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NEW CHARACTERIZATIONS FOR FOCK SPACES

by Guanlong BAO, Pan MA & Kehe ZHU (*)

ABSTRACT. — We show that the maximal Fock space F$° on C" is a Lipschitz
space, that is, there exists a distance do on C™ such that an entire function f on
C™ belongs to FS° if and only if

1f(2) = f(w)] < Cda(z,w)
for some constant C' and all z,w € C™. This can be considered the Fock space
version of the following classical result in complex analysis: a holomorphic func-
tion f on the unit ball B"™ in C™ belongs to the Bloch space if and only if there
exists a positive constant C such that |f(z) — f(w)| < CB(z,w) for all z,w € B",
where 3(z,w) is the distance on B™ in the Bergman metric. We also present a new
approach to Hardy-Littlewood type characterizations for FY%.

RESUME. Nous montrons que ’espace de Fock maximal F$° sur C" est un
espace de Lipschitz, c’est-a-dire qu’il existe une distance dno sur C" telle qu'une
fonction entiere f sur C™ appartient a FS° si et seulement si

|f(2) = f(w)] < Cda(z,w)

pour une constante C' et pour tous z,w € C™. Cela peut étre considéré comme la
version de I’espace de Fock du résultat classique suivant en analyse complexe : une
fonction holomorphe f sur la boule unité B™ dans C™ appartient a I’espace de Bloch
si et seulement s’il existe une constante positive C telle que | f(z)— f(w)| < CB(z, w)
pour tous z,w € B™, ol B(z, w) est la distance sur B dans la métrique de Bergman.
Nous présentons également une nouvelle approche des caractérisations de type
Hardy-Littlewood pour FZ.

Keywords: Fock spaces, Gaussian measure, induced distance, Lipschitz space, Hardy—
Littlewood type theorem.
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Introduction

For @ > 0 and 0 < p < oo we use LP or L?(C™) to denote the space of all
Lebesgue measurable functions f on the complex Euclidean space C™ such
that the function f(z)e=*I"/2 belongs to LP(C™,dv), where dv is ordinary
volume measure on C". For f € L we write

0 = (52)" [

when 0 < p < oo and

| £lls0.cc = esssup {|f(z)|e—a\2\2/2 ‘ L Cn}

fle)e 2

do(z)

‘ p

when p = o0.
Let H(C™) denote the space of all entire functions on C™. The spaces

FP=ILPNH(C"), 0<p<oo, a>0,

are usually called Fock spaces. Each F? is closed in the Lebesgue space LZ.
In particular, F? is a Banach space when 1 < p < oo.
It is clear that L2 = L?(C",d\,), where

dA(z) = (%)n emal=l’ dv(z)

is the Gaussian measure. The orthogonal projection P, : L?(C",d\,) — F?
is an integral operator, namely,

(0.1) Paf(2) = [ e f(w) dhaw)

where 2@ = 2@ + - -+ + 2, Wy It is well known that F? = P,LP for all
1<p<oo

The function K, (z) = K(z,w) = e**¥ is the reproducing kernel of the
Hilbert space F2. We will need to use the normalized reproducing kernels
kw = Ku/||Kuwll2,a, which are unit vectors in F2. It is clear that

ku(2) = % = e (ol l'/2),

See [10] for an introduction to Fock spaces.
The main result of the paper is Theorem A below.

THEOREM A.-— Suppose a > 0, f € H(C"™), and d is the distance
function on C" defined by

d(z,w) :/ ’eaza - eo‘wﬂ} da/2(u).

ANNALES DE L’INSTITUT FOURIER
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Then the following conditions are equivalent:

(a) feF.
(b) There exists a positive constant C' such that

|f(z) = f(w)| < Cd(z,w), z,weC".
(c) The function Rf(z)/(1+ |z|?) belongs to LY, where

(e

is the radial derivative of f with O f = 0f/0z for 1 < k < n.

