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ASYMPTOTIC COARSE LIPSCHITZ EQUIVALENCE

by Bruno M. BRAGA & Gilles LANCIEN (*)

ABSTRACT. — We introduce the notion of asymptotic coarse Lipschitz equiva-
lence of metric spaces. We show that it is strictly weaker than coarse Lipschitz
equivalence. We study its impact on the asymptotic dimension of metric spaces.
Then we focus on Banach spaces. We prove that, for 2 < p < oo, being linearly
isomorphic to ¢ is stable under asymptotic coarse Lipschitz equivalences. Finally,
we establish a version of the Gorelik principle in this setting and apply it to prove
the stability of various properties of asymptotic uniform smoothness of Banach
spaces under asymptotic coarse Lipschitz equivalences.

RiESUME. — Nous introduisons la notion d’équivalence asymptotiquement gros-
siérement Lipschitz entre espaces métriques. Nous étudions son impact sur la di-
mension asymptotique des espaces métriques. Ensuite, nous nous concentrons sur le
cas des espaces de Banach. Nous montrons que, pour 2 < p < oo, étre linéairement
isomorphe a £, est stable par équivalence asymptotiquement grossiérement Lip-
schitz. Enfin, nous établissons une version du principe de Gorelik dans ce cadre et
I’appliquons pour prouver la stabilité de plusieurs propriétés de lissité asymptotique
uniforme des espaces de Banach par équivalence asymptotiquement grossiérement
Lipschitz.

1. Introduction

As Banach spaces are normed linear spaces, linear isometries are the cor-
rect kind of equivalence if one wants to keep a complete track of all aspects
of Banach spaces. After linear isometry, linear isomorphism is the next
natural equivalence between Banach spaces which still keeps track of their
linear structure; and this is usually the notion of equivalence Banach space
theorists are more concerned with. However, Banach spaces are in particu-
lar metric spaces, so (nonlinear) isometries and even Lipschitz equivalences
are also natural notions to consider. For a long time, understanding the
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2 Bruno M. BRAGA & Gilles LANCIEN

minimal properties a certain notion of equivalence can have (e.g., preserve
the metric, the uniform structure, coarse structure, etc.) and still generate
an interesting theory has been the topic of intensive study for research in
Banach space theory (e.g., [12, 13, 18, 19, 24, 28, 29]). The first milestone
in this area is probably the Mazur—Ulam theorem, which says that (non-
linear) surjective isometries between (real) Banach spaces which preserve
zero are automatically linear (see [24]). In the ’70s, Enflo showed that the
linear structure of Hilbert spaces is determined by a much weaker notion: as
long as a Banach space X is uniformly equivalent to £, it must be (lin-
early) isomorphic to it (see [12, Theorem 6.3.1]). In the last few decades,
researchers have been interested in an even weaker notion, called coarse
Lipschitz equivalence, which is an equivalence that only takes into account
large scale geometric aspects of the spaces (the precise definition will be
given in the next paragraph). As we explain in details below, this paper is
concerned with an even weaker notion of large scale equivalence between
metric spaces which turns out to still be strong enough so that many linear
aspects of Banach spaces can be recovered from it.

The large scale geometry of metric spaces is often regarded as the study
of metric spaces by observers positioned very far away from the objects of
interest. In this sense, the local geometric aspects are not of interest and
global aspects are the focus of the study. One of the main consequences of
this approach is that different events happening at a uniformly bounded
distance from each other should be treated as being “morally” the same.
To formalize this, we have the concept of closeness between maps into a
metric space. Precisely, given a set X, a metric space (Y,d), and maps
f,9: X =Y, we say that f is close to g, and write f ~ g, if

sup O(f(z),g(x)) < oo.
zeX

So, ~ is an equivalence relation between maps from X to Y which weakens
the relation of equality. Moreover, if (X, d) is also a metric space, then a
function f: X — Y has a modulus of uniform continuity wy: [0,00) —
[0, 0] given by

wy(t) = sup{0(f(x), f(2")) | d(z,2") <t} forallt>0.

The map f is then called coarse Lipschitz if wy is bounded above by an
affine function, i.e., if there is L > 0 such that

wr(t) < Lt+ L forallt>0.

) I.e., there is a bijection X — £ which is uniformly continuous and so is its inverse.
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ASYMPTOTIC COARSE LIPSCHITZ EQUIVALENCE 3

The map f is called a coarse Lipschitz equivalence if it is coarse Lipschitz
and there is a coarse Lipschitz map g: Y — X such that go f and fog
are close to the identities Idx and Idy, respectively. A coarse Lipschitz
equivalence is also often referred to as a quasi-isometry in the literature;
especially in geometric group theory.

The main focus of this paper is to study a weakening of the closeness
relation as well as the large scale geometry induced by it. Moreover, our
study will have a special focus on Banach spaces. Precisely, the following
is the main novel definition in these notes.

DEFINITION 1.1. — Let (X,d) and (Y, 0) be metric spaces. We say that
maps f,g: X — Y are asymptotically close, and write f ~, g if, for some
zo € X, we have that®

L 0(f(a),g(@)

z—r00 d<$7330> =0

We adopt the convention that the above limit is always 0, when X is a
bounded metric space. In other words, if X is bounded, two maps f,g: X —
Y are always asymptotically close.

It is evident that the definition above is weaker than the one of closeness
and that it is independent of the point zy above (Proposition 2.2).

DEFINITION 1.2. — We say that metric spaces X and Y are asymptoti-
cally coarse Lipschitz equivalent to each other if there are coarse Lipschitz
maps f: X =Y and g: Y — X such that go f and f o g are asymptot-
ically close to Idx and Idy, respectively. The map f (and g) is called an
asymptotic coarse Lipschitz equivalence.

Note that if X and Y are bounded, the above assumptions are satisfied
by any maps f: X - Y and g: Y — X.

We show that asymptotic coarse Lipschitz equivalence is an equiva-
lence relation in the class of metric spaces (Proposition 2.6). Notice that
a coarse Lipschitz equivalence f is always an asymptotic coarse Lipschitz
equivalence. The converse implication is however not true, as we see in
Example 2.7 below. In fact, being asymptotic coarse Lipschitz equiva-
lent is strictly weaker than being coarse Lipschitz equivalent: there are
asymptotically coarse Lipschitz equivalent metric spaces X and Y which
are not even coarsely equivalent; see Example 2.9 for an example where
AsyDim(X) # AsyDim(Y) and Proposition 2.11 for a more sophisticated

(2) Here “z — 00” means that “d(z,x9) — oo™
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4 Bruno M. BRAGA & Gilles LANCIEN

example where AsyDim(X) = AsyDim(Y) (where AsyDim stands for as-
ymptotic dimension, see Section 2.2 for definitions).

Then, we focus on asymptotic coarse Lipschitz equivalences between Ba-
nach spaces. Let us mention at this point that we do not know whether
two asymptotically coarse Lipschitz equivalent Banach spaces are necessar-
ily coarse Lipschitz equivalent (see Problem 3.2). However, we can extend a
number of results on coarse Lipschitz equivalences between Banach spaces
to the setting of asymptotically coarse Lipschitz equivalences. First, in Sec-
tions 3 and 4, we prove the following result.

THEOREM 1.3 (Proved as Corollary 4.6 below). — If a Banach space X
is asymptotically coarse Lipschitz equivalent to ¢,, for p € [2,00), then X
is linearly isomorphic to £,,.

In fact, we prove a stronger result. We show that the asymptotically
coarse Lipschitz structure of £,, ©---®{,, completely determines its linear
structure for all py, ..., p, € [2,00) (see Theorem 4.5). Our methods are not
enough to obtain the analogous result for p smaller than 2. This happens
since the usual midpoint argument used in this range is not enough for this
context (see Remark 4.4 below for a detailed discussion about that).

Finally, in Section 5, we establish a variant of the Gorelik principle for
asymptotic coarse Lipschitz equivalences. We apply it to show that some
asymptotic linear properties of Banach spaces are also preserved under as-
ymptotic coarse Lipschitz equivalences.®® To state our main result along
these lines, we start recalling the definition of asymptotic uniform smooth-
ness. Given a Banach space X, we denote by By its closed unit ball, Sx its
unit sphere and cof (X) the set of its closed finite-codimensional subspaces.
Then, we define the modulus of asymptotic uniform smoothness of X by
letting

px(T)= sup inf supllz+ 7yl —1
px(r)= swp | inf - sup o+ 7y

for all 7 > 0. The Banach space X is called asymptotically uniformly
smooth, abbreviated as AUS, if

tim 2x(7) _ g,
7—0 T

It is known that if X is AUS, then there are p € (1,00) and C' > 0 such that
px (1) < CtP for all 7 € (0,1) (see [23] or [27, Theorem 2.1]); in this case,

(3) We point out to the reader that the word “asymptotic” may be a little misleading
here. Indeed, while our choice for this word in the definition of our equivalences is
motivated by the notion of asymptotic closeness, ~~, asymptotic properties of Banach
spaces are usually properties which depend on finite-codimensional subspaces only.

