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SURGERIES ON TORUS KNOTS, RATIONAL BALLS,
AND CABLING

by Paolo ACETO, Marco GOLLA,
Kyle LARSON & Ana G. LECUONA (*)

ABSTRACT. — We classify which positive integral surgeries on positive torus
knots bound rational homology balls. Additionally, for a given knot K we consider
which cables K 4 admit integral surgeries that bound rational homology balls. For
such cables, let S(K) be the set of corresponding rational numbers %. We show

that S(K) is bounded for each K. Moreover, if n-surgery on K bounds a rational
homology ball then n is an accumulation point for S(K).

RESUME. — Dans cet article on donne la classification des chirurgies entiéres
positives le long de nceuds toriques positifs qui bordent des boules d’homologie
rationnelle. Nous considérons aussi le cas plus général des cables : quels cables
Kp,q d’'un nceud K admettent une chirurgie entiére qui borde une boule d’homo-
logie rationnelle ? Pour ces cables, soit S(K) I’ensemble des nombres rationnels %

correspondants. Nous démontrons que S(K) est borné pour tout K et que, si la
n-chirurgie le long de K borde une boule d’homologie rationnelle, alors n est un
point d’accumulation de S(K).

1. Introduction

In the Kirby problem list Casson asks [25, Problem 4.5]: which rational
homology 3-spheres bound rational homology 4-balls? While it is hard to
imagine a complete answer to such a question, in the past two decades much
progress has been made by restricting to special families of 3-manifolds, no-
tably Seifert fibered spaces. In [30] Lisca provided a complete list of which
lens spaces bound rational homology balls. The proof relies on an obstruc-
tion based on Donaldson’s diagonalization theorem, and its implementation
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requires a careful analysis of the integral lattices associated with certain
definite 4-manifolds bounded by lens spaces. Following his work, several
authors extended this approach, sometimes in conjunction with obstruc-
tions from Heegaard Floer homology, to various families of Seifert fibered
spaces (see, for example, [27] and references therein).

In [2] the first and the second author considered the question of which
Dehn surgeries on a given knot bound rational homology balls. From this
perspective, Lisca’s work provides a complete answer for the unknot. In [2]
the authors determined which positive integral surgeries on positive torus
knots T}, ; with ¢ = £1 (mod p) bound rational homology balls, and gave
restrictions for surgeries along arbitrary torus knots to bound rational ho-
mology balls. Note that such surgeries are Seifert fibered spaces. The re-
striction ¢ = +1 (mod p) is unnatural and was primarily a device to sim-
plify the technical analysis involving certain integral lattices.

In this paper we remove the restriction on the pair (p, ¢) and give a com-
plete classification of which positive integral surgeries on positive torus
knots bound rational homology balls. We will define three sets of triples of
positive integers, G, R, and £ below. We fix the convention that our torus
knots T}, ; have p < q.

THEOREM 1.1. — Let S3(T},4) be the result of n-surgery on the positive
torus knot T, ,, with n € N. Then S3 (T}, ,) bounds a rational homology
ball if and only if the triple (p,q;n) belongs to a set of triples GUR U L.

Triples in G correspond to surgeries that are Seifert fibered 3—manifolds
with three singular fibers, those in R correspond to connected sums of two
lens spaces, and those in L correspond to lens space surgeries.

We now define the three sets G, R, and L. Recall the definition of the
Fibonacci sequence Fy1 = Fy + Fy—1, with Fy = 0 and F; = 1. We also
define three auxiliary sequences™™) {Ry}, {Sk}, and {T}}. Note that we use
the same recursive relation and only change the initial values.

TO :07
RO == 17 SO = 17
T =1,
Rl == 3, Sl = 1,
R 6R. — R s 65, — S Ter1 =
k+1 — k — k—15 k+1 — k— Ok—1;
* * 6T, —Th_1.

(1) These sequences are in fact well-known: Ry, is the 2k*? half-companion Pell number;
S, is the (2k — 1)*" Pell number; 27}, is the 2k*" Pell number.
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The set G (for “generic”) contains the following four families and two
exceptional cases:

(1) (p.g;n) = (p,p+ 1;p?) for some p > 2;

(2) (P ;n) = (p,p+1; (p+ 1)?) for some p > 2;
(3) (p,q;n) = (p,4p £ 1; (2p)?) for some p > 2;
(4) (p in) = (Ry, Ri41; Rk Ri+1 — 2) for some k >
(5) (p,q;m) € {(3,22;64), (6,43;256)}.

The set R (for “reducible”) comprises the following seven families and
two exceptional cases:

(6) (paqa ) (r?, (r+1)%r (7“ +1)?) for some r > 2;

(7) (p,q;n) = (r?, (2r £1)%r%(2r £ 1)?) for some r = 2 (mod 4) and
Tz 2
(8) (p,q;n) = (r?,(2r £2)%r2(2r + 2)?) for some r = F3 (mod 8) and
r> 5,
9) (pgsn) = (F kH,F Fk+1) for some k > 3
(10) ( yq; M ) ( 2k—1> 2k+1’F2k 1F2k+1) fOf some k >2
(11) (p,q;n) = (SE,ATE; ATES}) for some k >
(12) (p,qin) = (4T7, S7,1; S, ,4T}) for some k
(13) (p,g;n) € {(92,14%,9% - 142), (112,142,112 - 142) };

Finally, the set £ (for “lens space”) comprises the following five families:

(14) (p,q;n) = (2r + 1,2r + 3;4(r + 1)?) for some r > 1;

(15) (p ) (ng, F2k+2; FQkF2k+2 + 1) for some k > 1

(16) (p ) (F2k+1, F2k+3; F2k+1F2k+3 - 1) for some k 2 1
(17) (P,Qa n) = (Fary1, Forgs; Fopr1 Forgs — 1) for some k > 1;
(18) (p,q;n) = (Sk+1, Sk+2; Sk+1Sk+2 — 1) for some k > 1

Note that, if ¢ # £1 (mod p), then the surgery coefficient n in the list
above is always one of pq — 2, pg — 1, pq, or pg + 1.

Some of these families were already known. Indeed, families (1)—(3) and
the two exceptional cases in (5) correspond to torus knots with ¢ = +1
(mod p) and hence come from [2]. Families (2), (10), (18), the two sporadic
cases in (5), and the sub-family with ¢ = 4p — 1 in (3) arise in the study of
rational cuspidal curves in CP?. Indeed, in [7], Ferndndez de Bobadilla, Lu-
engo, Melle Hernandez, and Némethi classify all rational complex curves in
CP? with one singularity of topological type 2P = y? (with ged(p, q) = 1);
a regular neighborhood of such a curve is the trace of d*-surgery along T}, 4,
where d is the degree of the curve, and its complement is a rational homol-
ogy ball bounded by the surgery (with its orientation reversed). Some lens
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spaces and connected sums of lens spaces also appear in complex geome-
try, when classifying certain singular surfaces which admit a smoothing to
CP? [20], and in the corresponding topological version of smooth embed-
dings of rational homology balls bounded by lens spaces [39]. In the context
of the theory of surface singularities, Stipsicz, Szabé and Wahl [48] studied
the existence of symplectic rational homology ball fillings of canonical con-
tact structures on links of singularities. There is some overlap between the
two resulting lists, also in the case of Seifert fibered spaces: for instance,
family (5) also appears in their list.

Surgeries along the torus knot 7}, ;, are reducible if the surgery coefficient
is pq, lens spaces if the surgery coefficient is pg=+ 1, and three-legged Seifert
fibered spaces otherwise [35]. We recall that Lisca has classified which lens
spaces [30] and connected sums of lens spaces [31] bound rational homology
balls. The analysis for the corresponding torus knot surgeries, which yields
the two sets R and £ amounts to matching two different lists: the list of all
connected sums of lens spaces arising as surgeries along torus knots [35] and
the one coming from Lisca’s work. This is mostly an arithmetic argument
and is carried out in Appendix A. Therefore the essential part of the proof
of Theorem 1.1 consists in showing that if ¢ Z +1 (mod p) and the surgery
coefficient n is not in {pq, pg£1}, then S3 (7T}, ,) bounds a rational homology
ball if and only if (p, ¢;n) belongs to family (4).

Our result is obtained using a mixture of Heegaard Floer homology and
lattice embeddings via Donaldson’s Theorem A [14]. In this paper, the
input from correction terms in Heegaard Floer homology is very limited,
consisting mostly of an extension of [2, Theorem 1.3], while the bulk of the
proof is a completely novel analysis of obstructions to embeddability of lat-
tices. The lattices under consideration are intersection lattices of plumbed
4-manifolds bounded by small Seifert spaces. It is worth stressing here that
the umbrella term of “analysis of embeddability of lattices” encompasses
a wide range of strikingly different ideas and techniques. In his pioneering
work Lisca [30, 31] studied the embeddability of all lattices arising from
linear graphs into diagonal lattices of the same rank. Some years later,
Greene [17] studying the Berge conjecture analyzed again lattices arising
from linear graphs, but this time embedded into codimension-1 diagonal
lattices and subject to a further condition arising from Heegaard Floer ho-
mology. Needless to say that Greene’s and Lisca’s work and approaches to
the embeddability of their respective lattices are completely different from
each other. Both of these groundbreaking works focused on embeddabil-
ity while our approach is an intricate obstruction to the embeddability of
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a subfamily of lattices associated to small Seifert spaces. The lattice em-
bedding results in this paper shed some further light onto the still open
question of which are the small Seifert spaces whose associated lattices
embed in diagonal ones of the same rank. There is no known or proposed
strategy to tackle this very interesting problem.

We can collect some of the information contained in Theorem 1.1 by
defining the following set of rational numbers

S = {q ’ Sf;(Tp’q) bounds a rational ball for some n € N}.
p

Each infinite family in Theorem 1.1 determines an accumulation point
for S.

COROLLARY 1.2. — Let ¢ = 1(1 + V/5) be the golden ratio and let
Y = 3 4 2V/2. The set of accumulation points for S is {1,¢?,4,,¢*}.
Moreover S C [1, 22].

Note that the integral accumulation points for S are precisely the positive
integral surgeries on the unknot which bound rational homology balls. Since
torus knots are cables of the unknot this observation suggests the following
definition. Let K, , be the (p, g)-cable(® of a knot K and define:

S(K) := {; ’p >1,q>0,53(K,,) bounds a Q-ball for some n € N}.
We have S = §(O) N [1,00), where O is the unknot: that is, we think of
S as the set of cabling slopes ¢/p > 1 for which the corresponding cable
of the unknot has a surgery that bounds a rational homology ball. In fact,
S(O)=8Su{rt|reS}u {% | p > 2}, where the last family comes from
the fact that O, 1 = O for every p.

With this notation in place we can state the following theorem, which
explains and generalizes the appearance of 1 and 4 as accumulation points

for S.

THEOREM 1.3. — Let K C S2 be a knot and n an integer. For every
integer m > 1 there exists a rational homology cobordism between S3(K)
and SS’%%(Kmmnﬂ). In particular, if S3(K) bounds a rational homology
ball then n is a two-sided accumulation point for S(K).

) we adopt the convention that the K, 4 lives on the boundary of a tubular neighbour-
hood of K, in the homology class of the curve pA\ + gu, where A and u are the Seifert
longitude and meridian of K, respectively. We can and will always assume p > 0; since
Ki,4 = K for every q, we exclude all these cases.

TOME 0 (0), FASCICULE 0
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Indeed, by work of Lisca [30], 1 and 4 are the only positive integers n
for which n—surgery on the unknot bounds a rational homology ball. We
have not been able to establish a similar relationship with rational slopes;
however, we observe that SZ’Z / kp_l((’)) bounds a rational homology ball for
every p prime and k coprime with p, and so the set of slopes r such that
53(0) bounds a rational homology ball is actually dense in R.

The appearance of the numbers ¢2, ¢*, and 1 is quite mysterious; their
square roots ¢, ¢> = %, and Vi = 1+ 2 (which is also known as
the silver ratio), are among the numbers that are worst approximated by
rational numbers (this dates back to work of Markov [32] and Hurwitz [24],
see [21, Theorem 193]).

As stated in Corollary 1.2 we have S C [1, 22]. The fact that S is bounded
was first shown in [2, Theorem 1.3] using tools from Heegaard Floer ho-
mology. Our next result generalizes this property.

THEOREM 1.4. — For every knot K C S? the set S(K) is bounded.

We will give concrete bounds on S(K) in Theorems 5.6 and 5.7; these
bounds will be expressed in terms of the concordance invariant v defined
by Hom and Wu using Heegaard Floer homology [23]. In particular, we will
show that if v+ (K) > 0, then S(K) is also bounded away from 0.

In a different direction, we look at fusion numbers and at applications
to the slice-ribbon conjecture for Montesinos knots and links. The fusion
number of a ribbon knot K is the minimal number of bands needed to
build a ribbon disc for K. Recall that every small Seifert fibered space is
the double cover of S3 branched over a Montesinos knot or a link; in our
case, S3(T)p,4) is a knot if n is odd, and a 2-component link if n is even. We
will show the following.

PROPOSITION 1.5. — Let M (ry,r9,73) C S be a Montesinos link whose
branched double cover is S3(T,,) for (p,q;n) € G. Then M(r1,72,73)
bounds a surface (with no closed components) of Euler characteristic 1
properly embedded in B*. Moreover, if M(ry,r,73) is a knot, then it is
ribbon and has fusion number 1.

Links bounding surfaces with Euler characteristic 1 are called x-slice [13].
In particular, if M C S® is a Montesinos knot whose branched double cover
is S3(T),,,) for some positive integers p, ¢, n with ged(p,q) = 1, then M
is slice if and only if it is ribbon, which in turn happens if and only if
(p,g;m) € G. The proposition above parallels Lisca’s statement for 2-bridge
links [30]; however, note that in our case the restriction that the branched
double cover of M is S2 (T, ,) for some p, g, n is quite strong.

ANNALES DE L’INSTITUT FOURIER
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1.1. Comments and further questions

In this paper we only consider positive integral surgeries on positive torus
knots. Since bounding a rational homology ball is a property which is inde-
pendent of the orientation, this also classifies which negative integral surg-
eries on negative torus knots bound rational homology balls. It is natural
to ask what happens to negatjve integral surgeries on positive torus knots.
Since S, (T, 4) = —S2 (T} 4) and v (=T, ,) = 0, it follows from [2, The-
orem 5.1] that if S3, (T, ,) bounds a rational homology ball then n € {1,4}.
However, even with this restriction our techniques fail to obstruct the ex-
istence of rational homology balls and standard constructions (of rational
balls) do not seem to apply. Two examples are representative of this issue.
First, the manifold S3,(T%3), which is the Brieskorn sphere 3(2,3,7), is
known to bound a rational homology ball [16], but the construction of the
rational homology ball is highly nontrivial; see [4] for an explicit handle de-
composition. Indeed, since the Rokhlin invariant of (2, 3, 7) is non-trivial,
any handle decomposition of such a rational homology ball must contain
a 3-handle. All the rational homology balls we construct comprise solely 1-
and 2-handles. Secondly, it is remarkable that (to the best of our knowl-
edge) it is still unknown whether or not the manifold S (7% 3) bounds
a rational homology ball. We also note that the techniques employed in
this paper do not obstruct S3, (7}, ,) or S*,(T},,,) from bounding a ratio-
nal homology ball: indeed, the negatlve definite plumbing corresponding
to these surgeries is a blow up of the surgery trace, and therefore its in-
tersection form is (—1)®" or (—4) @ (—1)®"~! both of which embed in a
diagonal lattice in codimension 0.

While the proof of Theorem 1.1 requires a significant effort with lattice
embeddings, numerical evidence suggests that, if n > 0 and T'(p, ¢) is a pos-
itive torus knot, S2 (7}, ,) bounds a rational homology ball if and only if it
is unobstructed by Heegaard Floer correction terms. Lens spaces exhibit
the same behavior: they bound a rational homology ball if and only if they
pass the lattice obstruction (in their case, with both orientations) [30], and
this happens if and only if they pass the correction terms criterion [18].
The common point between lens spaces and Seifert fibered rational homol-
ogy spheres is that they both bound sharp 4-manifolds [43]. It is therefore
natural to ask the following question.

QUESTION 1.6. — Does S2 (T, ,) bound a rational homology ball if and
only if it has \/n vanishing correction terms?

TOME 0 (0), FASCICULE 0
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Since correction terms of S3(7T),,) are computed in terms of the semi-
group generated by p and g, i.e. the set {hp+kq | h,k € Z>o}, arithmetics
might play a non-trivial role in answering Question 1.6.

Remark 1.7. — The proof of Theorem 1.1 requires a significant effort
with lattice embeddings, together with some estimates on Heegaard Floer
correction terms. By work of the third author [26], since S3(7},,) bounds
a sharp 4-manifold (for one of the two orientations), we know that the ob-
struction coming from Donaldson’s Theorem A is equivalent to that coming
from Heegaard Floer correction terms for these 3-manifolds. That is to say,
S3(T,.,) bound a rational homology ball if and only if it has /i vanishing
correction terms.

It would be interesting to find a proof of Theorem 1.1 using only cor-
rection terms. Since correction terms of S3 (7}, ,) are computed in terms of
the semigroup generated by p and g, i.e. the set {hp + kq | h,k € Z>o},
a careful analysis of this semigroup might play a non-trivial role in such
a proof.

Also, as mentioned above, it is intriguing to understand whether non-
integral accumulation points for S(K) carry topological significance. In
the case of S(O), we have no explanation for the appearance of ¢2, ¢*,
and 1, but it might be related to measures of approximability by rational
numbers.

Since Theorem 1.4 tells us that S(K) is bounded, it is natural to ask
about its cardinality.

QUESTION 1.8. — Can S(K) be finite? Can it be empty?

In Theorem 1.3 we saw that if S (K) bounds a rational homology ball
then n is a two-sided integral accumulation point for S(K). It is natural to
ask about the converse.

QUESTION 1.9. — Is there a knot K such that S(K) has a one-sided in-
tegral accumulation point? Suppose n is a two-sided integral accumulation
point for S(K). Does S3(K) bound a rational ball?

Note that Theorem 1.1 implies that the answer is affirmative if K is the
unknot.

Finally, as mentioned above, some of the families and exceptional cases
listed above arise as boundary of knot traces embedded in CP?. For some
of the remaining families, namely (1) and the rest of (3), it is easy to
verify that the corresponding knot traces embed in CP? (Propositions 4.1
and 4.2). For all other cases, the following argument shows that all their
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knot traces embed in a homotopy CP?: since all our rational balls, as well as
Lisca’s rational balls, are constructed only using handles of index at most 2,
if we glue the knot trace X,,(T}, 4) to the corresponding rational ball B, 4.,
turned upside down, we have a handle decomposition of a 4-manifold Z, 4.,
without 1-handles. In particular, Z, 4., is simply connected, it has Euler
characteristic X(Zp.g:n) = X(Xn(Tp.q)) + X(Bp.gin) = 3, and b3 (Zp 4:n) > 1
(since it contains the trace of a positive surgery), and therefore it is a
homotopy CP?. We believe that the answer to the following question is
affirmative.

QUESTION 1.10. — Does S3 (T, 4) bound a rational homology ball if and
only if X,,(Tp,,) embeds in CP*?

Outline of the paper

We start in Section 2 with the proof of Theorem 1.3. This result is in-
dependent of the rest of the paper. Section 3 associates to the manifolds
S3(T,.4) two families of plumbing graphs (Proposition 3.1). The question of
whether or not S3(7}, ;) bounds a rational homology ball will be addressed
via a careful analysis of a lattice embedding problem concerning the afore-
mentioned graphs. The answer to the embedding problem can be found in
Proposition 3.4. Section 3 culminates with the proof of our main theorem,
modulo the work in Section 6. In Section 4 we construct rational homology
balls associated to the graphs in Proposition 3.4 which admit an embed-
ding (Proposition 4.3). The next section, Section 5, collects some results
on the more general problem of cables of arbitrary knots bounding rational
homology balls, and proves Theorem 1.4. The longest section in this arti-
cle, Section 6, is devoted to the highly technical proof of Proposition 3.4.
Finally, for completeness, we have added an appendix where we determine
which lens spaces (and sums thereof) that bound rational homology balls
can be obtained as surgeries on torus knots.
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2. Accumulation points

Our study of which surgeries on torus knots bound rational homology
balls has led to the discovery of an intriguing relationship between surgery
coefficients and cables of knots. Indeed, as stated in Theorem 1.3, if K is
a knot in S® and K, , denotes its (p, ¢)-cable, the set of rational points

S(K) := {Z ’p >1,¢>0,83(K,,) bounds a Q-ball for some n € N}.
has accumulation points corresponding to all integers m for which S3 (K)
bounds a rational homology ball. This follows from the fact that for each
knot K and all integers m > 1 and n, we can construct a rational homology
cobordism from S2(K) to 52 (Kmmn+t1). A generalization of this fact
when n = 0 appeared previously in [12, Theorem 2.1 and Corollary 2.3].

Proof of Theorem 1.3. — The second assertion is immediate from the
first: since S35, (Kpmmnt1) is rational homology cobordant to S3(K), if
the latter bounds a rational homology ball, then so does the former. (Con-
cretely: one such ball is obtained gluing any rational ball whose boundary
is 52 (K) with the rational cobordism of the first part of the statement.)

To prove the first assertion, we first reduce to the case of SZmQ (K mnt1)-
To this end, suppose that the statement holds with the + sign for every K,
m, and n as in the statement: then, S,;O)lmz (Km,mn—1) is homeomorphic to
—Sian(—Km’mnH), where —.J denotes the mirror of J, and the latter is
rational homology cobordant to —S2, (—K) = S3(K) by hypothesis.

We now proceed to build the rational cobordism from S3(K) to
Simz (Km,mn+1), using one 1-handle and one 2-handle.

A surgery diagram for S?(K) is given in Figure 2.1(a), where the right
and left pictures are related by a slam dunk, or, equivalently, a Rolfsen
twist. We build a rational homology cobordism by attaching a 1-handle
and a 2-handle to S2(K) x I as in Figure 2.1(b). Note that in the pictures
we draw the case m = 3; for the general case the 2-handle in Figure 2.1 (b)
will run over the 1-handle m times. (The 2-handle is O-framed; its attaching
curve and the dotted circle representing the 1-handle form a (2,2m)-torus
link.)

Now to see the 3-manifold resulting from the cobordism we surger the
1-handle to a O-framed 2-handle, and slide this new 2-handle m times over
the knot K. The first such slide is indicated in Figure 2.1 (c). After m slides
the middle 2-handle will be a 0-framed meridian of K, and by slam dunking
we can remove both of these components from the surgery diagram, result-
ing in Figure 2.1(d). An isotopy gives Figure 2.1(e), where in the general

ANNALES DE L’INSTITUT FOURIER



SURGERIES ON TORUS KNOTS, RATIONAL BALLS, AND CABLING 11

case there will be m strands with a 1/m twist in them. Lastly we perform
a Rolfsen twist on the unknotted component with surgery coefficient —1/n
to remove this component from the diagram. This puts n full twists in the
m strands and changes the surgery coefficient from 0 to m?n, giving Fig-
ure 2.1 (f). In Figure 2.1(f) we recognize the resulting knot to be K, mnt1,
completing the proof of Theorem 1.3. g

In [3] the first and third authors studied the natural homomorphism
¥ : 03 — O} from the integral homology cobordism group to the rational
homology cobordism group, and showed that no lens space (or connected

—1/n —1/n 0
n <H 0 <H <\
[ [ 2
K = | K K g
(a)
—1/n
"IN
[/ 3
(|

L
~
\CS
~~
I~
e}

=

Figure 2.1. A rational homology cobordism.
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sum of lens spaces) represents a nontrivial element in the image. In fact,
in general it appears difficult to produce families of interesting examples
in the image. Here we observe that Theorem 1.3 gives a nice way to find
rational homology spheres that do belong to the image of 1.

COROLLARY 2.1. — For any knot K C S® and integer m > 1, the
manifold Sim? (K, +m=1) belongs to the image of 1.

Proof. — By Theorem 1.3, Simg (K, +m=1) is rational homology cobor-
dant to S3,(K), an integral homology sphere. d

3. From surgeries to lattices

The aim of this section is to reduce Theorem 1.1 to a series of technical
statements regarding integral lattices. Recall that surgeries on torus knots
are Seifert fibered spaces. More precisely, by [40, Lemma 4.4] (see also [35]),

we have
3 P q pg—n
Sn(Tp’q)_Y<2’(]’k7]f"pq—n—1>’

where ¢* is uniquely determined by 1 < ¢* < p—1 and ¢¢* =1 (mod p)
(similarly for p* where we exchange the roles of p and ¢). Up to orientation
reversal, any such manifold arises as the boundary of a positive definite
plumbed 4-manifold. Here our convention for three-legged Seifert fibered
spaces is the one described in Figure 3.1.

T2

1 T3

Figure 3.1. A surgery description of the Seifert fibered space
Y(e;ry,ro,r3).

We describe these 4-manifolds in the next proposition. The easy proof is

left as an exercise for the reader. We refer to [2, Section 2] for more details
on plumbed 4-manifolds.
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SURGERIES ON TORUS KNOTS, RATIONAL BALLS, AND CABLING 13

PropoOSITION 3.1. — Letn € N\{pg—1, pq, pg+1}. Then, the manifold
S3(T,.4) (up to possibly reversing orientation) can be described as the
boundary of the positive definite plumbed 4-manifold associated to one of
the following graphs.

e I[f 1 < n < pq— 2 the plumbed 4-manifold whose boundary is
S3(T, ) is associated to the graph:

by bm k+1

Qp ay 2 /

e Ifn > pq+2 the plumbed 4-manifold whose boundary is —S3(T, ;)
is associated to the graph:

ay ap, +1 2 2
® — .-+ — @0 — @ — -+ — @
%/—/
b w2/ e
Iy e — ... — e — o
N2 2
® — .. —
%/—/
N
where the numbers k and N and the strings of integers (ai,...,a,),

(b1,...,bn) are uniquely determined by the following:

o k>0 satisfiesq=kp+r withl <r<p-—1;
e N=|pg—n|—-12>1;

o [bymy...,b1]” ::bmfﬁ:pfr ; by =2 for each i;
° [an,...,al]_::an—%zf i a; =2 for each 1.

Ap—1—7"

An integral lattice is a pair (G, Q) where G is a finitely generated, free,
Abelian group and @ : G X G — Z a symmetric bilinear form. A mor-
phism of integral lattices is a homomorphism of Abelian groups which
preserves the bilinear form. An embedding of integral lattices is an injec-
tive morphism. We denote by (Z",1d) the standard positive definite lattice
of rank n. To a given 4-manifold X we can associate an integral lattice
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14 Paolo ACETO, Marco GOLLA, Kyle LARSON & Ana G. LECUONA

(H2(X;2Z)/ Tor,Qx) where Qx is the intersection form defined on the sec-
ond homology group with integral coefficients. If a 4-manifold arises from
a plumbing graph I' we denote the associated integral lattice by (ZI', Qr).
Our main ingredient for the proof of Theorem 1.1 is an obstruction based
on Donaldson’s diagonalization theorem [14, 15]. This obstruction relates
the existence of a rational ball with morphisms between integral lattices.

ProPOSITION 3.2. — Let Y be a rational homology sphere. Let X
be a smooth 4-manifold with positive-definite intersection form such that
0X =Y. IfY bounds a rational homology ball then there exists an em-
bedding of integral lattices

(H>(X;Z)/ Tor, Qx) — (2", 1d)
with m = rk(Hy(X; Z)).

With the notation from Proposition 3.1 we can specialize the above state-
ment to surgeries on torus knots.

CoROLLARY 3.3. — Let n € N\ {pq — 1,pq,pq + 1}. Suppose that
S3(T,,,) bounds a rational homology ball. Then, there exists an embed-
ding of integral lattices

where m is the number of vertices of I'; and the value of i € {1,2} is
determined as in Proposition 3.1.

In order to state our main technical result, we need to introduce some
notation. In both T'; and I'y the strings (a1,...,a,) and (b1, ..., b,,) satisfy
1 1

+ =1.
[an,...,al]_ [bm7...,b1]_

We refer to such strings as complementary. We will refer to the bottom
right 2-chain in I'; and I’y as the 2-leg, and to the other two linear con-
nected components obtained after deleting the trivalent vertex as the qc-
legs (where qc stands for quasi complementary). The next proposition is
the key ingredient in the proof of our main theorem, Theorem 1.1.

PROPOSITION 3.4. — Let I'y and I'y be as in Proposition 3.1. Suppose
further that 1 < k < 7 and that neither of the strings (ai,...,a,) and
(b1,...,bm) Is a 2-chain. Finally, in the case of the graphs 'y assume ad-
ditionally that if k = 7 then N > 4. Under these constraints,
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SURGERIES ON TORUS KNOTS, RATIONAL BALLS, AND CABLING 15

(1) The only lattices of the form (ZI'1, Qr, ) which admit an embedding
into the standard lattice of the same rank (Z*("') 1d) belong to the

subfamily
36 6 5+1
e — 0 — — @ — @
2 2 2 2 3 2 2/ N
— —e—0—0— 90— — 0o
%/—/
P \2

where on the left qc-leg the pattern P := [2,2,2, 3] is repeated r > 0
times between two weight 2 vertices.
(2) The lattice (ZT'y,Qr,) admits no embedding into (Z*<(2) 1d).

We are now ready to present the proof of Theorem 1.1. Several key facts
in it will be stated and proved in subsequent sections.

Proof of Theorem 1.1. — We want to determine which manifolds
S,?;(Tp’q) bound rational homology balls. We distinguish two main cases.
In what follows, let k = L%J, ie.q=kp+rforsomel <r<p—1.

Case 1. — First, let us assume that S2 (7}, ,) is Seifert fibered with three
exceptional fibers, i.e. that n € N\ {pg,pq £ 1} [35].

e If ¢ = £1 mod p then we can directly apply [2, Theorem 1.4]. This
accounts for the families (1), (2), (3) and (5) in the statement.

o If ¢ Z 4+1 mod p we argue as follows. On the one hand, it fol-
lows easily from Proposition 3.1 that, since ¢ Z £1 mod p, neither
(a1,...,ap) nor (by,...,by) is a 2-chain. Moreover, by Proposi-
tion 6. 1 we know that in this case, if S3(T}, ) is the boundary of
a rational homology ball, then 1 < k& < 7. Furthermore, Proposi-
tion 6.2 guarantees that, if S3 (T, ».q) is associated to a graph in the
family I'; via Proposition 3.1 and bounds a rational homology ball,
then its parameters do not satisfy k =7 and N € {1,2,3}.

We want to use Corollary 3.3 as an obstruction to S3 (7}, ;) bound-
ing a rational homology ball. By the above remarks, it suffices
to study the cases in the statement of Proposition 3.4. By Corol-
lary 3.3, the only manifolds S2 (7}, ,) which in this case might bound
rational homology balls are the ones in the family in the first state-
ment of Proposition 3.4. In Proposition 4.3 we construct explicit
rational homology balls bounding them. This is family (4) in the
statement of Theorem 1.1.
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16 Paolo ACETO, Marco GOLLA, Kyle LARSON & Ana G. LECUONA

Case 2. — Now assume that S3(7,,) is either a lens space or a con-
nected sum of two lens spaces, i.e. that n € {pq, pg=x1}. In this case Lisca’s
work (see [30] and [31]) provides us with a complete list of which lens spaces
or sums of lens spaces bound rational balls. The next step is then to iden-
tify which manifolds in Lisca’s lists arise as Dehn surgery on torus knots.
This work is carried out in the appendix (see Proposition A.1 and Propo-
sition A.2). From this analysis we obtain the remaining families stated in
Theorem 1.1. g

4. Explicit rational homology balls, ribbon disks, and
trace embeddings

In this section we will exhibit rational homology balls corresponding to
the triples in G, i.e. those which yield three-legged Seifert fibered spaces.
We show that these rational homology balls arise as double covers of the
4-ball branched over slice surfaces for Montesinos links, and, for triples
in families (1)—(3) we show that the corresponding trace surgeries embed
in CP?.

To fix the notation, we write m(K) for the mirror of the knot K C S3.

4.1. Families (1)—(3)

We begin with families (1) and (2). Recall that we denote with X, (K)
the trace of the surgery along the knot K, i.e. the 4-manifold obtained by
attaching an n-framed 2-handle to B* along K. Here, for convenience, we
temporarily drop our convention that in 7}, , we always have p < g, so that
we write T}, ,—1 instead of Tj_1

PROPOSITION 4.1. — The knot trace X,z2(Tp p+1) embeds in CP*. More-
over, we can choose the embedding so that the complement is a rational
homology ball built with one handle of each index 0, 1, and 2.

Proof. — For convenience, call X = X,2(T}, p+1) and DX its double,
viewed as the union of —X and X turned upside down. We note (but do
not use) that DX is diffeomorphic to S? x S? if p is even, and to CP?4CP?
if p is odd.

