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DIXMIER TRACE AND THE IDOS OF PERTURBED
MAGNETIC OPERATORS

by Fabian BELMONTE & Giuseppe DE NITTIS (*)

ABSTRACT. — The main goal of this work is to provide a description of the
trace per unit volume in terms of the Dixmier trace (regularized by the resolvent
of the harmonic oscillator) for a large class of two-dimensional magnetic operators
perturbed by (homogeneous) potentials. One of the payoffs of this result is the
possibility of reinterpreting the density of states (DOS) of these perturbed mag-
netic systems via the Dixmier trace, and taking advantage of the fact that this
quantity can be conveniently calculated on the basis of the Laguerrre functions
that diagonalize the harmonic oscillator.

RESUME. L’objectif principal de ce travail est de fournir une description de la
trace par unité de volume en termes de la trace de Dixmier (régularisée par la résol-
vante de l'oscillateur harmonique) pour une large classe d’opérateurs magnétiques
bidimensionnels perturbés par des potentiels (homogenes). L’un des avantages de
ce résultat est la possibilité de réinterpréter la densité d’états (DOS) de ces sys-
témes magnétiques perturbés au moyen de la trace de Dixmier, et de tirer parti
du fait que cette quantité peut étre calculée de maniére pratique sur la base des
fonctions de Laguerre qui diagonalisent ’oscillateur harmonique.

1. Introduction

The main goal of this work is to provide a description of the trace
per unit volume in terms of the Dixmier trace (regularized by the resol-
vent of the harmonic oscillator) for a large class of two-dimensional mag-
netic operators perturbed by potential. The results exposed in this work
extend the achievements obtained in [7, 33, 35, 36] for the case of un-
perturbed magnetic operators, and are complementary to similar results
derived in [4, 5] for the case of discrete operators, and in [2] for the case
of the free Laplacian perturbed by potentials. Since the trace per unit of
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2020 Mathematics Subject Classification: 81R15, 81V70, 58B34, 81R60.
(*) The second author is supported by the grant Fondecyt Regular no. 1230032.



2 F. BELMONTE & G. DE NITTIS

volume is the crucial ingredient for the definition of the integrate density of
states (IDOS), the results obtained in this work supply a solid background
for the use of the Dixmier trace in the spectral analysis of perturbed mag-
netic operators.

The first ingredient which enter in the description of our main results
is the trace per unit of volume. Let A,, C R? be an increasing sequence
of compact subsets such that A,  R? and which satisfies the Folner
condition (see [23] for more details). Let xa, be the projection defined as
the multiplication operator by the characteristic function of A,,. A bounded
operator S acting on L?(R?) admits the trace per unit volume (with respect
to the Folner sequence A,,) if the limit

(1.1) Tuv.(S) = ngl}rloo ﬁTrLQ(]RQ) (xa,.Sxa,)

exists. The operators that admit a trace per unit volume independently
of the peculiar election of the Fglner sequence are particularly relevant
in physics since they represent observables with “good” thermodynamic
properties. In the presence of perturbations by potentials which are ho-
mogeneous with respect to the spatial translations one is forced to re-
place a single operator S with a covariant family of (measurable) operators
S := {8, }ueq where the configuration space ) is a nice topological space
endowed with an R%-action and an ergodic probability measure P (see Sec-
tion 3). In this case, the correct formula for the trace per unit volume is
given by

(1.2) Tuv.(8) == E[Tuv.(50)]

where, following a consolidated tradition, one uses the notation

E[f] == / dP(w) f(w)

for the expectation (probabilistic average) of the measurable function
f: @ — C. The trace per unit volume is the central tool for the defini-
tion of the IDOS of a self-adjoint (bounded from below) operator H. Let
X(—oo,e] (H) be the spectral projection of H associated with the spectral
interval (—oo, €]. Then the IDOS of H is the function Ny : R — [0, +00]
defined as

(13) NH(G) = Tuv. (X(—oo,e] (H)) :

The density of states (DOS) of H is the Lebesgue-Stieltjes measure pg
associated to Ny . There is an extremely extensive literature devoted to the
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DIXMIER TRACE FOR PERTURBED MAGNETIC OPERATORS 3

study of the existence and regularity of the IDOS and the DOS of a given
operator H. The interested reader is referred to the classic monographs
[11, 38], or the more recent book [47]. It is also worth mentioning that the
trace per unit volume enters in a crucial way in the Kubo formula which is
one of the main result for the study of transport phenomena in the linear
response regime [6, 8, 18, 25, 34].

The second ingredient we need is the Dixmier trace. This trace was in-
vented by Dixmier as an example of a non-normal trace [15]. There are
several standard references devoted to the theory of the Dixmier trace
[1, 13, 14, 21, 30], but for the unfamiliar reader we will provide here a brief
summary. Let p,(7T") be the sequence of the singular values of a compact
operator T, i.e. the eigenvalues of |T'| := V/T*T, listed in decreasing order
and repeated according to their multiplicity. Consider the new sequence

(1.4) v (T) == log Zﬂn ), N>1.

Then T is in the Dixmier ideal &' if its (Calderén) norm

(1.5) |71+ :== sup Y~ (T) < +o0
N>1

is finite. &1 is a two-sided self-adjoint ideal that is closed with respect
to the norm (1.5), but not with respect to the operator norm. Therefore,
every T € &7 defines by means of (1.4) a sequence vy (T) in £°°(N). To
define a trace functional with domain the ideal &1 one needs to choose
a generalized scale-invariant limit Lim : ¢*°(N) — C and the associated
Dixmier trace for a positive element is defined as

(1.6)  Trpwwim(T) i= Lim[{yn(T)}n], Te&', T>o0.

This definition extends to non-positive elements of el by linearity.
The resulting trace is continuous with respect to the norm (1.5), i.e
| Trpix,Lim (T)| < || T])1+. An element T € &1 is called measurable if the
value of (1.6) is independent of the choice of the generalized scale-invariant
limit Lim. For a positive element T" > 0 this is equivalent to the convergence
of a certain Cesaro mean of vy (7") [13, Chapter 4, Section 2, Proposition 6].
In particular, for a T > 0 such that vy (T') is convergent, one has that T is
measurable and

N-—-1
(1.7) Troiu(T) i= Jim_ (bgiN) 3 Mn(T)) ,

n=0
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4 F. BELMONTE & G. DE NITTIS

independently of the election of the generalized scale-invariant limit. The
set of measurable operators 65 is a closed subspace of s’ (but not
an ideal) which is invariant under conjugation by bounded invertible oper-
ators. This is the class of operators in which will be mainly interested.
It is worth mentioning at the end of this short presentation that the
Dixmier trace enters as a crucial ingredient for the construction of the
quantize calculus and the definition of the Chern character in Connes’
non-commutative geometry [13, 14, 21].

It is now the moment to introduce the systems to which our results apply.
In the Hilbert space L*(R?), let {¢,.m} C L*(R?), with n,m € Ny :=
{0} UN, be the orthonormal basis given by the Laguerre functions (2.4).
Let us introduce the family {Y, . | (j,k) € N3} of transition operators
defined by

(18) Tj»—)kwn,m = j,nwk,mv kvja n,m < NO'
A direct computation shows that [35, Proposition 2.10]
(19) (T_]»—H’c)* = Tk»—>ja Tj»—ﬂc’rnv—)n = 6j,nTmHk

for every j,k,n,m € N3. In view of the relations (1.9) the transition oper-
ators can be chosen as generators of a C*-algebra. Let

(110) %B =C* ({TJHk | k7] c N()})

be the (non-unital) C*-algebra generated inside the bounded operators
%(L*(R?)) by the norm closure of polynomials in the generators Y .
We will refer to € as the C*-algebra of (unperturbed) magnetic operators.
Such a name is justified by the fact that the Landau Hamiltonian Hpg (for a
magnetic field B > 0) defined in (2.3) is affiliated with 5. More precisely,
it turns out that the Landau projections II; (the spectral projections of Hp)
are contained in ¢p in view of the equality II; = T, ;. The algebra €5
has been studied extensively in [35, 36] and Section 2 provides a brief
presentation of some important aspects concerning this algebra and its
enveloping von Neumann algebra .#5.

The algebra of magnetic operators provides information only on the un-
perturbed dynamics in the presence of a magnetic field B. In order to also
consider the effect of homogeneous perturbations (periodic, random, etc.)
one has to enlarge the algebra ¢p. This can be done by considering an er-
godic dynamical system (€, R?, t,P), which encodes the information about
the possible configuration of the perturbations and their transformation un-
der the spatial translations implemented by the R?-action t. As described
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DIXMIER TRACE FOR PERTURBED MAGNETIC OPERATORS 5

in detail in Section 3, to each continuous function g € C(2) =: &%, and any
point w € (2, one can define the multiplication operator M, ,, € %(L?(R?))
given by
(qu@)('r) ::g(tw(w»@(x)v wE L2(R2)-

Being a multiplication operator, M, , can be interpreted as a potential
when g is real-valued. We will focus on the products of the type AM, ., with
A € €p and g € 9. Let us denote with (€5 -9 ). the linear space of finite
linear combinations of such products and with [¢s - @], its norm-closure
inside (L?*(R?)). One is tempted to see [ - @], as a subspace of the
minimal C*-algebra Ap ., generated by g and the potentials associated
to . However, this is unnecessary, in view of the following result:

THEOREM 1.1. — For every w € ) the space [¢5- 4], is a C*-algebra,
and in particular

(1.11) %5 - o], = Up .-

Moreover, g, coincides with a representation (labelled by w) of the
twisted crossed product o/ x g R2.

