versal = weakly versal.

When s is a finite tuple of indeterminates, we say that a polynomial
f(s,z) € k(s)[z] is a generic polynomial over k for a finite group G if for
every Galois extension F/M with group G and an overfield M D k, there
exists a € M2l such that f(a,z) is well defined and E is a splitting field
of f(a,x) over M. By [19, Theorem 1], the existence of a generic polynomial
for GG is equivalent to the existence of a weakly versal G-torsor whose base
is a nonempty open subset of an affine space.

2.3. Local-global principles and rationality

Over number fields k, we consider weak approximation and the Brauer—
Manin obstruction on a smooth k-variety X. Recall that X verifies weak
approximation off a finite subset S C 2 whenever the diagonal embed-
ding of X (k) is dense in [[,cq,\s X (kv), the latter being endowed with the
product topology. Let Br(X) = HZ (X, G,,) denote the Brauer group of X,
and Bry,y(X) the Brauer group of any smooth compactification of X [13,
Proposition 3.7.10]. Setting X (ko) = [[,cq, X(kv), the Brauer-Manin
pairing has been introduced by Manin [38] (see also [28, Section 1.3]) and
is given by:

Bryn(X) x X(kq) — Q/Z

((z0)s @) — Y inv, (@),
VEQK
where inv, : Br(k,) — Q/Z is the local invariant and z¥ stands for the
specialization morphism of Brauer groups Br(z,) : Br(X) — Br(k,). El-
ements of X (kq) orthogonal to Bry,(X) form a closed subset of X (kq)
which contains X (k) and which is called the Brauer-Manin set of X. We
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8 Elyes BOUGHATTAS & Danny NEFTIN

shall say that the Brauer—Manin obstruction to weak approximation is the
only one on X if X (k) is dense in X (kq)P"»(X) In this situation, we will
write that X verifies (BM).

Furthermore, over an arbitrary field k, we describe the properties of
varieties considered throughout the paper. Two k-varieties X and Y are said
to be stably k-birational, or stably k-birationally equivalent, if there exist
positive integers m and n such that X x P and Y x P} are k-birational.
The variety X is said to be stably k-rational if it is stably k-birational
to P} for some positive integer n. We also say that the variety X is retract
k-rational if there exists a rational map P} --» X with a rational section,
for some positive integer n. When there is no confusion, the underlying
field will be omitted in the preceding terminologies. Weak approximation
and (BM) are stably k-birational invariants.

As a ubiquitous statement in this article, we recall the statement of the
“no-name” lemma [12, Corollary 3.9]:

LEMMA 2.1 (“No-name” lemma). — Let k be a field and G a finite k-
group. For all positive integers r, s and all embeddings G — SL, j, and G —
SL, k, the quotient varieties SL, /G and SLg 1,/G are stably k-birational.

Also, for k-groups we consider throughout this paper the following
properties:

Notation 2.2. — When £k is a field, consider the following properties on
affine k-groups G:

(1) there exists an embedding G < SL,, ;, such that the variety SL,, /G
is stably k-rational;

(2) there exists a strongly-versal G-torsor Y — X over k, where X is
rational;

(3) there exists an embedding G — SL,, ;, such that the variety SL,, /G
is retract k-rational;

(4) the field & is a number field and there exists an embedding G —
SL,,  such that the Brauer-Manin obstruction to weak approxima-
tion is the only one for the variety SL,, 1/G;

(5) there exists a finite set of places S of k and an embedding G —
SL,, ; such that the variety SL, /G verifies weak approximation
off S.

One may notice that properties (1), (3), (4) and (5) of Notation 2.2 do
not depend on the choice of the embedding, by Lemma 2.1 combined to
the stably birational invariance of stable rationality, retract rationality, the
Brauer—Manin obstruction to weak approximation and weak approximation
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off a finite set of places [13, Proof of Proposition 13.2.3]. Furthermore, we
have the following classical implications:

1) —2)—=06—% —06)

where the first implication is given by choosing Y — X as being f X idp;
where f : SL,,  — SL,, x/G and P7, is chosen such that P} x SL,, /G is ra-
tional. Moreover, the second implication is a consequence of the equivalence
of (1) and (3) in [39, Proposition 4.2].

2.4. Preliminaries on group theory and almost complete
stabilisers

Let C,, denote the cyclic group of order n, and &,, (resp. 2,,) the sym-
metric (resp. alternating) group of degree n.

Let us recall that a finite group G is complete if it is center-free with no
nontrivial outer automorphism. Examples of complete groups are the &,,’s
for n # 2,6. Furthermore, we will say that a group G is indecomposable if
it cannot be written as a product of nontrivial groups: this is for example
the case of G,, and 2, when n > 1, since their normal subgroups have no
direct factor.

Before going any further, let us state the following ubiquitous lemma on
automorphisms of powers of indecomposable groups.

LEMMA 2.3 ([2, Theorem 3.1]). — If N is a group and t a positive
integer, then the following morphism is injective:

L Aut(N) x & — Aut(NY)
t
((pi)iz1,0) — | (01, ... ) = H%(nrl(i)) )
i=1

where &, acts on Aut(N)" by o-(p;)i_y = (po-1())izy for any o € &,
and (¢;)i_; € Aut(N)t. Moreover, if N is indecomposable and center-free,
then ¢ is an isomorphism.

Using the terminology of [31, Section 4.1.4], we shall say that a fi-
nite group G is almost complete if it is center-free and if the morphism
Aut(G) — Out(G) has a section. Examples of almost simple groups are
the alternating groups 2, for n & {2, 3,6}, and all complete groups, such
as the &,,’s for n & {2,6}. As these groups are ubiquitous in this article,
we summarise their basic properties in the following lemma.

TOME 0 (0), FASCICULE 0
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LEMMA 2.4.
(1) A finite group G is almost complete if and only if any short exact
sequence of profinite groups

1—G—F—Q—1

splits as a semi-direct product of profinite groups £ ~ G x Q.
(2) If G is a finite almost complete indecomposable group, then for any
positive integer t, the group G* is almost complete.

(3) If Hy,...,H, are finite almost complete groups where no pair of
the H; have a common direct factor, then H:Zl H; is almost com-
plete.

Proof. — Assertion (1) corresponds to [31, Lemma 4.12(1)]. To prove (2),
first notice that G* is center-free. Furthermore, since G is indecomposable,
Lemma 2.3 ensures that Aut(G?) ~ Aut(G)! x&; where &; acts on Aut(G)*
by permuting the coordinates. Denote by s a section of a : Aut(G) —
Out(G). Then, the morphism Aut(G?) — Out(G*) corresponds to the mor-
phism [],,c, a x idg, : Aut(G)" x &; — Out(G)" x &; and a section is
given by [[, <, s x ids,, which prove (2).

As for (3), the group []_, H; is clearly center-free. Then [2, Theorem 2.2]
ensures that Aut([[;_, H;) = [],_, Aut(H;), so that the morphism

Aut <H Hi> — Out (H Hi> N
i=1 i=1
which coincides with [];_, (Aut(H;) — Out(H;)), has a section since each
of the H;’s is almost complete. O
Combining Lemma 2.4(1) with a theorem of P4l-Schlank one gets:
PROPOSITION 2.5. — Let X be a homogeneous space of SL,, , and T €

X (k). Denote by G the stabiliser of . If the group G (k) is finite and almost
complete, then X (k) # (.

Proof. — By Lemma 2.4(1) the exact sequence
1 — G(k) — 71} (X,7) — T — 1,

splits. For homogeneous spaces of SL,, the existence of such a section
implies the existence of a rational point by [43, Theorem 7.6]. O

Eventually, the following proposition gives a structural statement for ho-
mogeneous spaces whose stabilisers are products of almost complete groups
with no pair having a common direct factor:

ANNALES DE L’INSTITUT FOURIER
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PropoOSITION 2.6. — Let Hy, ..., H, be almost complete finite constant
k-groups with no pair of the H;’s having a common direct factor, and m
a positive integer. Suppose X is an SL,, ,-homogeneous space whose geo-
metric stabiliser is the direct product [[;_, H;. Then X is stably birational
to a product [[;_, X; where:

(1) there exists n € N such that each X; is a SL,, ,-homogeneous space;

(2) foreachi € {1,...,r}, and for any T; € X;(k), if one denotes by G;

the stabiliser of T;, then G;(k) ~ H;.

Proof. — By Proposition 2.5, one has X (k) # (). The choice of a rational
point of X supplies a k-form G of the constant group [];_, H; and an
isomorphism of SL,, z-homogeneous spaces X ~ SL,, 1,/G.

Furthermore, Aut([[;_, H;) = [[,_, Aut(H;) by [2, Theorem 2.2]. From
this, the Galois action on G(k) actually corresponds to a morphism I'y, —
[T;_, Aut(H;). For each i € {1,...,r}, the projection I'y — Aut(H;) of
the Galois action on Aut(H;) defines a k-form H;, so that G ~ ITi_, H.
Now, choose a positive integer n and, for each i € {1,...,r}, an embed-
ding I:-Iv, > SLy k. Then, Lemma 2.1 ensures that SL,, /G is stably bira-
tional to []}_, SLn,k/f-Ivi7 so that after setting X; = SLn’k/E, one gets the
required statement. O

2.5. Nonabelian Shapiro’s map

If T is a profinite group, a I'-group is a discrete group F endowed with a
continuous action I' % Aut(E). We shall also say that ¢ yields a I'-group,
and write g.e := ¢(g)(e) for (g,e) € I' x E when there is no confusion as to
what ¢ is. We then denote by E x, I' the semidirect product relative to ¢
and by Secr(E x,I') the set of continuous sections of E'x,I" = I'. We use
the following well-known correspondence:

Fact 2.7 ([58, Lemma 7]). — Let I' be a profinite group and ¢ : I' —
Aut(FE) a I'-group. Denote by pr, : E x,I' — E the first projection (which
is not necessarily a morphism). Then the following map is bijective

Secr(E 1, T') — Z'(T', E)

0 —> pry o g.
For a closed subgroup A < I'" and a A-group E, we let
IndAE = {f : T — E| f(dg) = df(g) for all (d,g) € A x '}

TOME 0 (0), FASCICULE 0



12 Elyes BOUGHATTAS & Danny NEFTIN

denote the induced I'-group endowed with the left action (v-f)(g) = f(g7)
fory e T'and f € IndgE. We may further identify IndgE with EA\T,
where I' acts on A\I" on the right, via the following lemma.