DX has a handle decomposition with two 2-handles, one attached along
K =m(T, p+1) with framing —p?, and the other attached along a meridian
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SURGERIES ON TORUS KNOTS, RATIONAL BALLS, AND CABLING 17

2

Figure 4.1. Kirby calculus for embedding knot traces in CP? for fam-
ilies (1) and (2). In all figures there is a 4-handle.

of K with framing 0. This is what is depicted on the left in Figure 4.1, where
we view K as the closure of the p-braid (o7 .. .ap_l)‘(pil).

We perform a blow-up on DX along the axis of the braid, and we obtain
the handle decomposition in the middle of Figure 4.1. Note that the knot K
becomes unknotted and gets framing 0.

More precisely, to get to the diagram shown, we first need to add a +1-
framed 2-handle attached along an unknot which is disjoint from the dia-
gram, and then slide the component K along it. Since these handleslides
only involve the 2-handle with attaching curve K, the new 4-manifold is the
union of —X#CP? and X along their boundary. In particular, the union of
the 0-framed 2-handle attached along the meridian of K and the 4-handle
is still diffeomorphic to X.

Since K is unknotted and O-framed, we can do a zero-dot surgery, and
replace it with a carved 1-handle, as in Figure 4.1 on the right.

After sliding the axis of the braid off the 1-handle (by sliding it along
the other 0-framed unknot p times), we can cancel the 1-handle with the
meridian of the corresponding dotted curve, and we obtain a handle decom-
position of CP%. Indeed, since the meridian of the dotted curve is 0-framed,
the other 2-handle remains a +1-framed unknot. We did not need to do this
explicitly, at the cost of using the Property P (by Property P, if a closed
4-manifold admits a handle decomposition with a single 2-handle and no
I-handles or 3-handles, then it must be +£CP?).

Therefore, the right-most picture in Figure 4.1 shows a rational homology
ball (the 0-handle, the 1-handle, and the +1-framed 2-handle) embedded
in CP?; its complement is the union of the other 2-handle and the 4-handle,
which, as observed above, is diffeomorphic to X. This proves the claim. [

The argument for family (3) is quite similar, so we just outline it.
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18 Paolo ACETO, Marco GOLLA, Kyle LARSON & Ana G. LECUONA

PROPOSITION 4.2. — The knot trace Xup:(T) apt1) embeds in CP?.
Moreover, we can choose the embedding so that the complement is a ratio-
nal homology ball built with one handle of each index 0, 1, and 2.

Proof. — We refer to Figure 4.2. On the left we have the double DX of
X = X4p2(Tp ap+1), where X is the union of the 0-framed 2-handle and the
4-handle.

|apx1

0 +1+14141 0O

(a) (b)

Figure 4.2. Kirby calculus for embedding knot traces in CP?, for fam-
ily (3). In all figures there is a 4-handle.

We blow up four times along the axis of the braid, obtaining a decompo-
sition of DX as (—X#4CP)U X, and then we do a zero-dot surgery along
the O-framed 2-handle that corresponded to m(T}, 4p+1) (Figure 4.2(b)).
We then slide the +1-framed 2-handles one off the other (Figure 4.2(c)).
We then add two extra 2-handles, which preserve the decomposition of a
4-manifold as X’ U X (Figure 4.2(c)), and we blow down the +1-framed
unknotted attaching curves, to get to Figure 4.2 (e). This exhibits a handle
decomposition of a 4-manifold as X U Q, where @ is the rational homology
ball constructed with the two 1-handles, and two of the 2-handles.

We have a cancelling pair of a 1- and a 2-handle in @; so @ has a handle
decomposition with only one 1-handle and one 2-handle. Moreover, either
by using the property P or by handle-sliding and explicitly cancelling the
remaining 1-handle with the 2-handle in X, we see that the 4-manifold in
Figure 4.2 (e) is indeed CP?. O

4.2, Family (4)

In this section we will show that the manifolds S3 (7}, ,) obtained as surg-
eries on torus knots that correspond to the graphs in Proposition 3.4 (via
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SURGERIES ON TORUS KNOTS, RATIONAL BALLS, AND CABLING 19

Proposition 3.1) bound rational homology balls constructed with exactly
one 1-handle and one 2-handle. We do not verify that gluing the rational
homology 4-ball and the trace of the cobordism we obtain an embedding
in CP?.

The graphs under consideration are of the form

3 6 6 5+1
e — o — ... —0o—0o
2 2 2 2 3 2 2/ ;
As: e — ... — 90— 0 —0—0—0— 0
| —
repeated s times \ 2
°

and the corresponding parameters n,p, ¢ that describe the boundaries of
the plumbed 4-manifolds can be defined recursively using the auxiliary
sequence defined in the introduction {R} as

Ry=1,
Ry, =3,
Rs+1 = 6Rs - Rsfl~

We now verify that this is the correct plumbing. Let p = Rs and ¢ =
Rg41. Since the surgery coefficient is n = RsRs+1 — 2, the corresponding
graph is of type 1, with 2-chain of length N =pg—n—-1=1.

Let us look at the two qc-legs. The sequence Rj is easily checked to be
increasing, and since Rsy1 = 6Rs — Rs_1, we have that ¢ = 5p 4+ r, where
0<r=p—Rs_1 <p,so that £k = 5. We want to compute the sequence

(b1,...,by) first: we know that [by,,...,b1]” = ﬁ; however, from the
computation above, this is
p _ Rs _ 6R571 - Rsf2 —6— Rsfl !
p—=r B Rs—l B Rs—l B RS—2 ’

An easy induction shows that the corresponding b; is 6 as long as R;_1 > 1,
when b; = R; = 3. This verifies that the top right leg is the same as
in As. Now we know that (ay,...,ay) is dual to (by,...,b,), and Riemen-
schneier’s point rule (that we recall in the Section A.1 below) readily re-
covers (aq,...,a,) as claimed.

Indeed, from Proposition 3.1 we obtain that the boundary of the 4—
manifold associated to A, is S%5R5+172(TR57R5+1)7 the fourth family in
Theorem 1.1.

TOME 0 (0), FASCICULE 0



20 Paolo ACETO, Marco GOLLA, Kyle LARSON & Ana G. LECUONA

PROPOSITION 4.3. — S?%SRSH—Q(TRS,RHJ bounds a rational homology
ball for each s > 0.

Proof. — We show that S?%SRS+1—2(TRS,R5+1) bounds a rational homol-
ogy ball by exhibiting an integral surgery from this manifold to S' x S2.
Such a surgery corresponds to attaching a 2-handle to 9(S! x B?), and
since the resulting 3-manifold boundary is a rational homology sphere, it is
easy to check that the 4-manifold must be a rational homology ball. After
representing the graph A, as a surgery diagram, the gray curve in Fig-
ure 4.3 shows an integral surgery to S* x S2. To see this, simply perform
three blow-downs to arrive at Figure 4.4. Note that after these blow-downs,
the left qc-leg in the graph is completely unchanged, the central vertex now
has weight 1, the short leg with one weight 2 vertex is no longer there and
the top qc-leg has lost the first 3 weight vertex and now the former sec-
ond vertex with weight 6 is linked to the old central vertex and has now
weight 3.

It is immediate to check that the surgery coefficients on the strings of
unknots on either side of the component with framing 1 in Figure 4.4 are
complementary. This in turn implies that Figure 4.4 is a surgery diagram
for S! x S2, since there is a sequence of blowdowns that terminates with a
single O—framed unknot (see [1, Proposition 2.14]). O

Remark 4.4. — Note that it is possible, in principle, to construct the
required rational homology ball from the surgery cobordism exhibited in
the proof: just attach a O—framed 2—-handle along the meridian of the surgery
curve and follow the same moves as in the previous proof. This gives an
explicit handle decomposition of the ball described above.

AR
_ —-\/\,/

Figure 4.3. A surgery from A, to S x S2.
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2 1 3
—

-~

Figure 4.4. A surgery diagram for S' x S2.

4.3. The two sporadic cases in (5)

Similar to what has been done in the previous subsection, we exhibit
surgeries along knots in Sg,(T3,22) and Sasg(Ts.43) yielding ST x S2. The
proof is analogous to the one in the previous subsection, so we omit it, and
rather just display the two handle attachments. We also observe that we
already know from [7] that the corresponding knot traces embed in CP2.
We do not verify that the rational homology balls that we obtain from the
next proposition can be glued to the traces to form CP?, but we believe
this to be the case.

PROPOSITION 4.5. — S3,(T3.22) and S3s5(Ts,43) both bound rational
homology balls constructed with one 0-handle, one 1-handle and one 2-
handle.

Proof. — The two corresponding handle attachments are displayed in
Figures 4.5a and 4.5b. In both figures, the bracketed components represent
the corresponding 3—manifold as boundary of a positive definite plumbing,
and the unbracketed 2-handle gives the cobordism. O

4.4. Relationship to Montesinos links

Each Seifert fibered rational homology 3—sphere is the double branched
cover of a Montesinos link in S3 [34]. The Seifert fibered spaces in The-
orem 1.1, that is, the surgeries on torus knots determined by the triples
in G, all have the following property, which we will show below: the rational
homology balls they bound are double covers of B branched over surfaces
of Euler characteristic one. These surfaces are properly embedded in B4
and their boundaries are the above mentioned Montesinos links.

If the Montesinos link is a knot, the surface bounded in B* is a disc
and the knot is said to be slice. There is a vast literature on the subject,
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(+2)
<+2>
<+2>

2)
(+2) (+2) @:j\) D - < /) } q (+2)
0

(+3) <+8>

(a) (b)

Figure 4.5. (a) The surgery cobordism from S§,(7T522) to S x S2.
(b) The surgery cobordism from S3.4(T5.43) to St x S2.

probably starting with the work of Casson and Harer [11] and followed by a
more systematic study of links in the Montesinos family bounding surfaces
of Euler characteristic 1 by several authors (see for example [9, 13, 19, 27,
28, 30, 31, 33)).

In general a Seifert space does not determine a unique Montesinos link.
Indeed, a single Seifert space might be the double cover of S3 branched
over non isotopic mutant Montesinos links [6]. However, in the case of
three-legged Seifert fibered spaces, the ones appearing in Theorem 1.1, the
correspondence between the double covers and the Montesinos links is one-
to-one [10, Theorem 12.29]. In light of this, we will denote with M (r1, 79, 73)
the Montesinos link whose branched double cover is the Seifert fibered space
Y(O;’I"l,?"zﬂ“g).

We now want to prove Proposition 1.5, asserting that if M (r1,r2,73) has
branched double cover S2 (T}, ,) for some p, g, n, then it is slice if and only
if it ribbon, and this happens if and only if (p,q;n) € G. Moreover, if n is
odd, then M(rq,r9,73) is a knot with fusion number 1.

Proof. — We will argue family by family. We start with the first two
families.
It is easy to verify that

S (Tpps1) =Y (0;p,—p, —p — 1)
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and

S 12 (Tppa1) =Y (0;p, —p— 1,p+ 1).

Notice that the corresponding families of Montesinos links will be either
knots, when the surgery coefficient is odd, or two-component links, when
the surgery coefficient is even. In this case, since the parameters are all
integers, the Montesinos links belong to the well-studied families of pretzel
links. The pretzel knots under consideration have all precisely one even
parameter and the fact that they are ribbon was established in [28]. They
have all fusion number one, as can be extrapolated from Figure 4.6. In the
link case, the construction of a non-orientable surface of Euler characteristic
one is also sketched in Figure 4.6.

O
O

)

) b
g
00 60

@

Figure 4.6. On the top row we have the pretzel knot M (3, —3,—4)
with a band. The next diagrams show the effect of the band move,
describing a ribbon disk of fusion number 1. It is clear that the same
band move will produce the same result for all knots M (p, —p, —p—1)
with p odd. In the second row we have an example of the link case,
precisely M (2, —2, —3). This time the band move describes the union of
a disk and a M&bius band and again it can be generalized for arbitrary
even p. The knots and links in the family M(p, —p—1,p+ 1) are dealt
with in complete analogy.

TOME 0 (0), FASCICULE 0



24 Paolo ACETO, Marco GOLLA, Kyle LARSON & Ana G. LECUONA

Likewise, we have that Si’pg (Tpap—1) = Y(0;p,—p, 4pf4_1) and that
Sfpg (Tpap+1) = Y(0;p, —p, 7%). These Seifert manifolds can be de-
scribed respectively as the boundaries of the plumbing graphs:

p p

. ]
4 p» 07 4 -p 07
. . and ° ° [

NP N

In Figure 4.7 the reader can find the diagrams of the corresponding families
of Montesinos links. In the same figure, through band moves, the surfaces
of Euler characteristic one bounded by these links are described. How to
obtain a projection of the Montesinos link from the above plumbing graphs
can be found in [27, Figure 3].

Gy & O O O O
BHe®®3 (1t

Figure 4.7. The left and right most diagrams are the Montesinos links
M(3,-3, 714—3) and M (4, —4, f%). In general, the diagram of the Mon-
tesinos link M (p, —p, —#) will have 3 top columns of p, —p and —p
half crossings and the third column will be connected to a set of 4
half crossings. The band move depicted in the top left diagram yields
the third diagram independently of the value p. The analogous move
on the right most diagram yields also the third diagram from the left.
The two band moves describe the union of a disk and a Méebius band.
The only difference in the diagrams of the links M (p, —p, 22 ;1) is that
there the 3 top columns have p,—p and p half crossings. The same

band moves apply to describe the Euler characteristic one surfaces.

Finally, for each member of the remaining family, in which all correspond-
ing Montesinos links are knots, and each of the two sporadic cases, for which
we are dealing with two component links, we have shown in the previous
subsections that there is a 2-handle attachment from their branched double
covers Y to S x S2. In Figure 4.8 we show that these handle attachments
can be done in an equivariant fashion with respect to the covering invo-
lution. It follows that in S® these handle attachments correspond to band
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moves in the link diagrams (see [27, Section 3] for details). Since St x 52
as branched cover of S has branching set the unlink of two components,
it follows that the result of the band moves on the diagrams is necessarily
the unlink of two components. If we started with a knot, this band move
describes a ribbon disk with fusion number 1; on the other hand, if we had
started with a two component link, the band move shows how to construct
a Mobius band and a disk, which is a surface of Euler characteristic one
with two boundary components. O

S356(To.43)

Figure 4.8. The top two diagrams are isotopic to the diagrams in Fig-
ures 4.5a and 4.5b respectively. Here the emphasis is that the 1-framed
2-handle in red can be added equivariantly with respect to the invo-
lution. Analogously, the third diagram is isotopic to Figure 4.3, where
the two black squares indicate that there is a chain of unlinks.

5. Bounds on cables from correction terms

In this section, we use (Heegaard Floer) correction terms to prove The-
orem 1.4.
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Correction terms are Q-valued invariants of spin® rational homology
spheres, introduced by Ozsvath and Szabé in [41]. We do not recall the def-
inition here, and we refer to the original paper, and to [2, Sections 2 and 3]
for an exposition more tailored to the scope of this paper.

The set of spin® structures on S2(K) has labelling by Z/nZ, given in [44];
when S2(K) bounds a rational homology ball, n is a square, and m = \/n
of the correction terms of S3(K) vanish; more precisely, those that vanish
are those labelled with %m(m — 1) — km as k varies among the integers
[2, Lemma 5.3]. In particular, we observed that if S, (K) bounds a rational
homology ball, then for k < 7
(5.1) Vm(m72k71)/2(K) = @

Here {V;(K)}i>0 is a sequence of invariants of K that can be used to
describe the correction terms of S3(K) [23, 38, 45]. Recall that we denote
with O the unknot.

THEOREM 5.1 ([38, 45]). — The sequence {V;(K)}i>o takes values in
the non-negative integers and is eventually 0. Moreover, V;(K) — 1 <
Vis1(K) < Vi(K) for every i > 0.

For every rational number p/q and for an appropriate indexing of spin®
structures on S;’/q((’)) and Sg/q(K), we have

(5.2) d(sg/q(K),i)
= —2max{Viy/q) (K). Vigpiy/a1 () } +d(S3,(0),).

The invariant v (K) is defined as the minimal index ¢ such that V;(K) = 0
[23], and in particular it is always non-negative. It gives a lower bound for
the slice genus, g4, and an upper bound for the 7-invariant [42].

PROPOSITION 5.2 ([23]). — The invariant v+ (K) satisfies
H(K) < v (K) < ga(K).

Wu studied the behavior of the sequence {V;(K)} under cabling [50]. In
the following proposition, we let ¢ (i) be the remainder of the division of
i— % by g. We also abandon our convention that torus knots 7}, 4
have p < g, and we shall do so throughout this section.

PROPOSITION 5.3 ([50]). — For every 0 < i < & the following holds:

53 VilEy) = VilTyg) + mx{ V] s (). V] s (50}
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As mentioned in the introduction, correction terms of surgeries along
torus knots (and hence, in light of Wu’s formula (5.3), of surgeries along
cables) are related to semigroups. More precisely, Borodzik and Livingston
proved the following relationship [8, Theorems 5.4 and 5.6]:

(5.4) Vi(K) = Ry 4(9(Tpq) +1) — i,

where R, ; is the semigroup-counting function associated to the semigroup
Tpog={hp+kq|h k€ Zsp}, defined as:
Ry q(n) = #(Ipq N[0, 7).

We find it convenient to translate (5.4) into the following relation. Let
') q(n) be the n'™ element of T, 4, so that we have '), 4(0) = 0 and I'p, 4(1) =
min{p, ¢}; by convention, we let I',, ,(—1) = —oco. Then, for each 0 < ¢ and
k>0:
(55)  Vi(Tpq) = a <= g(Tpq) —Tpqla) <i < g(Tpq) —Tpqla—1).

Recall also from [2, Theorem 5.2] that if S ,(K) bounds a rational ho-
mology ball, then

(5.6) 1+\/1+8u+(K)< <3+\/9+8u+(K)
: 5 <m

2 )

or, equivalently,
m(m — 3)
2
The theme of this section is to combine (5.3), (5.5), and (5.1) when ¢/p is
either very large or very small, so as to produce a contradiction with (5.7).

m(m — 1)

5.1. An example: cables of the trefoil

As an example, we start by considering cables of a knot K such that
T(K) = g«(K) = 1, e.g. the trefoil K = T 3. While this is a toy case, it
displays some of the features of the general case; also, in this case we get
better upper and lower bounds for S(K).

Note that, by Proposition 5.2, the assumption implies that v+ (K) = 1.
Moreover, for these knots we have 7(K, ) = p+ %; this follows
readily from [22, Theorem 1], once we observe that e(K) = 1 (see [22,

Proposition 3.6]).

PROPOSITION 5.4. — Let K be a knot such that 7(K) = g.(K) = 1,
and p, q be positive and coprime, with p > 1. If K, , has a positive integral
surgery that bounds a rational homology ball, then % < % < 10.
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Proof. — We know that 7(K,,) < v (K,,) < ¢«(K,,) and that
9+ (Kp.q) < pge(K) + %. Thus we have:

-1 —-1)
5 .
We want to apply Wu’s formula (5.3). Since v (K) = 1, Vi(K) = 0 if
and only if ¢ > 0. Since 0 < ¢1(i) < ¢ — 1 for each 4, %ﬂh(z) > 1,
and (5.3) reads:

(5.8) vi=vH(Kpg) = 7(Kpg) = gu(Kpg) =p+

(5-9) Vi(prq) = Vz‘(TILq) + VV%QJ (K)

Suppose, by contradiction, that p > 7q. In particular, p > ¢ > ¢1(i) for
each i, from which @) o 1; it follows that the second summand on the
right—hand side of Eq. (5.9) is always 1. That is, V;(K,, ;) = Vi(T} ) + 1 for

each ¢ < &; moreover, since the sequence of V;’s is non-increasing and

2 Y

V(T = (p=Dla=1) _pg _patp—gtl _
2 2 2

We also obtain that V;(K) = 1 for each B < i < v, and that V;(K, ) =
for ¢ > v. From the previous formula, and since p = 7q > 7, we have V>
in particular, from (5.6) we get that m > 5.

We want to apply (5.1) for k = 0, 2, which we can do since we just showed
that m > 5, in conjunction with (5.5) and (5.3). Therefore, we have the
following inequalities:

m(m —1) m(m—5) _(p—=1(g—1)
2 2 2

0
7

)

Subtracting the second inequality from the first yields 2m > v— % +
q, from which 2m > p 4+ ¢ > 8¢. We now compare this with (5.7):
p+q.<p+q ) m(m —3) (p—1(g—1)

> 2 78 g <VTPT 2 ’

which yields
(p—q)* < 10p+2¢ + 4,
which in turn never holds if p > 7q.

Suppose now that g > 10p. Observe that, by definition, ¢;(i) > p when-
ever % —q+p < W —lp<i< W. In particular, in
this interval, Eq. (5.9) reads V;(K, 4) = Vi(T}4). Moreover, V;(K,,) =1
for % < i< vas well
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We can assume that m > 3, since v > p+ %(qf 1) > 6 (recall that p > 1,
otherwise we would be including trivial cables). From (5.5) and (5.1) for
k = 1,2 we then obtain

(p-Dg-1) _ _mm-3)

2 PSR
(p—l)z(q—l) _3p<m(m2—5) < (p—1)2(q—1) o,

and subtracting the second inequality from the first we get m < 3p. We
now plug this into (5.7) to obtain:

p-D@-1) _~ mm—1) 9p>—3p
p+ 5 =v< 5 < 5 ,
which is impossible if ¢ > 10p. O

5.2. The general case

In this section we want to prove a quantitative version of Theorem 1.4.
More precisely, we want to show that if v (K) > 0, then S(K) is bounded
away from 0 and from above, by two constants that depend only on v+ (K).

When v (K) = 0, we cannot exclude 0 as an accumulation point for
S(K). In fact, whenever K is slice (which, in particular, implies v (K)=0),
then S§(K,1) bounds a rational homology ball for each p. Viewed differ-
ently, S(K) is a concordance invariant, so for K slice S(K) = S(0O), which
has 0 as an accumulation point. Moreover, since v (K) = 0 implies that
d(S3(Kp,q),1) = d(S2(Tp,q),1) for each i and each positive n; then the same
proof as in [2, Theorem 1.3] shows that ¢/p < 9. (In fact, the proof can be
refined to show that ¢/p < 8.) For these reason, in what follows we only
treat the case v (K) > 0.

Remark 5.5. — If the answer to Question 1.6 is positive (that is, if cor-
rection terms detect whether a positive integral surgery along a torus knot
bounds a rational homology ball), then for every knot with v (K) =0 we
have S(K) C S(O). In particular, g/p € S(K) if and only if either ¢ = 1,
or (p,g;n) E GURUL or (¢,p;n) € GURU L or for some n.

We prove the lower and upper bounds for S(K) in Theorems 5.6 and 5.7
below.
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THEOREM 5.6. — Let K be a knot in S® with v*(K) > 0, and p, q pos-
itive, coprime integers such that K, , has an integral surgery that bounds
a rational homology ball. Then either ¢ = 1 and

4 > ! > 1
P2+ /1+8V(K) 2+ /148 (K)

orq>1 and
q 1 1

4 > .
p - We(K) ~ 9t (K)

The strategy of the proof will follow closely the one we adopted for the
trefoil in the previous subsection. The main difference with that proof is
that now we have no a priori control on v (K, ,).

Proof. — First, we note that the two right-most inequalities in the state-
ment follows immediately from the inequality v (K) > Vo(K), which in
turn follows from Theorem 5.1.

Suppose that p > ¢; then (5.3) shows that V;(K, ,) = Vi(Tp,q) + Vo(K)
for each i < EL. Since we assumed v (K) > 0, then also Vo(K) > 0, and
vH(Kpq) = [B] + Vo(K). We now need to distinguish two cases in the
proof: ¢ =1 and ¢ > 1.

Let then g = 1, so that V;(K) 4) = Vo(K) for each i < &L, and suppose
that S, (K1) bounds a rational homology ball. Applying (5.1) for k =
| 5| we obtain

Vo(K) > W7
) —. ¢. Note that the denominator of
the fraction in the statement is 2¢ — 1.

We observed above that vT (K, ;) > % + Vo (K); we now combine this
with (5.7) and the previous inequality to get:

) K
that translates into m < %

%(K)+Z%1_m+1<V+(vaq)_m+l

from which we obtain %_1 <Km-—-1</l—-1,1ie p<2—1, as required.
Suppose now that ¢ > 1 and p > 9Vy(K)g, and that S3, (K, 4) bounds
a rational homology ball. Call z the only integer such that
VI+8W(K) -1 cr< \/9+8V2'0(K) + 1;

2
equivalently, x is the smallest integer such that @ > Vo(K) + 1.
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We want to make sure that z +1 < % from (5.6):

. F+«/1+8u+(KP,q)w N {1+\/3+8V0(K)+4pq—‘
= 2 =

2

FJWBJFBQVO W b/9+8VO +3J 2(z + 1).

Call &y := 2= _yy(K) — 1, & = @FDEF2) y(K) and note that
01 = 0o+ x + 2 < 2z + 2. We also want to make sure that ¢ - (22 + 2) <

.. . 1+8Vo (K)+1
this is clear, since p/q > 9Vj, and = < +

Since x + 2 < F, we can apply Eq. (5.1) for k = x and k = = + 1, thus
obtaining;:

z(x+1)
VnL(m—Qm—l)/Q(KZLq) = T

and

(x4+1)(x+2)
Vm(m72x71)/2(KP,Q) = f

From Wu’s formula (5.3) and Borodzik and Livingston’s formula (5.5), we
then obtain:

Vin(m—22-1) (Tp’q) =0+ 1
p)

m(m —2x —1 —1)(g—-1 —1)(g—-1
( ) p=1g—1) ST, (d) = (p—1(g—1) — b0,
2 2 2
Vm(m 22:» 3) ( ) = 51
—1(g—1 —1)(g—1 m(m —2x —3
_ p=Dl-1) , -1 T, 00 < ( ).
2 2 2
Subtracting the second inequality from the first yields m < (01 — dg)g =
(x + 2)q.
We now use (5.6) to get a contradiction:
-1
Vo(E)(1+9¢%) — 1 < Vo(K) + 21
mm—1) _m? _@@+2)? ¢ (22)° 5,
< J -
3 < 5 < 5 < 5 < 2q¢°x

where we used that z > 1 (since Vo(K) > 1) and for each such z,
x + 2 < 2x. Since this is clearly a contradiction for Vo(K) > 1, the proof
of Theorem 5.6 is concluded. O
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THEOREM 5.7. — Let K be a knot with v*(K) > 0, and p, q positive,
coprime integers such that K, , has an integral surgery that bounds a ra-
tional homology ball. Then

4 < 200+ (K).
p

We note that the result is far from optimal, and can be refined by dis-
tinguishing more cases; for instance, the inequality gets better as v*(K)
increases, or as p gets larger. We content ourselves with showing that S(K)
is bounded, rather than finding the sharpest possible result.

Proof. — Suppose, by contradiction, that ¢ > 200" (K). We claim that
there exists x such that

py+(K)+p<p-x(x2+l) < (x+1)2(x+2)
(5.10) (p—1)(g—1)
< %—plﬁr([()—p.

Indeed, let 2 be the smallest integer such that “ZFD > vT(K)+1, so that

2
980+ (K)+1
2

x satisfies z < < vT(K) +1; then

1)z +2 1
— )2(90+ ):"T(x; ) o 1K) + 2043 < 30 (K) +5.

(1+1)2($+2) < (p_l);q_l) — pvt(K) — p is clearly satisfied

The inequality p -
if ¢ > 2007 (K)p.

The inequalities in (5.10) ensure that, when we apply (5.1) and (5.5), we
are actually looking at V;(K, ,) in the range where V;(K, 4) = Vi(T}q)- S0
we have, from (5.1), similarly as in the proof of Theorem 5.6,

Vi) (Tyq) = w
mm—2rx—-1) (p—1)(¢—-1) 2(z + 1)
= 5 < 5 _ ( U 1)p

and

r+1)(x+2

. (p— 1)2(q— ) (z+ 1)2(x+2)p < m(m —22:10 —3)'
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Subtracting the second inequality from the first, we obtain m < (z + 2)p.
We now apply (5.7):

(p—1(g-1) +

W+ (K)p* < pr(K) + 5  ~7 Kpq)
BRI | WCES VT B2

where we have used Wu’s formula (5.3) to get

(p—1)(¢—1)

v (Kpg) = ot () + L

(this is also the statement of [50, Theorem 1.1]). Since the last inequality
never holds when v*(K) > 1, we have reached a contradiction. O

6. The proof of Proposition 3.4

This long section is mainly devoted to the study of the embeddability of
the positive lattices defined by the graphs in Proposition 3.1 into the stan-
dard positive lattice of the same rank. Since we are only interested in this
property because of Corollary 3.3, there are some simplifying assumptions
that we can make from the very beginning.

(1) By Proposition 6.1 we may assume that 7 > k > 1. (Recall that
g=kp+rwith0O<r<p-1.)

(2) Since it is completely understood which integer surgeries on T), ,
torus knots bound rational homology balls when ¢ = +1 mod p
[2, Theorem 1.4], we can restrict our analysis to the case ¢ # +1
mod p. Via Proposition 3.1 it is easy to show that this condition
is equivalent to requiring that none of the strings (aq,...,a,) and
(b1,...,by) in the graphs 'y and T'y from Proposition 3.1 is a 2-
chain. This in turn is equivalent to imposing n,m > 1.

These two simplifications explain the first assumptions in the statement
of Proposition 3.4. The third assumption, which concerns only the graphs
in family 'y, will be justified in the next subsection. The proof of this
proposition is long and convoluted. We have tried to do our best to guide the
reader providing context between the technical results in this section. The
idea behind the proof is quite simple and it can be very roughly described
as follows. Let I' be a weighted graph with vertices v, ..., v, and suppose
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its associated lattice (ZI', Qr) embeds into (Z™ = (e1,...,e,),1d). By an
abuse of notation we will identify the v;’s with their images and write
v = Z?zl ajej where o; € Z. To any I' one can associate the integer

n
I(T) = Z(vivaiT -3).
i=1
Now, if I" admits an embedding as described, then this number I(I") can
also be computed from the embedding. We will show that if the graphs I'y
and I'y with the restrictions of Proposition 3.4 embed, then the quantities
I(T'y) and I(T'2) are bounded from below. To obtain these bounds it will be
of particular relevance to understand the basis vectors e; with the property
that (v}, e;) # 0 for exactly one or exactly two v;’s. This is because it is only
these types of basis vectors that contribute negatively to the quantity I(T").
We will say that such basis vectors hit one or two v;’s. The first part of the
proof shows that there is no basis vector hitting precisely one v;. The second
part is a very careful analysis of the basis vectors hitting precisely two v;’s.
We will show that the negative contribution to I(T") of this type of basis
vectors is always “compensated” by some other basis vector hitting many
v;’s. The end result is that in most cases we can show that, if the lattices
embed, then I(T'y) and I(I's) are necessarily greater than —2. However,
if we compute this quantity directly from the above formula we arrive
immediately at a contradiction.

6.1. Pruning some cases

This section is different in flavor to all the rest. Proposition 6.1 uses
Heegaard Floer techniques to show that we need only to deal with graphs
I'y and T’y satisfying 7 > k > 1. Moreover, it also excludes from the lattice
embedding analysis the graphs in family I'; with K =7 and N € {1,2,3}.
Indeed, in Proposition 6.2 we show that the associated surgeries on torus
knots do not bound rational homology balls. This completes the justifica-
tion of the assumptions in Proposition 3.4.

In both Propositions 6.1 and 6.2 we make use of the following inequality
from [2]: if S3,(K) bounds a rational homology ball, then:

6.1) m<3—|—\/9—|—81/+(K)
: 5 .

When K is the torus knot T, 4, v (K) = g(K) = %@—1).
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PROPOSITION 6.1. — If S3 (T, ,) bounds a rational homology ball,
where g =kp+r and2<r <p—2, then k <7.

Proof. — If m? < m(T, ), where m(T, ,) is either pqg — L orpg — L,
then 52 .(T, 4) does not bound a rational homology ball [40, Theorem 2].
Since we assumed 2 < r < p — 2, in either of the above cases one can show

that pg — § < m(T},4). Thanks to the inequality (6.1), if

2
1
4(3+ \/9+8v+(Tp7q)> <pg— g,

then no integral surgery on 7}, , bounds a rational homology ball. Expand-
ing and substituting 2v = (p — 1)(¢ — 1) yields

3VI+8v <p+2¢—11.
After squaring both sides (note the right-hand side is necessarily positive)
and further simplifying we obtain
32pq + 8¢ < 4¢% + p* + 14p + 4.
We now substitute ¢ = kp + r and gather like powers of p to get the
inequality
0 < (4 — 32k + 1)p? + (8kr — 8k — 32r + 14)p + 4(r — 1)

When k£ > 8 and r > 2, each of the above coeflicients is positive, and so
the inequality holds for all p > 0. For example, when k& = 8 we get

0 < p? 4 (32r — 50)p + 4(r — 1)°.
It follows that if S? , (7}, ;) bounds a rational homology ball, then k < 7. O

PropoOSITION 6.2. — The Seifert spaces associated to graphs of type I'y
with k =7 and N € {1,2,3} do not bound rational homology balls.