Theorem 1.1 is the first main result of this work. Although at first glance
it may appear somewhat surprising, it has the same taste as other results
present in the literature like [19, Theorem 1.1] and [20, Lemma 3.2] (but
with a totally distinct strategy of the proof). As shown in Section 4, the C*-
algebra 2p ., contains the resolvents of the magnetic operators perturbed
by potentials with the reference point, or better the origin, fixed by w. For
this reason, we will refer to g, as the algebra of perturbed magnetic
operators. However, to remove the unnecessary and unphysical dependence
on the choice of a particular origin w it is customary to consider instead
of a single operator S, € Ap,, a complete family S := {5, }uen whose
elements are subject to a suitable covariance relation under translations
(see (4.2)). This leads us to consider the full algebra of perturbed magnetic
operators

(&%)
(1.12) U = / AP(w) 2.
Q

acting on the direct integral Hilbert space [17, Part II, Chapter 1]
®
(1.13) Ha ::/ dP(w) L*(R?) ~ L*(Q,P) ® L*(R?).
Q
The C*-algebra Ap o, along with its enveloping von Neumann algebra

Mp.q, are the right objects to study the properties of magnetic systems
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6 F. BELMONTE & G. DE NITTIS

perturbed by homogeneous potentials. This is perfectly consistent with the
existing literature. In fact Proposition 5.10 shows that 2 g o is a faithful and
non-degenerate (left-regular) representation of the twisted crossed product
o x g R? associated to the dynamical system (Q,R?,t,P) [10, 37, 39, 48].
The C*-algebra o/ x g R? plays a privileged and relevant role in the study
of topological properties of condensed matter systems since the seminal pa-
per [3], where it was named the noncommutative Brillouin zone. The iden-
tification of M p o as the von Neumann algebra associated to the faithful
(left-regular) representation of %, x g R? has a further important conse-
quence. In fact it is known that Mg o can be endowed with a unique faithful
and semi-finite norma trace 7p defined on a dense ideal Jp o C Mp o. The
proof of this fact (see Theorem 6.8) presented here follows very closely the
construction in [29], and relies on the Hilbert algebra structure underlying
the C*-algebra 2Ap o as explained in Section 6 and Appendix A.1. This
trace is indeed closely related with the trace per unit volume (1.2). As
discussed in Appendix A.3 any S € Jp o admits trace per unit volume (in-
dependent of the election of the Fglner sequence) and the following equality
holds true

(1.14) 78(S) = 2Ap Tuv.(9),

where Ap := m¢? has the physical meaning of the area of the magnetic disk
of radius ¢, and ¢ = B ~2 when all the physical constants are set equal to 1.

We still need a small effort to introduce our second main result. For ¢ € N
consider the space ¢9(N3, %) of g-summable sequences, i.e. {gn.m} C
if and only if Z(n,m)eNg |gn.m||%, < oco. Associated to this let us introduce
the (formal) space

(115)  £ho=198= > TusmM,, . |{gnm} €9 (N}, %)

(n,m)eNZ

Here My, .. = {M,, .. w}weq is the bounded operator on %(Hq) generated
by the collection of all the potentials My, . . € #(L*(R?)) associated to
gn,m € o and w € Q. Only the cases ¢ = 1,2 are relevant for the aims of
this work, and for the needs of this introduction, we focus only on ¢ = 1.
The relevance of 2}379 is that it is norm-dense in A p o and strongly-dense
in Mp o as consequence of Theorem 1.1. Moreover, one can prove that
L5 .o C Ip,q is contained inside the ideal of definition of the trace 7p (see
Proposition 7.3).

ANNALES DE L’INSTITUT FOURIER



DIXMIER TRACE FOR PERTURBED MAGNETIC OPERATORS 7

Just as a last bit of information let us introduce the harmonic oscillator
Q on L?(R?) described in terms of its diagonalization on the basis of the
Laguerre functions 1y, ,, as

QUnm = +m+ Dby, (n,m)e€ Nz
The expression

(1.16) Q)" = (Q+A1)""

defines a compact operator on L?(R?) for every s > 0 and A\ > —1.
With all the information provided above, we can present a precise state-
ment of the second main result achieved in this work.

THEOREM 1.2. — Let S = {S,}weq € £k . Then both Q;'S,, and

SMQXI are measurable operators, i.e. elements of (‘5};, and
(117) TP(S) =E [TI‘DiX(Q;:lSw)] =E [TrDiX(SwQ)Tl)]
independently of A > —1.

The proof of Theorem 1.2 is postponed to Section 8 and is based on a
series of technical results (Lemmas 8.1, 8.2 and Propositions 8.3, 8.5) aimed
to prove that the claim holds for the building block operators Y,z M, .
Then, the final result is obtained by a continuity argument in the topology
induced by the Calder6n norm (1.5). It is also important to point out that
a crucial ingredient of the proof is the scaling-limit formula for certain
combinations of the Laguerre polynomials described in Appendix A.2. In
particular the content of Lemma A.4 extends and completes a partial result
initialy proved in [27, Lemma 3].

By combining the content of Theorem 1.2, the equality (1.14) and the
definition (1.3) one infers the possibility of representing the IDOS of a large
class of elements in Mp o in terms of the Dixmier trace regularized by the
operator Q;\l. This observation paves the way to extend the results ob-
tained in [7] for unperturbed magnetic operators to magnetic operators
perturbed by homogeneous potentials. In particular, it is expected to ob-
tain an extension of the residue formula 7, Theorem 1.1] and energy shell
formula [7, Theorem 1.2] for the computation of the IDOS in the pres-
ence of perturbations. There is also a second aspect that deserves further
investigation. The equality (1.17) is established only for elements in the
dense subspace SlB,Q? but one is tempted to believe that the equality must
occur on the whole domain of definition Jp o of the trace 7p. However,
this question is still unresolved even in the unperturbed case (see e.g. [35,
Remark 2.29]).

TOME 0 (0), FASCICULE 0



8 F. BELMONTE & G. DE NITTIS

It is worth spending a few words in this presentation for a compari-
son with the stimulating paper [2]. Theorem 1.2 can be interpreted as the
“magnetic version” of [2, Theorem 1.1] in the special case d = 2. Aside
from the obvious similarity, there is a relevant difference. The “weight” in-
troduced in [2, Theorem 1.1] is the multiplication operator by the function
(1+ |x[?)~! which is evidently not compact. On the contrary, the “weight”
Q;l used in Theorem 1.2 is a compact operator which is diagonalized on
the basis of the generalized Laguerre functions ¢, ,,, defined in (2.4). The
latter fact provides a significant computational advantage.

Finally the compactness of Q;l, along with the content of Theorem 1.2
has relevance in the study of the topological interpretation of certain mag-
netic phenomena like the quantum Hall effect (QHE). Let us start by claim-
ing that any result that establishes an equality between the trace per unit
volume and the Dixmier trace provides at the same time a bridge between
the study of certain thermodynamics quantities, like the transport coeffi-
cients, and the topological invariants inside the Connes’ quantized calculus.
This is exactly the spirit of the Kubo—Chern duality proved in the seminal
paper [5], which represents the most exhaustive explanation of the topolog-
ical nature of QHE for discrete (random) systems. The strategy of [5] has
been repeated in [35, 36] obtaining a Kubo—Chern duality for continuous
and unperturbed magnetic systems based on the use of a (magnetic) Dirac

operator with compact resolvent proportional to @, ?. The compactness
of the resolvent of the Dirac operator is a new important ingredient in the
construction of a non-commutative geometry for magnetic systems since it
permits a natural discretization (and approximations) of the formulas for
the calculation of the topological invariants. Theorem 1.2 paves the way to
use the same Dirac operator also in the case of magnetic systems perturbed
by potentials. This question is currently a matter of investigation.

Acknowledgments

This work would not have been possible without the stimulating ideas
that J. Bellissard shared with GD way back in 2012 in a hotel of Sendai.

2. The algebra of unperturbed magnetic operators

In this section, we provide some more information about the algebra of
unperturbed magnetic operators introduced in Section 1. A more complete
exposition is contained in [35].
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DIXMIER TRACE FOR PERTURBED MAGNETIC OPERATORS 9

The (dual) magnetic translations™™) on L?(R?) are the unitary operators
defined by

2.1) (Vi) (z) = e' 3% (z —a), acR2 o e L2(R?)

where x A a := z1a9 — x2ay, for all z = (z1,22) and a = (a1, a2). A direct
computation shows that

V(a)V(b) = '3 Via+b), abeR

The parameter ¢ > 0 will be interpreted as the magnetic length of the sys-
tem and physically it is proportional to B _%, where B > 0 is the strength of
a constant magnetic field perpendicular to the plane R?. Therefore, ¢ — oo
represents the singular limit of a vanishing magnetic field [35, Remark 2.2].
Let 7 := C*({V(a) | a € R?}) be the C*-algebra generated by the unitaries
V(a). The magnetic von Neumann algebra .#p (or magnetic algebra, for
short) is by definition the commutant of ¥ [35, Proposition 2.18] i.e.,

(22) Mp:=V'={AcB(L*(R*))|AB-BA=0, VBeV}.

The name magnetic algebra is justified by the fact the Landau Hamiltonian

1/ .8 1 N\ 1/ .0 1 Y\
is affiliated to .#p (cf. [35, Section 2.3]).

Consider the Hilbert space L?(R?) and let {t,, ., } C L*(R?), with n,m €
Ny, be the orthonormal Laguerre basis defined by

1 s m—n 2
20t nte) 3 (2 e (),

where

(@) (£) . “(a+n)a+n—1)... (a+j+1) o .
28 £ ©:= 3 S (-6, ageR

are the generalized Laguerre polynomial of degree n (with the usual con-
vention 0! = 1) and
1 _ =2
e 42 |
V2ml
The magnetic algebra .#p defined by (2.2) coincides with the envelop-
ing von Neumann algebra of the C*-algebra %p defined by (1.10), i.e.