ANNALES DE L’INSTITUT FOURIER



ASYMPTOTIC COARSE LIPSCHITZ EQUIVALENCE 5

X is called p-asymptotically uniformly smooth, abbreviated as p-AUS. Let
us also say that X is co-AUS (or asymptotically uniformly flat, AUF in
short) if there exists 79 > 0 such that gy (7) = 0 for all 7 < 79.

Notice that AUSness and p-AUSness are not isomorphic properties, so
equivalent norms may disagree on this matter. If a Banach space X has
an equivalent norm making it AUS, we say that X is AUSable. We define
p-AUSable analogously.

The following is our main result about preservation of asymptotic struc-
tures.

THEOREM 1.4. — Let p € (1,00] and let X be a p-AUS Banach space.
If a Banach space Y is asymptotically coarse Lipschitz equivalent to X,
then Y is p’-AUSable for all p’ € (1, p).

We point out that Theorem 1.4 cannot be improved to say that p-
AUSness is preserved by asymptotically coarse Lipschitz equivalence. In-
deed, Kalton showed that p-AUSness is not stable even under the stronger
notion of coarse Lipschitz equivalence (see [20, Theorem 5.4 and the fol-
lowing remarks on p. 170]).

COROLLARY 1.5. — Admitting an equivalent AUS norm (being AUS-
able in short) is preserved by asymptotically coarse Lipschitz equivalences.

We finish this introduction with a quick discussion about Theorem 1.4
above. For p € (1, 0], let us denote by T, the class of all p-AUSable Banach
spaces. In the literature of Banach spaces, one often studies some small
variations of the class T,; this is important both to better understand T,
as well as to pin down precise asymptotic properties which are preserved
by different notions of equivalences between Banach spaces. For p € (1, oo,
some of those variations on the definition of p-AUSness give rise to classes
of Banach spaces denoted by A, and N, (we refer the reader to Section 5.1
for precise definitions). Those classes are related by the following inclusions

T,CACN, C () Ty ifpe(l00),
p'<p
and Too CTAx =No € m Ty
p’'<oo
In Section 5, we actually prove a stronger technical result which, together
with the inclusions above, implies Theorem 1.4. Precisely, we shall prove
that, for p € (1, 00|, both classes A, and N, are preserved by asymptotically
coarse Lipschitz equivalences (see Theorem 5.7).

TOME 0 (0), FASCICULE 0



6 Bruno M. BRAGA & Gilles LANCIEN
2. Preliminaries
2.1. Basic properties

In this section, we prove several basic properties of the new definitions
given in the introduction. The material proved here will be used throughout
the rest of the paper and it serves as a warm-up for the reader to get used
to those new definitions. We start with a terminology which will be useful.

DEFINITION 2.1. — Let X and Y be asymptotically coarse Lipschitz
equivalent metric spaces and let f: X — Y and g: Y — X witness this
equivalence, i.e., f and g are as in Definition 1.2. We say that g is an
asymptotic coarse Lipschitz inverse of f and vice-versa.

PROPOSITION 2.2. — Let (X,d) and (Y,0) be metric spaces, and let
f,9: X =Y be maps. The following are equivalent:

(1) for some xg € X, we have that

o(f(x),9(x))

li =0;
00 d(z, x0) 0
(2) for all xg € X, we have that
0
i 20U 9@)

a0 d(x, xo)

Proof. — Suppose (1) holds for xp € X and fix 1 € X. First, if X has
finite diameter, the result follows immediately from our convention. If not,
then, for any « € X with d(z,z) > 2d(x1, zo), we have that

o(f(2), 9(x)) O(f(2), g()) O(f(x). g(x))
d(z,z1) S d(z,z9) — d(z1, ) <2 d(z, zp)

and the result follows. O

As mentioned in the introduction, asymptotic coarse Lipschitz equiva-
lence is an equivalence relation on the class of metric spaces. Since reflex-
ivity and symmetry are evident, we only need to notice its transitivity.
For that, we start by proving a preliminary result which will be useful
throughout these notes.

PROPOSITION 2.3. — Let (X,d) and (Y,0) be metric spaces, and let
f: X =Y and g: Y — X be coarse Lipschitz maps with go f ~, Idx.
For each vy € X and 6 > 0, there is L > 0, such that for all x,z' € X we
have that

ANNALES DE L’INSTITUT FOURIER



ASYMPTOTIC COARSE LIPSCHITZ EQUIVALENCE 7

d(z,2") > O max{d(z,x0),d(z', z0)}
implies

O(f(x), f&) > Jd(a,a’) ~ L.

Proof. — Suppose the proposition fails for g € X and 6 > 0. So, there
are sequences (Zp)n, (z,,)n, C X such that:
(1) d(zy,2},) > 0 max{d(zy, z0),d(z},, o)} for all n € N;
(2) O(f(zn), f(z))) < Ld(zp,2]) —nfor alln € N.
In particular, (2) implies that lim,, d(z,,z],) = co.
Let g: Y — X be coarse Lipschitz and such that g o f ~, Idx and fix

M > 0 such that
d(g(y),9(y")) < M(y,y') + M
for all y,y’ € Y. So, (2) above gives that

Ao (£(n))- (7)) < o, ) + M
for all n € N.
CLAIM 2.4. — Passing to a subsequence if necessary, we can assume
that
Ao(fea) ) < DT o)), ) < Do)
for all n € N.

Proof. — Tt is enough to show the claim holds for (z,),. Suppose first
that (), is bounded. In this case, as f and g are coarse, we must have
that (d(g(f(zn)),zn)), is bounded. Then, as lim, d(zy,z),) = oo, there is
ng € N such that

d(xy, ),
d(g(f(xn)),xn) < %
for all n > ng.

Suppose now (z), is unbounded. Then, passing to a subsequence, we
assume that lim,, d(x,,x¢) = 0. As go f ~ Idx, there is ng € N such

that

d(g(f (), 20) < 67EmT0)

3
for all n > ng. As d(zy,x},) is larger than 0d(x,, zg), we conclude that
d(xy, ),
a(g(f (). 2) < Wnen)
for all n > ng. O

TOME 0 (0), FASCICULE 0



8 Bruno M. BRAGA & Gilles LANCIEN

Passing to a subsequence, we now assume the previous claim holds for
(n)n and (2},)n. We then conclude that

%dm,x;) + M > d(g(f(xn), 9(F(2))))

> d(zn, 2,) — d(g(f(2n)), 2n) —d(g(f(27,)),27,)
S, dzn, 7))
- 3

for all n > ng. This gives us a contradiction since lim,, d(z,,z!,) = co. O

n

Next we isolate an immediate corollary of Proposition 2.3.

COROLLARY 2.5. — Let (X, d) and (Y, 0) be metric spaces and f: X —
Y be an asymptotic coarse Lipschitz equivalence. Then, for all xg € X
there is L > 0 such that

1
for all x € X. In particular, for all o € X we have that

lim 8(f(x),f(w0)) = 0.

T—00

PROPOSITION 2.6. — The asymptotically coarse Lipschitz equivalence
is an equivalence relation in the class of metric spaces.

Proof. — Reflexivity and symmetry of this relation are evident; so, we
only prove its transitivity. For this, let (X,dx), (Y,dy), and (Z,dz) be
metric spaces, and let f: X — Y and g: Y — Z be asymptotic coarse Lip-
schitz equivalences with asymptotic coarse Lipschitz inverses f': Y — X
and ¢': Z — Y, respectively. As f and f’ are coarse Lipschitz, fix L > 0
such that for all £ > 0,

Wf(t) th+L and (,Uf/(t) th‘i’L

Let us show that f o g o go f ~y Idx. For that, fix zg € X and notice
that

dx (J'(¢'(9(/(@)))). =)

dx (x, o)

ANNALES DE L’INSTITUT FOURIER



ASYMPTOTIC COARSE LIPSCHITZ EQUIVALENCE 9

for all x € X. By Corollary 2.5, we have that lim,_, ., dy (f(:v)7 f(a?o)) = 0.
Hence, since ¢’ o g ~o Idy, it follows that

dy (¢'(9(f(2))). f(x))

lim sup

T—00 dx(SC,SC())
z—00 dy (f(z), f(w0)) dx(x,x0)
< limsup dy (g/(g(f<x)))a f(l’)) . LdX(‘Tva) +L
T oo dy (f(z), f(x0)) dx (,0)

=0.
Therefore, as f’ o f ~ Idx, we conclude that

i DU (05 @)))). )

T—T0 dx (z, o)

=0.