Proof. — The statement is equivalent to the following assertion: if 7p +
1<qg<T+p—1andpg—4<m?<pg—2, then S%Q(Tp’q) does not
bound a rational homology ball.

In light of the inequality (6.1), in order to prove that S? .(7}, 4) does not
bound a rational homology ball if pg — 4 < m? < pg — 2, it is enough to
prove that
Spg—4

3+v948v 2
2
By expanding and squaring, we reduce it to the following, equivalent in-

equality:
p° — Tpq +¢° — 10p — 10q + 61 > 0.
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Call r = ¢ — 7p, so that 1 < r < p—1. We now gather terms, and re-write:
p? —Tpg+ ¢° — 10p — 10g + 61 = (¢ — Tp — 10)q + p* — 10p + 61
= (r —10)g + (p — 5)* + 36,

and the latter quantity is clearly positive if r > 10.
Now suppose that 2 < r < 10 and write:

(¢ —7Tp—10)qg + p? — 10p + 61 > p* — 8qg — 10p + 61 > p? — 66p — 11,

and the latter is non-negative for p > 67 > 33 + +/1098. For p < 66, and
Tp+2 < q<7p+9, we verified with a computer search that one among
pg—4, pg—3, pg—2 is a square if and only if (p, g; m) is one of the following:

(7,52;19), (8,61;22), (11,82; 30), (12, 91; 33),
(13,100; 36), (19, 137; 51), (28, 201; 75), (37, 265; 99).

However, for each of these one can individually check that either the lattice
embedding obstruction or the correction term obstruction (these correction
terms can be computed by combining work of [8, 38]; see, for example, [2,
Section 5.2]) shows that these examples do not bound rational homology
balls. d

6.2. Preliminaries on linear subsets and complementary strings

The study of the embeddability of the lattices associated to the graphs
in families I'; and I's will heavily rely on previous results about lattice
embeddings. Lisca did a complete analysis on the embeddability of Ilin-
ear subsets, that is lattices coming from trees with vertices of valency at
most two. For the reader’s convenience, in this section we recall some basic
terminology and facts from [30, 31] and add some new technical results
regarding linear subsets that will be useful later on. We warn the reader
that even though Lisca’s analysis concerns negative definite lattices and we
are working with positive definite ones, all his results translate verbatim
to our context. (Several other sources we will cite in this paper will have
the same feature.) At the end of this section, we will collect together the
relevant results on complementary strings.

DEFINITION 6.3. — Let S = {vy,...,v,} C (Z",1d) be such that
Vi - Vg 2 ].,
Vi - V5 € {0,1} ifi # j.
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(1) Define the intersection graph of S as the graph having a vertex
for each element of S and an edge for every pair (v;,v;) such that
v; - vj = 1. This graph will be denoted I's and its vertices v; will
be given the integral weights v; - v;. S will be called a linear subset
whenever I'g is a linear graph.

(2) Given v € Z™ and some basis vector e; we say that e; hits v (or
that v hits e;) if v-e; # 0.

(3) Two vectors v,w are linked if there exists a basis vector that hits
both of them.

(4) A subset S C Z" is irreducible if for every pair of vectors v,w € S
there exits a sequence of vectors in S

Vo =V, V1y,..., Up =W

such that v; and v;41 are linked fori =0,...,n—1. A subset which
is not irreducible is said to be reducible.

(5) A linear irreducible subset such that v; - v; > 2 for all i is called a
good subset.

(6) A good subset whose graph is connected is a standard subset.

(7) We indicate with ¢(S) the number of connected components of I'g.
(Not to be confused with the number of irreducible components for
which we introduce no symbol.)

(8) There is a particular type of connected component in a good subset
S called a bad component. We refer the reader to [30, Definition 4.1]
for the details. The number of bad components of S will be denoted
by b(S).

LEMMA 6.4. — Let S = {vy,...,v,} C Z" be a standard subset. Write
[a1,...,an]" = % where a; = v; - v;. Suppose that there exists v € Z" such

that v-v; # 0 and v -v; = 0 for each i > 1. Then,
CRDE
v-v q

Proof. — The pairing associated with the subset T' = {v}US is described
by the following matrix

r y
y a1
Mr = 1
1
1 a,

TOME 0 (0), FASCICULE 0



38 Paolo ACETO, Marco GOLLA, Kyle LARSON & Ana G. LECUONA

where x = v-v and y = v - vy. Since T' C Z™ has n + 1 elements we must
have det My = 0. Expanding the determinant from the first column we
obtain

0 = det MT = xdet MS — y2 det MS\{v1}~
The conclusion follows since det Mg = p and det Mg\ (4,} = ¢. O

LEMMA 6.5. — Let S C Z™ be a subset such that I's is linear and
connected. Suppose that there exists v € Z™ linked once to a final vector
of S and orthogonal to all other elements of S. Then, S is not a bad
component of any linear subset in Z™.

Proof. — Suppose S is a bad component of some linear subset S’ C Z™.
By definition, S is obtained from a subset {vy, va, v3} with v1-v; = v3-v3 = 2
and vy - v9 > 2 via 2-final expansions. We may identify the vector vs with
the corresponding element in S since it is not affected by the sequence of
expansions. Consider the subset S := S\ {vs}. Note that S is obtained
from a subset of the form {e; — es,e; + ea} via 2-final expansions. We
may identify S with its projection in a standard lattice Z™ where n is the
number of elements of S. Let ¥ be the projection of v in Z™. Note that
v # 0 and that it is linked once to a final vector of S and is orthogonal to
any other element of S.

Now we proceed along the lines of Lemma 6.4. We may write S =8,US,
where each \S; corresponds to a connected component of I'g. Suppose v is
linked to an element of S;. The pairing associated with T := {v} U S is
described by a matrix My and we have

0 = det M7 = det M{'E}Usl -det Mg, = det M{'E}Usl =0.

‘We obtain
1 p

v q
where p and ¢ are obtained from S; as in Lemma 6.4. This gives us a
contradiction since p > ¢ > 0. g

LEMMA 6.6. — Let S be a good subset. If ¢(S) = 1 and I(S) < 0
then I(S) € {—1,—-2,—-3} and S is not a bad component. If ¢(S) = 2 and
I(S) < —2 then, one of the following holds

e S has no bad components and 1(S) = —2;
e S has one bad component and I(S) € {-2,—-3};
e S has two bad components and I(S) = —4.
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Proof. — This is essentially implicit in [30, 31]. Suppose ¢(S) = 1 and
I(S) < 0. Then the conclusion follows from [30, Lemma 5.1 and Theo-
rem 6.4].

Now assume that ¢(S) = 2 and that I(S) < —2. We distinguish two
cases.

Case 1: I(S)+b(S) < 0. — In this case we are in the situation described
at the beginning of the proof of the main theorem in [31, p. 2160] (“First
case: S irreducible”). The conclusion then follows going through that proof.

Case 2: I(S) + b(S) = 0. — We claim that this possibility does not
occur. Since b(S) < ¢(S) = 2, we must have b(S) = 2 and I(S) = —2.
Write S = 57 U So where each S; is a bad component. By the definition
of a bad component we can reduce S via 2-final contractions to a subset
§::S'V1U§;C 75 of the form

{e1+e2,v,e1 —ex} U{es+eq,w,e3 —es}

where
o I(S5)=1(9);
ev-(e1+e)=v-(e1—e)=w-(es+es) =w-(e3—eq) =1;
e cach element of :S'vl is orthogonal to each element of S;;
e v-v>3and w-w = 3.

In particular, since I(S) = —2 we obtain

veovtw-w=8.

Up to exchanging the role of v and w this leaves us with two possibilities,.
Either (v-v,w-w) = (3,5) or (v-v,w w) = (4,4). It is easy to see that in
either case such a subset does not exist.

LEMMA 6.7. — Let S be a good subset such that ¢(S) = 2, b(S) =1
and I1(S) < —1. Then, one of the following conditions hold

(1) I(S) = —3 and S is obtained via 2-final expansions from a subset
of the form
{e1 +ex,e1+e3+---+en,e1 —ea} U {63 —eq,.., (=)N teno1 — eN}

where N > 4 and the 2-final expansions are performed on the first
component.

(2) I(S) = —2 and S is obtained via 2-final expansions from a subset
of the form

{e1 +ea,e1+es+ - +en,e1 —ea}

N-1
U{es—es+entr,—ea+es,...,(~1)" ey —en,—e3 —en +engr}
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where N > 4 and the 2-final expansions can be performed on both
components.

Proof. — Let S be a subset satisfying the assumptions of the Lemma 6.7.
Let us write S = S; U S5 and assume the S; is a bad component. Note
that we are under the situation described in the proof of the main theo-
rem in [31]. More specifically we can apply the argument in the first case
(“S irreducible”) and the second subcase (“b(S) = 1”). We conclude that
the string associated to S is obtained via 2-final expansions from a string
that is either of the form

(2,n+1,2)U (2[”*11)
or
(2,n+1,2)U (3 2[”—2J,3).

Note that in the first case all 2-final contractions are performed on S; while
in the second case 2-final contractions are in general required on both Sy
and S,. Call S = 51 U 52 the subset obtained after all possible 2-final
contractions. In order to prove the lemma it is enough to show that S can
be described as in the conclusion. In both cases this is a straightforward
verification. First write down all the vectors whose weight is 2 and at that
point all other elements are uniquely determined. O

LEMMA 6.8. — Let S = {v1,...,v,} C Z™ be a subset with I'g linear

such that one of the following conditions is satisfied:

(1) S is a standard subset;

(2) S is a good subset and (c¢(S),I(S)) = (2, —2).
Suppose that there exists w € Z™ and an index 1 < i < n such that
w-v; =1 and w-v; = 0 for each j # . Then, v; is internal and S is
standard.

Proof. — First assume S is standard. Then, the conclusion follows from [1,
Proposition 8.1]. Now assume S is a good subset and ¢(S) = 2. We need to
show that there is no w as above. Let A be the matrix whose columns are
the elements of S. The conditions on the extra vector w can be expressed as

tAw = e;.
Multiplying both sides by A we obtain
At Aw = Ae; = v;.

Note that the matrix A*A is conjugated to *AA and this last matrix repre-
sents the pairing associated with the subset S. In particular, these matrices
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have the same eigenvalues. It is easy to see that if A\ is an eigenvalue for
tAA then X > 1. Therefore we have

wew < (AtAw) . (AtAw) =v; - ;.

Now consider the subset S = (S \ {v;}) U {w}. We want to reach a con-
tradiction by examining the subset S. According to Lemma 6.6 we have
b(S) € {0,1}. We examine these two possibilities separately.

b(S) = 0. — It follows from [31] that S is obtained from a subset of the
form {e; + e2,e1 — ex} via 2-final expansions (see the proof of the main
theorem, first subcase of the first case). Using this fact it is easy to see
that S is a good subset with no bad components. Also, since w-w < v; - v;
we have I(S) < I(S) = —2. Finally, note that ¢(S) € {3,4} depending
on whether v; is final or internal. In any case we obtain a contradiction
with [31, Proposition 4.10].

b(S) = 1. — Then, S satisfies the assumption of Lemma 6.7. In par-
ticular the string associated to S is obtained via 2-final expansions from a
string of the form

(2,n+1,2)U (3 2[”*21,3).

Let us denote by u the element in S corresponding to the vertex of weight
n+1 in the above string. Suppose that u # v;. Following the description of
Lemma 6.7 we can verify that S is irreducible and is therefore a good subset
with b(S) < 1 and ¢(S) € {3,4}. This contradicts [31, Proposition 4.10].

We are left with the possibility v = v;. If S is irreducible then we may
argue as before and find a contradiction with [31, Proposition 4.10]. Assume
that S is reducible. Note that in S\ {u} all the basis coordinates of Z"
are used. It follows that S has two irreducible components. We may write
S=5USUS3U {w}, where S; and Sy correspond to the two connected
components of the graph associated with S originally linked to u. Clearly
S1 and S5 are contained in the same irreducible component. It follows that
the decomposition of S in irreducible components is given by S=U,UU,
where Uy = S1US3 and Uy = S3U{w}. Associated with this decomposition
we have a splitting Z" = Z™ @ Z™ so that each U; is embedded in Z™.
For ¢ € {1,2} let m; : Z™ — Z"™ be the projection corresponding to the
above splitting. Note that mo(u) - mo(u) > 2 and me(u) - w = u-w = 1. Now
consider the subset

T :=S3U{w} U {m(u)}.
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Since |T'| > ng, the pairing associated with this subset must have vanishing
determinant. From this we obtain

(w - w)(m2(u) - mo(u)) —1=0
which is impossible. 0

Recall that the strings (aq,...,a,) and (by,...,b;) in both families of
graphs I'y and I'y are complementary, that is, they satisfy

(6.2) ([an, - a1) )L+ ([bmy- .., b1)7) " =1

We proceed to list some of the basic properties of strings of integers satis-
fying (6.2) and their embeddings into standard definite lattices.

FacTs 6.9 (Complementary string properties).

(1) Given an arbitrary string of integers (ay,...,a,) with a; > 2 for
all i, there is a unique complementary string (by,...,b,,), where
b; > 2 for all i. The two strings are related to each other by Ri-
menschneider point rule and if n,m > 1 and say a; = 2, then
by > 2 [46].

(2) To any weighted graph T', with vertices v; of weight v; - v; € Z, one
can associate the following quantity

IT) = (vi-v; —3).
v; el

It is well known [30, Lemma 2.6] that for a graph A consisting of two

linear components with weights given by complementary strings we
have:

(6.3) I(A):iai—kibi—S(ern):—Q.
i=1 i=1

The two families of graphs in Proposition 3.1 satisfy:
(6.4) ITy)=k—N-5 and IT3)=-N-k-1.

(3) Let (ZA,Qn) be the lattice associated to two complementary strings
(a1,...,ayn) and (b1,...,b,) and consider an embedding ¢ of
(ZA, Q) into (Z",1d). Then,

(a) r=m+n;

(b) if a basis vector e; hits both the vertices with weight a; and
by, then the image of ¢ is contained in Z™"*™ and the embed-
ding ¢ is unique [29, Lemma 3.1] and [5, Lemma 5.2]. For the
complementary strings (2) and (2) this unique embedding in
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72 with basis {e1,es} is, up to sign, given by (e; + ez) and
(61 — 62).
(4) Given two strings of integers (ay,...,an) and (b1, ..., by) we con-
sider the following two operations

(a1,...,an) — (a1,...,ap,2)
(bl,...,bm)’—)(bh...,bm—l—l)

and

(alw-wan)'—)(ala---;an+1)
(bl,...,bm)'—>(b1,...,bm72).

If we start with the strings (2) and (2), any combination of these op-
erations yields two complementary strings (it is enough to compare
this construction with the Riemenschneider point rule). Moreover,
these operations are compatible with the unique embedding from
the preceding point in the following sense. If we start with (e; + e3)
and (e1 — ez), the strings resulting from these operations admit, up
to sign, a unique embedding into Z>

(e1 +e2) — (e + e2,e2 + €3) (e1 +e2) — (e1 + €2+ e3)

(e1 —ez) —> (1 —ea +e3) (e1 —ea) —> (€1 — ea, —eq + €3)

An easy induction shows that, for generic complementary strings,
the unique embedding ¢ from the preceding point is the one com-
patible with these operations.

We can extend the arguments above to show that given two com-
plementary strings (a1, ...,a,) and (by,...,by), if the two compo-
nent linear graph

(7% aq bl bm +1

°
u

admits an embedding into a standard lattice such that there ex-
ists a basis vector hitting both ay and by, then this embedding is
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necessarily the unique embedding from the preceding point associ-
ated to the graph

Qpn ay b1 bm
® PN ) o ce. ®
u/

where the only difference is that p(u) = p(u') + e where e is a basis
vector which does not hit any other vertex in the graph. The main
lines of the argument go as follows: without loss of generality assume
a1 = 2 and by > 2. Since there is a basis vector that hits both
of them, the embedding of the vertex with weight b; necessarily
contains all the basis vectors hitting the 2-chain starting with a;.
The pattern repeats: each time that there is a 2-chain on one of
the complementary legs, the vectors hitting it hit also one vertex
of weight greater than 2 in the other complementary leg. The basis
vectors hitting the vertex u will account for it being connected to
another vertex in its complementary string and for being orthogonal
to the vertices in the other string. Since the weight of w is b,, + 1,
the only way to embed it is for it to be hit by a new basis vector e,
different from all the rest hitting the complementary strings.

6.3. Operations on graphs and determinants

main strategy in the proofs in this section is to directly manipulate

the graphs and embeddings seeking for contradictions. We highlight here
some of the most used procedures.

Facts 6.10 (Operations on graphs).

(1)

Given a graph with an embedding ¢ : (ZT,Qr) — (Z",1d) we
might delete some basis vector obtaining a new graph I with an
embedding into (Z"~1,1d). If we are deleting the vector e;, this
amounts to composing ¢ with the projection 7 : (Z",1d) — (Z" \
{e;},1d). For example, deleting es we obtain:

e1tez ei+es e1—e2 €1 ejtes €1
° ] ° /. e ° .

In a graph T we might delete some vertex. If we delete say the vertex
w, we mean to consider the graph IV obtained from T' by deleting
the vertex w and all its adjacent edges. If I has an embedding ¢,
then we consider I equipped with the restriction of .
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(3) Given a graph I" with an embedding in a standard lattice of ar-
bitrary rank, and a vertex v of valency 2 and weight 1, the blow
down operation is compatible with the embedding: if the vertex
with weight 1 had embedding e;, then the graph obtained by blow-
ing down the 1 is the graph with embedding I obtained by deleting
ej and v fromI'. There might be some issue with the sign of the edge
in T, but as long as we work with trees, this has no relevance [36,
Proposition 2.1, RO].

Many of the arguments in the upcoming proofs have to do with weighted
graphs having vanishing determinant. We remind the reader that:

FacTs 6.11 (Remarks on determinants).

(1) Plumbing along a star-shaped three legged weighted graph yields a
4-manifold with boundary a Seifert space Y . If the Seifert invariants
are Y =Y (eg;r1,72,13) With eg € Z and r; € (0,1) N Q, then the
associated three legged graph has central weight eq and the weights
on the legs are the coefficients of the negative continued fractions
associated to % The determinant of the graph, which coincides with
the order of Hy(Y'; Z), will vanish if and only if (see for example [37,
Lemma 4.2])

(6.5) eg =711+ 12+ 73.

(2) The determinant associated to any connected weighted graph whose
weights are at least the valency of the vertices and having at least
one vertex with weight strictly bigger than its valency is non-vani-
shing [47].

(3) A consequence of the preceding point is that a linear graph whose
weights are all at least 2 has non-vanishing determinant. If a linear
graph has exactly one vertex of weight 1 and vanishing determinant,
then this vertex needs to be internal.

(4) A graph with n vertices which admits an embedding into a standard
lattice of rank smaller than n has vanishing determinant.

The following technical lemmas apply to a much wider range of graphs
than the ones studied in this article and they will be extensively used in
many of the subsequent proofs.

LEMMA 6.12. — Let ¥ be a 3—legged star shaped positive definite weigh-
ted graph with central weight 2 and all other weights at least 2. If ¥ admits
an embedding into a standard lattice of any rank, then ¥ has non-vanishing
determinant.
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Proof. — This lemma is an easy consequence of [29, Lemma 3.3]. The
determinant of ¥ will vanish if and only if the sum of the inverses of the
three continued fractions associated to ¥ equals 2 (see Eq. (6.5)). These
inverses, which belong to the interval (0, 1), are denoted by r1, 79, 75 in [29].
If the determinant of ¥ vanishes, the sum of any two of the r;’s has to be
greater than 1, so [29, Lemma 3.3] applies and there is no embedding into
any standard lattice (even if in [29] negative lattices instead of positive ones
were considered, every result applies to our positive setting). The statement
follows. d

Remark 6.13. — The statement of the last lemma can be strengthened
to the case of a star shaped graph with r legs, central weight » — 1 and all
other weights at least 2. The proof is the same.

6.4. Embedding I'; and I's: generalities and definition of I'

In this very first part of the proof Proposition 3.4, we establish some
necessary properties of the embeddings of the graphs of type I'; and I's.

LEMMA 6.14. — Call v the only vector in T'; adjacent to the central
vertex and of weight strictly greater than 2 and let N be the length of
the 2-leg. In any embedding of (ZT;, Qr,) into (Z**(') 1d), all the vectors
hitting the 2-leg hit v. Moreover, |v| > N + 1.

Proof. — Let ¢ be an embedding of (ZI';, Qr,) in the standard lattice
of the same rank. Up to automorphisms of the standard lattice, we might
assume that the embedding of the only trivalent vertex is of the form e; +es.
There are now two different cases to study: either there is an e;, ¢ = 1,2,
which appears with a non-zero coefficient in the embedding of both the
vertices with weights a; and b1, or there is not. If the former possibility
holds then:

o If we consider the graph I'y, then by [29, Lemma 3.1] the restriction
of the embedding ¢ to the subgraph

an a1 2 b1 bm

I = e . . . .

yields an embedding of (ZI",Qr/) into (Z"*™*1 Id). T” is a stan-
dard subset and therefore the existence of ¢ contradicts Lemma 6.8,
where the role of the vertex w is played by the projection of the
vertex in I" attached to the right of the m*™ vector on the top right
leg of the graph.
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o If we consider the graph I's, then we know by Property 6.9(4) that
the restriction of the embedding ¢ to the subgraph

(e7% aq bl bm +1

I':= e ° .

coincides, except for the vertex u, with the unique embedding of
complementary strings discussed in Properties 6.9(3) and 6.9(4).
Notice that this restriction yields an embedding ¢” of (ZT", Qr)
into (Z"*tm*1 1d), a lattice of rank one bigger than the number of
vertices in I'. To go from I' to I'; we need to add a series of ver-
tices with weight 2: the central vertex, the final 2-chain attached
to u in the qc-leg and the 2-leg. Since 2-chains have a unique em-
bedding into a standard lattice, we conclude that there is a unique
embedding of T'y compatible with the restriction ¢”. However, in
this fashion we have obtained an embedding of (ZI'e,Qr,) into
(Zrk(rz)“, Id), and we conclude, by the uniqueness part of the ar-
gument, that there is no embedding into (Z%(I'2), Id).

It only remains to consider the case in which neither e; nor e5 hit both the
vectors with weights a; and by. It follows that one between e; and ey hits
the first weight 2 vertex in the bottom-right 2-chain and either the vertex
with weight a; or weight b;. Without loss of generality, let us assume that
it is es and let us call v the described vertex. Since, up to automorphisms,
the embedding of the 2-leg is of the form (ex+e3,e3+eq,...,ent1+ENT2),
the vertex v with weight a; or by is orthogonal to this 2-chain and e; does
not hit v, we have v = es —e3 +e4...(—=1)Nens2 + 0" where v’ - e; = 0 for
alli=1,...,N+2.

If v = 0, then the subgraph formed by the string (|v|), the trivalent ver-
tex and the 2-leg is a standard subset of ZN¥*2. As before, by Lemma 6.8,
we know that no vector can be attached to v in such a way that the em-
bedding extends. From here we deduce that n or m equals 1, which contra-
dicts our assumptions on the graphs I'y and I';. We then necessarily have
that v # 0 and it follows that the vector v of the statement has weight
N+1+|v|>N+1. O

Remark 6.15. — In Lemma 6.14 we have shown that every graph of type
'y admits an embedding into (Z™(T'2)+1 1d). In fact this embedding always
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exists, without any restrictions on the value of k£ and also for the case when
m or n equals 1. A simple example is given by:

e1—egter eg—eipter ej2teis
[ [ ) [ ) [ [ )
estegteio e1teg eﬁ»e/ e7—egteg eiiterz
[ ) [ ] [ ) [ )
eg+er+es ¥2+€3 e3+eq es+es
[ ] [ ) [ ]

However, we will show in this section that no graph in the family I's admits
an embedding into (Z™(T2) 1d).

Since many of the arguments in what follows can be applied to the two
graphs we are studying in this section, we will use from now on the sym-
bol T" to denote either I'y or I's with the assumptions of the statement of
Proposition 3.4. We warn the reader that, as the section develops, the same
symbol I" will be used to denote also some other graphs we will encounter.

We summarize what we have learned in the preceding lemma about the
embedding of I' in the diagram in Figure 6.1. We will fix these conven-
tions in the remainder of this section: the central vertex of I' has em-
bedding e; + ez, the 2-leg in the bottom of the diagram has embedding
(e + €3,...,ent+1 + ent2), the vertex not in this chain adjacent to the
central one with weight 2 embeds as u = e; + ¢, and the remaining vertex
linked to the trivalent one embeds as v = Zi\gf(fl)iei + v’ with v/ # 0.

N+2 i
1;=Zi;; (=) te;+v’ e1ter
° °
v \ / u
e1t+ex @

&24—63 eN+1teN+t2

Figure 6.1. Conventions of the embedding of I" into the standard lat-
tice after Lemma 6.14.
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6.5. Strategy and first bounds on I(T")

The key idea in the proof of Proposition 3.4 is to compute the value
of I(T'), which is given in (6.4), via the embedding. Since the graph T’
embeds, each vertex can be expressed as v; = ) y aéej, where the e; form
a basis of the standard lattice and a’ € Z. We have then

I =Y (w-v-3=> Y (a)?] -3
i i j
We will say that a vector e;, appears n times in the embedding if
I{i | a}, # 0} = n, or equivalently, if it hits precisely n different ver-
tices in the graph. Since we are assuming I' embeds in the standard lattice
of the same rank, in the above formula ¢ and j range over identical values.
Hence we can permute the order of the summation to obtain

i\ 2

(L) = Z((Z(a;) ) — 3).
J K3

From this it makes sense to define the contribution to I of the basis vector

e;j to be the quantity (3°;(a%)?) — 3.

Notice that any vector e; which appears exactly 3 times in the embedding
with coefficient 1 will have no contribution to I; and for a vector to
contribute negatively it needs to appear at most twice with coefficient +1.

In the next lemma we establish a lower bound on the contribution to

I(T") of the vectors in the embedding hitting the 2-leg.

LEMMA 6.16. — Any embedding of T into (ZI'! 1d) must satisfy that
the all the e;’s hitting the 2-leg, hit also a vector in I' different from v in
Figure 6.1. It follows that the vectors {ea,...,eny2} contribute at least N
to I(T).

Proof. — The existence of the embedding puts us in the assumptions of
Lemma 6.14 and thus we follow the conventions in Figure 6.1. We want
to show that the vectors e; with ¢ = 1,2,..., N 4+ 2 hit some vector in I
different from the ones depicted in Figure 6.1, which readily implies the
statement, since then the N vectors es, ..., eny1 appear all at least 4 times
in the embedding. If this were not the case, one could consider the graph
with embedding obtained by deleting all the e; with¢ =1,2,..., N+2. The
resulting graph ¥ with n vertices is linear with two connected components,
and admits an embedding in a standard lattice of rank n — 1. However,
this is not possible since its determinant is non-vanishing. Indeed, by our
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assumptions on I', we know that after deleting the e; with ¢ = 1,2,...,
N +2, all the weights in the remaining linear graph are at least two, except
for the weights associated to the final vertex u and perhaps the final ver-
tex v. It follows by Remark 6.11 (3) that ¥ has non-vanishing determinant.

So at least one of the e; with i = 1,2,..., N 4+ 2 must appear elsewhere
in the embedding, but then, by othogonality with the 2-leg, they must all
appear. O

6.6. Vectors appearing only once in the embedding and
determinant of ¥

There are only two possibilities for a vector e; to contribute negatively
to I: either it appears exactly once or exactly twice in the embedding with
coefficient +1. In this subsection we show that the former possibility does
not occur in the embedding of the graphs T

LEMMA 6.17. — Suppose that I" with the assumptions of Proposition 3.4
embeds into (Z'F‘,Id) and that there is a basis vector which appears only
once in the embedding. Then, there is only one such vector, I' is of the
form 'y, I(T'1) > —1 and the parameters N, k defining I'y satisfy

(N, k) € {(1,5),(1,6), (2,6)}-

Proof. — Let e be a vector that appears only once in the embedding of T".
Notice that e is then necessarily different from all the basis vectors depicted
in Figure 6.1, except possibly e,, and thus appears in one vector w of the
left or top leg of T". If we delete e from the embedding, we obtain again an
embedding of a tree IV with n vertices in a standard lattice of rank n — 1.
This yields a contradiction if the determinant of I is non-vanishing. We
proceed to analyze this determinant. If after deleting e from the embedding
the vertex w has still weight greater than 1, then Lemma 6.12 applies and I"
has non-vanishing determinant. Then we must have that the embedding of
the original w is of the form ae+e; for some oo € Z. Moreover, e; necessarily
hits any vectors adjacent to w with coefficient +1 and it does not hit any
other vertices in the graph.

We assume now that after deleting the vector e from the embedding of w
the graph I'V has a vertex of weight 1. The blow down operation at the level
of the graph is compatible with the embedding (see Operation 6.10(3)):
blowing down the vertex with weight 1 yields a graph I’ with n— 1 vertices
and an embedding in the standard lattice of rank n — 2, which implies
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that this graph [’ has again vanishing determinant. At the level of the
embedding we have deleted the basis vector e; and the vertex w. Now,
several things can happen:

Case 1. — If after the blow down we obtain a graph with no vertex of
weight 1 and central vertex of weight 2, then Lemma 6.12 yields a contra-
diction.

Case 2. — If there is a vertex of weight 1, then we claim that I’ can

have at most one vertex of weight 1. Indeed, if w were final in I', this is
evident. If w were internal, then precisely two adjacent vertices in I weigh
one less than they did in I'V. If they have both weight 1 it means that in I/
we had the following configuration:

ej—eg €j ejteg
[ ] ° L]
w — w w4

However, this is not possible: w_ and w4 cannot both be final vertices, we
can assume that w_ has an adjacent vertex ¢ and since e; does not hit any
other vertices in the graph, ¢ must be of the from e, + ¢ (with t' - e; = 0),
which contradicts ¢ - wy = 0.

So, if a vertex in I’ has weight 1, there is only one, and we can iterate the
blow down operation at the level of the graph and the embedding. Even-
tually we will be either in the preceding case, obtaining a contradiction, or
we will have one of the following situations:

Case 2(a). — The vertex w was in the same leg as v and after a series
of blow downs we arrive to

es+t... €s 65+Zi22(—1)iei e1t+er
[ ] [ ] [ ) [ ]
u v \ /
e1+ex @
exte3 ENt1tEN+2
[ ] [ ]

where, if the vertex u exists, then it has weight at least 2. In this configura-
tion, the v’ part of v in Figure 6.1 has been reduced to e, during the blow
down iterations. Now, if u does not exist and the vertex with embedding e,
is final, then after blowing down this vertex we obtain a contradiction with
the determinant via Lemma 6.12. On the other hand, if u exists, it is evi-
dent that the described situation is impossible since u must be orthogonal
to v, but this would require that u is not orthogonal to the 2-leg.
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Case 2(b). — The vertex w was not in the same leg as v and after a
series of blow downs we obtain

N+2

Z (—1)’e;+v’ ey e1+...
i=2
° ° ° °
v \ / u
ei+ex @
eates eN+1teEN+2
° e °

where u is the only vertex of weight 1. If w is final, then we can blow down
u, then the central vertex, and then the rest of the 2-leg. This results in a
linear graph with v as a final vertex with weight v’. Since |v’| > 1 and all
other weights are greater than or equal to 2, it follows by Remark 6.11(3)
that the determinant is non-vanishing which yields a contradiction.

Now assume that u is not final. Then we can blow down the vertex u
obtaining a tree with central vertex of weight 1 and the following embedding
into a standard lattice of rank one less than the total number of vertices:

N+2 N+2

Z (—=1)tei+v’ + Z (—1)tei+u’
i=2 i=2
Y ® — ...
v \ / u
L)
ez
\24’63 ENt1teN+2

We are now going to consider the graph obtained by deleting the trivalent
vertex in the above graph and all its adjacent edges. We claim that this
linear graph with 3 connected components L, which has an embedding into
the standard lattice of the same rank, has I(L) = I(T') — a? + 2, where I’
is the graph with which we started to obtain L. Indeed, deleting the basis
vector e with coefficient a from the embedding of T' yields IV with I(T) =
I(T) — a2, the blow downs leave I unchanged, and the last operation,
deleting the trivalent vertex with weight 1, adds two to I, therefore I(L) =
I(T) — a2 + 2 as claimed.