(26) '(/10’0(.'1;) = ’lﬁo(l‘) =

(1) The name magnetic translations is common in the condensed matter community since
the works of Zak [49, 50]. Mathematically, they are also known as Weyl systems.
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10 F. BELMONTE & G. DE NITTIS

AMp = €} where on the right-hand side one has the bicommutant of €p
[35, Proposition 2.18]. Therefore, .#p is generated by the weak limits of
the polynomials of the transition operators defined by (1.8).

3. The algebra of potentials

This section is devoted to the description of perturbative potentials from
an algebraic perspective. Following a commonly accepted point of view,
the perturbations by homogeneous potentials are introduced through an
ergodic dynamical system given by the quadruple (Q,R?, t,P), where:

e O # () is a compact and metrizable (hence separable) space(?) en-
dowed with its Borel o-algebra Bor();
P is a (complete) probability Borel measure,®) namely P(Q) = 1;

e The support of P coincides with the whole space Q®);

e t:R? — Homeo(1) is a representation of the group R? by homeo-
morphisms of the space € such that the group-action t : R2xQ — Q
given by (a,w) — t,(w) is jointly continuous;

e The measure PP is invariant by t, i.e. P(X) = P(t,(2)) for all a € R?
and ¥ € Bor(Q);

e The measure P is ergodic, i.e. if ¥ € Bor(QQ) satisfies t,(X) = X for
all @ € R?, then P(X) =1 or P(X) = 0.

In the following Q will be called the hull of potentials. Let o7 := C(Q) be
the C*-algebra of the continuous complex-valued functions on 2 endowed
with the usual norm of the uniform convergence || ||oo. This is a commu-
tative C*-algebra which is also separable since € is metrizable [12, Theo-
rem 2.4]. The fact that the group action (a,w) — t,(w) is jointly continuous
implies the following relevant fact:

LEMMA 3.1 ([48, Lemma 2.5]). — For each a € R? the map T, : o/ — o
defined by T,(9)(w) := g(t_q(w)), for all g € oy, is an automorphism
of @fg. Moreover, the map T : R? — Aut(a/,), which assigns to each vector
a € R? the related automorphism T,, defines an action of R? on @/, which
is strongly continuous.

(2) With this requirements  turns out to be a Polish space and the pair (©,Bor(Q?)) is
a standard Borel space.

() With this assumption the triple (2,Bor(Q2),P) is a standard probability space.
From [44, Théoréme 4-3] it turns out that the associated Hilbert space L2($,P) is
separable.

(4) This means that any open set ¥ C  has a positive measure P(X) > 0.

ANNALES DE L’INSTITUT FOURIER



DIXMIER TRACE FOR PERTURBED MAGNETIC OPERATORS 11

According to the standard terminology, the triple (.2, R2,T) defines
a separable C*-dynamical system over the hull  [39, Section 7.4]. The
action of R? endows %, also of a differential structure and one can define
a dense subalgebra Diff (@%,) C %, made of differentiable elements. This
fact is discussed in detail in Appendix A.4 and is clarified here for possible
applications.

Let us now introduce a family of representations of <%, on the Hilbert
space L?(R?). For every w € Q, let m, : @ — B(L*(R?)) be the map de-
fined by 7, : g — Mg, where My, is the multiplication operator given by

(Mywp) (@) = g(ta(w))(2), @ € L*(R?).
The map 7, is evidently a homomorphism of C*-algebras, i.e. a represen-
tation.
From its very definition one hast that

17 (9)ll = | Myl = sup |g(tz(w)) sup  [g(w')| < llgllo
z€R? ’€0rb(w)

where Orb(w) := {t,(w) | € R?} is the orbit of w.
Let us recall that a point w € € it is called transitive if it has dense orbit,

namely if Orb(w) = . The dynamical system (2, R?,t) is called minimal
if every point w € € is transitive.

PROPOSITION 3.2. — If w € Q is transitive then representation m,, is
faithful. If (2, R?,t) is minimal, then every representation m,, is faithful.

Proof. — Let us recall that for a C*-algebra a representation is faithful
if and only if it is isometric [9, Proposition 2.3.3]. Since

7 (g) sup  |g(w')[ = sup |g(w)]
’€0rb(w)

w’€0rb(w)

I = )
in view of the continuity of g, one infers that the transitivity of w implies the
isometry of 7. The claim about the minimality follows immediately. [
The C*-algebra
T (o) C B (L*(R?))
will be called the algebra of w-potentials. Let M, ,, € m,(%%) and V(a)

the magnetic translation (2.1). The one can check that V(a)*M, .,V (a) =
Mg,fa(w)v or

V(a) m,(@0)V(a) = T, () (@), YVaeR’ VweQ.

This formula is known as covariance relation.
Let us consider the direct integral Hq defined by equation (1.13). In
view of Note 3 it follows that Hq is separable. The algebra of bounded

TOME 0 (0), FASCICULE 0



12 F. BELMONTE & G. DE NITTIS

operators on Hq will be denoted with Z(Hgq). However, in order to benefit
from the direct integral structure of Hq, it is more convenient to focus on
the sub-algebra of decomposable operators Z(Hq) C B(Ha) [17, Part 11,
Chapter 2]. An element A € Z(Hgq) can be thought of as a family A :=
{Ay}wea so that:

(i) A, € B(L*(R?)) for almost all w € Q and the maps
Q3w (¢, Aup)r2 € C

are measurable for every choice of ¢, p € L?(R?);
(ii) the family A := {A,}weq is essentially bounded in the sense that

ess sup,,cq |l Aw| < co.

The set Z(Hq) is a von Neumann sub-algebra of (Hg) and the norm of
an element A € Z(Hq) is given by

(3.1) [A]| := esssup,coll Au |-

Decomposable operators act on vectors of Hg, fiberwise. More precisely con-
sider a decomposable operator A := { A, },cq and a vector @ := {p,, tueq €
Hq, then

(32) A@ = {(A9/5>w}w69 = {Aw@w}weﬂu

and this justifies the notation

A= /j dP(w) A,

Let A,B € 2(Hq) be two decomposable operators. It is worth recalling
that the condition A = B is equivalent to A, = B, for almost all w € Q.

Let g € <o and consider the family My := {m,(9)}weqn. It follows that
M, is a decomposable operator over Hq such that || M| < ||g]/oc. Moreover
the map 7 : @ — P(Hq) defined by

D D
7(g) = M, = /Q dP(w) 7 (g) = /Q dP(w) M,

provides a representation of <, over Hq [16, Section 8.1].

PRrROPOSITION 3.3. — The representation m is faithful and non-degene-
rate.

Proof. — Assume that M, = 0. Therefore, M, ., = 0 for P-almost all w
and in turn

1My oll = sup  [g(w')[ =0
w’€0rb(w)

ANNALES DE L’INSTITUT FOURIER
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Therefore, the restriction of g to Orb(w) vanishes for P-almost all w. How-
ever, the continuity of g implies that if g(wg) # 0, then there is an open
neighborhood ¥ of wy such that g(w) # 0, for every w € ¥. This means
that the restriction of g to Orb(w) does not vanish identically for every
w € X. Since P(X) > 0, we get a contradiction. Hence g = 0 on Q, i.e. 7 is
faithful. Moreover, C'(2) is unital, thus 7 is obviously non-degenerate. [

We will refer to
(3.3) P =7(dg) C P(Ha) C %('HQ)

as the (full) algebra of potentials.

Let us end this section with an ingredient that will be useful in Sections 5
and 6. By mimicking equation (2.1) we can introduce the (direct) magnetic
translations given by

(3.4) (U(a)y) (z) = e 55 p(x —a), acR? e L*(R?).
A direct computation shows that
Ula)U(b) = '3 Ula+b), a,beR>

Moreover, one has that U(a)V (b) = V(b)U(a) for every a,b € R% namely
the U(a)’s and the V' (b)’s form two families of mutually commuting unitary
operators. The operators U(a)’s can be lifted to operators on the direct
integral Hq. For every a € R? let U(a) be the operator defined by

(3.5) Ua)p = {(t(a)@)w}wea = {U(a)pu}uen

for every @ := {@w}lweq € Hq. From the definition, it results that the
operators ${(a)’s preserve the fibers of Hgq, i.e. they are decomposable. It is
a matter of a direct check to prove that the il(a)’s are still unitary and
meet the composition rule

(3.6) U(a)U(b) = e 5% Y(a+Db), a,be R

In other words, they provide a strongly continuous, projective unitary rep-
resentation of the group R? on the Hilbert space Hgq.
If g € @7, then direct check shows that

U(a)" m,(g) Ula) = T, (w)(9), Yac R2, Vwe.

This means that also the U(a)’s provide a covariance relation for the el-
ements of @/. Since 7y, (,)(9) = 7w (Tag), with T, : oo — oo the map
described in Lemma 3.1, one obtains that U(a)*n,(g)U(a) = m,(T,g) for
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14 F. BELMONTE & G. DE NITTIS

every a € R?, w € Q and g € @/ In terms of the direct integral represen-
tation 7, and of the lifted magnetic translations ${(a) the latter equation
reads

U(a)*n(g)h(a) = n(T,g), YacR?*® Vgc oy

Remark 3.4 (Representing pair). — In view of Proposition 3.3 the repre-
sentation 7 is faithful and non-degenerate. Moreover, the mapping a +— (a)
is a strongly continuous (hence weakly measurable) projective unitary rep-
resentation of R? on Hg. In summary the pair (m,4) given by the rep-
resentation 7w along with (direct) magnetic translations R? 3 a — $(a)
is a (twisted) representing pair for the C*-dynamical system (<, R?,T)
according to the definition [10, p. 511].

4. The algebra of perturbed magnetic operators

In this section, we combine the two algebras described in Sections 2
and 3 to obtain a larger algebra suitable to the study of perturbed magnetic
systems.