This shows that f'og’ogo f ~o Idx and a completely symmetric argument
shows that go fo f/og’ ~ Idy. Since go f and f’og’ are coarse Lipschitz,
we conclude that X and Y are coarse Lipschitz equivalent. O

2.2. Some examples

Obviously, any coarse Lipschitz equivalence is an asymptotic coarse Lip-
schitz equivalence. In this section, we provide some nontrivial examples
of asymptotic coarse Lipschitz equivalences, i.e., examples which are not
coarse Lipschitz equivalences (see also Section 2.3 for other such example).
In fact, the examples will be spaces which are not even coarsely equivalent:
recall, (X, d) and (Y, 9) are coarsely equivalent if there are maps f: X =Y
and ¢g: Y — X such that both f and g are coarse, i.e., wy(t),wy(t) < oo
forallt > 0,and go f ~Idx and fog ~ Idy.

Example 2.7. — Asymptotic coarse Lipschitz equivalences do not need to
be coarse (Lipschitz) embeddings even in the class of Banach spaces; recall,
a coarse embedding (resp. coarse Lipschitz embedding) is a coarse equiva-
lence (resp. coarse Lipschitz equivalence) with a subset. Let f: R — R be
the identity map and g: R — R be the continuous piecewise affine function
determined by the following properties:

(1) g(x) =z for all x € [-2,2];
(2) g is constant on the intervals [2",2" + n] and [—-2" — n, —2"] for all
n eN;

TOME 0 (0), FASCICULE 0



10 Bruno M. BRAGA & Gilles LANCIEN

(3) ¢'(z) =1 on the intervals (2" + n,2"*1) and (—2"*1 —2" — n) for
alln € N.
Both f and g are clearly 1-Lipschitz and

[ = flg@)| = |z —g(f(2))| <1+ 4n
for all z in either [27,2"+1] or [-2"T1 —2"]. Therefore,
ngNooIdX and gofNooIdY
However, it is clear that
inf ||g(a:) — g(x’)” =0
lz—a’||=t

for all t > 0. So, g cannot be a coarse Lipschitz embedding even though g
is an asymptotic coarse Lipschitz equivalence. Moreover, it is clear that f

can be modified (similarly to the definition of g), so that f is not a coarse
Lipschitz embedding either.

Remark 2.8. — A map f: X — Y between Banach spaces is called al-

most uncollapsed if there is ¢ > 0 such that
m/'fH tHf - f(@")] >0

see [4, 30] for more on almost uncollapsed maps (we restrict this definition
to Banach spaces so that the condition “d(z,z’) = ||z —2'|| = t” is not vac-
uous). Notice that the requirement on the map f not collapsing distances
in the sense above is much weaker than the one of f being a coarse (Lips-
chitz) embedding (see [4, Proposition 2.5]). Example 2.7 shows much more
than the fact that asymptotic coarse Lipschitz equivalences do not need to
be coarse embeddings: they do not even need to be almost uncollapsed.

Although Example 2.7 shows that an asymptotic coarse Lipschitz equiv-
alence between X and Y does not need to be a coarse Lipschitz equivalence,
the spaces in this example, i.e., X =Y = R, are obviously coarse Lipschitz
equivalent. In the next example, we show that this does not need to be the
case: asymptotic coarse Lipschitz equivalence of metric spaces is strictly
weaker than coarse Lipschitz equivalence. Before presenting the example,
we recall the definition of asymptotic dimension. Recall that, if (X,d) is a
metric space and n € NU {0}, then X has asymptotic dimension at most
n € N if for all r > 0 there are families Uy, . . . ,U,, of subsets of X such that:

(1) X = U:l oUUeu

(2) d(U,V) = mf{dx y), (z,y) € UxV} >rforalie{0,..,5n}
and all distinct U,V € U;;

(3) supyey, diam(U) < oo for all i € {0,...,n}.

ANNALES DE L’INSTITUT FOURIER



ASYMPTOTIC COARSE LIPSCHITZ EQUIVALENCE 11

The asymptotic dimension of X, denoted by AsyDim(X), is then defined
to be the minimal n € NU {0} such that X has asymptotic dimension at
most n (we refer the reader to [25] for more on asymptotic dimension).

Example 2.9. — Consider
X={2"|neN} and Y ={@2%j)|neN, je{0,1,...,n}}

endowed with their canonical metrics. Then X and Y are asymptotically
coarse Lipschitz equivalent; but not coarse Lipschitz equivalent, in fact,
they are not even coarsely equivalent. Indeed, the maps f: X — Y and
g: Y — X defined by setting

f2")=(2"0) and  g(2",j) =2"

for all n € N and all j € {0,...,n} are clear witnesses of the asymptotic
coarse Lipschitz equivalence of X and Y. In particular, this implies that the
asymptotic dimension of metric spaces is not preserved under asymptotic
coarse Lipschitz equivalence. Indeed X has asymptotic dimension 0 and Y
has asymptotic dimension 1, while asymptotic dimension is preserved by
coarse equivalences and AsyDim(X) < AsyDim(Y) whenever X coarsely
embeds into Y [25, Proposition 2.2.4 and Theorem 2.2.5].

Remark 2.10. — As, under the optics of coarse geometry, {2” | neN } is
the smallest unbounded metric space,® Example 2.9 shows that containing
isometric copies of ({O7 o ,n})zozl imposes no restriction for asymptotic
coarse Lipschitz equivalences. On the other hand, containing a coarse copy
of N does impose some restriction. Indeed, it follows immediately from
Corollary 2.5 that if N coarsely embeds into X and X is asymptotically
coarse Lipschitz equivalent to Y, then there is a coarse (and therefore Lip-
schitz) map from N to Y with unbounded image. It is easy to see that such
a map from N to {2" | n € N} does not exist. Therefore, {2" | n € N}
cannot be asymptotically coarse Lipschitz equivalent to any metric space
containing a coarse copy of N.

2.3. A more robust example
As we have seen in Example 2.9, the notion of asymptotic coarse Lipschitz

equivalence is strictly weaker than the one of coarse Lipschitz equivalence.
In this section, we take a deeper look at this and accentuate this difference

(4) The word “smallest” is appropriate here since any unbounded metric space contains
a coarse copy of {2™ | n € N}.

TOME 0 (0), FASCICULE 0



12 Bruno M. BRAGA & Gilles LANCIEN

even further. In fact, Example 2.9 shows that there are metric spaces X
and Y which are not coarse Lipschitz equivalent, but are asymptotically
coarse Lipschitz equivalent. However, the space Y presented therein does
not even coarsely embed into X. Moreover, it is easy to notice that, for such
spaces, there is not even a coarse map Y — X which is also uncollapsed.(®)
In this section, we show that we can take asymptotic coarse Lipschitz equiv-
alences to be much more rigid and still not imply that the metric spaces
are even coarsely equivalent to each other (see Proposition 2.13).

Let (X, d) and (Y, 0) be metric spaces, and let f: X — Y be a map. For
each s > 0,

Bxp, (f) = inf{w ] o) > 5

(here we use the convention that inf () = 0o), and we let

Exp.(f) = sup Exp,(f).
s>0

Notice that, since Exp, increases as s increases, we have Exp_(f) =

limg o0 Exp,(f)-

PROPOSITION 2.11. — Let X and Y be metric spaces, and f: X — Y
and g: Y — X be coarse Lipschitz maps. If Exp_(go f) > 0, then f is a
coarse Lipschitz embedding.(®)

Proof. — If f is not a coarse Lipschitz embedding, there are (z,,), and
(zn)n in X such that

O(f(n). £ () < (s 20) =

for all n € N. In particular, lim,, d(z,, z,) = c0. As g is coarse Lipschitz,
there is L > 0 so that wy(t) < Lt + L for all ¢t > 0. Hence,

d(g(f(l‘n))ag(f(zn))) < Lnild(xna Zn) + L < £ + L 50,
d(xp, 2n) d(xn, 2n) n o d(xn, zn)
which contradicts that Exp. (g o f) > 0. O

(®) A map f: (X,d) — (Y,0) is uncollapsed if there is 7 > 0 such that
inf  9(f(x), f(a')) >0

d(z,z’)>r

(cf. Remark 2.8).

(6) o completely analogous proof will show that if f and g are only assumed to be coarse,
then f is a coarse embedding.

ANNALES DE L’INSTITUT FOURIER



ASYMPTOTIC COARSE LIPSCHITZ EQUIVALENCE 13

Remark 2.12. — Recall that the asymptotic dimension of a given metric
space is always an upper bound for the asymptotic dimension of any metric
space which coarsely embeds in it [25, Proposition 2.2.4 and Theorem 2.2.5].
Hence, Example 2.9 cannot be improved to hold for some asymptotic coarse
Lipschitz equivalence also satisfying that Exp(fog) > 0 and Exp(go f) > 0.

