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MALLE’S CONJECTURE FOR NONIC HEISENBERG
EXTENSIONS

by Etienne FOUVRY & Peter KOYMANS (*)

ABSTRACT. — We prove Malle’s conjecture for nonic Heisenberg extensions over
Q. Our main algebraic result shows that the number of nonic Heisenberg extensions
over Q with discriminant bounded by X is given by a character sum. We then
extract the main term from this sum by exploiting oscillation of characters.

RESUME. On démontre la conjecture de Malle pour les extensions de Q de de-
gré 9 et de type Heisenberg. Le principal résultat algébrique montre que le nombre
de telles extensions de discriminants bornés par X est donné par une somme de
caractéres. On extrait le terme principal en exploitant les oscillations de ces carac-
teres.

1. Introduction

A fundamental problem in arithmetic statistics is to count algebraic ex-
tensions over Q with bounded discriminant. This subject has its roots in a
famous theorem due to Hermite that there are only finitely many number
fields with bounded discriminant.

Let K/Q be an extension of degree n and write L for the normal closure
of K. Then Gal(L/Q) acts on the n embeddings K < Q, which gives
a homomorphism from Gal(L/Q) to S,. By abuse of notation we define
Gal(K/Q) C S, to be the image of this homomorphism. We then define
for every transitive group G C S,, the counting function

N(G, X) = [{K/Q: Gal(K/Q) = G, A /g < X},

where Ak q is the absolute discriminant and the fields K are taken inside
a fixed algebraic closure of Q (up to isomorphism). Here we stress that the
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2 Etienne FOUVRY & Peter KOYMANS

isomorphism is not just an isomorphism of finite groups but as permutation
groups; this is equivalent to G and Gal(K/Q) being conjugate subgroups
of S,,. This counting function is the subject of Malle’s conjecture [24, 25],
who conjectured an asymptotic of the form

(1.1) N(G, X) ~ ¢(G) X (log X)PE-1,

where ¢(G) is an unspecified constant and where a(G) and b(G) can be
computed as follows. Let G C S,,, so that G has a natural action on the
set {1,...,n}. Then put for o0 € G

ind(o) :=n — |{orbits of o},
where the orbits are with respect to the action on {1,...,n}. We define

Q)= in ind(o).
“OT = By )
To define b(G), we consider the following action of Gal(Q/Q) on G. Let
¢ : Gal(Q/Q) — Z* be the cyclotomic character. For ¢ € G and o €
Gal(Q/Q), we define

ga — gc(a) )

It is easy to see that this induces an action of Gal(Q/Q) on C(G), the
conjugacy classes of G. We remark that ind(o) is constant as o varies
through a conjugacy class C, which allows us to define ind(C') in the obvious

way. Furthermore, the index of g is the same as the index of ¢g?. Then we
define

W(G) = [{C € C(G) : md(C) = a(@) '}/ ~ |,

where two conjugacy classes are equivalent if they are in the same orbit
under the action of Gal(Q/Q) on C(G). As stated the exponent b(G) in
Malle’s conjecture is not always correct, see the work of Kliiners [18] for a
counterexample. Tiirkelli [32] proposed a modified version of Malle’s conjec-
ture, with a different b(G), to take into account the counterexample found
by Kliiners.

Equation (1.1) is known in a limited number of cases. The authors are
aware of the following results

e the work of Miki [23] for abelian G, see also Wright [34] for the
generalization to arbitrary number fields,

Davenport—Heilbronn [10] for S,

Kliiners [19] for generalized quaternion groups,

Kliiners [20] for many wreath products Cy ! H,

Bhargava [5, 6] for Sy and Sj,
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MALLE’S CONJECTURE 3

e Bhargava-Wood [7] and independently Belabas-Fouvry [4] for
S3 C S,
e Wang [33] for direct products G x A with G € {S3,54,55} and A
abelian with some conditions on |A|,
e Masri, Thorne, Tsai and Wang [26] for all direct products G x A
with G € {S3, 54, S5} and A abelian.
Alberts [1, 2] made progress for many solvable groups. Finally, Equa-
tion (1.1) is also known for quartic Dy-extensions, see the work [8] that
we reproduce now.

THEOREM 1.1 (Cohen-Diaz y Diaz—Olivier). — The number of degree 4
extensions L of Q, up to isomorphism, such that the normal closure has
Galois group isomorphic to D4, with absolute discriminant at most X is
asymptotic to ¢(D4)X, where

’(D)Ll ,D)
_7722 D)’

Here the sum is over fundamental discriminants different from 1, and
i(D)=0ifD>0andi(D)=1if D <0.

The error term in Theorem 1.1 is of exceptional quality, namely of size
O.(X 3. In this paper we are interested in nonic Heisenberg extensions,
which bear some similarities with quartic D4-extensions. Let Heisz be the
Heisenberg group with 27 elements, i.e. the multiplicative group of upper
triangular matrices with coefficients in F3 and ones on the diagonal. Denote
by N(Heiss, X) the number of degree 9 extensions L of @, up to isomor-
phism, such that the normal closure has Galois group isomorphic to Heiss
and such that the absolute discriminant is bounded by X. Our main result
is the following.

THEOREM 1.2. — There exists a constant ¢(Heisz) > 0 such that
N (Heiss, X) ~ c¢(Heisg) X/4.
We give a completely explicit formula for ¢(Heisg ), which we postpone un-

til Equation (3.16). In Remark 3.8, we will compare the constants c(Heiss)
and ¢(Dy). Actually, our proof leads to the asymptotic formula

N (Heisg, X) = c(Heisz) X /4 + 04(X*(log X)~4)
for all A > 0.
Our main theorem implies Malle’s conjecture for nonic Heisenberg ex-

tensions (note that, up to conjugation, there is precisely one transitive
subgroup of Sg isomorphic to Heisz). One of the challenges is to find an

TOME 0 (0), FASCICULE 0



4 Etienne FOUVRY & Peter KOYMANS

explicit expression for the constant c(Heisz). Indeed, it is substantially eas-
ier to show that there exists a constant c¢(Heiss). This phenomenon can
already be observed in the work of [9], where the strong form of Malle’s
conjecture is proved, with an explicit constant ¢(G, K), for cyclic degree ¢
extensions over an arbitrary base field K.

Despite the superficial similarities between Theorem 1.1 and Theorem 1.2,
the proof techniques employed in Theorem 1.1 break down completely for
nonic Heisenberg extensions. The key principle used in the proof of Theo-
rem 1.1 is the following: take a quadratic extension K/Q and take a qua-
dratic extension L/K. Then typically L is a quartic Ds-extension of Q.
The problem then reduces to uniformly counting quadratic extensions.

However, a degree £ cyclic extension L/K of a degree ¢ cyclic exten-
sion K/Q is almost never a degree £> Heisenberg extension. For this rea-
son we must take an entirely different approach, where we estimate a
certain character sum that counts the number of Heisenberg extensions.
Our approach is in spirit of the work of Heath-Brown [16] and Fouvry—
Kliiners [11, 12, 13, 14], although the technical details are somewhat dif-
ferent than these works.

We believe that Theorem 1.2 can be extended in various directions. As
a first generalization one can consider the Heisenberg group Heis, of order
03, where £ > 3 is a prime. Our algebraic results are in fact stated in this
more general setting. However our analytic results currently use that Z[(3]
is a principal ideal domain. It is possible to extend our analytic results
to any odd prime ¢ for which Z[(,] is a principal ideal domain (so ¢ €
{3,5,7,11,13,17,19}), and perhaps it is possible to extend them to all odd
primes /.

Another direction to consider is to count Heisenberg extensions in the
regular representation. The resulting counting function has some similar-
ities to the ones considered in Fouvry—Luca—Pappalardi-Shparlinski [15]
and Klys [21]. We are optimistic that our techniques also apply here. A fi-
nal direction that we shall discuss in this introduction is to count extensions
by conductor instead of discriminant. This was done in [3] for quartic Dy-
extensions. Perhaps it is possible to extend our results to this setting as well.

Acknowledgements

We thank Carlo Pagano for several inspiring conversations that led to
the proof of Theorem 2.8. We would also like to express our admiration for
the thorough reading of the manuscript by the anonymous referee and the
many excellent suggestions.
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MALLE’S CONJECTURE 5

2. The Heisenberg group

In this section we develop the algebraic theory for the Heisenberg group
Heis, of order ¢3 with ¢ > 3 a prime. We start by fixing an algebraic closure
Q once and for all. We also fix algebraic closures Q, for all prime numbers
p. All our number fields and local fields are implicitly taken inside these
fixed algebraic closures. All our cohomology groups have to be interpreted
as profinite group cohomology.

2.1. The different ideal

For a local or global field K, we write O for its ring of integers. If L/ K
is an extension of local or global fields, we write 07,k for the different
ideal and Ay, /i for the relative discriminant. Recall that 0y, is an ideal
of L, while Ay is an ideal of K. Denote by f, the minimal polynomial
of an element o and denote by ey, the ramification index of the prime g
of L lying above a prime p of K. We now record the following well-known
properties of the different ideal.

LEMMA 2.1. — Let L/K be an extension of local or global fields. Let q
be a prime of L and let p be the prime of K below q. The different ideal
satisfies the following properties

(i) we have Np ) (0r/k) = AL/k;

(11) we have OM/LDL/K = aM/K7

(iii) we have q | 91,/ if and only if q is ramified in L /K. Furthermore,
in case that q is not wildly ramified, we have that q%/»~! exactly
divides DL/K;

(iv) we have

vq(0n/x) = vq(0L, /K, );

(v) 01 K is generated by the elements f;,(c) as a ranges over all ele-
ments of Or, such that L = K(«). Now suppose additionally that
« is an element of L such that Or, = Og[a]. Then vy, /i = (fi,(a)).

Our next result is known in the case k = Q, but we were unable to find
a reference for general k.

LEMMA 2.2. — Let £ be a prime number. Suppose that K /k is an exten-
sion of local or global fields such that Gal(K/k) = F7. Write ki, ..., ket1
for the intermediate fields. Then we have

£+1

Agi = H Ay, k-

i=1

TOME 0 (0), FASCICULE 0



6 Etienne FOUVRY & Peter KOYMANS

Proof. — Let for now K/k be any finite Galois extension of local or
global fields. The conductor—discriminant formula states that

(2.1) o= [[ 00X,

x€Irr(G)
where Irr(G) denotes the set of irreducible characters of G = Gal(K/k)
and f(x) denotes the Artin conductor of x, see [30, Chapter VI] for the
definition of the Artin conductor.

If K/k is bicyclic, then there are ¢? irreducible characters. Except for
the trivial character, there are ¢ — 1 non-trivial characters coming from
each Gal(k;/k) for ¢ = 1,...,¢ + 1. Choose one non-trivial character y;
for Gal(k;/k), so that all non-trivial characters for Gal(k;/k) are x’ for
j=1,...,£—1. Tt is also proven in [30, Chapter VI, Proposition 6] that
the Artin conductor of x? is the same as the Artin conductor of x? restricted
to Gal(k;/k). We conclude that

e
Or/k = H H fxi) = Haki/k‘
i=1 j=1 i=1

by two applications of Equation (2.1). The lemma follows once we take
norms. d

2.2. General theory

Let ¢ be an odd prime. The Heisenberg group Heis; is the multiplicative
group of upper triangular matrices with coefficients in F, (and ones on the
diagonal). Heis, is a non-commutative group of size £3 with center Z(Heis,)
of size . Furthermore, every non-trivial element has order /.

We will now classify the subgroups of Heisy,. Write z for a non-trivial
element of the center Z(Heisy). There are two types of subgroups of order £:

e the central (and therefore normal) subgroup (z) generated by z,
e the subgroup (g) generated by any g & (z). This subgroup is not
normal and its normalizer is equal to (g, z).

If g1 and g are conjugate, then they have the same image in the abelian-
ization of Heisy and thus must differ by a central element. In particular,
we find that the conjugacy class of an element g & (z) is precisely equal
to {g,9z,... ,gze_l}. Moreover, there are precisely ¢ + 1 subgroups of or-
der ¢2. These are all normal and of the shape (g,z) for some g & (2).
Finally, two subgroups (g1) and (g2) with g1, g2 & (z) are conjugate if and

ANNALES DE L’INSTITUT FOURIER



MALLE’S CONJECTURE 7

only if (g1, 92) is a proper subgroup of Heisy, in which case we must have
(91,92) = (91, 2) = (g2, 2) or (g1) = (g2)-

The quotient Heisy/Z(Heisy) is bicyclic so that Heis, is a central Fy-
extension of IF%. Recall that the central extensions of IE‘% by F, are
parametrized by the group H?(F2,F,), where we view F, as a trivial F2-
module. Write x; and x2 for the two natural projection maps from F? to
F,. Then it is shown in [22, Section 4.1] that the classes 0 € H?(F?,Fy),
such that the extension group F in the corresponding exact sequence

0—F —E—F?—0

satisfies F/ = Heisy, are precisely the non-trivial multiples of the 2-cocycle
(o,7) = x1(0)x2(7). We will from now on denote this last 2-cocycle by
Oxr.xa-

The inflation-restriction exact sequence will play an important role
throughout this section. Let G be a profinite group, N a normal open
subgroup and A a discrete G-module. Then the quotient G/N naturally

acts on the fixed points AY. We have a long exact sequence

(2.2) 0— HY(G/N,AN) 2L HY(G, A) 2= HY (N, A)S/N
5 H2(G/N, AN) 2 126, A).