Let us start by introducing the algebra of magnetic operators perturbed
by w-potentials. By taking inspiration from [19, 20], we will introduce the
linear space

N

(€5 - H0)w = {Z Ay (gn)

n=1

An € %Bagn € 42{9}

of finite linear combinations of the products of magnetic operators A4,, and
w-potentials 7, (gn) = My . Evidently, (65 - %), C Z(L*(R?)) and we
will denote its closure by

Il
[€5 - ], = €z o).
Since &%, is unital one has that €5 C [€p -dg]]w. Let us introduce also the
minimal C*-algebra generated in %(L?(R?)) by the products AM, ,, (and
their adjoints Mg, A*), denoted here by

C #(L*(R?)

Apw = C* ({AM,y | A € Cp, My, € m,(%)}) C % (L*(R?)) .

At first glance
[[%B . ﬂg]]w CUAp.w C B (LQ(RZ)) ,

but, as anticipated in Section 1, the first inclusion is indeed an equality.
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Proof of Theorem 1.1. — By definition p ., is the smallest C'*-algebra
containing the products AM, ., and in turn (¢ - ). Therefore, if one
can prove that [€¢p - @], is a C*-algebra then the equality (1.11) fol-
lows immediately. The latter claim follows by looking at the C*-algebra
oo X g R? introduced in Section 5. One has that every w € § defines a
representation m, : @ xg R? — %(L*(R?)). Moreover, Proposition 5.8
assures that there is a dense subset D C %, x g R? such that

— =
(41) WW(D) C (CKB . JZ{Q)UJ and WW(D) = [[ch JZ{Q]]UJ
In view of the continuity of 7, (being a C*-algebra representation) one
then infers that m, (@ x5 R?) = [€5 - %], proving that [€5 - <], is
indeed a C*-algebra. Finally, equality (1.11) can also be read as Ap,, =
m (%Q X B R2) O

We will refer to the C*-algebra g ., as the algebra of w-perturbed mag-
netic operators. We will justify this name below by considering some spe-
cific example, but to do this we will make use of the following result [9,
Proposition 2.2.7]:

LEMMA 4.1. — Let € C % two unital C*-algebras, and A € €. If A is
invertible in % then A~ € €.

Let H be a (not necessarily bounded) self-adjoint operator on L?(R?)
such that R(H) := (H — i1)~! € 5. An example of this type is given by
the Landau Hamiltonian (2.3). A standard argument shows that R(H) €
%5 implies that R,(H) := (H — z1)~! € €j for every z € p(H). In fact
from the first resolvent identity one infers that R,(H)W,(H) = R(H)
with W,(H) := 1+ (i — 2)R(H) € ¢, where we denoted with €5 =
C1 + %’ the standard unitalization of €5 inside %(L?(R?)). The operator
W, (H) admits a bounded inverse given by W,(H)~! = (H — i1)R.(H) €
%$(L*(R?)). However, Lemma 4.1 implies that W,(H)~! € €5 and in turn
R.(H) = R(H)W,(H)™' € %¢p. Now let V € C(R?) be a uniformly
continuous bounded function and assume that V : R? — R. We will see V
as the multiplication operator on L?(IR?) defined by (V)(x) := V(x)v(z)
and we will refer to it as the potential V. As a consequence of the Kato—
Rellich theorem [40, Theorem X.12] the perturbed operator

Hvl:H+V

is self-adjoint on the same domain of H. Let z € p(H) N p(Hy) be in
the intersection of the two resolvent sets (e.g. z = i). Then the second
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16 F. BELMONTE & G. DE NITTIS

resolvent identity provides G,(H,V)R,(Hy) = R,(H), with G,(H,V) :=
1 + R.(H)V]. Let us assume for the moment that there exists a dy-
namical system (Q,R2,t), a continuous function v : @ — R and a point
w € Q such that V(z) = v(tz(w)). Then, R,(H)V € (6B - %), and
in turn G,(H,V) € A% . However, G,(H,V) is invertible with inverse
G.(H,V)™! = 1—RZ(H1})V € #(L*(R?)). From Lemma 4.1 one infers that
G.(H,V)™le ng,w and from the equation R,(Hy) = G,(H,V) 'R.(H)
one concludes that R,(Hy) € g . Finally, with the same argument used
at the beginning of this paragraph one can prove that R,(Hy) € Ap,, for
all z € p(Hy). In conclusion, we showed that the C*-algebra g ,, contains
all the resolvents of the perturbed magnetic operator Hy , and this justifies
its name.

It is worth complementing the discussion above with some examples that
clarify the role of the dynamical system (Q,R?,t).

Example 4.2 (Constant perturbations). — Let 2, := {x} be a singleton.
Then /o, = C({*}) = C and in turn (65 - %, )« = €. This (trivial) case
describes magnetic operators perturbed by constant potentials, including
the unperturbed case of an everywhere zero potential.

Example 4.3 (Periodic perturbations). — Let a,3 € R? be two non-
aligned vectors and consider the two-dimensional lattice T' := {nja+nsf |
(n1,n9) € Z?} ~ 7Z? along with the quotient Qr := R?/T" ~ T? homeomor-
phic to a two-dimensional torus. The space € inherits the action by trans-
lations of R? on itself. More precisely, let us denote with R? 3 y + [y] € Qr
the canonical projection. Then, for every x € R? and [y] € Qr one defines
t.([y]) :== [y + z]. The resulting dynamical system (Qr,R2,t) is evidently
minimal. Let o := C(Qr), v € o, a real-valued function and [yo] € Qr
a reference point. Then, one can define the multiplication operator on
B(L?*(R?)) given by the function V(z) := v([yo +z]). It turns out that V is
a continuous I'-periodic function, and in particular V' € CP(R?). For that
reason, we will refer to V' as a I'-periodic potential. It is also true that ev-
ery continuous I'-periodic function V defines a v € /. by v([z]) := V(z).
Moreover, in view of the minimality of the action of the translations on Qr
one can always use [0] as the preferred reference point in the representation
of the potential. In conclusion the C*-algebra Ap 1 := [¢5 -%QF]][O] results
to be the algebra associated to magnetic operators perturbed by I'-periodic
potentials.

Example 4.4 (Family of perturbations and their translations). — A more
general situation is described in [3, Section 2.4]. First of all, by recalling
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that L>°(R?) is isometrically isomorphic to the dual of L!(IR?), one can see
every element of CP(R?) C L°°(R?) as a functional over L'(R?). Let .# C
CE(R?) a family of functions such that rg := sup{||f|jec | f € F} < +00.
Moreover, for every a € R? and for every f € .Z let t,(f) € C2(R?) be the
function defined by t,(f)(x) := f(z — a). Let
Op ={t(H[aeR?, f€F}"

where the closure is with respect to the x-weak topology of the dual space
of L'(R?). Moreover, since translations do not increase the norm, one has
that Qg is contained in the closed ball of radius rg in L>(R?). Since the
Banach—Alaoglu theorem states that closed balls are compact with respect
to the x-weak topology, it turns out that €4 is a closed subset of a compact
set, hence compact. Moreover the map a — t, induces a continuous action
of R? on Q. Now every point w € Qg can be identified by a function
V, € L>=(R?) and one can consider the function v : Qz — C defined by
v(w) = V,,(0). It turns out that V,,(z) = v(t,(w)) and that V,, € CP*(R?) [3,
Corollary 2.4.2]. The C*-algebra [¢p - %0 ], describes magnetic operators
perturbed by potentials in .# and translations of them.

Returning to the general discussion let us observe that in view of the
fact that ¥ commute with the magnetic translations and the covariance
of the representations 7, one obtains the extended covariance relation

(4.2) V(a)* ApwV(a) =Ap (), Vac R? VYwe.

Moreover, by collecting all the C*-agebras 2p ., in the direct integral
one obtain the full algebra of perturbed magnetic operators 2Ap o defined
in (1.12).

5. Relation with the twisted crossed product

In this section we will describe the C*-algebras g ., and 2Ap o as rep-
resentations of an “abstract” C*-algebra known as twisted crossed prod-
uct [10, 37, 39, 48].

Let us start with the Lebesgue-Bochner space

L= L' (R? o)
of integrable functions from R? to .o/, [48, Appendix B]. This is a Banach
space with respect to the L'-type norm

1
(1) 17l = 52z |, dlP(a) e
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18 F. BELMONTE & G. DE NITTIS

We need also to introduce the space of the compactly supported functions
over R2 with values in 2%

K:=C. (R2,MQ) ,
and the space

Ko :=C. (Q X RQ) ,
of the compactly supported continuous functions on © x R2.

LEMMA 5.1. — The Banach space L' is separable. Moreover, one has
the following inclusions Ko C K C L' and both Ky and K are dense in £!
with respect to the norm-topology of ||| ||| -

Proof. — The inclusion K C £! is evident and the density of K is proved
in [48, Proposition B.33]. The proper(® inclusion Ky C K is given by the
identification of functions on 2 xR? with functions from R? to C'(Q2). For the
density of Ko, one first observes that the algebraic tensor product C..(R?)®
g is contained in Ko. Then, [48, Lemma 1.87] proves that C.(R?) ® o, is
dense in K in the inductive limit topology, and therefore for the topology
induced by the norm ||| [||,. The separability of £! follows from the density
of simple functions in £! [48, Proposition B.33] along with the separability
of oo and L'(R?) (equivalently from the fact that the Borel o-algebra of
R? is countably generated). O

We will need also a second density result. For that let us introduce the
linear spaces

F = F(R?) © o, S = S(R?) © oo

where F(R?) is the space of finite linear combinations of Laguerre func-
tions (2.4), and S(R?) denotes the space of Schwartz functions on R2. Since
F(R?) C S(R?) one infers that F C S. Elements of F or S are finite linear
combinations of simple tensors (f @ g)(w,z) := f(x)g(w) with g € 2%, and
f an element of F(R?) or S(R?), respectively.

LEMMA 5.2. — The linear spaces F and S are dense in L.