LEMMA 2.8. — Let ' be a profinite group, A a closed subgroup of T'
and E a A-group. Fix a set of representatives {; : i € A\I'} of A\I" and set

w:Ind\EF — EAV
fr— (f(fi))ieA\r
Furthermore for i € A\I', v € T', write €,y = 0;(7) - €;., for a unique
0i(y) € A. Then:
(1) the map w is an isomorphism of groups, which endows E*\' with
a I'-group structure defined as the composition of the I'-group I' —
Aut(Indy E) with
Aut(w) : Aut(Indy E) — Aut(EA\Y)

©— wew

(2) furthermore, the action of v € I on (e;)iea\r € EA\I described
in (1) is given by
v-(€i)ieavr = (6i(7)-€iry)iear;

(3) consider the T-group structure on EA\' in (1) and let 1 denote
the trivial coset in A\I'. For a € Z'(I', EA\'), if we write a, =

(ei(7))ica\r, then:

ei(7) = d1(ei) " [ea(es) e (8i(7)) (61(6i(7))-exein))] 5

(4) if A acts trivially on E, then w does not depend on the choice of the
set of representatives of A\I'. Furthermore, the conclusion of (3)
may be rewritten as:

ei(v) = ex(e) "er(di(7))er(ein)-

Proof. — The proof of (1) and (2) is straightforward, and (4) follows
immediately from (3). Let us prove (3). Since a is a cocycle, ay¢ = a,y(ac)
for v,¢ € T, so that (2) gives:

(2.1) ei(7¢) = €i(7) (6:(7)-ei(€))-

Noting that i.si_l = 1, and applying (2.1) with (¢, 7, ) replaced by (1,&;,7),
we get:

(2.2) e1(ei7) = e; -1 (e7) = ex(e:) (d1(ei) ei(7))-
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Using i.ei_l =1 again, (2.1) with (7,7, () replaced by (1,0;(7),€:.~) gives:
(2.3) e1(0i(7) i) = ;-1 (8:(7) - €iy) = €2(8:(7)) (31(8:(7))-e1(eiy))-
But since €;7 = §;(7) - €54, we can equate (2.2) and (2.3), yielding (3). O

Returning to the general setting, note that the morphism of groups
Ind\E — E mapping f : I' — E to f(1) is A-equivariant, and hence
induces Shapiro’s map of pointed sets

sh: ZYT,Ind\ E) — Z'(A, E)

which is known to be surjective by Shapiro’s lemma [58, Proof of Proposi-
tion 8§].

Moreover, if A acts trivially on E, then Shapiro’s map coincides, via
Fact 2.7, with a map:
(2.4) sh’ : Secr(Indy E x T') — Homeon (A, E).
In this case, if we use notations of Lemma 2.8 and identify Indx E with EA\C
via w, the Shapiro map sh’ can be described as follows:

sh’ : Secr (B2 % T) — Homeon (A, E)

(2.5)
yeT = ((ei(7))iear,y) — 0 = e1(9)

3. Structure of forms for powers of groups

The following theorem is the main result regarding powers of groups.

THEOREM 3.1. — Let N be a finite constant k-group and t a positive
integer. Assume further that N is indecomposable, with trivial center. If an
algebraic k-group G is a k-form of N ¢ then there exists an étale k- algebra A
of degree t and a k-form NA of Ny := N ®;, A such that G = ResA/k(NA)

Before giving a proof, let us recall how Weil restrictions are related to
induced I'y-groups.

LEMMA 3.2 ([62, Theorem 1.3.1]). — Let L/k be a finite separable ex-
tension of fields. Fix an embedding oy : L — k where k is a separable
closure of k and set T'y, = Gal(k/L) which is a closed subgroup of I'y.. Then
for any algebraic group G over L, there exists a I'y-equivariant bijection

(Resp/xG) (k) ~ Indp* (G(k))

of T';-groups, where ', acts on the left on G(k) = Homgpec(r) (Spec(ag), G)
by composition, where Spec(cg) denotes the Spec(L)-scheme Spec(k) cor-
responding to the embedding oy.
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14 Elyes BOUGHATTAS & Danny NEFTIN

We also use the following technical lemma concerning Shapiro’s map sh’
from (2.4) when E is taken to be Aut(N). For this purpose, choosing a
set of representatives of A\T', we identify Aut(Indy\ N) with Aut(NA\F)
via the isomorphism Aut(w) from Lemma 2.8, and Aut(N)2\I x Bij(A\T)
with a subgroup of Aut(N*\') = Aut(Ind; N) via Lemma 2.3. Eventually,
we denote by

p: ' — Bij(A\I)

(3.1) L
Y= p(y) i iy

1

the right action of I' on A\

LEMMA 3.3. — Let N be a finite group and I" a profinite group. Let A be
a closed subgroup of T', assume that A acts trivially on Aut(N) and consider
o € Secr(IndX\ Aut(N) xT') and 0 := sh’(0) € Homeon (A, Aut(N)). Denote
by Ind\ N the I'-group induced by 6 and let  : T — Aut(Ind\ N) be the
associated I'-action. Then 3 factors as:

I % IdYAut(N) x T Y22 md Aut(V) x Bij(A\D)

|»
Ind\ Aut(N) x Bij(A\I)
for some inner automorphism 1) of Aut(N)*\I' x Bij(A\T).

Proof. — Let {e; : i € A\I'} be a set of representatives for A\I', and
0i(7) € A such that &;7 = 6;(77)ei.,. Write o(v) = ((©i(7))ica\r, ) for v €
T, so that ¢ : T' = Aut(N)2\1, v = (0;(7))ica\r lies in ZH (T, Aut(N)A\D)
by Fact 2.7. Note that by Lemma 2.8(3):

(32)  wiy) =p1(e) " owi(di(7) o puleiny), for yeTl,ie AL

Recall that 3 induces a T-action on N2\ via (Aut(w) o 8)(vy) = wo B(v) o

w™L. Moreover, by Lemma 2.8(2), we have
woB(y)ow™t: NAI 5 NAT
(3.3)
(ni)ieavr — (6:(7) My )iearr-

Since A acts on N through 6, and 6(§) = ¢1(d) by the explicit descrip-
tion (2.5) of sh’, morphism (3.3) takes the form:
wo B(y)ow ™ NA 5 NAVT
(ni)ieavr — (©1(0:(7))(niry))icarr-
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By definition of ¢ from Lemma 2.3 and by definition of p in (3.1), this is
none but the image by ¢ of the automorphism

((£1(() e pr2(1) € AU (N2 50 Bij(AND).

However, by (3.2), this image is conjugate by the element (1(€i))iea\r €
Aut(N)A\ to

((id, p) 0 o) (7) = (i(7), p(7))

which proves the statement. O
We may now combine Lemmas 3.2 and 3.3 to give a proof of Theorem 3.1.

Proof of Theorem 3.1. — Let G be a k-form of Nt. After choosing an
isomorphism of groups G(k) ~ N, the action of I'y on G(k) gives rise
to a continuous action of I'y on N?, that is, to a morphism ¢ : 'y —
Aut(N?). By Lemma 2.3, one has Aut(N?) ~ Aut(N)! x &;, where &; acts
on Aut(N)? by permuting the coordinates. The composition ¢ : Ty, — &
of ¢ with the projection Aut(N)! x &, — &, yields a right action of Ty,
on {1,...,t} defined by l.7 := 9(7)~1(l). Now pick a set of representatives
I C {1,...,t} of the distinct orbits of {1,...,¢} under the right action
of Iy, so that N* = [,.; N*T'*. Thus ¢ factors as

HiEI i iT t
(3.4) Ty —<— [ Aut(N*"*) < Aut(N*)
iel
where ; : Ty — Aut(N®!*) denotes the action of T, on the i-th fac-
tor N“T'r of N*. Let us denote by G; the k-form of N*T* correspond-
ing to ; € Z'(k, Aut(N*T*)). By the factorisation (3.4), we thus have
G =1l Gi-

Next, we fix i € I and rewrite G; as a Weil restriction. For this purpose,
we first use Lemma 2.3 to identify Aut(N*T+) = Aut(N)*I* x Bij(i.T'x).
Furthermore, if we denote by p; : Ty, — Bij(i.T'y) the right action described
above, then «; factors uniquely as

(3.5) Ty 25 Aut(N)*T% x4 Ty — Aut(N)*T* % Bij(i.T'y)

for o; € Secr(Aut(N)*I'* x T'}.). Letting T'; be the stabiliser of ¢ under the
right action of I'y, on i.I'y, we may further identify:

i.Fk ~ Fi\l“k.

The Shapiro map (2.4) supplies a morphism 6; = sh’(c;) : I'; — Aut(N).
Denote by Indll:fN the I';-group induced by #; and 3; : T'y, — Aut(Indll:f N)
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16 Elyes BOUGHATTAS & Danny NEFTIN

the corresponding action of I'y. Since a; = (id, p) o o by (3.5), Lemma 3.3
yields an inner automorphism v; of Aut(N®T*) such that
(36) Aut(wi) o ,81 = d)z O ;.

Now, choosing x; € Aut(N*T*) such that wi_l is the conjugation map by x;,
equation (3.6) yields the following commutative diagram:

Y

Aut(IndFkN) W Aut NZ Fk)

In other words, the map
(3.7) Xiow; : IndpEN — N*Tx

is a ['g-equivariant isomorphism of groups, where I'j acts on Ind?fN (resp.
on N#I'*) via B; (resp. o;). Furthermore, recall that by definition of G,
there is a ['g-equivariant isomorphism

where the action of 'y on the left-hand side (resp. on the right-hand side)
is the Galois action on points (resp. is given by «;). Also, if we set M; =
k' and Ny, the M;-form of N associated to 6; € Z*(M;, Aut(N)), then
Lemma 3.2 supplies a I'gy-equivariant isomorphism of groups

(3.9) Resr, /i (Nag, ) (k) = Ind[* N.

where the action of I'y, on the left-hand side (resp. right-hand side) is the
Galois action on points (resp. is given by ;). Now, if we combine (3.8)
and (3.9) with (3.7), the map x; ow; may be rewritten as a I'y-equivariant
isomorphism -

where the action of I'y, on both sides is the Galois action on points. By
Galois descent, this extends to an isomorphism of algebraic groups

Gl' ~ ResM,i/k(m).
Thus, by setting A := [[,.; M; and Ny = [Licr m, we eventually get
G~ HResMi/k(N\]\Z) = ResA/k(ZfV:)
iel
which proves the statement. O

We deduce the following description of homogeneous spaces for powers
of groups.
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COROLLARY 3.4. — Let N be a finite constant k-group, t a positive
integer and G a k-form of N'. Assume further that N is indecomposable
with trivial center. Then there exist an étale k-algebra A of degree t and
a k-form ]f\f\; of N4 such that, for every k-embedding G — SL, ; and A-
embeddingj\f:  SLj. 4, the varieties SL,. /G and ResA/k(SLS,A/YV:) are
stably birationally equivalent.

Proof. — By Theorem 3.1, there exists an ¢tale k-algebra A of degree ¢
and an A-form N4 of N4 endowed with an isomorphism G ~ Res 4 /k(N A)-
Let N4 act faithfully on an affine space A" By [15, Corollary A.5.4(3)],
one then has that

Res i, (AZ/YVZ) =~ (Resa/i (A%h)) /Resap (FV:) :

Since Resa , (A7) ~ A" and Resa (N;) ~ @, one deduces from the
latter that Res, /(A% /Jr\f\;) ~ A /G. The statement then follows from
Lemma 2.1. O

Denote by Py any of the properties on affine k-groups listed in Nota-
tion 2.2.

COROLLARY 3.5. — Let t be a positive integer and N a constant inde-
composable finite k-group with trivial center. If every L-form of Ny, veri-
fies Py, for every separable field extension L/k with [L : k] < ¢, then any
k-form of Nt verifies Py,.