Here the map tr is known as the transgression map, while the other maps
are the usual inflation and restriction maps. We remark that G/N naturally
acts on H*(N, A) by sending a cocycle f : N — A to (g* f)(n) = g*
flg~ ng).

Over a field F' of characteristic 0, the Heisenberg group is realized as
follows. Take two linearly independent characters x, x’ : G — Fy and let
K be the bicyclic extension given by x and x’. We apply Equation (2.2)
with A = Fy, G = Gr and N = Gg. Here, and for the remainder of this
paper, we view [, as a discrete Galois module with trivial action. In this
case we get an isomorphism

(2 3) HOIH(GK, F@)Gal(K/F)
' I‘GS(HOIH(GF,]FZ))

We are now ready to define the space of characters of interest to us.

~ ker(H2(Gal(K/F),F,) 25 HX(Gp,Fy)).

DEFINITION 2.3. — For an extension K /F with Gal(K/F) = F?, we de-
fine Heis(K/F) to be the subspace of p € Hom(G g, Fg)S2(K/F) that maps
to the 1-dimensional subspace of H?(F%,F,) generated by the 2-cocycle
Oy, ,x, under the transgression map. If p € Heis(K/F) and x : Gp — Fy,
we call p+ x € Heis(K/F) the twist of p by x.

TOME 0 (0), FASCICULE 0



8 Etienne FOUVRY & Peter KOYMANS

Remark 2.4. — The transgression map naturally lands in
H?(Gal(K/F),Fy), not in H*(F%,F,). Hence we are implicitly choosing
an isomorphism Gal(K/F) = F? in the above definition, which allows us
to identify

H*(Gal(K/F),F,) = H*(F?,F,).

Take any character x : FZ — [F,. Observe that the 2-cocycle 6, , €
H?(F2,F,) is trivialized by the l-cochain that sends o to x(c)?/2. Us-
ing this, we directly verify that the choice of isomorphism does not change
the set Heis(K/F).

If K is a Galois extension of F' and p : Gx — Fy is a character, we write
K (p) for the field extension of K corresponding to p.

THEOREM 2.5. — Let F' be a field of characteristic 0 and let K be a
Galois extension with Galois group F7. Let x1, x2 be the natural projection
maps F? — Fy.

(i) Let p: Gk — Fy be a non-trivial homomorphism. Then K(p) is a
Galois extension of F' with Galois group isomorphic to Heis; and
K (p)?(Gal(K(p)/F)) = K if and only if p € Heis(K/F).

(ii) We have

res(Hom(G,Fy))

Heis(K/F) F, if inf(6y, y,) =0in H?(GFp,Fy),
0  otherwise.

In particular, there is a Heisenberg extension containing K if and
only if inf(6y, y,) = 0. If there is such a Heisenberg extension, the
set of all such Heisenberg extensions may be obtained by twisting
with a character Gp — Fy.

Proof. — The key step is to explicitly describe the transgression map. The
space Hom(GK,]Fg)Gal(K/F) consists of those characters p € Hom (G, Fy)
satisfying the following two properties. Firstly, K(p)/F is a Galois exten-
sion. Secondly, there is an exact sequence

(24) 1 — Gal(K(p)/K) — Gal(K(p)/F) — Gal(K/F) — 1

with Gal(K (p)/K) central in Gal(K (p)/F). As explained in [22, Section 4],
the isomorphism in Equation (2.3) is then explicitly given as follows. View-
ing p as a map from Gal(K(p)/K) to F, in Equation (2.4), we naturally
get a class in the second cohomology group H?(Gal(K/F),Fy).

Part (i) and part (i) now follow upon unwinding the definition of
Heis(K/F) and using the isomorphism (2.3). O

ANNALES DE L’INSTITUT FOURIER



MALLE’S CONJECTURE 9

Our final lemma gives a convenient way to decide if two degree £? Heisen-
berg extensions of a field F' of characteristic 0 are isomorphic.

LEMMA 2.6. — Let £ be an odd prime number and let F be a field of
characteristic 0. Let L and L' be two degree ¢?> extensions of F such that
the Galois groups of the normal closures N(L) and N(L') are isomorphic
to the Heisenberg group Heisy. Then L and L' are isomorphic if and only
if N(L) is isomorphic to N(L') and L and L' contain the same degree {
subfield.

Proof. — Certainly, if L and L’ are isomorphic, then N(L) and N(L')
are isomorphic. Furthermore, since the degree ¢ subfield is Galois over F,
they must be the same.

Reversely, suppose that L and L’ are as in the lemma. By Galois theory,
L and L' correspond to non-normal subgroups H and H' of the Heisenberg
group Heisy of order ¢. Then, since L and L’ contain the same degree ¢
subfield, it follows that either H = H' or that H and H’ together generate
a subgroup of order £2. From the structure of the Heisenberg group, we see
that H and H' are then conjugate in Heis,. This implies that L and L’ are
isomorphic. O

2.3. Heisenberg extensions of Qy

Let us first analyze the situation locally at ¢. Since every non-trivial
element of Heis, has order ¢, its ramification theory is relatively simple.
We further profit from the fact that for ¢ # 2, there are only two linearly
independent characters Gg, — Iy, which fails for £ = 2.

Given two characters py, p2 € H'(Gk,Fy), we define 0 ps € H?*(Gk,TFy)
to be the inflation of 6, ,, via (p1,p2) : Gk — ]F%, where x1 and ys are

the natural projection maps IF% — Fy.

LEMMA 2.7. — Let K be any field of characteristic 0 containing a prim-
itive ¢-th root of unity ;. For o € K*, we write x, for a character cor-
responding to K (/). Let xo,xp be linearly independent. Then 0o xs
is trivial in H*(Gg,F,) if and only if there exists w € K(\/a) such that
Ny (ya)/x(w) = B. Such a Heisenberg extension can be obtained by ad-

joining the ¢-th root of the element

-2
H O_i(wffifl)
=0

to K(Xa,Xp), where o is a generator of Gal(K (/a)/K).

TOME 0 (0), FASCICULE 0



10 Etienne FOUVRY & Peter KOYMANS

Proof. — This is [27, Theorem 3.1]. O

THEOREM 2.8. — There exists precisely one Galois extension M/Qy
with the property that Gal(M/Qy) is isomorphic to Heisy. Its discriminant
ideal equals

(£)£(£+1)(2€—2).

Proof. — Since Qj/ @;e is a 2-dimensional vector space, it follows from
local class field theory that there are two linearly independent characters
Gg, — F,. In particular it follows that there is precisely one extension K of
Q¢ with Gal(K/Q) = F2. Therefore it follows from part (ii) of Theorem 2.5
that there exists at most one Heisenberg extension M of Q.

Let xun : Gg, = F¢ be a non-trivial unramified character and let xyam :
Gqo, — F¢ be a ramified character. By Theorem 2.5, the existence of M is
equivalent to the vanishing of ¢} in H?(Gg,,F¢). There are natural

maps

un,Xram

H?(Go,,Fr) = H*(Go,(,), Fe) = H*(Gq,,Fe).

The composition coresores is multiplication by [Q(¢s) : Q¢] = ¢—1. Hence
the map res is injective. Over Qg((y) we see that X,am is in the span of yun
and the character x,, corresponding to the extension Qg((p2)/Qe(¢r). By
local class field theory we know that the norm map (’)(ag () (xun) (’)&E <)

is surjective. Since (; is a unit, it follows from Lemma 2.7 that 6’ is

trivial in H*(Gg,,F¢) as desired. e

We now compute the discriminant of M. Define L := Q((¢)(xun). Take
w to be an element of OF such that Ny, /g, ,)(w) = (. Observe that ¢, —1
is a uniformizer of Q;({y) and therefore also of L. Now we expand

w=ag+a(¢—1)+a(G—1)>+---,

where the digits a; are the Teichmiiller lifts of Fye in L. Since the a; are
Teichmiiller lifts, the equation

Nz/@uc(w) =C =1+ (G —1)

implies that
aoo-(ao) e o—eil(ao) =1

with o a generator of Gal(L/Q({,)). Now define w; = w/ag, which still
satisfies N, /g, (¢,)(w1) = Ce- Expand w; as

wi=14b1(¢—1)+ba(¢r—1)>+--.

ANNALES DE L’INSTITUT FOURIER



MALLE’S CONJECTURE 11

From Nz /q,(¢,)(w1) = ¢¢ =1+ (¢ — 1) we deduce that

-1
(2.5) > o'(b1) = 1 mod ¢ — 1.
i=0
Consider the element
-2 -2
Ha 611 1+<Z —i—1)o b1)>(@1)
1=0 1=0

We claim that

zi=Y ({—i—1)c'(by)

i=0
does not reduce to an element in F, modulo the maximal ideal of Op,.
Indeed, we have the equality

-1

olx) —x = Zal(bl) =1lmod( —1

i=0

according to Equation (2.5). Hence o(x) # x mod {, — 1, so
mmod@—l%lﬁ‘g.

Having established the claim, we write
w ~—Ha T w=ltall-D+e-17+--,

where redy (c1) € Fy. From Lemma 2.7, we see that L((s2, /wz) is a Galois
extension of Q({y) with Galois group isomorphic to Heis; and whose sub-
field fixed by the center of its Galois group is the F2-extension
Qe(¢e) (uns Xram)/Qe(Cr). But so is MQy(¢r). Then, by Theorem 2.5, it
follows that

L(Ce2, Vtwa) = MQy(Cr)

for some twist ¢ € Qg({r)*.

Suppose that ¢ = ({y — 1)® - v, where u € s o) and s € Z. We claim
that ¢ | s. Assume for the sake of contradiction that 0t s. Denote by p the
automorphism of L that sends ¢, to ¢7 but fixes the field corresponding to
Xun- We claim that L(¢p2), L({/tws2) and L({/p(tws)) are three indepen-
dent extensions in this case, which is impossible as M Qg (¢;)/L is bicyclic.
Indeed, suppose that

21 (tw2)" (pltun))™ € L.

TOME 0 (0), FASCICULE 0



12 Etienne FOUVRY & Peter KOYMANS

Inspecting valuations, we certainly find that zo + 3 = 0 mod £. Then
modulo /-th powers, the above becomes
w32 p(ws) ™ € L**

with v’ € (9(5 (o) which we expand as

w4 oG+ 1)) =1+
Since redy (¢1) € Fy, it follows that
redy(c1(wa +23(Ce+ 1)) €Fe  or  redp(ze + x3(¢ + 1)) = 0.

We first dispose with the second case. But redr, (x2+x3(¢,+1)) = 0 implies
that 29 + 223 = 0 mod ¢ and hence 22 = 23 = 0 mod £. In this case we
conclude that

1 =29 =23 = 0mod £

as desired. From now on we suppose that

redr(ci(xo +x3(le+ 1)) € Fy.

In this case wy?p(w2)*3u’ is of the shape
(2.6) do+di(¢e—1)+--- with redy(do) € F, \ {0} and redy(d1) & Fo,

where the digits d; are the Teichmiiller lifts. We claim that such elements
are never ¢-th powers in L. Suppose that « is such an element and consider
the polynomial
f(z)=2"—a.

Then f(z+dp) is irreducible by Eisenstein’s criterion. This finishes the proof
of both claims, and we conclude that ¢ | s. Furthermore, ws = (45%1) has
an expansion of the shape displayed in Equation (2.6).

