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INVARIANT SUBSPACES OF THE CESARO
OPERATOR

by Eva A. GALLARDO-GUTIERREZ,
Jonathan R. PARTINGTON & William T. ROSS (*)

ABSTRACT. — This paper explores various classes of invariant subspaces of the
classical Cesaro operator C on the Hardy space H2. We provide a characterization
of the finite co-dimensional C-invariant subspaces, based on earlier work of the first
two authors, and determine exactly which model spaces are C-invariant subspaces;
using this, we describe the C-invariant subspaces contained in model spaces, which
we show are all cyclic. Along the way, we re-examine an associated Hilbert space of
analytic functions on the unit disk developed by Kriete and Trutt. We also make
a connection between the adjoint of the Cesaro operator and certain composition
operators on H? which have universal translates in the sense of Rota.

Risumi. — Cet article explore différentes classes de sous-espaces invariants de
Popérateur classique de Cesaro C sur Iespace de Hardy H2. Nous fournissons une
caractérisation des sous-espaces C-invariants de codimension finie, basée sur des
travaux antérieurs des deux premiers auteurs, et nous déterminons exactement
quels espaces modeles sont des sous-espaces C-invariants ; en utilisant cela, nous
décrivons les sous-espaces C-invariants contenus dans les espaces modeles, dont
nous montrons qu’ils sont tous cycliques. En passant, nous réexaminons un espace
de Hilbert associé de fonctions analytiques sur le disque unité développé par Kriete
et Trutt. Nous faisons également un lien entre I’adjoint de 'opérateur de Cesaro
et certains opérateurs de composition sur H2 qui ont des translations universelles
au sens de Rota.

1. Introduction

This paper examines the invariant subspaces of the Cesaro operator

ne =7 [
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on the Hardy space H? [21] of the unit disk D := {z € C: |z| < 1}. Recall
that H? is the Hilbert space of analytic functions f on I with

T ( oy f(ré)lzdm(§)>2 < oo,
o<r<1JT

In the above, m denotes Lebesgue measure on the unit circle T := 9D,
normalized so that m(T) = 1. Note also that || f[|3> = 3,50 lan|*, where
{an}n>0 is the sequence of Taylor coefficients of f.

Hardy’s inequality [28] (see also [29]) says that C is a bounded operator
on H?2. Moreover, a calculation shows that the matrix representation of C
with respect to the orthonormal basis {z"},>0 for H?, i.e., the infinite
matrix whose entries are (C2", 2™) gz, m,n > 0, is the well known Cesaro
matrix

B N IV o ST
< Ul R Wl N

- Ol R Wl

B N

e

In this matrix setting, one thinks of C' as acting on column vectors a =
(ag,a1,as,...)T in £2 via matrix multiplication

T
a0+a1 a0+a1+a2 >
goon .

C =
a <a07 2 ’ 3

As was known for quite some time, the Cesaro matrix is the basis for an
important summability method for Fourier series [39]. A more detailed anal-
ysis from a paper of Brown, Halmos, and Shields establishes the following
basic operator theory facts about C and its adjoint C* (which we record
here for later use).

PROPOSITION 1.1 (Brown-Halmos—Shields [7]). — For the Cesaro op-
erator C' on H?,
(a) 1 =Cll=1;
(b) €] =2

(d) op(C) =

)
(c%a )—{Z'|z—1\<1};
(e) op(C *)—{Z |z —1] < 1}.

ANNALES DE L’INSTITUT FOURIER



INVARIANT SUBSPACES OF THE CESARO OPERATOR 3

Here, 0(C) denotes the spectrum of C' and o,(C) the point spectrum
(eigenvalues of ).

The Cesaro operator is hyponormal, namely, C*C — CC* > 0 [7, The-
orem 3] (see also [17]). One of the gems in the study of the Cesaro op-
erator, and to be explored further in this paper, is a theorem of Kriete
and Trutt [30] which extends the above hyponormality result and says that
I — C is unitarily equivalent to the operator M, f = zf (multiplication by
the independent variable 2) on H?(u), where u is a certain positive finite
Borel measure on D, the closure of D, and H? () denotes the closure of the
analytic polynomials C[z] in L?(p). This shows that the Cesaro operator is
subnormal (a normal operator restricted to one of its invariant subspaces).

A follow up paper of Kriete and Trutt [31] began a discussion of some
of the complexities of the invariant subspaces of the Cesaro operator via
a discussion of the M,-invariant subspaces of H?(u). We find this space
quite interesting and this paper will continue this line of inquiry. A recent
paper [24] of the first two authors of this current paper rekindled the discus-
sion of the complexities of the Cesaro invariant subspaces from the vantage
point of semigroups of composition operators and of translation operators
f(x) — f(x —t) on a certain weighted L? space of the real line R.

The purpose of this paper is to continue this invariant subspace discus-
sion. One particularly interesting class of invariant subspaces of the Cesaro
operator will be the model spaces (uqH?)*, where a > 0 and u, is the

atomic inner function
( z+ 1)
ua(z) = exp| « .

z—1

Using semigroup ideas from [24], along with a Beurling-Lax theorem de-
veloped in that same paper, we will show in Theorem 6.1 that indeed the
model space (uqH?)*, where a > 0, is an invariant subspace of the Cesaro
operator. Moreover, in Theorem 6.2 we will show that (uq H?)*, a > 0, are
the only model spaces which are Cesaro invariant. One can also arrive at
these two results using a discussion in [2] involving the Volterra operator
on H?. In Proposition 8.4 we prove that the vector

1 —wuq(z)
1+2
belongs to (u,H?)* and is a cyclic vector for the Cesaro operator when
restricted to (uq H 2)L. In Proposition 7.1 we prove that these model spaces

(ua H?)* correspond to a curious class of M, -invariant subspaces of the
associated Kriete-Trutt space H?(u1) that are different from the “standard”

TOME 0 (0), FASCICULE 0



4 E. A. GALLARDO-GUTIERREZ, J. R. PARTINGTON & W. T. ROSS

Beurling-type ones consisting of the closure of uH? in H?(u) (as explored
in [31]), where u is an inner function.

An integral calculation will verify that the adjoint C* of the Cesaro
operator on H? is given by the integral formula

1

(12) N == [ o
A semigroup discussion in [24] characterized the finite dimensional C*-
invariant subspaces (equivalently the finite co-dimensional C-invariant sub-
spaces) in the setting of translation invariant subspaces of a certain weigh-
ted L? space on R. In Theorem 3.1 we use this discussion to recast this
characterization in the H? setting and show that every finite dimensional
C*-invariant subspace is the span of finite unions of the functions

(1—2)"(log(1 - 2)), 0<j <k

where Ru > —% and k € Ny is fixed. We will prove this in Section 3, using
some semigroup techniques from [24] (see Theorem 4.2 below for a different
approach).

In Section 9 we establish a connection between the Cesaro operator and
the concept of a universal operator in the sense of Rota. In Theorem 9.1
we show that although C* is not universal, there is a bounded analytic
function F on the disk {z : |z — 1| < 1} such that F(C*) is universal. We
prove this by using an interesting result from [10] which says that certain
linear translates C'y, — Al of a class of composition operators C,, on H 2 are
universal in the sense of Rota.

Through the results in this paper, we hope to make the case that the
Kriete-Trutt space H?(u) is an important Hilbert space of analytic func-
tions on D that is very much worthy of further study. It has a rich variety of
“nonstandard” M, -invariant subspaces and the overall complexity of these
invariant subspaces is yet unknown.

