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VANISHING OF THE SECOND L”-COHOMOLOGY
GROUP FOR MOST SEMISIMPLE GROUPS OF RANK
AT LEAST 3

by Antonio LOPEZ NEUMANN

ABSTRACT. — We show vanishing of the second LP-cohomology group for most
semisimple algebraic groups of rank at least 3 over local fields. More precisely,
we show this result for SL(4), for simple groups of rank > 4 that are not of ex-
ceptional type or of type D4 and for all semisimple, non-simple groups of rank
> 3. Our methods work for large values of p in the real case and for all p > 1 in
the non-Archimedean case. This result points towards a positive answer to Gro-
mov’s question on vanishing of LP-cohomology of semisimple groups for all p > 1
in degrees below the rank. The methods consist in using a spectral sequence a
la Bourdon—Rémy, adapting a version of Mautner’s phenomenon from Cornulier—
Tessera and concluding thanks to a combinatorial case-by-case study of classical
simple groups.

RESUME. — On montre Pannulation de la cohomologie LP en degré 2 pour la
plupart des groupes semi-simples de rang au moins 3 sur des corps locaux. Plus
précisément, on montre ce résultat pour SL(4), pour les groupes simples de rang au
moins 4 qui ne sont ni de type exceptionnel ni de type D4 et pour tous les groupes
semi-simples, non simples de rang au moins 3. Nos méthodes s’appliquent lorsque p
est assez grand dans le cas réel et pour tout p > 1 dans le cas non archimédien. Ce
résultat suggere une réponse affirmative a la question de Gromov sur ’annulation
de la cohomologie LP des groupes semi-simples dans les degrés au dessous du rang.
Nos méthodes consistent a utiliser une suite spectrale a la Bourdon-Rémy, adapter
une version du phénomeéne de Mautner a la Cornulier—Tessera et puis conclure par
une étude combinatoire au cas par cas des groupes classiques simples.

1. Introduction

LP-cohomology is a natural quasi-isometry invariant introduced first
in [16] and popularized by Gromov in [17]. It is a rather fine one in the sense
that it gives quasi-isometry invariants for every p > 1 and thus uncountably
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2 Antonio LOPEZ NEUMANN

many (and a priori independent) quasi-isometry invariants. It can be de-
fined in different settings: we may talk about simplicial ¢P-cohomology for
simplicial complexes, de Rham LP-cohomology for manifolds, asymptotic
LP-cohomology for metric spaces or continuous group LP-cohomology for lo-
cally compact second countable groups. Comparison theorems give criteria
to guarantee when these different versions coincide (usually by comparing
them to asymptotic LP-cohomology).

This article deals with continuous group LP-cohomology H (G, LP(G))
of a locally compact second countable group G, endowed with a left-invariant
Haar measure, with coefficients in the right regular representation on L?(G).
See Section 2.2 for precise definitions. The main technical advantage of this
version of LP-cohomology is that we dispose of more algebraic machinery,
namely, we may use the Hochschild—Serre spectral sequence for semi-direct
products [4, IX].

The first locally compact groups we may probably think about are Lie
groups. Often the term Lie group refers to real Lie groups, though one may
also consider Lie groups over non-Archimedean local fields. Here we will
use the terms simple or semisimple group to refer to a semisimple algebraic
group over a local field (Archimedean or not). The main motivation for this
article is the following question by Gromov: he predicts a classical behaviour
of LP-cohomology of semisimple groups for every p > 1, in degrees at most
equal to the rank [17].

QUESTIONS 1.1. — Let G be a semisimple group of rank r > 2 over a
local field F.
(1) Do we have H., (G, LP(@)) = {0} foralll =1,...,r—1 andp > 17
(2) Do we have H!, (G, L?(G)) # {0} at least for some values of p?
(3) Is the space H (G, L?(G)) Hausdorff for all p > 17

Question (2) has been addressed in [9] for real groups and [21] for non-
Archimedean groups. This article deals with Question (1). Let us review
some known results towards a positive answer to this question. Most of
these results concern vanishing in degree 1 for all p > 1 for groups of
rank > 2.

First, Pansu proved this result in the real case in some unpublished notes
in 1999. In there, he showed a trichotomy for a homogeneous manifold
M: either the isometry group of M is a compact extension of a solvable
unimodular real Lie group, or M is quasi-isometric to a homogeneous space
of strictly negative sectional curvature, otherwise LF H}p (M) = {0} for all
p > 1. Later Bader, Furman, Gelander and Monod proved vanishing of the
first continuous cohomology of (real or non-Archimedean) simple groups
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VANISHING OF THE SECOND LP-COHOMOLOGY GROUP 3

of rank > 2 acting by isometries on some LP(X,u), where (X, pu) is a
standard Borel space and p > 1 [1]. In fact their result also applies to
semisimple groups whose simple factors have rank > 2. Later, Cornulier
and Tessera extended Pansu’s trichotomy to semisimple groups over fields
of characteristic zero [11] (their trichotomy is stated only for groups of
characteristic zero but their argument for vanishing for semisimple groups
of higher rank also works in positive characteristic). The present work is
heavily influenced by [11].

Another impressive contribution is the one of Lafforgue in [19]. Motivated
by obtaining obstructions to adapt his own proof of the Baum—Connes iso-
morphism for hyperbolic groups to the case of SL(3,7Z), he defines a strong
rigidity condition, known today as Lafforgue’s Strong Property (T'), that
(if proven for a large enough class of Banach spaces) implies an affirma-
tive answer to Gromov’s question in degree 1. He showed that simple con-
nected algebraic groups containing SL(3,R) have this property on Hilbert
spaces [19, 2.1] and that groups containing SL(3, F), where F' is a non-
Archimedean local field, have this property on all Banach spaces of type
> 1 [20, 0.3]. The main novelty for us is that this condition implies van-
ishing of the first continuous cohomology group for non-isometric actions
on Banach spaces (more precisely, for representations of small exponential
growth on uniformly convex Banach spaces).

Higher degree cohomology (i.e. in degrees > 2) has mostly been studied
in the unitary setting via local techniques, such as Garland’s method for
non-Archimedean groups [15]. These local techniques have since then been
extended to treat representations on LP-spaces and more general Banach
spaces for groups acting on buildings [13, 24], but with restrictions on the
value of p (often this means that p is required to live in a compact interval
inside (1,4o00) invariant by the involution ¢ — 7).

Bourdon and Rémy deal with vanishing of LP-cohomology of real sim-
ple Lie groups in higher degrees [8]. They show that for some real simple
Lie groups they call admissible, there are constants p(k) > 1 for every
degree k such that there is vanishing of LP-cohomology in degree k for
all 1 < p < p(k). Poincaré duality allows them to extend this result to
large values of p, at least for large values of k (in particular, this duality
argument does not concern degrees below the rank). Their methods con-
sist in proving a suitable version of the Hochschild—Serre spectral sequence
for LP-cohomology and invoke Pansu’s description of the LP-cohomology
of the real hyperbolic space [28]. In fact their proof also applies to (non-
admissible) real Lie groups, but the conditions on the constant p(k) are
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4 Antonio LOPEZ NEUMANN

much more restrictive (in this case the constant p(k) tends to 1 for fixed k
when the rank goes to infinity).

Initially, we wanted to prove a statement similar to that of Bourdon and
Rémy in the non-Archimedean case. It turned out that our methods also
apply to the real case, but only for large values of p. The result we prove
is the following.

THEOREM 1.2 (see Theorems 3.11 and 5.3 in the text). — Let F' be a
local field and suppose that G is either:
e SL(4,F),
e a simple group over F of rank r > 4 that is not of type D4 and is
not of exceptional type,
e or a semisimple, non-simple group over F' of rank r > 3.

Then there exists a constant p(G) > 1 such that for all p > p(G):
HZ (G, LP(G)) = {0}.
Moreover, when F' is non-Archimedean we have p(G) = 1.

Combining our results with [21, Corollary 1.2], we obtain a complete
description of the vanishings of LP-cohomology of SL(4, F'), where F' is a
non-Archimedean local field, for all p > 1 and in all degrees. This gives a
positive answer to Gromov’s questions (1) and (2) for this group.

COROLLARY 1.3. — Let G = SL(4, F'), where F' is a non-Archimedean
local field. We have for any p > 1:

HE (G, LP(G)) # {0} if and only if k = 3.

For real admissible simple Lie groups (those for which the results in [8]
apply) our result is complementary to that of [8]. In degree 2, their result
gives vanishing for small values of p, say for 1 < p < ¢(G) for some constant
q(G). A priori, there is an interval (¢(G), p(G)] for which none of our results
show vanishing. The funny thing is that, for most real admissible simple
Lie groups, this interval disappears when the rank is large enough.

COROLLARY 1.4 (see Corollary 5.4 in the text). — Let G be an admis-
sible real simple Lie group of rank r > 8 that is not of type B,. Then we
have for all p > 1

HE (G, LP(G)) = {0}

We outline the proof of Theorem 1.2. First, we use quasi-isometric invari-
ance in order to identify H (G, LP(G)) to HZ (P, LP(P)), where P is a max-
imal parabolic subgroup. This parabolic subgroup has a Levi decomposition
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VANISHING OF THE SECOND LP-COHOMOLOGY GROUP 5

P = MSU. The version of the Hochschild—Serre spectral sequence from [8]
allows us to identify the space HZ (P, LP(P)) (at least as an abstract vector
space) to the first continuous cohomology group HY (M, LP(M,V,)) of the
Levi factor M with coefficients in some Banach-valued LP-space LP (M, V},).
The Banach space V}, is in fact H} (SU, LP(SU)). The main technical prob-
lem comes from the fact that the continuous M-module L?(M,V,) has
relatively large exponential growth, forbidding us to (directly) invoke Laf-
forgue’s strong property (1') and obtain the desired vanishing.