Finally, we compute the discriminant of the extension L(/ws)/L. We
just showed that

14
N
_ L _ — ) i g0—1i
f(.%‘ + do) = (CL‘ + do) ws w3 + izg . (Z>l‘ dO

is Eisenstein, i.e. f(z+do) satisfies Eisenstein’s criterion. Write r for a root
of the polynomial f(x + dp). Since f(xz + do) is Eisenstein, it follows that

OL(yms) = Oclr],

so we are in the position to apply Lemma 2.1(v). We conclude that

L
O\ i
VL (Yws)/L = <Z (Z-)’”” Ly ) = (£).

i=1

ANNALES DE L’INSTITUT FOURIER



MALLE’S CONJECTURE 13

By construction we have that L((p2, Yws) = MQg(¢¢). Then there exists
some degree ¢ cyclic extension M’ of Q¢(xun) such that the Galois closure
of M’ over Q; is M and furthermore M’ C L(ws3). This implies that

—1 4
AN 100 () NM7 /@ (xan) (AL Ya3) /M7) = AL @y (xum) NE/Qe (tan) (AL (a5 /1)

The extensions L(w3)/M’ and L/Q¢(xun) are tamely ramified and of
degree ¢ — 1. We conclude that

A?M’l/t@z(xun) . (f)Z_Q — (g)((i—Q)é . (Z)(é—l)e
and hence
(27) AM'/@Z(Xun) = (€)2£_2.
Lemma 2.2 yields
41
Ant/Qutnn) = L] A01270100mm)-
i=1

where the M; are the subfields Q¢(xun) G M; € M of the bicyclic extension

M/Q¢(Xun). One of the M; is the field Q¢(Xun, Xram), While the other M;
are all isomorphic to M’ by Lemma 2.6. We deduce that

AM/@@(Xun) = (E)E(2Z_2) ’ AQZ(X\:eram)/QZ(Xlln) = (‘6)(€+1)(2€_2)

as desired. 0

2.4. Minimal Heisenberg extensions

In this subsection we will study Heisenberg extensions from a global
perspective. We start by defining minimal Heisenberg extensions, which is
analogous to the definition of minimal dihedral extensions given by Steven-
hagen [31].

DEFINITION 2.9. — Let x,Xx’ : Go — F; be two linearly independent
characters. Let M be a Heisenberg extension of Q containing Q(x, x’). We
say that M is minimal if the following two conditions are satisfied

e M is unramified at every place v that is unramified in Q(x, x');

o M/Q(x,x’') is unramified at all primes above £ in case £ has residue
field degree 1 in Q(x, x').

Suppose that the residue field degree of ¢ in Q(x,x’) is 1 and further
assume that ¢ ramifies in Q(x, x’). As we shall see, the second condition
is then automatically satisfied for all Heisenberg extensions M containing
Q(x,x’)- From this it follows that any Heisenberg extension M that satisfies
the first condition also satisfies the second condition.
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14 Etienne FOUVRY & Peter KOYMANS

LEMMA 2.10. — Let x, X' : Gg — F¢ be two linearly independent char-
acters. Then 9;(&(’ is trivial in H?(Gg, Fy) if and only if all ramified primes
not equal to £ have residue field degree 1 in Q(x, x')-

Proof. — We first prove the backward implication. There are natural
maps
H?*(Gg,Fe) = H?*(Go(c,), Fe) = H*(Go, Fy).
The composition cores o res is multiplication by [Q({,) : Q] = £ — 1. Tt
follows that the map res is injective. From class field theory, we get another
injective map

Hz(GQ(Q)’ Fe) — @ Hz(GQ(Cz)w Fe),

where w runs over the places of Q(¢). Hence it suffices to check that 0, .,
is trivial in H*(Gg(c,),,»Fe) for each place w.

Denote by v the place of Q below w. If v is the infinite place, then the
restriction of @ , is certainly trivial in H*(Gg,),,Fe), since Q((e)w is
isomorphic to C. If v is unramified in Q(x, x’), then the restriction of ¢ .,
to Go,),, equals 6, ., for some a,a’ € Fy, where xun : Goee,),, —
F, is a non-trivial unramified character (which is unique up to non-zero
scalars). Therefore the desired triviality follows from Remark 2.4.

Now suppose that v # £ ramifies in Q(x, x’). By assumption v has residue
field degree 1 in Q(x,x’). Therefore, if x and x’' are both ramified at v,
then x’ must be a non-trivial multiple of x locally at v. Then the 2-cocycle
9&»« is trivial in H2(GQ(Q)U,,F@) by Remark 2.4, since it is in the span
of 0 , locally at v. If instead x is ramified at v, while X’ is not, then
the assumptions imply that x’ is the trivial character. Therefore the map
(o,7) = x(0)X'(7) becomes the zero map locally at v. In particular, the
2-cocycle 0}, is trivial in H?(Ggyc,),,, Fe)-

It remains to deal with the case v = £. But the analysis in Theorem 2.8
shows that G;VX, is always locally trivial at /.

For the forward implication, suppose that 9;(»(, is trivial in H2(Gg,Fy).
Take a place v of Q, not equal to £, that ramifies in Q(x, x’). By Theorem 2.5
there exists a Heisenberg extension M containing Q(x, x’). Since v is tamely
ramified and since every non-trivial element of Heisy has order ¢, any inertia
subgroup of v in M must be cyclic of order £. Using that every non-trivial
element has order ¢ once more, we conclude that any decomposition group
of v in M has size £ or £2. Since every subgroup of size £? of Heis, intersects
non-trivially with the center, the decomposition group of v in Q(x, x’) must
have size ¢, which gives the lemma. O

ANNALES DE L’INSTITUT FOURIER



MALLE’S CONJECTURE 15

Let x,x' : Gg — F; be two linearly independent characters. We define

n(x;X)
A if Q(x, x’) is unramified at ¢
(E=DR=2)if ¢ gplits in Q(x) and ramifies in Q(x, x')
= pH2=2) if ¢ is inert in Q(x) and ramifies in Q(x, x’)

(e20=2) if £ ramifies in Q(x) and [ splits in Q(x, x")/Q(x)
(EHDEE=2)if ¢ ramifies in Q(x) and [ is inert in Q(x, x')/Q(x),

where [ is by definition the unique prime of Q(x) above ¢. Denote by ﬁ(x)
the product of the ramifying primes in Q(x) that are coprime to £ and let
free(d, a) be the largest squarefree integer dividing d and coprime with a.

THEOREM 2.11. — Let x,x’ : Gg — Fy be two linearly independent
characters. Suppose that 9;“(, is trivial in H?(Gg,Fy). Then there exists a
minimal Heisenberg extension M /Q containing Q(x, x’)-

Now suppose that Q(x) € L C M and suppose that the Galois closure
of L is M. Then

Apjo = A Diree(Ax), A)) D ulx, x)-

Proof. — By Theorem 2.5 it follows that there exists a Heisenberg ex-
tension M of Q containing Q(x, x’). It is then a general fact about central
extensions that there exists a Heisenberg extension M containing Q(x, x’)
that is unramified at every place v that is unramified in Q(x, x’), see [22,
Proposition 4.8]. We claim that such an extension M is minimal.

Since M satisfies the first bullet point of Definition 2.9 by construction,
it suffices to verify the second bullet point. We will analyze the situation
depending on the splitting behavior of £. If £ is unramified in K := Q(x, x’),
then £ is also unramified in M by construction.

It remains to treat the case where ¢ ramifies in K and has residue field
degree 1. Let w be a place of K above £. We are going to show that M is
unramified at w. Assume that it does ramify at w. Write I C D C Heisy
for the inertia and decomposition group in Gal(M/Q) corresponding to the
unique prime above w. Denoting by Z the center of Heisy, our assumptions
imply that Z C I = D. Then we have either I = D = Heisy, so that we
in particular get a totally ramified F?-extension of Qg, or we have Z C
I = D C Heisy, in which case I = D = ]F? so we get once more a totally
ramified F%-extension of Q4. But such an extension does not exist, which
gives the desired contradiction in both cases.
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16 Etienne FOUVRY & Peter KOYMANS

We will now further analyze the ramification properties of M. Take a
place v # £ that ramifies in K. Let w be a place of K above v. We claim
that w is unramified in M. If not, we see that any inertia subgroup I, of
v must be of size ¢2. But v is tamely ramified and therefore I, is a cyclic
group. This is plainly impossible, since every non-trivial element of the
Heisenberg group has order /.

We are now ready to compute the discriminant of L. Take a place v # /¢
that ramifies in Q(x) and recall the formula

(2.8) Arsg = No/e(AL/e0) Abn) /o

From the above we see that the v-adic valuation of Ng(y)/0(AL/q(y)) is 0.
Furthermore, since v is tamely ramified, we have that the v-adic valuation
of Af}(x)/@ is £(¢ — 1). Next we compute the contribution from those v # ¢
that are unramified in Q(x) but ramify in K. In this case the formula (2.8)
simplifies to

(2.9) Ao = Nowy/e(Ar/eu))-

Furthermore, we know by Lemma 2.10 that v splits completely in Q(x).
Suppose that wi,...,w, are the places above v. We claim that precisely
¢ — 1 of them ramify in L. To this end, we consider the bicyclic extension
M/Q(x). By the structure of Heisy, the intermediate fields in this extension
are K and L, ..., Ly, where the L; are all conjugate and L; = L say. Since
the L; are all conjugate, we know that

{1 < < €:wjsplits in L /Q(x)}|

does not depend on i. Furthermore, all the w; ramify in K, so that every
given w; ramifies in precisely ¢ — 1 of the L;. Then a double counting
argument establishes the claim. Using Equation (2.9) and the claim, we
deduce that the v-adic valuation of Ay g equals (£ —1)2.

It remains to deal with the case v = ¢. We distinguish four cases

(i) Suppose that ¢ ramifies in Q(x) and has residue field degree 1 in
K. In this case any prime above £ is unramified in L. By class field
theory we see that

’Ug(AQ(X)/Q) =20 — 2.
Therefore Equation (2.8) yields
Ug(AL/Q) =0(2¢ —2).
(ii) Suppose that £ splits in Q(x) but ramifies in K. Then

ve(Ar/g) = Now)/e(Ar/aw))-
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MALLE’S CONJECTURE 17

Note that
ve(Anrjg) = (20 - 2)

and hence w(Anr/q(y)) = €(2¢ — 2) for any place w of Q(x) above
v. Suppose that w ramifies in L. Consider the bicyclic extension
M/Q(x). There are ¢ + 1 intermediate fields K, Lq,..., Ly, where
the L; are all isomorphic by Lemma 2.6. Furthermore, w ramifies
in K and precisely £ — 1 of the L;. Therefore Lemma 2.2 implies
that

(L= 1) w(Arsgr) + w(AK/ge)) = W(Agey) = 20— 2).
We conclude that
w(Apg) =202, wv(Arg)=(£—1)(20-2).

(iii) Suppose that £ ramifies in Q(x) and has residue field degree ¢ in K.
Denote by w the unique place of Q(x) above ¢. Arguing as above
we get

0 - w(AL/Q(X)) = w(AM/@(X)) = 5(26 — 2),
where the last equality follows from Theorem 2.8. Hence we have
ve(Apjg) = (20 —2) +£(20 —2) = (£ +1)(20 - 2).

(iv) Suppose that ¢ is inert in Q(x) but ramifies in K. Inspecting the
proof of Theorem 2.8, see Equation (2.7), we conclude that

ve(Ar/g) = €(20 = 2).

This completes the proof. O

2.5. Counting Heisenberg extensions by discriminant

Let x,x : Gg — F¢ be two linearly independent characters. Define for
an integer d > 0

0fC=2) i Q(x, x') is unramified at £ and £ | d,
w(x, x') otherwise.

n(x, x'd) = {

TOME 0 (0), FASCICULE 0



18 Etienne FOUVRY & Peter KOYMANS

We also put
D(d,x. X'+ €) = A" Piree(A), A ulx. X' d)
S1(X,0) ={d € Z=>o : d < X, dsquarefree, p|d=p=0,1mod ¢}
So(X,x, X', €) = {d € S1(X,0) : ged(d, A)A(X)) = 1}
S3(X, x, X', 0) = > (0 — 1)wi (@),

deSz(X,x,x",0)
free(d,0)*(* =1 g X

S B0
where w; is the number of prime divisors (counted without multiplicity)
not equal to £. Recall that N (Heisy, X) denotes the number of degree (2
extensions L of Q, up to isomorphism, with Gal(N(L)/Q) = Heis, and
absolute discriminant bounded by X.

THEOREM 2.12. — Let £ be an odd prime number. Then

(2.10) N(Heis;, X)=((—1)72 > 1 tivial
X5 X
X,X/:GQ*)]F(
x,x" lin. indep.

. EUJ(A(X)A(X/))73 . 53 (X, X7 X/? e)

Proof. — We recall that 0, ., and 60y, 14 give the same class in
H?(F2,F,) for all a € Fy by Remark 2.4. Since we are counting our fields
up to isomorphism, our goal will be to apply Lemma 2.6.

First, we fix y and compute the contribution from those degree £ Heisen-
berg extensions L containing Q(x). Since x and ax both have fixed field
Q(x) for any a € Fj, we are overcounting by a factor £ — 1. Next, let us fur-
ther restrict to those L such that the normal closure of L contains Q(x, x')
with x’ linearly independent from . This certainly implies that 9;%, is
trivial.

Hence further fix a x’ linearly 1ndependent from x with 9’ , trivial. Note
that there are in fact £(¢ — 1) choices of x’ that all give the same bicyclic
extension Q(x, x’), namely ax’ + bx with a € F} and b € F,. Hence we are
overcounting by another factor ¢(¢ — 1).