The next proposition shows that the asymptotically coarse Lipschitz
equivalences can be much more rigid and still not force the spaces to be
coarsely equivalent.

PROPOSITION 2.13. — There are metric spaces X and Y which are not
coarsely equivalent but such that there is an asymptotic coarse Lipschitz
equivalence f: X — Y with asymptotic coarse Lipschitz inverse g: Y — X
such that Exp(f og) > 0 and Exp(g o f) > 0. In particular, both f and g
are coarse Lipschitz embeddings and AsyDim(X) = AsyDim(Y).

Proof. — Let
X = {(x+1logly +1),) | (,9) € [0,00)°}

and

Y =X U ({0} x [0,00)),
and consider X and Y with their standard metrics inherited from R2. Let
f: X =Y be the inclusion map and let g: Y — X be given by

g(z,y) = (z +log(y +1),y)

for all (x,y) € Y. Being the inclusion, f is coarse Lipschitz and, since the
logarithm is a coarse Lipschitz function on [1,00), so is g.

We now notice that f and g are asymptotic coarse Lipschitz inverses of
each other. Since

Hg o f(x,x") — (x,a:’)“ = H(log(w’ + 1),O)H < log(H(m,x’)H + 1)
and limg_, o log(s+1)/s = 0, it follows that go f ~ Idx. Moreover, since
Hg ° f(l‘,l‘/) —go° f(Z, Z/)H z H(va,) - (Z7 ZI)H - |10g(xl + 1) - log(zl + 1)|a
it also follows that Exp. (gof) > 0. Analogously, we have that fog ~ Idy
and Exp (fog) > 0.

Let us now notice that X and Y are not coarsely equivalent. Suppose to-
wards a contradiction that there are coarse maps f: X - Y andg: Y - X
such that go f ~ Idx and fog ~ Idy. Given x € X and r > 0, we let
B(z,r) = {z € X | d(z,2) <r}. Since g: Y — X is a coarse equivalence,
we have that for all s > 0 there is » > 0 such that

|(w.y/) = (z,2)|| >s  implies  |lg(y, %) —g(z,2)| >,
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for all (y,4"), (z,2') € Y. Therefore, we must have
tll>rrolo d(g(0,t),g(X)) = oo.
So, we can pick a sequence (y, ), of elements in [0, c0) such that

(2.1) B(9(0,ya),n) N (900) \ ({0} x [0,00)) ) = 0
for all n € N. Let

zZ :g({O} X [O’OO)) UU(B(g(O7yn>7n) ﬁX).

Let h = g [ {0} x [0,00); so, h is a coarse embedding. As g is a coarse
equivalence, its image is cobounded, i.e., sup,cx d(a:,g(Y)) < 00. There-
fore, it follows from (2.1) that h: {0} x [0,00) — Z is a coarse equivalence.
This is a contradiction since {0} x [0, 00) has asymptotic dimension 1, Z
has asymptotic dimension 2, and coarse equivalences preserve asymptotic
dimension [25, Theorem 2.2.5]. O

Remark 2.14. — We present here another approach to obtain that X
and Y are not coarsely equivalent in the previous proposition. We can
introduce the following coarse property: a metric space (X, d) is said to be
coarsely connected at infinity if there is s > 0 such that for all bounded
A C X there exists another bounded B C X such that any z,y € X\ B can
be connected by a discrete path z¢g = x,x1,...,2, = y such that z; ¢ A
and d(z;,z;—1) < sforallie {1,...,n}.

It is easy to show that this is a coarse property, i.e., it is preserved by
coarse equivalences. But while X in the previous example has it, Y does
not.

Notice that both restrictions in the previous proposition and in the pre-
vious remark only work for metric spaces with asymptotic dimension at
least 1 (indeed, the existence of the paths in the remark above implies ei-
ther that X is bounded or that X has asymptotic dimension at least 1).
Moreover, Example 2.9 falls in the same scenario. This justifies the follow-
ing problem.

PROBLEM 2.15. — Let X and Y be asymptotically coarse Lipschitz
equivalent metric spaces with asymptotic dimension zero. Does it follow
that X and Y are coarse (Lipschitz) equivalent?
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3. Banach spaces and behavior under ultraproducts

3.1. Comparing asymptotic coarse Lipschitz and coarse
Lipschitz equivalences

The metric spaces of main interest in this paper are Banach spaces. From
now on, we will study the asymptotic coarse Lipschitz geometry of Banach
spaces and show that several of the results in the coarse Lipschitz theory
are still valid under this weaker notion. As a warm-up, we start with a
simple result about asymptotic coarse Lipschitz equivalences which also
satisfy the extra assumption that Exp(f o g) > 0 and Exp(go f) > 0.

PRrROPOSITION 3.1. — Let X and Y be Banach spaces, and f: X —Y
be an asymptotic coarse Lipschitz equivalence with asymptotic coarse Lips-
chitz inverse g: Y — X. Suppose also that Exp(fog) >0 and Exp(g o f) > 0.
Then:

(i) dim(X) = dim(Y);
(if) if dim(X) < oo, f (and g) are coarse Lipschitz equivalences.

Proof. — By Proposition 2.11, both f and g are coarse Lipschitz embed-
dings and dim(X) = dim(Y") follows. If moreover dim(X) < oo, the result
follows since any coarse Lipschitz embedding h: R™ — R" is automatically
cobounded, i.e., sup,cgn d(y, h(R™)) < oo (see [22, Exercise 2.27]), and
therefore a coarse Lipschitz equivalence. g

As we will see in Corollary 3.6 below, statement (i) of the previous propo-
sition holds for asymptotic coarse Lipschitz equivalences without any re-
quirement on “Exp”. However, as seen in Example 2.7, statement (ii) does
not. We conclude now this very short section with two questions.

PROBLEM 3.2. — Let X and Y be two asymptotically coarse Lipschitz
equivalent Banach spaces. Are they necessarily coarse Lipschitz equivalent?

PROBLEM 3.3. — Let X and Y be Banach spaces and let f: X — Y
satisfying the assumptions of Proposition 3.1. Must f be a coarse Lipschitz
equivalence? If not, does it follow that the existence of such f implies the
existence of a coarse Lipschitz equivalence X — Y7

3.2. Ultrapowers and asymptotic coarse Lipschitz equivalences

It is well known that coarse equivalences generate Lipschitz equivalences
between ultraproducts. In the next lemma, we show that the same holds
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for asymptotic coarse Lipschitz equivalences. Recall, if X is a Banach space
and U is an ultrafilter on N, we denote the ultraproduct of X with respect
to U by XN/U. We refer the reader to [1, Section 11.1] for the theory of
ultraproducts of Banach spaces.

PROPOSITION 3.4. — Let X and Y be Banach spaces and U be a non-
principal ultrafilter on N. Let f: X — Y and g: Y — X be coarse Lip-
schitz maps such that f o g ~o Idy. Define F: XN/ — YN/U and
G:YNU — XN/U by

F([@a)n]) = [(Mﬂ for all [(x).] € X"/,

n

n

G([(yn)n]) = [(g(nyn)l] for all [(yn)n] € YN/u.

Then F and G are Lipschitz and F' o G = Idy~ .
In particular, F is surjective and if, furthermore, we have that go f ~
Idx, then F is a Lipschitz equivalence with Lipschitz inverse G.

Proof. — Notice that, as f and g are coarse Lipschitz maps, it follows
easily that F' and G are well-defined and Lipschitz. We only need to show
that F'o G = Idyw y, as the rest of the statement will clearly follow. It is
also obvious that F o G(0) = 0. So let [(yn)n] € YN/U, so that [(y,)n] # 0
and fix € > 0.

As fog ~s Idy, there exists » > 0 such that for all y € Y with ||y|| > r
we have || f(g(y)) — y|| < ellyll. Since lim, ||y > 0, there exists A € U
such that || f (9(nyn)) —nyn|| < £llnyall, for all n € A. Unfolding definitions,
we have that

F(G([(yn)n])) = [(yn)n] = l(f(g(”yn)) B yn)j

n

_ l(f(g(nyng) — Y )n] _

Therefore,
|F(@([@)a]) = [@a)a] | =tim d (9(”%;3) < el [Cm)al |
As € > 0 was arbitrary, this shows that F o G([(yn)n]) = [(yn)n]- O

Unlike coarse Lipschitz equivalences, the range of an asymptotic coarse
Lipschitz equivalence does not need to be d-dense in its codomain for some
0 > 0 (see Example 2.9 or Proposition 2.11). The next corollary gives
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some information on what the range of an asymptotic coarse Lipschitz
equivalence must be.