2. Semigroups of operators

For each t > 0 let

oi(z)i=efz+1—et, zeD.

These are analytic self maps of the open unit disk D and ¢;(D) is an
internally tangent disk at £ = 1 (see Figure 2.1). This collection of maps
{¢t}t=>0 defines a holomorphic flow in that

(i) @o(z) =z for all z € Dy

ANNALES DE L’INSTITUT FOURIER



INVARIANT SUBSPACES OF THE CESARO OPERATOR 5

(ii) wi4s = @1 0 @ for all s,t > 0 and all z € D; and
(iii) for any fixed s > 0 and any z € D, lim;_,s @+ (2) = @4(2).

0.5

Figure 2.1. The circles p;(T) for the maps ¢ (z) = e ‘z+1—e~*'. The
circles get smaller as t — oc.

The Littlewood subordination theorem [35, p. 13] implies that the com-
position operator

Cop, :H2—>H2, Co.f = fop,

defines a bounded linear operator which satisfies ||C,,, | = e/? [15, Theo-
rem 9.4] and o(C,,,) = {2 : |2| < e?/2} [15, Theorem 7.26]. In fact, one can
quickly verify that the collection {Cy, };>0 defines a strongly continuous
(or Cp) semigroup of operators on H? in that
(i) CSOO =1

(ii) Cyp,Cyp, = C,,,, for all 5,t > 0; and

(iii) limy o+ Cy, f = f for all f € H?.
Using an analysis of the generator and co-generator of the Cj semigroup
{C,, }+>0, the authors in [24, Corollary 2.3] connect the above composition
operators with the adjoint C* of the Cesaro operator from (1.2) by means
of the following formula:

(C*f)(z) = — /O h e H(Cy, f)(z)dt.

TOME 0 (0), FASCICULE 0



6 E. A. GALLARDO-GUTIERREZ, J. R. PARTINGTON & W. T. ROSS

The formula above has the following important consequence which is key
to some of our results concerning the invariant subspaces of the Cesaro
operator.

THEOREM 2.1. — A closed subspace M of H? satisfies CM C M if
and only 1'1“6’5(,,5/\/1L C M=t forallt>0.

We pause to mention the papers [14, 37, 38], which also use semigroups
to obtain information about the Cesaro operator.

In a way, Theorem 2.1 is a Beurling—Lax theorem for the Cesaro operator,
reminiscent of the Beurling-Lax theorem for the invariant subspaces for the
semigroup of shifts f(x) — f(z —t), t € R, on L*(R) [33, p. 204].

There is another associated Cy semigroup of shift operators from [24]
which will play an important role in our discussion. Let Ct denote the
right half plane

Ct:={2€C:Rz>0}

and let H?(CT) denote the Hardy space of C* [27, 33]. These are the
analytic functions ' on C* for which

8] 2
T <0<sup / |F<x+z'y>|2dy> < .

<00 J —00

Remark 2.2. — As to not be overly pedantic, we will use the notation
H? (and not H?(D)) to denote the Hardy space of the disk D.

By a version of the Paley—~Wiener theorem [33, p. 203], every F € H?(C™)
can be realized as

21)  F(s) = (Lf)(s) = \/% /OOO f(@)e=**dz, seCH,

(the normalized Laplace transform) where f € L?(R;) (and R4 = (0,00)).
Furthermore,

o0
1P sy = / 1 (2)Pda.

Conversely, Lf € H?*(C*t) whenever f € L?*(R,). In other words, the
normalized Laplace transform £ is a unitary operator from L2?(R.) onto
H?(C™).

The function

(2.2) (%)

ANNALES DE L’INSTITUT FOURIER



INVARIANT SUBSPACES OF THE CESARO OPERATOR 7

is a conformal map from I onto CT which induces the unitary operator
U: H? — H?(C") given by

(23) Usts) = = 0( 51 ). s O)

Jra+s)\s+1
with
(2.4) UG(2) = f‘_@a(ii) G € H*(CM).

Moreover, as discussed in [11, Lemma 2.1], if ¢ is an analytic self map
of C* such that Cy,F = F o1 defines a bounded composition operator on
H?(C*) (and this happens if and only if 1/(00) = oo and

lim —
m —-—
200 (z)

exists and is finite) [23, 32]), then with
®(z):=7""ogoy,

which defines an analytic self map of D, the linear transformation

1—®(z2)

(Laf)(z) = ———F(2(2))
defines a weighted composition operator on H? and
U710¢U =Ls.

Applying this discussion to the family of functions defined on C* by
Pi(s) =e's+ (e = 1), t>0,

which are analytic self maps of C* (see Figure 2.2) that induce bounded
composition operators Cy, on H?(C"), a discussion in [10] shows that

UC,, U =€'Cy,, Yt=0.
Now consider the semigroup {V;};>0 of operators on L*(R;) given by
(Vig)(z) == etem (= DT g(ety), > 0.
Using the unitary operator

(2.5) T:L*R) — L*(R,), (Th)(z):= —=h(logz), = >0,

S

(for which T~1g(y) = e¥/2g(e¥)), one sees that
(T~'ViTh)(y) = e 2= By — 1), yeR.
Finally, with the weight function
(2.6) w(y) = e 2e’=1)

TOME 0 (0), FASCICULE 0
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20

Figure 2.2. The lines ¢ ({Rs = 0}) for the maps 1;(s) = e’s+ (e* —1).

These lines drift off to infinity as t — oc.

(see Figure 2.3), one can show that the operator

h(y)
w(y)
is unitary and a calculation from [24, Proposition 2.4] shows that

(WoW ™ f)(y) = fly—1), feL*Ruw(ydy), t>0.
This gives us the following result from [24, Proposition 2.4].

)

(2.7) W L*(R) — L*R,w(y)dy), (Wh)(y):=

PROPOSITION 2.3. — The semigroup {o;};>0 on L?(R) given by
(o¢h)(y) == e_(l_eft)eyh(y —-t), yeR,
is unitarily equivalent, via
F=WT'L7'U: H* — L*(R,w(y)dy),

to the semigroup
(Sef)y) == fly—1)
acting on L?(R,w(y)dy).

ANNALES DE L’INSTITUT FOURIER



INVARIANT SUBSPACES OF THE CESARO OPERATOR 9

Putting this all together, yields the following result from [24, Theo-
rem 2.5].

THEOREM 2.4. — A closed subspace M of H? is invariant for the Cesaro
operator if and only if the closed subspace FM™* of L?(R,w(y)dy) satisfies
Si(FML) CFML for all t > 0.

For the unweighted L?(R) space, the closed subspaces F of L*(R) for
which S;F C F for all t > 0 are described by the Beurling-Lax theorem
(see [33, p. 204]). For a wide class of weights v on R, the same result
is true for the {S;};>o-invariant subspaces of L?(R,v(y)dy). However, for
the weight w from (2.6), there is a different lattice of {S;}>0- invariant
subspaces. Some restrictions on these subspaces were known by Domar [19,
Eq. 8] and the paper [24] gives some specific examples. The complexity
of the {S;}i>o-invariant subspaces stems from the fact that the weight
w is uniformly bounded above and below on every interval (—oo,a) but
decreases rapidly on (a,c0). Thus, the space L?((—o0,a),w(y)dy) can be
seen as a renormed version of L?(—oo,a) whereas L?((a,c0), w(y)dy) is a
much larger space than L?(a, 00).