Proof. — Let t be a positive integer and G a k-form of Nt. Let us now
choose an étale k-algebra A of degree t and an A-form 7\7\; of N4 as in Corol-
lary 3.4. After choosing a k-embedding G — SL, , and an A-embedding
]/V; < SLg, 4, Corollary 3.4 ensures that SL,. /G and Res 4/, (SLS,A/]/V;)
are stably birational. Since A is étale over k, it may be written as A =
I <i<n Mi where the field extensions M; /k, i =1,...,r are separable of
degree at most ¢. Moreover, H' (A, Aut( ) =1L, H (Mz,Aut( )) so
that one may write NA = H1<Z<n NM , where the M;-group NM is an
M;-form of Ny, for i =1,...,n. From this, we infer that SL, ;/G is stably
birational to the variety

H ResMi/k (SLS,MI/NMI) .
1<ign
Furthermore, for each ¢ € {1,...,n}, the variety SLS7M,£/J(7\1\/;, is assumed to
satisfy Py, . Since the Weil restriction of a variety which is retract rational,
resp. rational, resp. satisfies that the Brauer—Manin obstruction to weak
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approximation is the only one, resp. satisfies that weak approximation holds
off a finite set of places, satisfies the same property (see [7, Theorem 1.1]
for the Brauer—Manin obstruction to weak approximation, and [14, Exam-
ple 4.2] for weak approximation), the statement of this proposition follows
when Py is one of the properties (1), (3), (4) and (5) in Notation 2.2.

Assume now that Py is property (2) in Notation 2.2. For each i €
{1,...,n}, choose a strongly-versal m—torsor Y; — X; where X; is M;-
rational. By definition of strong versality, let us pick an M;-vector space V;,
a faithful action of ij\; on V; and an @ -equivariant rational dominant
map V; --» Y. After passing to Weil restrictions and products one gets a
rational G-equivariant map [], Resay, /k(Vi) --+ []; Resas, x(Yi), which is
dominant by [15, Corollary A.5.4(1)], and by [15, Corollary A.5.4(3)] we
get a G-torsor

T HR‘eSZ\/L',/k(Y;) — HResM,/k(Xi)

whose base is rational. Since [[; Resyy, /1(V;) is a k-vector space on which G
acts linearly and faithfully, 7 is strongly versal, which proves the state-
ment. U

4. Complete groups

The following theorem reduces our study of homogenous spaces whose
geometric stabiliser is a power of a complete group to homogeneous spaces
whose stabiliser is the group itself.

THEOREM 4.1. — Let H be an indecomposable complete constant finite
k-group and t a positive integer. Consider a homogeneous space X of SL,, i,
and Z € X (k) whose stabiliser is denoted by G. If G(k) ~ H!, then there
exists an étale k-algebra A of degree t such that for any A-embedding H —
SLy 4, the varieties X and Res/,(SL, a/HA) are stably k-birational.

Note that, under its assumptions, this theorem guarantees that in Corol-
lary 3.4, the form 7\7\2 may be chosen to be constant. Let us start by giving
an application of Theorem 4.1 when the given complete group is a sym-
metric group:

COROLLARY 4.2. — Let k be a field, X a homogeneous space of SL;.

and T € X (k). Denote by G the stabiliser of Z. If there exist positive

integers n,t with n ¢ {2,6} and G(k) ~ &! , then X is stably rational.
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Proof. — First note that the symmetric group &,, is complete [35, Chap-
ter IV, Section 13, p. 92]. Further, since it is indecomposable, Theorem 4.1
supplies an étale k-algebra A of degree t such that X is stably birational
to Resa/k(SLr,a/(65)a). The fundamental theorem of symmetric poly-
nomials, combined with Lemma 2.1, ensures that SL, /(&) is stably
k-rational, meaning that there exist nonnegative integers r and s and a
birational k-map

P} X% SLy i /() —» P3.
After tensoring by Spec(A) and passing to Weil restriction along A/k, we
derive from the latter a birational k-map

RGSA/;C(PZ‘) Xk ReSA/k(SLT)A/(Gn)A) —T-) ResA/k(Pfal)-

Since Res 4 /1, (A”y) (resp. Resa/,(A%)), which is an affine space, is an open
subset of Resy /i (P") (resp. Resy/,(P%)), the latter is k-rational. From
this, we conclude that Ress,;(SLy a/(&y)4a) is stably k-rational, which
proves the statement. O

For the proof of Theorem 4.1, we need the following lemma that classifies
the stabilisers of a homogeneous space of SL,, in terms of the outer Galois
action on one of them. We use the following terminology. Given an isomor-
phism of finite groups A 2> B and a continuous action of a profinite group I
on A, we shall call the action of ¢ € T on B, given by b — p(cp~1(b)),
the action induced by ¢. Given two continuous actions a : I' — Aut(A)
and 8 : I' — Aut(B) we say that ¢ is compatible with the outer actions
of I' on A and B if the following diagram is commutative:

Out(A)

e

r Out(p)

I

Out(B)

where the upper diagonal map (resp. the lower diagonal map) is the com-
position of a (resp. ) with the quotient morphism Aut(A) — Out(A)
(resp. Aut(B) — Out(B)), and Out(y) is induced by the isomorphism
Aut(p) : Aut(A) — Aut(B).

LEMMA 4.3. — Let X be a homogeneous space of SLy y, and x € X (k)
a rational point whose stabiliser is a finite group G over k.

(1) Let b € SLy(k) be such that bz € X (k). If H denotes the stabiliser
of bx, then H = bGb~'. Moreover, via the isomorphism H (k) ~
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G (k) mapping h € H(k) to b=1hb, the induced action of ¢ € Ty,
on G(k) is given by:
g— b ta(b)o(g)a(d™ b for g€ G(k),o €Ty.

(2) Conversely, let H be a finite group over k endowed with an iso-

morphism of finite groups H (k) ~ G(k) compatible with the outer
action of T'y. Assume further that G(k) has trivial center. Then
there exists y € X (k) whose stabiliser is H.

To give a proof of this lemma, we remind the following fact from Galois
cohomology.

REMINDER 4.4. — Consider a short exact sequence of discrete groups
l1—H—FE—Q-51

and I' a profinite group. Let o, : I' — E be two continuous morphisms
coequalised by m, that is, morphisms «, 8 satisfying woa = wo 3. Then the
map o € I = f(o)a(o)~! is a cocycle in Z*(T', H) where the action of T
on H is given by o-h = a(c)ha(o)™!, for any o € T and h € H.

Proof. — By assumption, h, = B3(c)a(c)~! lies in H for o € I'. Then,
the tuple (hy) lies in Z*(T, H) since, for all o,7 € T, one has:

hor = B(0)B(T)a(r) 'a(o) ! = B(o)a(o) 'a(o)B(T)alr™Halo) ™!
= hya(o)hra(o)™t. O

Proof of Lemma 4.3. — For (1), note that the action induced by the

isomorphism ¢ : H(k) — G(k), h + bhb~! is given by:
o-g=pop(g) =b"lo(bgb™ )b
=b"to(b)o(g9)a(b~1)b, for g€ G(k),o €T}
Let H be as in the statement of (2) and denote by ¢ : H(k) — G(k)
the given isomorphism compatible with the outer action of I'y,. Denote by
a : T, — Aut(G(k)) the Galois action on G(k) and B : T'y — Aut(G(k))
the action induced by applying ¢ to the Galois action on H (k). Since ¢ is
compatible with the outer action of 'y, the maps a and (8 are coequalised by
Aut(G(k)) — Out(G(k)). As G(k) has trivial center, Reminder 4.4 applied
to the short exact sequence
1 — G(k) == Aut(G(k)) — Out(G(k)) — 1

where ¢+ maps g to the associated inner automorphism, implies that ¢ —
he = B(o)a(o)~" lies in Z*(k, Q). Using the embedding G(k) — SLy(k),
this cocycles also lies in Z! (k,SLy). Hilbert’s theorem 90 hence supplies b €
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SLy (k) such that h, = b=1a(b) for all o € T'y.. From the fact that b=1o(b)
is in the stabiliser G (k) of z € X (k), we infer that o(bx) = bx for all o € T,
so that bx € X (k).

To summarise, for o € 'y and g € G(k), since b~ (b) acts on G(k) via
the inner automorphism ¢(b~'o (b)), we have:

Blo)oale™")(g) =b "o (b)ga(b~")b

which boils down to

B) (e (g)) = b~ a(b)ga(b~)b.

This being true for all g, one eventually gets that for all ¢ € I'y and
g € G(k), the following holds:

B(o)(g) = b~ "o (b)a(g)o(b)b.

Thus, by (1), 8 coincides with the Galois action on the stabiliser of bx.
By Galois descent, we get an isomorphism of H with the stabiliser of the
rational point bx. O

Proof of Theorem 4.1. — Since H is complete, assertion (2) of Lemma 2.4
ensures that H' is almost complete. From Proposition 2.5, one then in-
fers that X has a rational point. Thus, there exists a k-form G of H?,
an embedding G — SL,; and an isomorphism of SL,, r-homogeneous
spaces X ~ SL,, »/G.

By Corollary 3.4, there exists an étale k-algebra A of degree ¢ and an
A-form f[:; of H 4 such that for any embedding f{\; — SL,. 4, the variety X
is stably birational to ResA/k(SLT’A/m). Now, since A is étale over k, it
may be written as A = [[,,, M; where for i € {1,...,d}, the field ex-
tension M; /k is separable and finite. Furthermore, since H' (A4, Aut(H)) =
H1<Z<d H'(M;, Aut(H)), one may write Hy = [Ticica HM where the M;-

group HMz is an M;-form of Hys, for = 1,...,d. From this, one deduces
that
— d —_—
(4.1) Res/i(SLr.a/Ha) = [ [ Resas, /i (SLras, /Har,)-
i=1
For i € {1,...,d}, one may then choose an isomorphism
(4.2) o, (F) ~ H(F)

Since H is complete, its outer automorphisms are trivial, so that isomor-
phism (4.2) is compatible with the outer Galois action of I'y. Lemma 4.3(2)
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may then be applied to ensure that H)y, is embedded in SL; 57, and there
exists an isomorphism of SL, 5s,-homogeneous spaces

(43) SLT,Mi /Er\]\/z >~ SLT’]\/[I. /f[]\/[1 .
The combination of (4.1) and (4.3) then implies that
d

Res a/k(SLya/Ha) ~ | [ Resag, n(SLras, /Har,)-
i=1
The latter may be rewritten as ResA/k(SLr,A/EI\Z) ~ Resa/,(SL, a/Ha),
to which X is thus stably birational. (|

5. Forms of powers of 25

In this section, we assume that k is a field of characteristic 0 and we
construct strongly-versal torsors for twisted forms of powers of 2(5. Recall
that 25 is center-free and there is a commutative diagram

Aut(25) —— Out(As)
o | |

Gy —— (s
where the bottom map is the signature morphism.

THEOREM 5.1. — Suppose chark = 0, let t a positive integer, and G a
k-form of AL. Then there exists a strongly-versal G-torsor Y — X where X
is k-rational of dimension 2t.

We start by stating the following application of Theorem 5.1:

COROLLARY 5.2. — Let k be a field of characteristic zero, X a homo-

geneous space of SL, ,, and T € X (k). Denote by N the stabiliser of Z. If

there exists a positive integer t such that N (k) ~ 2%, then X is retract
rational.

Proof. — Since any transposition defines a section of (5.1), the group 25
is almost complete by (1) of Lemma 2.4. Further, it is indecomposable so
that AL is also almost complete by (2) of Lemma 2.4. Proposition 2.5 en-
sures that the variety X has a rational point, and the choice of such a
point supplies a k-form G of 2% and an isomorphism of SL,. ,-homogeneous
spaces X ~ SL, ;/G. Now, Theorem 5.1 gives a versal left G-torsor Y — X
where X is k-rational. From the equivalence of (1) and (3) in [39, Proposi-
tion 4.2], one thus gets that SL, /G is retract-rational. O
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By Corollary 3.5, applied with P, as being property (5) of Notation 2.2,
the proof of Theorem 5.1 amounts to the following proposition. Denote the
base change of 25 to a field M by s ar.