Proof. — In view of the inclusion F C &, it is sufficient to prove the
claim only for F. The main point is that the space F(R?) is dense in
L'(R?). A way to prove this is to consider the Riesz means of the ex-
pansion of the functions in L!'(R?) on the Laguerre basis v, ,, [45, Theo-
rem 2.5.1]. This implies that elements in L!(R?) ® %, (for instance simple

(5) This inclusion is proper in general, see e.g. [48, Remark 2.32].
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functions) are arbitrarily well approximated by elements in F with respect
to the norm || [|,. The density of L'(R?) ® % in the space of the L!-
Bochner integrable functions [48, Proposition B.33] concludes the proof of
Lemma 5.2. d

The Banach space £ can be made into a Banach *-algebra by means of
the following two operations

62 (FxG)w.0)i= 30 | duFw.s) Gy w).2 ~1) Op(.2)

T o2
(5.3) F*(w,z) = F(t_¢(w), —1),
where in (5.2) we introduced the notation ©p(x,y) := '3 . The map

Op : R? x R? — S! meets the 2-cocycle condition
@B(.’E,y+2)93(y,2) :GB(x7y)®B(x+y72)v xayVZERQ

and the normalization conditions ©p(z, +z) = O5(0,2) = Op(z,0) = 1.

*

PROPOSITION 5.3. — The quadruple L} := (L', x,* ||| ||,) is a separa-
ble Banach x-algebra and Ky and K are dense subalgebras.

Proof. — The product * is a twisted convolution, hence the fact that fxg
is still in £! can be proved by the Bochner generalization of the Young’s
inequalities which provides

I« Gl < WFN NG, F.G el

A detailed calculation of the fact that the operations (5.2) and (5.3) endow
L' with the structure of a *-algebra is provided in [10, Section 6]. See also
the discussion in [48, Section 2.3] and [48, Section B.2.1] which can be easily
adapted to the case of a non-trivial twisted 2-cocycle. O

One refers to £} as the group algebra on R? with values in o/, twisted
by ©p [10, Section 2].

Remark 5.4 (Approximate identity). — The Banach x-algebra L} has
(left) sequential approximate identities [10, Theorem 3.2]. An explicit re-

alization is provided by the family {, }nen with o, (w,x) = nQ%ﬁxn(x)
where Y., is the characteristic function of the square @Q,, := [-n~,n"1]? C
R?. By construction |[[|2,]]|, = 1 for all n € N. If one replaces x, with

suitable smooth functions supported in Q,, one gets{t, tnen C Ko.

The realization of the Banach *-algebra £} is the principal step towards
the definition of the relevant C*-algebra. To equip £} with a C*-structure
we have to replace the norm ||| |||;, which does not verifies the C*-property,
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with a new C*-norm. This can be done by introducing the universal norm
of an element F € L} as

(p, H) is a Hilbert space
(5.4) [ F|[u := sup < [|p(F)]| z2) :

-representation of Lk

Since every #-representation is automatically continuous [9, Proposition
2.3.1], the supremum is well defined and

(5:5) IF Nl <IFlly, ¥V F €Ly

Eq. (5.4) defines a C*-seminorm on L. In fact || ||, turns out to be a
norm since there exist faithful Hilbert space representations of L} (see
Proposition 5.10). The resulting C*-algebra

.,Q{Q X g RQ = @ Il {lw
is called the twisted crossed product of the dynamical system (Q,R2,t) in
mathematical literature [10, 37, 39, 48].

Remark 5.5. — In the special case Q@ = {x}, or equivalently @ = C,
the twisted crossed product described above reduces to the twisted group
C*-algebra of the group R?. This particular case has been considered in [35,
Sections 2.2 & 2.3] under the name of magnetic group C*-algebra. In more
detail one has that every f € L'(R?) defines a magnetic operator Ky € €5
through the prescription

(K19)(w) = 3oz [ v fa =) ©n(a.) ¢l0)

and the mapping K : f — Ky is an injective representation of the convolu-

tion algebra L*(R?). In fact, compared with the representation 7 introduced
in [35, p. 13] one gets that K; = 7(f~) where f~(x) := f(—x). Denoting
with @5 the clausure of L'(R?) with respect to the universal norm one
gets that K : ¥ — € is an isomorphism of C*-algebras. With the same
argument of Lemma 5.2, one deduces that K (F(R?)) is dense in €. As a
final remark, by comparing the proof of [35, Proposition 2.10] with the fact
that ¢, = (=1)77*4; 1, one infers that Ky, , = (vV210) 7' L.

The definition of the universal norm and inequality (5.5) imply two im-
portant facts. First of all every Hilbert space *-representation of £L has a
unique continuous extension to a representation of <7 x g R2. The second
is the content of the following result:

LEMMA 5.6. — Every subspace of LY which is dense in the topology of
the norm ||| |||,, is also dense in @ x g R? with respect to the topology of
the universal norm || ||y.
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Proof. — Let D C L} be a || ||,-dense subspace. The claim follows by
observing that for each € > 0 and each F' € o/, x g R? there are a Fyy € Lh
and a F, € D such that |F — Fyllu < €/2 and ||Fo — F|l|; < €/2. The
inequality

IF = Fellu < |F = Follu + [|Fo = Fellu < [|F7 = Follu + [ Fo — Felll, < e

completes the proof of Lemma 5.6. d

For the next result we need one more definition. Let D be a linear sub-
space of o/ x g R?. Then its adjoint is the linear space

D*:= {F* € oo xp R*|F € D}.

LEMMA 5.7. — If D C o/q x g R? is a dense subspace then so is also its
adjoint D*.

Proof. — The claim follows by the equality ||[F*|lq = ||F|l. for every
F € 4/ x g R?%, which expresses the continuity of the adjoint, and the fact
that 2% g R? is closed under the adjoint. O

The importance of Lemmas 5.6 and 5.7 relies on the fact that they allow
us to check (linear) proprieties of the full C*-algebra @ xp R? simply
looking at the linear subspaces K, Ko, S or F (and their adjoints) which
are much easier to handle.

We are now in position to introduce certain special representations of
oo g R2. First of all let us observe that given an element F € E}B and a
point w € Q one can define an operator 7, (F) on L?(R?) by the prescription

(5.6)  (mu(F)e)(x) = —

=5 . dy F (tz(w),z —y) Op(z,y) ¢(y).

As a consequence of the Young’s inequality one gets

17 (E)ell < IIE Nl

proving that the operator norm of m,(F) is bounded by |[|F|||,. More-
over, a direct computation shows that 7 ,(F * G) = m,(F)7m.(G) and
7w (F*) = 7w, (F)*. This means that the mapping 7, : F — m,(F) pro-
vides a *-representation of £} into %(L?(R?)) which extends to a C*-
representation of the twisted crossed product %, x g R?. We will refer to
7, as the w-left-regular representation and it turns out that

T (o xp R?) = [65 - %], = Up.w

with the notation introduced in Section 4. In fact the following result com-
pletes the proof of Theorem 1.1.
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PROPOSITION 5.8. — There is a dense subset D C a/q x g R? that sat-
isfies the conditions in (4.1).

Proof. — Let us start by showing that 7, (F*) C 7,(8*) C (€5 - 9q)w-
The first inclusion is obvious. Concerning the second inclusion let fGg € S
with f € S(R?) and g € . Then, by definition

1

(ol ©.9)9)(@) = 52z [ |y Fa =g (L)) (1) o(0)

M, (2;62 /Rz dy f(z —y) ©p(z,y) w(y))
= (M, Krp) (z)

where Ky € ¢ is the magnetic operator associated with the symbol f as
described in Remark 5.5. Since

T (f©9)") = (ru(f 0 9))" = (M, Kf)" = KzgM,

one infers that 7,(S*) C (€5 - @q).,- Now, in view of Lemmas 5.6 and 5.7
one has that F* is dense in &% xp R2?. Moreover 7, (F*) turns out to
be dense in (€5 - ), since the subspace K(F(R?)) is dense in €5 as
discussed at the end of Remark 5.5. Therefore, both F* or &* meet the
conditions in (4.1). O

Remark 5.9. — The separability of £} implies that also % x pR?, and in
turn 2Ap , are separable. Moreover, from Remark 5.4 it follows that g
has a sequential approximate identity given by the family of operators
I, := 7, (1) acting as

n

Lanp)) = (5) [ sty o)

where @, + = denotes the cube @Q,, translated by the vector x.

There is a second relevant representation of the twisted crossed product
o g R? on the Hilbert space L?(Q2 x R?) given by the product measure
on  x R% For a given F' € L} one can define an operator 7(F) acting on
® € L?(Q x R?) according to the prescription

1
(5.7) (7(F)®)(w,z) = 5—5 [ dy F(t(w),z —y) Op(z,y) ®(w,y)
27T‘€ R2
Exactly as above, one can check that m defines a x-representation of the
Banach #-algebra £, and therefore extends to a representation of the

twisted crossed product @ xp R2. We will refer to 7 as the integrated
left-regular representation.
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In order to understand the relation between the representation m and the
family of representations {7, }wcq it is convenient to look at the identifi-
cation Ho ~ L%(Q x R?) with the direct integral introduced in Section 3.
By identifying ® € L2(Q x R?) with an element ¢ € Ho by means of
O (w,x) = ¢, (x), one can read equation (5.7) in the following form:

(T(F)$)u (@) = (10 (F)e)(2).

This shows that w(F') acts as a decomposable operator on Hg, and

o
w(F) = / dP(w) 7, (F).
Q
By density this result extend to the full algebra o/ xpz R?. Finally, a
comparison with definition (1.12) and Theorem 1.1 provide that
™ (%Q XB R2) = QlB’Q.

PROPOSITION 5.10. — The representation w defined by (5.7) is faithful
and non-degenerate.