This result has a well-known analogue in the more classical theory of
Bergman spaces. Recall that the Bergman space AP, 0 < p < oo, of the open
unit ball B” in C™ is the space of all holomorphic functions in L?(B", dv).
If P: L?(B", dv) — A2 is the Bergman projection, then it is well known
that AP = PLP(B",dv) for 1 < p < co. When p = oo, the space B =
PL>(B") is called the Bloch space of B"™, which can be shown to consist
of all holomorphic f on B™ such that

sup (1—|z*) |Rf(2)| < oco.
z€B™

The Bergman space analogue of Theorem A is the following: a holomorphic
function f on B™ belongs to B if and only if |f(z) — f(w)| < CB(z,w) for
some positive constant C' and all z,w € B™, where 8(z,w) is the distance
function on B™ in the Bergman metric. See [9].

The Bergman spaces AP and the Bloch space B on B™ can also be de-
scribed in terms of higher order derivatives. More precisely, if f is holo-
morphic on B™ and N is a positive integer, then f € AP if and only if the
functions (1 — |2])™d™ f(z) belong to LP(B™,dv) for all |m| = N. Here
m = (my,...,my) is an n-tuple of non-negative integers and

alml f

N P

Similarly, f € B if and only if the functions (1 — |2])/™d™f(z) belong
to L*°(B",dv) for all |m| = N. Such results are usually called Hardy—
Littlewood theorems, especially in the one-dimensional case of the unit
disc. See [9] again.

It turns out that these Hardy-Littlewood type theorems also hold for
Fock spaces. The following theorem can be found in [1, 2, 3, 5, 6].

THEOREM B. — Suppose a > 0, 0 < p < oo, N is positive integer, and
f € H(C"). Then f € FP if and only if the functions 0™ f(z)/(1 + |2|)!™!,
|m| = N, all belong to L.

TOME 0 (0), FASCICULE 0
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We will present a new approach to Theorem B above when n = 1. Our
proof is based on the main theorem in [4] and is much different and simpler
than the existing proofs in the literature. We will conclude the paper with
two open problems.

1. Some distance functions on C"

Fix any two positive parameters o and 5 and define a function
dop: C*" x C" — [0, 00)
by
Ao, (2, W) :/ |eﬁza — 65“”7| dAq (u).
By the “rotation invariance” of the Gaussian measure, we clearly have
do,g(z,w) = dy g(Uz, Uw)

for all z,w € C™ and all unitary transformations U : C* — C". The
following lemma is obvious.

LeEMMA 1.1. — FEach do g is a distance on C", that is, it satisfies the
following three axioms:
(a) do,p(z,w) >0 for all z,w € C", and dy g(z,w) =0 iff z = w.
(b) da.p(z,w) = da pg(w, z) for all z,w € C™.
(¢) dap(z,w) < dopg(z,u) + da,g(u,w) for all z,w,u € C™.

The computation of the precise distance dq g(z,w) between z and w is
often difficult. But we have the following estimate when one of the two
points is the origin. Here F(z) ~ G(z) means that there exist positive
constants ¢ and C (independent of z but dependent on other parameters)
such that cF(z) < G(z) < CF(z) for all z € C™.

PROPOSITION 1.2. — For any fixed positive o and 8 we have
dop(2,0) ~ \/eP?1212/(20) — 1
for z € C™. In particular,

daj2,a(2,0) ~ VerlzlP =1, ze C™

Proof. — Tt follows from the reproducing property in F? that
/ |€Bza| d)\a(u) = /

ANNALES DE L’INSTITUT FOURIER
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Thus we have the following estimates:

da,s(2,0) g/ |77 dha(u) +1 = B0 110 s ecn,
and

da,p(2,0) / 72| dAa( w)—1 =PI/ 1 e cm,

Consequently,

. da,g(Z,O) _
R e ey rs R

and for any r > 0 there exists a constant C' > 0 such that
O~ 1eP%121%/ (4) <dap(2,0) < OeBQIZIQ/(Zla), 2] > .

This clearly implies that there is another positive constant C' such that
eP1212/(20) — 1 < dy p(2,0) < CVePIRI2/R0 — 10 |2 >

On the other hand, it is clear from the unitary invariance of the Gaussian
measure (or the distance do,g) that we can use the special points z =
(#1,0,...,0) below to obtain

Bzu _
(11) tim Z2E0 / [e7 —1] 6/ fua |
|z|—=0 |z] |2|—0 Jon |z|

It follows that
da,p(2,0) ~ \ePI212/(20) — 1 |2] — 0.