Now, L is a good subset and we claim that L has no bad compo-
nents. To see this note that the vector ey is linked once to a final vec-
tor of each connected component of the graph associated with L. It then
follows from Lemma 6.5 that L has no bad components. Therefore, we
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can apply [31, Proposition 4.10] to conclude that I(L) > 0, which im-
plies that I(T') > a? — 2 > —1. By (6.4) the graphs I'y are excluded
and we conclude that I' = I'y. Moreover, since I(I'y) = &k — N — 5 we
need (N, k) € {(1,5),(1,6),(2,6),(1,7),(2,7),(3,7)} and it follows also
that || = 1. Finally, by Lemma 6.2 we know that the graphs I'; with
(N, k) € {(1,7),(2,7),(3,7)} do not bound rational homology balls and
they are excluded from our embeddability analysis.

We finish the proof of Lemma 6.17 by showing that there cannot be a
second basis vector f such that f also appears only once in the embedding
of I'. If there were such a vector, then, by the above arguments, it needs to
hit a vertex belonging to the same qc-leg as u. Observe that it cannot hit w,
the vertex e hits, since this vertex is not isolated and then it would have at
least weight 3 and by deleting either e or f we obtain a contradiction with
the determinant of I" via Lemma 6.12. Without loss of generality suppose f
hits a vertex ws further from the trivalent vertex than w in the qc-leg. By
the above arguments there is a basis vector e; hitting exactly wo and its
adjacent vertices. After deleting f we obtain a graph IV with an embedding
and a vertex of weight 1 that we can blow down. The key point is that the
blow down operation is compatible with the embedding and as explained
above we need to be able to keep on blowing down vertices until we arrive
to a configuration like Case 2 (b). This is only possible if to the sides of ws
we have a configuration of complementary strings from the trivalent vertex
up to we and from wsy to some vertex between ws and the final vertex
in its qc-leg. Moreover, the embedding of these strings needs to be as in
Property 6.9(3). The existence of the vector e makes this impossible. [

Remark 6.18. — The reader might find it interesting to know that there
are indeed graphs with embeddings like the ones described in Case 2(b) in
Lemma 6.17 proof. We will show in what follows though that any such graph
will not correspond to a surgery on a torus knot. A random example is:

fo+3f3 e1—exte3+3f1+f2 er—extes—f1  —f1+3fa—f3
e ———— 0 o — 0
€er @
\1+62 eax+es3
[ ] [ ]

We now proceed to eliminate the possibilities left open in Lemma 6.17.
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LEMMA 6.19. — Suppose that T' under the assumptions of Proposi-
tion 3.4 embeds into (Z|F|,Id), then no basis vector appears only once
in the embedding.

Proof. — In light of Lemma 6.17 we only need to consider the case
I' =T, and (N,k) € {(1,5),(1,6),(2,6)}. Even though the argument is
essentially the same, we will distinguish the two cases N =1 and N = 2.

Case 1: N = 2. — From Lemma 6.17 we know that after deleting the
basis vector appearing only once and performing a series of blow downs
we have the following scenario (where we have fixed the signs of the basis
vectors e; after the blow downs):

es—eszteg+v’ es—estes+u’
[ ] [ ] [ ]
' \ / '
[ )
€2
ex+es ezteq
[ ) [ )

The vectors es, e3 and e4 do not reappear elsewhere in the embedding and
the determinant of this graph ¥ vanishes, since the described embedding
has image in a standard lattice of rank one less than the number of vertices
in the graph. Moreover, in this case we have that the quantity I(¥) =
IM)—1=6-2-5—-1=-2,

We now proceed to delete the basis vectors es, e, 4, which implies the
loss of three vertices in the graph, yielding the graph ¥’, which still admits
an embedding into a standard lattice of rank one less than its number of
vertices and satisfies I(0’) = —4.

Since ¥’ has vanishing determinant, the weight of at least one between
u’ and v’ needs to be strictly less than 4. Without loss of generality let
us assume that |u/| < 3 and |[v/| < |v/|. Since v -v = 0 in ¥ and they
are not both final vectors, we have that if |u'| = 1,2,3 then |[v'| > 10,5,4
respectively. Deleting from ¥’ the vertex v’ we obtain a linear graph L.

If |u'| # 1, then I(L) < —5. — If L is irreducible, then it is good with
at most two connected components, which contradicts Lemma 6.6. If it
were reducible, at least one of its components would have I = —3, which
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implies that in the embedding of this component a basis vector appears
only once [30, Proposition 6.1]. This contradicts Lemma 6.17.

If |u'| = 1, then |v'| > 10 and I(L) < —11. — If «/ is isolated in L,
then we eliminate it, obtaining in this way a standard subset L’ (note that
in these circumstances v’ is not final) with I(L') < —9, which contradicts
Lemma 6.6. If v is not isolated, then it is linked either to a vertex of weight
greater than 2, or to the first vertex of a 2-chain ¢ of length r > 1. In the for-
mer case, we proceed to blow down the vertex u/, obtaining a subset L’ with
at most two connected components (depending on whether or not v was
final) and I(L") < —10. Notice that since the vertex linked to v’ in L was as-
sumed of weight greater than 2, then all vertices in L’ have weight at least 2.
If I/ is irreducible, then it is good and this contradicts Lemma 6.6. If L’
consisted of two irreducible components, each would be good and at least
one would necessarily have I < —3 which again contradicts Lemma 6.6.
In the case in which «’ is linked to a 2-chain ¢, all the basis vectors hitting
this 2-chain also hit v’ in ¥/, and they do so with coefficient +3. It fol-
lows that in L, once we have deleted v’ from ¥, the quantity I is actually
bounded by I(L) = I(¥')4+3—-v"-v' < =4+3—-9(r+1) = —10 — 9r.
We proceed to blow down the vertex u’ and subsequently the 2-chain ¢ until
we obtain a subset L’ such that all its vertices have weight at least 2. L’ has
either one or two connected components (depending on whether or not the
2-chain ¢ was final) and we have I(L') < —10—9r+7+2 < —6. This again
contradicts Lemma 6.6 both if L’ is irreducible, and thus good, or if it has
two irreducible components and at least one needs then to have I < —3.

Case 2: N = 1. — With a similar strategy to the one used in the pre-
ceding case we proceed to examine the graphs of the form

627634”0/ 627€3+’U4l
[ ] L) [}
v \ / u
[ ]
€2
extes

We will refer to them again as ¥ and remark that depending on k =5 or
k =6 we have I(¥) = —2 or —1 respectively. Just as before, this time we
delete e and e3 obtaining W':
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a graph with I(¥’) = —3 or —2 and vanishing determinant, since it embeds
in a lattice of rank one less than its number of vertices. Moreover, we know
from Lemma 6.17 and the construction of ¥’ that v’ is not a final vector,
while ' might be final. Notice also that the linear graphs, which we will
denote by L, obtained from ¥’ by deleting either v’ or v’ have at most two
connected components. By Lemma 6.5 the connected component of L that
was linked only once with the deleted vertex of ¥’ cannot be bad. Since
U’ has vanishing determinant, the smaller between |u’| and |v| needs to be
either 1 or 2. We proceed to analyze separately the following cases:

Case 2(a): |u/| = 1. — In this case there is a basis vector e such that
u' = e. We study the following two configurations.

If v’ were final in U'. — After eliminating e we obtain a linear graph L
which still embeds in a lattice of rank smaller than its number of vertices
and therefore has vanishing determinant. However, this is not possible:
L has only one connected component and all weights greater or equal than 2
except possibly the now final vertex that corresponded to v’ in ¥’. By
Fact 6.11(2) we conclude that the determinant of L is non-vanishing.

If v' were not final in ¥'. — Then it is linked to its right to a vertex
w = e+.... Notice that the basis vector e hits precisely v, v’ and w in ¥’
and moreover v/ = —2e + .... The linear graph L = ¥’ \ v is good, with
two linear components and I(L) = —1 or 0.

o
L: ° ° °
—2e+... e+...

We proceed to change the —2 coefficient of the basis vector e hitting v’ into
a —1. This yields a standard subset L where the vertex v corresponding to
v" in L satisfies |v] + 3 = |v/

L: ° ° °
—e—+... e+...

and therefore I(L) < —3. It follows by Lemma 6.6 that I(L) = —3. How-
ever, this contradicts [30, Proposition 6.1] since the basis vector e which
appears only twice in the embedding hits internal vertices in L.

Case 2(b): |u'| = 2. — In this case we assume that v’ = f1 + fo. If v/
were final, then, since ¥’ has vanishing determinant, we need [v'| < 2
which implies v/ = —f1 — fo. This is incompatible with v’ not being final
and having and adjacent vertex that is orthogonal to u’. We can assume
then that ' is not final in ¥’ and that |[v'| > 3.
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If|v'| 2 5. — Then the determinant of ¥ cannot be zero. Indeed, under
these assumptions the sum r; 4+ 79 + r3 in Eq. (6.5) is strictly smaller than
1 + 1 + 1 — ]_

27376 :
If |v'] = 4. — We are dealing with the following graph ¥’

’ ’
v u

—
] (] L] °

-~
—9g1—92—9g3z—ga g1+g92

The set L = ¥’ \ {¢v'} is a linear 2-connected component set. We argue
its irreducibility: notice that the vertex z needs to be hit by at least one
between g3 and g4 to guarantee orthogonality with v/. If L were irreducible,
then only one of these basis vectors would hit z, say it is g3, and the linking
between w and v’ would be via the basis vector g5. Moreover, w would be
the only vertex in its connected component hit by g4 (because of reducibility
and the needed orthogonality with v’). This is not possible since a standard
set with a basis vector appearing only once has the property that such a
basis vector hits an internal vertex (see [30, Lemma 3.2]).

It follows that L is a good set with at most one bad component (re-
call that by Lemma 6.5 the component linked to v’ is not bad). Moreover
I(L) = —4 or —3 and by Lemma 6.6 the only possible value is I(L) = —3,
i.e. k = 6, and the component linked to v’ is bad. Following line by line
the proof of [31, Lemma 5.4, S irreducible, Second subcase] we learn that
L is necessarily obtained from the following graph by final 2-expansions of
the bad component:

2 2 2 2 2 n+1 2
. [ ° ° °

where the left hand side 2-chain has length n — 1. Since the leg with v’
in ¥ is the same as the original leg in the graph in family I'y from which
we obtained ¥, we conclude that the vertex with weight £ + 1 = 7 is
linked to the leg starting with u. Moreover, since we have assumed that
[v'| = 4 it follows that |v| = 6 and the corresponding leg in I'; has associ-
ated string (6,2, ...,2) for a number ¢ of 2s. Then, by definition of quasi-
complementary legs, the leg in I'y starting with u has associated string
(2,2,2,2,t+2,7). However, this leg should have the basis vector appearing
only once in the embedding hitting the fourth 2; once this vector is deleted
from the embedding, it is not possible to get by a series of blow downs from
this string to one obtained by final 2-expansions from the above described
bad component. There are not enough 2s at the beginning of the string.
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If |v'| = 3. — We proceed like in the last case studying the graph ¥’

’ ’
v u

—
(] [ ] L]

-~
—91—92—93 g1+g92

which this time satisfies I(¥’ \ {v'}) = =3 or —2. If ] = —3, the same
arguments as before yield this time a graph in I'y with associated v-leg
string (5,2, ...,2) and wu-leg string (2,2,2,t + 2,6) which again cannot be
a I'y graph with the desired properties.

If I = —2. — According to Lemma 6.6 there are two cases to consider,
either L = ¥’ \ {v'} has zero or one bad component. By Lemma 6.7, in
the latter case L has associated strings obtained as final 2-expansions from
(2,t,2) and (3,2,...,2,3) where the number of 2s in the second string is t—3
and t > 3. Let us call L = L,, U B, the two linear connected components
of L. Since the embedding of L is completely determined (Lemma 6.7) we
know that the basis vectors hitting w, the vertex in L,, linked to v’, do not
hit the vertex «’. This implies that g3 is the only basis vector hitting v’
and L., which is incompatible with the embedding of L.

If I(L) = —2 and L has no bad components. — Then following Lisca’s
analysis in the proof of [31, First case: S irreducible, b(S) = 0] we conclude
that the two strings of L are complementary and that their embedding
satisfies the following properties [31, Lemma 4.7]:

(1) there are precisely two basis vectors appearing twice in the em-
bedding. All other basis vectors appear exactly three times in the
embedding.

(2) The basis vectors appearing only twice hit only final vertices. Each
of these basis vectors hits precisely one vertex of weight 2.

(3) Every final vertex is hit by a basis vector appearing only twice in
the embedding.

x If g1 hits w. — Then go does too since w - v’ = 0 and we have w =
—g1 + g2 + g3+ .... Since v is final in L, at least one between g; and
go appears only twice in the embedding of L, say it is g1, which then hits
precisely w and u'. This forces go to appear precisely 3 times (it cannot
appear only twice since v’ was not final in ¥’). We conclude that in L, the
set of vertices hit by g5 is {w, v/, z}. The basis vector g3 needs to hit at least
one vertex different form w, and since this vertex will be orthogonal to v’
and we have pinned down all the appearances of the basis vectors g; and
go in the embedding of L, g3 can only hit z. Now, since the basis vectors
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appearing only twice hit exclusively final vertices, it follows that both w
and z are final in L and the graph ¥’ with its embedding is necessarily

’

w v’ u
/\
C: e —— o .
: -~
(6.6) 93+g92—91 —9g1—9g2—gs3 g1+g2 —92+93

The v leg in the graph I'; from which we obtained ¥ has associated string
(5,3) which implies that the vertex of weight k + 1 = 7 is the last one
on the u leg which has associated string (2,2,2,3,2,7). That is, we are
dealing with the graph below, where the 2-leg is drawn to the left due to
space constraints.

2 2 2 3 2 T=k+1
° ° ° ° ° °
u
ex+e3 /
° ® c1tez
\ 5 3

° °
v

It is very easy to show that such a graph does not admit an embedding
into Z'° with a basis vector appearing only once hitting one of the weight
2 vertices on the u leg.

* If gy -w=0.— Then go -w =0 and g3 - w = 1. Since v’ is not final
in ¥/, we have that precisely one between g; and g9 hits z. Say it is gs.
Since z - v’ = 0 it follows that z = —gy + g3 + . ... The basis vector g; hits
at least one vertex a in L different from u’. Since a # z, then a - v = 0
and thus g also hits a. This implies that go hits precisely the vertices v, z
and a. Since v’ is final in L, we deduce that g; appears only twice in the
embedding hitting ' and a, which is then necessarily a final vertex in L
different from w and v’. If g3 were to appear three times in the embedding
of L, it would have to hit a vertex orthogonal to v" different from z and w.
However, this is not possible, since this new vertex needs to be orthogonal
to v/, it cannot be a and we have pinned down all the appearances of g;
and gs in the embedding of L. It follows that g3 hits only w and z in L,
which are therefore final vertices. Thus so far we have that ¥’ is of the form

a w v’ w z
—
[ ] L] [ ]
-~
g1—g2+... —g3+... —g1—92—93 gi1+g2 g2—g3+...
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Since g; hits precisely ' and a we conclude that |a| > 2. Analogously, since
g3 hits w and z, and |z| > 2 (since z - w = 0), we have that |w| = 2. The
string complementary to (2,n), n > 3, is (3,2,...,2) whit n — 2 entries
of value 2. We conclude that the only candidates are the graphs ¥’ in the
family

a 2 w v’ ' z
PR
B, : * — e — ... — o ° ° °
\/
g1—9g2+fn—2 fan—3+fn_2 —g3+fi —g91—92—g3 g1t+g2 gz—gszl:z fi

with the appropriate sign adjustments in the embedding of the 2-chain.
From here we deduce, just as in the preceding case, that the corresponding
I’y graphs are of the form

2 2 2 n+1 2 T=k+1
° ° ° ° ° °
u
ex+es /
° ® c1+tez
\ 5 2 2 3

[ ) [ ] L [ ) [ ]
v ~— —— ———

with n > 3. Again it is immediate to check that none of these admits an
embedding into a standard lattice of the same rank with a basis vector
hitting only once a weight 2 vertex in the u leg.

Case 2(c): |v'| = 1 is, by symmetry of the problem, analogous to |u'| =1
and v’ not final. — So, we only need to discuss the case with u’ final; that
is, graphs ¥’ of the form

w v’ u’
—
[ ] [ ] L]
\/
e+... e —2e+...
Since w - v’ = 0, we have |u/| > 5. If |u/| = 5 then v/ = —2e + f and

w=e+2f +.... The standard set L obtained by deleting from ¥’ both
the vertex u’ and the vector e has I(L) = —3 or —4. By Lemma 6.6 the only
actual possibility is I(L) = —3, however this is incompatible with having
the vector f hitting with coefficient 2 the vertex w [30, Proposition 3.3
and Corollary 3.5]. If |u/| > 5 and |w| > 2 then the standard set obtained
as explained before has I < —4 which contradicts Lemma 6.6. Finally, if
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w is the first vertex in a 2-chain of length ¢, then by orthogonality |u'| >
4(¢+ 1) and in ¥’ there is some other vertex linked to the 2-chain (if not
(V) >404+4—-3—-2—¢=30—1> —2). We can then proceed to delete
u’ and e from ¥’ and to blow down the 2-chain until we obtain a standard
subset L. However, this contradicts Lemma 6.6 since in this case we have
(L)< —2—-40—-140+1<-3.

Case 2(d): |v'| = 2 is the last case left to discuss. — If |u/| > 5 we obtain
as before a contradiction to the fact that ¥ has vanishing determinant. The
cases with |u’| = 1,2 have already been analyzed. The cases |u/| = 3,4 and
v’ is not final, can be ruled out with similar arguments to the ones used
for |[u'| =2 and |[v'| = 3,4.

If |v'| = 2 and |u'| = 4. — Then the set L = ¥’ \ «/ is good with one
bad component ending in v, k = 6 and I(L) = —3. From Lemma 6.7 we
know that ¥’ has the form

° ° ° .
\/
2 4 2 2
expanded from (2,t+ 1,2) t—1

and it is easy to check that for no value of ¢ there is an embedding of this
graph into the standard lattice of rank one less than the number of vertices
in U’ (beware that there is such an embedding if |u'| = 3 and ¢ = 2).

If |v'| =2 and |v/| = 3 and (¥’ \ ') = 1. — The argument is verbatim
the one explained before with the roles of v/ and u’ switched. If there are
no bad components in L, then the analysis performed with the roles of v’
and u’ exchanged goes through, except the final step, in which the values
of the v leg in I'; come from the string that was before associated to u’.
That is, from the graph C' we obtain

2 2 3 T=k+1
° ° ° °
u
ex+tes /
° ® ei+ter

AN

< @n
o
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and respectively the family B,, yields in this case

2 2 3 2 2 T=k+1
° ° ° ° ce ° °
u %/—/
ex+e3 / n—1
° ® ci+tez
\ 4 n+1

° °
v

(Notice that the vertex with weight n + 1 cannot coincide with the vertex
with weight k£ + 1. This violates the condition on the length of the strings
associated with the u and v legs when regarded without the vertex of weight
k + 1.) These I'y type graphs do not admit an embedding in the standard
lattice of the same rank with a basis vector hitting only once a weight 2
vertex on the u leg, so there are no examples to consider.

Finally, if |u’/| = 3 or 4 and ' is final, then we are looking at graphs ¥’
of the following type

(6.7) ° o °
fi+f2 3or4

Since they have vanishing determinant, we know from the proof of Lem-
ma 6.4 that

(v/ . u/)2 B
For |u'| = 4 this yields no solutions. So we are left with the case |u/| = 3
and [2,...]” =[2,2,2]” which corresponds to a v-leg in I'; with associated

string (4,2, 2). This in turn implies that k = 5, since I(¥’) = —3, and that
the quasi-complementary u-leg in I'; has associated string (2,2,4,6 = k+1).
Collecting all these findings we learn that if there were any examples in
family 'y under these assumptions they necessarily are of the following
form, where the 2-leg is drawn to the left due to space constraints.

2 2 4 6=k+1
° ° ° °
u
ex+tes /
° ® e1+ter

AN

o
[ V)
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It is not difficult to check that this graph admits no embedding into Z°, let
alone one with a basis vector appearing only once. O

Once that we have determined that in the embeddings of the graphs I'
no basis vector appears only once, and before we continue with our analysis
of the vectors appearing only twice in the embedding, we pause to prove
the following lemma, which is a technical step that shows up in many of
the forthcoming proofs. It is a non-vanishing determinant statement for a
variation of the graphs I'. The essential features we need from I' are the
2-leg, the central vertex of weight 2 and the vertices u and v with their
embeddings as in illustrated Figure 6.1. We also admit the possibility that
the vertex u is final in its leg with weight 1 and embedding v = e;. Call
any graph with these features .

LEMMA 6.20. — If U admits an embedding into a standard lattice of
any rank and all its vertices have weight at least 2 except possibly one of
its final vertices which do not belong to the 2-leg, then ¥ has non-vanishing
determinant.

Proof. — If all vertices in ¥ have weight at least 2, then we are in a
particular case of Lemma 6.12 and we conclude that the determinant of ¥
is non zero.

If a final vertex x has weight 1 we can proceed to blow it down in a
compatible way with the embedding (see Operation 6.10(3)). If we obtain
a graph with no vertex of weight 1, then the determinant is non-vanishing
by Lemma 6.12. If we do obtain a graph with weight 1, we iterate the
procedure. If the vertex x were in the same qc-leg as the vertex v (following
the notation of Figure 6.1), then this blowing down process necessarily
ends at the latest with the vertex v and the determinant is non-vanishing
by Lemma 6.12. If x had been in the qc-leg with the vertex w, then the
determinant will be non-vanishing (again, by Lemma 6.12) unless possibly
if all the vertices in this qc-leg between the trivalent one and x have weight
precisely 2. After blowing down we arrive to the following configuration
with embedding:

N+2 _
Z (=1)"e;+v’ 1 eates eNf1t+enNi2
i=2

[ ] [ ] [ ] [ ]
v

N

However, since [v'| > 1 by Lemma 6.14, the determinant of the above

configuration is non-vanishing. Indeed, the determinant will vanish if and
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only if the sum of the inverses of the continued fractions associated to
the 2-leg, NL_H, and the one associated to the string starting with v add
up to 1. However, since |v/| > 1, this second fraction is strictly smaller
than ﬁ d

6.7. Vectors appearing twice in the embedding

We move on to study the basis vectors which appear exactly twice in the
embedding of I' with coefficients +1. They are, together with the vectors
which appear exactly once with coefficient +1, the only type of vectors in
the embedding that contribute negatively to I(I"). The following lemmas
are a careful study of different relevant properties that these vectors satisfy
in the embedding of I'. We start looking at a couple of such vectors and
we establish that they either hit 4 different vertices in I" or they hit 3 in a
particular configuration.

LEMMA 6.21. — Suppose that I" embeds in a standard lattice of the
same rank and that there are two basis vectors f; and f; which appear
only twice with coefficient +1 in the embedding. Then,

(1) fi and f; do not both hit the same pair of vertices in T'.
(2) If there is a vertex t in I' hit by both f; and f;, then f; or f; hit
an internal vertex x (necessarily different from t) of weight 2.

Proof of Lemma 6.21.

Proofof (1). — We will start with the first item in the statement arguing
by contradiction. Suppose we had two vertices in I' with embeddings ¢ =
fi+fj+t and w = £f; £ f;+w'. Since we are assuming I" embeds we follow
the conventions of Figure 6.1. Notice that f; and f; do not hit the 2-leg or
the trivalent vertex in I' (an immediate consequence of Lemma 6.16 is that
the basis vector e; in Figure 6.1 appears at least 3 times in the embedding).
So, if there were vertices t = f; + f; + ¢ and w = £f; £ f; + w’, we can
consider one of the following situations:

Case 1. — If |¢/| = 0 then, since ¢ is not isolated, w needs to be adjacent
to t, but w- ¢ € {0,£2}. A contradiction. The case |w’| = 0 is analogous.

Case 2. — If |t/| > 1 (the case |w’| > 1 is analogous) we consider the
graph with embedding I obtained from T' by deleting the vertex w and
the basis vectors f; and f;. I'' embeds in a lattice of rank smaller than the
number of its vertices and thus should have determinant zero. However,
if w was a final vertex, by Lemma 6.12 we know I' has non-vanishing

ANNALES DE L’INSTITUT FOURIER



SURGERIES ON TORUS KNOTS, RATIONAL BALLS, AND CABLING 65

determinant. Finally, if w were internal, I has two connected components:
by Remark 6.11(3) any linear components have non vanishing determinant
and again by Lemma 6.12 if there is a component with a trivalent vertex,
then its determinant is also non-vanishing.

Case 3: If |w'| = |t/| = 1. — We know that ¢ and w are different from
the vertex u, since |u| = 2, and also from the vertex v, since at least two
vectors hitting v appear at least 3 times in the embedding (this follows
from Lemma 6.16).

e If at least one between w and t is in the leg which starts with the
vertex v, we assume without loss of generality that w is closest to
the vertex v in its leg. Then we consider the graph with embedding
I'" obtained by deleting the vertex ¢t and the basis vectors f; and f;.
This graph has vanishing determinant (Remark 6.11(4)). However,
if T” has a linear component, by Remark 6.11(3) this component
has non-vanishing determinant. It follows that the component of T
with a trivalent vertex should have determinant zero, but this com-
ponent has an embedding and a vertex of weight 1 in the same leg
as v. We are then in a situation equivalent to the one analyzed in
Lemma 6.17 Case 2 (a) and thus either the determinant is non zero
or the embedding does not exist, and we obtain again a contradic-
tion.

e If both w and ¢ are on the leg starting with the vertex u we consider
the graph I obtained by deleting the closest vertex to u, say w
and deleting once more the basis vectors f; and f;. IV needs to
have vanishing determinant, however by Lemma 6.12 the connected
component with the trivalent vertex has determinant different from
zero. It follows that ¢ is internal in I and that in I there is a linear
component L’ with vanishing determinant, an embedding into a
standard lattice and a vertex with weight 1. This vertex needs to
be internal in IV (Remark 6.11(3)), and the linear component is of
the following type:

Cn &1 1 dy dm
L ° . ° ° ° . °
,r,/ t/
Since the determinant vanishes, the strings (c1,...,¢,) and (dy, ...,

d,) are complementary and since they are both adjacent to the
vertex t' there is a basis vector that hits both the vertices with
weights ¢; and d;. Then, by Property 6.9(3) the embedding of L’
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in a standard lattice of any rank is unique. Now, in I'" the vertex
w = fi + f; + f is linked to " and since r’ # t' (recall ¢’ is internal
in L) the only basis vector that hits both r’ and w is f. By the
uniqueness of the embedding of L’ we know that f hits some other
vertex s’ in L’ which is then necessarily orthogonal to w, but this
is impossible. Indeed, since w - s = 0, then f; or f; must hit s’ and
then we necessarily have s’ = t’. It follows that the three vectors
fi, f; and f hit both ¢ and w while ¢ - w = 0. A contradiction.

Proof of (2). — We now consider the second item in the statement
and suppose there are three vectors in I' whose embeddings are, up to
signs, of the form w = f; +w', t = f, + f; +t and y = f; + ¢/, and
independently of the vertices w, ¢ and y being adjacent or in the same
or different legs, we consider the following manipulation: delete from the
embedding the basis vectors f; and f; and the vertex ¢ from I' to obtain I,
a graph with embedding into a standard lattice of rank one less than its
number of vertices. Now, if |w|,|y| > 2 then the vertices w and y have
weight at least 2 in IV and we arrive to the contradiction that IV has non-
vanishing determinant by Lemma 6.12 and Remark 6.11(3). Moreover, if
we had |w| = 2 and |y| > 2 and w were final, the above manipulation
yields a contradiction with Lemma 6.20 or Remark 6.11(2). These two
contradictions imply the second assertion in the statement. O

Let B :={f1,..., fn} be the set of all basis vectors which appear exactly
twice in the embedding of I" with coefficients +1. By Lemma 6.21 the set
of pairs of vertices in ' defined as V5 := {(u;,v;) | fi - ws, fi-v; # 0} consists
of n couples of vertices, where the couple (u;,v;) is formed of the only two
vertices in I" hit by the vector f;. Notice that the vertices in V5 all belong
to the qc-legs, since I' embeds and therefore the conventions in Figure 6.1
hold. We will divide V5 into two subsets: let ng be the subset containing
couples with a final vertex and Vsz the subset of couples with only internal
vertices. The next crucial lemma shows that the vectors appearing only
twice in the embedding hit “mainly” internal vertices of weight at most 3.
The key idea in the proof of this lemma is to manipulate I' in such a way
that the trivalent vertex, the only one whose valency is greater than its
weight, belongs to a separate connected component.

LEMMA 6.22. — IfT" embeds, then at most two couples in the set V2Nf
and at most two couples in VQf have no internal vertex of weight 2 or 3.

Proof. — Let us assume that there are at least three such couples in ng .
Then, at least one of the final vertices of I is necessarily hit by two different
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basis vectors which appear only twice in the embedding with coefficient £1.
It follows, by the second statement of Lemma 6.21, that one of these three
couples has a vertex of weight 2. If it is internal, we are done. If it is final,
either one final vertex is hit by three vectors appearing only twice, and
we conclude with Lemma 6.21 that at least one internal vertex hit by one
of these vectors has weight 2. Or both final vertices are hit by 2 vectors
appearing only twice, and again we conclude with Lemma 6.21.

We move onto studying now the set VQNf . Let us assume by contradiction
that there is a subset of V3!, the set S := {(us,v;)|i = 1,2, 3}, such that
every vertex in it has weight at least 4. As before, we call f; the vector
appearing exactly twice in the embedding with coefficient +1 hitting u;
and v;. From the second statement in Lemma 6.21 we know that S consists
of three disjoint couples of vertices.

We will consider the graph with embedding I obtained from I' by delet-
ing all f;, i = 1,2,3 from the embedding and deleting two vertices in S.
The precise choice of the two vertices we need to delete in S will depend
on the configuration and it will be one vertex from two of the three pairs
(ui,v;), 1 =1,2,3. From the trivalent vertex move along one of the gc-legs
to the first vector in S, which we call . Now, consider the other qc-leg and
again from the trivalent vertex move to the first vector in S with different
subindex from x. If this vertex exists call it y.

(1) If both = and y exist delete these two vertices.
(2) If y does not exist, delete z and the next vertex in S found on its
qc-leg and having a different subindex from z.

The graph I'V admits an embedding into a standard lattice of rank smaller
than the number of vertices in IV and therefore IV has vanishing determi-
nant (Remark 6.11(4)). The connected component of IV which contains the
only trivalent vertex of I" has an embedding, and thus, if it has a trivalent
vertex in IV by Lemma 6.12 the determinant of this component is non-
vanishing; and if it is a linear set, then by Remark 6.11(3) its determinant
is again non vanishing. It follows that at least one of the other connected
components of IV needs to have vanishing determinant. However, this is
not possible: by Remark 6.11(2) we need a connected component with a
vertex with weight smaller than its valency, and by our assumptions on S
we do not have such a vertex. O

We have learned in Lemma 6.22 that in V5 there are at most 4 couples of
vertices with no internal vertex of weight 2 or 3. Our aim now is to reduce
this quantity to 2 vertices. Let us call By (B for “bad”) the subset of V5
consisting of couples in which the internal vertices have weight at least 4,
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and define consequently Bé\’ I and B{ . In this language Lemma 6.22 reads
|BYY|,|B}| < 2 and implies |By| < 4. In the next lemma we show that if
|Ba| > 2, the set Bg is formed of a particular kind of couple of vertices.
The proof of Lemma 6.23 builds on and uses the notation in the proof of
Lemma 6.22.

LEMMA 6.23. — Suppose I' embeds and that we have |Bs| > 2, then:

(1) if |BY | = 2, then every couple in sz has an internal vertex and
the final vertex in every couple in Bg has weight 2.

(2) If|BY'| =1, then | Bf| = 2 and at least one couple in B] has a final
vertex of weight 2, and the other vertex in this couple is interior.

Proof. — We start with the first case assuming there are two couples
(u1,v1), (ug2,vs) in Bévf and we proceed to analyze an element (us, v3) € V2f.
We will call S the set formed by these three couples of vertices. We first
show that u3 and v3 cannot be both final vertices in I'. Suppose this were
the case and consider the following manipulation of I' yielding the graph
with embedding I':

(1) If uz or vz is the only vertex in its qc-leg belonging to S, then
delete it from I" and delete in the other leg the first vertex among
u1,v1, ug and vy which appears when moving along the qc-leg, start-
ing from the trivalent vertex. Moreover delete from the embedding
f1, f2 and f3.

(2) If we are not in the preceding case, delete from I' the basis vectors
f1, f2 and f3 and from each qc-leg the vertex in S closest to ug or
vz such that the two deleted vertices have different subindices.