PROPOSITION 5.3. — Let M /k be a finite separable extension of fields
and (a,) € Z'(M,Ss5). Let us denote by As the M-form of As »s associated
to the 1-cocycle (a,) via the identification &5 = Aut(5). Then there exists
a strongly-versal left él\;-torsor over an M -rational surface.

The proof of Proposition 5.3 follows that of [32, Theorem 2.3.7], and
requires the following lemmas. The proof of the first two lemmas may be
skipped in a first reading.

The first lemma is a geometric reformulation of [19, Theorem 1, equiv-
alence of (1) and (4)], and is about extending splitting fields of generic
polynomials to weakly versal torsors.

LEMMA 5.4 ([19, Theorem 1]). — Let G a finite constant group over k
and f(s,z) € k(s)[x] a generic polynomial for G. Denote by L a splitting
field of f(s, z) over k(s). Then, the G-extension L/k(s) extends to a weakly
versal left G-torsor Y — X, where X is an open subset of AE‘.

The proof of Lemma 5.4 given by DeMeyer and McKenzie in [19, Proof of
Theorem 1] is ring-theoretic in flavour. We supply a more geometric proof
in Appendix A.

The next lemma ensures that twisted linear actions remain linear:

LEMMA 5.5. — Let G be a finite constant k-group, H a normal subgroup
of G and o € Z'(k,G). Consider a left G-variety Y and a G-equivariant
morphism Y — X, where G acts trivially on X. Assume further that
Y — X factors as Y — Z — X, where Z is a left G/H-variety, Y — Z is
H-equivariant, and Z — X is G/H-equivariant with G/H acting trivially
on X. Then:

(1) The ,G-equivariant morphism ,Y — X factors canonically as
oY — +Z — X, where 7T is the 1-cocycle given by the composi-
tion of o with the quotient morphism G — G/H. Furthermore,
Y — 7 is E[—equivariant, where H is the k-form of H defined
as the image of o by the map Z'(k,G) — Z'(k, Aut(H)) induced
by the conjugation morphism G — Aut(H). If moreover Y — X,
Y — Z and Z — X are respectively a G-torsor, an H-torsor, and a
G/ H-torsor, then any of the previous twisted maps is also a torsor.

(2) LetV be a k-vector space on which G acts faithfully on the left, and
assume further that the factorisation Y — Z — X isV — V/H —
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V/G. In the notation of (1), if o € Z'(k,G), then ,V is a k-vector
space on which ,G acts faithfully and linearly. In particular, the
action of H on ,V is also faithful and linear, so that 4V — 4(V/H)
is a versal H-torsor over an irreducible open subscheme of ,(V/H).

Proof. — For the proof of (1), the canonical factorisation of .Y — X
comes from the very definition of the contracted product. Since H is a sub-
group of ,G, it acts on ,Y and the map ,Y (k) — X (k) is H (k)-equivariant
compatibly with the action of T'y.

Let us now prove (2). First note that the twisted form ,V of the k-vector
space V corresponds to a class in H'(k, GL(V)). Since the latter classifies
k-vector spaces which are geometrically isomorphic to V', it ensures that ,V
is naturally endowed with a k-vector space structure. Furthermore, after
twisting the action morphism a : G x;x V — V, one gets an action b :
oG X1, oV — 4V. Geometrically, b corresponds to a morphism ,G(k) —
GL(,V)(k) which is compatible with the I'y-action. It thus descends to a
morphism ,G — GL(, V) which defines b. This proves that ,G acts linearly
on ,V. The last part of the statement is inferred by H being a subgroup
of ,G. O

The proof of Proposition 5.3 uses the following setting. By [32, Sec-
tion 2.2, Proposition 2.3.8], the polynomial
f(s,u, ) = 2° + s2® + u(x 4+ 1) € k(s,u)[z],

where s,u and z are indeterminates, is a generic polynomial of &5 over Q,
hence over k. Denote by L a splitting field of f over k(s,u). The genericity
of f ensures that L/k(s,u) is an Gs-extension. We thus have the following
tower of field extensions

k(s,u) C k(s,u,+/discf) C L
where L is an 2s-extension of k(s,u, v/discf). By Lemma 5.4, this tower of
fields can be extended to morphisms of schemes

Y -7 — X

where Y — X is a weakly versal left Ss-torsor, Z = Y/%2(; and X is an
open subset of AZ.

The following lemma first ensures that Y — X is a strongly-versal &5-
torsor.

LEMMA 5.6. — For any vector space V endowed with a faithful left
linear action of G5, there exists an G5-equivariant dominant rational map
V--sY.

ANNALES DE L’INSTITUT FOURIER



HOMOGENOUS SPACES WITH NONSOLVABLE STABILISERS 25

Proof. — Let ¢ be the map V — V/&5. There exist an integral open
subset U of V/&3 such that, after setting W = ¢t~1(U), the restriction of ¢
to W is an Gs-torsor. Since Y — X is weakly versal, one may assume,
after shrinking U, that there exist &s-equivariant maps r : W — Y and
b: U — X such that the following diagram is cartesian:

W ——
|
U

Spm—_

AN

It remains to show that the map b is dominant, which then implies that
so is r. Indeed, otherwise the closure B of the image of b is of dimension 0
or 1. If it were of dimension 0, then b is constant. Since U(k) # 0, this
would mean that B is a rational point of X, so that the &5-torsor Yz — B
corresponds to a Galois extension of fields with group &5. Furthermore,
the versality of the G5-torsor W — U would imply that Yp — B is versal
so that the trivial Gs-torsor over k is a pullback of Yp — B. In partic-
ular, Yp consists in a k-point, hence Yg — B is the identity morphism
of Spec(k), which can not be. Furthermore, if B were of dimension 1, then
the curve C' :=Y X x B would be dominated by W. It would thus be unira-
tional, hence rational by the combination of [33, Lemma 2.3] and Liiroth’s
theorem [8, Section 4.6, Theorem 6.8]. But C' — B being an G5-torsor, this
supplies an embedding

&5 < Aut(C/B) = Aut(k(C)/k(B)) = PGLy(k(B)).

Nevertheless, as k(B) is of characteristic 0, there is no such embedding
by [1, Introduction](l). From this, one eventually deduces that B = X, so
that b is dominant. g

We can now give a proof of Proposition 5.3:

Proof of Proposition 5.3. — Let M/k be a finite extension, (a,) €
Zl(M,Gg,) and ﬁ; the M-form of 25 5s associated to the 1-cocycle (a,).
Let V be an M-vector space on which &5 acts faithfully on the left. Now,
Lemma 5.6 supplies an Gs-equivariant dominant rational map V --» Y.

(1) See also [17, Corollary 1.3] for an explicit list of 1-parameter generic polynomials over
fields of characteristic 0.
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This yields a commutative diagram of rational maps:

V---25Y
QK5J/ i)lsl
v/ -2y Z
o
V/G&5 ----- » X

where every horizontal map is dominant, a (resp. 3) being &5-equivariant
(resp. As-equivariant) and each vertical map is a left torsor under the
constant M-group written on its left. Using Lemma 5.5, one may twist
such a diagram via the cocycle (a,), which ensures a commutative diagram
of rational maps

Vet y
% | 0
62 R
czl Cs
V/G&5 ------= > X

where each vertical map is a left torsor under the M-group written on its
left. Moreover, any horizontal map of (5.2) is still dominant and & (resp. 3)
is S5-equivariant (resp. Cy-equivariant). Now, part (2) of Lemma 5.5 en-
sures that V is an M-vector space on which él; acts faithfully and lin-
early. Thus, the dominance of a yields the strong versality of the §1v5—
torsor Y —» ?/ﬁ;

To see that Z =Y / él\; is M-rational, note that Z is none other than the
twisted form of the Co-torsor Z — X via the image (@, ) € Z'(M, Cy) of the
I-cocycle (ay) € Z'(M,S5) induced by the quotient map &5 — G5/A5 =
Cs. The 1-cocycle (@,) then corresponds to an extension M (y/a)/M for
some a € M. By the very definition of twisted forms, the function field
of Z is then the fixed subring of M (s, u, \/discf) @i (s,u) M (s, u, /) under
the action of Cy. If \/a € M the action of Cy is trivial, so that

(5.3) M(Z) = M(s,u, /discf) @nr(su) M(s,u, /) = M(s,u, \/discf).

Let us now compute M(Z) when /o ¢ M. For this purpose, using the
proof of [32, Theorem 2.3.7], we have

disc(f) = (108s° +165*u — 9005y — 1285%u? +2000su? 4 31251 4 256u> )u?
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from which we deduce that disc(f) has odd degree. In particular,
a-disc(f) & (M(s,u)*)? so that

M) = (Mot VD) a0 M)
3t (o)

by the following simple lemma:

(5.4)

LEMMA 5.7. — If k(v/a)/k (resp. k(v/B)/k) is a quadratic extension

on which Cy acts by mapping \/a (resp. v/B) to —/a (resp. —+/B), then
under the diagonal action of Cy on k(\/a) ®y k(v/B), the k-algebra of fixed

elements (k(y/@) @y, k(\/ﬁ))o" may be described as follows:
{W@) if af & (K2,

kxk otherwise.

(Hv@ 21 k(VB) =

The simple proof of the lemma is postponed to the end of the section.
Thus, by comparing (5.3) and (5.4), unconditionally on « € M we have

that:
M(Z)=M <s, u, \/a.disc(f)) .
It is thus enough to show that M (s, u, a.disc(f)) is M-rational. In-
deed, following the proof of [32, Theorem 2.3.7], one has:
disc(f) = (108s° + 16s*u — 900s>u — 1285%u? + 2000su? + 256u>
+ 3125u?)u?

1
=55 ((5°v+ P)* — 4(9 — 20w)Q?) s'°
where P = 1000w? — 450w + 54, Q@ = (9 — 20w)(1 — 5w), v = u?/s®
and w = u/s?. Hence,

(m) = (T PY oo

5°Q Q
which, after multiplying by «, leads to

_ 2 2
5(@) a<55”Q+P> — 4a(9 — 20w).

Thus, after setting A = Y %dsl/) Vjonle(f) and B = 553T+P, one gets

(5.5) 5A% = aB? — 4a(9 — 20w).
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The definition of A and B ensures that M (s,u, /a-disc(f)) 2 M(A, B).
Furthermore, the reverse inclusion holds since w € M(A, B) by (5.5),
and hence v € M(A, B) by the definition of B. But then s = w?/v
and u = sv/w are in M(A, B). In particular \/a-disc(f) € M(A,B)
by the very definition of A, and hence M(s,u, /a-disc(f)) = M(A, B)
is M-rational. O

Proof of Lemma 5.7. — If a3 ¢ (k*)?, then k(y/af) is a k-subalgebra

of dimension 2 of k(v/@) ®, k(v/B) fixed by C,. Since (k(/@) @4 l{:(\/B))C2
is a k-algebra of dimension 2, this proves the statement in that case.