COROLLARY 3.5. — Let X and Y be Banach spaces, and f: X — Y
be an asymptotic coarse Lipschitz equivalence. Then |J,, oy % f(X) is dense
inY.

Proof. — Let F be as in Proposition 3.4. Let y € Y. As F: XN/ —
YN/U is surjective, there exists [(2,)n] € XV /U such that F([(2,)n]) =
[(y)n] € YN/U. Hence, limy, || L f(na,)—y|| = 0. So, U,,cn 2 f(X) is dense
inY. O

COROLLARY 3.6. — Let X and Y be asymptotically coarse Lipschitz
equivalent Banach spaces.
(1) If dim(X) < oo, then dim(X) = dim(Y).
(2) IfY = {o, then X is isomorphic to {s.

Proof. — This follows immediately from Proposition 3.4. Indeed, if
dim(X) < oo, then all of its ultraproducts also have dimension dim(X)
and the dimension is preserved by Lipschitz equivalences. So, (1) follows.

For (2), recall that the ultrapower of /5 is a (non-separable) Hilbert space
and that being isomorphic to a Hilbert space is preserved by Lipschitz
equivalences (see [12, Theorem 6.3.1]). O

4. Asymptotic coarse Lipschitz structure of /,, p € (2,0)

As shown in Corollary 3.6, the asymptotic coarse Lipschitz structure
of 5 completely determines its isomorphic structure. In this section, we
show that the same holds for ¢, for any p € (2,00). This is the missing
part of Theorem 1.3 of Section 1 and it is proved below as Corollary 4.6.
In fact, the same holds for £, @ --- & £, for any p1,...,pn € (2,00) (see
Theorem 4.5).

Asymptotic uniform smoothness will play an important role in the proof
of Theorem 4.5 below. We refer the reader to Section 1 for the precise
definitions of asymptotic uniform smoothness, abbreviated as AUS, and
p-asymptotic uniform smoothness, abbreviated as p-AUS. For this section,
however, it will be enough for the reader to know that, for p € (1,00), ¢,
is p-AUS. Moreover, if 1 < p; < ps < -+ < p, < o0, then @, {p, is
pl-AUS.

As demonstrated by Kalton and Randrianarivony [21], the Hamming
graphs are of great help when studying p-AUS spaces. Given an infinite
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M C N and k € N, we let [M]* be the set of all subsets of M with exactly
k elements and we denote each element of [M]* as a tuple in an increasing
order, i.e., given i € [M]*, we write 7 = (ny,...,n;) where ny < --- < ng.
The Hamming metric of [M]* is the metric dg given by

du(n,m) = |{i € {1,...,k} | ni # m;}|

for all m,m € [M]*.
The following relation between the Hamming metric and AUSness was
found by Kalton and Randrianarivony.

LEMMA 4.1 ([21, Theorem 4.2]). — Let p € (1,00) and suppose Y is a
reflexive p-AUS Banach space. Then there is C' > 0 such that for all k € N
and all Lipschitz maps f: [N]¥ — Y, there is an infinite M C N such that

diam (f([M]*)) < C Lip(f)k*/".

THEOREM 4.2. — Let 1 <r <p; < -+ < p, < 00. If a Banach space X
is asymptotically coarse Lipschitz equ1valent to @_, lp,., then £, does not
coarse Lipschitz embed into X.

Proof. — To simplify notation, let Y = @, _, £, . Assume X is asymp-
totically coarse Lipschitz equivalent to Y and let f: X — Y be such an
equivalence. Suppose towards a contradiction that there is a coarse Lips-
chitz embedding ¢: ¢, — X. Replacing g by an appropriate translation of
itself if necessary, we can assume that g(0) = 0. Moreover, as g is a coarse
Lipschitz embedding, replacing g by ag(8-) for appropriate «, 5 > 0, we
can also assume that there is L > 1 for which

|z =2l <||g(z) — g(z")|| < Lllz = 2’| for all 2,2’ € £, with ||z —2'|| > 1

As f is coarse Lipschitz, replacing L by a larger number if necessary, we
can also assume that

| f(@) = f")|| < Lz — 2’| for all z,2" € X with |lz — 2| > 1

For each k € N, define ¢ : [N]* — ¢, as
= Zeni for all 7 € [N]*.

Notice that ¢, is 2'/"-Lipschitz and that its image is 1-separated. So, by
our choice of L, we have that

Lip(fogowk) <2Y"L? forall ke N.
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Therefore, as Y is p;-AUS, it follows from Lemma 4.1 that there is C' > 0
such that, for each k € N, there is an infinite My C N such that

(4.1) diam (f o g o i ([My]¥)) < C2Y/"L2K/Pr.
For a fixed k € N, pick i, m € [My]* with n, < m;. Then
lg(er(m) = g(eon(m))|| = 21/7kM"
and, as we assume that g(0) = 0,
la(pre@)]| < LEY" and  [|g(pr(m)) || < LEY".

Applying Proposition 2.3 to zp = 0 and 6 = 2'/7/L, we obtain M > 1
(independent of k) and ko € N such that, if £ was previously chosen larger
than ko,

£ (aee@)) = Fla(erm))]| = 5 llglerm) - g(erm)|

(4.2) L/
> .
M
Then, (4.1) and (4.2) imply that for all k > ko,
kYT
2 < oY 2R
M
As r < py, this gives us a contradiction for large values of k € N. O

Remark 4.3. — The above statement could actually be stated in terms
of “asymptotically coarse Lipschitz embeddings”. However, the right defi-
nition of this type of embedding is not clear: indeed, one could naturally
define such embedding as being an asymptotic coarse Lipschitz equivalence
between X and a subset of Y. But this definition has a big issue: it is not
clear that the composition of such embeddings would still be an embedding
of this sort. For this reason, we chose to focus only on equivalences in this
paper.

We point out however that the proof of Theorem 4.2 shows the following
stronger result: if 1 < r < p; < -+ < p, < oo, then there is no coarse
Lipschitz map f: £, — £,, ® --- @ {,, which also satisfies the conclusion
of Proposition 2.3. We will study maps between Banach spaces which are
coarse Lipschitz and satisfy the conclusion of Proposition 2.3 (as well as
modifications of it) in a forthcoming paper (see [5]).

Remark 4.4. — The reader familiar with the nonlinear theory of Ba-
nach spaces knows that, for the classic coarse Lipschitz equivalences, The-
orem 4.2 also holds if r is larger than all p;’s. More precisely, ¢, does not
coarse Lipschitz embeds into £, @ --- @ £, forall1 <p; < - <p, <.
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The proof of this result does not use Hamming graphs but instead uses
what is called the “approximate midpoints technique” (see [21, Proposi-
tion 3.1]). This however does not hold in our settings. Indeed, we show in
our forthcoming paper (see [5]) that, for p > ¢, ¢, can be mapped into £,
by a coarse Lipschitz map which satisfies the conclusion of Proposition 2.3
(spoiler: the Mazur map does that). See Remark 4.7 below.

We can now state and prove our extension of [18, Theorem 2.2] and [21,
Theorem 5.3] to asymptotically coarse Lipschitz equivalences.

THEOREM 4.5. — Let 2 < p; < -+- < p, < 00. If a Banach space X is
asymptotically coarse Lipschitz equivalent to @,_, {p,, then X is linearly
isomorphic to @} _, {p, -

Proof. — The proof follows by induction on n € N. Indeed, suppose X is
asymptotically coarse Lipschitz equivalent to £,,. Then, by Proposition 3.4,
we have that XN /U is Lipschitz equivalent to YN /U, where U is any non-
principal ultrafilter on N. In particular, it follows from classic results that X
is isomorphic to a complemented subspace of L,, (this follows for instance
from [16, Theorems 1.3 and 2.3, and Proposition 2.1]). By Theorem 4.2, X
does not contain an isomorphic copy of ¢>. Hence, X must be isomorphic
to a complemented subspace of £, (see the main result in [17]), which in
turn is either isomorphic to ¢,, itself or finite dimensional [26, Theorem 1J.
Since X cannot be finite dimensional, the case n = 1 follows.

Let n > 1 and suppose the result holds for any m < n. If X is asymptot-
ically coarse Lipschitz equivalent to @)_, £p,, arguing exactly as above,
we obtain that X is isomorphic to a complemented subspace of EBZ:1 Ly, .
Since X does not contain ¢5 (Theorem 4.2), this implies that X must be
isomorphic to a complemented subspace of @} _, ¢, (this follows again
from the main result of [17]). As this is the direct sum of completely in-
comparable Banach spaces, this implies that X is isomorphic to @Zzl By,
where each Ej is a complemented subspace of ¢,, [11, Corollary 3.7]; so,
each Ej is either finite dimensional or isomorphic to £, itself. In order to
conclude, we need to show that each FEj; is isomorphic to ¢,,. Otherwise
X would be isomorphic to Y = @, {,,, for some I C {p1,...,p,} and
thus, @,_, ¢p, would be asymptotically coarse Lipschitz equivalent to Y,
contradicting our inductive assumption. O

The following is an immediate consequence of Corollary 3.6 and Theo-
rem 4.5.
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COROLLARY 4.6 (Theorem 1.3). — Let p € [2,00). If a Banach space is
asymptotically coarse Lipschitz equivalent to £,, then X is linearly isomor-
phic to £,,.