Now we compute the contribution from the fields L containing Q(x) such
that the normal closure of L contains Q(x, x’). Fix a minimal extension M
containing Q(x, x’). Then any field L’ satisfying Q(x) € L' € M has
discriminant

A() “Dree(A(X), A) Y ulx, X')
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by Theorem 2.11. Let p € Heis(Q(x, x’)/Q) be a character with fixed field
M. Twisting p by characters x” : Gg — Fy, we get all degree ¢3 Heisenberg
extensions containing Q(, x’). However, we get every extension ¢ times,
since the characters x and x’ are trivial when restricted to Gg(y,y)-
Suppose that we twist p by a character x” : Gg — Fy that is ramified
precisely at the primes dividing d. From class field theory we immediately
get that d € S1 (o0, £). Furthermore for such an integer d, there are precisely
(£ - l)w(d) characters that are ramified at exactly those primes dividing d.
We claim that the discriminant of any field L’ such that Q(x) € L' C

QU X")(p+ x") equals
A Viree(A(X), A(0) T free(d, LAC)AN)Vnlx, X', d).

The factor free(d, A(x)A(x'))* =Y is easily computed. Let us now focus
on the factor p(x, X', d). If there is precisely one place above ¢ in Q(x, x’),
twisting does not change the discriminant locally at ¢ by Theorem 2.8.
Indeed, the two twists have the same normal closure (since there is only
one Heisenberg field locally at ¢) and share the same cyclic subfield, so we
can apply Lemma 2.6. Similarly, if ¢ ramifies in Q(x), twisting does not
change the discriminant locally at £. If £ splits in Q(x) and ramifies in

Q(x,x'), then
LoQ=QuxX)® - ®Qux) @ Q)

or

L X QK = QZ(Xun) 57 Q[(Xun + X/) D---D QZ(Xun + (Z - ]-)Xl)v

where xyun is an unramified degree ¢ character of Gg,. Since )’ is a ramified
character, we see once more that twisting does not change the discriminant
locally at ¢. A similar analysis works if ¢ is unramified in Q(x, x’).

Having established the claim, we are now ready to complete the proof.
There are

(o (BOOAK)

characters only ramified at the places dividing E(X)K(X’ ). Twisting with
such characters clearly does not change the discriminant. Furthermore, they
give

(o BOOAK) -2

different fields, because the characters y and x’ are trivial characters of
Go(x,x')- This gives the theorem. O
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3. Analytic prerequisites
3.1. The general question

From now on we shall mostly focus on the case ¢ = 3. The aim of this
section is to transform Equation (2.10) into the character sum Heis(X, 3)
(see Proposition 3.6 below). The definition of Heis(X, 3) is given in Defi-
nition 3.5 below. Since this character sum is rather delicate, we take some
time to present its definition.

By convention we reserve the letters p and ¢ for usual rational primes.
The letter r will also designate a prime particularly in Definition 3.1 and
in the formulas deduced from it. When ¢ > 3 is a prime, we introduce the
following sets of integers

P, :={p:p=0,1mod ¢},
P, :={p:p=1mod(},
Ny == {n:n > 1, n squarefree, p | n = p € Py},
and
N7 .= {n:n > 1, n squarefree, p | n = p € P} }.

For d > 1, we denote by wj(d) the number of distinct prime divisors of d
belonging to P; and, as usual, w(d) is the total number of distinct prime
divisors of d.

3.2. Standard primes, standard decomposition and characters

Let
. —1+4V3
J = PR
be a cubic root of unity. For z € Z[j], let N(z) = z - Z be the norm of z.
Every p € IP5 can be uniquely written as

(3.1) Pp=TT
where
7 and T belong to Z[j],
7 is primary (which means 7 = 2 mod 3),

Imm > 0.
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This decomposition is named the standard decomposition of p, and 7 is a
standard prime. For p € P3, there are two Dirichlet characters modulo p
with order 3. One of these is

(3:2) )= (2).,

™

which is defined without ambiguity as soon as 7 is given by the standard
«

decomposition (3.1). Recall that the cubic character (;) 5 1s defined, for
« € Z[j] not divisible by 7, by the formula

(2.~
™/ 3

where 0 < m < 2 is the unique integer such that o = 7™ mod 7 (see [17,
Chapter 9 Section 3|, for instance).

Modulo 9, there are also two Dirichlet characters with order 3. One of
these is the character 3 defined by its value

X3(2) = j7

which also defines x3 without ambiguity. In conclusion, for every p € Pg
we have fixed a Dirichlet character x, of order 3.
Let f :P3 — F3 be a function. By definition, the support of f is the set

supp f = {p € P3: f(p) # 0},

and supps f is the support of the restriction of f to P3. We introduce the
sets of functions

V:={f:P3 — F3,supp f is finite},
and
(3-3) V* = {f : Ps — Fs,supp f is finite and f(3) = 0}.

The sets V and V* naturally have a structure of Fs—vector space with
infinite dimension.

Given an f in V, we define the Dirichlet character x(f) over Z by the
formula

(3.4) x(f) =[] ¥®-
p€EP3

This has a meaning since this is a finite product and since all x,, have order
3. To evaluate x(f) at some number m € Z, we naturally have

(3.5) X(H)m) = [T Deo(m)]7®

p€EP3
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with the convention that z° = 1 for any z € C. In particular, we have

o if p € supp f,
(3.6) x(f)(p) = {17 jorj2 ifp¢supp f.

To any f € V we associate an integer A(f) € N§ defined by
A= 1] »
PE suppg f

If f(3) = 0, then A(f) is the conductor of the Dirichlet character x(f).
On the other hand, if f(3) # 0, the conductor of x(f) is equal to 9 - A(f).
For A € N3, we will meet the following sets of functions, with cardinalities
3-2¢(A) and 29(4)

(3.7) V(A) ={f eV :A(f)=A}and V*(A) = {f e V' : A(f) = A}.

Finally, we introduce the function 1(f, f') which can be interpreted as a
characteristic function since it takes only values 0 and 1 (see Lemma 3.2

below).

DEFINITION 3.1. — For linearly independent f and f" in V', let 1(f, f’)
be the number defined by

1(f, ) := 3~ Isupps fUsupps Il H Z (x(zf+2' 1)) ()]
raihauy | aer
f(r)z+f'(r)z'=0

It follows from Lemma 2.10 that
(3.8) 1(f, f) =14

In particular the following lemma is now obvious.

, R
(P x(sn trivial

LEMMA 3.2. — For every linearly independent f and f’ in V, one has
the property

L(f, f") €{0,1}.

3.3. The p—functions

To each pair (f, f’) € V? we associate an integer denoted by u(f, f').
This integer is a power of 3 but it is not a symmetric function of f and f’.
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DEFINITION 3.3. — For every f and f’ in V, we define(!)
u(f. f")

L if f(3)=f'(3)=0,
3% if f(3)=0, f'(3) #0, and x(f)(3) = L,
312 i f(3)=0, f'(3)#0, and x(f)(3) € {4, 5%},

=43 if f(3)#0, f'(3)=0, and x(f")(3) =1,
310 if f(3)#0, f(3)=0, and x(f)(3) € {j. %},
32 if f(3)#£0, f/(3) #£0, and (x(f'(3)-f +2f(3)-f))(3) =1,
310 if f(3)#0, f/(3) #£0, and (x(f'(3)-f +2f(3)-f))(3) € {4. 5°}

We give another definition

DEFINITION 3.4. — Let f, f' € V and let d € N5. We denote by u(f, f’,d)
the positive integer defined by

L if3d, f(3)=r'(3)=0,
(> ', d) = {u(f, ") otherwise.

3.4. The crucial sum

For positive integers d and a, recall that free(d, a) is the largest squarefree
integer dividing d and coprime with a. In other words, we have

free(d, a) Hp,

pld
pta

which simplifies to free(d,a) = d/(d,a), when d is squarefree.
For f, f/ € V and d € N3, we introduce the integer

(3.9) D, f. f') = A()° free(A(f), M) ulf. £ d),
the set

S(f, ) ={deNsg: (d,AH)A(S)) =1},
and the associated summatory function

(3.10) S(X f.f) =) 2,

d

) Actually, as the referee noticed, the fourth formula in this definition can be absorbed
by the sixth one and the same remark applies to the fifth and the seventh formulas. This
gathering process also works between several cases in the list (3.20),...,(3.33). For reasons
of clarity of exposition, we have preferred not to benefit from this possible shortening.
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where the sum is over

d € S(f, f') with free(d, 3) < (X /D(d, f, f’))l/ﬁ.

Gathering the above notations, we define the crucial sum Heis(X,3) an-
nounced in Section 3.1.

DEFINITION 3.5. — For X > 2 and the prime { = 3, the associated
Heisenberg sum Heis(X, 3) is

HeiS(X,?)) — 9—23-3 Z Z 3lsupp; f Usupp; I Il(f7 f/) . S(X, 1, f/)
f.f'ev
f, £’ lin. indep.

It is an exercise to verify that Definition 3.5 does not dependent on the
way we have chosen the characters x, of order 3 for each p € P. Combining
Theorem 2.12 (with ¢ = 3) and Equation (3.8), we obtain

PROPOSITION 3.6. — We have for every X > 2 the equality
N (Heisg, X)) = Heis(X, 3).

To state our main result we introduce the following notations

o 13 is the characteristic function of the set {3},
e 13 is the multiplicative function defined on squarefree positive in-
tegers, satisfying

(3.11) Y3(p) =p/(p+2)

(see the general definition given in (4.48)),
e )\ is the multiplicative function defined on squarefree positive inte-
gers, satisfying

Ap) = (1+2/(p"?(p+2))) ",

e g3 is the infinite product

(3.12) as?iH{(”jfr(?)'(l_;)}

p

(see the general definition given in (4.47)),
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e Hy is the constant defined by

(3.13) Ho:= Y _ AA)ys(A)
AEN;
A>1

3«(&) x(H®)+x2f)(p) 2
Wf ;A) ];P[ (1+2 p+2 +p1/2(p+2)> ?
eV pEP;

e H; is the constant defined by

(3.14) Hy:= Y AA)¢s(A)
AEN;
A>1

392 (H(P)+x21)(p) 2
.Wf VZ(A) ITPI <1+2X pp_:; P +p1/2(P+2)> )
evr pEP;

x(£)(3)=1
e H, is the constant defined by

(3.15) Hz= Y AA)ys(A)
A€EN;
A>1

'?Z;/A; Z Z H(1+2X(f—‘m]l{3})@):J§2(2f+2n1{3})(p)+
fev*(A)yn=12 | peP;

)
P (p¥2)

‘We now have all the tools to define the constant

32 8 10
(316) C(HGng) =272 <36 - Hy + 36 -Hi + 37 : H2> as.

We will prove the following theorem, which combined with Proposition 3.6
gives Theorem 1.2.

THEOREM 3.7. — Uniformly for X > 2, we have the equality
Heis(X, 3) = c¢(Heisz) - X'/*(1 + O((log X)71)).

By utilizing the full strength of the Siegel-Walfisz Theorem one can
improve the above error term to O4 ((log X )‘A) where A > 0 is arbitrary.

2 1n Hp we are summing over all primitive Dirichlet characters with order 3 and with
squarefree conductor A > 1 coprime to 3, while in the sum Hz we are summing over
all primitive Dirichlet characters with order 3 and with conductor 9A, where A > 1 is
squarefree and coprime to 3.
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Remark 3.8. — In Section 4.7, we will prove that the Euler product ap-
pearing in the definition of Hy is essentially the product of the square of
the modulus of cubic L—functions at the point 1, see Equation (4.57). This
leads to the observation that the constant c¢(Heiss) has obvious similarities
with the constant ¢(Dy), the value of which is given in Theorem 1.1. These
two constants are defined as series of values of Dirichlet L—functions at the
point 1. In the case of ¢(Dy) the associated characters have order 2, in the
case of c¢(Heiss) this order is 3.

3.5. The archetypical sum

We first consider the subsum Heis*(X) defined by®

Heis*(X) — 9233 Z Z 3lsupps f U supp; I ]l(f, f/) . S*(X, 1, f/),
[fev”
£, f’ lin. indep.

where

e V* is defined in (3.3),
o S*(X, f,f’) is the subsum of S(X, f, '), where we exclude all the
d divisible by 3 (see (3.10)).

Note that the subsum Heis*(X) contains exactly those terms from
Heis(X, 3) with u(f, f',d) = 1. Algebraically, this subsum corresponds to
nonic Heisenberg extensions unramified at 3. This is a convenient first sum
to consider, since it avoids the many case distinctions in the definition of
the function u(f, f). We have the equality

(3.17) Heis*(X)=272373 Z Z glsupp fUsupp f,|~]l(f, f/)(z 2w(d)>7
d

f.f'ev”
f, £’ lin. indep.

where d satisfies the following conditions

d e Nz,
(3.18) (d, A(HAf)) =1,

1<(i<4¥U6AQﬂ—1A(f)_W3(A(ﬂ,Aﬁﬂ))w?