In both cases, by Remark 6.11(4), the graph I should have vanishing
determinant. In the first case this is impossible: the only difference with
the arguments presented in the proof of Lemma 6.22 is that we might have
in IV the final vector uz or v3 with weight 1. However, since this vector
is final in T and in its connected component there is at least one vertex
with weight greater than its valency (recall that any other final vertex
in its connected component has this property since all internal vertices
in S have weight at least 4 in T'), it follows by Remark 6.11(3) that this
component has non-vanishing determinant and then by Lemma 6.12 that
the determinant of I is non zero.

In the second case, notice that T has two connected components: a linear
one I'(, containing us and vs, which are adjacent in I, and another one
containing the trivalent vertex in I". By Lemma 6.12 or Remark 6.11 (3) this
latter connected component has non vanishing determinant, so we need T
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to have determinant zero. Notice that by construction I', contains at most
one vertex from the set S besides uz and vs. If ug and vz have both weight
at least 2 in I'f), then we obtain a contradiction by Remark 6.11(3) with
the fact that I'j has vanishing determinant. Since in I' they are connected
to other vertices, they cannot both have weight equal to 1 in I'j. The
only possibility we are left to study is the case in which, say |ug| = 1
and |vs| > 2 in I'{. Notice that I’y is a linear graph with all vertices of
weight at least 2 except for one internal vertex of weight 1 and that I has
vanishing determinant. It follows that T', consists of two complementary
strings linked to a vertex of weight 1, which implies that the embedding
is as in Property 6.9(3). We then have that T'y, (without the vertex of
weight 1) satisfies the assumptions of Lemma 6.8 (2) and no vertex can be
linked to this connected component without the introduction of new basis
vectors. Now, since I'j contains at most one vertex of S besides u3 and vs,
at least one of its final vertices has the same weight and embedding in T
as in I' and it is adjacent to some vertex in I'. By Lemma 6.8 this is not
possible and we conclude that in the couple (usz,v3) € VQf at least one of
the vertices in internal.

From now on we assume, without loss of generality, that ug is internal
in ' and v final. Notice that us & {uy,v1, us,v2}, since if it belonged to
this set, by Lemma 6.21 we would have that one among ui,v1,us and v
has weight 2, contradicting (u1,v1), (uz,v9) in Bév /. We have the following
configuration in I': three basis vectors f1, fo and f3 each appearing exactly
twice in the embedding with coefficient +1. The vectors fi and fy hitting
respectively the couples (u1,v1) and (ug,v2) of internal vertices of weight
at least 4, and the vector f3 hitting an internal vertex wug, different from
u1,v1,u2 and vy, and a final vertex vs. We now proceed to manipulate I'
in the same fashion we did in the proof of Lemma 6.22 to obtain I and we
distinguish the two following outcomes:

(1) One of the two vertices of I' erased to obtain I" belongs to the
couple (ug,v3).
(2) The vertices uz and vs belong to I".

If we are in the first case, by the same arguments we have developed sev-
eral times before based on Lemma 6.12 and Remarks 6.11(2) and 6.11(3),
we arrive to the contradiction that T has non vanishing determinant, and
thus case 2 is the only possible option. In this case, if the weights of ug
and vz in I are respectively at least 3 and 2, then the determinant of I
would be non-vanishing by Remark 6.11(2). So if we assume u3 has weight
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at least 4 in ', that is (us,v3) € Bg, this implies that vs has weight 2 in I’
and 1 in I", finishing the proof of case (1) in Lemma 6.23.

We now deal with the second possibility in the statement, that is, Bév I =
{(u1,v1)}. Since we are assuming |Bs| > 2 and we know from Lemma 6.22
that |BJ| < 2 it follows that BJ = {(uz, v2), (us,vs)} and we need to show
that one of the couples needs to have a final vertex of weight 2. Let us
assume any final vertex in (ug,ve) had weight greater than 2. One of the
following 2 possibilities holds:

(1) (u2,v2) consists of the two final vertices in the qc-legs. Then, by
Lemma 6.21, only one between u3 and ws is final. Let us assume
it is v3. It follows that wvs is hit both by fo and f3 and thus, the
second statement in Lemma 6.21 guarantees |us| = 2 and we arrive
to the contradiction (us,vs) & B .

(2) (ug,v2) consists of one internal vertex of weight at least 4 and one
final of weight at least 3. We assume us is internal and vs is final. By
the second statement of Lemma 6.21 only one between us and vj is
final and again we assume it is v3. The exact same argument used
before allows us to conclude as follows: manipulate I' as explained
in the proof of Lemma 6.22 to obtain I'” and we distinguish the two
following outcomes:

(a) One of the two vertices of I erased to obtain I’ belongs to the
couple (usg, vs).
(b) The vertices uz and vz belong to I".
The first case leads to a contradiction through Lemma 6.12 and
Remarks 6.11(2) and 6.11(3). In the second case, since the weight
of us is assumed to be at least 4, in order to avoid a contradiction
with Remark 6.11(2) we need |vs| = 2. O

We will use the couples in Bg with a final vertex of weight 2, whose
existence is guaranteed by Lemma 6.23, to reduce the bound of 4 on |Bs|,
obtained from Lemma 6.22, to 2. In the process we will be forced to change
the graph T" to a new graph I',.. Suppose I" embeds and has a final 2-chain
c of length k and some internal vertex y such that the embedding looks as
follows:

k
ifiZ(*l)i’gz‘er' gz’ gr-1+gk g1+9g2 f+o
=1 ® — ... ° Y e ° Y
Y x Vg w

where w is a final vertex in a qc-leg, v might coincide with w, x # y has
weight at least 3 and the vector f appears only twice in the embedding
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hitting w and y. Then the graph I',. is obtained from I' by deleting the
basis vectors f,g1,...,9r—1 and all the vertices in the 2-chain, obtaining
the configuration:

ge+y’ g+’

Yy x

where now the vertex x, which still has weight greater than 2, is final in T,
and the vector g appears only twice in the embedding of I',.. Moreover,
if the other qc-leg had an analogous configuration, we can contract it as
well, obtaining a graph with two final vertices of weight at least 3, each
hit by a different basis vector appearing only twice in the embedding with
coefficient +1. We will also call T',. this “doubly reduced” graph. Notice that
I(T") = I(T';) and that T', admits an embedding into a standard lattice of
rank equal its number of vertices.

LEMMA 6.24. — IfT embeds and |B(T")| > 2, then we can modify I as
explained above to obtain a graph T, with |By(T,)| = 2.

Proof. — To start with we show that if |By(I")| > 2, we can find a final
2-chain in I' such as the one described in the paragraph preceding this
lemma which allows us to define I',.. By Lemma 6.23 we have that there
is a couple in BQf with a final vertex w of weight 2. Let us call f the
vector which appears exactly twice in the embedding with coefficient one
and hits w and an internal vertex y of weight at least 4. We consider w
as the last vertex of a 2-chain ¢ of length k£ > 1. Since we are assuming
that no qc-leg in I' is a 2 chain, there exists some vertex x with weight
greater than 2 adjacent to c. Since the embedding of a 2-chain is unique up
to automorphisms of the standard lattice, we can assume it is as described
above. If the vertex x coincided with y, then since f has always coefficient
41 this would mean g - * = 0 and the vector g, would appear only once
in the embedding, since f appears only twice. This is a contradiction since
x is not the trivalent vertex in I'. In the latter case, we are dealing with

29k —gk—1+-tg1 Ff+z’ Ir—1+9k g1+92 f+a1
° ° e e o
r=y Vg U2 w

and deleting from the embedding the vectors f, g1, ..., gr we obtain a graph
that embeds in a lattice of rank one smaller than its number of vertices
contradicting Lemma 6.20. It follows that = # y, that gr - = 1 and
g; - x = 0 for every i # k and that y :f—&-zf:l(—l)igﬁ-y'. That is, we are
precisely in the situation described above that allows us to define I, which
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has a final vertex of weight at least 3 hit by a basis vector appearing only
twice with coefficient +1. If both qc-legs end in 2-chains in the situation
described, we call I", the graph obtained by contracting both of them by
the described method, and arriving to a graph with no final vertex of weight
2 in the qc-legs.

Now, since the pairs of vertices in Bévf(l") are still the same in I', we
have that BY/(I') = BN¥(T',.). Moreover, since in Lemmas 6.22 and 6.23
we have never used the specific weights on the qc-legs of ', their conclusions
hold also for the graph I'. and therefore, by Lemma 6.23 we conclude that
if [BY7(I')| = 2 then BJ(T,) = 0 and if [BY/(I')| = 1 then |BJ(I,)| < 1.
In both cases we have |Ba(I';)| = 2 and the Lemma 6.24 is proved. O

In the last lemma we have shown that either the graph with embedding I'
satisfies |Bz(T')] < 2 or we can modify it to a graph T', which satisfies
this assumption. From now on we will use the symbol I" to denote: any
graph ¥ in the families T’y or I's in the case in which |Bs(¥)| < 2; or the
corresponding modification ¥, in case we had |By(VU)| € {3,4}. We will
call these modified graphs the reduced version of the graphs in I'; or I's.
Thus, we have proved the following.

COROLLARY 6.25. — If T embeds, then at most two vectors appearing
only twice in the embedding with coefficient +1 hit no internal vertex of
weight 2 or 3.

6.8. Internal vertices of weight 2 and weight 3

We have established so far that we need to focus on internal vertices of
weight 2 and 3 to pursue in our study of the basis vectors which appear
only twice in the embedding with coefficient +1. In the next lemma we
show that if we deal with these low weight vertices, then we do not need
to worry about the second possibility in Lemma 6.21.

LEMMA 6.26. — Ifthe graph I" embeds, then no vertex of weight 2 or 3 is
hit by two different basis vectors appearing exactly twice in the embedding
with coefficients +1.

Proof. — By Lemma 6.21 we know that if a vertex t = f; + f; +t' is hit
by fi and f; which appear only twice in the embedding with coefficient +1,
then there are two other vertices with embeddings w = f+f; and y = f;+/
(up to signs), where |¢/| > 1. If ¢ = 0 this is impossible, since this would
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force the local configuration:

fitf fitfi fity'
° ° °
w t Yy

Deleting the vectors f; and f; produces a 2-component graph with embed-
ding into the standard lattice of rank one less than the number of vertices,
and so the determinant should be vanishing. However, the determinant
must be non vanishing by Remark 6.11(2) and Lemma 6.20.

We now show that assuming [t| = 3 again leads to a contradiction. We
consider the two following scenarios:

Case 1. — The vertices w = f; + f and t = f; + f; + g are adjacent
in I". In this case consider the two component graph I with embedding
and vanishing determinant obtained from I' by deleting the vector f;. In I
the vertex w has weight 1, but since it is final in its connected component,
the determinant of I' is non vanishing by Remark 6.11(2) or Lemma 6.20.
This contradiction shows that the configuration is not possible.

Case 2. — The vertices w and t are not adjacent in I". We assume that
t=fi+fi+fandw==xf7Ffi

(a) If t was an internal vertex, then neither of its two adjacent vertices
can be hit by f;, since we are assuming w -t = 0. Moreover, both of
them cannot be hit by f;, since this basis vector appears only twice;
nor by f, since at least one of these adjacent vertices is orthogonal
to w and f; appears only twice in the embedding. It follows that
one vertex adjacent to w is hit by f and the other one is y forcing
the local configuration:

—fitf FH fitfi+f fity'
. . ® °
w S t Y

In this situation ¢ -y = 1 and we consider the two connected com-
ponent graph I" obtained from I' by deleting the basis vector f;.
This graph with embedding needs to have vanishing determinant
by Remark 6.11(4), but this is impossible by Lemma 6.12 or by
Lemma 6.20 if || = 1. We therefore conclude that this configura-
tion is not possible.
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(b) If the vertex t is final there is only one possible local configuration
(up to sign):

fi+fi+f f+... f=fi f=fi+y'
° ° ° °
t S w Yy

Indeed, the vertex w is not isolated and therefore any adjacent ver-
tex to it needs to be hit by f. Call s such a vertex. Since we are
assuming that f; and f; appear only twice in the embedding of T,
the vertex s is forced to be adjacent to ¢, which we are assuming is fi-
nal. Now, the vertex y is necessarily different from s, since f-s # 0
and f; - s # 0, and therefore if y = s we could not have s -t = 1.
It follows that y is orthogonal to ¢, which means in particular that
f hits y and thus y - w = 1 and we have the claimed configuration.

Now, if there exists a basis vector f’ such that 3y = f’ and s =
f — f' then the linear set formed by the vertices ¢,s,w and y is
a standard subset of Z* and by Lemma 6.8 we know that no final
vertex can be attached to this configuration. It follows then that
either s or y is hit yet by another basis vector, that is, we have the
local configuration:

fi+fi+f f=f'+s f=rfi F=fi+f'+y'
. ° ° °
t S w Y

where at least one between s’ and 3’ is non zero. We proceed now
with the following manipulation of the graph I': we delete the three
basis vectors f, f; and f; (notice that f appears exactly 4 times
in the embedding, precisely in the local configuration depicted),
obtaining a graph IV with embedding and two vertices less than
the original T'. It follows that the determinant of I is zero (Re-
mark 6.11(4)). However, we will show that this is not possible. The
graph I has the following local configuration:

_f/+sl f/+y/
° — °
S Y

and beyond these two vertices and the negative edge (which does
not change anything in the argumentation, see Operation 6.10(3))
I is a tree with vanishing determinant, one trivalent vertex and all
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weights at least 2. If s’ and ¢’ were both non zero, then we have a
contradiction with Lemma 6.12. If s’ were zero, then 3’ # 0 and we
have a contradiction with Lemma 6.20. Finally, we consider the case
y’ = 0. Since y cannot be final, it is linked to a vertex different from
s and also hit by f’. We will argue now that in fact y is necessarily
connected to a 2-chain linked to the trivalent vertex. Indeed, if this
were not the case, the local configuration would be:

hi+hot+gr+... gk+tgr—1 gi+f 1 —f'+s’
. . ° ° — °
Y s

However, for this embedding to exist we need |s'| > k + 1 and,
in these circumstances, after blowing down y and the successive
vertices with weight 1, we obtain a trivalent graph with embed-
ding which should have vanishing determinant, but this contradicts
Lemma 6.12 or Lemma 6.20. So, we are only left with one possi-
bility for I': s is final and between the vertex y and the trivalent
vertex there is a 2-chain. This implies that s and y are not in the
same qc-leg as the vertex v (following the notation of Figure 6.1).
In fact, the graph I is as follows:

N42 )
ST (-Dieitv’  ertgr getgro1 gi+f’ =+
. o =2 o ° e — ... — o o — o
v \ / u Y s
e1+ex @
¥2+53 eN+1tEN+2
e — ... — o

where 8 = S2F | (—1)it1g; + SN2 (—1)k+iole; 46" and since y
in I had weight 3, then y # v and kK > 0 (if kK = 0, then u-y =
1 and v = ey + f/). It is clear that in the embedding of T” the
basis vector f’ cannot hit any vertices different from y and its two
adjacent ones. This in turn implies that the vectors g; and e; hit
only the vertices depicted. We now proceed to delete from I the
N + k+ 3 basis vectors e1,...,eN12,91,---, 9k, /- This reduces the
number of vertices precisely by N + k + 3 and leaves us with the
following graph I/, which admits an embedding and has vanishing
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determinant (just as I, it embeds into a standard lattice of rank
smaller than its number of vertices):

v S
[ ] [ ] [ ]
v S

However, the linear graph I'” cannot have vanishing determinant by
Remark 6.11 (3), and this contradiction proves the Lemma 6.26. O

6.9. Contributions to I(I")

As we have mentioned before, the strategy of the proof of Proposition 3.4
is to compute the quantity I(T") from the embedding. In the next lemma we
show that each internal vertex of weight 2 or 3 hit by a vector contributing
negatively to I(T") is also hit by a vector with a positive contribution. A key
result we will be using repeatedly is Lemma 6.20, which we want to stress,
applies also to the graphs I',..

LEMMA 6.27. — Suppose that I" embeds and that there is a basis vector
e which appears only twice in the embedding with coefficient +1. Moreover,
assume e hits an internal vertex of weight 3, w = e +¢; +¢;, or an internal
vertex of weight 2, w = e + e;. Then, the contribution to I(T') of the set
{ei,e;} is at least 1.

Proof. — We start with the case w = e+e;+e;. Note that by Lemma 6.26
and Lemma 6.19 we already know that the contribution of {e;, e;} to I(T")
is at least 0.

Call w_ and wy the two vertices adjacent to w. If e; hits w_ with a
coefficient greater than 1 in absolute value, then it contributes to I(T")
with at least 2. If e; hits w_ with coefficient —1 then, either |e; - w_| = 2,
which implies that the contribution of e; to I(I') is at least 2, or e; - w_ =
e-w_ = 1. We will show that the latter case leads to a contradiction: since
the vector e hits precisely w and w_ in the embedding of I, we can consider
the graph I'V obtained from I' by deleting the vector e. This graph I'” should
have vanishing determinant, but it consists of two connected components
to which Lemma 6.12 and Remark 6.11(3) apply and we deduce I” has
non-zero determinant.

Assume now that e; hits w, w_ and w4 always with coefficient 1 and
it hits no other vertex in I'. If e; also hits w_ or w,, we fall back into
previously analyzed scenarios. If e; - w_ = e; - wy = 0, then e; appears
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exactly two times in the embedding of I" with coefficient +1: it hits w
and the other vertex in the graph which is hit by e, which we will call v.
This contradicts Lemma 6.26 and we conclude that e; needs to hit at least
another vertex u € I'\ {w_, w, w4 } and thus it contributes to I(I") at least
with 1.

Summing up, we have shown so far that we can find a basis vector with
a positive contribution to I(I") except in the case yet to be studied where
w_ =¢;+... and wy =e; +..., that is ¢; and e; each hit with coefficient
+1 only one of the adjacent vertices to w. We proceed to analyze further
this configuration. The vector e hits a vertex uw € I' such that u-w = 0
(if w - w # 0 we are in a previously analyzed configuration), and without
loss of generality we can assume that u = e Fae; +... If || > 2, then e;
contributes at least with 3 to I(I') and we are done. We assume then that
u = *e Fe; +... Now, by Lemma 6.26 the vector e; needs to hit some
other vertex in I' besides w and wy : if it hits w_ we fall back in one of
the previously analyzed cases and it cannot hit u since u = e Fe; + ...,
w=e+e;+e; and u-w = 0. The only possibility left is then the existence
of a different vertex v € I' \ {w, w_, w4, u} such that v -e; # 0. From this
configuration we deduce that e; - v # 0, since v - w = 0 and we conclude
that e; appears at least four times in the embedding, thus contributing to
I(T") at least with 1.

Consider now the case in which the internal vector w has weight 2 with
embedding w = e + e; and e appears only twice in the embedding of T'
with coefficients 1. It is immediate to check that then the basis vector
e; contributes at least with 1 to I(T"): since w is internal, e; hits its two
adjacent vertices (if this were not the case we arrive to a contradiction by
deleting e from the embedding) and since e appears at least on another
vertex u with u - w = 0 it follows that e; - u # 0, so e; appears at least 4
times in I", contributing thus at least with 1 to I(T). O

We would like to be able to deduce from Lemma 6.27 that the total
contribution of the vectors hitting internal vertices of weight 2 or 3 is at
least zero. However, this is not yet immediate, since we cannot exclude the
possibility of having, for example, two vertices of weight 3, say w = e+e;+e;
and w’' = €’ +e; —e;, where e and €’ contribute negatively to I(I"). In this
case Lemma 6.27 only guarantees that the set {e, €', e;, e;} contributes with
at least —1 to I(I"). The next two lemmas show that we need not worry
about more than two vertices hit by a vector appearing only twice and
sharing some other basis vector.
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LEMMA 6.28. — Suppose that I' embeds and that there are three dif-
ferent basis vectors e,e’, and e"” which appear each exactly twice in the
embedding with coefficient £1. Moreover, assume that these vectors hit
three different vertices w,w’, and w"” of weight 3. Then, there is no basis
vector f which hits all three vertices.

Proof. — Suppose there were a basis vector f which hits the three ver-
tices with embeddings w = e+ f+e;, w’ =€+ f+e; and w” =€’ + f+e;,
up to signs.

Case 1. — If every two of these three vertices were orthogonal, then
{ei,ej,ex} N{e, e e’} # 0 and we arrive to a contradiction because of
Lemma 6.26.

Case 2. — If we have w-w’ =1 and w-w"” = w’ - w” = 0, then we need
w=e+ f+e and w =€ + f+e; with e; # e;. The embedding of the
vertex w’ is then impossible, again because of Lemma 6.26.

Case 3. — If the three vertices verify w-w’ = 1 and w’ - w” = 1, then
the local configuration needs to be the following:

et+f+e: e'+f+e; e+ f—ei
. .
w wl w//

where e; and e; are different from each other. This configuration leads to
a contradiction: there is some other vertex u in the graph hit by the basis
vector e and:

e if u-w = u-w” =0, then the embedding of u is not possible because
of Lemma 6.21.

o Ifyu-w =1and e-u = 1, then we can delete from I" the basis vector e,
obtaining a two connected component graph IV whose determinant
should vanish. However, IV has at most one vertex of weight 1 which
is final and thus by Lemma 6.20 or Remark 6.11(2) its determinant
is non-vanishing.

e Ifu-w=1and e-u = —1, and by the symmetry of the roles played
by w,w’” and e, e”, the following configuration is forced:

—e+ftei—ej+... e+f+e; e'+f+e; e’ +f—e; —e'+f—ei—ej+...
[ ] [ ] [ ] [ ] ®
u w w/ w// u//

Now, deleting the basis vector ¢’ and the vertex w’ from the embed-
ding yields a new graph I with two connected components and one
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of them is linear. Without loss of generality we assume that the lin-
ear component is the one containing the vertex w”. We now proceed
to delete the vector e” from I". This yields a graph with vanishing
determinant, but the connected component with the trivalent ver-
tex has non vanishing determinant by Lemma 6.12 and the other,
even if it has a double edge between the vertices w” and u”, we
know its determinant is non vanishing by Remark 6.11(2). Here
we use the fact that the other vertex u’ containing e’ has weight
at least 2 after deleting e’. To see this, observe that v - w’ = 0
and u’' cannot contain f (since v’ is also orthogonal to w,w”), so
o = +e'Fej+... Since v/ # u or v”, and v’ must be orthogonal to
at least one of them, v’ must contain at least one more basis vector.

e If u-w” =1, then by symmetry of the roles played by w and w"”, the
only vertex u” # w’ in the graph hit by ¢” must satisfy v” -w = 1.
The vertex v’ # w’ hit by €' satisfies v/ - f = 0, since v - w =
uw' - w” = 0. The same argument implies that f can only hit the
vertices {u”,w,w’,w”,u} in T'. We then have that the embedding
of w is of the form v’ = ¢’ —¢; + ... Now, by Lemma 6.21, the
basis vector e; must hit a vertex different from w’ and «/, and since
any vertex different from «’ hit by e; must be hit by f, then e; hits
at least one between u and u”. Without loss of generality we may
assume it hits w.

Since u-w” =1, u-w = 0 and f-u # 0, we have ¢; - u = 0.
Again by Lemma 6.26 we know that the vector e; hits some vertex
different from w and w”, and since this vertex cannot be orthogonal
to w and w” it needs to be u”. Moreover, we have f -u” = 0, since
e;-u” # 0 and v’ - w” = 0. We are left with the following local

configuration:
e +ei+... e+f+e; e'+f+e; e+ f—e; —etf—ej+.. e —ej+...
— e ° ° ° o — e —
u/l w wl w// u U/

and in the graph T the basis vectors e, e”, f and e; only appear in
the depicted vertices. If we delete these 4 basis vectors we are left
with a graph I, which is still a tree and has an embedding into a
standard lattice. In IV we have the local configuration:
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e'+e; —ejt... e —ej+...

w’ U U

/
and the rest of I and its embedding coincides with that of I". Notice
that if in T we had |u”| = 2, then u” was necessary final and in this
case " embeds into a lattice of rank one smaller than its number of
vertices. On the other hand, if in I' we had |u”| > 2 then I would
embed into a lattice of rank two less than its number of vertices.
In both cases the graph I must have vanishing determinant. We
will finish the proof of Lemma 6.28 by showing this cannot hold.
If in I the vertex u” had weight 2, then I'V has only one connected
component. If it had weight greater than 2, then its connected com-
ponent has at most one vertex of weight 1 which is final and thus
by Lemma 6.20 or Remark 6.11(2) its determinant is non vanish-
ing. We focus then on the connected component of I containing
the vertex w’, which we call T'(,. If in T the vertices u and u’ were
orthogonal, or if |u| > 3, then in T’ there is no vertex of weight 1
and therefore, if it is a linear graph, it has non-vanishing determi-
nant by Remark 6.11(3); and if it has a trivalent vertex, since it
embeds in a standard lattice, its determinant is non-vanishing by
Lemma 6.12. Finally, if in I" we had v - v/ = 1 and |u| = 3, then in
I}, we find:

e'+ej —ej e —ejt...

w’ U u

If |u'| > 3 in I'(), then after blowing down the vectors e; and e’ we
obtain a graph with embedding and at most one final vertex with
weight one, and thus, again by Lemma 6.20 or Remark 6.11(2)
its determinant, which coincides with the determinant of I'j, is not
vanishing. There is only one case left to discuss: |u'| = 2 in I', which
implies «’ final in T". In this case, the original local configuration in
I" had to be:

e’ +ei+... e+ f+e; e'+f+e; e+ f—e; —e+f—e; e'—e;

u

"

1"

w w' w U u’

ANNALES DE L’INSTITUT FOURIER



SURGERIES ON TORUS KNOTS, RATIONAL BALLS, AND CABLING 81

with «” not final and thus |u”| > 2. The same arguments presented
before show that in this case, if we delete from I" the vectors e, ¢’ f
and e; we arrive to a trivalent graph with an embedding into a
lattice of rank one less than its number of vertices, but which has
non-vanishing determinant. This contradiction finishes the proof of
Lemma 6.28. g

LEMMA 6.29. — Suppose that I' embeds and that there are three dif-
ferent basis vectors e,e’, and e” which appear each exactly twice in the
embedding with coeflicient £1. Moreover, assume that these vectors hit
three different vertices w,w’, and w" of weight at most three. Then, there
is no basis vector f which hits all three vertices.

Proof. — Since the case w,w’, and w” all of weight 3 was dealt with in
Lemma 6.28, we might suppose |w| = 2.

Case 1. — If the three vertices had weight 2 and they were all hit by
a common basis vector f, the embeddings would be, up to signs, of the
form w =e+ f, w' = ¢ + f and w”’ = ¢’ + f. However, at least two of
these vertices need to be orthogonal but since e, e’ and e” are assumed to
be different, this is impossible.

Case 2. — If |w| = |w'| = 2 and |w”| = 3 we are dealing with an
embedding, up to signs, of the foorm w = e+ f, w’ = € + f and w"’ =
e + f + g. By Lemma 6.26 we know that g # e,¢’ and just like in the
preceding case we conclude that this configuration is impossible since w”
is orthogonal to at least one between w and w'.

Case 3. — If jw| = 2 and |w"”| = |w”| = 3 the embedding, up to signs,
is of the form w = e+ f, w' =€ + f+¢g and w”’ = €' + f + h. To
avoid the orthogonality issues of the two preceding cases we need to have
w linked to both w’ and w” and h = —g. We are dealing with the following
configuration:

e'+f+g e+f e'+f—g
° ° °
w' w W'

Since e appears a second time in the embedding on a vertex that we call
u and u - w = 0, we have u - f # 0. We claim that u cannot be orthogonal
to both w’ and w”. Indeed, if this were the case we would need one of the
following to happen:
e ¢/ -y # 0, which implies g - u € {0,+2}. Since we are assuming
u-w” = 0 we deduce that e” - u # 0. It follows that ¢’ and e” hit
u, which contradicts the second statement in Lemma 6.21.
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e ¢’ -u # 0, which by symmetry can be dealt with as the preceding

case, yielding the same contradiction.

e g-u#0ande -u=c¢€- u=0. However, since g hits w’ and w”
b

with opposite signs, we cannot obtain v - w’ = u - w” = 0.

Therefore, as claimed, u is not orthogonal to both w’ and w” and by sym-

metry we might assume u-w” # 0. We study the following two possibilities:

o Ifu=—f+e+...,theneitheru-g = —2oru-¢’ =1andu-g = —1.

Since w’ - u = 0 neither of these two cases can happen (recall that
the coefficient of €’ is &1 and that ¢” and e’ cannot hit the same
vertex by Lemma 6.21).

e u=f—e+..., then either ¢ -u = 0 or ¢ - u # 0. The former

case implies, since w’ - v = 0 that u - g = —1, from where it follows
u-e” = —1. Now, there is exactly one vertex in the graph different
from w’, call it /, such that u’-e’ # 0. Notice that then necessarily
f-u' =g-u =0. We are then dealing with the following situation:

e'+... e'+f+g et+f e'+f—g f—e—g—e"+...
[ ) [ ] [ ) [ ) [
ul w/ w w// u
Deleting from the embedding the basis vector ¢’ we get a two com-
ponent graph with an embedding, whose determinant should vanish,
but this contradicts Lemma 6.20 or Remark 6.11(3).
There is thus only one possibility left to analyze, when ¢’ - u # 0.
In this case the graph we are considering is as follows:
e +g+... e +f+g e+f e'+f—g f—e—e'+...
[ ) [ ] [ ] [ ) [ ]
u// w/ w w// u

since in this scenario e¢” cannot hit v (Lemma 6.21) and the vertex
different from w” it hits cannot be orthogonal to w’. Now, either
|u”’| > 2 or u” is final, since g cannot hit any vertex in the graph
outside {u”,w’, w"}; similarly either |u| > 3 or u is final. More-
over, notice that the basis vectors in {e,e’,e”, f, g} can only hit
the depicted vertices. If we delete from the graph the basis vectors
{e,e/,e", f, g} we obtain a graph with an embedding into a lattice
of rank smaller than its number of vertices, and it therefore should
have vanishing determinant. However, this contradicts Lemma 6.20
or Remark 6.11(3). O
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Now that we have shown in the last two lemmas that at most two internal
vertices of weight at most 3 hit by vectors contributing negatively to I(T")
share other vectors, we analyze thoroughly this possibility in the next two
lemmas.

LEMMA 6.30. — Suppose that I' embeds and that there are two distinct
basis vectors e and e’ which appear each exactly twice in the embedding
with coefficient £1. Moreover, assume that these vectors hit two internal
vertices of weight 3 with embeddings w = e +e; +e; and w' = ¢’ *e; + €.
Then, at least one of the following holds.

e ¢; contributes to I(I") with at least 2.
o Theset {e;, e}, if e} # ej, or the set {e;, e;}, if €} = e;, contributes
to I(T") with at least 2.

Proof. — If any one of e;, e; and e} appears somewhere in the embedding
of " with a coefficient different from +1 then we are done, since it would
contribute to I(T") at least with 2. So from now on we assume that these
basis vectors appear always with coefficient +1.

If w-w' = 0, then we necessarily have e; = TFe;. Let us call u the only
vertex in I' besides w hit by the vector e. If we assume v-w =u-w' =0
we immediately arrive to a contradiction: u - w = 0 requires u to be hit by
precisely one between e; and e;, but u-w’ = 0 requires u to be hit by both
these vectors because of Lemma 6.21. We analyze the following two cases
separately:

Case 1. — If u-w =1 then, if e- u = 1, by deleting the vector e from
the embedding we arrive to the usual contradiction with Lemma 6.12 and
Remark 6.11(3) (note that in this scenario w cannot hit e; or e; since if
u=-exe;Fej+...,then |u-w'| =2, impossible). So we assume e-u = —1,
which forces the embedding of u to be of the form u = —e+e¢; +¢; +....
Now, ¢’ also reappears in the embedding on a vertex which we call v’ and
by symmetry of this problem ' - w = v’ - w’ = 0 leads to a contradiction.

If v -w =1then v -w = 0 since u # v’ by Lemma 6.21 and by the same
arguments we have used to study the embedding of u we conclude that the
only possible configuration is:

—eteitej+...  eteite; e't+e;Fe; —e'te;Fej+...
[ ] [ ] [ ] e [ ] [ ] [ ]
u w Wy w_ w’ u/
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Now, since the vertices w and w’ are internal, and even in the case w, =
w’_, at least one between e; and e; reappears in the embedding besides in
the depicted vertices u,w,w’,u’ and in this case the result is proved.

If v - w = 1, then it is again immediate to check that v’ - w’ = 0 also
holds and we are dealing with the local configuration:

—eteite;t... eteite; e+ e'+e;Fe;
[ ] [ ) [ ) [ ] [ ] [ ]
u w u 'lU/_ w' ’LU:'_
where the vertex u’ embeds either as v’ = —e’4+¢,+... or v/ =e'+e;+....