Remark 4.7. — We point out that we do not know if Corollary 4.6 is
valid for p in the range [1,2). We only know that, if true, the proof would
have to use different ideas than the ones from coarse Lipschitz equivalences
(see Remark 4.4 above for more details on that).

5. The Gorelik principle and applications to the
asymptotic structure

In this section, we establish a version of the Gorelik principle for asymp-
totically coarse Lipschitz equivalences. Then, we apply it to extend to
asymptotically coarse Lipschitz equivalences a few results on the stabil-
ity of asymptotic smoothness properties of Banach spaces under nonlinear
equivalences. The first results in this direction can be found in [14] where
it is shown that being p-AUSable is stable under Lipschitz equivalences
and that being p’-AUSable for all p’ < p is stable under uniform home-
omorphism. However, Kalton proved that being p-AUSable is not stable
under uniform homeomorphisms or coarse Lipschitz equivalences [20, The-
orem 5.4 and remark on p. 170]. In order to describe our results precisely,
we will first introduce a few other asymptotic properties.

5.1. Relevant asymptotic properties

It will be useful to define a modulus that is dual to the modulus of
asymptotic uniform smoothness of a Banach space X, namely, the modulus
of weak*-asymptotic uniform convexity of X*. Firstly, denote the set of all
weak*-closed subspaces of X* with finite codimension by cof™(X*). We can
then define the modulus of weak*-asymptotic uniform convexity of X* by
letting

Ox (1) = inf su inf ||z* +7y*|| -1
x(r)= inf s int e |

for all 7 > 0. We say that X* is weak*-asymptotically uniformly convex,
abbreviated as w*-AUC, if

Ox(t) >0 forall T >0.
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It is easy to notice (and we will use this in the proof of Theorem 5.12) that
Ox (7)/7 is increasing. These moduli are related to each other in the sense
that X is AUS if and only if X* is w*-AUC. This follows from the following
precise quantitative result that we shall also need.

PROPOSITION 5.1 ([10, Proposition 2.1]). — Let X be a Banach space
and 7,0 € (0,1).
(1) If px (o) < o, then Ox (67) > oT.
(2) If Ox(7) > o1, then py (o) < oT.

This can be rephrased in terms of Young’s duality between py and 0.
Recall that, given a continuous function f: [0,1] — R, its dual Young
function f*: [0,1] — R is defined as

f*(s) = sup{st — f(t) | t € [0,1]}
for all s € [0,1]. Notice that, if f,g: [0,1] — R are so that f(t/C) < g(t)

for all ¢ € [0,1] and some C' > 0, then ¢g*(t/C) < f*(¢) for all t € [0,1].
The following is then a simple consequence of Proposition 5.1.

PROPOSITION 5.2 ([9, Corollary 2 of Section 6]). — Given a Banach
space X, we have that

px(s/2) < (0x)"(s)  and  (0x)"(s/6) < px(s)
for all s € [0,1].

We now turn to the asymptotic isomorphic properties that we shall
consider. First, if D is a set and k € N, we write DSF = Ule D! and
D<w = U;’il D¢. Given a Banach space X and a weak neighborhood basis of
0 € X, say D, we call a family (z5)zcp<r (respectively (27 )nep<w) a weakly
null tree if for each @ € {§} UDSF~! (vespectively for each @ € {#} UD<¥)
the net (25 5,,.) )nep is weakly null; where here we consider D as a directed
set with the usual reverse inclusion order.

DEFINITION 5.3. — Let p € (1,00] and X be a Banach space. We say
that X has property T,, if there is ¢ > 0 such that for all weak neighborhood
basis D of 0 € X, and all weakly null trees (r7)mep<w In Bx, there is
m = (my,...,mg,...) € DY such that

oo

§ Qi (my,...,my;)

for all a = (a;)52, € 4p.
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It was proved by Causey that X is p-AUSable if and only if X has
property T, [6, Theorem 1.1(i)]. We shall concentrate on two slightly weaker
properties.

DEFINITION 5.4. — Let p € (1,00] and X be a Banach space. We say
that X has property A, if there is ¢ > 0 such that for all weak neighborhood
basis D of 0 € X, all k € N, and all weakly null trees (z7)nep<+ in Bx,

there is m = (ma,...,my) € D* such that
k
D iy my|| < cllally
i=1
for all a = (ax,...,ax) € £5.

DEFINITION 5.5. — Let p € (1,00] and X be a Banach space. We say
that X has property N, if there is ¢ > 0 such that for all weak neighborhood
basis D of 0 € X, all k € N, and all weakly null trees (z7)pep<r in Bx,
there is m = (my, ..., my) € D¥ such that

k
E x(?rn,...ﬂni)
=1

(if p = oo, we use the convention that 1/c0 = 0).

< Ckl/p

The next theorem gathers the relations between the classes T,, A,
and N,.

THEOREM 5.6 ([7, Theorem 1.1]). — Let p € (1,00). Then
T,CACN, C () Ty and T CAe=NoC [) Ty
p'<p p’'<oo
We can now state our most precise result, which is the main result of

this section and will imply Theorem 1.4.

THEOREM 5.7. — Let p € (1,00]. Then properties A, and N, are stable
under asymptotically coarse Lipschitz equivalences.

5.2. The Gorelik principle

Before we proceed with the proof of Theorem 5.7, we need to establish
a variant of the Gorelik principle that is valid for such equivalences. This
section takes care of this. This principle was initially manufactured for uni-
form homeomorphisms and named after Gorelik’s pioneer work [15]. Here
is our version for continuous asymptotically coarse Lipschitz equivalences.
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ProposITION 5.8. — Let X and Y be Banach spaces and assume that
there exists a continuous asymptotic coarse Lipschitz equivalence f: X —Y
with continuous asymptotic coarse Lipschitz inverse g: Y — X. Assume
also that f(0) = 0 and ¢(0) = 0. Then there exists M > 1 such that
for all € > 0, there exists ty > 0 such that for any finite-codimensional
subspace Xy of X and any t > tg, there is a compact subset K C Y such
that

t
MBY C K +¢etBy + f(2tBXO).
The following lemma will be needed in the proof of Proposition 5.8.

LEMMA 5.9 ([2, Claim (i) of Theorem 10.12]). — Let X be a Banach
space, Xo C X be a subspace with finite codimension, and t > 0. There is
a compact A C tBx satisfying the following: if p: A — X is a continuous
map such that H(p(a) - aH < t/2 for all a € A, then p(A) N Xy # 0.

Proof of Proposition 5.8. — Let L > 1 be such that wy(t) < Lt + L
and wg(t) < Lt + L, for all t € [0,00). Let us show that the proposition
holds for M = 12L. For that, fix ¢ > 0 and let § = min{ﬁ, ﬁ} Since
go f ~s Idx and f o g~y Idy, there is ty > 0 such that

lg(f(@)) —af| <ozl and  [|f(9(y)) -y <dllyll

for all z € X and y € Y with ||z|| > dt¢ and ||y|| > dtp. Furthermore, we
assume that 6ty > 12L2.

Let t > tg and X9 C X be a subspace with finite codimension. By
Lemma 5.9, there is a compact subset A C tBx such that if p: A - X
is a continuous map satisfying H<p(a) — aH < %t, for all a € A, then
p(A) N Xo # 0.

Fix y € 12LBy and define a map ¢: A — X by p(a) = g(y—|— f(a))7 for
all a € A. As f and g are continuous, so is ¢. If a € AN JtBx, we have

le(a) —al| < ||y + f(a) — g(f(@)| +|lg(f(@))]| + llal

< Lyl + L+ L(Lét + L) + L + 6t
t

5.
On the other hand, if a € A\ 6tBy, as t > ty, our choice of ¢y gives us that
le(a) = al| < lg(y + f(@) = g(f(@)] + [|g(f(a)) —a]
< Lijyll + L + 6|l

N

N
[\')‘OF
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So, Hgo(a) — a|| < %, for all a € A. Hence, by our choice of A, there exists
ay € A such that ¢(ay) € Xo. Since, [la,|| <t and |[¢(ay) — ay|| < §, we
have that ¢(a,) € 2tBx,.