We amend this by passing to a cocompact, non-unimodular, solvable
group R and creating contractions thanks to its modular function Ag.
We then adapt techniques from [11] to show some non-isometric version
of Mautner’s phenomenon for the R-module LP(R,V,). The upshot is that
vanishing of H% (R, LP(R,V,)) follows from the presence of enough con-
tractions. Verifying this condition can be done easily in the semisimple,
non-simple case (see Theorem 3.11 in the text).

The non-trivial part consists in showing the existence of such contrac-
tions in the simple case. This is a battle between the exponential dilation
of a maximal torus A in M acting on V, and the exponential contraction
of Apr in certain directions. To show that the contraction of Ar wins this
battle for the groups in the statement of Theorem 1.2, we first control the
operator norms of the action of A on V,, by some term that can be written
explicitly in combinatorial terms. This step requires large-scale geomet-
ric considerations, as our bound depends on the Hausdorff dimension of
the Carnot—Carathéodory metric on U. Then, using the classification of
semisimple algebraic groups over local fields, we reduce the existence prob-
lem of contracting elements to a combinatorial case-by-case study of root
systems with multiplicities. The main point in the combinatorial part of
the proof is that, for the infinite families of root systems (A,, B;., C,., BC,
and D,) there exists always a choice of maximal parabolic subgroup such
that our control of the exponential dilation grows linearly in the rank and
the exponential contraction of the modular function grows quadratically
in the rank (at least in well-chosen directions). This a priori asymptotic
heuristic works quite fast: starting from r > 3 for A,., from r > 4 for B,., C,
and BC, and from r > 5 for D,. Our current estimates do not seem to
create contractions for exceptional groups.

We do not exclude the possibility that this result could be obtained
using Lafforgue’s Strong Property (7). Indeed, Lafforgue extends his results
from M = SL(3, F) to a higher rank semisimple group G containing M by
restricting a representation of G to M and using that M has strong property
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6 Antonio LOPEZ NEUMANN

(T'). This does not optimize the constants in the exponential growth of the
representation as they are the same as for SL(3, F'). We expect that showing
Lafforgue’s strong property (T') directly in G improves the constants so
that we can treat the representation appearing after applying the spectral
sequence, at least starting from a certain rank. Nevertheless, our constants
seem to be slightly better since our method already works when the Levi
factor M is SL(3, F') inside G = SL(4, F).

The article is organized as follows. Section 2 contains standard prelimi-
naries concerning algebraic groups, continuous group cohomology and LP-
cohomology. We also recall the Hochschild—Serre spectral sequence for LP-
cohomology as given in [8]. Section 3 studies the first continuous cohomol-
ogy group with coefficients in Banach-valued LP-spaces. Using contraction
arguments, we show a vanishing criterion for this space. We directly ap-
ply this criterion to semisimple, non-simple groups of rank > 3. Sections 4
and 5 are the technical heart of this article. In Section 4 we study amenable
hyperbolic groups with homotheties and obtain our concrete estimate for
cohomology growth. Section 5 explains how to find contracting elements us-
ing root systems. We use the classification of simple algebraic groups over
local fields, study in detail each group to search for contractions and sum up
our results in tables. This proves Theorem 1.2. We also prove Corollary 1.4
as a consequence of our combinatorial study.
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2. Continuous cohomology and algebraic groups

This section establishes the setting of the article. We also fix notation for
subsequent sections. It contains standard preliminaries of algebraic flavor,
more precisely, algebraic groups and continuous cohomology. We also recall
the spectral sequence for continuous group LP-cohomology.
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VANISHING OF THE SECOND LP-COHOMOLOGY GROUP 7
2.1. Lie theoretic notions and Heintze groups

These paragraphs collect the necessary Lie theoretic vocabulary and fix
notations for subsequent sections. We follow standard references on alge-
braic groups, such as [2] or [23, Chapter 0].

Roots and root spaces. Let G be a semisimple algebraic group over
a local field F' (Archimedean or not) of split rank r» > 1. Denote by g
its Lie algebra. Fix a maximal F-split torus S in G and denote by X (S)
the group of F-characters of S. Multiplication in X (S) will be denoted
additively. The restricted root system ® = ®r(S,G) is the set of nonzero
F-characters a € X (S) such that the space

go={X €g|Vse S Ad(s)X = a(s)X}

is nonzero [2, 21.1]. An element « € ® is called a root relative to F or a
root. The set ® is a root system in the usual sense [23, 0.26]. The integer
dim g, will be called the multiplicity of the root «, and will be denoted
m(a).

Recall that the root system & is said to be reduced if for all a € P,
the element 2« is not a root. The only family of non-reduced root systems
consists of root systems of type BC,, for n > 2. The space g, is a com-
mutative Lie subalgebra when 2« ¢ ® (this follows from [gq, 95] € ga+8),
but it may not be a Lie subalgebra when «,2a € ®. We amend this by
considering the space g(a) := ga @ 924, Which is always a Lie subalgebra of
g for o € @ [2, 21.7]. If we define ®,,4 to be the set of roots o € ® such that
a/2 is not a root, then the root space decomposition of g may be written:

g9=00D @ 9(a)-
acd,q
where each summand is a Lie subalgebra [2, 21.7].

Let Uy be the unique unipotent closed Zariski-connected Lie subgroup
with Lie algebra g(,) normalized by the centralizer Z(S) of the torus S [2,
21.9(i)].

If « € & and 2a ¢ P, then U, = U(qa) is abelian and F-isomorphic
(as an algebraic group) to g, [2, 21.20]. If 6, : go — U, denotes such an
isomorphism, then the action by conjugation of some s € S on U, becomes
the homothety of ratio a(s) on ga, that is: s6,(X)s™! = 6, (a(s)X) for all
X € go [3, Theorem 3.17].

If o, 2a € ® then Uy, is metabelian, its center is Uz, [2, 21.10(2)] and
is [-isomorphic (as a variety) to the product Uy /Usa x Usq [2, 21.20
Proof of (i)]. The quotient U, := U(qa)/Usq is F-isomorphic (as a variety)
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8 Antonio LOPEZ NEUMANN

to go. If 8, : go — U, denotes this isomorphism, then the action by
conjugation of some s € S on U, becomes again the homothety of ratio
a(s) on go [3, Theorem 3.17]. Notice that under these identifications, the
action of s € S on U(y), seen as the product U, X Usq, is a homothety of
ratio a(s) on U, and a homothety of ratio 2a(s) on Usq.

In the real case, the isomorphism 6, is just the exponential mapping.

Parabolic subgroups and Levi decomposition. We fix a choice of
simple roots X inside ®, denote by ®T the corresponding positive roots.
For any a € ® and o € X, set n,(a) € Z so that

a= Z ne(a)o.

For I C ¥, denote by ®; the set of roots in ® which are linear combinations
of simple roots in I (®; is a root system in its own right) and ®F =
®; N ®T. In what follows we will introduce many notations for subgroups
of G depending on a subset I of ¥. If I is in subscript it means that the
corresponding subgroup contains in some way the roots in I, if I is in
superscript it means that the corresponding subgroup avoids in some way
the roots in 1.

For I C ¥, the standard parabolic subgroup Py of type I is the subgroup
of G with Lie algebra

=008 Poe P o

acdy aeq>+\q>}*‘

[3, Section 4.2]. Let ST denote the F-split subtorus of S of rank (r — |I])
defined by ST = (mvel Ker ). The group P; admits a Levi decomposition
P; = Z; x U', where Z; = Z5(S?) denotes the centralizer of the torus S’
in G and U is the unipotent radical of Py [3, Section 4.2]. We will briefly
present some properties of both factors in this decomposition.

The group Z; = Zg(ST) is called the Levi factor of P; and has Lie
algebra go ® @ ecq, Jo- It is reductive [3, Section 2.15d)], and so it may
be decomposed as the almost direct product M;T! where M; = Z1, Z1)
is a semisimple group of split rank |I| and 77 is the connected center of
Z;. The group T' is defined over F [3, Section 2.15a)] and is the almost
direct product of S! with a (compact) anisotropic subtorus defined over
F [3, Proposition 1.8]. The decomposition Py = (M;T1) x U is sometimes
called the Langlands decomposition of Py.

ANNALES DE L’INSTITUT FOURIER



VANISHING OF THE SECOND LP-COHOMOLOGY GROUP 9

Remark 2.1. — The action by conjugation of M; on U’ preserves the
volume of U’. Indeed, volume dilation of this action defines a character of
M7y, but M; has no nontrivial characters because it is a semisimple group.

On the other hand, the group U’ has Lie algebra u! = @aeqﬁ\qﬁr go and
is F-isomorphic (as a variety) to the direct product of the corresponding

root groups [2, 21.9 (ii)]:
II Uo= ]I U

acdt \(@)t, acdt\o}

Heintze groups and Iwasawa decomposition. We are mostly con-
cerned with (proper) maximal parabolic subgroups, that is, the case where
I =%\ {y} for some v € ¥. In this case, S, := S’ = F* and ®,,_~¢ :=
ot \ ‘I);\{’v} is exactly the set {aw € ®,n,(a) > 0}. Conjugation by some
s € Sy onx € U,, where z = §,(X) and 0, is our S-equivariant identifica-
tion of U, with g,, becomes:

s x:=sesh = 0u(y(s)" (Y X).