N

Figure 2.3. The weight function w(y) = e~2(¢"~1 from (2.6).

3. Finite co-dimensional invariant subspaces — first proof

An integral computation, using the fact that the adjoint C* of the Cesaro
operator C' on H? given by

(31) N6 =1 | F(ee

TOME 0 (0), FASCICULE 0
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shows that the linear span of the functions
(1-2)"(log1 —2)Y, 0<j<k,

where Ry > —1 and k € Ny := N U {0} is fixed, is a finite dimensional
invariant subspace for C'*. For example, the one dimensional space

span(1l — z)#
is an eigenspace for C*, with eigenvalue (u + 1)~!, while the spaces
span{(1 — 2)*, (1—2)"} and span{(1—2)", (1—2)"log(l— 2)}

are two dimensional invariant subspaces for C*. Theorem 3.1 below de-
scribes all of the finite dimensional C'*-invariant subspaces. There are sev-
eral ways of proving this result, and we shall use the semigroup techniques
developed in Section 2. An alternate path to this result runs through some
techniques of Aleman [1] (see Theorem 4.2 below).

THEOREM 3.1. — The finite dimensional C*-invariant subspaces of H?
are spans of finite unions of sets of the form

{(1 = 2)"(log(1 = 2))?, 0 < j <k},
where Rou > —% and k € Np.

Proof. — Our starting point is the result in [24, Theorem 2.9] which says
that the finite dimensional {S;};>¢-invariant subspaces of L?(R,w(y)dy)
(recall the translations S; from Proposition 2.3) are all spanned by finite
unions of sets of the form

{e/\y7 ye/\y7 .. y"e)‘y}

for some n € Ng and A > 0. We now translate this into information about
invariant subspaces of the Cesaro operator via our semigroup discussion
from Section 2.

Under the unitary operator W~ : L2(R,w(y)dy) — L*(R) from (2.7),
the function y*e?? is sent to

yrerve(e"=1)
Next, under the unitary operator 7' : L?(R) — L?*(R.) from (2.5), this last
function is sent to
(log x)kxk—1/2e—(w—1).
We may multiply by a meaningless constant and instead consider the func-
tion
(log z)kxr =127,

ANNALES DE L’INSTITUT FOURIER



INVARIANT SUBSPACES OF THE CESARO OPERATOR 11

The next step is to use the normalized Laplace transform £ : L?(Ry) —
H?(Cy) from (2.1). Observe that

> —sx A—1/2 —=x —A—1/2 1
e e fdex=(s+1) INDEE 3
0

(where T is the standard gamma function) and, differentiating with respect
to A, we deduce that

/ e **(log )Fa* 12~ da

0

is equal to

(32)  (s+ 1)4*1/2{@0 +aylog(s+ 1)+ ...+ ax(log(s + 1))k},

for constants ag, . .., ar (depending on A but not s).
Finally, with the unitary operator U~! : H?(C*) — H? from (2.4), the
functions from (3.2) are mapped to functions of the form

(1- z))‘_l/z{bo +b1log(l —2) + ...+ bp(log(l — z))k}

Note that R(A — ) > —1 and we pick up the (only) eigenvectors (1 — z)*
with Ru > —%.

Next, two-dimensional invariant subspaces are spanned either by (1—z)#?
and (1 — z)"2 with py # pa, or by (1 —2)* and (1 — z)*(log(1 — 2)). Since
l—z1—etz—1+et=e(1—2) under the composition semigroup,
it is easy to see that this is an invariant subspace. And so on, for higher
dimensions. O

COROLLARY 3.2. — The finite co-dimensional closed invariant subspa-
ces of the Cesaro operator on H? are orthogonal complements of spans of
finite unions of sets of the form

{(1 = 2)"(log(1 = 2))?, 0 < j <k},
where Ru > —% and k € Np.

4. The Kriete—Trutt transform

A result of Kriete and Trutt [30], used to prove that the Cesaro operator
on H? is subnormal, involves the following transform. Observe that

w 1

TOME 0 (0), FASCICULE 0



12 E. A. GALLARDO-GUTIERREZ, J. R. PARTINGTON & W. T. ROSS

and so the family of functions
(4.1) qw(z) =1 —2)7+, web,
belong to H?. Since

g (z)=(1-2)", Vnx=0,

n+1

and the linear span of (1 — 2)",n > 0, is dense in H?, we see that
(4.2) span{q, : w € D} = H2
The integral formula from (3.1) verifies the eigenvalue identity
C™qw =1 —-w)qy, Yweb.
For f € H?, define the function K f by

(4.3) (Kf)w) = (f,q5)mz, w € D.

Note that K f is analytic on D and (4.2) enables us to create a Hilbert
space H of analytic functions on D, we will call the Kriete-Trutt space, as
the range of K, i.e.,

H:={Kf:fecH.

The Hilbert space structure on ‘H comes from the range norm

1K Sl = [1f ]2

With this norm, the Kriete-Trutt transform K defined in (4.3) is a unitary
map from H? onto H.
For f € H? and z € D, use the eigenvalue identity from (3.1) to see that

(KCf)(z) =(Cf,qz) o
= (f,C"qz) g

= (f. (L = 2)gz)

(1-

(1-

2)(f,4z) e
2)(K f)(2)-
This shows that the multiplication operator M, f = zf on H is well defined,

bounded, and ||M,| = 1 (since ||I — C|| = 1 from Proposition 1.1). We
summarize the discussion above with the following.

PROPOSITION 4.1 (Kriete-Trutt [30]). — The operator K : H*> — H is
unitary and K(I — C)K* = M, multiplication by z, on H.

ANNALES DE L’INSTITUT FOURIER



INVARIANT SUBSPACES OF THE CESARO OPERATOR 13

A further analysis of Kriete and Trutt from [30] shows that H contains
the analytic polynomials C[z] as a dense set and, more importantly (and
quite difficult to prove), there is a positive finite Borel measure z on D such
that

(4.4) [ o =pl, ¥p el
D
This measure p is supported on the sequence of circles
n 1
p=dzi|re——|=— 1 forn>0;
5 {z ’z n+1‘ n+1} or n

(see Figure 4.1).

Figure 4.1. The circles (from left to right) vo,v1,72, 73, Y4, V5-

Furthermore, p(v,) = 27" and pl,, is mutually absolutely continuous
with respect to arc length measure on +y,. This says that H = H?(u) (the
closure of C[z] in L?(x)) and thus, C is unitarily equivalent to I — M,
on H2(u). This last operator is subnormal (with M;_, on L?(u) being a
normal extension) and hence C' is subnormal.

A special case of a theorem of Aleman [1] is the following theorem, which
can be proved by an analogue of an argument from [4] (see also [13, Chap-
ter 10]).

THEOREM 4.2. — A closed subspace M of H?(p) is a finite co-dimensio-
nal M, -invariant subspace if and only if there is a polynomial p all of whose
zeros lie in D such that M = pH?(p).

TOME 0 (0), FASCICULE 0



14 E. A. GALLARDO-GUTIERREZ, J. R. PARTINGTON & W. T. ROSS

The following two propositions are relevant to such considerations (and
for some examples in Section 5), so we give short self-contained proofs.

PROPOSITION 4.3. — The space H?(p1) has the so-called division prop-
erty: if A\ € D and f € H2(u) with f(A) = 0, then f(2)/(z — \) € H%(p).