(3) From now on, many notations will be shortened by omitting the dependency on the
prime £ = 3.
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Let
(319) CHeis* = 2723730[3 Z 1,[)3(A)
AeN;
A>T
3w(2) xX(f)(p) + x(2f)(p)
NE I1 (1 2 p+2 )

frev=(a) | per;

2
X 1+ )

pg; < P2 (p+2(1+ x(f)(p) + Xx(21)(p)))

ptA
where a3 and 3 are defined in (3.12) and in (3.11). Thanks to (3.6) and
easy transformations, Cheis* can also be written as

Chteis~ = 2723 agHo,

with Hy defined in (3.13). We will prove the following

PROPOSITION 3.9. — Uniformly for X > 2 one has the equality
Heis™ (X)) = Chieis- - X4 + O( XY4(log X)7! ).

We will prove in Proposition 4.16 that Cheis+ is positive, which implies
that the above formula is an asymptotic one.

3.6. The other sums

The subsum Heis*(X) will be a model to treat the other subsums con-
stituting Heis(X, 3). According to the definition of the p—functions, it is
natural to consider the following fourteen subsums of Heis(X, 3), denoted
by Heis®29 (X), Heis®?V (X)), Heis®?? ... Heis®?3 (X) where the ex-
ponent of Heis corresponds to the additional restrictions imposed to the
variables of summation d in S(X, f, f') and to the pair (f, f’) in the first
double summation in the Definition 3.5:

(3.20) 31d, f(3)=f'(3) =0,

(3.21) 31d, f(3)=0, f/(3) #0, x(f)(3) = 1,
(3.22) 31d, f(3) =0, f'(3) # 0, x(£)(3) € {5,5°},
(3.23) 31d, f(3)#0, f'(3) =0, x(f)(3) =1,
(3.24) 31d, f(3) #0, f'(3) =0, x(f)(3) € {5,5°},
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(3:25) 31d, f(3)#0, f'(3) #0, (x(f'(3) - f+2f(3) - f1))(3) =1,
(3.26) 3td, f(3) #0, f'(3) # 0, (x(f'(3) - f +2£(3) - /) (3) € {5, 4*},
(3:27) 3]d, f(3)=f'(3) =0,

(3.28) 3|d, f(3)=0, f'(3) #0, x(f)(3) =1,

(3:29) 31[d, f(3)=0, f'(3) # 0, x(f)(3) € {5.i°},

(3.30) 3|d, f(3)#0, f'(3) =0, x(f)(3) =1,

(3.31) 31d, f(3) #0, f'(3) =0, x(f)(3) € {4.5°},

(3.32) 31d, f(3)#0, f'(3) #0, (x(f'(3) - f+2f(3) - f1))(3) =1
(3.33) 31d, f(3)#0, f'(3) #0, (x(f'(3)- f+2f(3) - f1))(3) € {4, 5*}

In each of these cases, the factor p(d, f, f') is constant. We have the obvious
equalities

Heis* (X) = Heis®?Y (X),
and

(3.34) Heis(X,3) = Heis®??) (X) + Heis®* (X) + - - - + Heis®%3) (X).

By following the proof of Proposition 3.9 and by indicating the alterations
between the different cases, we will prove in Section 5.

PROPOSITION 3.10. — Let (i,§) = (3.20), (3.21), (3.22), ..., or (3.33).
Then there exists a constant C(49) > 0 such that

Heis™7) (X) = 2723 %3 CU X4 (14 O((log X) 7).

Furthermore, we have the equalities

C/(3:20) _ Hy, C3:27) _ 3-3 Hy,
oB2) _ 9 3-2, H, (328 _ 9. 32, H,,

C32) =2.37%. (Hy— Hy), C®* =2.37%.(Hy— Hy),
CB23) _ 34, H,, C(3:30) _ 34 H,,

CB2 =2.37%. Hy, C@3 =2.37%. H,,
0325 _ 9 3-4. H,, (332 _ 9. 3-4, H,,

OB-26) _ 4. 375 H,, B33 _4.375. H,y.

Gathering the decomposition given by (3.34) and the explicit values given
by Proposition 3.10, we complete the proof of Theorem 3.7 through the
equality

c(Heisz) = 272373 a3 (0(3'20) + 4 0(3'33)),
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which gives the explicit value announced in (3.16). The inequality
c(Heisz) > 0 is a consequence of the inequalities Hy > 0 (see Proposi-
tion 4.16 below) and of the trivial inequality

Heis(X, 3) > Heis™(X),

since every subsum Heis®2) (X)), ... Heis®®*¥ (X) is non-negative.

4. Study of the archetypical sum

In this section we will prove Proposition 3.9 concerning the sum Heis* (X))
as it appears in (3.17) with the conditions of summation (3.18).

4.1. Trivial bounds and restrictions

The number of positive divisors of the integer n > 1 is denoted by 7(n)
and for X > 1, we write

L :=log2X.

In the course of the statements or proofs, the reader will find constants
Ap, Ay, ... (particularly as exponents of £) for which it is possible to give
explicit values, but we will refrain from doing so.

4.1.1. Classical lemmas from analytic number theory

We will use the following bounds.
LEMMA 4.1. — Let b > 0 be given. Then uniformly for X > 1 one has
oM =0(XLhY) and > e =o(X LY.

n<X n<X
n€eN;

The following lemma shows that in the sums we will meet, the contribu-
tion of the integers with a huge number of prime factors is small.

LEMMA 4.2. — Let b and b > 0 be given. Then there exists By =
By(b,V') such that uniformly for X > 1 one has

> ™ =o(xL™).

n<X
w(n)>Bg loglog X
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Proof. — Let Ep,(X) be the set of integers n < X such that w(n) >
Bgloglog X. We trivially have

€, (X)] - 20108108 X < N " 7(n) ~ XL,

n<X

which gives the bound |£p,(X)| < X £!7B0l°e2 Now, by the Cauchy—
Schwarz inequality and by the first bound given by Lemma 4.1, we have
the inequalities

1/2
Z bw(n) < |EBO(X)|1/2 Z b2w(n) < X£b2/2—(BO 10g2)/27
n<X n<X

w(n)> By loglog X

which is < X £~ with the choice By = (b% + 2b')/log 2. O

4.1.2. A trivial bound for Heis™(X)

We first consider the sum (see (3.17))
(X, f, f Z gw(d

where the integer d satisfies the conditions (3.18). The last condition
of (3.18) implies the inequality

(4.1) A AP (A, Af)) 2 < X0,

which also implies

(4.2) A(f) < X6 and A(f') < X4

A direct application of the second part of Lemma 4.1 leads to the bound
(43)  SUXL ) < XYSA(H)TEAS) (A, AU) .

Later, in this paper, we will give a more precise formula for this quantity
(see Proposition 4.15 below).

We insert the bound (4.3) into (3.17). However, given A € N}, there are
2@(8) = 2lsupp fI functions f € V* such that A(f) = A. These remarks and
Lemma 3.2 lead to the bound
(4.4) Heis"(X) < X1/0Y ")~ 3e(aa).gu(8) g0 (M) A=IAZ2/3 (A A2/,

A, A

where A and A’ belong to Nj and satisfy (4.1).
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To study this sum, we put Ag = (A, A'), A = ApgA; and A" = ApA] to
write the inequality
(4.5) Heis™(X) < XV/0 Y 12980 A7 § ™ gu(A)ATE S ™ ge(a0 A 722,
Ao Ay Al

By a repeated application of Lemma 4.1, by partial summations and by
the crude inequalities (4.2), we arrive at the inequality

(4.6) Heis™(X) < X1/4£°.

This trivial bound just misses the expected order of magnitude of Heis™(X)
announced in Proposition 3.9 by a power of L.

4.1.3. Restriction on the size of A(f)

Let K > 1 be given. We denote by Heis*(X;A > K) the subsum of
Heis"(X) corresponding to the following restrictions of summations over f
and f’ (compare with the conditions in (3.17))
ffrevs,

(4.7) f, [/ linearly independent,
A(f) > K.

We will prove the following

PROPOSITION 4.3. — There exists Ay > 0 such that, uniformly for
X > 2, one has the upper bound

Heis* (X; A > £40) < XV/4L71
Proof. — By a computation similar to (4.5), one has the inequality
Heis™ (X; A > K) < X103 " 1290 ATE " (A0 AT! Y " (@D AL 727,
Ao Ay A
where the sum is over the triples of positive integers (Ag, Ay, A) such that
Ao A > K,
Ao Ay AP < XS,

(see (4.1) for the last condition). Summing first over A} we get, for some
constant A; > 0, the bound

Heis® (X; A > K) < X440 371990 AT32 3™ g(@) A 7%2
AO A1

< XWiph Z 189(A) A—3/2,
A>SK
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since AgA; = A. If we choose K = L4 for a sufficiently large value of
Ap, Lemma 4.1 and partial summation show that the above expression is
< XAt 0

4.1.4. Restriction on the size of A(f”)

In this paragraph, we show that we can restrict ourselves to large values
of A(f") which means A(f) > X/4£~4z2,
To be more precise, let Ag be as in Proposition 4.3. For K/ > 1 let
Heis*(X; A < £ A < K')

be the subsum of Heis*(X) corresponding to the restriction of summations
(compare with (3.17) and with (4.7))

I frevs,
(48) f, f' linearly independent,
' A(f) < L2,
A(f) < K'.
We will prove
PROPOSITION 4.4. — Let Ay be as in Proposition 4.3. There exists

Ay > 0 such that, uniformly for X > 2, one has the upper bound
Heis* (X; A < LA A < XVAg=42) <« XYLt

Proof. — The proof mimics the proof of the crude bound (4.6). It suffices
to replace the conditions (4.2) by the two present hypotheses: A(f) < £4°
and A(f") < XY4£=42 and to choose A, sufficiently large to replace the
exponent 5 by —1 on the right-hand side of (4.6). O

4.1.5. Restriction on the number of prime factors of A(f”)

Thanks to Propositions 4.3 and 4.4, it remains to study the contribu-
tion of the pairs (f, f') € V* x V*, linearly independent, with A(f) small
(which means < £4°) and with A(f") of size almost maximal (which means
between X'/4£~42 and X'/4). We continue our preparation of the pairs
(f, ") by controlling the number of prime factors of A(f”). Let Ag and Ay
be as in Propositions 4.3 and 4.4. Let A3 > 0 to be fixed later. Let

Heis*(X;1 < A < LA, A" > XVAL742 w(A') > Asloglog X )
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be the subsum of Heis*(X) corresponding to the restriction of summations
(compare with (3.17) and (4.8))

[ frevs,

L<A(f) < £,
A(f1) > XML,
w(A(f") = Asloglog X.

(4.9)

Remark 4.5. — The second and third condition of (4.9) imply that f
and f’ have distinct supports for sufficiently large X. So these functions
are linearly independent, as soon as A(f) > 1.

We will prove

PROPOSITION 4.6. — Let Ay and As be as in Propositions 4.3 and 4.4.
Then there exists Asg such that, uniformly for X > 2, one has the upper
bound

Heis" (X;1 <A< LA A > XA L=A2 h(A') > As log log X)) < XVt

Proof. — We go back to the inequality (4.4) to perform a trivial sum-
mation over A < £4°. Hence, for some A4, we have the inequality

Heis* (X;1 < A < LA, A" > XV £L742 w(A) > Azloglog X)

< X1/6pA Z Gw(A')A/—2/3 < X1/4[,_1,
A< xt/4
w(A')2(A3/2) loglog X */*

by Lemma 4.2, by a partial summation and by choosing As sufficiently
large. U

We have finished with the technical preparation of A(f) and A(f’). So
it is natural to define the subsum Heis'(X) of Heis*(X), defined in (3.17),
by imposing the following additional restrictions of summation on f and f’

£ frevs,

1< A()) < £,

(4.10) A(f) = XVA LA,

w(A(f")) < Azloglog X,

A A (AL, A1) 727 < XS,
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where Ag, Ay and Ag are defined in Propositions 4.3, 4.4 and 4.6. Gather-
ing Propositions 4.3, 4.4 and 4.6, we see that the proof of Proposition 3.9
is reduced to the proof of the formula

(4.11) Heis'(X) = Cheis» XY/* + O(XY4L7Y),

where Cheis+ is defined in (3.19) and where the O—constant is uniform for
X > 1.

4.2. Inverting summations in Heis'(X)

We now benefit from the control of the sizes of the variables appearing in
Heis' (X)) which is a subsum of Heis*(X). By the last line of (3.18) and by
the second and third lines of (4.10) we see that d satisfies the inequalities

—2/3

1< d< X1/6A(f)_1 (X1/4£—A2) A(f)2/3 < £2A2/3 :£A4,

by definition. This means that the variable d is almost constant and it is
wise to perform the summation over this variable at the very end of the
proof. We decompose Heis' (X) as

(4.12) Heis'(X) = Y 2¢(DU(X,d)
deNg
d< LA

with

(4.13) U(X’ d) —9—23-3 Z Z 3|SuprUsupP Ian ]l(f7 f/)7
fo f

where the pair of functions (f, f’) satisfies (4.10), the inequality

(4.14) AN AU (AU AL)
(which both come from (3.18)), and the coprimality condition

(d. A(NHA(S)) = L.