Thus a fixed s € 5, either contracts or dilates all the root groups U,
for a € @, ¢ (depending on the sign of log|y(s)|). In the terminology
of [10], S, acts on U, := U’ by confining automorphisms (the notation U,
is ambiguous as it may also refer to the root group U, integrating g, but
in practice we will never use this notation in this sense).

DEFINITION 2.2. — The group H, = S, x U, is the Heintze group
associated to the simple root ~.

By [10, 4.6], the solvable group H. is an amenable, non-unimodular,
Gromov-hyperbolic locally compact group.

On the other hand, the semisimple part MY := M; of the group P; ad-
mits an Iwasawa decomposition K7YAYN7, where K7 is a maximal compact
subgroup of M7, the group A is a maximal F-split torus in M” (hence
a group-theoretic supplementary of S, in S) and N7 is isomorphic to the
product Haeqﬁr U, and has Lie algebra @a6¢1+ go (see [18, IX. 1.3] for the

real case and [22, 2.6.11] for the non-Archimedean case).
DEFINITION 2.3. — We write RY := AYN".

The main object of study of the subsequent sections is the semi-direct
product R” x H,. By this we mean that we will study the group H, and
the action by conjugation of the group R” on H,. To sum up the relations
between the different groups in this section:

Gﬁqi PI ~qi M7 x I’I,y i RY x HA/,
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10 Antonio LOPEZ NEUMANN

where the metrics on each group are just the metrics induced from G.
Moreover, all of these quasi-isometries are cocompact inclusions.

2.2. Continuous group cohomology

We define continuous cohomology of a locally compact second countable
group following [4, IX].

Let G be a locally compact second countable group. Then G is a count-
able union of compact sets (for instance, because G carries a proper met-
ric [31]). Let (p, V) be a continuous representation of G (we also use con-
tinuous G-module as terminology) i.e. a morphism p : G — B(V') such that
the map G x V' — V defined by (g,v) — p(g)v is continuous, where V is
some locally convex topological vector space and B(V') denotes continuous
invertible operators on V. Here V' will always be at least a Fréchet space.

For k € N, we define the space C*(G, V) of k-cochains as the set of con-
tinuous maps from G**! to V. Since G is a countable union of compact sets,
the space C*(G, V) equipped with the topology of uniform convergence on
compact subsets is a Fréchet space.

We define the differential dy : C*(G,V) — C*+1(G,V) of a k-cochain
c as:

E+1
(dre)(gos - - - s Grr1) = Z(*l)lc(goy s Gi15 it 1y e e s Gt 1)-
i=0
It satisfies di41 o d = 0.

The space C*(G, V) can be viewed as a continuous G-module, by endow-

ing it with the action:

(9-¢)(g0,---9) = p(9)(clg™ g0, -9 " gr))-

We consider the space C*(G, V)% of invariants in C*(G, V) with respect
to this action. Notice that this is just the set of continuous G-equivariant
maps from G**1 to V, when endowing G**! with the diagonal action by left
translation on each factor and V' with the action given by p. The differential
dr maps C*(G, V)% into CFH(G, V). We call ker(dy|cr ()¢ ) the space
of k-cocycles and denote it by Z*(G, p), we call Im(di—1]|cr-1(c,v)e) the
space of k-coboundaries and denote it B*(G, p).

In homological algebra, group cohomology with values in a representation
is defined as the cohomology of the complex of invariants of any resolution
of the given representation. In this article we will not use other resolutions
apart from the one we already defined (even though we invoke a result by [8]
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VANISHING OF THE SECOND LP-COHOMOLOGY GROUP 11

obtained using other resolutions), so the following definition of continuous
group cohomology is enough for our purposes.

DEFINITION 2.4. — The k-th continuous cohomology group (resp. k-th
reduced continuous cohomology group) of G with coefficients in (p,V) is
the topological vector space:

HE(G,p) = Z¥(G, p)/B*(G,p) (resp. H\(G,p) == Z*(G, p)/B*(G, p)).

The space HY (G, p) is the biggest Hausdorff quotient of HE (G, p). In
particular these two spaces coincide exactly when HE (G, p) is Hausdorff.

Non-homogeneous cochains. For concrete applications and particu-
larly in degree 1, it is sometimes useful to view elements of C*(G, V)% not
as maps from G**! to V, but as maps from G* to V.

For k = 1, this gives the classical geometric interpretation of the first
continuous cohomology group. We can identify Z!(G, p) with the space
of continuous maps b : G — V satisfying the cocycle relation b(gh) =
b(g) + p(g)b(h). This space can in turn be identified with the space of
continuous affine actions of G on V with linear part p, via the map b +— A,
for b € Z1(G, p), where Ay(g) : V. — V,v + p(g)v + b(g) for g € G. In a
similar way, we may identify B!(G, p) with the space of maps of the form
b(g9) = v — p(g)v for some v € V. These maps correspond to continuous
affine actions of G on V having a fixed point. If the group G is compactly
generated, S is a compact generating set and (V, || - ||v) is a Banach space,
then Z'(G, p) is a Banach space with norm ||b|| = sup,cg [|b(z)||v for b €
ZYG, p).

Continuous group LP-cohomology. Let G be a locally compact sec-
ond countable group endowed with a left-invariant Haar measure pug. In
this article we will be interested in the Banach space V. = LP(G) of p-
integrable functions with respect to the measure pg for 1 < p < oo. The
representation p, of V we are interested in is the right regular representa-
tion of G, defined by right translation on the argument of an LP-function:
pp(9)f(z) = f(xg). This defines a continuous representation of G. Notice
that it is an isometric representation if and only if the measure ug is also
right-invariant, that is, if and only if G is unimodular. In this case p, is
also continuously conjugate to the similarly defined left regular represen-
tation A\, via the continuous linear map LP(G) — LP(G) sending f to

Fw) = fla),
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12 Antonio LOPEZ NEUMANN

The representation p, will appear for several different groups, we will
not need to specify the action as it will be enough to specify the corre-
sponding vector space. In order to avoid (even more) cumbersome notation,
HE(G, LP(G)) will just mean HE (G, p,).

The most important feature of LP-cohomology, in contrast to cohomology
with respect to an arbitrary representation, is that it is a quasi-isometry
invariant for any degree k € N and 1 < p < co. This is a phenomenon that
has been shown for different types of LP-cohomology by different people:
see [17, p. 219] for a sketch of proof in the simplicial £P-cohomology setting,
[7] for a more detailed proof in the same context, [27] for a proof for de
Rham LP-cohomology. Here we are interested in quasi-isometric invariance
of continuous group LP-cohomology. It was first proven by Elek in [14] for
finitely generated groups by comparing it with asymptotic LP-cohomology.
In [30], the same idea is used to show that vanishing of an ¢2-Betti number
is a coarse equivalence invariant. In [8], quasi-isometric invariance of con-
tinuous group LP-cohomology is proven for general locally compact second
countable groups.

THEOREM 2.5 ([8, Theorem 1.1]). — Let G and G2 be locally compact
second countable groups, equipped with left-invariant proper metrics d;
and ds. Every quasi-isometry F : (G1,d1) — (G2,d2) induces canonically
an isomorphism of graded topological vector spaces:

F* ¢ HYy (Ga, LP(Ga) — HZ(G1, L7 (Gh)
for every 1 < p < o0o. The same holds for reduced cohomology.

Remarks 2.6.

(1) The idea of both [8] and [30] consists in comparing continuous
group LP-cohomology to asymptotic LP-cohomology. The latter is
a coarse equivalence invariant [27] and hence, even if not stated
explicitly, continuous group LP-cohomology is also invariant under
coarse equivalences.

(2) Continuous cohomology with coefficients in the left regular repre-
sentation A, ¢ is not invariant under quasi-isometries when at least
one of the two groups is not unimodular (when both are unimodu-
lar, it is same as considering the right regular representation). For
instance, the groups G = SL(2,R) and B < SLs(R) of upper tri-
angular matrices are quasi-isometric. One has HL (G, )\, ) # {0}
for all p > 1 (G is unimodular, so HY (G, A\, ¢) = HL (G, pp.c) and
G is quasi-isometric to the real hyperbolic plane Hﬁ, therefore us-
ing comparison theorems between continuous group LP-cohomology,
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asymptotic LP-cohomology and de Rham LP-cohomology [9, Theo-
rems 6.5 and 6.7] we have H (G, pp.c) = LP H}g (H%) and the latter
is nonzero for all p > 1 [25, 5.2]). On the other hand H, (B, A2 g) =

{0} [12].

2.3. Spectral sequence reduction

Let G be a semisimple group over a local field F of split rank r. The idea
of this section is to use quasi-isometric invariance of continuous group LP-
cohomology [8, Theorem 1.1] and the Hochschild—Serre spectral sequence.
This reduces the computation of the second LP-cohomology group of G
to the first continuous group cohomology of a semisimple factor of a well-
chosen parabolic subgroup with values in a more exotic LP-module. The
following version of the spectral sequence is well-suited to compute LP-
cohomology:

THEOREM 2.7 ([8, Corollary 5.4]). — Let P be a locally compact second
countable group. Suppose that P = Q.S where ) and S are two closed sub-
groups of P, such that C*(S, LP(S)) is homotopically equivalent to a com-
plex of Banach spaces and every cohomology space HE (S, LP(S)) is Haus-
dorfl. Then there exists a spectral sequence (E,.) abutting to H:, (P, L? (P))
in which:

B! = HY(Q. LP(Q. HL\ (S, LP(S)))).