Proof. — The measure p from H?(p1) is a finite positive Borel measure
on D with no point masses in D (recall the discussion at the end of Sec-
tion 4). Moreover, using the fact that #?(u) is a reproducing kernel Hilbert
space of analytic functions on D [30, Lemma 3], it follows that for each
A € D, there is a positive constant C such that

(4.5 SO0 < Cs [[IfPdn, ¥ £ €.

Fix A € D and, for f € H?(u), consider the difference quotient
— f(A

(4.6 @ne =L ep

Note that @y f is analytic on D (since f is analytic on D).
Let us first show that Qxf € L?(u). Fix r > 0 small enough so that

D(\,r) CD (where D(A\,r) ={z: |z — A <r}). Then
[1@utan= [ j@uPaes [ jaurPa
D(\,r) D\D(A,r)
The first integral above is bounded above by

f(z) = f(N)
zZ—A

2

w(D(\ 7))+ sup
z€D(A,r)

which is finite. The second integral is bounded above by
1
= 17— 0P
™ JD

which is also finite.

Next we show that Qx f € H?(u). Let {p, }n>1 be a sequence polynomials
which approximate f € H?(u) in L?(p) norm. From (4.5) one can see that
prn, — f pointwise in D. By [31, Lemma 2], there is a positive constant C,
such that

(4.7) [(z = Nallwz ) = Collallaezw), Vg eClz]
Apply this inequality to the sequence of polynomials

an(z) = PnE) =P
z—A
to see that the sequence {¢,}n>1 is norm bounded. Thus, a subsequence
of it converges weakly to g and since weak convergence in H?(u) implies

ANNALES DE L’INSTITUT FOURIER



INVARIANT SUBSPACES OF THE CESARO OPERATOR 15

pointwise convergence, we see that g = Qxf € H?(u). Moreover, by the
closed graph theorem, the map f +— @, f defines a bounded linear operator
on H2(p). O

See a discussion from [34] for more on the division property for general
Banach spaces of analytic functions.
Finally, we make the following observation.

PROPOSITION 4.4. — The vector space (z — £)H?(u) is dense in H? (1)
whenever £ € T.

Proof. — By [31, Theorem 4] the inclusion map i : H? — H?(u) is
continuous. Thus, there is a positive constant C' such that

(4.8)  [Ip(2)(z = &) = Uluz = Clp(z)(z = §) = Uz, VpeClz]
Since (z — &) is an outer function, Beurling’s theorem [21, Theorem 7.4]
shows that the left hand side of the above can be made as small as desired
by choosing an appropriate p € C[z].

The previous paragraph shows that 1 € § := (z — §)HES(u) and the
M -invariance of S will show that S = H2(u). O

5. Other interesting invariant subspaces

Although the finite co-dimensional M -invariant subspaces of the Kriete—
Trutt space H2(p) are thoroughly understood (Theorem 4.2), a general M. -
invariant subspace of H2 (1) can be quite complicated. Recall the family of
H? functions q,, w € D, from (4.1).

PROPOSITION 5.1. — If A C D is a zero sequence for H*(p1), meaning
there is an f € H?(u) \ {0} which vanishes on A, then

span{qz : a € A}
is a nontrivial invariant subspace of the adjoint of the Cesaro operator.
Proof. — Notice that
(Spanf{gz :a € A" = {f € H* : (f.qs) =0 Va € A}
={f€eH?: (Kf)(a)=0 Vac A}
={geH?(u): gla=0} #0.
This shows that Span{q; : a € A} # H?. From the fact that
C*qo = (1 — @)ga,
it follows that span{qz : a € A} is C*-invariant. O
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COROLLARY 5.2. — If A C D is a zero sequence for H?(u), then
(span{qz : a € A})*
is a nontrivial invariant subspace of the Cesaro operator.

The zero sequences of H?(11) can be quite complicated (see Section 10)
and they do not have a complete characterization.

One can use the discussion in the previous section (Proposition 4.3 in par-
ticular) to create interesting “chains” of invariant subspaces for the Cesaro
operator. Since the functions (1—2)%, Ra > —%, are eigenfunctions for C*,
we may construct invariant subspaces by joining together eigenspaces. The
following result [31, Corollary 7] will be of use here.

COROLLARY 5.3. — Let {A\,}n>1 be a sequence of positive numbers
satisfying Ap4+1 — Ap = 0 > 0 for all n € N and consider the quantity
1
by = Z — —alogr

An<r

for r > 0, where a > 0 is independent of r. If b, is unbounded above as

r — oo for some a > % then

span{(1 —z)* :n > 1}
is a dense subset of H?. However, if b, is bounded above as r — oo for
some a < % then

span{(1 — 2 in > 1}

is not a dense subset of H?.

For example, for each k € N, the set
Ay ={k+3n:n>1}
yields a proper closed C*-invariant subspace V}, of H? defined by
Vi = M{(l - z))‘" > 1}.

(take § < a < 3 in the above corollary). However, the join (the closure of
Vi + V2) of any two such subspaces Vj, and V; with k& #Z £ mod 3 will be all
of H? (take 3 <a < 2).

We can actually say a bit more about these C*-invariant subspaces V.
Translating this into the Kriete-Trutt space H? (1) determined by f + K f,
upon which C' is unitarily equivalent to M;_, (recall Proposition 4.1), the
images (under K) of the orthogonal complements of the subspaces V}, above
(which are clearly invariant under M;_,) are subspaces of H2(u) consisting
of functions that vanish at w=j5/(5 +1), 7 > 1.
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Now the division property for H2(u) (recall that the difference quotient
Qf belongs to H?(u) whenever f € H?(u) and A € D, from (4.6)) can be
used to show that, for example,

Vi2Va2 Ve ...

(or equivalently, that (1 — z) & V4, etc.). Indeed, by the division property,
it is possible to construct functions in H?(u) that vanish at j/(j + 1) for
j=4,7,10,... but not for j = 1.

6. The role of model spaces

This section contains a very curious class of invariant subspaces for the
Cesaro operator coming from the well studied theory of model spaces. For
« > 0 let u, be the atomic inner function

(6.1) Ua(2) 1= exp(aiji), z € D.

Notice that u, is a bounded analytic function on D and |u,(e?)| = 1 for
all 0 < 0 < 2m. Thus, us H? is a closed subspace of H?. From here one can
consider the model space

(ua H?)* = {feH*: [ Lu,H}.

We refer the reader to [25] for the basics of model spaces.
Let us denote H>°(D) to be the set of bounded analytic functions on D
and for g € H*(D), define

9lloo := sup|g(2)|.
zeD

As noted by Professor Aleman, the following result can also be derived
from a similar result on the Volterra operator, which can be found in [2].
We give a direct proof using semi-groups since they will be used to obtain
further results below.

THEOREM 6.1. — For each a > 0, the model space (uo H?)* is a closed
invariant subspace of the Cesaro operator.