Now let us notice that

[£(9(y + f(ay))) = (y+ flay)) || <et.

Indeed, if y + f(a,) € §tBy, then, since f(0) = ¢g(0) = 0, we have that

£y + flay)) = (u+ fla) | < [ gy + Fla)) || + [ly + f(ay)]]
L(LSt+ L) + L+ 6t
et.

/

N IN

On the other hand, if y + f(a,) & 6tBy, our choice of ty and the fact that
f£(0) = 0 gives that

£ (g(y+ flay)) = (y + flay)| < 6|y + f(ay)]
< dllyll + (Lt + L)
<

t.

Q)

Therefore, we conclude that
y € K +¢etBy + f(2tBx,),

where K = —f(A). As f is continuous, K is compact. O

We now explain how to drop the continuity assumptions in Proposi-
tion 5.8 in order to get the following version of the Gorelik principle for
asymptotically coarse Lipschitz equivalences.

THEOREM 5.10 (Gorelik principle for asymptotic coarse Lipschitz equiva-
lences). — Let X and Y be asymptotically coarse Lipschitz equivalent Ba-
nach spaces. Then there exist an asymptotic coarse Lipschitz equivalence
f+ X — Y satisfying the following: there exists M > 1 such that for all
e > 0, there is tg > 0 such that for any finite-codimensional subspace X
of X and any t > ty, there is a compact subset K C Y such that

t
MBY C K +¢etBy + f(QtBXD)

Proof. — Let f: X — Y and g: Y — X witness that X and Y are
asymptotically coarse Lipschitz equivalent. Without loss of generality, we
can assume that f(0) = 0 and g(0) = 0. By [3, Theorem 1.4], there exist

continuous maps f: X — Y and g: Y — X such that

supr(x) — f(m)” < oo and supHg(m) — 'gv(m)H < 00.
reX reX
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Without loss of generality, we assume that f(0) = 0 and g(0) = 0. Since
f is close to fand g is close to g, it immediately follows that fis also an
asymptotic coarse Lipschitz equivalence with asymptotic coarse Lipschitz
inverse g.

The result now follows from Proposition 5.8 applied to fand g. O

We finish this section with a remark about Theorem 5.10 above. For this,
recall: if L > 1, Y is a vector space, and || - || and |- | are norms on Y such
that 1

Tl <lyl < Llyll forally ey,

we say that || -] and |- | are L-equivalent and write || - || ~r | |-

Remark 5.11. — Notice that the constant M obtained in the proof of
Proposition 5.8 equals 12L, where L is simply a number such that w(t) <
Lt + L and wy(t) < Lt + L for all t € [0,00). This implies in particular
that if L' > 1 and |- | is a norm on X which is L’-equivalent to the original
norm of X, then Theorem 5.10 holds for the Banach spaces Y and (X, |-|)
with M = 12LL'. This will be useful below.

5.3. The technical renorming result

We present in this section the key renorming result for Banach spaces
that are asymptotically coarse Lipschitz equivalent to an AUS Banach
space. Its proof uses and extends ideas from [14, Theorem 5.3], where this
was proved for uniform homeomorphisms, and [9] where it was generalized
to coarse Lipschitz equivalences.

THEOREM 5.12. — Let X be an AUS Banach space and let Y be a
Banach space asymptotically coarse Lipschitz equivalent to X. There are
L,C > 1 such that for all § € (0,1) there is a norm |-| on Y such that
||~ [l-]ly and

Oy, . (1) = O0x(7/C) =6 forall T € (0,1).

Proof. — Let f: X — Y be the asymptotic coarse Lipschitz equivalence
given by Theorem 5.10, g: ¥ — X be an asymptotic coarse Lipschitz in-
verse of f, and M > 0 be given by Theorem 5.10 for f. Moreover, let ¢y > 0
be given by Theorem 5.10 for ¢ = 1/(8M), i.e., for all finite-codimensional
subspaces Xy C X and all ¢t > tg, there is a compact subset K C Y such
that

t t
—B K+ —B 2tB .
M y C +8M Y+f(tX0)

As f and g are coarse Lipschitz, we can pick L > 0 large enough so that:
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o Hf( )| < Lmax{”xfx’H 1} for all z,2’ € X;
. Hg( || <Lrnax{||y Y, 1} for all y,3/ € Y.

For each k € N, we define an equivalent norm |- |; on Y* by letting

ly* |k = SUp{ |y* (J](x) - f(zl))|

|z —a'||

z,2' € X with ||z —2'|| > 2’“}
Clearly, |y*|k+1 < |y*|k for all y* € Y* and all k& € N. The next claim shows
that this is indeed an equivalent norm on Y™*.

LEMMA 5.13. — For all k € N and all y* € Y*, we have that

1 * * *
flly I <ly*le < Lyl

Proof. — Fix k € N and y* € Y*. The inequality |y*|x < L|ly*| is
immediate, so, we only prove the lower bound for |y*|;. Fix a sequence
(yn)n in Sy such that [|y*| = lim,|y*(y»)|- By our choice of L, we have
that

(5.1) |lg(nyn) — g(0)|| < Llny,|

for all n € N large enough. It follows that for all n € N,

ly* (f (9(ny )) (g|<o>))|

l9(nyn) — 9(0)|
y* (f(9(nyn)) — £(9(0)))]
g L [y
1 ( [y* ()| " (9(nya)) = )| !y*(f(g(O)))|>
T L\ [l [yl [yl '
As lim, o ||nyn|| = oo and, as f and g are asymptotic coarse Lipschitz

inverses of each other, we have

£ (9(nyn)) — nya||

=0.
S [[yn |
Therefore, we conclude that
* NYn)) — 0 1, .,
lim Yy (f(g( Y )) f(g( )))‘ > 7||y ”
n=oo|g(nyn) — g(0)]] L
and the lemma follows. O
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Note that |- |g is clearly weak™ lower semi-continuous and is the dual
norm of an equivalent norm on Y whose closed unit ball is the closed
convex hull of

{ f(z) — f@)

[l — ||

z, 2’ € X with ||z — || > 2’“}.

LEMMA 5.14. — Let 6 € (0,1). There is C' > 0 such that for all k € N
with 28C6~10x(§/C) > 2to, the following holds: for all T € (6,1) and all
y* € LBy, there is Z € cof*(Y*) such that

ly" + 2"k > 20y k1 — 57 +0x(7/C)
for all z* € Z with ||z*|| > 7/L.

Proof. — The lemma above is only nontrivial for elements z* with a
moderately small norm, i.e., it is enough to show that there are C > 0
such that for all £ € N as above, all 7 € (§,1), and all y* € LBy there is
Z € cof*(Y™*) such that

ly* + 2"k = 20y k1 — 57 + 0x(7/C)
for all z* € Z with ||z*|| € (v/L,s); where s > 7/L is a number large

enough depending on L only. From now on, fix such s. Let M > 0 be given
by Theorem 5.10 and pick some

(5.2) C >16ML + 64ML? + 32sML>.

For the remainder of the proof, we show that C' has the required proper-
ties. For that, fix £ € N as required, 7 € (4,1) and y* € LBy. We also
fix ¥ > 0 and some positive 3 < Ox(7/C) throughout the proof (this is
possible because X is AUS and therefore X* is w*-AUC). Moreover, since
Ox (t)/t is increasing, our choice of k allows us to assume that 3 also satisfies
2FBCT™1 > 2.

By the definition of the norm |- |x4+1, we can pick z,2’ € X with ||z —
2’| = 251 such that

y* (f(z) = f(@) = @ =Nz = 2|y [es1-
In order to simplify notation, notice that, replacing f by f(- —x1)+ 2, for

appropriate x1,z2 € X, we can assume that x = —2’ and f(z) = —f(2').
In particular, ||z| > 2* and

(5:3) v (f(z)) = %y*(f(w) —f@@)) = @ =Dy ka2l

Letting o = SC/7, item (2) of Proposition 5.1 implies that py (o) < 8.
Therefore, there is a finite-codimensional subspace Xy C X such that

(5.4) lz+ 2| < (1+2B8)||z|| for all z € o||lx||Bx,-

ANNALES DE L’INSTITUT FOURIER



ASYMPTOTIC COARSE LIPSCHITZ EQUIVALENCE 29

Replacing Xy by a smaller finite-codimensional subspace, we can also as-
sume without loss of generality that

(5.5) |+ 2|| = ||lz|| = 2% for all 2 € oz||Bx,.

As ||z|| > 2F, it follows from our choice of 3 that o||z|| > 2ty. Therefore,
our choice of ty implies that there is a compact K C Y such that

lkdl ozl
—_— K+——B B
oM y C K+ 160 Y+f(<7||33|| Xo)

Since K is compact, there is Z € cof*(Y*) such that

(5.6)

allz(lll="]l

2 (f(z)) =0 and |z (y)} < i
for all y € K and all z* € sBy.