We keep the same notations as in the previous section. Let v € ¥ be a
simple root of & = ®(S,G). The group G is quasi-isometric to the semi-
direct product R” x H,. The spectral sequence will turn out to be useful
on this semi-direct product because the LP-cohomology of I, is sufficiently
well-understood.

COROLLARY 2.8. — For any simple root v € ¥, any real number p >
max{Confdim(0H,), 1} and any integer k > 1, we have linear isomor-
phisms:

Hg, (G, LP(G)) = Hy H(RY, LP (R, Hyy(H,, LP(H,)))).
The RY-action of g€ RY on b: H, — LP(H.,) is defined by:
(mo(9))(h) () = b(g™ " hg) (g™ xg).
The R7-action m on f € LP(RY,H%(H.,,LP(H.,))) is defined for g,h €
RY by:
(m(9)f)(h) = mo(g)(f (hg))-
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Proof. — Quasi-isometric invariance of continuous group LP-cohomol-
ogy [8, 1.1] gives topological isomorphisms:

Hg (G, IP(G)) = Hy (R x Hy, LP(R" » H,)).

We apply Theorem 2.7 to the semi-direct product R x H,. When F' is
non-Archimedean, the group H, is quasi-isometric to a tree [11, 4.6], so
its LP-cohomology is Hausdorff and concentrated in degree 1 for all p > 1.
In the real case, if p > Confdim(dH,) then H (H.,,LP(H,)) # {0} [11,
Theorem 1], is Hausdorff [32, 11.9] and moreover HX (H.,, LP(H,)) = {0}
for k > 2 [6, Corollaire B]. Thus the Hochschild—Serre spectral sequence
collapses in the F5 page and gives the desired linear isomorphisms. O

Remark 2.9. — This is the only part of the proof where we need p to
be large in the real case. The rest of the proof works uniformly for all
p > 1, both in the real and in the non-Archimedean case. If one would
like to study the second LP-cohomology group of real simple Lie groups for
smaller values of p, the spectral sequence will give us other isomorphisms.
For instance, if H, is the real hyperbolic space of dimension d, Bourdon
and Rémy use [28] and obtain vanishing for p < (d —1)/2 [8, 1.4], and for
(d—-1)/2 <p<d—1, we obtain

cht(Gv (@) = Hgt(va LP(R7, cht(H%Lp(H'y))))
— LP(RY, L B (H,)™ .
Adapting the techniques on continuous LP-cohomology that we will intro-
duce further to de Rham L”-cohomology, one may also show that this space
vanishes for many groups. We do not do it because in practice, most of the
vanishings obtained in this manner are contained in Corollary 1.4 (except
for type B, and some low rank cases).

3. Contracting automorphisms on Banach-valued
LP-spaces

In this section, we adapt techniques from [11, Section 2] to show vanishing
of the right hand side of Corollary 2.8 when k£ = 2, under contraction
hypotheses that will be verified in subsequent sections.

The setting for the section is the following (except for the Lie theoretic
statements at the very end). Let G be a locally compact second countable
group endowed with a left-invariant Haar measure p and (7o, V') be a con-
tinuous G-module on some separable Banach space V. Let m denote the
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action on measurable functions f : G — V defined by:

(m(9)f)(h) = mo(9)(f (hg)),

for all g,h € G. For p > 1, we consider the Banach space L?(G,V) of
Bochner p-integrable functions, that is, the set of measurable functions
f: G = V such that:

ww=éwmmmmm<m

We may also denote by m, the restriction of 7 to the space LP(G, V).

3.1. Operator norms and the modular function

Our definition of the modular function Ag of G is given by the follow-
ing formula: for any measurable set E of G and g € G we have u(Eg) =
Ag(g)p(E), or alternatively, for any continuous compactly supported func-
tion ¢ on G we have:

t/mw*mmm:Aam/¢mmmm
G G

If (E,||-||g) is any Banach space and A : E — FE' is some bounded linear
operator, we define the operator norm of A by:

A
lAlle = sup 12llz
vEE,v#0 ||UHE

We first obtain the following identity on the operator norms of 7. It is
central in our reasoning because it shows that even though the operator
norms of my can be really big, we can hope to compensate them using the
modular function.

PRroOPOSITION 3.1. — For all g € G we have:
7 (9)lll e vy = Ac(g)™ P llimo(g)lllv-

Proof. — The proof follows from the definition of the modular function:

Im(g fhmcm—i/ﬂm F(hg)) %, dph)

= 86()™" | Iml@) (I du(h)

< Ac(@) " lmo DI 0 6 v

For the reverse inequality, fix ¢ > 0 and let v € V be such that ||mo(g)v|v >
(Nmo(@)ll = &)llv||v. Fix some compact K C G such that ug(K) =1 and
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we may define f, € LP(G,V) by f,(z) = v for x € K and f(z) = 0 for
r € G\ K. We have ||fu| rc,v) = [[v]|v and

(@) vy = Scte) ™ [ lmola)olly dute

> Ac(g) " lmo @Il = )P 1ol vy O

3.2. Contracting automorphisms and cohomology

We will now introduce the main object of study of this section, namely,
mp-contracting elements. This subsection is devoted to showing some com-
plementary results that are not necessary for the proof of Theorem 1.2
(though we will need Lemma 3.4 for some cases) but that highlight the
importance of contractions.

DEFINITION 3.2. — We say that { € G is m,-contracting if

im_x(&")ze vy = 0,

n—-+oo

and m,-bounded if { generates a non-relatively compact semigroup and

sup [[|7 (&™) e (c,v) < 0.
n>0

A non-compact group G satisfies a linear Sobolev inequality on LP(G)
if and only if G is not simultaneously amenable and unimodular. The first
result we show is a generalization of the fact that a non-unimodular group
satisfies a linear Sobolev inequality on LP(G) [32, 11.9], but this time for
the representation .

LEMMA 3.3 ([32, 11.10]). — Suppose that there exists a m,-contracting
element ¢ € G. Then the space HY (G, ) is Hausdorff, that is:

Hclt(G’ 7Tp) = H}:t(G7 7T:D)'
Proof. — Up to changing & by some power, we will assume that

7 (Ellr vy < 1.
Since G is o-compact, we may write it as an increasing countable union of
compact subsets (Q)x. For k large enough we have that £ € Q) and hence
for f € LP(G,V):
= sup [|f =7(g)fllp 2 lf =) fllp = Ifllp = 7€) fllp = ClIfllp

gEQy

where
C=1-[nllrr@v)>0.
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Therefore B1(G,m,) is closed in Z1(G, 7). O

LEmMMA 3.4 ([11, 2.2]). — Suppose that there exists a m,-bounded ele-
ment §{ € G. If f € LP(G,V) is w(€)-invariant, then f = 0.

Proof. — Let X be any compact subset of G and denote by || f||x , the
LP-norm of flx. Since £ generates a non-relatively compact semigroup
and the action of G on itself is proper, we may take a subsequence (ny)ren
so that the translates (X&™*)p~( are disjoint. Since £ is w-bounded, let
C = sup,,~o [I7(")[|Lr(c,v) < 0o. We have:

e = ImE) e, = [ Imoe™) (DI et
= 360" [ Imol€ )7 autr)

< 86O "Il [ 17 dnih

= €)1 . | F e < ClE W

But 320 [Ifllxeme p < | fllp < 00, hence || f|xens p — 0 when k — 4oc.
Therefore the previous inequality implies that || f||x,, = 0 for any compact
X C G, which gives f = 0 almost everywhere. O

Before working towards a criterion for vanishing in degree 1, we point out
that the previous lemma gives an easy criterion for vanishing in degree 0.

COROLLARY 3.5. — Suppose that there exists some m,-bounded element
¢ € G. Then:
Hgt(GvTrp) = LP(G’ V)G = {O}

Proof. — Every f € LP(G,V)% is m(¢)-invariant, hence f = 0 by
Lemma 3.4. d

3.3. Mautner’s phenomenon and vanishing criterion

Our next goal will be to give a criterion for vanishing in degree 1 for the
representation 7, using m,-contracting elements. Whenever such an element
exists, the following proposition allows us, for any cohomology class, to
choose a representative that vanishes at the given contracting element.

PROPOSITION 3.6 ([11, 2.1]). — Let £ € G be a m,-contracting element
and b € ZY(G,m,). There exists an element c € Z*(G,n,) such that b—c €
BY(G,m,) and c(¢) = 0.
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Proof. — We claim that the sequence (b(§™))n>0 is Cauchy in LP(G, V).
To see this, first notice that this sequence is bounded, as the cocycle relation
yields:

bE™) = 3 m(€b(E)

and hence:

[16(5™)l (Z [l (€’ |||> 16N < Clb() |l

where C' = Y7 [|7(£9)]]] < oo converges as & is m,-contracting and the
operator norm is submultiplicative. Now let n > m > 0. From the cocycle
relation we have:

b(€") = b(E™) = w(£™)b(E" ™)

and hence:

15(6™) = b(E™) < [l (€™ )ITBE™ ™) < Cllm(E™)IBE)-

Hence the sequence (b(£™))n>o is Cauchy in LP(G, V) and converges to a
limit function f € LP(G, V). The formula ¢(g) = b(g) — f+7(g)f for g € G
defines a cocycle ¢ such that b—c € B! (G, 7,). We now show that ¢(§) = 0.
We first see that:

le(€™)IF < 116(€™) = Fll + [lw(€™) fl

and hence ||c(£™)]] = 0 as n — +oo. From the cocycle relation we have:

c(§") = () + m(€)e(€" ).
Since [|c(€™)|| — 0 and [|7(&)c(€"71)|| — 0 we have that ¢(&) = 0. O

The next step is to propagate the vanishing created by this proposition.
This involves some non-isometric variant of Mautner’s phenomenon (recall
that the classical Mautner’s lemma concerns unitary, hence isometric, rep-
resentations [23, II. 3.2]). We formulate this variant in terms of the following
dynamical interpretation of the Levi decomposition [29, 2.2].