Now, if af € (k*)?, then k(v/B) = k(y/a), from which one infers that
k() @k k(vV/B) = k(y/a) x k(y/a) on which Cy acts diagonally, so that
(k(va) @k k(vVB) 7 =k x k. O

6. Application to Grunwald problems for some
nonsolvable groups

When k is a number field, let us recall that the (BM) property for finite
k-groups is a widely open question. In Section 6.1, we provide a criterion for
an extension of finite k-groups to verify (BM). Afterwards, in Section 6.2,
we combine the results of previous sections with Theorem 6.1 to infer a
proof of Theorem 1.1, which supplies new families of nonsolvable groups
verifying (BM). Eventually, Section 6.3 is dedicated to reviewing the non-
solvable groups with cardinality at most 500 for which (BM) holds.

6.1. Extensions of groups verifying (BM)

The proof of the criterion is similar to the proof of [28, Théoréme 1],
where Harari proves the case of a split exact sequence with abelian kernel.
Our statement extends the latter:

THEOREM 6.1. — Let k be a number field and consider a short exact
sequence of finite algebraic k-groups:

(S) 1—N—F—Q—1.

Assume (BM) holds for Q and for every homogeneous space X of SL,

admitting a point T € X (k) whose stabiliser S satisfies S(k) ~ N(k).
Assume further that one of the following conditions is satisfied:
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(1) the set X (K) is nonempty for every field extension K/k and every
homogeneous space X of SL,. ;¢ admitting a point T € X (K) whose
stabiliser S satisfies S(K) ~ N(K);

(2) the exact sequence (S) is split.

Then E verifies (BM).

Proof. — First choose an embedding of E (resp. Q) in SL,, (resp. SL,,)
and if (S) splits, fix a section o : Q@ — F of (S) and replace the embed-
ding of @ by the embedding: @ < E < SL, to assume m = n in this
case. Consider the projection morphism p : SL,, x SL,, — SL,. The alge-
braic group E acts on the right on SL,, via @, which induces a diagonal
action of E on the right on SL,, x SL,. Then, p is a (right) E-equivariant
morphism, so that it induces a morphism

£+ (SLy, x SL,)/E —» SL,/E = SL,,/Q.

Let us apply the fibration method [28, Théoréme 3| to f. For this purpose,
we verify that f satisfies the following conditions:

(a) the base variety SL,,/Q verifies (BM);
(b) any fibre of f over a rational point verifies (BM);
(c) the generic fibre of f is unirational.

First note that (a) holds by assumption. For (b), fix a point = of SL,, /@, de-
note by & its residue field, and let us describe X = f~1(x). For this purpose,
first note that SL,, acts on the left on (SL,, x SL,)/E with h € SL,, acting
on the class of (a,b) € SL,, x SL,, by h-(a,b) = (ha,b). Moreover, when
letting SL,, act trivially on SL,,/Q, the morphism f is SL,,-equivariant.
In particular, this induces a left action of SL,, , on X. Now, let  be an
algebraic closure of k and choose s € SL,,(R) a representative of the class
x € SL,(R)/Q(R). Then X(R) is the subset of (SL,,(%) x SL,,(%))/E(R)
consisting of classes of elements of the form (g, s) with g € SL,,(%). Since
h € SLy, (%) maps the class of (g, s) to that of (hg, s), the action of SLy, (%)
on X (R) is transitive, so that X is a homogeneous space of SL, ..

Besides, the stabiliser of the class of (1,s) consists of elements h €
SL,,, (%) for which there exists e € E(%) such that (h, s) = (e, se). As E acts
on SL,, via @, this equality holds if and only if e € N(R), i.e. if and only
if h € N(g). From this, we deduce that the stabiliser of the class of (1, s)
is N(R), and hence X (%), endowed with its SL,,(%)-action, is isomorphic
to SL,(R)/N(R).

Thus, if = is a rational point of SL,,/Q, then f~!(z) is a homogeneous
space of SL,, whose geometric stabilisers are isomorphic to N (k). Moreover,
such homogeneous space verify (BM) by assumption, so that (b) is verified.
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To verify (c) holds, first assume that (1) holds. If « is the generic point
of SL,, /@, then we deduce from assumption (1) that the SL,,-homogeneous
space f~!(z) (whose geometric stabiliser is isomorphic to N(k)) has a ra-
tional point. If y is such a rational point and S denotes its stabiliser, it
induces an isomorphism SL,,/S — f~!(z) defined by mapping the class
of g € SL,,, to g-y. After composing with the quotient map SL,,, — SL,,, /S,
we obtain a dominant map SL,, — f~!(x), so that f~1(z) is unirational.

Now, assume that (2) holds. Since (S) splits, the choice of embeddings
we made in the beginning of the proof ensures that the diagonal embedding
SL,, — SL,, x SL,, = SL,, x SL,, is right E-equivariant. It thus induces a
morphism SL,, /F — (SL,, x SL,)/E which is a section of f. In particular,
the generic fibre of f has a rational point. The previous paragraph thus
implies that the generic fibre of f is unirational.

We may now apply [28, Théoréme 3| to deduce that (SL,, x SL,)/E
verifies (BM), but it remains to verify that it is stably birational to SL,, /E.
For this purpose, denote by ¢ : SL,,, xSL,, — SL,, the projection morphism,
which is F-equivariant with respect to the right F-actions, so that it induces
a quotient map g : (SLy, x SL,,)/E — SL,,/E. First note that since F acts
freely on SL,, x SL,, then the following diagram, whose horizontal maps
are the canonical quotient maps, is cartesian:

SL,, x SL,, —— (SL,, x SL,,)/E

SLy —— SLy,/E.

Since the map SL,, — SL,,/F is fppf, we deduce from this diagram that g
is a SL,,-torsor for the fppf topology, hence for the Zariski topology by [41,
Proposition 4.9] (which is stated with GL,, although the proof is the same
with SL,,). In other words, the SL,,-torsor g is locally trivial for the Zariski
topology, yielding the claim. O

COROLLARY 6.2. — Let k be a number field and consider the exact
sequence of finite k-groups

1—N—FEF—Q—1.

Assume that Q) verifies (BM), that N (k) is almost complete, and that every
k-form G of N (k) verifies (BM). Then E verifies (BM).

Proof. — Since N (k) is almost complete, Proposition 2.5 ensures that
condition (1) of Theorem 6.1 is satisfied. In particular, for a homogeneous
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space X of SL, , with geometric stabiliser N(k), we have X (k) # 0. For
x € X(k), if G denotes the stabiliser of x, we thus have X = SL, /G and
G(k) ~ N(k). Since G is a k-form of N(k), the variety X verifies (BM).
All assumptions of Theorem 6.1 are therefore satisfied, so that F veri-
fies (BM). O

6.2. Proof of Theorem 1.1

Let us start by the following theorem, which is a combination of Propo-
sition 2.6 with Corollaries 4.2 and 5.2. It gives the geometric nature of
homogeneous spaces of SL, whose geometric stabilisers are products of
alternating and symmetric groups.

THEOREM 6.3. — Let k be a field, X a homogeneous space of SL,

and T € X (k). Denote by N the stabiliser of Z.

(1) If there exist distinct positive integers ny,...,ns ¢ {2,6} and non-
negative integers ti,...,ts € N such that

N(k) ~ f[ Gf{‘i,
i=1

then X is stably rational.
(2) If k is of characteristic zero and if there exist distinct positive inte-
gersni,...,ns € {2,6} and tg,...,ts € N such that

S
N(k) =2 x [[ &4,
i=1
then X is retract rational.

Proof. — We start by observing that for integers as in (2), the group
AL x [[7_, &% is almost complete by (2) and (3) of Lemma 2.4, since, for
each n & {2, 3}, the groups &,, and 25 are almost complete and indecom-
posable.

Let us first prove (1). By Proposition 2.6, there exist a positive integer n,
and SL,, ,-homogeneous spaces Xi,..., X with points z; € XZ(%) such
that X is stably birational to [[;_, X; and the stabilisers G;(k) of Z; are
isomorphic to (‘5% fori =1,...,s. Since the n;’s are different from 2 and 6,
Corollary 4.2 ensures that the X;’s are stably rational. Thus X is also stably
rational.

To prove (2), Proposition 2.6 supplies a positive integer n and SL,, j-
homogeneous spaces Xy, . .., X, such that X is stably birational to []_, X,
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where the geometric stabilisers of Xy (resp. X;, forall i € {1,...,s}) is iso-
morphic to Qlé" (resp. 6;) Thus, Corollary 5.2 ensures that X is retract
rational and Corollary 4.2 ensures that the X;’s are stably rational for
each i € {1,...,s}, so that X is also retract rational. O

When combining Theorems 6.1 and 6.3, we get a proof of Theorem 1.1:
Proof of Theorem 1.1. — Let us apply Corollary 6.2. By assumption, @

verifies (BM). Moreover, N(k) is almost complete by (2) and (3) of
Lemma 2.4, since the groups &,, and 25 are almost complete and inde-
composable. Now if k is a number field, by (2) of Theorem 6.3, every ho-
mogeneous space of SL, ;, 7 > 1, with geometric stabiliser N (k) is retract
rational, so that it verifies weak approximation, hence it has (BM). This
shows that the assumptions of Corollary 6.2 are verified, so that E veri-

fies (BM). O

6.3. The (BM) property for “small” nonsolvable groups

In this section, we combine our results with those in the literature to
review the nonsolvable groups of order at most 500 for which (BM) is
known. We encapsulate this in the following proposition.

PROPOSITION 6.4. — Over any number field k, the (BM) property holds
for every finite nonsolvable group whose cardinality is at most 500, except
perhaps for those appearing in Table 6.1.

To describe the groups in Tables 6.1 we use the following notations. For
finite groups G, H and Q, we write G = H x( for a semidirect product of @
by H, and G = H.QQ when G is a non-split extension of Q by H. Let D,, =
C,, xC5 denote the dihedral group of order 2n. Let Qg denote the quaternion
group, that is, the unique non-split extension of Cy by Cy4. Let GLo(F,),
SLy(Fy,), PGLy(F,), and PSLy(F,) denote respectively the 2 x 2 general,
special, projective general, and projective special linear groups over F,.

The proof of Proposition 6.4 makes use of Theorem 1.1, Harari’s the-
orem [28, Théoréme 1] on split extensions of groups verifying (BM) by
abelian groups, and a theorem of Plans on the field of invariants of double
covers of symmetric groups [47, Theorem 11]:

ToorL A ([28, Théoréme 1]). — Given a split short exact sequence of
finite groups
l—wA—F—G—1
with A abelian and G verifying (BM), the group E also verifies (BM).
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Table 6.1. List of nonsolvable groups with cardinality at most 500 for
which (BM) is unknown

Order | Magma ID | Nonsolvable groups for which (BM) is a
priori unknown
240,89 CSUL(F5) = C2.65
240,93 | 425

336,114 | SLo(F7)

336,208 | PGLy(F7)

360 360,118 Ag

480,218 | GLy(F'5)

480,219 | C2.65

480,221 | Cg.9s

480,946 | C4.65

480,947 | C4.65

480 480,948 | C4.65

480,949 | Cy x CSU4(F5)
480,953 | C2.655

480,955 | Cq x (Cy.25)
480,957 | D425

480,959 | Qs.2Us

240

336

TooL B ([47, Theorem 11]). — Let n > 3 be an odd integer and iden-
tify &,,_1 with the subgroup of &,, fixing n. Consider a positive integer r
and an exact sequence of groups:

1—0Cy —H-56, —1
such that the center of H contains C. If we denote by E the inverse image
of &,_1 by m, then H verifies (BM) if and only if E verifies (BM).
TooL C. — Finite products of finite groups verifying (BM) also ver-
ify (BM).
We also use the following results regarding the rationality of fields of

invariants:

REMINDER 6.5. — The following properties hold over Q:

o All symmetric groups &,, have stably rational fields of invariants.

e The alternating group 2s has stably rational fields of invariants
by [37].

e The group GLa(F3) has stably rational fields of invariants by [46].