Proof. — By Theorem 2.1 it suffices to show that
Cy,(uaH?) Cu H?, Yt >0.

t

This comes from a special case of a result of Cowen and Wahl [16, Lemma 5].
For the sake of completeness, we outline the proof here. Observe that

p(z)+1  z+1
. - < 9 .
(6.2) é)%(%(z)l Zl) 0, VzeD
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This follows from the simple fact that ¢;(T) is a circle inside D that is
internally tangent to T at {1} and that the linear fractional transformation
z+1
—
z—1

maps D onto the left half plane —C* (One can also see (6.2) via Julia’s
Lemma). For any g € H? we have

(6.3) Cy,(ual2)g(2))

— e (@28 g2
= (ex0(o257 ) oo 255 - Z50)) ot
— (e (o 25 - 250 a0,

From (6.2) it follows that the function

(o (34-22)

belongs to H>(D). Since g(¢;) € H?, (6.3) shows that

Cy,(uag) €EuaH?, Vt>0,
which completes the proof. O

As it turns out (see Theorem 6.2 below and a discussion of the Volterra
operator in [2]), the family of model spaces

{(uaH2)J‘ ta >0}
are the only model spaces that are invariant under the Cesaro operator.
To prove this, we need a few reminders about inner functions.
Recall [21, Chapter 2] that an analytic function u on D is inner if u €
H> (D) and the radial boundary function
w(§) == lim u(re),
r -

—1
which exists for almost every £ € T by Fatou’s theorem [21, Theorem 1.3],
satisfies |u(§)| = 1 for almost every ¢ € T. Any inner function can be
factored (uniquely up to a unimodular constant factor) as u = Bs,,, where
B is the Blaschke product

B(z) =2V H

N

Zn — 2

n
— eD
|2n] 1 — Zp2" e
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with zeros at z = 0 and at z, € D\ {0} satisfying the Blaschke condition
> n>1(1—[zn|) < oo, and s, is the singular inner function

RPNy  SE

with associated singular measure (with respect to Lebesgue measure m)
on T. Note that u, = sas5,, where v > 0. Both B and s, are inner. An
important tool needed below is boundary spectrum

(6.4) Su) = {g eT: liminf |u(z)] = 0}

z€D,z—¢

of u. It is known (see [25, Theorem 7.18 and Proposition 7.19]) that 3(u)
is a closed subset of T, u has an analytic continuation across T\ 3(u), and
Y (u) consists of the accumulation points of the zeros of B and the support
of the singular measure .

There is a corresponding notion of inner function for H(C*). A bounded
analytic function © on C* is inner if |©(iy)| = 1 for almost every y € R.
Note that © is inner for C* if and only if u = © o is inner for D, where 7 is
the conformal map from D to C* from (2.2). Though there is an analogous
factorization theorem for inner functions © on C* as there was for inner
functions u on D (see [27, Chapter 2] or [33, Chapter 6]), we will only need
the fact that the function

(6.5) O(s) =e *, secCT,

where a > 0, is inner on Ct.

As we did for the atomic inner functions u,, we can define the model
space (uH?)* for any inner function u. As noted earlier, the following result
can be derived from a similar result on the Volterra operator on H? given
in [2].

THEOREM 6.2. — If u is a nonconstant inner function and (uH?)% is
an invariant subspace for the Cesaro operator, u = £u,, for some o > 0 and
some constant £ € T.

Proof. — We use Theorem 2.1. For the closed subspace uH? to be in-
variant under each composition operator Cy,, t > 0, it is necessary for u to
divide u o ¢y for each ¢t (meaning that (uo¢;)/u € H*°(D)). Thus, if u has
a zero 2o € D then u(p;(20)) = 0 for every t > 0. As t — 0T, these zeros
accumulate at z = 0 which is impossible by the isolated zeros theorem for
analytic functions.

By the classical factorization theorem for inner functions mentioned ear-
lier (and the argument in the previous paragraph), we may now suppose
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that v is a singular inner function s, and consider what happens if a point
&o € T\ {1} lies in its boundary spectrum X(u) from (6.4). Let us examine
what happens to Cy, (uH?) when ¢ = log 2. Assuming that u(piog2) € uH?,
we see that u(z) divides the bounded analytic function u((1 + z)/2), say
u((1 4 2)/2) = u(2)g(z) where g € H*®(D) (removing inner factors does
not change the H* norm).
Now observe that
(6.6) liminf [u((1+ 2)/2)] = [u((1+&)/2)| # 0

zeD,z—¢&o

(since u is a singular inner function and thus has no zeros in D). However,
by the definition of boundary spectrum from (6.4),

6.7 lim inf =0.

(6.7) Jiminf fu(2)]

Since u((142)/2) = u(z)g(z), the facts from (6.6) and (6.7) contradict the
fact that ¢ must be bounded near &. O

From Theorem 6.1, the Cesaro operator has the model spaces (uq H?)*
as invariant subspaces for a > 0 (and no other model spaces are invariant
under C). Thus, its adjoint C* has the invariant subspaces u,H? and no
other Beurling subspaces wH? are invariant.

With the notation of [24], we can see that these Beurling spaces uq H?
are equivalent to the standard {S;};>o-invariant subspaces

L*((a,00),w(y)dy) with a=loga.

For under
TW=: L*(R, w(y)dy) — L*(0,00)

(recall the operators T' and W from Section 2) such a subspace is sent to
L?(e®, 00). Now, under the normalized Laplace transform £, it maps to
the space ©,H?(CT), where O, is the inner function ©,(s) = exp(—e®s)
from (6.5). Finally, under the unitary operator Y~ : H?(C*) — H?
from (2.4) we arrive at u, H? with a = e.

The model spaces (u,H?)*, a > 0, also have the following interesting
property.

THEOREM 6.3. — If M is a closed invariant subspace for the Cesaro
operator such that (u, H*)* C M for some a > 0, then M = (ugH?)* for
some (5 > a.

Proof. — As we have just seen, the transformation § = WT 1LY
maps the subspace uyH? to L?((a, ), w(y)dy), with a = log a. This has
the remarkable property that the only translation-invariant subspaces con-
tained in it are standard, that is, of the form L?((b, 00),w(y)dy), for b > a
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(this follows from Domar’s work and appears in the discussion preceding
Theorem 2.9 in [24]). On applying F~! the result follows. d

We now examine the C-invariant subspaces which are contained in a
fixed model space (uq H?)*.

THEOREM 6.4. — Fix a > 0. Up to isomorphism, the restriction of I —C'
to the model space (un,H?)* is a shift of multiplicity one and its invari-
ant subspaces are parameterized by Beurling spaces of the form ©@ H?(C™)
where © € H>®(C™) is inner.

Proof. — To examine the C-invariant subspaces contained in a model
space (uqH?)*L, let us return to the translation model on L?(R,w(y)dy)
from Section 2 and note that the adjoint of the weighted translation e*/2S,
is given by
w(y +1)

w(y)
We seek the common invariant subspaces for {T}};>0 that are contained in
the space L?((—o0,a), w(y) dy).

Note that the weight w is uniformly bounded above and below on the
interval (—oo,a) (see Figure 2.3), and thus the operator

(Tog)(y) = gy + 1) y €R.