Since both vertices w’ and w’, need to be hit at least by one between e;
and e; in this case the result is proved.

Case 2. — Ifu-w =0 then u-w’ = 1. If ' - w’ = 1, then as before we
have v’ - w = 0 and we are in a case completely analogous to the last one
studied. We therefore assume v’ - w’ = 0, which implies v’ - w = 1 and the
following configuration is then the only possibility left:

+e' ... eteite; e'+e;Fe; +e+t...
[ ] [ [ ] L [ ) [ ) [ ]
u/ w w+ wL ’LU/ U

Now, if wy # w’ , then we are done since the total contribution to I(T")
of {e;,e;} would be at least 2. Moreover, if z := w; = w’, then exactly
one of e; and e; hit 2 depending on the signs of e; and e; in w’. Without
loss of generality let us assume e; hits z. If in addition e; hits both « and
u’ we are done too, since e; - = 1. We are thus left with the following
configuration to further analyze:

+e'+-- ete;te; ei+... e'+eifej e—e;j+...
[ ] [} L) [ ] [ ] [ ]
u w x w’ U U
where v/ = —€' +€; +... or v’ =€’ +e; +... and the vertex u; may or

may not exist. We will be done if we are able to show that either e; or ¢;
appears at least once more in the embedding of I". Suppose that this were
not the case and that

Case 2(a): u' = —e¢’ + e; +.... — In this case we have that |u'| > 3,
since u’ - & = 0. Moreover, either v is final or |u| > 3. If we are in the latter
case, after deleting from I' the basis vectors e, €/, e; and e; and the vertices
z,w and w’ we obtain a graph IV with two connected components and

ANNALES DE L’INSTITUT FOURIER



SURGERIES ON TORUS KNOTS, RATIONAL BALLS, AND CABLING 85

an embedding into a lattice of rank smaller than its number of vertices.
It follows that det(I") = 0. However, this contradicts Lemma 6.20 and
Remark 6.11(3).

If we are in the case where u is a final vertex, the local configuration we
are looking at is the following;:

—e'+e;—f+i ete;te; ei+f+T e'+ei—e; e—e;
[ [ ] [ ] [ ) [ )
u w x w’ U

where |ul, |Z| > 0. We delete again from the embedding the vectors e, €', e;
and e; and the vertices w,w’ and u. This yields a connected graph with
vanishing determinant and local configuration

—f+a f+z
° — °
u’ x

which was shown in the proof of Lemma 6.26, Case 2(b) to lead to a
contradiction.

Case 2(b): v/ = € +e; +.... — In this case, if we delete the basis
vector e; which appears exactly 3 times in the embedding, we obtain a
graph I with vanishing determinant, a connected component consisting of
a single vertex, the vertex x, and another connected component in which
every vertex has weight at least 2. There is one negative edge in I, but
this does not affect the arguments (Operation 6.10(3)) and IV should have
non-vanishing determinant by Lemma 6.12, a contradiction.

Now that we have studied all possible configurations with w - w’ = 0

and have established the lemma in this case, we move on to study the case
w - w' = 1. We are dealing this time with the local configuration:

ete;t+e; E,+€i+€;
[ ] [ ] [} L)
w-— w w’ Wy

where e; # +ej. We remind the reader that by Lemma 6.26 the vectors
e;,e; and e;- appear each at least 3 times in the embedding of I'. We claim
that €’-wy # 1 (and by symmetry e-w_ # 1). Indeed: if ¢’ - w1 = 1 by delet-
ing ¢’ from the embedding we arrive to a contradiction with Lemma 6.20
and Remark 6.11(3). The possible embeddings of w; are then:

e w,=—¢+e+ej—e+...,
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o Wy =€ —€j+...,
!

e wy =¢;+...,

e Wy =€;—e+...,0r

o

wy=¢ejte;Fet....

Notice that these possibilities are mutually exclusive: with this notation we
mean that the only vertices from the set A := {e, €/, e;, e;, €} } hitting w,. are
the ones evidenced. We start by considering the two last cases, characterized
by e - w4 # 0. Notice that the five vectors in A need to hit at least five
vertices in I' (if this were not the case, by deleting at most 4 vertices we
would have an embedding of a graph with non vanishing determinant into
a smaller rank lattice). We show first that if the vectors in A hit at least
6 vertices, then the result holds. In this case there is a vertex v, orthogonal
to w and w’, hit by a vector in A and such that ¢’-v = 0. This immediately
implies that v is hit by e;, e;, e}. There are at least two more vertices hit by
the vectors in A: w_ and some other vertex v’. Precisely one of these two is
hit by €’. If it is w_ we are done: by the same argument as before, v is hit
by e;, e, e; and looking at the vertices v, v, w,w’" and w, we have either e;
appearing 5 times and e;, 6;» three times each or e; appearing 4 times and
ej, €; four times each. If w_ - ¢’ = 0, we are dealing with:

, , +eit... , , ) —eitei+...
ete;te; e +ei+ej +e e,i—ej—ej—&-.“ e
Fejte)+... —elt..
° ° ° ° ) )
w_ w w' W4 v v’

where the braces mean that one of the two options must occur. Since w_
must be hit either by both e; and 69 or by e;, it is immediate to check that
all possible embeddings depicted above yield e; or {e;, €} contributing to
I(T") with at least 2 except for the following configuration:

ej+t... ete;+e; e/ +eite —etei+... ei—ej—el+t... e —efi+...
[} [ ) [ ] [ ] [} [}
w— w w’ w4 v v

where no other vertex in I' is hit by a vector in A. This scenario, however,
leads to a contradiction. Indeed, if wy has weight greater than 2, we can
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delete from the embedding the basis vectors e, €/, e; and 6; and the vertices
w’,v and v’ yielding:

e;jt... €j +...
o ——— @ [ ]
w— w w4

where w and w4 are now final vertices. The determinant of the graph
thus obtained needs to be zero, but this contradicts Lemma 6.20 and Re-
mark 6.11(3). If |wy| = 2, then wy - v = 1, which implies v - w_ = 0,
which in turn yields |v| > 4. This time we delete again from the embedding
of I the same basis vectors e,e’,e; and €, but the vertices w',wy and
v’ yielding:

ejt... €j —ej+...
e ——— 0 [ ]
w— w v

where w is final and |v| > 2. Just as before, the determinant of this graph
needs to be zero, but this contradicts Lemma 6.20 and Remark 6.11(3).

We now need to analyze the case e - wy # 0 and precisely 5 vertices
in T' are hit by the five vectors in A. The five vertices are w_, w,w’, w4
and another vertex, call it v. The basis vector €’ hits precisely one between
w_ and v. We start considering the case €’ - w_ # 0, which implies, since
vw,v-w’ =0, that e;, e; and € all hit v. The possibilities for the embedding
in this situation are:

, +eit... , , +e;+... ,
+e ete;te; e teite; e ei—ej—e;+...
+ej$e;+... +6;$€j+~.-
° ° ° ° °
w— w w’ Wy v

If the embedding of w_ and wy is “of the same type”, then we are done
since either e; or {e;, e’} contributes with 2 to I(T'). By the symmetry of
the problem we need only to analyze one of the two cases in which the
embedding of these vertices is not of the same type. We pick this case:

—e +eit... ete;+e; e'+ei+e; j:eJre;-:FejJr... eifejfe;+...
[ ] [ ) [ ] [ ) [ ]
w— w w’ w4 v
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and show that it leads to a contradiction. If |w_| > 2, then we proceed to
delete from I' the basis vectors e, e;, e; and eg and the vertices w,wy and
v obtaining:

—e'+... e’
° °
w_— w/

where w’ is a final vertex and the only one in the graph with weight 1. The
determinant of this graph should vanish, but this contradicts Lemma 6.20
and Remark 6.11(3). If jw_| = 2, then we are dealing with

e,i—ej—e;—&-“. —e'+te; ete;+e; e'+e,i+e; ie—i—e;-:Fej—i-...
° ° ° ° °
v w— w w’ w4

Since w4 and v cannot both be final vertices in I', at least one of them
has weight greater than 3. Eliminating from I' the five vectors in A will
then yield a graph with 3 or 4 vertices less (depending on the weights of
wy and v) and final vertices with weight at least 1. This graph should
have vanishing determinant, but this contradicts again Lemma 6.20 and
Remark 6.11(3).

The last case we need to consider now is € - w_ = 0, which implies
e’ - v # 0. We are assuming again that the vectors in A only hit the set of
five vertices B = {w_,w, w'wy,v}. Notice that this time we cannot have e;
hitting w.: if this were the case, neither e; nor e;- could hit w4 ; however,
both e; and e;- need to hit at least 3 vertices in B, while they cannot both
hit w_ and they cannot both hit v. We have thus wy = feFe; +e)+...
and the possible embeddings are:

eife;-+‘.. , , , , —e;te;+...
ete;+e; e +eite; :I:e:Fej+ej+... e
ej+... —e;.—i-.“
[ ] [ ] [ ] [ ] [ ]
w— w w’ W v

The only combination of these that guarantees that each of the vectors
€;,ej and e} appear at least three times in the embedding is

ei—€jt... ete;+e; e/ +eite) teFejtel+... e —eitej+...
° ° ° ° °
w-— w w’ W v
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However, this configuration is not possible in I': deleting from the embed-
ding the basis vectors €, e; and e; and the vertices w’ and v we obtain

—e;-&-... e :I:e+e;+...
[} [ ] [}
w_ w w4

where w_ and w4 are not linked since they were not before. The only
vertices that have (or might have) weight 1 are final vertices, which implies
that this graph should have a vanishing determinant, but this contradicts
again Lemma 6.20 and Remark 6.11(3).

Now that we are done analyzing the case when wy - e # 0, and by
symmetry of the problem also the case when w_ - €’ £ 0, we still need to
consider the possibilities:

e w,=—¢+e+ej—e+...,

e wy =¢ —e;+... and

o wy=¢+....
There are three analogous possibilities for w_. We proceed by studying all
possible combinations, which again by the symmetry of the roles played by
w4 and w_ amounts to 6 cases.

Case I: If wy = —e’+ei+6;—ej+. ..andw_ = 76+61+€j7€;+. e —
We are dealing with a graph I' which will have other vertices hit by the
vectors in A, but that locally somewhere looks like:

—e+ei+ej—e;-+..4 ete;te; e/—&-ei—i-e;- —e/+ei+e;—e]~+...
L] [ ] [ ] [ ]
w— w w’ w4

There must be at least another vertex in I' hit by some vector in A (deleting
the 4 evidenced vertices and the five vectors in A yields to a contradiction).
By our assumptions on e, €’ this vertex, call it v, needs to be hit by all e;, e;
and €. The claim follows.

Case II: Consider the case wy = —e' +e;+e€; —e;j+ ... and w_ =
e; — e;- +....— If the vector e; reappears in the embedding then we are
done since e; appears 5 times contributing 2 to I(I"). We assume that this
is not the case and we will arrive at a contradiction. The vector e reappears
on a vertex u and under the current assumptions u # w4. It follows that
the embedding of u is of the form u = +e Fe; +.... If |u| = 2 then
wy -u =1 and u is final (we are assuming e; does not reappear). Moreover,
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if Jw_| = 2, then w_ is necessarily final, and thus only one between u and
w_ can have modulus 2.

We consider the following manipulation: delete from I' the vertices w and
w’ and the basis vectors e and e’. This yields a disconnected graph without
cycles and an embedding into a standard lattice of rank its number of
vertices. We further proceed to delete the basis vector e; obtaining a graph
I with one connected component and vanishing determinant from which

we know:
’ ’
—ej+... ej—ej—i-.“
° — °
w— w4

If |ul, Jw—| > 2 in I”, we arrive to a contradiction with Lemma 6.12. If one of
them has modulus 1, since it is necessarily final, we arrive to a contradiction
with Lemma 6.20.

Case III: If wy = —€' +e;+e;—ej+... andw_ =e;+.... — We
have two possibilities for the vertex u which is the only vertex in I" different
from w hit by e:

e u-e; # 0, which means e; appears already 4 times in the embedding
of I" and we claim that if it does not reappear at least once more,
we have a contradiction. Indeed, assume e; does not reappear and
proceed to delete the vertices v and w,, and the vectors e and ¢’.
We obtain a graph with possibly several connected components and
an embedding into a lattice of the same rank as the number of
vertices, and in which the vector e; appears only twice. The local
configuration we are interested in is:

e;j+... e;te; eﬁ—e;
L] [ ] [ ]
w—_ w ’U)/

Now, if we delete e; from this graph we obtain I, a graph with
embedding and vanishing determinant. But all weights in IV are at
least 2, except for the vertices w and w’ and since these vertices
are each final in their connected component, by Lemma 6.20 and
Remark 6.11(2) we arrive to the contradiction that I has non-
vanishing determinant.

e u-e; = 0. In this case u = e F e¢; + ..., and we know there needs
to be another vertex v in I' hit by the basis vector e;v. Notice that
by our current assumptions v & {w_, u, w4, w,w’}. Since v-w' =0

ANNALES DE L’INSTITUT FOURIER



SURGERIES ON TORUS KNOTS, RATIONAL BALLS, AND CABLING 91

and v-e =0 we have ¢; - v # 0. Then since v-w=0and v-e=0
we have e; - v # 0. This means that the basis vector e; appears at
least 5 times in the embedding, contributing with at least 2 to I(I")
and in this case we are done.

Case IV: Ifwy = e; —ej+... andw_ =e; —e;+.... — There are two
different vertices in I, u and o/, hit respectively by e and ¢’. If e; - u # 0
or e; -u' # 0, then we are done since e; appears at least 5 times. We
assume now that e; appears only in {w_,w,w’,wy} and we show that this
configuration leads to a contradiction. To start with notice that w_-wy =0
implies that these two vertices have weight at least 3. Moreover, if |u| = 2
or |u'| = 2 we have then that wy -u =1 or w_ -« = 1 and the vertices
u or u' are necessarily final. It follows that at most one between u and
u' has modulus 2 in T'. Proceed to delete from I' the vertices w and w’
and the vectors e and e’. If we further delete the basis vector e;, which
now appears only two times, we obtain a graph I with an embedding
and vanishing determinant. However, all its vertices have weight at least
2 except for possibly a final vertex of weight 1. It follows by Lemma 6.12,
Remark 6.11(3) and Lemma 6.20 that this is not possible.

Case V: If wy = e; —ej+... and w_ = ¢; +.... — There are two
different vertices u and v’ hit respectively by e and e’

e If both are also hit by e;, we are done.

o If one is hit by e; and the other by e;, then each appear 4 times in
the embedding and so together contribute at least 2 to I(T).

e If one is hit by e; and the other by e, then we still need e’ to hit
another vertex, since it appears at least 3 times in the embedding of
I'. By orthogonality with w’ this forces e; to appear at least 5 times.

e If one is hit by e; and the other by 697 the fact that we need at least
a third appearance of e} finishes the proof since as above it implies
that e; must appear once more. So e; and e; both appear 4 times
and together contribute at least 2 to I(T').

Case VI: If wy = €’ +... andw_ =e;+.... — The vectors e;, e; and
e’; need to reappear.

e If the three of them hit the same vertex v then v # wu,u’ which
are then either hit by e; and eg- respectively, and we are done since
each of these appears at least 4 times; or both are hit by e;, which
then appears 5 times and we are done; or precisely one of them is
hit by e;, say it is u, and it follows that u = e —¢; + e;- + ... and
u' =€ —e’+... and we are done since €, appears at least 5 times
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(had we chosen ' the same argument finishes with e; appearing at
least 5 times).

e If the three of them hit only two other vertices, they have to be u
and v’ and we are dealing with the configuration (the embeddings
of u and ' up to sign):

ej+... eteite; e’+ei+e; e;Jr... efei+e;~+... e'—e;itej+...
[} [ ] [ ] [ ] [} [ )
w— w w'’ w4 u u’

If e; reappears in the embedding, we are done. We show that if
this is not the case, we arrive to a contradiction. The argument is
the same one we have repeatedly used in this proof: delete u, u’
and the vectors e and €’ from the embedding obtaining a graph in
which e; appears only twice on two adjacent vertices. Now, delete e;,
obtaining a graph with embedding I” which should have vanishing
determinant, but its only vertices with weight smaller than 2 are
final, and thus I has non vanishing determinant by Lemma 6.20
and Remark 6.11(3).

e If there are three vertices outside the set {w_,w,w’, w4} hit by the
vectors {e;, e;, €} }, then one of these vertices is different from u and
u' and orthogonal to w and w’ and it is thus hit by the 3 vectors
e;,ej and €. Then, if neither u nor u’ are hit by e; we have that
the vectors e; and e; appear each 4 times in the embedding, and
we are done. If both u and «' are hit by e; we are also done since
e; appears 5 times in the embedding. Finally, if e; hits say only u
between u and u’, then € - u # 0 and ¢} - v’ # 0 and we are done
since e;. appears 5 times.

We have completed the study of all possible cases and Lemma 6.30 is
proved. O

In Lemmas 6.28 and 6.30 we have studied the appearance in the embed-
ding of basis vectors which hit more than one internal vertex of weight 3 hit
by a vector appearing exactly twice in the embedding with coefficient +1.
There is one more possibility that we have to contemplate before conclud-
ing that the negative contribution to I(T") is compensated by other vectors:
in the next lemma we study the contribution to I(T") of the basis vectors
hitting two vertices of weight 2 or a vertex of weight 2 and a vertex of
weight 3, which are hit by a basis vector contributing negatively to I(T").
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LEMMA 6.31. — Suppose that I' embeds and that there are two distinct
basis vectors e and e’ which appear each exactly twice in the embedding
with coefficient +1.

(1) If v =e+e¢; and v' = € + e; are two different internal vertices of
weight 2, then e; contributes to I(T") with at least 2.

(2) If v=e+e; is an internal vertex of weight 2 and v' =€’ +e; +¢;
is an internal vertex of weight 3, then v-v' =1 and the set {e;,e;}
contributes to I(I") with at least 2.

Proof.

(1). — Let us suppose that there are two vertices v = e + e; and v’ =
e’ +e;. Then they are linked, and if e; appears anywhere in the embedding
with a coefficient greater than 1, we are done. So let us suppose that the
coefficient of e; is always #1. If e or €’ appear in two linked vertices with the
same sign, then by deleting it from the embedding we obtain a contradiction
with Lemma 6.20 and Remark 6.11 (3). It follows that the only possible local
configuration is the following

ei—e' —f+... e+e; e;+e’ ei—et+f+...
[ ] [ ] [ ] L]
/
v_ v v vy

Observe that the subgraph formed by the 4 depicted vertices and the vec-
tors e, €/, e, f is a standard subset of Z* and since by Lemma 6.8 no vertex
can be linked to this set we conclude that at least one between v_ and
v', has weight at least 4. If e; appears somewhere else in the embedding,
then we are done. If it does not, then we consider the following manipula-
tion: delete from the embedding the basis vectors e, €, e; and the vertices
v,v’. The resulting graph with embedding, IV, has vanishing determinant,
since it admits an embedding into a smaller rank lattice. We conclude,
by Lemma 6.20, that precisely one between v_ and v/, has weight 3 in T’
and this vertex is not final in IV. Without loss of generality we suppose

v_ =¢; — e’ — f and thus the local configuration in I is
-f f+...
° ° —
v_ 1){._

This sort of configuration has already been analyzed in the proof of Lem-
ma 6.26, Case 2(b) “If the vertex ¢ is final...”, when the option “the case
y' = 0” is considered. Indeed, in that proof the vertex s plays the same
role as the vertex v/, here and the same argument goes through, yielding
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a contradiction. Notice that in the arguments presented in the proof of
Lemma 6.26 the fact that s is final does not play any part.

(2). — We move on now to analyze the second claim in the statement
of the lemma, with two internal vertices v = e +¢; and v/ = ¢’ +¢; + ¢;.
By Lemma 6.26, we know that e; # +e and therefore v - v = 1 and we
necessarily have a local configuration like the following one:

e;i+... ete; e;+e'+e;
° ° °
v_ v v vy

Since e appears somewhere else in the embedding, e; contributes at least
with 1 to I(I"). We claim that so does e; in this situation. From Lemma 6.19
we know that e; appears at least twice in the embedding, and from Lem-
ma 6.26 we learn that e; appears at least three times. Suppose by means
of contradiction that e; appears exactly 3 times with coefficient £1. If
e;-v', = 0, then e; hits two vertices orthogonal to v" and their embeddings
must be of the form +e; F €' + ... and +e; Fe; £ e+ .... This forces the
contradiction e; - v/, # 0. If e; - v/, # 0, then there is another vertex u hit
by e;. There are two possibilities:

o u-e; # 0, which implies v = e; —e¢; + e+ ..., up to sign. We
know that there is some other vertex, say u’, necessarily different
from v/, hit by €. By Lemma 6.26 we have e -« = 0 and therefore
e; - u' # 0, contradicting our assumptions.

e u-e; = 0 which implies u = e; — €’ +.... The unique vertex in T’
different from v and hit by e, call it «/, is different from v/ since
u' - e,u’ -e; # 0 and we have assumed v/, - e; # 0. However, the
described configuration forces u’-e; # 0. Again a contradiction. [

All the above analysis yields the following conclusion.

COROLLARY 6.32. — Suppose that I' embeds and consider the set W of
internal vertices of weight 2 or 3 hit by a basis vector which appears only
twice in the embedding with coefficient £1. Let E be the set of all basis
vectors hitting the vertices in the set W. Then, the total contribution to
I(T") of the set E is non-negative. Moreover, if N > 1 the set E is disjoint
from the basis vectors hitting the 2-leg.

Proof. — The contribution to I(I') of any basis vector which appears
only twice in the embedding with coefficient £1 is —1. Let us briefly call
these vectors in E the “negative vectors”. Lemma 6.26 guarantees that
every vertex in W is hit by at most one such vector. In Lemma 6.27 we
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have shown that each of the vertices in W is also hit by some basis vectors
which contribute to I(I") at least 1. Let us call these vectors in E the “non-
negative vectors”. From Lemmas 6.26 and 6.27 alone we cannot conclude
that the contribution to I(I") of the negative vectors in F is compensated
by the non-negative ones: we might be counting the same non-negative
vectors to compensate for different negative ones. This is where the analysis
done in Lemmas 6.28, 6.29, 6.30 and 6.31 becomes essential. The first two
lemmas guarantee that each non-negative vector in F hits at most two
different vertices in W. We will match precisely which non-negative vectors
compensate the negative ones:

Case 1. — Let v € W be hit by the negative vector e, and assume
that the non-negative vectors hitting v do not hit any other vertex in
W. It follows from Lemma 6.27 that the negative contribution of e, is
compensated.

Now that we have matched the negative and non-negative vectors in the
first case, we consider the other vectors E.

Case 2. — 1If two vertices v, v’ € W are hit by negative vectors e, and e,
respectively, by one or two common non-negative vectors and none of their
non-negative vectors hit other vertices in W, then Lemmas 6.30 and 6.31
apply and the negative contribution is compensated.

If we had e, = e, then, since we only need to compensate once for
the negative contribution of e,, we use Lemma 6.27 to conclude that the
non-negative vectors hitting v and v’ compensate for e,,.

Again, we can now ignore from E the negative and non-negative vectors
in this second case, since matched up together the negative contribution is
compensated.

Case 3. — There is one final situation to analyze: there is at least one
vertex v in W whose non-negative vectors hit at least two other vertices
in W. Notice that, by Lemma 6.29, the vertex v cannot have weight 2, and
thus has weight 3. For clarity, let us write v = e + f + g with e negative
and f, g non-negative. If there is any vertex in W \ {v} hit by e, we can
“ignore it” since we need to compensate the negative contribution of e and
this is independent of e hitting more than one vertex in W. That is, if we
had three vertices in W, for example vy = e+ f+g¢g,vo =e— f+ h and
v = €’ + g+ k, since v; and vy are both hit by e we can ignore say vy and
consider v; and vz as an example of Case 2 above (if f, g,k do not hit any
further vertices in W); or we could also ignore v; and consider vs and v
as two instances of Case 1 (again if f, g,k do not hit any further vertices
in W).
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It follows from the above that it suffices to look into the case of v € W
whose non-negative vectors hit at least two other vertices in W and all
of these vertices in W are hit by different negative vectors. In this case,
using Lemmas 6.28, 6.29, we are dealing with the following local type of
configuration:

e1+f+g1 e2+g1+9g2 e3+g2+9gs es+gs+h

where the vectors e; € E are negative, the vectors f,g;,k € E are non-
negative and the 4 vertices with shown embeddings are in W and the final
ones are either not in W (recall that all vertices in W are internal in I') or
in W and hit by negative vectors which we are ignoring as explained before.
This local configuration is only meant to be an example: this “chain” in W,
which needs to be at least of length 3 to not fall in Case 2, could be much
longer and its two final vertices could have weight 2 instead of 3. We need to
establish which non-negative vectors will compensate in this case for each
of the e;’s. We start from one end of the chain and follow it in a chosen
direction. If in a pair of consecutive vertices the non-negative vector hitting
both vertices contributes to I(T") with at least 2 (see Lemmas 6.30 and 6.31),
we compensate the two corresponding negative e;’s with it. After finishing
going through the chain in this manner, there might be some vertices with
negative e;’s that have not been compensated yet. If they are now between
already compensated vertices, then the non-negative vectors hitting them
do compensate by Lemma 6.27 and have not been considered before, so we
use them. We are finally left with perhaps some non-compensated e;’s in
a subchain. In this case, that is, when the repeated non-negative vectors
are not compensating for the negative contribution we use the example
above to illustrate what happens. By Lemmas 6.30 and 6.31, the pairs
{f,92},{91, 93} and {g2, h} each contribute to I(T") with at least two. Since
we are assuming that none among g1, g2, g3 appears more than 4 times in
the embedding, we conclude that the set {f, g1, 92,9s,h} contributes at
least with 5 to I(I") and it compensates for the negative contribution of
{e1,...,e4}. There is only one configuration that could seem problematic,
and it is the following:

e1+g1 e2+g1+9g2 e3+g2+g3 es+gs

[ ] [ ] [ ] [ L] (]
€T

since we could run into the situation of wanting to compensate the neg-
ative contribution of {ej,...,es} with the set {g1, g2, gs}; however, from
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our previous lemmas we can only guarantee that these three basis vectors
contribute to I(T") with at least 3. The point is that any such configuration
is not possible. Under the current assumptions, each of these g;’s appears
exactly 4 times in the embedding and each of the e;’s exactly twice. To
start with let us focus on g;. It hits the vertex x and we have that ei-
ther g, or es also hit x. There is yet another vertex, orthogonal to e; + g1
hit by g1 (since it appears exactly 4 times in the embedding). Let us call
this vertex v with embedding, up to sign, v = e; — g1 + .... Again, v is
either hit by gs or es. Now, go, which appears twice in the chain we are
discussing, needs to appear exactly 4 times in the embedding. If both x
and v are hit by g, then neither is hit by es, which needs to hit some other
vertex w = es + .... This leads to a contradiction since w is orthogonal
to es + g1 + g2 but neither g; nor go hit w. It follows that precisely one
between x and v is hit by es and the other by go. Again, this leads to a
contradiction since the vector g necessarily appears a fourth time in the
embedding, hitting a vector w’ = g9 + ... orthogonal to es + g1 + g2, but
neither e; nor g; hit w’.

From this analysis we conclude that the vectors in the set E =
{e | e-w # 0,w € W} which contribute positively to I(I") compensate
the negative contribution of the vectors appearing only twice, and thus the
total contribution to I(T') of the set F is non-negative

Since I" embeds we follow the conventions presented in Figure 6.1. We
have that any vertex in the qc-legs, different from v and hit by a vector in
{ea,...,eny2} is hit by at least all the vectors in {es,...,ent2} and e1; in
the case of the vertex v, it is hit by {es,...,en12} and v’ # 0. Assuming
N > 1, it follows that these vectors cannot hit any vertex in W and thus
the set FE is disjoint from {eq,...,eny2}. O

The more information we have about the contribution to I(T') of the
vectors in the set E defined in the last corollary, the stronger the bound
we may obtain. The following corollary will prove useful at the end of this
section, when we will search for the family of graphs in the first statement
of Proposition 3.4.

COROLLARY 6.33. — Let I', W and E be as in the preceding corollary.
Suppose there is a basis vector f € E whose contribution to I(T") is n > 2
and define Vy = {w € W | f - w # 0}. Then, we have:

o If|V¢| =1, the contribution to I(I") of the set E is at least n — 1.
o If |V;| =2, the contribution to I(T') of the set E is at least n — 2.
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Proof. — To start with notice that by Lemmas 6.28 and 6.29 we have
|[Vi| < 2. If |Vf| = 1 there is only one vertex w € W hit by f, either
w=-¢e+ f+e or w= e+ f, where e has a contribution to I(I') of
—1 and e; a contribution of at least 0 (Lemma 6.26). From the proof of
Corollary 6.32, we know that since f hits only one vertex in W, its positive
contribution is used to compensate at most one —1 coming from a negative
vector. Since, in the set E every negative vector is paired with some non-
negative ones that compensate their negative contribution and f is paired
with one only negative vertex, we have that the contribution to I(I") of the
set E is at least n — 1 as claimed.

The case |Vy| = 2 can be dealt with in a completely analogous fashion:
this time, from the proof of Corollary 6.32 we know that the positive con-
tribution of f to I(I') might be compensating for at most two negative
vectors. It follows immediately that the contribution to I(T") of the set E
is at least n — 2. O

6.10. Final steps in the proof of Proposition 3.4

We are now ready to prove Proposition 3.4(2) and to reduce the possi-
bilities of the embedding of the graphs in the family I'; to the case N = 1.
For the reader’s convenience we will write the details of this part separately
and then we will focus on the embeddings of the remaining graphs in I'y.

Proof of Proposition 3.4(2) and reduction of the cases in (1). — We ar-
gue by contradiction: suppose there was an embedding of I into a standard
lattice of the same rank. We are now going to bound I(IT") from below with
the information we have gathered from the embedding of I" in the preced-
ing analysis. By Lemma 6.19 we know that for a basis vector to contribute
negatively to I(I") it needs to appear precisely twice in the embedding with
coefficient +1. By Corollary 6.25 we know that at most two such vectors
in the embedding of I', (or of its reduced version I, which we still denote
by I'), do not hit an internal vertex of weight 2 or 3. Moreover, by Corol-
lary 6.32 we know that every time such a vector hits an internal vertex of
weight 2 or 3 their negative contribution to I(I') is compensated by some
other vector in the embedding. It follows that I(I') > —2.

Since I(I'y) = =N —k—1 < —3 (see Facts 6.9 and Eq. (6.4)), we conclude
that no graph in the family 'y admits an embedding into the standard
lattice of the same rank and the second statement of the proposition is
proved.
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In the family I'y we have I(I'y) = k — N — 5. We know by Lemma 6.16
that the vectors hitting the bottom 2-leg of length N contribute with at
least N to I(I'1), and assuming N > 1, Corollary 6.32 implies they do not
intersect the set of vectors already accounted for. So, on the one hand we
know from the analysis of the embedding that I(I';) > N —2 > 0, and
on the other I(I'y) = k — N — 5 < 0. The two last inequalities, obtained
assuming N > 1 in I'y, are true at the same time only if (N, k) = (2,7).
However, we are not interested in this case since by Proposition 6.2 we
know that the associated surgeries on torus knots do not bound rational
homology balls. O

To finish the proof of Proposition 3.4 we need to analyze the embeddabil-
ity of the graphs in family I'y with N =1 and 1 < k < 6. Following the
conventions of Figure 6.1, we know, by Lemma 6.16, that the basis vectors
eo and ez hit at least one more vertex in I', call it w, different from v and
from the only vertex in the 2-leg, which we will denote s. We will show in
the next lemma that the vertex w is necessarily adjacent to v.

LEMMA 6.34. — Assume that I'1y with N =1 and 1 < k < 6 embeds
into a standard lattice of the same rank. Then, with the above conventions,
we have v - w = 1. Furthermore, the couple of vectors e, e3 hits only the
vertices s,v and w, and with coefficients +1.