TOME 0 (0), FASCICULE 0



34 Elyes BOUGHATTAS & Danny NEFTIN

e The group SLo(F5) has a generic polynomial by [45].

e The simple group GL3(F2) ~ PSLo(7) has stably rational fields of
invariants by [40, Théoréme 3.

e The quaternion group Qg has stably rational fields of invariants
by [25].

In particular, all these groups verify (BM).

Proof of Proposition 6.4. — To prove the statement, we run the fol-
lowing algorithm, both by hand and using Magma, over the nonsolvable
groups of cardinality < 500. To go over the list by hand, we use the online
database of Dokchister [21], where the groups are listed via their Magma ID
in the “Small Groups Library” of Magma. Our list is ordered by increasing
Magma ID.

Step 1. — Following this order, determine all the groups G for
which (BM) follows from Tool A, Tool C and Reminder 6.5 by looking
at all the short exact sequences in which (I) G fits in the middle, the
kernel is abelian, and (BM) is known for the quotient by the reminder,
or (IT) G is the product of two groups for which (BM) is known, one factor
by the reminder and the other either by Tool A or the reminder. The code
in [5, “nonsolvable” code file] outputs the minimal nonsolvable groups for
which (BM) remains unknown after ruling out the groups in (I), that is,
those which are not extensions of a smaller group by an abelian kernel.
For the smaller groups, (BM) follows from the reminder. One additional
group Qs X As is then ruled out in (IT) as the product of two groups for
which (BM) is known by Tool C.

Step 2. — Out of the remaining 22 groups, we rule out two central ex-
tension H of &5, with Magma IDs 240,90-91, using Tool B. For these, B
yields an extension E for which (BM) is known by the reminder and Propo-
sition 7.4. We then rule out two more groups which are the direct products
of these groups with Cs.

Step 3. — Out of the remaining 18 groups, we use Theorem 1.1 to rule
out two group extensions, 25 x Cs and 25 x Qg with kernel 2[5 and quotients
satisfying (BM) by Tool A.

The remaining 16 groups appear in Table 6.1. O

Remark 6.6. — Using Tool B, we further reduce the verification of (BM)
for the following groups to verifying (BM) for solvable groups of smaller
order. We shall see in Section 7 that (BM) holds for these groups under
Schinzel’s hypothesis H.
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e The groups with Magma ID 240,89 and 480,949 satisfy (BM) if
and only if the solvable group with Magma ID 48, 28 verifies (BM);

e The group with Magma ID 480, 219 satisfies (BM) if and only if the
solvable group with Magma ID 96,66 verifies (BM);

e The group with Magma ID 480, 953 satisfies (BM) if and only if the
solvable group with Magma ID 96,190 verifies (BM).

7. Metabelian stabilisers and Grunwald problems for
small solvable groups

Throughout this section k is a number field. In the first part of this sec-
tion, we prove that the Brauer—-Manin obstruction to weak approximation
is the only one for homogeneous spaces of SL,, ;, whose geometric stabiliser
has derived subgroup Cs, under Schinzel’s hypothesis (H), and hence de-
riving Theorem 1.2. In Section 7.3 we make use of Theorem 1.2 and the
results of Harari [28] and Harpaz—Wittenberg [30] to list the finite groups
of order at most 191 for which (BM) is unknown.

7.1. Homogeneous spaces with metabelian stabilisers

The following is the main theorem on homogeneous spaces whose derived
geometric stabilisers is Cls:

THEOREM 7.1. — Let k be a number field, X a homogeneous space
of SL,,, and T € X (k). Assume that the stabiliser G of Z is a finite al-
gebraic k-group, and assume further that G' = Cs. If Schinzel’s hypothe-
sis (H) holds, then the Brauer—Manin obstruction to weak approximation

is the only one on X.

Let us recall that a reduced variety X over a field k is said to be split if it
contains an irreducible component which is geometrically irreducible [55].
If L/k is a field extension, one says that X is split by L if X ®j L is split.
Equivalently, this means that there exists an irreducible component Y of X
such that the algebraic closure of k in k(Y') embeds in L.

Throughout the section we denote by Hét (X, ), for any geometric point

T € X(k), the following short exact sequence of profinite groups (see [27,
Théoréme 6.1]):

1 — 8 (X ®p b, T) — 76 (X,7) — T — 1.
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In addition, we recall that if S is a k-group of multiplicative type and S
its dual, then an S-torsor f : Y — X is called universal if the homomor-
phism :9\(%) — Pic(X3), mapping a character x : S; — G, to the image
of f by the pushfoward map x* : H' (X, S) — H'(X;, G,,) = Pic(X7), is
an isomorphism (see also [56, p. 25]).

Proof of Theorem 7.1. — Assume that X (kq)B™» # ). Since SL,,  is
semisimple, Rosenlicht’s lemma ensures that %[XE]X = k. Furthermore,
by [30, Section 5.2], one has Pic(Xz) = Hom(G*"(k), k*) so that Pic(X7) is
finite. Thus, [56, Proposition 6.1.4] ensures that there exists a universal left
D-torsor f : Y — X in the sense of [10, Section 2] and [56, Definition 2.3.3],
where D(k) is the Cartier dual of Pic(X3), hence D(k) = G**(k) so that D
is a finite abelian group. In particular, D is an algebraic group of multiplica-
tive type and from [11, (1.3.2) in Proposition 1.3] (see also [31, Lemma 3.8])
one infers that D fits in a short exact sequence

1—D—T—Q—1

where T is a torus and @Q a quasi-trivial torus.

As in Section 2.2, let 7Y be the quotient of 7' x Y under the diagonal
action of D defined for any point d in D by (t,y) + (td~!,d-y), and denote
by rf : 7Y — X and p : 7Y — @Q the two projections. In order to
prove that the Brauer—-Manin obstruction to weak approximation is the
only one for X, we are to apply the descent method for torsors under
tori [30, Corollaire 2.2] to the left T-torsor rf. For this purpose, let us
fix o € Zl(k,T ), and let us prove that the Brauer-Manin obstruction to
weak approximation is the only one for the twisted variety ,(7Y").

After twisting the morphism 7Y — @ by o, one gets a morphism
g : o(rY) — ,Q. Furthermore, since @) is quasi-trivial, Shapiro’s lemma
combined with Hilbert’s theorem 90 ensures that ,Q ~ @, so that @ is
an open subset of an affine space Ag. One may then choose a smooth
compactification Z of ,(rY) such that ¢g extends to a morphism g : Z —
Pg. Since ,(7Y) is an open subset of Z, it is enough to prove that the
Brauer—-Manin obstruction to weak approximation is the only one for Z.
We prove the latter by applying the fibration method [63, Chapitre 3,
Corollaire 3.5] to the fibration g. Indeed, the fibres of g are twists of f
by an element of Zl(k:,D), that is, they are universal D-torsors over X.
But [30, Corollaire 5.4] ensures that such universal torsors are homogeneous
spaces of SL,, x with geometric stabiliser C. Thus, Lemma 7.2 below im-
plies that the smooth fibres of g over rational points of ,@Q have the weak
approximation property, and Lemma 7.3 below guarantees that the fibres
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of g over points of codimension one of Pg are split by a quadratic exten-
sion. In other words, the assumptions of [63, Chapitre 3, Corollaire 3.5] are
satisfied, when applied to the fibration g, yielding the statement. O

LEMMA 7.2. — Let V be an SL,, ;-homogeneous space with geometric
stabiliser Cy. Then V verifies weak approximation.

Proof. — Let us first note that V verifies the Hasse principle. Indeed,
assume that V' has local points and denote by ¥ a geometric point of V.
Note that IT}, (V,v) is isomorphic to

1 — Cy — 14 (V,0) — Tj — 1.

Since V' has local points, the class [II},(V,7)] € H?(k,Cq) = 5Br(k) is
mapped to the trivial class in H?(k,,C) = 9Br(k,) for each v € Q.
The Brauer-Hasse-Noether exact sequence thus implies that [I1},(V,7)] €
H?(k, Cy) is trivial, so that I} (V,7) admits a section, which means that
V (k) # 0 by [43, Theorem 7.6].

Thus, if V(kq) # 0, one has V(k) # 0, so that V ~ SL, ;/Cs. As
Ai /Co =~ Ai is stably birational to V by Lemma 2.1, the variety V is then
k-stably rational, hence verifies the weak approximation property. O

LEMMA 7.3. — Let R be a discrete valuation ring, K its fraction field
and k its residue field. Assume k is of characteristic zero. Consider an
SL,, kx-homogeneous space V with geometric stabiliser Co and let V" be a
regular proper R-scheme. If the generic fibre of ¥ contains V as an open
dense subscheme, then ¥ ®pg k Is split by a quadratic extension of k.

Proof. — First note that after replacing ¥ by ¥ ®g R where R denotes
the completion of R, one may assume that R is complete, so that R ~ k[t]
by [53, Chapitre II, Section 4, Théoréme 2]. Denote by dg : H*(K, Cy) —
H'(x,Cy) the Serre residue map [13, Section 1.4.1] and fix a geometric
point ¥ of V. Then the image of the class of II}, (V, ) by dr corresponds
to a quadratic extension k’/k, and we are to prove that ¥ ®g k is split by
K /&

Since R is henselian, [41, Theorem II.3.10] ensures that H'(R,Cy) =
H'(k,C5) so that &//k is the special fibre of an étale R-algebra R’. We
replace ¥ by ¥ @ R’ to assume k = k¥’ and R = R’ and claim that ¥ Q@ x
is split. Since k' = &, the class of II},(V,v) has a trivial residue. Now,
[22, Théoreme (b)] supplies a field extension A of s such that  is alge-
braically closed in A and cd(A) < 1. Set S = A[t], so that the R-algebra
S is unramified. Furthermore, since k is algebraically closed in A, one may
also assume, after tensoring ¥ by S/R, that R = S, i.e. that cd(k) = 1.
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Then, [T}, (V,7)] € H*(K,Cy) = 2Br(K) having a trivial residue, [26,
Proposition (2.1)] ensures that it comes from an element of Br(R). But R
being henselian, one infers from [13, Theorem 3.4.2(i)] that Br(R) = Br(x)
where Br(x) = 0 since cd(x) < 1. Thus, the class of TI}, (V, %) in H*(K, Cy)
is trivial, which means that I1}, (V,?) has a section. Hence [43, Theorem 7.6]
ensures that V(K) # (), from which one gets that ¥ @ k is split, using [55,
Lemma 1.1(b)]. O

7.2. Proof of Theorem 1.2

We can now combine Theorem 7.1 with Theorem 6.1 and [31, Theo-
rem 4.5] to supply a proof of Theorem 1.2.

Proof of Theorem 1.2. — Assuming Schinzel’s hypothesis (H), Theo-
rem 7.1 ensures that every homogeneous space of SL, (r € N) whose geo-
metric stabiliser has derived subgroup C; verifies (BM).