The proof of Proposition 1.2 is complete when we combine this with the
estimate at the end of the previous paragraph. O

To simplify notation, we will write
da(zv U}) = da/Q,a(za ’U))

from this point on. This distance function arises naturally in the study of
the spaces F?. For example, we have the following result.

LEMMA 1.3. — For any a > 0 we have

do(z, w) ~sup{[f(z) = f(w)]: f € FZE [[flloca <1}

for z,w € C™.

Proof. — It is well known that the integral operator P, defined in (0.1)
maps L (C™) boundedly onto FS°. It follows easily that for f € F° we
have

[fllso.0 ~ nf {llglloc,o : f = Pag, g € L5 (C")}.

TOME 0 (0), FASCICULE 0
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Let d.,(z, w) denote the supremum in the Lemma 1.3, which is also a dis-
tance on C™ (see [8] for many other examples of distance functions induced
by spaces of analytic functions). Then

dy(z,w) ~ sup |Pag(z) — Pag(w)
”9”<>C,D<<1

/” (eazﬂ _ eawﬂ) g(u) d/\a(u)

= sup
llgllo,a<1

— / ’eazﬂ _ eawﬂ‘ ea|z|2/2 d)\a(u)

_ 2n/ |eazﬂ _ eawﬂ’ d/\a/Q(u)-

This proves the desired estimates. O

It is natural to wonder if the limit in (1.1) can be computed at points
away from the origin. When n = 1, it is clear that

d |€azu _ ’ _
lim dX = U dA .
i = [T a0 = e ot
However, the limit above does NOT exist when n > 1 and z # 0. In fact,
if we choose w =z + (¢,0,...,0), then

|1 — ea(wfz)17| azu azu
L ’e | dAgj2(u) = a/cn ’me | dAa/2(u).

Other similar “partial derivatives” will yield the following sub-limits:

a/ ‘ukeo‘za’ dAgj2(u), 1<k <n,

lim
t=0 Jon |lw — |

which clearly depend on k. More specifically, it follows from polar coordi-
nates and the one-dimensional case that

/ ‘ukeazﬂ dAgy2(u) ~ (1 + |zk|)eo‘|2|2/2.

On the other hand, we can write

do(z, 1— a(w—z)u
(Z U)) :/n | € ‘ | wu| ’ ozzu‘ d)\a/2 )

|2 — wl [(w—z)al  |z—

It follows from the Cauchy—Schwarz inequality for vectors in C™ that
d _
(1.2) limsupM < a/ | !eaw| dAa/2(u).

z —w| cn

w—z ‘

Thus we want to determine the growth rate of the integral

B) = [ ol 6] g atu)

ANNALES DE L’INSTITUT FOURIER
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as |z| = oo, which will be used several times later on.

LEMMA 1.4. — We have

g/ |u)? |ea“7| dXg/2(u) = (n + g\Z|2> e2l=*/2
2 Jen 2
for all z € C™.

Proof. — It follows from the reproducing property in Fa2 /2 that

/ ’e%zﬂ|2 d)\a/g(u)ZB%IZIQ

for all 2 € C™. Apply §%/92,0Z, to both sides of the above identity. The
result is

an 2 Yo N . .
(5) /Cn s [e 7] d)‘a/Z(“):5(1+§|zk|2)e2|2|,

Summing over k, we obtain

%/C lu? |6azﬁ‘ Ao (u) = <n+ %|z\2) e%lzh,

completing the proof of Lemma 1.4. O
LEMMA 1.5. — For any a > 0 we have E(z) ~ (1 + |z|)e*#"/2 on C.

Proof. — We write z = rw, where r = |z| (so |w| = 1). Then

/ earwﬂ/Qearﬁu/Q d)\a/Q(U) — /

Take the derivative with respect to r on both sides. We obtain

eazﬂ/Q‘Z d)\a/Q(U> — eoc|z|2/2 _ eocr2/2.