Proof. — The change y — x — y of variable in (5.7) provides

(F(F)3)ula) = s [ v P (1().9) Onla) (o —)

27?2

- 52 L, WP ().9) (6)9).()

where U(y) is the direct magnetic translation introduced at the end of Sec-

tion 3. By considering F : R2 — 7 as a the map which associate to y € R?
the element F, := F(-,y) € @/, then one can interpret F (t;(w),y) Y, ()
as (7, (Fy)Yy)(x) for every w € Q. By passing at the integrated represen-
tation one gets that

w(019)0) = (5o [, wFIW3) (@)

for every q? € Hq, and in turn

(5.8) w(F) = 52 [, A (P40,

This shows that 7(F') corresponds to the integrated (regular) represen-
tation induced by the representing pair (m,{l) described in Remark 3.4
according to [10, Theorem 3.3] (see also [39, Section 7.7]). In particular,
in [10, Theorem 3.3] it is proven that 7 is a non-degenerate representation.
Moreover, it immediately follows that

1
7P < 3z [, @ lI=(E)] = IIFI,
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The faithfulness of the representation 7 is a consequence of the amenability
of the group R? [39, Corollary 7.7.8]. O

6. The canonical trace

In order to introduce the canonical trace on the C*-algebra Ap o we
need first to consider the associated von Neumann algebra. In fact, von
Neumann algebras are the natural objects where to set a solid theory of
traces. The construction of the canonical trace described bellow follows the
ideas of [29] and is based on the fact that there is a natural Hilbert algebra
structure underlying % % R? (Appendix A.1).

Let us introduce the von Neumann algebra of perturbed magnetic oper-
ators as the bicommutant of g o, i.e.

mB@ = Ql/é)ﬂ C %('HQ).

In view of the integral representation (5.8) one has the following charac-
terization of Mp o [10, Theorem 3.3 (3)]:

PROPOSITION 6.1. — The von Neumann algebra 9 p o coincides with
the von Neumann subalgebra of %(Hgq) generated by the (full) algebra of
potentials P defined by (3.3) and by the family {8l(a) | a € R?} of the
(direct) magnetic translations defined by (3.5).

As for the unperturbed cases where the relevant von Neumann alge-
bra (2.2) is a commutant, we can shows that also 9 o is the commutant
inside #(Hq) of certain symmetries. For that we need a lift of the (dual)
magnetic translations V(a)’s on the direct integral Hq. For every a € R?
and every @ := {¢w fwea € Ha, let B(a) be the operator defined by

(6.1) B(a)? = {(V(a)P)uw twea = {V(a)py, @) twea

From the definition it results that the operators 2U(a) do not preserve the
fibers of Hg. In fact U(a) sends elements of the fiber over t,(w) into ele-
ments of the fiber over w according to the rule ¢y, () — (UV(a)p)., given
by

(62)  (V(@)Pu(@) = e ¥ )z —a), TR wel

In particular, a comparison between (6.1) and (3.2) shows that the opera-
tors U(a) are not decomposable. However, in view of the invariance of the

measure P one can check that the 2U(a)’s are still unitary. Moreover, they
meet the composition rule

(6.3) V(a)V(b) = e'5f V(a+b), a,be R
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providing a projective unitary representation of the group R? on the Hilbert
space Hq. The covariance condition (4.2) translate as B(a)m(g)WV(a)* =
7(g) for every a € R? and g € @%,. Moreover, in view of the commutation
relations between the U(a)’s and the V(b)’s one infers that $(a)U(b) =
B(b)ih(a) for every a,b € R2. Let ¥ := C*({V(a) | a € R?}) be the

C*-algebra generated by the unitaries 2(a)’s and consider the commutant
(6.4) Vo ={A € B(Hqa))|AB—BA=0, VBe7¥}.
PROPOSITION 6.2. — It holds true that Mp o = ¥4 N D (Ha).

Proof. — Since the intersection of von Neumann algebras is a von Neu-
mann algebra [17, Part II, Chapter 1, Proposition 1], one gets that the
intersection of #{} and Z(Hq) is a von Neumann algebra. Moreover, form
Proposition 6.1 one infers that Mp o C ¥4NZ(Hea). To prove the opposite
inclusion (see Corollary 6.4), and in turn the equality, one needs to explore
more in depth the structure of the Banach algebra £} and its integrated
left-regular representation . O

In Section 5 it has been shown that the function space Ko = C.(Q x R?)
has the structure of a normed x-algebra with the operations defined by (5.2)
and (5.3). Indeed Ky has a richer structure which is inherited from the
natural inclusion of Ky in the Hilbert space L?(Q2 x R?). More explicitly
one can endow Cg with the inner product (, )), : KCo x Ko — C defined by

(6.5) (F1, Fo), = ﬁ /R? dm/Q dP(w) Fy(w, z)Fy(w, )

for all Fy, Fy € Kg. The x-algebra Ky endowed with this structure turns out
to be a Hilbert algebra according to the definition in [17, Part I, Chapter 5]
(see also [28, 32, 42]).

PROPOSITION 6.3. — The quadruple (Ko, *,*,{ , )),) is a Hilbert alge-
bra, namely:
(i) (F1, Fo)y = (F5, FY), for all Fy, F5 € Ko;
(11) <<G*F1, F2>>0 = <<F1, G* *F2>>0 for all F1,F5,G € Ko;
(iii) The set {F G | F,G € Ky} is dense in L?(2 x R?);
(iv) For all G € Ky the linear maps F — F %G and F — G % F
are continuous with respect to the topology induced by the inner
product.

The proof of this result is technical and quite standard. For the benefit
of reader a sketch of the proof is postponed to Appendix A.1.

With the help of Proposition 6.3 for every F' € Ky we can define two
bounded operators on L?(2 x R?) denoted with Rr and L. Initially these
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operators are defined for elements ® € Ky as Rp® := & x F and Lpp :=
F x ®@. Then, in view of Proposition 6.3 (iv) they extend by continuity to
unique bounded operators on L?(Q x R?). The identification of L?(£2 x R?)
with the direct integral Hq given by ®(w,x) = ¢, (z) allows us to write

~

(Rrd)o(@) = 52z [ v 0u) F (). =) ©p(0.2),

~

(Lrd)w(z)

/ dy Fw.y) i) (& — y) On(y,2),

- 27T€2 R2

for every $ € Hgq. Moreover, an adaptation of the usual Young’s convolution
inequality shows that they are bounded by |[|[F|||;. The family of these
operators generates two von Neumann algebras inside #(Hg) defined by

R:={Rr | Fc Ko} L:={Lr | F € Ko}"

The commutation theorem states that 8’ = £ and consequently £ = R [17,
Part I, Chapter 5, Theorem 1]. As the last ingredient let us consider the
operator J on Hg defined by (Jo),(z) := b4, (w)(z). A direct computa-
tion shows that J is a unitary operator, i.e. J* = J~!. Indeed, from
the Ainvariance of the measure P one obtains that J* acts pointwise as

(J*@)w(x) := ¢¢_, () (), namely as the inverse of J.
The von Neumann algebras i, £ and 9 o are related by the conditions

JEJ*:EDTB@, "//éﬂ.@(’HQ) QJ%’J*,

proved in Lemmas A.1 and A.2, respectively. Using the fact that R’ = £,
one immediately gets

COROLLARY 6.4. — It holds true ¥ N 2(Ha) C Mg q.

We are now in position to use the Hilbert algebra structure in order to
endowed the von Neumann algebra Mp o with a distinguished trace 7p
called trace per unit volume. We will follow here the construction of 7p
proposed in [28, 29]. However, we need to generalize this construction in
order to include the twist induced by the 2-cocycle O g(z,y).

For the sake of notation clarity, let us introduce the space Rp o = 7(Ko).
Then every element Kr € fp o has a kernel F' € Kg such that Kr = 7(F).
By means of the Hilbert algebra structure of Ky one can associate to Kp
the number

(6.6) e (KpKr) = (F, F),

where the right-hand side is defined by (6.5). We will show that the prescrip-
tion (6.6) uniquely specifies a densely-defined trace on the von Neumann
algebra Mp o. For that, we need one more definition.
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DEFINITION 6.5 (Operator with L?-kernel). — Let G € L*(Q x R?) and
consider the linear operator on Hgq defined by

~ 1

6.7 (Ka@)u(z) :

= W/Rz dy G (tz(w),x —y) Op(z,y) ¢u(y)

for suitable gg € Hq. The function G is called the kernel of K and the set
of operators with kernel will be denoted by 3B q.

The subset of bounded operators with L2-kernel will be denoted with
(6.8) Np.o = 30N B(Ha).
PROPOSITION 6.6. — It holds true that
Ao CNpa CMea.
Moreover, g o is a weakly dense two-sided self-adjoint ideal in Mp q.

Proof. — The first inclusion is obvious. For the rest of the proof we will
follow the arguments of [29, Proposition 2.1.6(a)]. Let G € L?(Q x R?)
such that Kg € Mp q. Observe that Ko = C.(2 x R?) can be identified
with a dense subspace of Hg ~ L?(Q x R?) via the map Ko > ® b€ Ho
given by ¢, (z) := ®(w, ). Similarly & (z) := G(w, z) identifies G with an
element of Hg. Following [17, Part I, Chapter 5, Definition 1] let us recall
that G is left-bounded if it exists a bounded operator Yo € #(Hgq) such
that YGqAS = Rq;tZG for every ® € K. The set of left-bounded elements
is denoted with £y,. In view of [17, Part I, Chapter 5, Propositions 2 &
Theorem 3] one has that £, C £ is a two-sided self-adjoint ideal. The same
calculation in the proof of Lemma A.1 shows that

J*KgJh=G+® = Re()C,

namely Yg := J*KgJ. Then one gets that Mp o = J&J* C JL&J* =
Mp o where the last equality is proved in Lemma A.1l. Finally, 9Mp o is
weakly dense since it contains Rp o which is weakly dense. g

Remark 6.7. — It is worth focusing one the inclusion in definition (6.8).
Depending on the nature of the measure space (2,P) there are operators
with L2-kernels that are unbounded. For instance, let us consider the func-
tion G(w,z) = g(w)y;k(x) with g € L*(Q) and v, ., the Laguerre func-
tion (2.4). One has that G € L?(Q x R?). With the argument in Proposi-
tion 5.8 and Remark 5.5 one infers that the associated operator Kg acts
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fiberwise on Hqo as the product M, Y, ;. More explicitly let us con-
sider vectors ¢ € Hq of the form ¢, (z) = y(w)(z) with v € L?(Q2) and
Y € L*(R?). Then a direct computation shows that

(Ka@)w(z) := (Mg oY jmskdw) () = g(te(w))y(w) (Tjmrtd) (2).