—2/3 < X1/6d717

4.3. Factorisation of the function 1(f, f')

To facilitate the study of the function 1(f, f’), we put

E:=suppf and & =suppf’.
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In a unique way, we decompose £ and £’ as a disjoint union
(4.15) E=EUE and E=E&UE,

where, furthermore £ and &] are disjoint. This decomposition incites to
write the functions f and f’ as

(4.16) f=foefi and f'=fi& fi,

where supp fo = supp f§ = &, supp f1 = &1 and supp f] = &;. We define

(4.17) Ao = A(fo) = A(fo) = H b,

pE&o

and we define A; and A analogously. The integers Ag, Ay and A} belong
to N and are coprime in pairs. The numbers A = AgA; and A’ = AgA]
also belong to Nj. We now start rewriting 1(f, f') in terms of characters.

LEMMA 4.7. — Let f, f' € V*. We adopt the notations (4.15), (4.16)
and (4.17). We then have the equalities

418) Y > ()0

(2,2')€F3
F(r)z+f'(r)z'=0
X(fo+ () +x@2(fg + f1)(r) if r € &,
X(fo+ fu)(r) + x(2(fo + f1))(r) if r € &y,

— 14
X (fo(r)(fo+ f1) + 20 (r)(f§ + f1)) (1)
+x (2f5(r)(fo + f1) + fo(r)(fo+ f1) ) (r) ifr € &.

Proof. — Solve the equation f(r)z + f'(r)z’ = 0 in each of the three
cases. U

Remark 4.8. — Recall that the value of the left-hand side of (4.18) is 0
or 3.
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4.4. Decomposition of U(X,d)

We incorporate the decompositions (4.15), (4.16) and (4.17) in (4.13).
Combining Lemma 4.7 with the notation introduced in (3.7) and with Def-
inition 3.1 we arrive at the equality

419) Ux.H=2323 33 SN ¥V ¥

Ag, Ay, Af fo, fF6EV ™ (Ao)
f1EV™ (A1)
J1EVT(AY)
[T {1+ X6 o + ) + 2£o(r) (5 + 1) ()

r|Ag

(2 o + )+ fo(r) (s + £)) ()}
< TTAL+x(f + ) + x(2(f5 + i) ()}

T|A1

T {2+ x(fo + fO () + x2Ufo + F))()},

r|A]
where the conditions of summation (4.10) and (4.14) become

Ao, Ay, A} € N5,

(Ao, A1) = (Ao, A1) = (A1, AY) = (d, ApA1AY) =1,
1< AgA; < LA,

AgA} = XVALA2,

w(ApA]) < Asloglog X,

Ao Ay AR < X6,

(4.20)

In a condensed way, we write (4.19) as

U(X,d) :2—23—32 Z H{...} H{...} H{"'}7
A

£ rldo r|A; r|AY
and we decompose U(X,d) as
(4.21) U(X,d) = MT(X,d) + ET(X, d),
where

(4.22) MT(X,d) =237 " " J[{}

A ora
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and

(4.23) ET(X,d) =223~ 32 Z 1+ JTC 3 TT6 ) TT6

r|Ag r|Ay r|Af

To describe the scenery of these sums we insist on the fact that Ay and
A; are very small variables. In contrast, A] is a large variable, and since
A’ has few prime divisors (see the fifth line of (4.20)), its largest prime
divisor, that we will denote by ps = poc(A]), is also large. When sum-
ming over po, we will obtain cancellation between cubic characters as a
consequence of a theorem of Siegel-Walfisz type (see Lemma 4.12). We will
obtain Proposition 4.13 below, which shows that ET (X, d) is an error term.
In the other direction, the term MT(X,d), roughly speaking, appears to
be the product of X'/4 by a convergent series for which we will search for
a concise value, which will lead to the value of Cheis+ given in (3.19).

4.5. Study of ET(X,d)
We factorize A} as

A/ — AI/ I
(4.24) { L= o1

Pl AT = p <p.
Correspondingly, there are two possible decompositions of the function f]
(4.25) fi=flel, o fi=fe2 1,

where A(f{") = A, and 1,__ is the characteristic function of the set {poo}-
We also have

X(f1) = x(f1') Xpeo o X(f1) = X(F1) X s

according to the cases listed in (4.25). We return to (4.23) to highlight the
summation over poo:

(4.26) ET(X,d) < > > Y 3«0 5 5~ %~y

Ag,A1,AY fo, fFEEV ™ (Ao)
F1EVT (A1)
v (ap)

S+ TTC I TTE ] (A xCo+ F) (poe) + X (2o + 1) (pec)

P T“AO T‘IAl

+ similar term,
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where, in the second line of (4.26), we have chosen, for fi, the first de-
composition written in (4.25). The similar term corresponds to the second
decomposition in (4.25). In (4.26), the conditions of summation are deduced
from (4.20) by applying the decomposition (4.24).

We develop the product on the second line of (4.26) to bring out

(4.27) 3(3@(Bod1) _ 1) (= O(L))

products of cubic characters. This means that the sum over p,, appearing
in (4.26) is the sum of O(L£4%) sums of the form

A(na Caevaaf(l)vflv H)
=" TT{ (oo + 1) + 2060 + FD) )]

Poo T‘A(}

x [x(zf5<r><fo+f1>+fo<r><f3+f{>)<r>}"2"}
TTA Dt + D) - [x@U + )]}

r|Aq
x(fo+ f1)(Pse) |7 [X(2(fo + f1))(poo) ]

where the exponents are non-negative integers and satisfy the inequalities

0<my+nmsr <1 foreach r | Ay,
(4.28) 0<(ir+Gr <1 foreachr| Ay,
0<e+e <1,

Do M+ 1m20) + 304, (G +G) > 1

We return to the definition of x(f) given in (3.4) and recall the equalities

f1(pso) = 1 and fo(poo) = fi(Pso) = f1(Pso) = 0. Keeping only the factors
depending on p.,, we get an equality

(429) |A(T’7 C7€af07f(gaf17 {/)‘ = ‘Av(,rh Ca67f07f1)|

between moduli, where

A(n, ¢.€ fo, f1) = Z[X(fo + fl)(poo)]€1+2€2

Poo
(4.30) X H Xpoo fo )(2n1r+n2r) H Xpoo )]Cl'r'+2C2'r'
PAN r|Ay
(4.31) = Z M(poo),
Poo
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by definition. Of course p., satisfies the conditions of summation deduced
from (4.20) by applying the factorization (4.24). The exponent fo(r) ap-
pearing in (4.30) can take the value 1 or 2 mod 3. If its value is 2, we have
the equality
Jo(r)(2m1r + m2r) = 2720 + M1

So in that case, we can invert the roles of 71, and 79, without affecting
the conditions (4.28). So we can always suppose that fo(r) = 1 in the
definition of M(poo). We also replace fo+ f1 by f (see (4.16)) and AgA,
by A (see (4.17)). So M (pso) equals

(4.32) M(pse) = [X(H o) ] T [xpu (1) 17,

r|A
where po, € P5 does not divide A and where the non-negative exponents
€; and e;,. satisfy
<eyrtey <1, foralr]|A,
<e+e <1
2ralenr +er) > 1

To obtain the desired cancellation when summing over p.,, we will show

(4.33)

that M is a character of Z[j]. As a first step we use the following

LEMMA 4.9. — For every distinct primes p and r in P5, decomposed in
the standard way: p =m -7 and r = p - p, we have the equality

xo(r) = @) (7;)

3
Proof. — Combine the multiplicative properties of the cubic character,
the cubic reciprocity law (7/p)s = (p/7)s (see [17, Theorem 1 p. 114], for
instance) and the conjugation property (7/p)s = (7/p)s. O

We use Lemma 4.9 to write the equality

X (1) =><<pm>(”;°)

3
where we decomposed in a standard way pec = oo - oo and r = p - p.
Let f € V*, let € be a pair (e1,€2) of positive integers and let e =
(e1r, €2r)resupp f De a 2 - |supp f|-tuple of positive integers. Let r € Pj
decomposed in the standard way r = p - p. For z € Z[j], we define

M(2) = M(z, [, €)

= e ene)? I [wea () ] e

resupp f p
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LEMMA 4.10. — Let f € V* with a non-empty support. Let p =7 -7
be the standard decomposition of a prime p belonging to P% but not to
supp f. We then have the equality

(4.34) M(p) = M().
Suppose furthermore that the following conditions are satisfied:

0<e +6 <1,
0<ei,+er, <1, foreachrecsupp f,

Eresupp f(elr + 627”) 2 1.

Then the function M is a non-trivial multiplicative character over Zl[j],

with period dividing [, cqupp 57

Proof. — The equality (4.34) is a consequence of the construction of the
function M and Lemma 4.9.

For the second part, it is clear that the function M is a multiplicative
character over Z[j], and it is also clear that its period divides [ |
A(f). It remains to show that it is a non-trivial character.

Suppose that M(z) is the trivial character. Note that M(z) is a product

€1 €2

I 6| | I e T e ()]%

resupp f resupp f resupp f P/3

resupp f r=

where all the factors have coprime period. Hence M (z) trivial implies that

P 2e1rtear
KON o) (2) |
P/3

is the trivial character for any r in the support of f. Now recall the in-
equalities
0<e+e<1, 0<e, +eg <1
But xr(2%) and (£)3 are linearly independent characters. This forces
€1 =€ = ey, = ez =0,

contrary to our third assumption. O

4.5.1. A Siegel-Walfisz type Theorem for standard primes

The famous Siegel-Walfisz Theorem for rational primes gives equidistri-
bution of primes p < X in arithmetic progressions a + kq (with (a,q) = 1)
uniformly for the modulus ¢ < £4 for any arbitrary given A. Such a phe-
nomenom of equidistribution also holds for prime ideals in number fields
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since the associated L—functions have properties similar to those of Dirich-
let L—functions. On that subject, among other references, an interesting
general one is [28, Main Theorem p.35], which was used in [13, Lemma 32
and Proposition 7] in the context of privileged primes of the ring Z[i], the
ring of Gaussian integers. The methods presented in [13] are easily trans-
lated in the context of Z[j] which is the theatre of our paper. We introduce
the following notations:

Let a and w be two elements of Z[j] such that w is coprime with 3a. For
x> 2, let

7z (25w, a)
= |{m € Z[j] : 7 is a standard prime, N(7) < z, 7 = a mod w}|,

and let ¢(w) be the number of invertible classes in Z[j]/(wZ[j]). We then
have

PROPOSITION 4.11. — For every A > 0, there exists ¢(A) > 0 such that,
uniformly for

x>2, a,w € Z[j], (w,3a) =1, N(w) < (logz)?,

one has the equality

mz17(2:1,0) + O(x exp(—c(A) /1og x)).

(s w,0) = =
mz (T w,a) = ——
)= )

This proposition gives the desired cancellation in sums over multiplica-
tive characters x on Z[j].

LEMMA 4.12. — For every A > 0, there exists ¢(A) > 0, such that,
uniformly for x > 2,w € Z[j], coprime with 3 and satisfying 1 < N(w) <
(logz)?, x a non-trivial character modulo w, one has the inequality

> x(m =0 (zexp (~e(d)viogz)).

7 standard prime
N(m)<z

In particular, for any A > 0, there exists C(A) such that, for any non-
trivial character x over Z[j], with period w, for every x > 2, one has the
inequality

Y. x(m)| < C(A)zNY(w) (logz) .
7 standard prime
N(m)<z
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Proof. — We write the sum in question as

S X(@) g (w50, a)
a mod w

(a,w)=1

and then apply Proposition 4.11. Recalling that »_, ., —; X(a) = 0 for a
non-trivial character x modulo w finishes the proof. O

4.5.2. Bounding |g(n, ¢, €, fo, f1)]

Returning to the definitions (4.31) and (4.32) and applying Lemmas 4.10
and 4.12, we deduce that, for any A > 0, forany f € V*, forany2 < U < Z,
for any € and e satisfying (4.33), we have

Y M= Y. M fee)

U<poo<Z 7 standard prime
(4.35) U<N(m)<Z

= 0A(A(N'?Z(ogU) ™).