%/ (Wu + wa) || dAg 2 (u) = 041"60”2/2,

or
/ Re(wi) [e**"| dAq 2 (u) = |z|ea|z|2/2.
Therefore,
|Z|ea\z\2/2 i/ ‘u| }eaza| d)\a/2(u).
Cn

It is clear that the integral on the right-hand side above is a strictly positive
continuous function of z for |z| < 1, so there is a positive constant ¢ such
that

C(1+|Z|)ea\z\2/2 g/ |u||eazﬁ| d)\a/2(u)
CTL

for all z € C".

TOME 0 (0), FASCICULE 0
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On the other hand, it follows from Hélder’s inequality and Lemma 1.4
that

2
[/ |ul |e°‘zu} d)\a/g(u)} g/ |u|2 |eo‘zu| d)\a/g(u)/ |eaw| d)\a/g(u)
cn cn cn
_ (2” +|z|2> o H1el?  1a1
«
(2n+|2|2> oe\z

Thus there exists a positive constant C = C,, such that

/ |u| ’eazﬁ| d)\a/Q(u) < C(l + |Z‘)e%‘z‘2
Cnr

for all z € C. Combining this with the estimate in the previous paragraph,
we complete the proof of Lemma 1.5. O

Finally in this section we note that for any o > 0, 5 > 0, and p > 1, the
function

1
d(z,w) = [/ |28 — A" AN, (u)
is also a distance on C". For 0 < p < 1 the following is a distance on C™:
d(z,w) = / |2 — PV AN, (u).

It is not clear what these more general distances might be good for. It
would be nice to find some applications for them.

2. Characterizations of FS°

In this section we prove two characterizations for the space FZ°. It is
well known that FJ° is maximal in some sense among Banach spaces of
entire functions under the action of the Heisenberg group; see [8]. Our first
characterization of FJ° below shows that it is a Lipschitz space.

THEOREM 2.1. — Let o > 0 and f € H(C™). Then f € F3° if and only
if there exists a positive constant C' such that

1£(2) = f(w)] < Cda(z,w)

for all z,w € C".

ANNALES DE L’INSTITUT FOURIER
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Proof. — The “only if” direction is a direct consequence of Lemma 1.3.
Alternatively, for any f € F2° we have

£G) = Fw)l = | [ (e = e ) flw) dhaw)

g (%)n/(cn }eazﬂ _ eawﬂ|

g 2n||fHoo,aA |6azﬂ - 6awﬂ| d/\a/2(u)
= 2n||f“<><>,ada(zyw)

for all f € F2° and z,w € C™.

On the other hand, if f satisfies the Lipschitz condition, then in partic-
ular, |f(z) — f(0)] < Cdy(z,0) for all z € C™. By Proposition 1.2, there is
another positive constant C such that |f(z) — f(0)| < Cve2l*> —1 for all
z € C", which clearly implies that the function f(z)e=*I*/2 is bounded
on C™. This completes the proof of Theorem 2.1. O

Fu)eelul*/2| g=alul®/2 gy (y)

Again, to put the result above in proper perspective, we should think of it
as the Fock space version of the following well-known result for holomorphic
functions f on the unit ball B": f belongs to the Bloch space B if and only
if there exists a constant C' such that |f(z) — f(w)] < CB(z,w) for all
z,w € B"™, where 3(z,w) is the distance between z and w in the Bergman
metric. See [9)].

For a function f € H(C"™) we will write Vf = (01f,...,0,f) for the
holomorphic gradient of f. The equivalence of conditions (a), (b), and (c)
below is known, and we include a simple proof here. But condition (d)
appears to be new, interesting, and non-trivial.

THEOREM 2.2. — Suppose a > 0 and f is an entire function on C™.
Then the following conditions are equivalent:
(a) f e Fg.

(b) There exists a positive constant C such that
04F(2)] < C(1L+ [2)el=/2

forall ze C" and1 <k < n.
(¢) There exists a positive constant C' such that

IVf(2)] < C(1+ |z])el2/2

for all z € C".

TOME 0 (0), FASCICULE 0
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(d) There exists a positive constant C such that
[RF()| < C (14 [#f?) e*l1/2
for all z € C".