Vi L*((—00,a), w(y) dy) — L*(=o00,a), (Vg)(y) = 9)

is an isomorphism (but not an isometry).
The question therefore reduces to parameterizing the common invariant
subspaces of the semigroup {VT;V ~'};50 on L?(—00,a), and we see that

VT,V g)(y) = e?g(y + t),

is a backward translation. Now we can use the Beurling-Lax theorem to

find the lattice of common invariant subspaces, but there is an alternative

method that gives us more information about the action of C' on (u,H?)> .
Namely, we use a reversal operator

R: L*(—00,a) — L*(0,00), (Rf)(y) = f(a—vy)

and then, applying the normalized Laplace transform £, we have the iso-
morphism

LR:L*(—00,a) — H?*(CT).
Under this, the weighted left translation e'/2S, becomes

(LR)WVT,V™YLR)'G(s) = e'/?e7'G(s), seCT.
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Let A be the infinitesimal generator of the composition semigroup {C., }+>0,
namely

(Af)(z) =1 -2)f'(2), z€D,

(see the pioneering work by Berkson and Porta [6], for instance). Then we
may represent the resolvent (I — A*)~! of the adjoint semigroup — which
is the restriction of the Cesaro operator — equivalently as multiplication by
the function

1

T-
8"‘5

F(s) :/ e tet?est qt =
0

It is more productive now to use I — C' in which case we have the operator
of multiplication by the function

1
§—3

T
S+§

That is, up to isomorphism, the restriction of I —C' is a shift of multiplicity

one and its invariant subspaces are parameterized by Beurling spaces of
the form ©H?(C*) where © € H>°(C") is inner. O

From Proposition 1.1 we know that
o(I —C)=D.
The construction above yields the following.

COROLLARY 6.5. — For a > 0, the spectrum of I — C restricted to the
model space (uq H?)*, or any of its invariant subspaces, is D.

Proof. — From the proof of Theorem 6.4, the operator I — C, when
restricted to a closed C-invariant subspace of a model space (u,H?)® will
be the same as the spectrum of the operator of multiplication by

1
§—3

b(s) =
0=

on O H?(Ct) for an appropriate inner function © on C*. This is indepen-
dent of © as we can solve

(b—\)Of = Og

for f,g € H?(C") precisely when we can solve (b—\) f = g. The spectrum of
the analytic Toeplitz operator M, on H%(C%) is easily seen to be b(C+) = D
(this is a special case of what is sometimes known as Wintner’s theorem [26,
p. 365]). O
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We see also that
dim(M/(I - C)M) =1

for all C-invariant subspaces M C (u,H?)*, since
dim ((ua H2) " /(I = C) (ua H2) ") = dim(OH*(C*) /pOH(CY)),

and this last quantity is equal to one. Indeed, it can be shown, more gen-
erally, that every invariant subspace for I — C has index 1, using the main
theorem of Aleman, Richter and Sundberg [3]. We discuss this further in
Section 10.

Remark 6.6. — Suppose that M is a closed C-invariant subspace of H?2.
For fixed a > 0 consider

M+ (ug H2)™
Notice how this is a C-invariant subspace that contains (u,H?)%. Thus,
by Theorem 6.3, either

M+ (ugH2) " = (ugH?)™
for some 8 > « or
M + (ugH?)" = H?.
In the first case we have M C (ugH?)* and, by Theorem 6.4, we can,
in a sense, describe M. Notice how the second possibility above says that
ML Nu,H? = {0}. An example of when this occurs, one can consider

a finite co-dimensional invariant subspace M consisting of eigenfunctions
of C. Then M+ NugH? = {0} and so M + (uH2)+ = H?.

7. Model spaces and the Kriete—Trutt space

Results from the previous section bring up further interesting things one
can say about the lattice of invariant subspaces for M, on the Kriete-Trutt
space H?(u). The Kriete-Trutt transform

K:H> — M (n), (K[)(2)=(.q2)n>,
where
qu(z) = (1= 2)™"
from (4.3) is a unitary operator which maps C-invariant subspaces of H?

to M,-invariant subspaces of H2(x). What type of M, -invariant subspace
is K((ug H*)1)?
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To begin to unpack this, we require a few further details about H2(u)
from [31]. The first [31, Theorem 4] is that the inclusion map

it H?— W), i(f) =,

is bounded. The second [31, Lemma 4] is that if « is an inner function
whose boundary spectrum X(u) from (6.4) does not contain the point 1,
then the multiplication operator f + uf is bounded below on H?(x) and
so uH?(u) is a closed subspace of H2(p). Third [31, Corollary 1], for inner
functions A and B,

AH2(p) = BH?(p) if and only if wusA = cu B

for some |c¢| = 1 and some s,t > 0, where u; is the standard atomic inner
function from (6.1). Thus, an inner function B is cyclic for M, on H?(u)
if and only if B = cu;. They also note that

1

K—————— =¢' t=—(1 2, O<a<l.
1—(1—@)2 € U, (Oga)/ ) a
This shows that
1
1-(1—a)z
is a cyclic vector for C', meaning

1
"~ in>0%=H2
Span{C =0 a2 n O} H

Fourth [31, Theorem 5], for a closed M,-invariant subspace M of H? (1), we
have that M = uH2(u) for some inner function u if and only if M Ni(H?)
is dense in M.

One can describe K ((u,H?)1) as a “liminf” space as follows. A theorem
of Tumarkin [20, Theorem 4.3.1] says that for a given o > 0, there is
a sequence {Bj,}n>1 of finite Blaschke products with simple zeros such
that

(ugH?)* = lim(B, H?)*,

meaning that given any f € (un,H?)* there are f,, € (B, H?)* such that
fn — f in H? norm. Note that

1
(B,H?)* = Span{ DS B;l({o})}
1-Xz
is a convenient space of rational functions [25, Proposition 5.6].
If A € D and kx(2) = (1 — Az)7!, then [31, p. 203]

(Kka)() = (1 - \)==.
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When 0 < A < 1,

(7.1) (Kka)(2) = e eXp(_“*iJ—ri)

for some positive constants ¢y and ay. As mentioned earlier, k) is cyclic
for C and so Kk is cyclic for M, on H?(u).
The discussion above says that

K ((uaH?)*) = lim{span{(1 - )77 : A e B, (o)} }.
meaning that given any g € K((uqH?)"), there are
gn €span{(1—XN)T= : X e B, ({0})}
with g, — g in H2(u). But what does K ((u,H?)%) really contain? Is
K ((uo H?)Y) = uH2(p)
for some inner function u? The answer is no.

PRroOPOSITION 7.1. — For any « > 0, the M,-invariant subspace
K((uoa H*)Y) of H2(u) is not equal to uH2(p) for any inner function .

Proof. — First note that uH?2 = uH?2(u), since H? is a dense subspace
of H?(x) and multiplication by u is a bounded operator on both H? and
H? ().

Certainly

K ((uaH?)*) # uH?
for any ¢ > 0 since, by (7.1), u; corresponds to a Cauchy kernel via K and
these are cyclic vectors for C.

Is K ((uqH?)") = uH? where the inner function u has a Blaschke factor?

No, since otherwise, u(Ag) = 0 for some \g € D and thus

2o 1
0= (Kf)0) = (flw).(1=w)™5) .V fe (uah?)".
This would mean that
(1-— w)liio*o € uo H.

But this cannot be since (1 — w)*0/(1=20) is outer (Beurling’s theorem).
Thus, if K((uaH?)*) = uH? = uH2(u), then the inner function u must
be a singular inner function s,. Now, unless the measure v consists of

a single atom, u has nonconstant inner factors J; and J, with associated
singular measures with disjoint supports. In this case, it follows that the
C-invariant subspaces containing uH?2 are not totally ordered by inclusion,
and so, by Theorem 6.2, we cannot have K ((uqH?)*) = uH?2.
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Finally, suppose that K((uaH?)") = uH? = uH?(1) where u is a sin-
gular inner function corresponding to a point mass at p € T \ {1}. From
our discussion above, note that uH?(y) is closed in H?(p). Then there is
a function g € (usH?)* such that Kg = u. Now, and this is interesting on
its own, if f € H?, then

(s°f,0-w)™) = (fw=-1+)1-w)TF)
So that K(S*f — f)(z) is —K f(¢(z)) where

vl _ 2
1—p(z) 11—z
that is, ¢(2) = 1/(2 — 2). But now S*g — g belongs to (u,H?)* and so
K(S*g — g) € uH?(n). However, —K g(p(2)) is analytic in an open neigh-
borhood of p, which is a contradiction unless S*g — g = 0, which is impos-
sible. 0

H2'

Remark 7.2. — The M, -invariant subspaces M, = K((uoH?)*) are
not the “standard” Beurling-type M, -invariant subspaces uH?(u). More-
over, via Theorem 6.3, they also inherit the interesting property that if M
is an M -invariant subspace that contains M, for some «, then M = Mgy
for some 8 > a.