It follows that, if g is unbounded in the sense that there are v € L%(Q)
such that yg ¢ L2(f2), then the operator K¢ is unbounded. On the other
hand, in the case Q = {x} and B # 0 corresponding to purely magnetic
operators, the magnetic Young’s inequalities imply that 9t = 35 (we just
omitted the redundancy {+} from the symbols), namely all the magnetic
operators with L2-kernel are automatically bounded. This is discused in
detail in [35, Section 2.4].

We have now all the ingredients to introduce the relevant trace on Mp .

THEOREM 6.8. — There exists a unique normal trace Tp on Mp o such
that
(69) TP(A*A) = <<FA7FA>>()7 Ae jB,Q

where Fs € L*(Q x R?) denotes the L?-kernel of A and the domain of Tp
is the dense two-sided self-adjoint ideal

jB’Q = {C =A*B | A,B S ‘ﬁB_,Q} C ‘ﬁB,Q.
Moreover
TIP(C) = <<FAaFB>>0 < 00, C=A*B ¢ jB,Q

where F4 and Fg are the kernels of A and B, respectively. The trace Tp is
faithful and semi-finite.

Proof. — The result follows directly from [17, Part I, Chapter 6, Theo-
rem 1] which establishes the existence of a faithful, semi-finite, and normal
trace 6 on the von Neumann algebra £. Then, by using the isomorphism
Mp .o = JLJ* one can define the trace 7p by 7p(A) := 6(J*AJ) for A in the
corresponding domain. The uniqueness of 7p is proved in [29, Lemma 2.2.1].
The inclusion Jp o C Np o follows since Np o is an ideal. O

The trace 7p is usually called trace per unit volume. The reason of the
name is justified in Appendix A.3.

Remark 6.9. — It is worth observing that the trace 7p, as specified by
the prescription (6.9), is completely determined by continuity by the the
prescription (6.6) on &5 q. By [17, Part I, Chapter 5, Proposition 4] and
in view of the isomorphism Mg o = JL,J* for any A € Jp o there is
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asequence {Kp, }nen € Rp o such that Kp, — Astrongly and | Ky, || < M
for some positive constant M > 0. Moreover

nh_}rrgo v ((Kp, — A)*(Kp, — A)) = nh_}rr;@((Fn —Fy, F, —Fa)y=0
where F4 is the L?-kernel of A. From
(610) TP (K;‘nKFn — A*A) = TIP((KFTL — A)*(KFn — A))
+ (A" (Kp, — A)) + m((Kp, — A*)A),
and the application of [34, Lemma 3.2.14], one obtains
(A*A) = nh_)rrgo ) (KFHKFH) .
Then, the prescription (6.6) fixes uniquely by continuity the prescription
(6.9) which in turn fixes uniquely the normal trace 7p.

The computation of the trace 7p has a simple expression in terms of
the integration of the integral kernel of regular element. Let A € R q be
a positive element with kernel F4 € ICy. In view of the positivity, one has
that A = B*B with B € Rp q and kernel Fig € Ky. From (6.9) one deduces
that

me(A) = (Fp, F)o = 55 /R dx/ dP(w) |Fp(w,z)[*.

On the other hand the integral kernel of A is given by

Fatena) = 5oz [y PRl =) Fi (1), 2 =) On(,a).

A comparison between the last two expressions shows that

(6.11) (A) = /Q dP(w) Fa(w,0).

Eq. (6.11) can be then extended by linearity to generic elements of 85 q.
The same argument can be generalized to all the elements A € Jp o such
that Fu € Co(R%, L}(€2)), where Cy denotes the continuous functions which
vanish at infinity (see [35, Remark 2.16]). In particular, let g € %, and
f € S(R?) a Schwarz function. As showed in Proposition 5.8, the function
f ® g € S is the kernel of the operator My K; € Ap .

PROPOSITION 6.10. — It holds true that n(S) C Jp,q and m(S*) C
JIB.o. Morever

(M Ky) = (/ dP(w )f(O) =71 (K M,)

for every g € </ and f € S(R?).
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Proof. — In view of [35, Proposition 2.14], there are fi, fo € S(R?) such
that f = fi% f2, and in turn Ky = Ky, Ky,. Therefore My Ky = A7 A, with
A7, Az € /Up o are the operators with kernels Fa«(w, ) := g(w)f1(z) and
Fy,(w,z) := fa(x), respectively. Looking at the integrability of the kernels
one gets that A7, Az € 9p . Since Np q is a self-adjoint ideal one has also
Ay € Mo and in turn M Ky € Jgo. This proves m(S) C Jpn. Since
m(8*) = 7n(S)* and Jp o is a self-adjoint ideal one also gets the second
inclusion. The definition of the trace implies

To(MyKy) = (Fa,, Fag )
= o [ @ AR [ 0P gt o)

RQ

— ([ 4P o)) (5 + 210

where the last equality follows from the invariance of the measure P and
the explicit expression of the magnetic convolution f = f; x fo. From the
definition of the trace it follows that 7p(A*) = 7(A), for every A € Jp.q.
Since KyMy = (MzK+)* one gets that

(1) = | aB) 507 ) 7O

and this completes the proof of the Proposition 6.10. O

From the las result one infers that
(612) TP (Mg’rn»—)m) =Tp (Tm—)mMg) = 5n,m/ d]P(LU) g(W)
Q

for every g € g, in view of the fact that the kernel of Y, ,,, is propor-
tional to the Laguerre function 1, ,, and V271, n(0) = 6,.m (cf. Re-
mark 5.5). Finally, by using the fact that Jp o is an ideal, one gets that
TjskMgYpm € Ip,. Then, the cyclicity of the trace and the equality
Tm—ﬂn’rﬁ—ﬂc = 5n,ij>—>m imply

(6.13) 7 (T sk My Tos ) = S / dP(w) g(w).
Q

7. Relevant subspaces

In this section we will introduce the relevant subspace of Mg o where the
main result described in Theorem 1.2 applies. Let us consider the spaces
2%79 described in (1.15). In a similar way one can also define S as the
space of formal sums associated with rapidly decaying (Schwartz) sequence
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{gn.m} € S(NZ, o). We will focus our attention on the spaces &5 g, £}37Q
and £3 .
We will start with a simple result.

PROPOSITION 7.1. — One has that
GB)Q C SlB)Q - QlB,Q C DIRB,Q.

Moreover, &p o and £4 (, are norm-dense in Ap o and weakly dense in
Mp.a.

Proof. — The first inclusion follows from S(NZ) C ¢1(N2). The density
follows from the inclusion 7(F*) C &5 q and the proof of Proposition 5.8.
The boundedness of elements A € £} (, follows from the inequality

IAl< Y [TemM, < Y0 Ngnmlloe < 400

(n,m)eNg (n,m)eNg
obtained by using || Ypom|| =1 and [|[M,, .|| = [|gn,mllcc- d

Let us focus now on the space £% (. From ¢! (Nj) C £*(Nj) it follows that
2}379 - ,22379. However, the relevant point here is to prove that elements
of £QB7Q are bounded. Let A € 22379 and consider its kernel given by

(7'1) FA(Wv x) = \/%f Z gn,m(w)wn,m(x)'

(n,m)eNZ

By using the fact that the Laguerre functions are an orthonormal basis of
L?(R?), one obtains

||FA||%2(Q><R2) = Z Hgn,mHQL?(Q) < Z ||gn,mHio < too,
(n,m)eNZ (n,m)€eNZ

where the inequality ||gn,mllz2() < [|gn,mlloc follows from the fact that
(Q,P) is a probability space. The last computation shows that Fa €
L?(Q x R?), and in turn one infers that SQB,Q C 3p.q, i-e. the elemnts
of SQB’Q have L?-kernel. However, this fact by itself is not yet sufficient to
prove the boundedness, and a finer analysis is needed.

LEMMA 7.2. — It holds true that 22379 C Np.a-

Proof. — Let A = Z(n,m)eNg TrsmM,g, .
ated with the ¢?-sequence {gn m}. The kernel of A is given by (7.1) and
we already know that A € 3p . Therefore, we only need to show that

A € B(Hq). Let us consider the function G4 : Q — [0,00) defined by

an element in 223 o associ-
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Ga(w) :==||Fa(w, ')H%Z(Rz)' Using the fact that the Laguerre functions are
an orthonormal basis of L?(IR?) one immediately gets

GA(UJ) = 2702 Z |gn,m(w)|2'

(n,m)€eNZ

It follows form the ¢?-assumption for the g, that ||Gallcc < o0 and in
turn one has that G4 € C(Q2). This shows that F4 can be interpreted as a
continuous function on  with values of L?(R?), i.e.

Fy € C(Q,L7(R%) ~ C(Q) ®. L*(R*) C L*(2 x R?).

where the isomorphism is in the sense of [46, Theorem 44.1]. Let us consider
the operator Lp, = J*n(Fa)J = J*AJ, where we are abusing of the
notations introduced in Section 6 and using the computation provided in
Lemma A.1. Since J is a unitary operator on Hq ~ L?(2 x R?) it follows
that |A|| = ||AJ]|| = ||JLp,||- Looking at the definition of Lr, one realizes
that, for each fixed w € 2, the function (JLp, $)w :R? — C is the magnetic
convolution between the two functions f,,, b, € L2(R) defined by f,(z) :=
Fy(w,z) and hy(z) := ¢, (w)(7), respectively. In view of the magnetic
Young’s inequalities (see [35, Section 2.4]), one obtains

H(JLFA(Z)M‘

1
< —follL2m2y | Aw || £2(R2
\/ﬂéﬂf 22 (r2) 1w | 2 (R2)
Gy(w
VAEICI T .
v 2ml

After integrating over {) one obtains the following bound for the norm
in Ho.