DEFINITION 3.7. — Let £ € G. We define:

Ue = {h € G,&"he" 12 16},
P: ={h € G, the sequence ({ "h&"), ¢ Is relatively compact},
={he G hé =h}.
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The sets P¢, Ug and Z;¢ are subgroups of G. Indeed, if g,h € P (resp.
if g, h € Ue) then the sequence £ "gh&™ = (£ "g&™) (€ "hE™) is relatively
compact (resp. £ "gh&" nortoo, 1¢). Similarly, by continuity of z € G —
z7! if g € P¢ (resp. g € Ug) the sequence (("g€™)~! = g™ Em is
relatively compact (resp £ g~ 1en 252 1),

The subgroup P contains both Us and Z¢ and these satisfy U N Z¢ =
{1g}. When G is a semisimple group and & an element of a maximal split
torus of G, we have that P: is a parabolic subgroup of G' and Ug is its
unipotent radical [29, 2.4 (i)], hence the Levi decomposition of Pr may be

written as P = Z¢ x Ug.
PROPOSITION 3.8 (Mautner’s phenomenon). — Let £ € G and let b €
ZY(G,m,) be such that b(§) = 0.
(1) (Classical Mautner’s lemma) If £ is m,-bounded, then b(h) = 0 for

all h € Ue.
(2) (Contracting version) If £ is m,-contracting, then b(h) = 0 for all
h e Pg.
(3) (Commuting version) If £ is m,-bounded, then b(h) = 0 for all h €
Ze.

Proof. — Take h € G. The cocycle relation implies:
b(E7ThE) = b(E™ h) = w(E71)b(h).

Hence for all n > 0 we obtain:

bRl < [l (€)M ze e vy 160 RE™) [Ip-
(1). — Suppose that h € Ue. Since ¢ is m,-bounded, there exists C' > 0

such that [[b(h)|, < C||b(E~"he™)]|,. Since £"he™ 22F2%5 14, by conti-
nuity of g — b(g) we have ||b(§~"hE™)||, 22F% 0. Thus b(h) = 0.

(2). — Suppose that h € P¢. The sequence (§~"h{™),, is relatively com-
pact, so by continuity of g — b(g) the term [[b({~"h&E™)||, is bounded.
Since § is m,-contracting, we have lim, o [|7(£™)||| r(¢,v) = 0 and hence
b(h) = 0.

(3). — Suppose that h € Z,. Hence the function b(h) € LP(G,V) is
m(§)-invariant. Since § is m,-bounded, Lemma 3.4 gives b(h) = 0. O

Remarks 3.9.

(1) In what follows, we will use the contracting version most of the time.
For groups of lower rank, we may not always dispose of enough
contracting elements. In this case the commuting version can be
very practical.
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(2) For semisimple groups, we have P: = Z¢ x U.. Hence in this case
point (2) holds even when ¢ is only a m,-bounded element, thanks
to points (1) and (3).

We come back to the setting of Corollary 2.8: let G be a semisimple group,
7 a simple root of its restricted root system, Ps\ (4} = M7 x H, the Levi
decomposition of its corresponding maximal parabolic subgroup, M? =
KYAYN7 be the Iwasawa decomposition of M and let RY = AY x N7.
Recall:

Vo= Hclt(Hm LP(H.,)).

We apply the results of this section to the group R” acting on V), via mg
and on LP(R",V,) via 7, where 7y and 7 are given by Corollary 2.8.

THEOREM 3.10. — Suppose that there exists some my,-contracting £ €
A" and that for each simple root o € ¥\ {} there exists some m,-bounded
& € AY such that Ug, U Z¢_ contains the root group U,. Then:

Hy (R, LP(R",V,,)) = {0}

Proof. — Let b € Z'(R",m,). By Proposition 3.6, the cocycle b can be
chosen (without changing its cohomology class) so that b(£) = 0. Since the
group A" is abelian, the group P¢ contains A” and thus by Proposition 3.8
point 2, we have b(h) = 0 for h € AY. This implies that b(§,) = 0 for all
o € X\ {7}. By Proposition 3.8 points (1) and (3), we have that b(h) =0
for all h the sets (Ug, U Z¢,) N RY, which contain the root subgroups U,
for all o € ¥\ {v}. The groups U, for o € 3\ {7} generate the group
N7 [2,21.9(ii)], therefore b(h) = 0 for all h € N7. Thus b = 0. We conclude
that HY (RY, LP(R",V},)) = {0} for every p > 1. O

3.4. Vanishing for semisimple, non-simple groups of rank at
least 3

In this section we apply our vanishing criterion to semisimple, non-simple
groups. The main point is that commutation makes some operator norms
of my to be equal to 1, hence we may reason directly as in [11].

THEOREM 3.11. — Let G be a semisimple, non-simple group of rank
r = 3 over a local field F. Then there exists a simple root v € ¥ such that
for all p > max{Confdim(0H,),1} we have:

HZ (G, LP(G)) = {0}
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Proof. — Let G4, ..., Gy be the simple factors of the group G. We split
the proof in two cases. First suppose that there exists one factor GG; of rank
1, associated to a simple root v € ¥. The maximal parabolic subgroup P,
decomposes as Py = M” x H, and in this case M” and H, live in different
factors, hence M7 and H, commute, so P, = M” x H,. In particular, the
action by conjugation by some element g € R” on H, is trivial, and hence
Proposition 3.1 gives:

(@) llze(ro v,y = AR ()"

Since r > 3, the rank of M7, is at least 2 which means that the split
torus A" is of dimension at least 2. It is thus enough to consider two
coweights &1, &3 € A7 associated to two distinct simple roots o1, 02 € X\ {7}
satisfying 0;(&;) < 1. In this way Ap+ (&)™ < 1 and hence &, & are mp-
contracting for all p > 1. The subgroup F¢, contains all the root groups U,
for o € £\{, 01} and P, contains all the root groups U, for o € £\ {7, 02}.
Hence the conditions of Theorem 3.10 are satisfied and we showed:

Hy(R7,LP(R",V,,)) = {0}

for all p > 1. Then the spectral sequence in Corollary 2.8 gives the desired
vanishing for p > Confdim(0H,).

Suppose now that all factors have rank > 2. We may pick any simple
root 7 in the root system of G;. The parabolic subgroup P, decomposes
as P, = M"Y x H,, where the Levi factor M decomposes again in simple
factors My, ..., My, with M; C G, for all i. The main point is that the factor
M5 has rank > 2 and commutes with H,. Our hypothesis implies that there
are at least two simple roots o1, 02 in the root system of G5. Hence we may
consider again coweights associated to these two simple roots and reason
as before to conclude that HY (R, LP(R",V,)) = {0} for all p > 1. Again
the spectral sequence gives the desired vanishing for p > Confdim(0H~).
This second part of the proof is independent of the choice of root v and
hence we can choose v in order to minimize Confdim(90H,). O

4. Growth estimates and Heintze groups

In Theorem 3.10 we proved that under the presence of enough contrac-
tions, we can show vanishing of cohomology. One would like to have a
criterion to guarantee the existence of contracting elements for the R7-
module LP(RY, HY (H,,LP(H,))) appearing in Corollary 2.8. Thanks to
Proposition 3.1, the only mysterious quantity that remains to study is the
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operator norm of the action my of R? on the space H} (H,,L?(H,)). In
this section we find an upper bound of this norm that can be computed
explicitly in combinatorial terms.

4.1. Amenable hyperbolic groups with homotheties

To find an upper bound on the operator norms of the action my of RY on
the space HY(H,, L?(H,)), we will first obtain some preliminary results
in the more general setting of amenable hyperbolic groups and contracting
automorphisms developed in [10], with the supplementary condition that
we will contract using a homothety.

Let U be a locally compact second countable group. By [31], the group
U admits a proper left-invariant metric d metrizing its topology. Suppose
moreover that (U, d) has a (non-trivial) homothety o € Aut(U), that is, a
group automorphism such that for some A > 1 we have:

d(a(z),a(y)) = A" ld(z, y).
By [10, 6.5], the group U is nilpotent and unimodular. Denote by 2 the
compact unit ball of (U, d) centered at ey and write ||z|| = dy(z, ). Notice
that ;.5 a®(Q) = {ey} and Ur<o k() =U.

The set S = {a®!} x Q generates the group H = (a) x U. The group H
is amenable and Gromov-hyperbolic when endowed with the word metric
| - |s with respect to S. Denote by Bg(n) the closed ball of radius n centered
at eq.

The following lemmata come from [10] and allow us to estimate distortion
of (U,d) inside (H, |- |s). Notice in particular that only the upper bound
needs to have a homothety.

LEMMA 4.1 ([10, Lemma 4.7]). — For m > 0, we have:
a~™(Q) C Bs(2m+1)NU.