8. Cyclic subspaces

Recall that I—C' is unitarily equivalent to multiplication by the function z
on the Kriete-Trutt space H2(u) and is bounded below (recall (4.7)). Thus,
we may discuss the index

dim(M/zM)
of an invariant subspace M. See [34] for some general facts about the index
of an invariant subspace of M, on Banach spaces of analytic functions.
We start with some preliminary observations about C' itself, which is not
bounded below.

PROPOSITION 8.1. — Let M be a closed subspace of H?(p) that is in-
variant under M;_,, and hence M,. Then (1 — z)M is dense in M.

Proof. — Let
p(z)=1— (242" +-+2")/n.
Since p, (1) = 0, we have that p,(z) = (1 — 2)g,(2) for some ¢, € Clz].
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By Parseval’s theorem, observe that ||p,h—h| gz — 0 for every monomial
h(z) = 2* (hence, by (4.8), in H2(1) norm as well). Use this, along with
the facts that |p,(2)| < 2 for all z € D and the density of C[z] in H?(u), to
see that

(1= 2)gnh =pah — h
in H?(p) norm for all h € H?(pu). Now, if h € M then
(1 —=2)gn(z)h € (1 —2)M
and the result follows. O

COROLLARY 8.2. — Let M C H? be a closed invariant subspace for the
Cesaro operator C'. Then CM is dense in M.

Recall that a vector x in a Hilbert space H is a cyclic vector for a bounded

operator 1" on H if
span{T"x :n >0} =H.

From Theorem 6.4 we know that the operator I — C, when restricted
to (uqH?)*, is similar to the operator M;, of multiplication by b(s) =
(s —1/2)/(s+ 1/2) on H?(C"). From this we can determine some cyclic
vectors for C' when restricted to the model spaces (u,H?)*, a > 0.

PROPOSITION 8.3. — For every A € C* the function
1
s+ A

is a cyclic vector for My, on H?(C™). Moreover, for every inner function
© € H>(C™) the function

O(s)

s+ A
is cyclic for the restriction of My, to © H?*(CT).

Proof. — There is an orthonormal basis of H2(C*) given by

n

BRI Chk-7 M

Vo s+ )™
This can be seen most easily by transforming to D using the conformal
mapping
-3
S+ % '
With respect to this basis, M}, is a unilateral shift (so we see again that
its spectrum is D). This tells us that 1/(s + 1/2) is cyclic, as a nonzero

S
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multiple of the first basis vector. Now a vector remains cyclic for M, when
multiplied by an invertible function in H>*(C*), and in particular,

s+ %

S+
(We have many other choices but these ones lead to simpler expressions.)
The result for ©H?(CT) follows easily. O

We now track the vectors from Proposition 8.3 back to the original H?
setting. For a > 0 write a = loga There is a surjective isomorphism L,
between the spaces L2((—o0,a), w(y)dy) and H*(C") given by

/ Fy)e =¥ dy.

Taking f(y) = e, we conclude from Proposition 8.3 that this is a cyclic
vector for the operator L;'M,L, on L?*(—oc,a) corresponding to I — C
(and hence for the operator corresponding to C) as in Theorem 6.4. Note
that, since we are restricting w to (—o0,a), on which it is bounded above
and below (Figure 2.3), we can drop all references to w from now on.

We now recall the operator (Th)(z) = 2~ */2h(log z) from (2.5) to trans-
fer this to L2(0, ) and obtain the cyclic vectors

fulz) =z 32

Let us calculate the Laplace transform of fy € L2(0,q), i.e.,

o
/ 2 e da
0

to obtain a cyclic vector for the unitarily equivalent form of C' on the model
space (e~**H?(C7T))L. The answer is too complicated to be usable for most

values of X\ but if we take \ = % we obtain
1—e 9%
s

Finally, using 4~! defined in (2.4), we obtain a cyclic vector for C' on
(ueH?)*, namely
1 —uq(2)
9o(2) = — 77—

The singularity at —1 for g, is removable. Also note that g, belongs to
(uo H?)* since if h = (z + 1)k € (2 + 1)H? then
<ga>uah>H2 = <1 - ua>ua2k>H2 =0,

and this is true for a dense set of h hence for all h € H?. We summarize
this discussion with the following.
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PROPOSITION 8.4. — For « > 0, the vector
1 —ua(z)
1+2

belongs to (un,H?)*+ and is a cyclic vector for the restriction of C to
(ug H?)*.

Even though C|q, where M is a closed C-invariant subspace contained
in (unH?)*, is cyclic, it seems that finding cyclic vectors cannot be done
explicitly, except perhaps for some very simple inner functions © in Propo-
sition 8.3.

For w € D and

A= 6{26@:Rez>—;},

1-w

we want an expression for

<ga7 (1 - Z))\>H27

the cyclic vector for M, when restricted to K ((u,H?)1). Since U from (2.3)
is a unitary operator, and thus preserves inner products, we may do the
calculation in H2(C*). Thus, to within irrelevant constants, we obtain

1 —e—@s 2)\
< S ’ (5+1))‘+1 >H2((C+).

The first term in the inner product is the Laplace transform of the charac-
teristic function of (0, «), as we have seen already, while the second is the
Laplace transform of the function

2re~tA

r(A+1)’
where I' is the standard gamma function.
Thus, since the normalized Laplace transform is unitary, we obtain the
Kriete—Trutt cyclic vectors given by the function

V() i= 2o /a tpw/(1-w) g D
w) i = ———— e T A, w e D.
* L1/ —=w)) Jo
This is summarized with the following.

ProposiTIiON 8.5. — For a > 0, the function U, is a cyclic vector for
M, when restricted to K ((uqH?)*%).

The function U, does not have a usable formula. However, we can say
a few things.
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PROPOSITION 8.6. — The function U, has no zeros on D.
Proof. — This will follow from the general fact that if f € (uo,H?)* and
span{C"f:n >0} = (uaHQ)J'7

then K f, which will be a generator for the M -invariant subspace
K((uqH?)*), has no zeros in D.

Indeed, suppose (Kf)(A) = 0 for some A € D. Since KCf(z) =
(1 —2)K f(z) (Proposition 4.1), every function in

span{(l1 — 2)"K f(z) : n > 0}
would have a zero at A (recall (4.5)). The previous identity would say that
every function in
span{KC" f : n > 0}
vanishes at A\. However, f is a cyclic vector for C|(, g2yr and so every
function from K ((unH?)*) would vanish at \. It follows that

N L
<f, (1 —w)T=3 >H2 =0, Vfe (uaHQ)
which, in turn, implies that
(1- z)ﬁ € uo H.