We will now proceed to show that Z chosen above has the desired proper-
ties. For that, fix z* € Z with ||z*|| € [7/L, s) and let us estimate |y* + z*|

from below. For that, let z € 02”]@” Sy be such that

. allzlll="
> e 7
2" (2) i

Then, using (5.6) for —z, we obtain w € ol|z||Bx, such that

. allz|[]z*]] ﬁCHJfH
(5.7) 2 (W) > =6 2 Teat

Since x = —a/, f(z) = —f(2'), |[w — 2’| = 2F (this follows from (5.5)),
and [|z' —w| < (1 + 2p)||z| by (5.4), we have that

y* (f(w) + f(2)) =y (f(w) = f(z")) < (L+28)|y"[xllz].
The inequality above and (5.3) give us that

(5-8) v (f(w) < ((T+28)ly" |k — X =Dy les1) 2.
Hence, as 2*(f(z)) = 0, it follows from (5.3), (5.7), and (5.8) that

" +27)(f(z) — f(w))

>022wmﬂlmmwwm+

iz )l
Since, by the definition of |- |, (5.4), and (5.5), we have
(" +2°)(f(z) = f(w)) < (L+28)ly" + 2"[ell2],

and since 7 > 0 was arbitrary, we conclude that

8C
16ML"

(5.9) (L +28)|y" + 2"k = 2ly" [kr1 — [¥" |k — 2Bly" [x +
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As |ly*|| < L and ||z*]| < s, we have that |y*|p < L? and |2z*|;, < sL.
Hence, (5.9) gives us
C — 64M L3 — 32sM L?
16 ML
By our choice of C (see (5.2)) and as (3 is any positive number smaller than

Ox(7/C), the lemma is proven. O
We now conclude the proof of the theorem. For that, fix § € (0,1) and
let C > 1 be given by Lemma 5.14. Since 0x(7/C) < 7/C < 7 for all
7 € (0,1), we only need to find a renorming of Y such that
Oy (1) = 0x(7/C) =5 forall T € (6,1).

Fix kg € N with 20C§~10x(5/C) > 2ty and N € N with 2L2 < §N.
Define a norm |- | on Y* by letting

ly* + 2"k = 2|y [kr1 — [y" e +

1 ko+N
vl =+ S |ytls forally* € Y™
k=ko+1

Clearly, | - | is weak™* lower semi-continuous and, by Lemma 5.13, it is equiv-
alent to the original norm of Y*; in fact,

1
Tl < Tyl < Lyl

forally € Y*. Hence, | - | is a dual norm, i.e., there is a norm on Y equivalent
to Y’s original norm whose dual norm is |-|; moreover, this norm is L-
equivalent to Y’s original norm. By abuse of notation, we also denote this
norm on Y by |-|.

In order to conclude, let us estimate é(y”‘ (1) from below. For that,
pick y* € Y* with |y*| = 1; so ||y*|| < L. Let Z € cof*(Y*) be given by
Claim 5.14 for 7 and y* so that

v + 2%k = 20y k1 = 1y [k + Ox (7/C)
forall k € {ko +1,...,ko+ N} and all z* € Z with ||2*|| > 7/L. Hence,
adding those inequalities, we obtain that

* * * 2 * n
" + 271 2 1y = 197 ko 41 + 0x(7/C).

. * * 2
Since % [y*[ky11 < Zlly*| < 2 < 8, we are done. 0
We point out a quantitative strengthening of Theorem 5.12 which we will
need. Precisely, notice that our proof of Theorem 5.12 allows us to change

the norm of X by a fixed amount without having to change the constants L
and C.
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THEOREM 5.15. — Let X be an AUS Banach space and let Y be a Ba-
nach space asymptotically coarse Lipschitz equivalent to X. For all K > 1,
there are L = L(K), C = C(K) > 1 satisfying the following: if |-|x is a
norm on X with |-|x ~k ||-||x and 6 € (0,1), then there is a norm |- |y
onY such that |-| ~p, |||y and

é(y7|.|y)(7') > é(Xy‘A‘X)(T/C) —0 forallTe (0,1).

Proof. — Let f: X — Y be an asymptotic coarse Lipschitz equivalence
with asymptotic coarse Lipschitz inverse g: Y — X. Examining the proof
of Theorem 5.12, we see that L only depends on the affine upper bounds
for the asymptotic coarse Lipschitz equivalences f and g. Therefore, if we
renorm X with a K-equivalent norm, we can replace L with LK in the
proof of Theorem 5.12 and the result will still hold.

As for C, this constant is taken in the proof of Theorem 5.12 to be any
which satisfies (5.2). Notice that s depends on L only, so C' depends only
on L and M, where M is given by Theorem 5.10. The result then follows
from Remark 5.11. O

We now translate this result in terms of the modulus of asymptotic
smoothness.

THEOREM 5.16. — Let X be an AUS Banach space and let Y be a Ba-
nach space asymptotically coarse Lipschitz equivalent to X. For all K > 1,
there are L = L(K), C = C(K) > 1 satisfying the following: if |-|x is a
norm on X with |-|x ~xk ||-||x and 6 € (0,1), then there is a norm |- |y
onY such that ||y ~r |||y and

Py, 1) (T/C) < Prxp. 1) (T) +d forall T € (0,1).

Proof. — Let ¢, ¢ be continuous monotone non decreasing on [0, 1] with
©(0) = 9¥(0) = 0. If there exists D > 1 and § > 0 such that for all
7 € (0,1), (1) = (/D) — 4, it is easy to show that for all 7 € (0,1),
©*(7/D) < ¢¥*(7) 4 4. So the conclusion follows clearly from Theorem 5.15
and Proposition 5.2. O

5.4. Preservation of asymptotic structures

We are almost ready to prove our results on the preservation of asymp-
totic structures. For this we will exploit the following two renorming char-
acterizations of the classes.
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THEOREM 5.17 ([7, Corollary 4.15]). — Let X be a Banach space and
p € (1,00]. Then X has property N, if and only if there exist a constant
L > 1 and a constant C' > 0, such that for any 7 € (0, 1] there exists a
norm |-| on X such that |-| ~p, |- ||x and
(a) if1 <p<oo,p. (1)< CTP;
(b) ifp=o0, p|.|(C) < T.

THEOREM 5.18 ([8, Theorem A]). — Let X be a Banach space and
p € (1,00). Then X has property A, if and only if there exist a constant
L > 1 and a constant C' > 0, such that for any T € (0, 1] there exists a
norm |-| on X such that |-| ~p, || - ||x and

Viz7, p.t) <Ct.

We can now give the proof of Theorem 5.7, which will follow from The-
orem 5.16 and the above renorming characterizations of A, and N,, for
p € (1,00) and of Ase = N

Proof of Theorem 5.7. — We only detail the case of A, for p € (1, c0).
So assume that X has A, and that Y is asymptotically coarse Lipschitz
equivalent to X. As X has property A,, let L’ > 1 and C’ > 0 be given by
Theorem 5.18, i.e., for all 7 € (0, 1], we can find an L’-equivalent renorming
|- |x of X so that

(5.10) Pix,| 1)) < C'tP forallt > 7.
Let L = L(L'), C = C(L'") > 1 be given by Theorem 5.16, i.e., if |- |x is

an L’-equivalent renorming of X and § > 0, then there is a norm |- |s on Y’
such that |- |s ~7 || - ||y and

(511) ﬁ(ya||6)(t/0) gﬁ(XﬁHx)(t)—Fd for all t € (0, 1)
We now show that Y satisfies the condition in Theorem 5.18 with con-
stants L and (C” + 1)(12C)?. For that, fix 7 € (0,1]. Let |-|x be an
L’-equivalent norm on X satisfying (5.10) and |-|s a norm on Y satis-
fying (5.11). Then,
_ 4
pi () <O+
for all § > 0 and all ¢ € [, 1]. Therefore, choosing ¢ € (0,77), we get that
Py -1 () < 2C7CPEP,

for all t > 7C. As 7 > 0 was arbitrary, we obtain that Y satisfies the
condition in Theorem 5.18, i.e., ¥ has property A,.

The case of N, follows analogously with Theorem 5.17 replacing Theo-
rem 5.18 above. 0
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Proof of Theorem 1.4. — This follows immediately from Theorems 5.6
and 5.7. Indeed, suppose p € (1,00) and let X be a p-AUS Banach space.
Then, by Theorem 5.6 X is in A,. Then, if Y is asymptotically coarse
Lipschitz equivalent to X, Theorem 5.7 implies that Y is also in A,. Ap-
plying Theorem 5.6 once again, we conclude that Y is p’-AUSable for all

P € (1,p). O
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