LEMMA 4.2 ([10, Lemma 4.8]). — There exists C' > 0 such that for all
x € U, there exist i,j € N with j < C and z1,...,x; € Q such that
r=a'z;...zj0" and 2i < |z|s + C.
ProprOSITION 4.3. — There exists C > 1 such that for all x € U:
CTIalels o < oazlls,
Proof. — Let m be such that z € a=™(Q) \ o= ™" (Q). Hence |z|s <

2m + 1 and:
2] =A™ > Az (lzls—3)
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Write © = a1 ... z;a’ as a word in the alphabet S given by Lemma 4.2.
Then as an element of U we have z = a~%(z; ... z;) and so:

]l = Az ...z;] S A< Azlels, O

LEMMA 4.4. — Let Q denote the Hausdorff dimension of the metric
space (U, d).

(1) The Haar measure on U is equivalent to the Q-Hausdorfl measure

of (U,d).
(2) Let Ay denote the modular function of H. Then we have:

AH(Q) = )\Q.
Proof.

(1) . — Fix some left-invariant Haar measure p on U. Then the measures
ok on U are also left-invariant for & € Z. Such measures are unique up
to positive scalar, so there exists some s € R} such that ok = sk for all
k € Z. We now show that p is an Ahlfors Q-regular measure. For this, let
r>0and k € Z so that \¥ < r < M\+L. We have:

p(B(AM)) < u(B(r)) < p(BA)).
Since a is a homothety, we have B(A\*) = a=*Q and thus

p(B(AY)) = alp(Q) = " u(Q).

We have p(€) < oo since p is a Radon measure (and £ is compact, because
d is a proper metric) and p(€2) > 0 because ) contains an open set as d
metrizes the topology of U. From this we deduce that there exists C' > 0
such that:

ClrEs < u(B(r) < Cries,
This implies that p is Ahlfors (1222 )-regular and that the Hausdorff dimen-

log A
sion @ of the metric space (U, d) must satisfy Q = llggf\, that is s = \?.
(2). — Since the groups U and («) ~ Z are unimodular, the modu-

lar function of the semi-direct product H = {(a) x U is computed by the
following formula. For any measurable set E in U we have:

u(a~ () = Au(@)u(E).
For E = Q we have 0 < () < 0o and:
Anr()u(@) = pla~(2)) = awu(®) = X2u(Q),
since in the proof of (1). we showed that s = A?. Hence Ay (a) = A\?. O
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4.2. Growth estimates for Heintze groups

We can now obtain an upper bound on the operator norms of the action
mo of R on the space H} (H,, LP(H,)). In fact we will only do it for the
restricted action of the torus A7, but this will be enough for our purposes.
We come back to the usual Lie theoretic setting and use the usual notation.
Our first task is to show that we can apply the results from the previous
subsection. Fix s € S, such that A := |y(s™!)| > 1 for the rest of the
section.

PROPOSITION 4.5. — There exists a proper, left-invariant metric d-, on
U, so that conjugation by s is a homothety of ratio A~! on the metric space

(U, dy).

Proof. — In the real case, U, is a Carnot group for the gradation on its
Lie algebra Lie(U,) = @aeqﬁ’nv(a)w go given by

gk = @ Ja

a€dt n, (a)=k

for k£ > 0. This means that Lie(U,) is generated by the subspace g;. This
is shown for instance in [35], see there Lemma 3.8 and the discussion at
the end of Section 3.4. Since U, is a Carnot group, it carries a Carnot—
Carathéodory metric [26, p. 3], which satisfies the conditions of the Propo-
sition [26, p. 4].

Suppose now that the local field F' is non-Archimedean, consider its ring
of integers O and let Q be the compact-open subgroup Ha€<1>n7>o 0,(0).
Notice that ;5 sP.Q = {ey, } and Ur<o s*.Q = U,. These two conditions
allow us to define a valuation v(z) = sup{k € Z,z € s*.Q} for x € U,.
Since € is a subgroup, it satisfies the inequality v(zy) > min{v(z),v(y)}
for all z,y € U,. We may define the norm

]l = A7,

on U, and the distance d.(z,y) = ||z~ 'y, for all z,y € U,. The distance
d on U, satisfies the ultrametric inequality, is left-invariant and satisfies:

dy(s-z,s-y) = /\_1d7(x,y)

for all z,y € U,. 0
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Remarks 4.6.

(1) The construction in the non-Archimedean case also works for a
group U with compact neutral component U? and with a com-
pacting automorphism «, meaning that there exists some compact
subset € such that for any compact subset K C U, there exists kg
such that for all k& > kg, we have o (K) C Q. By [11, 4.5.ii], we may
choose 2 to be a compact-open subgroup such that o*(2) C Q for
all k > 0. If L =50 a¥(£2), then our proof defines a U-invariant
distance on U/L that satisfies the ultrametric inequality and for
which the automorphism induced by « on U/L is a homothety.

(2) We can also consider this construction when U, is a real Lie group
by replacing ) with a product of compact intervals containing 0.
A minor problem arises from the fact that in this case  is not a
subgroup, so the corresponding valuation will only satisfy v(xy) >
min{v(x),v(y)} — C for some constant C' > 0. Thus the formula
|z]l, = e ¥®) defines only a left-invariant quasi-metric d.. This
can be salvaged by considering a power df of d, for 0 < a <1
sufficiently small. The main problem is that we do not have a good
control of the Hausdorff dimension of this metric (it can be really
big), as opposed to the Carnot—Carathéodory metric, which has
minimal dimension in the conformal gauge of 0H.,.

Suppose again that F is a (real or non-Archimedean) local field. We
will consider a function that is Lipschitz-equivalent to the metric d, and
easier for computations. To construct it, we first identify S,-equivariantly
each factor U, to g, endowed with some vector space norm |- |, (in the
non-Archimedean case, we choose these norms to be compatible with the
absolute value | - | on F' such that Hausdim(F,|-|) = 1 in the sense that
|zv|q = |z||v]q forall z € F and v € go). We decompose an element = € U,
in coordinates x = (xa)ae%po, where z,, € U,, and define:

N, () = max{|z,|"/™ o € >0}

In this way N,(s.z) = max{|a(s)za|/™ (), a € ®, -0} = A7IN,(z) for
allz € Uy. Indeed, as s € Sy = [\, ¢x\ (4} ker o, we have |a(s)| = Iy ()| (@)
and |a(s)|V/™ (@) = |y(s)] for all o € ®,, ~¢. As the function N, is positive
on U, \ {1} and s acts on it as a homothety of ratio A=, the left-invariant
function N, (z,y) = N,(z~'y) is Lipschitz-equivalent to the metric d,.
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Using the function N, we may compute the Hausdorff dimension @, of
the metric space (U, d,). Indeed, we have:

Q'y — Z Hausdim(go“ | . ;/”w(a)) = Z nw(a)m(a).

ae‘bnw>o CKE‘I’”,Y>(]

For g € A7 define:

— 1/ny ().
loll = maxc(Ia(g)/"/" )

LEMMA 4.7. — There exists C > 0 such that for all g € A" and all
z,y € Uy, we have:

d'y(g~$7 g~y) < C||g||,ydy(x, y)

Proof. — Directly from the definitions of N, and ||g|, it follows that for
all g € AY and = € U, we have N, (g - z) < ||g||,N(z). Since N, and d,
are Lipschitz-equivalent, there exists ¢ > 0 such that (1/¢)d, < N, < cd,
and hence

dy(g-,9-y) < cNy(g.x, 9.y) < cllgll Ny (z,y) < Allgllydy(z,y). O

The main result of the section is the following:

THEOREM 4.8. — There exists a constant C = C(p,~y) > 0 such that
for all g € A7:

lIma(@IIY, < Cllg™ 115"

Remark 4.9. — This inequality is optimal (up to the constant C' > 1) in
the case of G = SL(r + 1, R) with simple root v = e; — 2. Indeed, we have
My 14y = SL(r,R) acting on U, = R" by the natural linear action and
Q~ = r. The space V,, may be identified (as a continuous My ,3-module)
with the Besov space B;é,p (R™), that is, the Banach space of measurable
functions v : R — R such that

— ()P
luly = / lu(z) = u(@)P u(x)| dz dz’ < oo,
P R" xXR™ d(.’lf,l‘/)27

modulo constant functions [25, 5.2]. For g = diag(2'=",2,...,2) € My 141,

we construct the function u € B,T),/I?(RT) such that u(xz) = 1 on the cube
Q1 = [1,2]" and u(z) = 0 on the cube Qy = [-2,—1] x [1,2]"~! disjoint
from @) and restricting the previous integral to @)1 X Q2 we may see that
Imo(g™)ulls, 2 g™ II"llullf, -
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After combining the inequality in Theorem 4.8 with Proposition 3.1, we
obtain the following corollary.

COROLLARY 4.10. — There exists a constant C = C(p,~y) > 0 such that
for all g € A7:
(@)Y, < CAR () g™ 15
In particular:

e any g € A" such that Agy (g)*ng*ng” < 1 is m,-contracting for
every p > 1,

e any g € A7 such that ARw(g)_ng_1||$” < 1 is m,-bounded for
every p > 1.

In order to prove Theorem 4.8 we apply results from the previous sec-
tion to the group U = U, with its left-invariant metric d = d, and the
automorphism « is conjugation by some non-trivial s € S, such that
A~1:=|v(s)| < 1. The main idea of the proof is to use the cocycle relation
at each step of a word as in Lemma 4.2 and compute the contribution of
each step using Lemma 4.4.