Let us first consider the case where @ is supersolvable and choose an
embedding E < SL,.. Then, we may apply [31, Theorem 4.5] to the homo-
geneous space SL,./FE and the embedding N C E. Indeed, if Z is chosen to
be the class of 1 in SL,./F, then assumption (1) of [31, Theorem 4.5] is ful-
filled since the outer Galois action of 'y, on E(k) factors through the Galois
action I'y, which is trivial. Assumption (2) in ibidem holds since E/N = Q
is supersolvable. Finally, by the first paragraph of this proof, (BM) holds for
every homogeneous space Y of SL, with geometric stabiliser IV as required
in (%) of ibidem.

Now assume that the sequence of the statement is split and @ veri-
fies (BM). We may then apply Theorem 6.1. For this purpose, first note
that (2) holds since the short exact sequence of the statement splits. Fur-
thermore, the assumptions of 6.1 preceding (1) and (2) are automatically
satisfied since @ verifies (BM) and since every homogenous spaces with geo-
metric stabiliser isomorphic to N verifies (BM) by the first paragraph. O

7.3. The (BM) property for “small” solvable groups

Let us first state the main result of this subsection:

PROPOSITION 7.4. — Let k be a number field. The (BM) property holds
over k for every finite group of cardinality at most 191, except perhaps for
those appearing in Tables 7.1 and 7.2. Furthermore, if one assumes that
Schinzel’s hypothesis (H) holds, then the (BM) property holds for every
finite group appearing in Table 7.1.
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To describe the groups in Tables 7.1 and 7.2 we use the notations from
Section 6.4. Further, let Dic,, denote the unique non-split extension Cs,.Co
where C acts on Cs, by inversion. For an odd prime p, let He, denote
the Heisenberg group, that is, the p-Sylow subgroup of GL3(F},). Let 21727
denote an extraspecial group whose center has order 2, the quotient being
an elementary abelian group of rank 2n.

Table 7.1. List of finite groups with order less than 191, for which (BM)
is known conditionally under Schinzel’s hypothesis (H), but not uncon-

ditionally
Order | Magma ID | Rewriting that allows | Method used to prove
to prove (BM) (BM), using the rewriting
48 48,28 CSU»(F3) = Qs-G3 Theorem 1.2
48,33 Qs-Cs Theorem 1.2
72 72,3 Qs x Cy Theorem 1.2
96,3 (Cy-C%) x C3 Theorem 1.2
96,66 Qs % Dicg Theorem 1.2
96,67 Qs-Dics Theorem 1.2
96,74 Qs Ch2 Theorem 1.2
96,188 Cy x CSU,(F3) Theorem 1.2 and Tool C
96 96,190 Qs-Dg Theorem 1.2
96,191 Qs Dg Theorem 1.2
96,192 Qs Dg Theorem 1.2
96,193 Qs-Dg Theorem 1.2
96,200 Cy x (Qs-Cp) Theorem 1.2 and Tool C
96,201 Qs (Cy x Cp) Theorem 1.2
96,202 Qs (Cy x Cp) Theorem 1.2
144,31 Qs-Dg Theorem 1.2
144,32 Qs X Dg Theorem 1.2
144 144,35 Cy x (Qs x Cy) Theorem 1.2 and Tool C
144,36 Qs Chs Theorem 1.2
144,121 | C5 x CSU,(F3) Theorem 1.2 and Tool C
144,124 | Qs-(C3 x G3) Theorem 1.2
144,127 | Qs-(C3 x G3) Theorem 1.2
144,157 | C5 x (Cy-Ay) Theorem 1.2 and Tool C
160 160,199 | 24 % C; Theorem 1.2
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Table 7.2. The only group of order less than 191 for which (BM) is a
priori unknown

Order | Magma ID | Groups for which (BM) is a priori unknown
108 108,15 Hez xCy

To prove Proposition 7.4, we append to Tools A, B and C a result of
Harpaz—Wittenberg:

TooL D ([30, Théoreme B]). — Any finite supersolvable group veri-
fies (BM).

We also use the fact that the solvable group SLs(F3) verifies (BM). The
stable rationality of its fields of invariants was proved by Rikuna in an
unpublished paper. The retract rationality of such fields was later published
by Burdick and Jonker [6, Theorem 3.6]:

REMINDER, 7.5 ([6, Theorem 3.6]). — The fields of invariants of SLa(F3)
are retract rational. In particular, SLo(F3) satisfies (BM).

Proof of Proposition 7.4. — The proof is derived from Tools A, C, D,
Reminders 6.5, 7.5 and Theorem 1.2 as follows:

Step 1. — In our Magma code [5, “solvable” code file], we use the “Small
Groups Library” of Magma to produce the list of finite groups of cardinality
at most 191 for which neither Tool A nor Tool C nor Tool D might be used
to prove (BM).

Step 2. — For any of the Magma IDs of this list, we look at all the
short exact sequences in which the corresponding group fits in the middle,
via an online database of Dokchister [20]. We then eliminate, by hand, all
the groups among that list for which (BM) is known unconditionally, via a
combination of Reminders 6.5 and 7.5 with Tools A and C. The remaining
groups are listed in Tables 7.1 and 7.2.

Step 3. — Eventually, we determine, among the remaining groups, those
for which (BM) modulo Schinzel’s hypothesis (H) can be proved using
Theorem 1.2. The remaining group is listed in Table 7.2. g

Appendix A. Geometric proof of Lemma 5.4

We include here a geometric proof of the equivalence of (1) and (4) in
[19, Theorem 1], that is, a proof of Lemma 5.4. We follow the notation of
the lemma.
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We start by setting K = k(s)[z]/f(s,x), A =k |s, m}, X =
Spec(A) and Z = Spec(A[x]/f(s, z)). First note that since f is monic in z,
the natural morphism ¢ : Z — X is finite and flat. Besides, since X is
an open subscheme of A‘fl where disc(f) does not vanish, the fibres of f
are étale. Thus f is flat with étale fibres, hence étale. Letting k(s) be a
separable closure of k(s), we denote by n : Spec(k(s)) — X the generic
point of X and 7 its composition with ¢ : Spec(k(s)) — Spec(k(s)). From
the following cartesian diagram

Spec(K) —— Spec(Alz]/f(s, 7))

J» L

Spec(k(s)) ———— Spec(A)
one may then deduce a commutative diagram

it (Spec(k(s)), ¢)

where o denotes the action of 7$*(Spec(k(s)),¢) on the fibre of 9 over
Spec(k(s)) and B the action of w¢*(X,7) on the fibre Z;. Since the G-
extension L/k(s) is the Galois closure of K/k(s), the image of « is a group
that may be identified with G. The surjectivity of 7¢*(), which comes from
the normality of X [27, Exposé V, Proposition 8.2], thus ensures that the
image of 8 is also G. Thus, there exists a Galois G-cover Y — X which
factors through .

To prove that ¢ is weakly versal, let E/M be a G-extension of fields
where M contains k. Since f(s,z) is a generic polynomial for G over k,
there exists a € M3l such that f(a,2) is irreducible, disc(f)-den(f) does
not vanish on a and such that F is a splitting field of f(a,z) over M.
Hence a € X(M), and we are to verify that F = a xx Y is Spec(E).
Choose M a separable closure of E, so that the morphisms Spec(M) —
Spec(E) and Spec(M) — Spec(M) will both be denoted by £. Furthermore,
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we set a = a o £&. We thus have a commutative diagram

78t (Spec(M), &) — W, rét( X, 7) — xét(X, )

Sym(Spec(M[z]/ f(a,x))) == Sym(Zz) —— Sym(Z5)

where the right part of the diagram is given by the choice of a path be-
tween @ and 77 and the left part by functoriality of the étale fundamental
group. But since the étale finite cover Y — X corresponds to the morphism
7¢(X,7) — G, the commutativity of the previous diagram ensures that
the G-cover F' — a corresponds to the morphism 7¢t(Spec(M), £) = Im(y).
Now, when identifying 7$(Spec(M), ) with T'57, one may check that the
image of ~ is isomorphic to the group G. The Galois extension /M thus
corresponds to the subsequent morphism 7$*(Spec(M), &) — G, from which
one deduces that F' = Spec(E).

(1]

2]

[10]

[11]

BIBLIOGRAPHY

A. BEAUVILLE, “Finite subgroups of PGL2(K)”, in Vector bundles and complex
geometry, Contemporary Mathematics, vol. 522, American Mathematical Society,
2010, p. 23-29.

J. N. S. BIDWELL, “Automorphisms of direct products of finite groups. 11", Arch.
Math. 91 (2008), no. 2, p. 111-121.

M. Borovol, “The Brauer-Manin obstructions for homogeneous spaces with con-
nected or abelian stabilizer”, J. Reine Angew. Math. 473 (1996), p. 181-194.

S. BoscH, W. LUTKEBOHMERT & M. RAYNAUD, Néron models, Ergebnisse der Math-
ematik und ihrer Grenzgebiete. 3. Folge, vol. 21, Springer, 1990, x+325 pages.

E. BougHATTAS & D. NEFTIN, “Magma Code”, https://www.normalesup.org/
~boughatt/en/articles/magma_code.zip.

B. L. Burbpick & J. JONKER, “Generic polynomials for transitive permutation
groups of degree 8 and 9”, Undergrad. Math J. 14 (2013), no. 1, p. 113-131.

Y. Cao & Y. Lianc, “Etale Brauer—Manin obstruction for Weil restrictions”, Adv.
Math. 410 (2022), no. part A, article no. 108718 (20 pages).

P. M. ConN, Algebraic numbers and algebraic functions, Chapman and Hall Math-
ematics Series, Chapman & Hall, 1991, xii+192 pages.

J.-L. CoLLIOT-THELENE, “Points rationnels sur les fibrations”, in Higher dimen-
sional varieties and rational points (Budapest, 2001), Bolyai Society Mathematical
Studies, vol. 12, Springer, 2003, p. 171-221.

J.-L. CoLLIOT-THELENE & J.-J. SANSUC, “La descente sur les variétés rationnelles.
117, Duke Math. J. 54 (1987), no. 2, p. 375-492.

, “Principal homogeneous spaces under flasque tori: applications”, J. Algebra
106 (1987), no. 1, p. 148-205.

ANNALES DE L’INSTITUT FOURIER


https://www.normalesup.org/~boughatt/en/articles/magma_code.zip
https://www.normalesup.org/~boughatt/en/articles/magma_code.zip

18]

[19]

[20]

HOMOGENOUS SPACES WITH NONSOLVABLE STABILISERS 43

, “The rationality problem for fields of invariants under linear algebraic
groups (with special regards to the Brauer group)”, in Algebraic groups and homo-
geneous spaces, Tata Inst. Fund. Res. Stud. Math., vol. 19, Tata Inst. Fund. Res.,
2007, p. 113-186.

J.-L. CoLL1oT-THELENE & A. N. SKOROBOGATOV, The Brauer—Grothendieck group,
Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge, vol. 71, Springer, 2021,
xv+453 pages.

B. CoNRrAD, “Weil and Grothendieck approaches to adelic points”, Enseign. Math.
(2) 58 (2012), no. 1-2, p. 61-97.

B. CoNRrRAD, O. GABBER & G. PRASAD, Pseudo-reductive groups, New Mathemat-
ical Monographs, vol. 17, Cambridge University Press, 2010, xx+533 pages.

P. DEBES & N. GHAZzI, “Galois covers and the Hilbert—Grunwald property”, Ann.
Inst. Fourier 62 (2012), no. 3, p. 989-1013.

P. DEBES, J. KONIG, F. LEGRAND & D. NEFTIN, “On parametric and generic poly-
nomials with one parameter”, J. Pure Appl. Algebra 225 (2021), no. 10, article
no. 106717 (18 pages).