Proof. — We start the proof by showing that the vectors e; and es only
hit the vertices s,v and w in the embedding of I'y and they do so with
coefficients 1. If there were another vertex, w’, hit by es and e3 we would
have that e appears at least 5 times in the embedding, and e3 at least
4 times. It follows that the contribution to I(I'1) of the set {ea, e3} would
be of at least 3. On the other hand, the contribution to I(I';) of the set E
of Corollary 6.32 is non-negative. Since we are dealing with N = 1, we
cannot guarantee that the set E is disjoint from {es,es}, so we analyze
both scenarios. If these sets are disjoint, then we would have I(I'1) >
340 —2 > 1, since by Corollary 6.25 there are at most two vectors con-
tributing negatively to I(I'1), each contributing —1, outside the set E.
However, we know from Facts 6.9 Eq. (6.4) that I(I';) =k — N -5 < 0.
This contradiction implies that {es, e3} and E cannot be disjoint. Assum-
ing the two sets are not disjoint, the only possible vertex in the set W of
Corollary 6.32 hit by the vectors {es,e3} is v, since all other vertices are
either final or their weight is greater than 3. This means that there is some
basis vector f such that v = es —e3 +1v' = ey —e3 + f and f appears only
twice in the embedding with coefficient +1. However, this is not possible
since at least one between w and w’ is orthogonal to v, say it is w, and this
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requires f to hit w with coefficient +2. Finally, if |es - w| = @ > 1, then
also |eg - w| = a > 1 and the contribution to I(I'y) of the set {ez,e3} is at
least 2a2 — 1 > 7. From here we arrive to the same contradiction as before
with the same type of argument.

The vertex u in Figure 6.1 is the first one in a 2-chain of length ¢ > 1. We
might assume the embedding of this 2-chain c is of the form (e; + e, e, +
€rt1y--+,Erpi—2+erip—1). Furthermore, by the assumptions on I'y we know
that this 2-chain is not final, and therefore it is linked to a vertex x of weight
at least 3. Independently of x = w or  # w we have that w is necessarily
hit by all the basis vectors in the set S := {e1,ea,e3,€r,...,€r1¢_2} with
coefficients £1.

We proceed now to show that the vertex w cannot be orthogonal to v.
By means of contradiction let us assume w - v = 0. Since both w and v are
hit by es and e3, and w-s = v-s = 0, there is at least one more basis vector
f ¢ S hitting w and guaranteeing w - v = 0. If there were only one such
vector, we would have f-v = £2 or f-w = £2 and this is not possible.
Since the argument is completely analogous, we discuss only the former
possibility. If f-v = +2 then we would have the set {es, f} contributing
at least with 3 to I. Just as before, if E and {es, f} are disjoint, then
I(T';1) > 3+ 0—2 > 1, which contradicts I(I';) < 0. Since we are assuming
f+-v =22 then ey ¢ E. To conclude, assume that f € F. If f hits only one
vertex in W, then the contribution of f to I(T'y) is at least 3, and if it hits
two different vertices, the only other possibility, then its contribution is of at
least 4 (since v, w € W). Then, by Corollary 6.33, the contribution to I(T'y)
of the set E is at least 2 in both cases, and therefore I(I'1) > 14+2—-2>1
(where the +1 comes from the contribution of eg, the 42 of E and the
—2 from the only two possible vectors not in E contributing negatively
to I(T'1)). This contradiction implies that there are at least two vectors
f1, fo € S which hit w and v and guarantee w - v = 0.

To end the proof of this lemma we will consider two cases separately:

Case 1. — If w # x, we have that the only vector in the set SU{e,1¢—1}
hitting « is e,1¢—1 with coefficient £1. Furthermore, since both es and eg
only hit the vertices s,v and w, it follows that the vectors in S U {e,1¢_1}
only hit the vertices s,v,w,x, the central vertex and the vertices in the
2-chain c¢. We proceed to delete from the graph the ¢ + 3 vertices s, w, the
central vertex, and the whole 2-chain ¢ and to delete from the embedding
the £+ 3 basis vectors in S U{e,1¢—1}. We obtain a linear graph I'} (recall
v=e —e3+v =e—e3t fitfo+...)and x = e1p_1 + 2’ with
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|#'| > 2. We consider separately the case when w is final, and thus I} has
two connected components, or not final.

e Assume w were final. We claim that I'} is a good set, that is, its
two connected components form an irreducible set. Call these two
components C, and C,, where the subscript indicates which vertex
in I’y is a final one in I'}. If '] was reducible, then both C,, and C,
would be standard sets. In this case, if w was linked to C, in I'y,
we consider the graph with embedding

fi+fat... v'=f1+fa+...

Cy

where w is the vertex w from I'y where in its embedding we only
consider the basis vectors hitting the standard set C,,. Analogously,
if w was linked to C,, in I'y, we consider the graph with embedding

/
x

Cq

This time, w and x’ are linked precisely once since the only change
in the embedding of 2’ with respect to z € I'y is the basis vec-
tor e,4¢—1. Notice that both of these graphs should have vanishing
determinant, since they embed in a lattice of rank smaller than
their number of vertices. However, this is not the case. Indeed, the
latter case follows readily from Remark 6.11(3); while the former
can be shown to have non-vanishing determinant by a dominant
diagonal argument unless |v'| = 2. If |[v'| = 2, then, following the
same arguments used when analyzing the graph (6.7) in the proof of
Lemma 6.19, we know that this graph will have vanishing determi-
nant if and only if |w'| = 3 and C, is a string of three vertices with
weight 2. However, this yields an impossible configuration for I'y:
under these assumptions, we have |w| > 8, so this vertex cannot be
the one of weight k41 and then the qc-legs do not have the correct
structure.

Now that we have shown that if w was final in I'y then IY} is
a good subset, we proceed to compare I(T}) with I(I';). We have
that the former obtains a positive contribution of 2 + ¢, because of
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the suppression of the 2 + ¢ vertices of weight 2, and also a neg-
ative one of at least —2 — 1 — 3 — 2 — ¢ + 3, because of the new
weights of the vertices v,z and the deletion of w. It follows that
I(T')) < I(T';) — 3 < —3 and by Lemma 6.6 this implies that I’}
has either one or two bad components. We argue now that both
scenarios yield to a contradiction. If T} had two bad components
and I(T'}) = —4, we infer that w in T’y is hit by precisely one
more basis vector with coefficient +1 than the ones we had already
considered (to yield the correct I). The structure of the two bad
components, described in Lemma 6.7, forces there to be two basis
vectors hitting the “central vertex” of each bad component that
appear only twice in the embedding with coefficient +1 (they can-
not hit w because of its weight constraint and the embedding of
all the other vertices in I'y is fixed). This contradicts Lemma 6.26.
Finally, if T'{ had precisely one bad component and I(I'}) = —3,
then, it is a routine check to establish that the structure of the two
components in I}, described explicitly in Lemma 6.26, is incompat-
ible with the gc-leg structure we assume in the legs of I';.

o If w was internal, I'} would have 3 connected components. There
are two cases, either w joins the components C, and C5 and the
third one is C,, (case 1); or w joins the components C,, and C3 and
the other component is C, (case 2). In any of these cases let us
denote by C,,,, (for no w) the component not linked to w and by
Ciy (for left of w) the component linked to w which is not C3. We
start arguing that I'} is a good subset by analyzing its different
connected components.

The component C),,, cannot be irreducible: if it were, it would be
a good subset and we could consider, exactly as in the preceding
point, the effect of adding w (that is the vertex w with the vectors
hitting the vertices in C,,,). This configuration needs to have a
vanishing determinant, but, as explained in the preceding point,
this does not happen.

The component C3 cannot be irreducible: again, if it were, it’d
be a good subset and adding the appropriate w we would obtain a
configuration with vanishing determinant, however this is not pos-
sible since we are dealing with a diagonally dominant intersection
matrix.

If Cy,, is irreducible, then it is a standard subset and, by the above
arguments, we necessarily have that C),, U C3 is a good subset. If
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we are in case 1 above, that is Cj, = C,, then there is precisely
one basis vector, call it g hitting w and C, (if there were more than
one, by considering w U C, we would have a contradiction with the
determinant). Moreover, since w is linked to Cj5 there has to be
a basis vector different from g which links w and C5. With these
considerations in mind, it is easy to see that I(I'}) < —5. (The com-
putation is the same as in the preceding bullet point but now we can
guarantee the existence of two more basis vectors hitting w which
account for the bound going from —3 to —5.). The component C,,
cannot have I(C,) = —3, since standard subsets with 7 = —3 have
an embedding in which a basis vector appears only once, see [30,
Proposition 6.1], and this contradicts Lemma 6.19. Moreover, it fol-
lows directly from Lemma 6.5, that C'5 is not a bad component, and
therefore, using Lemma 6.6, we conclude that in this case 1 we have
I(C;) = =2 and I(C, U C3) = —3 where C,, is a bad component.
The concrete structure of C,, U C3 is given in Lemma 6.7 and it is
immediate to check that these conditions are incompatible with the
qc-leg structure. We conclude that in case 1 Cy, is not irreducible,
which implies that I} is a good subset.

We have one more case to discuss, that is Cj,, irreducible under
the assumptions of case 2 above. We are now working with Cy,, = C,,
and Cy,, = C;. The linear set w U C,, U C3 needs to have vanishing
determinant, and this is only possible if w is hit precisely by one
vector appearing in the embedding of the good subset C,, U C5 and
moreover, C'; and C'3 need to be complementary strings. Once again,
this is immediately seen to be in contradiction with the structure
of the qc-legs.

We have shown so fart that the set I'} is irreducible, and therefore
a good subset, with 3 connected components and I(I'}) < —3 (by
the same argument used in the previous bullet point). However, this
contradicts [31, Lemma 4.10] (recall that C3 is not a bad component
of T).

Case 2. — If w = x then, as shown before, we have that w is hit by all the
vertices in S with coefficient 1. Notice that by Lemma 6.19 and since e
and eg hit only the vertices s, v, w € I'y, we have e, ¢_1-w # 0. This implies,
since w = x, that e,;¢_1 - w = +£2. As in the preceding case, we proceed
to delete from the graph the £+ 3 vertices s, w, the central vertex, and the
whole 2-chain ¢ and to delete from the embedding the ¢+ 3 basis vectors in
SU{er1¢—1}. The linear graph we obtain I'}, whose vertices have all at least
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weight 2, and has at most 2 connected components (it is indeed a connected
graph if w is final). It satisfies I (I}) < I(I';)+24+¢—2—-3—2—(¢—1)—4+3 <
—5, so if I'] is good, which in this case is equivalent to being irreducible,
we obtain a contradiction with Lemma 6.6. If '] were reducible, then it
necessarily has two connected components and both of them have I < —2.
The component linked to w, call it L,,, is a good subset and needs to be
linked to w via a basis vector, call it g; that has not been accounted for.
Moreover, since g1 hits at least two different vertices in L,, there is at least
a basis vector g9 hitting w different from all the ones accounted so far and
guaranteeing orthogonality. This implies that the estimate we had for I(T"})
can be improved in this case to I(I'}) < —7, which in turn implies that at
least one of its good connected components has I < —4 which contradicts
again Lemma 6.6. O

We are now ready to finish the proof of Proposition 3.4 which involves
the construction of the fourth family in Theorem 1.1.

End of proof of Proposition 3.4(2). — We have shown so far that, under
the assumptions of Proposition 3.4, if a graph I' embeds, then it belongs to
the family I'y with N =1 and 1 < k < 6. In the next figure we summarize
what we know so far about these embeddings, from the qc-leg structure
and from Lemma 6.34. Notice that due to space constraints the 2-leg is
depicted to the left and the qc-legs are both to the right of the trivalent
vertex.

eiter erterii erte—1tg+f1 fa+fs
° ° ° ° ° °
u T
ea+tes / erte—2terio_1 fi+f2
° ® ci+teo

w

\3 .

-1
es—ez+v’ <€26361+Z(1)i67-+i+w'>
i=0

The length of the 2-chain ¢ starting with the vertex uis £ = [v'| > 1, |x| = 3
and to the right of x there is a 2-chain of length at least 2.

We start by showing that |w’| > 2. Notice that |w’| > 1, since w -2 =0
and e;4¢—1 hits both w and z. If f; - w # 0 then we have also that fo and
f3 hit w and we are done. So, let us assume w-g # 0 and w - f; = 0.
By contradiction we assume w’ = 4g and distinguish the following two
possibilities:
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e w is a final vertex. In this scenario the 2-chain to the right of x,
call it ¢/, has length precisely £ + 2. Since [v'| = £, we cannot have
any of the f/s in ¢ hitting v. However, v-w = 1 forces at least one
more basis vector, apart from es, ez, to hit both v and w. The only
possible one is g, but this implies that either e, ,_1 or fi hits v,
and both possibilities yield an immediate contradiction.

e w is an internal vertex. In this case g appears at least 4 times in
the embedding, since it hits z,v,w and the vertex to the right of
w. Moreover, since e; - v = 0, and since we know by Lemma 6.34
that es and e3 do not reappear in the embedding, it follows that f;
and fo also appear each at least 4 times in the embedding. Indeed,
they necessarily hit v, the vertex to the right of w and they appear
twice in their depicted 2-chain. It follows that the contribution to
I(T'y) of the set {ea, g, f1, f2} is at least 4. Moreover, it is immediate
to check that none of these basis vectors belong to the set F in
Corollary 6.32. It follows, by the same argument we have developed
several times in the preceding proofs, that I(T'1) > 4—2+0 =2
which contradicts I(I'y) < 0.

Our next goal in this final proof of this section is to establish that [v/| = 1.
Since the vectors in the set S = {ej,ez2,e3,€r,...,€r1¢—1} only hit the
depicted vertices of the graph I'y, after deleting them from the embedding
together with the vertex w we obtain the following linear graph L:

g+f1 fi+f2 fa+f3
[ ) [ ] [ ]

d\
S
£

which admits an embedding into a lattice of rank its number of vertices,
since we have deleted from I'; the same number of vertices as basis vectors
from the embedding. Moreover, this graph satisfies (L) = I(T';)—|w'|—1 <
—3. The one-vertex component cannot be a bad component, since bad
components have at least 3 vertices; the component starting with w, (which
exists if w is internal) cannot be bad by a direct application of Lemma 6.5;
finally, the component L, starting with the vertex labelled z is not bad
either: we can apply Lemma 6.5 when we consider L, U w, where w is w
without the basis vector e,y¢_1. So, since we have a three component set
with I < —3 and no bad components, we conclude, by [31, Lemma 4.9] and
Lemma 6.6 that L is not a good set.
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e If L has two connected components, meaning w was final in I'y,
then, since L is not a good set, there must be a unique basis vector,
e, hitting v’. The coefficient of e is necessarily £1 since, if it were
in absolute value greater or equal than 2, it would imply that the
connected component starting with x, L., is a standard subset with
I(L,) < —4 which contradicts Lemma 6.6. So, in this case |v/| =
f =1, as claimed.

e The only possibility left to consider is when L has 3 connected
components, call them v’, L, and L . Since L is not good, it cannot
consist of a unique irreducible set. (The only way this could happen
is having [v'| = 1, so that the condition of having every vertex
with weight at least two is violated; however, this would make the
component v’ irreducible.) It follows that L can be decomposed into
2 or 3 irreducible sets.

We claim that L, cannot be an irreducible good set of L. If it
were, then L, has to be standard and in I'; all the basis vectors
hitting the vertices in L, would not appear elsewhere in the em-
bedding except on w. It follows that deleting from I'; all the basis
vectors that do not hit Ly we would obtain a linear set w U L,
with non-vanishing determinant that admits an embedding into a
standard lattice of rank one less (the one spanned by the vectors
hitting the standard set L) than its number of vertices (|Ly|+1),
a contradiction. So, assuming by contradiction that [v'| > 2, the
irreducible sets of L are either L, Uv" and L, or Ly U L, and v'.
The latter decomposition is not possible: since L embeds in a lattice
of rank its number of vertices and L U L, is under these assump-
tions a good set, there is only one basis vector left in the embedding
of L that can hit v’. Since we are assuming |v’| > 2, this means
that the basis vector hitting v’ has a coefficient, and thus we actu-
ally have |v| > 4. This configuration contradicts Lemma 6.6, since
I(L) = I(v") + I(L, U L}) < —3, which implies I(L, U L}) < —4,
but L, and L, are not bad components.

The final task is excluding L, Uv’ and L, from being the irre-
ducible good components of L while |v/]
standard set. If we delete from I'; all the basis vectors that do not
hit L., we are left with L, linked once with the vertex called w
in I';. Just as in the preceding paragraph, this connected linear set
has non vanishing determinant while it embeds in a lattice of rank
smaller than its number of vertices, a contradiction.

> 2. In this case L, is a
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The above arguments show that |v'| = 1 and now we move on to arguing
that |w’| = 2 and that w is not a final vertex. Notice that since |v’| = 1 there
is some basis vector h such that v = es — ez + h. Moreover, w-v = 1 implies
that h - w # 0. There are two possibilities, either w = —eg +e3 +3h + ...
or w=ey —e3—h+.... The former one can be excluded, since it implies
that the vector h contributes at least 7 to I(I'y), h ¢ E and therefore in
this scenario we arrive to the contradiction I(I'y) > 7—2+0 = 5. We now
proceed to analyze the graph ') we obtain by deleting from the embedding
all the basis vectors in the set S.

g+f1 fi+f2 fo+f3

[ [ ] [ ]
x

v w
° — °
h —h+

The determinant of this graph needs to vanish, since it admits an embed-
ding into a standard lattice of rank smaller than its number of vertices. For
this to happen, we need at least one vertex with weight strictly less than
its valency. The only possible such vertex is w, if it has valency 3 (so w is
not final) and w’ = —g — h.

Thus we have that the configuration we are dealing with is necessarily
the following:

eiter ertgt+fi fitfo fo+f3 fa+fa

[ ] [ ] [ ] [ ] L) [ ]
u xT
extes /
. ® cjtez
\ v w
[ ] [ ] [ ]
e2—es+h ea—eg—ei1t+er—h—g
Observe that the bottom leg begins [3,6, .. .]. If, ignoring the final vertex vy,

of weight k£ + 1 in the graph I'y, we have that the bottom complementary
string is exactly [3,6], then the other one is forced to be [2,3,2,2,2,2].
Moreover, since we have shown that the vertex w is not final, the vertex
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v needs to be linked to it. Since no vector in S can hit v, it follows that
g - v = —1 and the embedding is forced, yielding the graph:

e1+er, er+g+fi fi+f2 f2+1s3 fatfa fatfs
° ° ° ° ° °
u xT
extes /
° ® ecjtes
\ v w v
° ° °
ez—ez+h ez—ez—erter—h—g —gt+fi—fet+fs—fatfs

which is the first one in the infinite family described in the statement of
Proposition 3.4.

To end the proof we analyze how the above graph yields the family in the
statement, by induction on the number n of vertices in the complementary
string in the bottom leg. We have treated the initial case of n = 2. If
n = 3, then, since the vertex to the right of w, call it w,, is linked to
w via g, the embedding forces wi = —g + f1 — fo + f3 — fa + f5 + W/,
and |wy| > 6. This in turn forces the other complementary string to be
(2,3,2,2,2,3,2,2,2,2,...], with forced embedding

(er+emer+g+fi,fit foro s fat fs+titi o ta+1ts,...).

We claim that |w/, | = 0 and that w, is not final in I';. The argument
is verbatim the one we used before to show that |w'| = 2 and w not final.
This time we consider the graph obtained from I'; by deleting from the
embedding all the vectors in the set {e1,eq,es,e,, h, g, f1, f2, f3, fa}. This
amounts to deleting 10 basis vectors and 9 vertices in the diagram, and
therefore the resulting linear graph L must have vanishing determinant:

fstta t1+t2 to+ts

wy
°
fs+w!,

There is only one possibility for the determinant to be zero: w is not final
inT'; and |w/,| = 0.

Summing up, we have established that if n = 3 the complementary
strings are precisely [3,6, 6] and [2,3,2,2,2,3,2,2,2,2] and the final vertex
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with weight k£ 4 1 needs to be linked to the final 6 in the complementary
string. The embedding then forces this final vertex to have weight 6 and
embedding f5 —t1+to —t3+t4 —ts. This is the second member of the family
in the statement. From here, a clear induction yields the whole family and
Proposition 3.4 is proved. d

Appendix A. Lens space and reducible surgeries

In this appendix we will classify all pairs (p,q) such that S?’qil( p.q)
or S3 ,(Tp,q) bounds a rational homology ball. By work of Moser [35],
S3 qi1(Tp,q) is the lens space L(pg = 1,F¢?) = L(pq £ 1,Fp?), while
Sf;q(Tp,q) is a connected sum of two lens spaces, namely L(p, —q)#L(q, —p).
Hence we can use Lisca’s classification of which lens spaces [30] and sums
of lens spaces [31] bound rational homology balls.

For convenience, we recall the definition of the Fibonacci sequence {F, },

and the sequences {S,} and {T,}.
Fo=0 So=1 T =0
Fl - 1 Sl = 1 T1 =
Fn+1 =F,+F,_: Sn+1 = GS’I’L - Snfl Tn+1 =61, — Th-1

The first few values of F,, are: 0,1,1,2,3,5,8,13,21, 34,55, ... The first few
values of S,, are: 1,1,5,29,169,985, ..., while the first few values of T, are
0,1,6,35,204,1189....

The main results of this appendix are the following.

THEOREM A.l. — The 3-manifold S 4(Tp.q) bounds a rational homol-
ogy ball if and only if (p,q;pq) € R.

THEOREM A.2. — The 3-manifold S}, (T}, ) bounds a rational ho-
mology ball if and only if (p,q;pq + 1) € L.

For convenience, we list here the pairs (p, q) for which (p, ¢;pq) € R:
(r?, (r+1)2), (F2, F2,,), (s (2s £ 1)%), (2, (2t £2)?), (S2,4T7),
(4T2,52,1), (F3 1. F5,11), (9%,14%), (117, 147),
where n > 2 (except for the pair (F, F2) = (1,4)), 7 > 2, s = 2 (mod 4)
and s > 6, and t = F3 (mod 8) and ¢ > 5. The pairs (p,q) for which
(p,q;pq + 1) € L are:

(2T +1,2r + 3)7 (F2na F2n+2)7
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with ,n > 1. Finally, the pairs (p, q) for which (p,¢;pq — 1) € L are:

(Fant1, Fongs), (Snt1, Snt2), (Fang1, Fongs),

with n > 1.

The strategy in the reducible case is the following; first we prove that
S3,(Tp,q) bounds if and only if each of the two summands bound, i.e. if
L(p, —q) and L(q, —p) both bound rational homology balls. Then, we notice
that the plumbing graph for L(p, —q) is obtained from that of L(q, —p) by
adding a single vertex with weight & + 1 = [¢/p]|. We will call the two
plumbing graphs the short and long graph (or diagram, or plumbing).

We then go through Lisca’s list of (plumbing graphs of) lens spaces that
bound rational homology balls, and check case by case when this can hap-
pen. There are eleven different families of plumbing graphs, so eleven can-
didates for the short diagram, and eleven for the long diagram. Each com-
bination determines the value of k; some (few) of them can be excluded by
using the a priori restriction 1 < k < 7 (see Proposition 6.1). Whenever we
find a short and a long graph, we check that their connected sum indeed
arises as a surgery along a torus knot.

In the lens space case, we are in a similar situation: S’;’qil(Tp’q) =
+L(pq & 1,p?); however,

2
pqﬂ;l:p(kp:?")il: ki1 P
p p plp—7)F1
so the associated continued fraction starts with £ + 1, and then contains
the continued fraction of a lens space that bounds a rational homology ball.
That is, removing the vertex with weight k£ 4+ 1 from the graph, we obtain
a lens space that again bounds a rational homology ball; moreover, the
short graph belongs to a specific subfamily (namely the families A and F
in Section A.2 below).

)

LEMMA A.3. — Ifp and q are coprime, then L(p,q)#L(q,p) bounds a
rational homology ball if and only if L(p,q) and L(q,p) both do.

Proof. — In Lisca’s list of linear relations among lens spaces in the ratio-
nal homology cobordism groups [30], by a direct check, there is no relation
of the form L(a,b)#L(da’,V) with ged(a,a’) = 1. O

The rest of the section contains some background on Riemenschneider
diagrams, continued fractions, and Lisca’s classification on lens spaces that
bound rational homology balls; finally, we prove the classification of surg-
eries bounding rational balls in the reducible case, and we then deduce the
classification in the lens space case.
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A.1. Riemenschneider diagrams

To a linear plumbing with weights a = [a1,...,a;,] we associate a
Riemenschneider diagram, or R-diagram for short, consisting of m rows
of dots, one at each height m,m —1,...,0. For each j > 1, the j*" line con-
tains a; — 1 points, sitting on the line y = m — j, and with z—coordinades
dicilai —2), 3% 5(ai —2) +1,.... 37, < (ai — 2). (We consider all such
diagrams up to translations, for convenience; the concrete realization in
the plane is of no importance.) For example, the diagram associated to
(2,2,3,5] is

The string a’ dual to a is obtained by Riemenschneider’s point rule; trans-
lated geometrically, it is the string a whose R-diagram is obtained from the
R-diagram of a by reflection across the line  +y = 0 in the plane. Con-
tinuing with the above example, the string dual to [2,2,3,5] is [4, 3,2, 2, 2]
with associated R-diagram

The following two remarks are elementary, but extremely useful.

Remark A.4. — In particular, both a string and its dual have Zj (a;—1)
points in their R-diagram; in analogy with Lisca’s I-function, we call J(a) =

>_;(a; — 1), so that the R-diagram of a comprises J(a) points.

Remark A.5. — The string [2] is self-dual; if b # [2] is dual to ¢, then
exactly one among b; and c; is equal to 2, and exactly one among the last
entry in the string b and the last entry in the string c is equal to 2.

A.2. Lens spaces bounding rational homology balls

We recast here Lisca’s classification in terms of plumbing graphs. This
classification is implicit (and incomplete) in Lisca’s paper [30], and was
completed by the fourth author [27]. Here we get rid of some redundancies
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in the latter list for practical reasons, and we also make explicit the dual
graphs to her three groups of families®) .

The lens space L(p,q) will be associated to the linear plumbing graph
with weights a = [aq,...,a,], where a is the negative continued fraction
expansion of p/q. For a lens space that bounds a rational homology ball,
the associated plumbing belongs to one of the families 4, B!, B2, B3, C!,
C?, C3, D', D?, D3, or E, described below.

Recall that b = [b1,...,b,] and ¢ = [eq,...,¢] are complementary if
[b]” =z/y and [c]” = z/(x — y). As customary, y* will denote the repre-
sentative of the inverse of y modulo z with 0 < y* < x. We recall that, for
a string s and a non-negative integer ¢, we use the shorthand notation s!*!
for the concatenation of ¢ copies of s.

From this point on, b and ¢ will always be two complementary strings.

All facts about the families A, B3, D3, and F follow from direct inspec-
tion of their R-diagrams, and from elementary computations with continued
fractions. The lens space associated to a string a will be the boundary of
the linear plumbing with negative weights —aq, ..., —a,,. This is done to
be more consistent with Lisca’s and the fourth author’s conventions.

(I) I = =3: Ap = [bp,...,b1,2,c1,...,¢4]; equivalently, a is obtained
from [2, 2, 2] by final 2-expansions. We have [Ap]~ = 22 /(zy*+1), so
the corresponding lens space is L(z?, xy*+1) = L(2?, x(x—y*)+1).
The R-diagram of Ay has a row containing a single point, such
that the number of points above it equals the number of points
below it; we will call this point the center of (the R-diagram of)
Ayp,. Moreover, unless b = [2], exactly one of the two adjacent rows
contains exactly one point, and exactly one end of the string Ay, is
a 2.

(I 1 = 72 there are three families:

(a) B, =[2l1,3,5+2,t+2,3,26]), with s >t > 0;

(b) B —[ 1, s 4+3,2,t+2,3,26]] with s >0, t > 0;

(¢) B = [bn,...,ba,b1 + 1,2,2,¢1 + 1,ca,...,¢]; equivalently,
Bg is obtained from [3,2,2, 3] by final 2-expansions. We have
(B3]~ = 42?/(4xzy* — 1), so the corresponding lens space is
L(42?,4zy* — 1) = L(42% 4z(z — y*) — 1). The R-diagram
of Bl?; has two consecutive rows containing a single point, such
that the number of points above it equals the number of points

o

3 1
(3) There are relations: B, = Bt o BS 0= = B?

2 _ B3 1 2
5,07 Bs,O - B[5+2]1[2[s+1]]7 and CO,t - CD,t'
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below it; we will call these two points the center of (the R-
diagram of) B3. Moreover, unless b = [2], exactly one of the
two adjacent rows contains exactly two points, and exactly one
end of the string B} is a 2.
(III) I = —1: there are three families:
(a) CL,=[t+2,s+23,21 426 with s >0, t > 0;
(b) C2, =[t+2,2,5+ 3,21 4,2 with s, > 0;
(c) C3,=[t+3,2,5+3,3,2 3 28] with s,¢ > 0.
(IV) I = 0: there are three families:
(a) DI, =[t+3,3,26.3,21.3 s +3], s >t >0;
(b) D2, =[t+3,26,4,210 3 s+ 2], 5,¢t > 0;
(c¢) D = [bp,...,b1,5,c1,...,¢; equivalently, D} is obtained
from [2,5, 2] by final 2-expansions. We have

[Dy]™ = 42 /(day” + 1),
so the corresponding lens space is
L(4x2,4xy* +1) = L<4332, dz(z —y*) +1).

The R-diagram of D} has a row containing exactly four points,
such that the number of points above it equals the number of
points below it; we will call these points the center of (the R-
diagram of) Dj. Moreover, unless b = [2], exactly one of the
two adjacent rows contains exactly one point, and exactly one
end of the string D is a 2.
(V) I =1: By = [bp,...,b2,b1 + c1,¢2,...,¢; equivalently, Ey, is ob-
tained from [4] by final 2-expansions. We have [Ey]|~ = 22 /(zy*—1),
so the corresponding lens space is

L(2? zy* —1) = L(2*, 2(z — y*) — 1).

If b # [2], the R-diagram of Ey has a row r with at least four
points, and the vertical line through either the second or the second-
to-last point of r divides the R-diagram into two parts with the
same number of points; we will call this point the center of (the R-
diagram of) Ey. Moreover, if b # [2], exactly one end of the string

Ey is a 2.
The dualities are the following: Ap is dual to Ey; Bl ., is dual to
Di,; B2, is dual to D? ;5 B} is dual to DJ; C1 , is dual to C?, ; s >0,

s,t?

t>0; C2, is dual to CF, with s,¢ > 0.
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A.3. Continued fractions and the recursive sequences

We recall here a few useful facts about the sequences {F,}, {S,}, and
{T,}, and their relation to certain continued fraction expansions, whose
proofs are entirely elementary; these facts will be used later without explicit
mention.

First, we recall that the Fibonacci numbers satisfy the well-known iden-
tities:

F2=Fy1 Fooy — (£1)", Fi iy = Fop1Fopiq — L.
We also observe that
AT, Toir +1=52,1, SnSny1—1=4T7.

Both identities can be proven by using the explicit formulae for .S,, and
T, given below; alternatively, one can observe that 47,7, 1 + 1, S 1
SnSni1, and 4T2 all satisfy the recursion Q11 = 34Q, — Q,_1, and the
first two and last two take the same values for n =1 and n = 2.
Finally, we recall that, for each integer m,
lim ot oM,
n—oo

n

and we claim that

lim Sn1 =1 =3+2V/2 and lim =2 = lim ijl =1+V2.

n—oo S, n—oo S, n—oo 2T,
The latter identity can be proved by computing an explicit formula for S,
and T;,, namely:
22 242

S = Ty 2

4 <¢n - 1/}_")7

1
™™ and T, = —=-
(4 Wi
where ¥ = 3 +2v2 = (1 + v/2)? is the largest root of the polynomial

A2 —6A+ 1.
In what follows, by convention we are letting F'_; = 1.

If [b]~ = x/y, then [2, b]~ = z+i(z—y)

T ytt(z—y)”
° [3[t], 2}_ = F2t+3/F2t+1 for t > 0.
o [3[t]]_ = F2t+2/F2t fort > 1.
o [60,5]7 =S,,2/S,41 for t > 0.
o (6] =Ty o/Tyy for t > 1.
o [7[t],2]_ = F4t+3/F4t,1 for t > 0.
o [T 517 = Fyy 5/Fyqq for t > 0.
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A.4. The reducible case

The proof will be on a case-by-case analysis; for the reader’s convenience,
we collect all the results in Table A.1 below.
We are now ready to prove Theorem A.1.

Proof of Theorem A.1. — As mentioned above, the value of k is deter-
mined by the values of I of the short and the long graphs; more precisely,
if we call S the short graph, and L the long graph, then

I(L)=1(S)+I(k+1)=1(S) +k—2.

In the course of the proof, we will use this to compute k& without explicit
mention. It follows that whenever (S, L) is one of the types (C, A), (D, A),
(D,B), (E,A), (E,B), or (E,C), then k < 1, which is not compatible with
our setting; so, there are no families in either of these cases. (These are
precisely the cases marked with a x in Table A.1.)

By looking at Table A.1 we notice that, when neither of the two graphs
involved is of type A, B3, D3, or E, there are only two sporadic examples;
since the arguments to rule the configurations out in these cases are simpler,
and all quite similar, we collect here the type of observation we made,
and we leave the (tedious, but straightforward) case-by-case checks to the
reader.