The constant implicit in the O—symbol depends on A only. By the third
and fourth lines of (4.20) we know that A] is large, since it satisfies the
inequality

Ay > XA Ao Az,

Furthermore, p is the largest prime divisor of A} (see (4.24)) and A) has
few prime factors (see the fifth line of (4.20)) so we deduce the lower bound

" L
o > X1/4 —Ag—Ay \1/Azloglog X L
i ( £ ) > P Agloglog X )’

for some positive Ag. So we apply (4.35) by choosing U satisfying log U >
L2 and 1 < A(f) < LA (see the third line of (4.20)). The value of Z is
given by the last line of (4.20)

D SV CREINGINGINGT
Inserting these values in (4.35), we deduce, by (4.31), that
A, G € fo. )l <a X/ (d%2 80 AL A £7)

for any A > 0. Combining with (4.29), with (4.27) and with (4.26), we
obtain the bound

ET(X,d) < X'/4As ) "3 ") " qelfo)  gu(an)
Ao, Ay, AY

(69 (@32 Ag Ay AY L)
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where A is arbitrary. It remains to perform a crude summation over Ag, A1,
AY (< AY) satisfying (4.20) and over d < £44. By choosing A sufficiently
large we complete the proof of the following proposition

PRrROPOSITION 4.13. — Uniformly for X > 2 one has
> 22@WET(X,d) = 0(X/* L™
deN;
d< i
Remark 4.14. — The orders of magnitude of the variables of summation

AgA; and A} are completly different (see (4.20)). So Lemma 4.12 is the
unique tool to exploit oscillation of characters. This situation is quite dif-
ferent from [12] or from [13], for instance, where the case of variables with
comparable sizes also has to be treated. This is accomplished by appealing
to bounds of double oscillation type (see [12, Lemmas 14 and 15], [13, Sec-
tion 6] for instance).

4.6. Study of MT(X,d)

We now turn our attention to the term MT(X,d), defined in (4.22). In
order to prove that it behaves like a main term, we shall give the asymptotic
formula

S° 2YOMT(X, d) = G X4+ O(XH1L7),
d< LA
(see Section 4.6.4). By the definition (4.22) we have

(4.36) MT(X,d) =2~ 23—32 Z Z >y Z Z

vafoeV
f1EV” (Al)
FEVT(AY)

H {1+ x(fo+ f)(r) +x(2(fo + f1))(r)}-

r|Af
The factor HTIAQ{' .-} is independent of the choice of fj € V*(Ap) and
of fi € V*(A]). So we can replace the summations over f} and fj by the
factor 2«(80) . 2«(A1) Furthermore the functions fy and fi only appear
through their sum f := fo+ fi1. We rewrite A = AgA;. With this notation
we have f € V*(A) and A(f) = A. Instead of summing over Ay, Ay, fo
and f; we sum over A and f f € V*(A) replacing the factor 2¢(%0) by

Z 2w(Ao w )

AolA
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Gathering these remarks, (4.36) becomes

(4.37) MT(X,d)=272373 ) Y 3(&) . gD
A, A’

< > T+ x(HE) +x@2H()} +O0XMAL™?).

fev=(A)r|A]
The conditions of summation in (4.37) are inferred from (4.20):
dA A} € N3,

(4.38) 1 <AL,
ARSI

The error term in (4.37) comes from forgetting the fourth and the fifth
lines of (4.20). We control the induced error as it was done in the proofs
of Propositions 4.4 and 4.6. The first condition of (4.38) implies that d, A
and A are coprime in pairs.

4.6.1. Expanding the product over primes r

By the multiplicativity of characters, the product appearing in (4.37)
equals

(4.39) [T {t+x(H)r) +x2Hr)} = ZZZX X(21)(ds).

r|A] do di do=

We insert this expression in (4.37) and we invert summations to obtain

(4.40) MT(X,d)=27%373 Y 32(& ZZ(2w<d1>X(f)(d1))
A

fEV*(A) di,d2
(2w (d2)\ (2)(ds) ) (ZQ“ (do) ) L OXYAL?,

where the conditions of summation are deduced from (4.38)

(ddodldg) A € N§7
(4.41) 1< A< LA,
A (dody dy)?/? < X6,
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4.6.2. Controlling the sizes of d; and do

The last line of (4.41) implies that the product dids can be as large
as X/4 In that case (4.41) shows that the variable dy has no room for
variation and Proposition 4.15 below is useless in that situation (see for-
mula (4.52)). To circumvent this particular difficulty we invert summations
as in the hyperbola method, to exploit the presence of the oscillating coeffi-
cients x(f)(d1) and x(2f)(dz2). These non-trivial Dirichlet characters, with
moduli < £4°, allow us to restrict the summation to

di, d2 < Do,
where Dy is a small power of X:

Dy = X'/100,
Indeed the contribution of the (A, dy, d1, d2) to the right-hand side of (4.40)
satisfying max(d;,ds) > Dy is negligible. To see this, consider for in-
stance the case when d; > Djy. The corresponding contribution, denoted
by Z(Dy, d), is bounded by
(4.42)

E(Dod) < Y398 3 N gwld) S gulde)
A

feEV(A) do do

3 24000 () (dy)
dy

where Dy < dy < Dy = XYVAAT3/2q=3/2q51 dy

The Siegel-Walfisz Theorem allows us to save any power of £ over the
trivial bound in the sum over dy. More precisely, for any A > 0, one has
the bound

(4.43) > 24Uy (f)(dr) < Dy (log Do)~ * < Dy L74.
Do<di1<D1

Inserting this bound in (4.42), summing over A, dy and d2, and choosing

A sufficiently large, we obtain the bound

(4.44) =(Do,d) < XV4L72,

We give some details about the proof of (4.43). The process is similar to
what was explained in Section 4.5.2. First of all, one can restrict to d; with
a reasonable number of prime factors, which means w(d;) < Byloglog X
for some By with acceptable error by Lemma 4.2. The remaining d; are
then factorized as d; = psod1, Where p, is the greatest prime factor of d;.
The prime po, is a large variable to which we can apply a Siegel-Walfisz
Theorem related to the Dirichlet L-functions L(s, x(f)) and L(s, x(f) (3))-
The second line of (4.41) ensures that the conductor of these L—functions is
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larger than 1 but less than 3£4°, which is the adequate situation to apply
the Siegel-Walfisz Theorem. We omit the details.
In conclusion, by (4.44), we proved that (4.40) remains true, with the
conditions of summations (4.41) replaced by
(ddodyd2) A € N3,
1< A< LA,
dy, da < Do,
A (do dy do)?/? < XV/6/d.

(4.45)

4.6.3. Summing a multiplicative function on Nj

To continue our study of the main term MT(X, d), as presented in (4.40),
we have to give a precise asymptotic expansion for ) do 2w(do) - Actually we
will study the following more general problem which is obviously linked
with the possible extension of Theorem 1.2 to any odd prime ¢: let ¢ > 3
be prime, d > 1 an integer and = > 1 be a real number. We consider the

sum
K(z6,d) = > (£—1)".
n<z, ne€Ny
(n,d)=1
Without loss of generality, we assume that
(4.46) d e Nj.

For the statement of our result, we denote by xo, X1,-..,X¢—2, the £ — 1
Dirichlet characters modulo ¢, xo being the principal character. There is
no risk of confusion with the notation introduced by (3.2). Let a4 be the
infinite product

(4.47) ouz::“il 1;[{<1+11,+X1]§m+”'+m_pm>'(1;)}’

and let 1y(d) be the multiplicative function
(—1\""
(4.48) ve(d) =[] (1+—) .

p
pld
We will prove the following

PropPOSITION 4.15. — Let ¢ > 3 be a fixed prime. There exists v =
v > 0 such that, uniformly for d > 1 satisfying (4.46) and x > 2, one has
the equality

K(z;4,d) = apbe(d) x + O(T(d)hlzl*”).
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Proof. — Consider the Dirichlet series

_ 1)) a
F(s) = Fra(s) = Y E-D7m -

ns ns’

neNy n

(n,d)=1
by definition. This series is absolutely convergent in the half-plane {s: o > 1}.
In this region, F'(s) has an expression as an Euler product

-1
F(s) = H (1+ pe )

pEP;

ptd
For a prime p # ¢ we detect the condition p = 1 mod ¢, by the sum

1 (00lp) + e (p).

Thus F'(s) has the following expression

F<s>zn(1+>«><@+...+>«.-m>

pted P P
1\ (—1\""
(4.49) —<1+£s> H<1+ = )
pld
1 _
H(1+S+X1£P)+.._+Xe 25(17))
Pt p

Recall the following Euler products for o > 1:

o =TI (1- ).
and ’

s =T (1-22) a<j<e-.

pS
P
Inserting these products into (4.49), we have the equality

-1 -1
450 £ =co|(1+ ) TT(1+5) o Liea) |60

pld

where G(s) is defined by the Euler product

a(s) ::H{(1+;+X;<Sp>+...+><epzs<m>_(1_;5)

P .(1X1p(3®)...<1m;zs(m>}'
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The Euler product G(s) is absolutely convergent in the half-plane {s: o >
1/2}. Returning to (4.50) we proved that the Dirichlet series F'(s) has a
meromorphic continuation of the form

F(s) = ((s)H(s),
where H(s) = Hy 4(s) is holomorphic on the half plane
Q:={s:0>log(l—1)/log(¢+1)},

since every factor (14 (¢ — 1)/p®) (for p | d) is different from zero in this
region. On this half-plane, F'(s) has a unique pole at s = 1. This pole is
induced by the singularity of ¢ at s = 1. Hence this pole of F' is simple
with residue

Res(Fis = 1) = Hea(l) = pold) - 7 - [D0Lxa) -+ L0, xe-2)]
X1

(o)

()01 (25}

Res(F;s = 1) = ay1e(d).
The number ay is not zero as a consequence of the fact that L(1, x;) # 0.
We apply an effective version of Perron’s formula (see for instance [29,
Corollary 5.3, p. 140]) to obtain the equality

which equals

1 N+ZT xs
4.51) K(z;¢,d —
(4.51) K(z;¢,d) = 27” S

—iT

T
n 1, ——
la |m1n< Tx—n)

+0

(1/2<n<2x
n#x

If we choose k = 1+ 2¢, and T =z (9 > 0), we have the equality

1 k41T xs
K (20, d) = / Fls)™ ds + O(a""+)

27i T S

by the inequality |a,| < n° and by separating the cases |z —n| < z/T and
|x —n| = x/T in the first sum on the right-hand side of (4.51).
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We transform the path of integration into a vertical segment o + it with
o9 < 1 and |t| < T belonging to 2 and two horizontal segments belonging
to the lines with equations ¢ = T and ¢ = —T. On these segments, the
function G(s), defined in (4.50), is uniformly bounded and we also have

<1 + ;S)_l : lg <1 + (251))_1 =O(r(d)*1).

By classical bounds for the functions L(s, x;) on these segments, by an
optimal choice of ¥ and og, we complete the proof of Proposition 4.15. [

We apply Proposition 4.15 with the values
n«—do, 0+—3, d<—ddidaA, x— XV4d732d7 A3/
to obtain the equality

X1/4
d3/2d,dy A3/2

) X1/4 1—v

Denote by &r(X,d,d1,d2,A) the error term in the above formula. Since
we have the inequalities d < LA (see (4.12)), di,ds < Dy and A <
LA (see (4.45)), we see that the total contribution to Heis'(X) will be
negligible, since we have (see (4.12), (4.21) and (4.40))

(4.53) Z ZZ Zw(d gwldi)gwld2) 6w (A) e (X d, dy, dy, A)

_ O()(l/él*(s)7

4 52 Z 2% (do) — = a3 1/)3 (ddldQA)

do

for some positive §. This contribution is compatible with the error term
that we claim in (4.11).

4.6.4. The final step

We insert the equality (4.52) in (4.40). By (4.12), (4.21), (4.42), (4.44),
(4.53) and Proposition 4.13, we see that, in order to prove (4.11), it is
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sufficient to prove that the sum Heis*(X) defined by

. o 9w (d) qw(A)
(4.54) Heis*(X) = 2723304 Zng(d) 7o Z¢3(A) T

wiay) X()(d1) w(ds) X(21)(d2)
Z {Zws dyp)2*(d) (Zl/J 2)2 (d)d> }7

fev=(a) ?
where the conditions of summation are successively

d < LA and d € N3,
1 < A< LA and dA € N3,
d1 D() and (ddl) A € Ng,

4.55
( ) <
do < Do and (ddids) A € Nj,

satisfies the equality
(4.56) Heis* (X)) = Cheis~ + O(L71).

Once again by the Siegel-Walfisz Theorem, we can drop the conditions
di,dy < Dy in (4.55) with an error in O(L™!) so that complete series over
dy and dy appear. We write the double series

(> ()} - S wareremanenyie.
dy d2

dy do

where we keep as conditions of summation over d; and dy the last two lines
of (4.55), with Dy = +00. To deal with this double sum over multiplicative
functions, we remark that for a prime p { d, there are exactly three possi-
bilities : p | d1, p | d2, p 1 d1da. The corresponding p—factor is respectively
equal to

2¢3(p)x(f)(p)/p, 2¢3(p)x(2f)(p)/p and 0.
By the equality ¥5(p) = p/(p + 2) we finally obtain the equality

B X(F)®) +x2H)\
(5 (5)} I o)
I <1+2x(f)(p) + x(2f)(p) )

pEP; p+2

We insert this value in (4.54), and invert the summations. We extend the
summation to all d € N} and all A € Nj with A > 1 and (d, A) = 1. With
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an acceptable error in O(L£~1), we have the equality

Heis*(X) = 27237303 Z P3(A)
AeN;
A>1

3w(4) 9
Sar S <1+2x(f)(p)ptrx2( f)(p))

feVv*(A) \ peP;

2 —1
1 (1+pl/Q(p+2(1+x(f)(p)+x(2f)(p)))> o).
ptA

We recognize the constant Cpeis+ defined in (3.19). So we proved (4.56) and
the proof of Proposition 3.9 is now complete.