Proof. — Tt is obvious that conditions (b) and (c¢) are equivalent.
If f € F5°, then by Theorem 2.1, there exists a positive constant C such
that

) = f@I<C | e =] dhaja(u)

for all z and w in C. Let w = z + (h,0,...,0), divide both sides of the
inequality above by |h|, and then let A — 0. The result is

|01 f(2)] < Ca/ lure®™| dAq 2 (u).
(C’n
It is clear that we also have
|0k f(2)] < C’a/ ‘ukea“ﬂ dAa/2(u)
Cn

for all 1 < k£ < n. By Lemma 1.5, there exists another constant C' such
that

10k F(2)] < C(1 + |2|)el=*/2

for all 1 < k < n and z € C. Thus condition (a) implies (b).
By the Cauchy—Schwarz inequality, we have |Rf(z)| < |z||V f(2)|, which
yields

[Rf(2)| _ VI _ 2V
T+]z2 0 14212 © 142

(2.1)

for all z € C™. This shows that condition (c) implies (d).
Finally, we assume that condition (d) holds. For any z € C™ we can write

. ! ! dt
=10 = Y [ sy = [ Rses)

1/2 dt ! dt
- [ R G| RUCES

(2.2)

ANNALES DE L’INSTITUT FOURIER
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Let I;(z) and I3(z) denote the two integrals above, respectively. Then
1 dt 1
eI < [ R T <2 [ |Rie)
1/2 t 1/2
1
<20/ (14 £2]22) e /2 gt
0
|2l
<2C lea|z|2/2 —|—/ sea32/2 ds}
0

— 90 [ea|z2/2 1 (exr2 1)]
a

~ eo“z‘z/Q, z e C".
To estimate I1(z), note that the assumption

[RF(2) < C (14 [f) /2
is clearly equivalent to

(R (2)] < Cla|(1+ [2])en /2
(with a possibly different constant). Thus

1/2
nens [ inse &

1/2 51 o
< c/ |2)(1 4 t]z])et 1217/ q¢
0

C z 2
< §\z| (1 + |2|) eol=”/8
<Oz L ccm
for another positive constant C’. Combining the estimates for I(z) and
I5(z), we find another positive constant C' such that

1£(2) — F(0)] < CelzI*/2

for all z € C™. This shows f € F2° and completes the proof of Theorem 2.2.
O

We warn any inexperienced reader that the factor 1 — |z|? on the unit
ball B" can be replaced by 1 — |z|, while 1+ |z|? is critically different from
1+ |z| in Theorem 2.2 above!

TOME 0 (0), FASCICULE 0
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3. Hardy-Littlewood type theorems for Fock spaces

It is known that Theorem 2.2 can be extended to all Fock spaces F¥? in
terms of higher order derivatives.

THEOREM 3.1. — Suppose 0 < p < 0o, « > 0, f € H(C™), and N is a
positive integer. Then f € F? if and only if the functions 0™ f(z)/(1+|z|)™,
where |m| = N, all belong to L.

Proof. — See [1, 2, 3, 5, 6]. O

In this section, we provide a new approach to Theorem 3.1 in the one-
dimensional case. This approach is based on the main theorem in [4] and
is much easier than the arguments used in other papers in the literature.
We begin with the case of first order derivatives.

THEOREM 3.2. — Suppose f is an entire function on C, a > 0, and
0 < p < 0. Then f € F? if and only if the function f'(z)/(1+ |z|) belongs
to LP.

Proof. — We will prove the result with the help of [4], where it was
proved that f' € FP if and only if the function zf(z) is in F2. What we
want to prove here is that f € F? if and only if the function [f'(z)— f(0)]/2
isin FP.

Without loss of generality, we may assume that f(0) = f/(0) = 0. In the
equivalence

2f(2) € F < ['(z) € F,
if we replace f(z) by f(z)/z, then
f'z) _ f(®)

f(z) € FP «— . _76F5'

Since f(z) € FP clearly implies that f(z)/2? € FP, it follows that
f(z) e Fl = f'(2)/z € F <= f'(2)/(1 + |2]) € L.

On the other hand, if f/(z)/z € FP C F2°, then by what we have proved
about F2°, we must have f € F2°, which implies that f(2)/2? € FP? when
p > 1/2. Thus f'(2)/2 € FP implies f'(z)/z — f(2)/2* € FE, which yields
f e F?forp>1/2.