Proof of Theorem 4.8. — Here we replace H, with its cocompact sub-
group (s)xU,. Let pg. be the right regular representation of H, on LP(H.).
As H., is compactly generated, with compact generating set S = {st1}xQ,
we may consider Z'(H.,, L?(H.,)) as a Banach space with norm [|bs, =
sup,cg ||b(@)]p- Let b € Z1(H,, LP(H,)). Since the action by conjugation
of RY on H,, preserves the volume, we have:

1

Imo(g)blls.p = sup llblg™"zg) [,

Fix some z € S. We suppose that = € {s} x, the situation being similar
for x € {s71} x Q. Write z = ys, with y € Q. Lemma 4.2 says that there
exist C > 0 and n,j € Nwith j < C and z1,...,z; € Q such that

—1 —-n n
g yg=s "x1...755",

and 2n < |g~tygls + C.
Let s; € S be the i-th term (in the alphabet S), from left to right, of the
word
g tzg=s"x .. .xj5”+1.

More precisely,

s~1 for 1 <i < n,
$i =8 xi—p, forn+1<i<n+y,
S forn+j+1<i<2n+5+1.
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Let h; = s1...s; for all i > 0 and hg = 1. Iterating the cocycle relation for
b yields:

2n+j+1
bg'zg) = > pm, (hio1)b(s:).
i=1
From here we obtain:
2n+j5+1 2n+j5+1
b9~ eg)llp < D llom, (him1)b(si)llp = Z A, (hiza) ™ P |b(s3) -

i=1
Using Lemma 4.4, we have that:

@ for1 <14
Ap, (s) " =<1 for n + 1

+ I /A
/N //\

3

+

ol

A9 forn4+j+1<i<2n+j+1
Thus
Ai@y for 1 <i<n,
A, (b)) ' =<1 forn+1<i<n+j,
A@HIHI=0Cy for 4 j1<i<2n+5+1
Hence:

n

n
lo(g™ 2g)llp < YA D Pbllsp + CA" Dbl + Y AP bl
k=0 k=0

<O b5,

where C7 = 2
we obtain

W + C. Using 2n < |g~'yg|s + C and Proposition 4.3

A" < AT 9SO < Oyl ygl

Since g € A7, Lemma 4.7 says that ||g~ ygll, < Csllg™* |||yl We have
that y € , so ||ylly < 1 and A" < Cy]lg |- From this we may conclude
that:

1

lImo(g )bllsp—supllb(g z9)llp < Csllg™H I/ 1]l s.5-

Hence [||mo(g)lll 21z, ,2v (1)) < C’5Hg_1||f,2”/p and the operator induced on
the quotient Banach space V, = HZ(H.,, L?(H,)) has smaller operator

norm:

limo(9)lllv, < Csllg™ 157 3
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5. Existence of contracting elements for simple groups

In this section we want to show existence of 7,-contracting elements as in
our vanishing criterion (Theorem 3.10) via our estimate (Corollary 4.10) for
simple groups appearing in the statement of Theorem 1.2. We first translate
the condition of Theorem 3.10 in combinatorial terms as an inequality
depending only on a root system and the multiplicities of the roots. Then,
using the classification of simple algebraic groups over local fields in its
more classical form (in the sense that we give a full list of the groups in the
classification), we obtain Theorem 1.2 thanks to a case-by-case verification
of the inequality. We sum up these results in tables. Taking into account
multiplicities explains why we cannot stand only by the root system and
why we go back to classical presentations.

We conclude this section by obtaining Corollary 1.4 as a byproduct of
this combinatorial study and by comparing our results with those from [8].

5.1. Combinatorial reformulation

Corollary 4.10 says that to guarantee the existence of m,-contracting
(resp. mp-bounded) elements, it is enough to compute the term

Apa(g) g™ § for g € A7
and see that this term is < 1 (resp. < 1). In practice, mp-bounded elements
that are not m,-contracting appear only in some exceptional low rank cases.
Our next goal is to write the expression Ag-(g)~!|g7!||¥” in terms of

root systems. We may begin with A g~ (g). For g € A7, the modular function
of RY can be expressed as:

A9t = ] ledg)™.
a€(®n\ ()"

Choose some simple root 0 € ¥,0 # . Let g € A7 N ﬂTGE\{%J} ker 7 such
that |o(g)| > 1. This choice is made so that the subgroup P, of R is big.
Indeed, g commutes with U, for all 7 € ¥\ {~, 0}, therefore P, D> U, for
all 7 € ¥\ {7, 0}. The modular function of g may be expressed as follows:

Api(g)~ = I1 o (g)|"e (e,

a€Prn,>0N(Px\(43)F

On the other hand, since g € ﬂTGE\{%U} ker 7, we have that:

la(g)| = [v(g)[" o (g)|" ()
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for all & € &1, so that:
lglly = [7(g)] max {|o(g)[ @/ ()},

Py >0

Thus the condition Ag~ (g)||g||§,?7 < 1 is equivalent to:

S () > QW( - {ng<a>}+1og|v<g>|)_

AEPn, 50N (Pry (1)) T a€®n, >0 [ ny(a) log [o(g)]
ne 5

Since g € A7, the terms log|7(g)| for 7 € ¥ satisfy a non trivial linear
relation. Moreover, g € nTEE\{'y o} ker 7, so that log|y(g)| depends linearly

on log |o(g)| and thus % =: C, is a constant that depends only on
the root system ® and not on the choice of g. We proved the following

criterion:

PROPOSITION 5.1. — Let 01,09 € £\ {7} be two distinct simple roots
satisfying:

> e > @ (e {2 C,)

AEPn, 50N (Pey\(43) T

for i = 1,2, with at least one of the two satisfying strict inequality. Then
hypotheses of Theorem 3.10 are satisfied.

Remark 5.2. — The left-hand side and the constant @), depend on the
root system ® and the multiplicities of the roots. On the other hand, the
second factor of the right-hand side depends only on ®.

5.2. Vanishing in degree 2 for classical simple groups

We start a case-by-case study of simple algebraic groups over a local field
F to find those that satisfy the conditions of Proposition 5.1. We restrict
ourselves to the so-called classical groups, leaving the exceptional groups
aside.

Classification of classical simple groups over local fields. Let F'
be a local field. We recall some parts of the classification of (absolutely)
simple algebraic groups over F up to isogeny (see [33] for the classifica-
tion in the more general algebraic group setting, [18] for the real case
and [34] for the non-Archimedean case). We do not need the full power
of the classification via Satake diagrams as we only use its phrasing in clas-
sical terms. This means that we look at the associated ordinary Dynkin
diagrams and take into account multiplicities. The classification result is
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that, apart for groups of exceptional type, the only sources of families of
simple algebraic groups over F' are the groups SL,, and, in the terminology
of [2, 23.8], groups preserving (€, o)-hermitian forms. The latter split into
symmetric, skew-symmetric, hermitian and skew-hermitian forms and al-
low to deal with them in a uniform setting. This classification result applies
both to the real and the non-Archimedean setting, though the restrictions
on the parameters of the forms are different in each case (in most cases,
the non-Archimedean case is more restrictive, except for SL,, and the skew-
hermitian case).

We now list the families of all (isogeny classes of) classical absolutely
simple algebraic groups over F of split rank r. Our list is based on [34, 4.4],
though that list only concerns the non-Archimedean case. For the real
groups we mention, we compare each situation with the list in [18, X,
p. 532-534].

e The special linear group SL,1(D) over D, where D is a d*-dimen-
sional central division F-algebra. In the real case, d =1 or d = 2,
corresponding to SL,11(R) and SL,; (H). In the non-Archimedean
case there is no restriction on d.

e The special unitary group SU(h) of a hermitian form h in n variables
and Witt index r over a quadratic extension of F. In the real case
there is no restriction on n and r, giving the groups SU(r,n — 7).
In the non-Archimedean case, 2r < n < 2r + 2.

e The special orthogonal group SO(gq) of a quadratic form ¢ in n
variables and Witt index r. In the real case there is no restriction
on n and r, giving the groups SO, ,,—(R). In the non-Archimedean
case, 2r < n < 2r + 4.

e The symplectic group Sp,,.(F).

e The special unitary group SU(E) of a quaternion hermitian form
h in n variables and Witt index r. In the real case there is no
restriction on n and r, giving the groups Spy,. 5(,—)(R). In the
non-Archimedean case, the Witt index is always maximal, that is,
n =2r or 2r + 1.

e The special orthogonal group SO(q) of a quaternion skew-hermitian
form ¢ in n variables and Witt index r. In the real case we have n =
2r or 2r + 1, giving the groups SO*(2n). In the non-Archimedean
case, 2r < n < 2r + 3.

Statement of the vanishing theorem. The result we will prove is the
following:
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THEOREM 5.3. — Let G be SL(4, D) or one of the simple groups listed
above with split rank r > 4. If G is not of type Dy, there exists a simple
root «y such that H% (G, LP(G)) = {0} for all p > max{1, Confdim(0H,)}.

In order to prove this theorem, we need to verify the conditions of Propo-
sition 5.1. For this, we need to choose a simple root 7 to construct our para-
bolic subgroup and then two simple roots o1, 09 € ¥\ {7} to construct two
contractions. Each simple root v € ¥ partitions the set of positive roots ®*
into two disjoint sets, ®,,_~o and ®x\,y. The idea is to choose 7 so that
|®r_ >0/ is as small as possible and |®x (4} is as big as possible (in the cor-
responding Dynkin diagram, this is done by choosing an extremal vertex).

Root systems. We will start by computing the quantities in the in-
equality of Proposition 5.1 that depend only on the root system ®. This is

the constant:
Dai — max {W} +Cai-
o<€<1>n,y>o TL,Y (O[)

The constant D, is computed in Table 5.1 for the infinite families of
root systems.