4.7. Comments on the constant Cyeis+

We will prove the following
PROPOSITION 4.16. — The constant Cyeis+ is a real positive number.

Proof. — It follows from definition (3.19) that Cpeis+ is a real non-
negative number, since it is a sum of non-negative real numbers. To prove
that Cheis= > 0, it is sufficient to prove that for at least one A € N3, A > 1
and one f € V*(A), we have

I <1 +2x(f)(p) +x(2f)(p)>

pEP] p+2

P
g pg; (1 i P2 (p+ 201+ x(f)(p) +X(2f)(p)))> =0
ptA

By the inequality 1 + x(f)(p) + x(2f)(p) = 0, the second product is an
absolutely convergent product, the limit of which is positive. We will prove
the following lemma which implies Proposition 4.16

LEMMA 4.17. — We have for every A € N5 with A > 1 and for every

feveAa)
x(f)(p) +x(2f)(p)
[] <1+2 . ) > 0.

peP}
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To prove this lemma, we will approximate this infinite product, that
we denote by P(f), by a product of the values at the point s = 1 of
four Dirichlet L—series attached to characters of orders 3 or 6. Each factor
of P(f) is a positive real number. If p # 3, we detect the congruence
p = 1mod 3 by the sum (1 + (p/3))/2. We have

| (1 +(1+(2)) X(H)p) +x(2f)(p))

p#3 p+2
(4.57) _ Ig (1 N X(fp)(p)) (1+x(f;(p)>

where £(p) is some unspecified real number satisfying 1 + £(p)/p? > 0 and
&(p) = O(1). We introduce the factor corresponding to the prime p = 3
and we continue the transformations of P(f) to arrive at the equality
2 ¢(p)
P = (L) |2 )P TT (1+£2)
p=>2

where ¢'(p) is another unspecified real number satisfying 1 + ¢'(p)/p? > 0
and ¢'(p) = O(1). The inequalities |L(1,x(f))|* > 0, |L(1, (- /S)X(f))‘2 >
0 and Hp>2(1 + %) > 0 imply P(f) > 0. This gives Lemma 4.17 and

also Proposition 4.16. O

5. Study of the other sums

We now study the thirteen sums Heis(™?) (X) for (i, j) # (3.20) by com-
parison with Heis®*??)(X) = Heis*(X), the asymptotic value of which is
given in Proposition 3.9.

5.1. Easy observations between pairs of Heis(i’j)(X)

By inspecting the list of conditions (3.20), ..., (3.33), we see that we
pass from (3.20) to (3.27), from (3.21) to (3.28), ..., from (3.26) to (3.33),
by replacing the condition 3 1 d by 3 | d. By studying Definition 3.4 and
definition (3.9), we easily get
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LEMMA 5.1. — Let d be an element of N and let f, f' € V. Then we
have the equality
312.D(d, f, f if £(3)=f'(3)=0,
D, 1, 1) otherwise.

We now follow the influence of the conditions 31 d and 3 | d in the value
of the sum S(X, f, f’) defined in (3.10) (recall that A(f)A(f’) is coprime
with 3 and that free(3d, 3) = d for d € Nj). This gives the following

PROPOSITION 5.2. — We have the equalities

Heis 329 (3712 X)) = Heis®?7(X),
and
Heis(g'Zl)(X) = Heis®2®) (X), Heis®2?) (X) = Heis(3'29)(X)7
Heis®2%) (X)) = Heis®3Y (X)), Heis®?* (X) = Heis®3V (X),
Heis(325) (X)= Heis(3-32) (X), Heis320) (X)= Heis(3'33)(X).
The first part of this proposition, combined with Proposition 3.9, shows

that

CcB21) = 373H,.
Moreover the second part of Proposition 5.2 reduces the proof of Proposi-
tion 3.10 to the study of six sums: Heis®*?! (X), Heis®*??) (X), Heis*?®) (X),
Heis®2 (X)), Heis®?) (X) and Heis®29 (X).

5.2. Preparation of the functions f and f’

In the six remaining sums, we remark that the prime 3 belongs to supp fU
supp f’. We generalize the decomposition (4.16) as follows

=1l @ fod fi,
=01 @ fo@ fi,

e where n,7' € {0,1,2},
e where 13, is defined in Section 3.4,

(5.1)

e where the functions fo, fi, fi and f{ do not contain 3 in their
support,

e where we have supp fo = supp f{) (:= &),

e where the three sets & (:= supp f1), & (= supp f1) and & are
disjoint.
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This decomposition is unique and the definitions of Ag, A; and A]
(see (4.17)) remain valid. Observe that AgA;A] is never divisible by 3.
We now state a generalization of Lemma 4.7, which can be proven in the
same way as Lemma 4.7.

LEMMA 5.3. — Let f, f' € V decomposed as in (5.1). We then have the
equalities

YD (M)

(2,2")€F3
F)o 5 ()2 =0
X(f)(r)+x(2f)(r) if reé,

=149 x(N)r)+x(21)(r) if reéy,
X(fo () f+2fo(r)f") (r) +x (2f5(r) f + folr) ) (r) if r € &o.

As a consequence of this lemma, we deduce that the triple product ap-
pearing at the end of (4.19) now has the shape

(5:2) (£ f) = [T+ X0 f +20or) 1))+ x 5(r) f + folr) ') ()}

r|Ag

XH{1+X )+ x(2f)( }H{1+X )+ x(2f)(r)}.

Ay r|af

As in Section 4.4, we write this product in a schematic way as

= H{...}H{...}H{...}_

r|Ag r|Ay r|Af

In the six sums, that we will study below, the main term will correspond
to the contribution of the subproduct IT™(f, f') of II(f, f’) defined by

(5.3) e (f, ) = {3

T|AY

while the complementary product II°*(f, f), defined by

et f) = (=14 JTC T16 ) TIEC-

r|Ag r|Ay r|A]

is absorbed in the error term after summation over d, Ag, Ay, Af, f, f'.
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5.3. Study of Heis>2Y(X)

In this case we have u(f, f/, d) = 3% which incites to compare Heis(3'21)(X)
with Heis*(X/3%). By (3.21), we need to impose three conditions on the
functions f and f’ that we decompose as in (5.1). The first condition is
f(3) =n =0 and is equivalent to f € V*. The second condition f'(3) # 0
(i.e. 7’ = 1 or 2) does not affect the treatment of the error terms IT¢*( £, f7).
More precisely, we separate the cases n’ = 1 and ' = 2. Then we follow
the technique used in Section 4.5, which benefits, after some preparation,
from the oscillation of a non principal Dirichlet character (with modulus
less than some fixed power of £). Then we obtain an analogue of Proposi-
tion 4.13.

To deal with the contribution of the main term IT™(f, f’) defined in (5.3),
we use the decomposition (5.1) of f’. This means that in (4.36), we have to
introduce an extra summation over i’ € {1,2}. Gathering these remarks,
taking care of the third condition x(f)(3) = 1 in (3.21) and appealing to
the definition (3.14) of H;, we conclude that

PROPOSITION 5.4. — Uniformly for X > 2, one has the equality
Heis*2)(X) = 271 - 3 %as Hy X Y4 + O(X VALY,

5.4. Study of Heis*??(X)

We now have u(f, f/,d) = 3'2, which incites to compare Heis*?% (X)
with Heis*(X/3'2). Furthermore, as in Section 5.3 we have n = 0 and
7’ € {1,2}. Following the proof of Proposition 5.4, we get

Heis®2?) (X)) =271 .3 0a5 H| X4 4+ O(X'/4L™)

with
Hi= ) AA)¢s(d)
AEN;
A>1
3w(A)

x()(p) + x(2f)(p) 2
A 2. 1 (1+2 p+2 +p1/2(p+2)>

FEV*(A) pEP}
x(£)(3)=4,5°

Applying (3.6) and returning to the definitions of Hy and H; (see (3.13)
and (3.14)), we trivially have the equality

H, + H| = H,.
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So we proved the following
PROPOSITION 5.5. — Uniformly for X > 2, one has the equality
Heis®?2(X) = 27 . 37%ag (Hy — Hy) XV/* + O(X4L7Y).

5.5. Study of Heis>?%(X)

In this case we have

(5.4) ulf, f',d) = 312,
By the conditions (3.23), we know that in the decomposition (5.1), we
have n € {1,2} and ' = 0. Furthermore the functions f and f’ are linearly
independent if and only if A(f) > 1 and A(f’) > 1. Since x(f')(3) # 0
(see (3.6)) we detect the condition x(f’)(3) =1 by the sum
1
5 (LX) +x2)3)).
and this factor is easily integrated in the second product on the right—
hand side of (5.2) by replacing the product over = | Ay by r | 3A;. This
extra factor causes no new difficulty in the treatment of the error term: one
follows the method explained in Section 5.3.

The treatment of the main term requires more care. Up to some error in
O(X'Y/4£~1) the main term has the shape (compare with (4.36))

DI P ORI SIS I I IS It Pk

deNg (m:m")€{(1,0),(2,0)} Ao, A1, A} fo, FoEV ™ (Do)
d<LAe FfLEV*(AY)
frevr(al)

where

e we use the notations of (5.1),
e the conditions of summations are given by (4.20), but with X re-
placed by X/3'% (consequence of (5.4)).

When we expand the product over r | A} appearing in the definition (5.3)
we have the following analogue of (4.39)

m(f, f) = 1)

r|A]
=Y 3 x(fo+ fu+nlsy)(d)x(2(fo + fi +nlgsy))(d2)
dodyda=A),

(we recall that n € {1,2}). We now write f = fo+ f1 to mimic the notations
used in Section 4.6 and we follow the method given in that section. By the
definition (3.15), we finally arrive at
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PROPOSITION 5.6. — Uniformly for X > 2, one has the equality
Heis®?¥)(X) = 27237 Tag Hy XV/4 + O(XV/4L71).

5.6. Study of Heis®*?¥ (X)

We now have

(5.5) p(f, f'od) = 3%,

n € {1,2} and ' = 0. By (3.6), the event x(f")(3) € {j,5?} is comple-
mentary to the event x(f')(3) = 1 treated in Section 5.5. We detect the
condition x(f’)(3) = j and the condition x(f’) = j2, by the respective
indicators

(5.6) 5 (147 X(F)B) +ix(F)B)) and 5 (145 x(7)B) +5° X)),

which can also be incorporated in the right—hand side of (5.2) by replacing
the product over r | A; by r | 3A;. We now follow the proof of Proposi-
tion 5.6. By taking into account the value of u(f, f,d) given in (5.5) and
the two cases listed in (5.6), we complete the proof of

PROPOSITION 5.7. — Uniformly for X > 2, one has the equality
Heis®2 (X) = 271 - 3783 Hy XV/4 + O(X VALY,

5.7. Study of Heis®”) (X)

We now have
(5.7) p(f, f'd) = 3"
and 1,7’ € {1,2}. This condition implies that

X(f'(3) - f+2f(3)- f)(3) #0
by (3.5). We detect the equality x(f'(3) - f +2f(3) - f/)(3) = 1 by the sum

LX) £ 263) FIB) +XC2FB) - f 4 SG) 1)),

which is easily inserted in the first product on the right—hand side of (5.2)
by changing the product Hrle to HT\SAO' The treatment of the error term
is the same as for the archetype sum. For the main term we take into
account the four values (n,7') € {1,2}? and the value of u given in (5.7).
Following the method leading to Proposition 5.7 we arrive at

PROPOSITION 5.8. — Uniformly for X > 2, one has the equality
Heis®2Y(X) =271 - 37 Tag Hy XV/* + O(XV/4L7h).
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5.8. Study of Heis>2%(X)

In our final case p(f, f’,d) satisfies (5.5). The proof mimics what was
done for Heis®?®)(X) since we also have 5,7/ € {1,2}. To detect the last
condition of (3.26) we use the sums

S4B F20@) )3+ x2FB) -+ f3) F)B))

and

(145 XUG) £ +20(3) - 1)) + 72 XCI®) - 1+ 6) - 1)6)

that we insert in the first product on the right-hand side of (5.2) by chang-
ing the product [, o, to [,34,- Finally, we conclude that

PROPOSITION 5.9. — Uniformly for X > 2, one has the equality
Heis®29(X) = 3 83 Hy X'/* + O(X/* L7 1),
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