For 0 < p < 1/2 (actually, the argument below works for p > 1/2 as
well), we write

ANNALES DE L’INSTITUT FOURIER
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By the triangle inequality for the distance

d(fr, o) /m 2P dAa(2)

in F? (technically, we should first work with f,.(z) = f(rz), 0 <r < 1, and
then use an approximation argument in order to make sure that all the
integrals below all converge) and one of the main results in [4], there exists
a positive constant ¢ such that

f')|° (2) @ IO b
LIEE oz [ E2- 220 ane - 152 anee
/\f )17 da( TOF ax, 0.

Choose a positive radius R such that ¢ — 1/R27’ > 0. Then

[P ez (o= g5) [ 0P ane)

P

z

(2)[f
v lerawe - [ (E2F dae)
|l2I<R lzI<R | #
whenever f(0) = f/(0) = 0. This shows that
[ Ierane <o
|z|>R
and hence
JUCIRENERES
C
if the function f’(z)/z belongs to FP. O

COROLLARY 3.3. — Suppose a > 0, 0 < p < o0, and f € H(C) with
f(0) = f'(0) = 0. Then for any constant ¢ (including ¢ = 0) we have f € F?
if and only if the function

"(z z
THOINIC
z z
belongs to F?.
Proof. — This follows from Theorem 3.2 and its proof. O
THEOREM 3.4. — Suppose [ is an entire function on C, N is a posi-

tive integer, and 0 < p < oo. Then f € FP if and only if the functions
FN(2)/(1 +|2)N belongs to LE.

TOME 0 (0), FASCICULE 0



14 Guanlong BAO, Pan MA & Kehe ZHU

Proof. — We prove this by induction on N. The case N = 1 has already
been proved.

Suppose the result holds for some positive integer N. We proceed to show
that f € F? if and only if the function f(V+1)(2)/(14-|2|V+1) belongs to LE.
Without loss of generality. we may assume that

F0) = f(0) = - = fEN¥2(0) = 0.

In this case, we just need to show that f € F? if and only if the function
FNED (2)/2N+1 belongs to LP.

By the induction hypothesis, we have that f € F? if and only if the
function fN)(2)/(14|2|)" belongs to L2, which is the same as the function
g(2) = f™)(2)/2N belonging to FP. By Corollary 3.3, this is equivalent to
the function

q'(2) JrNg(z) FD(2)  NfM(z) +Nf(N)(Z) FOVED ()

P 22 SN+1 ,N+2 SN+2 T N+l
belonging to FP. So the desired result is true for NV + 1, and the proof of
Theorem 3.4 is complete. O

Serious obstacles arise when we try the arguments above in higher di-
mensions, although several steps still work. In particular, the “only if part”
of Theorem 3.2 in the higher dimensional case follows easily from the one-
dimensional case. In fact, by Theorem 3.2 and the closed-graph theorem,
there exists a positive constant C' (independent of f) such that

J

for all f € H(C), where dA is ordinary area measure on C. Now if f €
H(C™) and 1 < k < n, then

/

p

M dA(z) < C’/ ‘f(z)efalzP/Q pdA(z)
C

1+ |z]

p

7o¢|zk|2/2
Oef(21,. - 52k, s Zn)e dA(z)

1+ |2k

< C/ ’f(zla sy Rk '7Zn)€7a|Zk‘2/2 pdA(Zk)a
C

where C' is independent of the n — 1 variables {z1,...,2,} \ {2r}. Since
/(14 2]) < 1/(1+ |zx]) for 1 <k < n, |22 = |21]% + -+ + |2a]?, and the
Gaussian measure on C” is a product measure, we easily deduce that

/.
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p

—alz|?/
Opf(z)e” 72 dv(2) < O/

—al22/2|” qo(x
T+ f(z)e 21 du(z).

n
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It then follows that there exists another positive constant C such that

/C" Pﬁ(gl eaw]” dv(2) < c/n

flz)emel:l2

’p dv(2)

for all f € H(C™). Since |Rf(z)| < |2||Vf(2)], we can also find a positive
constant C' such that

/ Rf(2) o—ol=?/2
CTI,

14+ |22
for all f € FP.
When p = 1, the other direction of the inequalities above can also be
proved using elementary arguments. In fact, it follows from (2.2) and Fu-
bini’s theorem that

/ 1f() = F(O)e P du(z) < /(C 012 Qu(2) /01 mftﬂ dt
01 %/7 IRf(t2)]e?*" du(z)
1
d 2 2
B /o ot /C [Rf(2)]e” P/ do(z)
L o—BlzI7/t*
= [ Rl [

1 oo
= 7”/ |Rf§i)| dv(z)/ s"le™* ds.
26" Jen |2 Blz|?