We now explain the contents of Table 5.1. The columns are indexed by
the five infinite families of root systems: A,, B,., C,., BC, and D,..

In the first line, we describe the classical choice for the real vector space
V = X (S)®R so that the root system ® is described as in [5, VI, Planches I-
IV] with simple roots 71, ..., 7. In the second line we describe our choice of
simple root v € 3, written in terms of the natural description in coordinates
of each root system. The third line computes the constants n,(«) for a €
®,,_~0. The fourth line describes the linear equation we choose so that the
ambient space X (A7) ®R of the sub-root system ®x (3 of A7 sits naturally
inside the ambient space V of .

In the next part of Table 5.1, we first list our choices for o and os.
We then compute the preliminary constant C,, thanks to the equation for

No, ()
ny>0 L n, Oz)
quires to first compute n,, (a) for a € ®,,_~¢ (this can be found in [5, VI,
Planches I-IV]), we only recover the final result in Table 5.1. The compu-

tation of D,, amounts to add the two last rows.

A7 that we computed before. The computation of max,cqe } re-

Multiplicities. The multiplicities of the roots in each of the six families
listed above are represented in Table 5.2 and can be found in [2, Chap-
ter V, 23].
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Table 5.1. Root systems and the constant D,

%

B,

Cr

BC,

D,

V=XS)®R

{61+(ig+...+er+1:0}

R"

R”

R

R

Choice for v

Tl = €1 — €3

TL = €1 — €2

Tl = €1 — €2

T1 = €1 — €9

Tp = €1 — €2

ny(a) for a € @, 50 | 1 1 ny(2e1) =2, else 1 | ny(2e1) =2, else 1 | 1

Equation for A7 S (r+1—d)7m =0 S Ti=0 Sl on 4 =0 | Y 7=0 S T 47 =0
Choice for o Ty = €9 — €3 T =€ T = 2e, T =€ Tr = €p—1+ €

Co, —(r—=1)/r -1 ~1/2 -1 ~1/2

maxaes, o f o 1((:>) IR 2 1 2 1

D,, 1/r 1 1/2 1 1/2

Choice for o5 T3 = €3 — €4 Tre1=€—1—€r | Tr—1 =€r_1 — € Tr—1 = €r_1 — €p Tr—1 = €r_1 — €

Cy, —(r—2)/r -1 -1 -1 ~1/2

maxaes, o f o 2(((?}) IR 2 2 2 1

D,, 2/r 1 1 1 1/2
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Table 5.2. Multiplicities of roots in terms of classical presentations

SL,11(D) | SU(h) SO(q) | Spy,(F) | SU(R) SO(q)
e; —ej | d? 2 1 1 4 4
ei+ej |0 2 1 1 4 4
€; 0 2(n—=2r) |n—=2r |0 4(n —2r) | 4(n — 2r)
2e; 0 1 0 1 3 1

We rewrite the inequality appearing in Proposition 5.1 as follows:

D;I Z Ne, (a)m(a) > Q5.
(XE‘I’HUZ_ >0ﬁ(¢’2\{7} )+
In Table 5.3, we compute the two sides of this inequality using the mul-
tiplicities appearing in Table 5.2 for the choices of 7,01 and o3 made in
Table 5.1. More precisely, we first compute the dimension

@y = Hausdim(Uy, | - |,) = Z ny(a)m(a)

a€Pn, >0

and then the term appearing in the left hand side

M; = Z N, ()m(a)
A€Pn,, >0N(Pxy {43)
for our choices of roots o1 and os. The line called LHS for o; contains the
term
D;'M; =D} Z Ny, (@)m(a).
Q€@ 50N (Pxy ()

For groups preserving some type of form, n denotes the number of variables
of the form and the F-rank r of the group coincides with its Witt index.

Y

In the line “Inequality for o;” we recover the conditions on 7 so that the
condition in Proposition 5.1 is satisfied for oy or o3. Items having two lines
correspond to quantities that change depending on the root system of the
group (the only line that does not follow this is the line “Inequality for o;”

where conditions on the rank are slightly more complicated).

Proof of Theorem 5.3. — By looking at Table 5.3, we see that the in-
equality of Proposition 5.1 is satisfied for both roots o7 and oy for r > 4
in all cases, except for SO(q) where ¢ is a quadratic form in 8 variables
and Witt index 4. For G = SL(4, F), there is strict inequality for o7 and
equality for o,. Hence we can apply Theorem 3.10 and conclude using
Corollary 2.8. O
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Table 5.3. Computation of Q. and )

no, (@)m(a)

A€EPn,, >0N(Pxy (43) T
SLy.41(D) SU(h) SO(q) Spa, (F) SU(h) 80(a)
Root 4 C,ifn=2r D, if n=2r c C,ifn=2r C,ifn=2r
system " BC, if n > 2r B, if n > 2r ! BC, if n > 2r BC, if n > 2r
Q- rd? 2n —2 n—2 2r an — 2 4n —6
1/2 1/2 1/2 1/2
D,, 1/r / / 1/2 / /
1 1 1 1
—1)2 —1)(r—2 - 1)(@2r-1 —1)(2r-3
" e |0 D=2 | [eener-n |- Der=3)
2r—1)(n—r—-1) (r—=1)(n-r-2) 2r—1)(2n—2r —1) | 2(r —1)(2n — 2r — 3)
LHS for o1 | r(r — 1)d? 2r—1)(n—r—1) (r—=1)(n—-r—-2) r(r—1) 2r—1)2n—2r —1) | 2(r —1)(2n — 2r — 3)
r>3 rz4ifn—2r=0,1|r>=5 (equality r=4) | r >4 r>4ifn=2r r>4ifn—-2r=0,1
Inequality | (equality for r>3ifn—2r>2 if n=2r (equality r=3) | r>3ifn—2r>1 r>3ifn—2r>2
for oy r=2) r>4ifn—-2r=1,2
r>3ifn—2r>3
1/2
D, 2/r 1 1/ 1 1 1
. -1 —2)/2
Mo 2(r — 2)d? 2n—1r)(r—2) (r=1r-2)/ (r—2)(r+1) |20—-2)@2n-2r+1) | 2(r—2)(2n—2r—1)
(r—=2)(n—r—1)
LHS for o2 | r(r — 2)d> 2(r—2)(n—r) (r—=2)(n—r—1) (r—2)(r+1) 2r—=2)2n—2r+1) | 2(r—2)(2n—2r — 1)
r>4 r =5 (equality r = 4)
Inequality . X
(equality r =3) | r >4 if n=2r, r>4 r>4 r>4
for oo

r > 4 otherwise
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5.3. Uniform vanishing for admissible simple real Lie groups

In [8], Bourdon and Rémy obtain vanishing of LP-cohomology of many
real simple Lie groups in many degrees, for values of p depending on the
degree in question. The groups for which their result applies are the simple
Lie groups for which there exists some maximal parabolic subgroup such
that its solvable radical is isometric to some real hyperbolic space of di-
mension d, for some d > 2. They call these groups admissible. We state
their vanishing result for degree 2.

THEOREM 5.4 ([8, Theorem 1.4]). — Let G be an admissible simple real
Lie group. Let d be the dimension of the real hyperbolic space associated
to G. Then

9 d—1
H,(G,1/(G)) = {0} for p< “ .

Their result gives vanishing of the second LP-cohomology group for small
values of p > 1. On the other hand, when F' = R or C, Theorem 5.3 gives
vanishing of the second LP-cohomology group for large values of p. In this
section, we address the question of when these two results combined give
vanishing for all p > 1.

In combinatorial terms, the admissibility condition amounts to ask that
there exists some simple root o such that the coeflicients n,(«) are 1
for all roots a« € ®,_-0. Such a simple root is called a good root. In
this case the group H, is the real hyperbolic space of dimension d, with
d —1 = @Q,. Then the previous cited theorem gives vanishing for p <
max{Q,, o good root}/2. Theorem 5.3 gives the desired vanishing for p >
Q~, where 1y is our choice of simple root, as in Table 5.1. Then the condition
we need to guarantee that HZ (G, LP(G)) = {0} for all p > 1 is

Q~ < max{Q,, o good root}/2.

Our choice of simple root v was made so that () is small, in particular in
all our choices (), grows linearly with the rank r of the group G. The pre-
vious inequality has chances to be satisfied for many groups of large rank,
since there exists often some good root ¢ such that @, grows quadratically
with r. More precisely, such a root exists in the root systems A,., C,. and D,.
but not in B,. The following corollary is obtained using the computation
of Q- present in Table 5.3 and the computation of max{Q,, o good root}
that can be found in the tables [8, p. 1319 and 1320].
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COROLLARY 5.5. — Let G be one of the following admissible simple Lie
groups: SLT‘(R)1 SLT‘ ((C)7 SLT’(H)? Sp2r (R)’ Sp2r (C) withr > 77 or SUT,T(R)’
SPay.2-(R), SO, (R), SO2,.(C), SO*(4r) with r > 8. Then:

H%(G,L*(G)) = {0} forall p> 1.

Remark 5.6. — The only classical families of admissible simple real Lie
groups missing in this corollary are SO2,41(C) and SO, ,_,(R) with n >
2r. These are the admissible groups with (restricted) root system B,.. We
cannot obtain vanishing for all p > 1 for these groups by complementing
our results with those from [8] because our choice of v is in fact the only
good root in the root system B, and it is not possible to have @, < Q~/2.
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