Either one or more of these strategies rule out a case, or they force
the values of sufficiently many parameters (sometimes all); this leaves just
smaller subfamilies to check (and, a posteriori, rule out), or even just a
single case, which are easily ruled out by direct inspection.

e Counting the number of final 2s; for instance, in the case when S
and L are both of type B!, we need to add a vertex of weight 3 to
the short graph, but in the family B* all strings start and end with
a 2.

e Looking at internal sequences of entries larger than 2; for instance,
in the case when S is of type B! and L is of type C!, in S we have
four consecutive internal vertices with weight greater than 2, while
in L there can be no such substring.

e Counting the number of non-2 vertices; for instance, when S and
L are both of type B2, namely S = Bit and L = Bf/7t, (where
5,8 = 0, t,t > 0); here k = 2, so we need to remove a vertex
of weight 3 in L, but both S and L have exactly three vertices of
weight at least 3.
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e Looking at left- and right-most non-2 vertices; for example, when
S=B2, L= C’sl/’t,, with £, 8" > 0, s, > 0; here k = 3, so we add
a vertex of weight 4; we immediately see that ¢ = 2, since L must
start or end with a 4; removing the 4 leaves a string that starts with
s’ +2 > 3, s0 in turn s = 0; but then the extremal non-2 vertices of
S are two 3s, while one of the extremal vertices of L (after removing
the 4) is 3.

e Looking at internal vertices of weight 4 or 5; for instance, when
S =Ci;and L = B, ,,. Indeed, in L there is no 4 next to a 2-chain
and thus it cannot come from S by adding a vertex.

We therefore restrict ourselves to the case when at least one among the
short and long graph are of type A, B3, D3, or E, plus the two exceptions.
To fix the notation, the parameters of the short graph will always be (s, t)
or b, while the parameters of the long graph will be (s’,¢') or b’; the dual
strings to b and b’ will be ¢ and ¢’; the length of the strings b, b’, ¢, and
¢’ will be h, I/, £, and ¢, respectively.

We will start by choosing the type of the short graph, and then run
through all possibilities for the long graph L; that is, in terms of the table,
we will sweep it column by column, top to bottom and then left to right.

Regardless of the assumption made during the proof, at the end of each
case L will be read starting from the entry with weight & + 1, so that
[L] = [k + 1,S]. With this convention, the fraction ¢/p will be ¢/p =
L] =[k+15].

The amount of details in each proof will be decreasing as we go along,
since most arguments are similar. We will use the general yoga of dualiz-
ing strings with the Riemenschneider point rule quite freely, and without
mention.

Proof of S = Ap,.

Case 1: L = Ap/. — In this case, since we have I(S) = I(L) = —3 the
value of k is constrained to be k = 2. This translates to adding a vertex
of weight 3 to S to obtain L. Since Ay, is symmetric in b and ¢, we can
assume, without loss of generality, that b, = 2; moreover, unless b = [2],
this implies ¢, > 2. Since Ay is symmetric, too, we can assume that b}, = 2,
and ¢, = k + 1 = 3. Since the R-diagram of L has two more points on the
right of the center of the R-diagram of S (because of the added vertex of
weight k + 1 = 3), the center of L is the vertex with weight ¢; in S. From
here we deduce, ¢; =2, b’ = [2,b], ¢/ = [ca,...,cp, k + 1]. If the length ¢
of ¢ is £ = 1, then we have one example, namely S = Ajy) = [2,2,2], and
L = [3,2,2,2]. Suppose now ¢ > 1; since ¢; = 2, by > 2; since the center
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of L is ¢1, we also know that ¢f = ¢o > 2, and since b; > 2 we deduce
that co = ¢} = 3. An easy induction shows that the only possible case is
c = [2,38]], b = [3[¢],2]; indeed, suppose the contrary, and consider the
smallest i > 0 such that ¢;1; # 3; that is, ¢ starts with [2, 31 ¢], with
¢ # 3; we proved that i > 2. Then, ¢’ starts with [3I'~ ¢]; by duality,
b’ starts with [2,30°72 1'] with & > 2. In turn, this implies that b starts
with [3[:=21)2]; since by > 2, we also have i > 2, and by duality c starts
with [2, 3173 ¢], which contradicts the minimality of i.

Summing up, we have found that, changing the direction in which we
read the strings, S = [3[*), 2,2, 351 2], and L = [3,5] = [3ls11,2,2, 3] 2].
Note that this includes the case b = [2] by setting s = 0. We have L = A/,
where ¢’ = [305T1] for s > 0; since [35FH]~ = Fy, 4/ Fosy0, it holds

2 2
q F25+4 _ F2s+4

P FosiaFosio+1 F3 .4

Case 2: L = B, ;,. — Here k = 3, so we add a vertex of weight 4. Recall
that s’ and t’ are both positive, so L has only final vertices of weight 2,
and therefore it cannot be obtained from S by adding a vertex of weight 4.

Case 3: L = B2 ;. — Here k = 3, and we add a vertex of weight 4.
Recall that s’ > 0 and ¢ > 0. Since ' is positive, the leftmost end of the
string L is a 2, so the added vertex of weight 4 needs to be the rightmost
vertex of L; this implies s’ = 0, in which case the string L ends with a 3,
and not with a 4. Therefore, there are no examples.

Case 4: L = Bg/. — Also in this case £ = 3, and we add a vertex of
weight 4. By symmetry, we can assume that we add the vertex attached
to the rightmost vertex. Adding a vertex of weight 4 adds three points to
the R-diagram of S; by counting the number of points in the R-diagram,
it follows that the center of L (which consists of two rows, each with one
vertex), starts immediately to the right of the center of S C L; but on both
sides of the center of L we have two vertices of weight strictly larger than 2,
while the center of S has weight 2, so we obtain a contradiction.

Case 5: L = Cj, ;. — Here k = 4, and the new vertex has weight 5.
Recall that in this family s’ > 0, ¢’ > 0. The final 5 added to S needs to
be the vertex of weight ¢ + 2 in L, and thus ¢/ = 3. We have that S is of
the form [s' +2,3,2,2,2,4, 2[5/]]; by counting points in the R-diagram, the
center of S must be the fourth vertex, which is a 2 surrounded by two 2s,
but this is impossible since b and ¢ are complementary, and both have
length at least 2.
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Case 6: L = C§,7t/. — Here £ = 4, and the new vertex has weight 5.
The parameters satisfy s',¢’ > 0. Since the right-most non-2 vertex has
weight 4, similarly as in the previous case, we need t' + 2 = 5; this implies
t’ = 3, and a point count in the R-diagram shows that the center of S is
the central 2 in a chain of three 2s, leading to the same contradiction.

Case 7: L = Cg/7t,. — We have k£ = 4 and the new vertex has weight 5.
The parameters satisfy s’,t’ > 0 With the same argument as in the previous
case, we obtain that ¢ = 2 and after deleting the added 5 from L we obtain
the string [2,s" + 3,3,2,2,3,2[5/1]. This shows that s’ = 0, since S cannot
start and end with a 2 (the length of S is at least 6, so S cannot be Apy),
and it is immediate to see that [2,3,3,2,2,3,2] is not of type A.

Case 8: L = D;,,t,. — Now k = 5 and the new vertex has weight 6. The
parameter vary as s',t’ > 0. Removing a final vertex from L we obtain
a string with no final 2s, so there are no examples.

Case 9: L = D? ;. — Again, k = 5 and the new vertex has weight 6.
Also, ', > 0. If t + 3 # 6, then the vertex with weight &+ 1 in L is that
labelled by s’ 4+ 2, and removing it we get a string without final 2s, which
cannot be of type A; so, t’ = 3. After deleting the vertex with weight ¢’ + 3,
we obtain the string [2[5/],47 2,2,2,3,s" + 2]. As above, counting points in
the R-diagram, the center of S is the fourth vertex from the right, which
is surrounded by two 2s, leading to a contradiction.

Case 10: L = D},. — Here k = 5 and we add a vertex of weight 6.
Without loss of generality, the new vertex can be added by linking it to c¢y;
in L, we have J(c) + 5 points to the right of the center of S, and J(b)
points to its left. The four points comprising the center of L must start
immediately after the center of S (so that we have J(b) 4 1 points to their
left, and J(c) + 1 to their right), which means that ¢; = 5 corresponds to
the center of L. Now, if ¢ = [5], we get the strings L = [6,5] = [6, 5,20,
corresponding to the fraction

q¢ 144 AT AT

p 25 4ADT +1  S2
If ¢ has length more than 1, b starts with exactly four 2s, and then with
a number larger than 2. This implies, in turn, that, b’ starts with exactly
five 2s, and therefore ¢’ starts with a 6. Now an easy induction shows
that the only strings we obtain are L = [6l571 5 2, (201 3)[s] 2M] e,
b’ = [6*F1] and [b’]™ = Ty13/Ts42; the corresponding fractions are

q_ ATZ _ ATZ, 5

p ATesTia+1 S2,0
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Case 11: L = Fy/. — Here k = 6 and we add a vertex of weight 7. By
symmetry, we can assume that we add the new vertex attaching it to c,.
Adding this vertex, we have added six points to the R-diagram of S. By
counting points, we find out that there are two different possibilities: either
c1=2,0rc > 2.

If ¢; = 2, then the center of L belongs to the row in the R-diagram for
S corresponding ¢, and it necessarily splits as b} + ¢} = 2+ ¢}, i.e. b] = 2.
We then obtain also that b = ¢; = 2, b4 = 2 and by duality we also obtain
¢y > 2. Since by = 2, we know that ¢; > 2 which implies in turn that
¢y = 5, so that b} + ¢} = 7. From here an easy induction shows that the
string I we are looking at is either [7,2,2,2], or [7lst1] 2,2 (3, 2[4))ls] 2],
Since this corresponds to b’ = [7[+1] 5], we obtain the fractions

q F425+5 _ F425+5

P FuspsFiep1 — 1 Fi g

In the case ¢; > 2, notice that because of the symmetry in the R-diagram
we immediately conclude that ¢; = 5. Moreover, it follows that under the
identification the center of S is identified with the vertex of weight b5 in L.
From here we infer that b] + ¢}, = 5 = 3 4+ 2. The first sequence verifying
the desired properties is for L to be [7, 5, 2[%!] and this is the first one in the
family [70s+1) 5 2 (214 3)[s] 2P]]. Since this corresponds to b’ = [7[s+1] 2]
we obtain

q F42$+3 - F42$+3 0

p  FugsFi1—1  Fi,,

Proof of S = B!

st

Case 1: L = Ap,. — Here k = 1, so we add a vertex of weight 2. Regard-
less of which end we add the vertex to, though, we get the contradiction of
the long string starting and ending with a 2.

Case 2: L = B},. — Here k = 2, and we add a vertex of weight 3. If
b’ = [2], then L = [3,2,2,3], and S = [2,2, 3] which is not of type B!. So
we can assume b’ # [2], which implies that, even after removing a vertex
of weight 3 from L, the string has two consecutive internal 2s surrounded
by two vertices of weight larger than 2; such a string does not appear in .S,
so there are no examples.

Case 3: L = D},. — Here k = 4 and we add a vertex of weight 5. The
center of L is an internal 5 linked to (at least) a 2; after removing the
vertex with weight 5, this configuration survives; however, in S there is no
vertex of weight 5 linked to a 2.

where the parameters s and t are both positive.
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Case 4: L = Eyp/. — Here k = 5 and we add a vertex of weight 6. If ¢’ =[2],
then L = [4], so this gives no examples; if ¢/ = [¢]], with ¢] > 2, then the
only way we can obtain a vertex of weight 6 in L is if ¢j = 4, from which
L = [6,2,2,2], which, again, gives no examples of type B'. By symmetry, we
can now assume i/, ¢’ > 1 and that ¢}, = 6; by duality, b}, =--- =10}, _, =2
and by, 5 > 2. So S ends with a string of exactly five 2s; by symmetry of
S, we can assume t = 5, so L = 20,3 s + 2,7, 3,2[5] 6]; but, by duality,
since s > 0, b}, should be strictly larger than 3, a contradiction. g

Proof of S = Bf’t, where the parameters s,t satisfy s > 0 and t > 0.

Case 1: L = Ayp/. — Here k = 1, so we add a vertex of weight 2. Since
S has length 5, b # [2], so L ends with 2 on one side, and with something
larger on the other. Since ¢t > 0, this means that the extra vertex has to
be added on the left of S, and that s = 0; therefore, L ends with a string
2s of length of ¢t + 1 > 2, and with a 3 on the other side; but this can only
happen if ¢/ = [3], which is easily seen not be the case.

Case 2: L = B3,. — Here k = 2, so we add a vertex of weight 3. Unless
b’ = [2], the two internal vertices of weight 2 surrounded by two vertices
with larger weight survive even after removing the extra vertex; but in

S there is no such configuration. The case b’ = [2] is excluded by direct
inspection.
Case 3: L = D3,. — Here k = 4 and we add a vertex of weight 5. Note

that b’ # [2], since otherwise L would not end in a 5; in particular, the
central 5 in L has a 2 only on one side, and it follows that ¢t + 2 = 5.
Adding the 5 to the left of S yields [5,2,2,2,3 + 5,2,5,3,2[]], and this
is never of the form Df’b,] (since, for instance, the dual string to [3,2[*] is
[2, s+2]). However, if we add the 5 to the right; indeed, we obtain the family
S =1(2,2,2,3+s,2,5,3,2] and L = [5,20°],3,5,2,3+4s,2,2,2] = D}, with
b/, = [3,2[), 5]. We compute

T [5 ols] 3} _ {5 23+3]_:85+14

Yy "25+1 25+3"7
so that
q_ - = 4(8s + 14)2 _ (16s+ 28)2
P 485 +14)(2s+3)+1  (8s+413)?
Case 4: L = Ey.— Now k = 5, so we add a vertex of weight 6. If

¢ =1, in order to find a final 6 in L, we need ¢} = 4, b’ = [2,2,2], and
L =[6,2,2], but then removing the 6-vertex we obtain a string that is not of
type B2. Now, by symmetry, we can assume ' > 1 and ¢}, = 6; this implies

TOME 0 (0), FASCICULE 0



122 Paolo ACETO, Marco GOLLA, Kyle LARSON & Ana G. LECUONA

by, =---=by,_, =2 and by _5 > 2. We have two possibilities for S, by
looking at the two chains of final 2s: either ¢ = 5 and the new vertex is
attached on the right-hand side of S, or s = 5 and the new vertex is attached
on the left-hand side of S. In the first case, S = [2,2,2,2,2,3+s5,2,7,3,2);
as argued above, the only possibility for the vertex of weight b} + ¢} in L is
by + ¢} = T; for there to be a two complementary legs, we need ¢j = 2 and
by = 5, but this is easily checked not to yield any example. In the second
case, then L = [6,2[18,2,¢ 42,3, 21%]; since the first non-2 element on the
right is a 3, the first sequence of 2s to the right must have length 0, i.e.
t = 0 which contradicts the assumption that ¢ be positive. O

Proof of S = B} ending with two complementary legs.

Case 1: L = Ay/; k = 1, and the new vertex has weight 2. — Since
S has length at least 4, L has length at least 5, and b’ # [2]; it follows
that exactly one of the two ends of L is a 2. We will examine the case
where ¢ = [¢1] first; in this case, S = [2[=23,2,2 ¢; + 1], and the extra
vertex can only be added on the left-hand side; so the only possibility is
L=1[]2"1322¢ +1] = Al aler-117; since (2l 3]~ = gzﬁ’, we then
have a family

q (2s + 3)? (2s + 3)?

p (25+3)2s+1)+1 (254 2)%

Having ruled out the case ¢ = [¢1] (and, by symmetry, the case b = [by],
too), we can assume h,f > 1; again, by symmetry assume ¢, > 2, so
that by, = --- = bp—¢,43 = 2 and bp_,+2 > 2; note that S has at least
two vertices of weight larger than 2 (namely, b + 1 and ¢; + 1), so also
h', ¢ > 1; we can only add the new vertex on the side of by, but by doing
so b’ ends with a string of 2s of length ¢; — 1 = ¢} — 1, which contradicts
the fact that ¢’ is dual to b’, and both have length larger than 1.

Case 2: L = B, ,,. — k = 2, so we add a vertex of weight 3; but L
starts and ends with 2s, so there are no cases in this family.

Case 3: L = Bg,,t,. — k=2, so we add a vertex of weight 3; in L there
are no two consecutive 2’s linked to vertices of weight greater than 2, so
there are no cases here, either.
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Case4: L = B%,. — k = 2, so the new vertex has weight 3; by symmetry,
we assume that it is added on the side of ¢,. We want to look for the center
of L: since we added two points in the R-diagram of S, the centre of L must
move one line down; but this is not possible because the next line of the
diagram has more than one point in it (since the corresponding vertex had
weight ¢; +1 > 2).

Case 5: L = C, ;. — k = 3, so the new vertex has weight 4; since
there is an internal string of two 2s in S, surrounded by non-2 vertices,
this configuration must also appear in L, which readily implies ¢’ = 2;
moreover, since s’ > 0, the extra vertex is the one with weight ¢’ + 2 = 4;
thus L = [4,s' +2,3,2,2,4,265], and S = [¢' +2,3,2,2,4,25]] = B3

, (2,5 +2]"
We have & =[s'+2,2]” = 2543 50 that

S = 428 +3)? (45 +6)?
C 4(28' +3)-2—1 165 +23°
and
45’ 2 / 11 2
g:[4’5]7:4’(3+6) _ (88’ +11)
P 16s" + 23 (4s' +6)?
Case 6: L = Cf,yt,. — k = 3 and the new vertex has weight 4; looking at

the central string of 2s in S as in the preceding case, we obtain ¢’ = 2; then
L is of the form [4,2,s" +3,2,2,4, 2[5/]]. Deleting the vertex of weight 4 we
conclude that s’ = 0, since in S we cannot have two final weight-2 vertices.
Thus, L is of the form [4,2,3,2,2,4], and the corresponding short string is
S =12,3,2,2,4] = B[?’Q’Q]. It follows that we have a single solution in this

family, corresponding to % = %’ which would be the case s’ = 0 in the
previous family.
Case 7: L = C%, ;. — k =3 and the new vertex has weight 4; as in the

two preceding cases, we deduce ' = 2; but then L starts with a 5 and ends
with either a 2 or a 3, while it should have a vertex of weight 4 on (at least)
one end.

Case 8: L = D;,7t,. — k = 4 and the new vertex has weight 5; removing
either final vertex in L we obtain a chain that ends with a 3 and ends with
a vertex of weight at least 3; this is only possible if S = [3,2,2,3], but
a direct inspection shows that this is never the case.

Case 9: L = DS,’t,. — k = 4 and the new vertex has weight 5; the
presence of the two internal vertices of weight 2 in S implies that either
! =2o0r s =2. If s =2, then we also have t' = 2, because L has a final
weight-5 vertex. We conclude ¢’ = 2 yielding for L = [5, 2ls'1 4,2,2.3, s'+2].

TOME 0 (0), FASCICULE 0



124 Paolo ACETO, Marco GOLLA, Kyle LARSON & Ana G. LECUONA

To obtain S, we need to remove either the left-most vertex or the vertex of
weight s’ + 2. In the latter case, s’ = 3 and S = [5,2,2,2,4,2,2,3], which
is not of type B>. If, on the other hand, we remove the left-most vertex,
we obtain S = [2057,4,2,2,3, s 4+ 2] = Bg ) Since o& = [2ls'], 3] = 2543

2 2571
we have
5] = 4(2s' + 3)? (48 46)?
428" +3)(28" +1) -1 (48’ +4)2 -5’
and then
4s' 4+ 6)? 8s’ 4 13)2
4 _f5,5] = |5, e O | - GTHIYT
P (4s' +4)2 -5 (4s' +6)2
Case 10: L = D%,. — Again, kK = 4, so we add a vertex of weight 5.

Suppose we attach this vertex to cy; we are adding four points in the R-
diagram of S the four central vertices of the R-diagram of L, however,
overlap with the center of S, but this is impossible, since the center of L is
a contained in a single row.

Case 11: L = Fy. — Here k = 5, and we add a vertex of weight 6;
suppose that we link this vertex to ¢, to obtain L from S. Since we add
four points to the R-diagram of S, the centre of L is the second point in
the row corresponding to ¢; + 1 (it is the unique point that divides the
R-diagram of L into two parts of equal size). From this we deduce that
by = - = b5 = 2, and b = by + 1; this, in turn, implies ¢j = 5, and
a+1l=0b+ci="7sothat by =by+1=3, b5 =...0, =by=--- =
by = 2, and therefore ¢;, = 6. The usual inductive argument shows that
L = [61,7,2,2,(3,28)) 2] = E gy Since z = [6ls], 5]~ = % we
have

q_ 5§+1 _ S§+1 O
p Sey1Ss—1 4127

Proof of S = C’s{t with s > 0 and t > 0. — Here we immediately rule

out the case when L is of type A, since this would force k = 0.

Case 1: L = B3,. — k =1, and we add a vertex of weight 2. We can
immediately rule out the case when A/ =1 or £ = 1, as done several times

above; it follows that the center of L corresponds to the substring 2 in S,
so that ¢ = 2. Moreover, by duality, and since h’,¢’ > 1, the new vertex
must be added on the right of S; since ¢ + 2 = 4, L must end with exactly
two 2s, so that s +1 = 2, hence s = 1; but then L = [4,4,3,2,2,4,2,2],
which is not of type B>.

Case 2: [ = C%,,,. — k = 2, so we add a vertex of weight 3. Since
there is an internal 4 in S, we deduce that s/ = 1; this in turn implies
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t' = 0, L must end start or end with a 3. Then L = [3,2,4,3,3,2], and
S =[2,4,3,3,2], which is C] ; read backwards. Then

¢_1£
p 9
Case 3: L = Dl?;,. — Now k = 3 and the new vertex has weight 4. It

is clear that the only possibility for the central vertex of weight 5 in L is
for it to correspond to the vertex of weight s + 2 in S, forcing s = 3. By
duality, t = 0; since the dual of [3,4,2[]], i.e. the string to the right of the
central 5, is [2, 3,2, s + 2], the duality structure is not respected.

Case 4: L = Ey.— k = 4, and we add a vertex of weight 5. Since
we can immediately rule out the case where b’ or ¢’ has length 1, there is
an internal vertex of weight ¢} + b} > 5 in L. This cannot correspond to
the vertex of weight ¢ + 2 in S, since otherwise the only possibilities for b
are b = [2, 5] and [t, 5], neither of which yields the correct structure for S.
So the vertex of weight b} + ¢} corresponds to the vertex of weight s + 2
in S. Just as above, the structure to the sides of this vertex in S does not
correspond to complementary legs, as the right-hand side is too long to

match the left-hand side. d
Proof of S = C2, with s,t > 0.
Case 1: L = B3,. — k = 1, so the new vertex has weight 2. Since we

remove a 2 from L, the sequence of two internal 2s survive, and hence t = 2;
therefore, S = [4,2,543,2,2,4,26]]. Looking at the right side of the string
of 2s, ¢ can only be [3,2[]] or [3, 2[571] (depending on whether we add the
new vertex attaching it to ¢, or not), but in neither case is the string on
the left dual to it.

Case 2: L = D},. — Now k = 3, so we add a vertex of weight 4. The
central vertex of weight 5 in L remains internal in S, unless b’ = [4] or
¢’ = [4]; these cases are easily excluded, so s +3 = 5, and then s = 2.
Moreover, since to its side we have two complementary legs, ¢ = 0 and then

L=1[4,2,2,5,4,2,2] = D:[32 5,4 The associated fraction is

q 202
p 112
Case 3: L = Ey,. — Now k = 4, so we add a vertex of weight 5. Arguing

as we did in the previous case, the vertex of weight b} + ¢} in L remains
central in S after removing the extremal, weight-5 vertex. So the center of
L is one of the points in the row corresponding to the s 4+ 2-vertex; call x
the second-to-last point in that row; x has s+ ¢+ 4 points to its right, and
s+t + 2 points to its left, so the new vertex must be added to the left of S.
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But in L there are s 4+t + 6 points to the left of the x of S, which means
that the center of L needs to be the point immediately to the left of x; this
in turn implies that s +3 = 4, so s = 1; but then L starts with a 5 and

ends with a single 2, which contradicts the duality structure. O
Proof of S = C23, with s,t > 0.
Case 1: L = B},. — Now k = 1, so we add a vertex of weight 2. In L,

even after removing the added 2, we have a configuration of two consecutive
internal 2s linked to larger weight vertices. It follows that ¢ = 2, however,
since in S these two 2s are linked to 3s, the configuration is not possible
unless b’ = ¢’ = [2], i.e. S = [3,2,2,3], L = [2,3,2,2,3], which is not of
type C3.

Case 2: L = D3,. — Now k = 3, and we add a vertex of weight 4.
If the 5 in L became final in S, we would not have two complementary
legs to its sides; it follows that we need to identify the 5 in L with the
vertex of weight s + 3 in S, thus s = 2. The added vertex to S needs to
be linked to the vertex with weight ¢ + 3, since we need a final 2. Then
L=[4t+3,253,21 322 = Di, 154 Since

T 8t + 18
— =14, t+3,2]” =
y* [4,¢+3,2] 26+57
we have
q 4(8t + 18)2 (16t + 36)2

p 4Bt+18)(2t+5)+1 (8t +19)2°

Case 3: L = Ey; k = 4, and we add a vertex of weight 5. — As in the
preceding case, this vertex need to be linked to the vertex with weight ¢ 43
in S, because of the complementary legs structure; it follows that s = 3 and
we have S = [t+3,2,6,3,2/ 3,2 2, 2]. Moreover, the vertex in L of weight
b} + ¢} has to be the vertex in S of weight s+ 3 = 6; when comparing it to
the string L there are two possibilities, either the 6 splits as 2+4 = b} + ¢}
or as 4+ 2 =V} + ¢}. In neither case do we have two complementary legs,

so we have no case in this family. O
Proof of § = D;’t with s,t > 0. — Here, and whenever S = D, we can
already rule out the cases L = A, B, because of the value of k.
Case 1: L = D},. — Now k = 2, and we add a vertex of weight 3. In S

there is no internal vertex of weight 5, so necessarily b’ has length 1, and we
need to remove the vertex labelled with b1; then b’ = [3], and S = [5, 2, 2],
which is not of type D*.
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Case 2: L = Ey,. — k = 3, so we add a vertex of weight 4. To obtain S
we remove a 4 from L; then the other end in L is a 2, but S has two final
vertices of weight greater than 2. d

Proof of S = D2, with s,t > 0.

Case 1: L = C% ,,. — k = 1, so we add a vertex of weight 2. There
is an interior 4 in S, which henceforth is interior in L; the only chance
is that this vertex is identified with the vertex of weight s’ + 3, so that
s’ = 1. This implies that the extra vertex in L is the weight-2, right-most
vertex in the string [t + 3,2, 4, 3, 2t 3, 2]. Since in S there are not two 3s
separated by a 2-chain, we also need ¢’ = 0; hence the only possibility is
L = [2,3,3,4,2,3], which is C} read backwards, and S = [3,3,4,2,3] =
D3, read backwards. The associated fraction is

p_1£
g 112
Case 2: L = D},. — k = 2, and we add a vertex of weight 3. If neither b’

nor ¢’ has length 1, the string S has an internal 5 and this is not compatible
with S. However, if b’ = [b]] and we can remove a 3, we must have b; = 3,
which is not compatible with the structure of S.

Case 3: L = Fyp. — Now k = 3, so we add a vertex of weight 4. Since
b # [2] by direct inspection, the vertex of weight b} + ¢} stays internal in S,
and it is and at least 5, unless ¢4, = 4 and the length of ¢ is 2. In these

configurations the set L is two small to be identified with S. g
Proof of S = D}
Case 1: L = Csl,ﬁt,. — Now k =1, so we add a vertex of weight 2. The

vertex of weight 5 in S is inner in L, so s/ = 3. Since the vertex to its
right is a 3, then ¢/ +2 = 2, i.e. ¢ = 0, and ¢ = [2] but this is clearly
a contradiction, since the dual of [2] is [2].

Case 2: L =C% ,,. — Again k = 1, and we add a vertex of weight 2. As
above, the vertex 5in S is inner in L, so s’ = 2. We need to remove a 2
from Lj; if we remove it from the left, ¢ = 0, and the two remaining strings
to the left and right of 5 are not dual. So we have to remove it from the
right. The two strings b and ¢ are b = [21'] 4,2,2], ¢ = [2,¢' + 2], which
forces t' = 0 (otherwise they both start with a 2), but [4,2,2] and [2, 2] are
not dual.

Case 3: L = CS,J,. — k=1, and the new vertex has weight 2. As in the
previous cases, s’ = 2, and the vertex we need to remove is the one far at
the right. So, S = [t'+3,2,5,3,2[t'] 3,2], so b = [3,21),3,2], ¢ = [2,¢/ +3].
Since the dual of ¢ is [3, 2[f'*1]], this is never equal to b.
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Case 4: L = D;',t“ — k =2, and we add a vertex of weight 3. The long
string does not have an inner 5, so this case is empty.

Case 5: L = D% ;. — k =2, and we add a vertex of weight 3. As above,
here there are no inner 5s.

Case 6: L = D},. — Again k = 2, and the new vertex has weight 3.
By symmetry, we can assume that we attach it to the vertex of weight ¢y
in S. In the R-diagram of L, then, we have two more points below of the
center of S than above it; this means that the central four points in the
R-diagram of L are the last three points of the center of S, and the first
point of the line of ¢1; but the central four points of the R-diagram of L
should occupy a single row.

Case 7: L = Ey.— Now k = 3, and we add a vertex of weight 4;
by symmetry, we can suppose that it attached to the vertex of weight c,.
Then, in the R-diagram of L, there are three more points below the center
of S than above it; it follows that the center of L is the right-most point
of the center of L, which however is the final vertex in its row, which is
impossible. |

Proof of S = EJ. — Here we rule out all cases when L is of type A, B,
or C, since the corresponding value of k would be non-positive.

Case 1: L =D}, ;,. — k=1, so we add a vertex of weight 2; but L does
not have any final vertex of weight 2.
Case 2: L = Dgl,t/. — Again, k = 1, and the new vertex has weight 2.

The only final vertex that can have weight 2 in L is the one labeled with
s+ 2, so § = 0; however, removing that vertex we obtain a string of
length at least 2 that neither starts nor ends with a 2, which contradicts
the assumption that S be of type E3.

Case 3: L = D},. — k =1, and the new vertex has weight 2. Without
loss of generality, we can assume that the new vertex is attached to cy;
then the center of S has one more point to its right than to its left, which
means that the center of L comprises the center of .S, the point to its left,
and the next two points to its right. This, in turn, implies that b; = 2
and ¢; = 3. Now, since ¢; = 3, b} = by > 2, which in turn forces ¢} = 2.
A straightforward induction yields the string L = [s + 1,5,2[5]] = Df’s -
The associated fraction is

q _ (25+2)
p  (2s+1)%
Case 4: L = Ep.— k = 2, so we add a vertex of weight 3. Again,

by symmetry, we can assume we attach it to the right of S. In terms of
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R-diagrams, the center of L is the point immediately to the right of the
center of S, hence the central vertex has weight by +c¢1 = 5 = b + ¢}. More
precisely, (b1, c1) = (2,3) and (b, ¢}) = (3,2). Using the same argument as
in the preceding case, we obtain L = [3,3[s~1 5 3ls=1 2] = Ej3 314175 hence

z _ [3[8]72]* _ %7
y* F2s+1
from which ) )
q F25+3 _ F25+3

_—— p— . D
P FospgFoei1—1  Fi,

A.5. The lens space cases

We now prove Theorem A.2. The argument is essentially contained in
the proof of Theorem A.1.

Proof of Theorem A.2. — As noted at the beginning of the section,
qu:tl(Tp,q) = +L(pq =+ 1,p?), and by looking at continued fraction expan-
sions we see that this corresponds to a long graph (of any type) beginning
with a vertex of weight k 4 1; removing this vertex we get a short graph
of type Ey, (when the sign is —) or of type Ap (when the sign is +). These
situations have been already studied above, and here there is only a slight
twist: the continued fraction expansions corresponding to the long legs now
compute 2 ‘;}fl, while in the previous analysis they computed Z—Z; this means
that we obtain the following families.

We start with the case of (pg+1)-surgery, when the short leg is of type E,

and then either:

pg+1  (25+2)2 q 2s+3

= :> _ —_—
p2 (2s+1)2 p 2541’
or )
pg+1 _ Fiys q  Fria

p2

F223+2 p B F28+2 .
In the case of (pg — 1)-surgery, when the short leg is of type A, then either:

pa—1 F g  Fauys

P Fi P Faeis’

or 9
pg—1 _ATos g _ Sss
p2 SE+2 p Ss+2 7

or
-1 F? F.
pq = 225+3 — q_ 2545
p Fsoiq P Fasa
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