A
This last statement is impossible since (1 — 2z)1-% is an outer function and
this can not belong to any Beurling subspace uqH?2. O

PROPOSITION 8.7. — The function U, does not belong to H?.

Proof. — From Proposition 7.1, we know that K((u,H?)%) is never
equal to uH2(u) for any inner function u. If U, € H?, then, since {pU, :
p € C[2]} is dense in K((uoH?)1) (recall Proposition 8.5), then [31, The-

orem 5] (mentioned above) would say that K ((uqH?)") = uH2(p), which
we know is not the case. O

9. A connection to universal operators

A bounded operator U on a Hilbert space H is universal for H if given
any bounded operator T on H, there exists a constant a # 0 and a closed
invariant subspace M for U such that U|, is similar to aT'. Universal oper-
ators thus have an extraordinarily rich class of invariant subspaces. Though
universal operators might not seem to exist at all, a theorem of Caradus [9]
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(see also [12, Chapter 8]) shows they exist in abundance. Indeed, if # is an
infinite dimensional separable Hilbert space and U is a bounded operator
on H such that ker(U) is infinite dimensional and U is surjective, then U
is universal.

For example, if u is an inner function that is not a finite Blaschke product,
then the co-analytic Toeplitz operator Ty on H? satisfies Caradus’ criterion
and is thus universal [26, Proposition 16.7.1]. Although neither C' nor C*
is universal (because they are injective), we do have the following.

THEOREM 9.1. — There exists a bounded analytic function F on the
disk D(1,1) such that F(C*) is universal.

Note that C* has an H* functional calculus (see the remarks in Sec-
tion 10) and so the operator F'(C*) makes sense. Our proof of Theorem 9.1
uses a universality result for composition operators from [10], an analysis
from [18], and a commutant result from [36].

The following theorem is from Carmo and Noor [10, Theorem 4.3].

THEOREM 9.2. — Let ¢ be a hyperbolic non-automorphism of D with
a fixed point ¢ € T and the other outside the closed unit disk D, possibly
at co. If a := ¢'(¢) € (0,1), then for each A with 0 < |\ < a~'/2 the
operator C, — Al is universal on the Hardy space H 2,

In our case, each of the symbols in the semigroup ¢;(2) = e 'z +1 —
et t > 0, from Section 2 induces a composition operator with a universal
translate. Here a; = ¢}(1) = e~* and the fixed points are 1 € T and at
oo. Clearly, the lattice of invariant subspaces of C,, — AI and C,, are the
same.

Proof of Theorem 9.1. — To help with the typesetting, fix ¢ > 0 and
let o = e~*. The composition operator induced by ; becomes Cazt(l—a)
and, with respect to the usual orthonormal basis {2"},>¢ for H?, has the
matrix representation

1 o o? o? .

(1-a) 2a(l—a) 3a%(1—a)
1-a)? 3a(l-a)?
(1-a)
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See a paper of Deddens [18, p. 862] for the details of this. Note that C*
has the matrix representation

1

M= D=

W= Wi Wl

N e N I N N

BRI | [ S ([ T TS S [ T

One can check, as Deddens did, that the two operators above commute. By
Theorem 9.2 there exists a constant 3, for which

Cozi(1—a) = Bal
is universal. Moreover, this operator also commutes with C* and has the
matrix representation
(1 — Ba o a? o’ .
1—a)—PFa 20(1—-a) 3a2(1 — a)

(1-0a)? -8y 3ol —a)?

(1 _a)g _ﬁa

By a result of Shields and Wallen [36] (which describes the commutant of
C — and thus C*), there is a bounded analytic function F on D(1,1) such
that

F(C*) = CO¢2+(1704) - ﬂa—L

This says that F(C*) is universal. O
By a trick from [18, p. 863], we can actually compute F. Note that
[F(1) * * * T
F(: * *
F(C*) = ) . :
F(3)

where the * entries in the matrix above are not important. Comparing
the diagonal entries of the matrix representations of Cy.4(1—a) — Bol and
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F(C*), we see that

F<1> =(1-—a)" ' =B, Vn>=1,

n

and thus, since {%}7@1 is not a Blaschke sequence for the disk D(1,1), we
see that

F(z)=(1—-a)Y*' -3, zeD(1,1).

Remark 9.3. — The lattice of invariant subspaces for C* is strictly con-
tained in the corresponding lattice for F(C*). For the function F' is not
injective on 0,(C*) = D(1,1) (Proposition 1.1), and so there exist distinct
eigenvalues )\, u for C*, with corresponding eigenvectors g, h € H?, such
that F(A\) = F(u). Now the one-dimensional space £ spanned by g + h is
not invariant under C*, but F(C*)(g+h) = F(A\)g+ F(p)h and so € is an
invariant subspace for F(C*).

10. Some final remarks

So how complicated is the invariant subspace structure for the Cesaro
operator? Since the invariant subspaces for the Cesaro operator are in one-
to-one (and order preserving) correspondence with the invariant subspaces
for the multiplication operator M, on the Kriete-Trutt space H?(u), the
complexity of the invariant subspaces of the Cesaro operator is reflected in
the complexity of the M,-invariant subspaces of H? ().

So what kind of space is H2(p)? In some ways it is more like the Hardy
space H? than the Bergman space A% of analytic functions on DD which
are square integrable with respect to area measure [22], since, by the main
theorem of [3], dim(M/zM) = 1 for any nonzero M,-invariant subspace
M of H?(u). On the other hand, there are M,-invariant subspaces which
are Beurling-like, and of the form uH?(u), and those which are not.

Some further parallels between the Hardy shift, the Bergman shift, and
the operator T'= I — C can be observed as follows:

e |T|| = ||T*|| =1 and o(T) = o(T*) = D (Proposition 1.1);
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e Using the matrix representations of C' and C* from (1.1), a calcu-
lation shows that

0 -

N[

win

Tr* =

[0

and so ||T*x|| < ||x|| for all x € ¢2. Hence T* is completely non-
unitary.

e By [5, Proposition 4.6], the properties above imply that T (and
hence T*) has an isometric H* functional calculus. That is, the
operators lie in the class A.

e As shown in [8], every operator of class A is reflexive, which means
that every operator fixing all T”’s invariant subspaces can be approx-
imated in the weak operator topology by polynomials in 7'. This is
a property that guarantees a rich subspace lattice.

There are other curious facts from [31] which only add to the mystery
of whether or not H?(1) is closer to a Hardy space or a Bergman space. If
f € H?(w) \ {0} vanishes on a sequence {z,}n>1 in D which does not ac-
cumulate at the point 1, then {2, },>1 must satisfy the Blaschke condition
> ns1(1 = zn]) < oo (which seems to point towards H2(u) being closer
to H?). Moreover, if .J is a closed arc of T which does not contain 1 and
f € H*(1)\{0}, then [, log|f|dm > —oc [21, Theorem 2.2] (again pointing
towards H?2(p) being closer to H?). However, there are f € H2?(u) \ {0}
which vanish on sequences {2y, },>1 which do not satisfy the Blaschke con-
dition (pointing towards H?2(u) being closer to A2).

Furthermore [30, Lemma 2], the functions

go(2) = 1;
1 1 n—1
n = T N - a5 - ) 2 17
N e G R G B
form an orthonormal basis for #2(u). In particular,

1

which shows that H?(u) is a space much bigger than H? (and even big-
ger than A?). It is often the case that “large” Hilbert spaces of analytic
functions on D have a rich class of M, -invariant subspaces.
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