C. DEMARCHE, G. L. ARTECHE & D. NEFTIN, “The Grunwald problem and approx-
imation properties for homogeneous spaces”, Ann. Inst. Fourier 67 (2017), no. 3,
p. 1009-1033.

F. DEMEYER & T. MCKENZIE, “On generic polynomials”, J. Algebra 261 (2003),
no. 2, p. 327-333.

T. DOKCHISTER, “List of finite groups up to order 250”, https://web.archive.org/
web/20230307002708/https://people.maths.bris.ac.uk/~matyd/GroupNames/
index250.html, Accessed: 04-02-2024.

“List of non-soluble finite groups up to order 500”, https://web.
archive.org/web/20230921160921/https://people.maths.bris.ac.uk/~matyd/
GroupNames/NSo.html, Accessed: 04-02-2024.

A. Ducros, “Dimension cohomologique et points rationnels sur les courbes”, J.
Algebra 203 (1998), no. 2, p. 349-354.

A. DUNCAN & Z. REICHSTEIN, “Versality of algebraic group actions and rational
points on twisted varieties”, J. Algebr. Geom. 24 (2015), no. 3, p. 499-530, With
an appendix containing a letter from J.-P. Serre.

U. A. FIrsT, “Highly Versal Torsors”, 2023, https://arxiv.org/abs/2301.09426.

W. GROBNER, “Minimalbasis der Quaternionengruppe”, Monatsh. Math. Phys. 41
(1934), no. 1, p. 78-84.

A. GROTHENDIECK, “Le groupe de Brauer. III. Exemples et compléments”, in Dix
exposés sur la cohomologie des schémas, Advanced Studies in Pure Mathematics,
vol. 3, North-Holland, 1968, p. 88-188.

(ed.), Séminaire de géométrie algébrique du Bois Marie 1960-61. Revéte-
ments étales et groupe fondamental (SGA 1). Un séminaire dirigé par Alexander
Grothendieck. Augmenté de deux exposés de M. Raynaud., édition recomposée et
annotée du original publié en 1971 par Springer ed., Doc. Math. (SMF), vol. 3,
Société Mathématique de France, 2003.

D. HARARI, “Quelques propriétés d’approximation reliées & la cohomologie galoisi-
enne d’un groupe algébrique fini”, Bull. Soc. Math. Fr. 135 (2007), no. 4, p. 549-564.
D. HARBATER, J. HARTMANN & D. KRASHEN, “Patching subfields of division alge-
bras”, Trans. Am. Math. Soc. 363 (2011), no. 6, p. 3335-3349.

Y. HArRPAZ & O. WITTENBERG, “Zéro-cycles sur les espaces homogeénes et probléme
de Galois inverse”, J. Am. Math. Soc. 33 (2020), no. 3, p. 775-805.

, “Supersolvable descent for rational points”, Algebra Number Theory 18
(2024), no. 4, p. 787-814.

TOME 0 (0), FASCICULE 0


https://web.archive.org/web/20230307002708/https://people.maths.bris.ac.uk/~matyd/GroupNames/index250.html
https://web.archive.org/web/20230307002708/https://people.maths.bris.ac.uk/~matyd/GroupNames/index250.html
https://web.archive.org/web/20230307002708/https://people.maths.bris.ac.uk/~matyd/GroupNames/index250.html
https://web.archive.org/web/20230921160921/https://people.maths.bris.ac.uk/~matyd/GroupNames/NSo.html
https://web.archive.org/web/20230921160921/https://people.maths.bris.ac.uk/~matyd/GroupNames/NSo.html
https://web.archive.org/web/20230921160921/https://people.maths.bris.ac.uk/~matyd/GroupNames/NSo.html
https://arxiv.org/abs/2301.09426

44

32]

[33]
34]

[35]

Elyes BOUGHATTAS & Danny NEFTIN

C. U. JENSEN, A. LEDET & N. Yul, Generic polynomials. Constructive aspects of
the inverse Galois problem, Mathematical Sciences Research Institute Publications,
vol. 45, Cambridge University Press, 2002, x+258 pages.

J. KOLLAR, “Unirationality of cubic hypersurfaces”, J. Inst. Math. Jussieu 1 (2002),
no. 3, p. 467-476.

J. KONIG, F. LEGRAND & D. NEFTIN, “On the local behavior of specializations of
function field extensions”, Int. Math. Res. Not. 2019 (2019), no. 9, p. 2951-2980.
A. G. KUrosH, The theory of groups. Vol. I, II. Translated from the Russian and
edited by K. A. Hirsch. 2nd English ed. 2 volumes, Chelsea Publishing, 1960.

G. LUCCHINI ARTECHE, “The unramified Brauer group of homogeneous spaces with
finite stabilizer”, Trans. Am. Math. Soc. 372 (2019), no. 8, p. 5393-5408.

T. MAEDA, “Noether’s problem for As”, J. Algebra 125 (1989), no. 2, p. 418-430.
Y. I. MANIN, “Le groupe de Brauer—Grothendieck en géométrie diophantienne”, in
Actes du Congrés International des Mathématiciens (Nice, 1970), Tome 1, Gauthier-
Villars, 1971, p. 401-411.

A. S. MERKURJEV, “Invariants of algebraic groups and retract rationality of classi-
fying spaces”, in Algebraic groups: structure and actions, Proceedings of Symposia
in Pure Mathematics, vol. 94, American Mathematical Society, 2017, p. 277-294.
J.-F. MESTRE, “Correspondances compatibles avec une relation binaire, relevement

d’extensions de groupe de Galois L3(2) et probleme de Noether pour L3(2)”, https:
//arxiv.org/abs/math/0402187, 2005.

J. S. MILNE, Etale cohomology, Princeton Mathematical Series, vol. 33, Princeton
University Press, 1980, xiii+323 pages.

D. NErTIN & E. PARAN, “Patching and admissibility over two-dimensional complete
local domains”, Algebra Number Theory 4 (2010), no. 6, p. 743-762.

A. PAL & T. M. SCHLANK, “Brauer—Manin obstruction to the local-global principle
for the embedding problem”; Int. J. Number Theory 18 (2022), no. 7, p. 1535-1565.
S. PHILIP, “Variétés abéliennes CM et grosse monodromie finie sauvage”, J. Number
Theory 240 (2022), p. 163-195.
B. PLANS, “Generic Galois extensions for SLa(F5) over Q”, Math. Res. Lett. 14
(2007), no. 3, p. 443-452.
, “Noether’s problem for GL(2,3)”, Manuscr. Math. 124 (2007), no. 4,
p. 481-487.

, “On Noether’s problem for central extensions of symmetric and alternating
groups”, J. Algebra 321 (2009), no. 12, p. 3704-3713.
B. S. REDDY & V. SURESH, “Admissibility of groups over function fields of p-adic
curves”, Adv. Math. 237 (2013), p. 316-330.
F. RIVERA-MESAS, “Bad places for the approximation property for finite groups”,
J. Théor. Nombres Bordeaux 34 (2022), no. 1, p. 237-249.
J.-J. SANsuc, “Groupe de Brauer et arithmétique des groupes algébriques linéaires
sur un corps de nombres”, J. Reine Angew. Math. 327 (1981), p. 12-80.
M. M. SCHACHER, “Subfields of division rings. 17, J. Algebra 9 (1968), p. 451-477.
A. ScHINZEL & W. SIERPINSKI, “Sur certaines hypothéses concernant les nombres
premiers”, Acta Arith. 4 (1958), p. 185-208, erratum in ibid 5 (1958), p. 259.

J.-P. SERRE, Corps locaux, Publications de I'Institut de Mathématique de
I"Université de Nancago, VIII. Actualités Sci. Indust., No. 1296, Hermann, 1962,
243 pages.

, Cohomologie galoisienne, fifth ed., Lecture Notes in Mathematics, vol. 5,
Springer, 1994, x+181 pages.

A. N. SKOROBOGATOV, “Descent on fibrations over the projective line”, Am. J.
Math. 118 (1996), no. 5, p. 905-923.

ANNALES DE L’INSTITUT FOURIER


https://arxiv.org/abs/math/0402187
https://arxiv.org/abs/math/0402187

HOMOGENOUS SPACES WITH NONSOLVABLE STABILISERS 45

, Torsors and rational points, Cambridge Tracts in Mathematics, vol. 144,
Cambridge University Press, 2001, viii+187 pages.

[57] J. SonN, “Q-admissibility of solvable groups”, J. Algebra 84 (1983), no. 2, p. 411-
419.

(58] J. STIX, “Trading degree for dimension in the section conjecture: the non-abelian
Shapiro lemma”, Math. J. Okayama Univ. 52 (2010), p. 29-43.

[59] V. E. VOSKRESENSKII, Algebraic groups and their birational invariants, Transla-
tions of Mathematical Monographs, vol. 179, American Mathematical Society, 1998,
Translated from the Russian manuscript by Boris Kunyavski [Boris E. Kunyavskii],
xiv+218 pages.

[60] S. WANG, “A counter-example to Grunwald’s theorem”, Ann. Math. (2) 49 (1948),
p- 1008-1009.

[61] ———, “On Grunwald’s theorem”, Ann. Math. (2) 51 (1950), p. 471-484.

[62] A. WEIL, Adeles and algebraic groups. With appendices by M. Demazure and
Takashi Ono, Progress in Mathematics, vol. 23, Birkhduser, 1982, iii+126 pages.

[63] O. WITTENBERG, Intersections de deux quadriques et pinceaux de courbes de genre
1/Intersections of two quadrics and pencils of curves of genus 1, Lecture Notes in
Mathematics, vol. 1901, Springer, 2007, viii+218 pages.

, “Park City lecture notes: around the inverse Galois problem”, 2023, https:

//arxiv.org/abs/2302.13719v1.

Manuscrit recu le 24 avril 2024,
révisé le 29 octobre 2024,
accepté le 20 décembre 2024.

Elyes BOUGHATTAS

Department of Mathematical Sciences,
University of Bath — Claverton Down,
Bath, BA2 7TAY (United Kingdom)

eb2751@bath.ac.uk

Danny NEFTIN
Department of Mathematics, Technion — Israel
Institute of Technology, Haifa 32000 (Israel)

dneftin@technion.ac.il

TOME 0 (0), FASCICULE 0


https://arxiv.org/abs/2302.13719v1
https://arxiv.org/abs/2302.13719v1
mailto:eb2751@bath.ac.uk
mailto:dneftin@technion.ac.il

	1. Introduction
	Small groups
	Property (BM) under Schinzel
	Acknowledgement

	2. Preliminaries
	2.1. Notation
	2.2. Torsors
	2.3. Local-global principles and rationality
	2.4. Preliminaries on group theory and almost complete stabilisers
	2.5. Nonabelian Shapiro's map

	3. Structure of forms for powers of groups
	4. Complete groups
	5. Forms of powers of A5
	6. Application to Grunwald problems for some nonsolvable groups
	6.1. Extensions of groups verifying (BM)
	6.2. Proof of Theorem 1.1
	6.3. The (BM) property for ``small'' nonsolvable groups

	7. Metabelian stabilisers and Grunwald problems for small solvable groups
	7.1. Homogeneous spaces with metabelian stabilisers
	7.2. Proof of Theorem 1.2
	7.3. The (BM) property for ``small'' solvable groups

	Appendix A. Geometric proof of Lemma 5.4
	References