An argument using mathematical induction shows that the incomplete
gamma function

P
duv(z) < C
(Cn

flzpemel=l 2

dv(z)

‘ p

T(n,x) :/ s"le7%ds, x € (0,00),

has the property that I'(n, z) ~ 2" e™% as x — oo, where n is any positive

integer. It follows that there exists a positive constant C' such that

e RFG) oo
L1 = s avey <€ [ R g,

This together with (2.1) shows that we also have
\Y%
[ 116 = s avsy < ¢ [ LBt auga),
n Cn 1 + ‘Z|

where the positive constant C' only depends on n and (.

TOME 0 (0), FASCICULE 0
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4. Further remarks

It follows from the analysis in previous sections that we have the following
results about Fock spaces in terms of the radial derivative.

COROLLARY 4.1. — Suppose f € H(C") and @ > 0.

(a) If 0 < p < oo and f € FP, then the function Rf(z)/(1 + |z|?)
belongs to LP.

(b) If p=1 or p = 0o, and if the function Rf(z)/(1 + |z|?) belongs to
L?, then f € FP.

It is therefore very natural for us to make the following conjecture.

CONJECTURE 4.2. — Suppose 0 < p < o0, o > 0, and f € H(C").
Then f € FP if and only if the function Rf(z)/(1 + |z|?) belongs to LP.
More generally, if N is any positive integer, then f € FP if and only if the
function RN f(2)/(1 + |2|*)Y belongs to LE.

The “only if” parts above follows from Theorem 3.1 and the expression
of RN f in terms of partial derivatives. For example, if N = 2, we have

R*f = R(2101f + -+ + 2,00 f)

R(zk0k f) = Z Z 2j0;(210k f)

k=1 k=1j=1

n 2
= Z zkakarszzka B
el Z] Zk
k=1 8zjazk

Similar formulas can be obtained for R f when N is any positive integer.

It is clear from the previous sections that, for each o > 0, the distance
function d, (z,w) plays a signficant role in the study of the Fock spaces FE.
However, we have very limited information about these distance functions.

Proposition 1.2 gives a good estimate for d, (0, z). A natural question is
whether or not we can use the estimate in Proposition 1.2 together with
Weyl unitary operators (see [10]) to obtain optimal estimates for the dis-
tance function d,(z,w). Our attempts so far have been unsuccessful.

Recall that Bergman spaces AP can be characterized by Lipschitz type
conditions

£ (2) = f(w)| < B(z,w) [9(2) + g(w)],

ANNALES DE L’INSTITUT FOURIER
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where g € LP(B", dv) and 3(z, w) is the Bergman distance between z and w.
See [7]. It is natural to ask whether or not something similar is also true
for Fock spaces. We make the following conjecture here.

CONJECTURE 4.3. — Suppose a > 0, 0 < p < oo, and f is an entire
function on C". Then f € FY if and only if there exists a non-negative
continuous function g € LP(C", dv) such that

(4.1) |f(2) = f(w)] < da(z,w) [g(2) + g(w)]
for all z,w € C".

If f satisfies the Lipschitz type condition in (4.1), then
£E) — F)] _ dalzw)

le—wl T [zl

[9(2) + g(w)]

for all z # w in C". Fix z, let w — z, and use (1.2) and Lemma 1.5. We
obtain a positive constant C' such that

0cf ()] < O+ 2D 2g(2), 1<
It follows that the functions 9y f(z)/(1+ |z]), 1 <
By Theorem 3.1, we have f € F?.

To prove the other direction, it seems that we need more detailed infor-
mation and more properties of the distance function d,(z,w), which are
not available at this point. We intend to pursue these issues in a future
paper.

k<n,zeC"
k

NN

n, all belong to L.
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