L2(R2)

n ||GAH00 n HGA”OO "N
L < = .
This shows that JLp,, and in turn A are bounded operators. O

Lemma 7.2 provides the crucial ingredient for studying the good proper-
ties of elements in 2}3’9 with respect the trace 7p.

PROPOSITION 7.3. — It holds true that £ ¢, C Jp,o. Moreover, if A €
L} o is the operator associated with the sequence {gn m} € £ (N§, 2/ then

(7.2) WW=ZAWM%M)

neNp
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Proof. — Let A = Z(n,m)eNg TrosmMy, ,, an element in 2}97@ To prove

that A € Jp,o one can use Lemma 7.2 and the fact that A = 515, for a
pair of operators S1, 5 € 223,9. For that, let us set

d-t ifd. >0
dy := sup 1/ ||gn.r 00}7 hy =< "
15 { I {O if d. = 0.

n&lNg
Consider the two expressions
§ (Sr,deT’ery E T’I’U—)S g'n, s°
(r,m)€eN? (n,s)ENZ

The operator S is defined by the sequence {4, ,,,d,. } € 2(N3) — ¢*(N2, o),
where the last inclusion is justified by the fact that o7, is unital. Therefore
S1 € £ . By definition on has that ||k, M,, [* < [|M,
Therefore also S, € EQB,Q' A direct computation shows that

'nTH

5159 = Z 5r,mdrTrl—>m Z Tn»—)s gn s
(r,m)eN2 (n,s)eNZ
- Z memv—)me—)sh Mgn s
(n,m,s)ENg
- Z dmém,sTnHmh -2\4971 s
(n,m,s)eN}

= Z d T'm—ﬂn gn m o A7

(n,m)eNZ

proving the fist part of the claim. Formula (7.2) follows from the definition
m(A) = (F§,, Fs,), where Fs, and Fg, are the kernels of S; and S,
respectively. By observing that

Fs, (w,z) := V2l Z Or mdr Py m ()

(r,m)eN?
and
n, s(
Fs,(w,z) :== V27l Z wns( ),
(n,s)eNZ ds

and making use of the fact that the Laguerre functions %, ,, are an or-
thonormal basis of L?(R?), one directly obtains (7.2). It is worth to observe

that
> [ aP) gl

n&ENp

Z lgn.nlloo < +o0

n&€Np
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which shows that the right-hand side of (7.2) is always well defined for
an element in A € £ . O

8. Relation with the Dixmier trace

In this section, we will provide the proof Theorem 1.2 which relates the
trace 7p with the Dixmier trace Trpiy defined by (1.7) weighted by the
operator Q"' defined by (1.16). The relation between the trace 7p and
the trace per unit volume 7y . as defined in (1.1) is discussed in Appen-
dix A.3. We assume here some familiarity of the reader with the theory of
the Dixmier trace, and we refer for more details to the specific literature
mentioned in Section 1.

Let us start by mentioning that Theorem 1.2 for the special case Q = {x}
has been proved in [35, Proposition 2.27] and the proof is based on the
preliminary result described in the following. Let 6,1; C &!" denotes the
space of measurable operators ( i.e. the space of operators for which the
values of the Dixmier trace is independent of the choice of the generalized
limit). Let

_1 _1
]»—>k € {Q,\ gk TijQxl, Q)\ Q’I\ijQ)\/2 } .

Then Tj,; € S and

(8.1) Trpix (Tjesk) = 050 = 70 (Ljisr) -

independently of A\, \" > —1. The proof of this result is contained in [35,

Corollary 2.26 & Lemma 3.10]. The next step is to generalize the equal-

ity (8.1) replacing Y, with Y, M, for some g € <. For that, we will

need a series of preliminary results.
We say that a measurable subset ¥ C R? has finite density if

(8.2) dens[Y] := dz xs(r) = C < 400,

o2 TBo @] i
where By(p) C R? is the ball of radius p > 0 centered at zero, |By(p)] is its
volume, and Yy is the characteristic function of . We will use the symbol
Py, for the projection associated to %, i.e. (Pgy)(x) := xs(z)p(z) for every
¢ € L?(R?).

LEMMA 8.1. — Let ¥ C R? be a measurable subset with finite density
and
N-1
()5 m L
(8.3) DY) : (Yims Pethjm)pa
m:O
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where v, ., are the Laguerre functions defined by (2.4). Then

>
NE}I_I:@D [X] = 4, ; dens[X],

for every i,j € Ny.
Proof. — After introducing the change of coordinates
r1 := IV 2rcosf, T9 := £/ 2rsin 6,

which implies dz; dzy = ¢2drdé, a direct computation provides

I i(i—j)0 e ~ ij
(Wi Pty = 5= [ 00 097 [0 ar () R (),
where
¥ Vl'j e T mf— m—i m—j
R (r) = L7 (r) L (r)
and
X=(r,0) == xs (331(7‘, 0), xo(r, 9))
Therefore
(z ) 1 27 0 —+00 )
D)= 5 [ a0 e 0 [T ae k(v 0) 56,
m 0
where r = N¢ and
GN 7 (€)= D0 BRI (NE).
m=0

Thus, as a consequence of Corollary A.7, one obtains that

(4,5) _ e s L
Nl_lfiloop [X]=0, if i#j.

To deal with the case i = j let us start by observing that

1 2

1 1 2 N
— de déys(NE Q) = —— dé dr y 0
5 [0 [ assven - o [ae [ s
1 /
= — dzys(x)
27TN€2 Bo(pN)

with py = ¢v/2N. Since |By(pn)| = 2w NF?, one gets

1 21 1
m — [ d0 [ dé ¥s(NE,6) = dens[s]].
/O /0 ¢ Tu(NE.6) = dens[S]

N—+oo 21
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Therefore one has that
Dj(\j}’j) [X] — dens[X]
1 o .
o [0 [ aezsie) [6070 - xon(©)]
0
where x|, is the characteristic function of the interval [0, 1]. By using
again Corollary A.7, one obtains that
. Gy ) _
Jlim (DN ] — dens[] ) = 0
for every j € Ny, and this concludes the proof of Lemma 8.1. d
For the next result let us introduce the sequence
N-1 k
1 Z D’I("rjrl*i[z]
log(N) == m+¢

=0

(8.4) WM 5] =

where D%’k) [X] is defined by (8.3).

LEMMA 8.2. — Let ¥ C R? be a measurable subset with finite density.
Then

(4,9) s
NLHEOOW [X] = 9§, ; dens[X],

for every i, j € Ny.

Proof. — The proof is a consequence of the Stolz—Cesdro theorem [31,
Theorem 1.22]. Indeed, after rewriting

,Dg\z‘[,j)[z] _ AN —aN-1

by —bn—1
with
" N1
= log(N)Wy"[Z], by = ,
one gets that
1
lim DY ’J)[ Y] = lim IN _ im og(N )VV(w [X]
N—+o0 N —+oc0 bN N —+oc0o bN
= lim W ’J)[ Y.
N—+oco
The result of Lemma 8.1 concludes the proof. g
PROPOSITION 8.3. — Let ¥ C R? be a measurable subset with finite
density. Then Q;lTijPg is an element of 6}; and
(85) TI'Dix (Q;l’rj,_)kpz) = 04,k dens[E]

for every j, k € N and independently of A > —1.
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Proof. — The relation I, Y = T ;1 allows to write
Q' TPy = (Q3'Ly) (TjmiPx) .

Since Q;ll_[k is a measurable operator [35, Corollary 2.26] and Y, Ps is
bounded, it follows that Q;lTj._)kPg € &', For the computation of the
Dixmier trace we can use the formula in [21, Lemma 7.17] which provides

Trpix,Lim (@' Yk Pe) = Lim [ Tr (ENQ)\l'rj»—)kPE):| ;

1
log(NV)
where

By = (Z > |wr,m><wr,m> I = i [Vresm) (Vresm -

m=0 reNp m=0

Then, a direct computation provides

(8.6) Tepix Lim (@ Tyt Ps) = Lim [AGY 5]
where
N-1
. 1 <¢m7 PZ’L/}k m>L2
A(J’k) ) Js ;
v log(N)mZ:0 m+¢

and ¢ = ((k,A) ;= k+14+ X > 0. Let D%’k) [X] be the sequence defined
by (8.3). The recurrence relation

(4,k)
<wj7m7 PE¢k,m>L2 _ m (D(j,k) [E] _ Dg,k) [E]) + Dn‘i«kl[z]

m+¢ m+ ¢\ m+¢
with the convention D(j k)[ 3] =0, leads to
Ghigy .o 1 N=1 G
Ay log(N)NflJrC =]
N1 k
Z D(J )[E] W(J k)[ 5],
log ) = (m+)(m—14()

where Wf\?’k) [X] is defined by (8.4). Since 'DE\J,’ [¥] is a convergent sequence
in view of Lemma 8.1, one infers that the first two terms of the right-hand
side of the above equation go to zero in the limit N — +o00, and in turn
Lemma 8.2 implies that

(4,k) _ (4,k) )
yim AT = lim WE] = 65 dens(T].

As a result, and in view of (8.6), one obtains that

Trpix,Lim (@ ' LjsuPx) = 61 dens[S]
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independently of the generalized limit Lim. The latter fact ensures that
Q;lTijPg € 6}; and this concludes the proof of the Proposition 8.3. O

Remark 8.4. — In Lemma [36, Lemma A.2] it is proved that
[Q;lvTij] €6 C G{r,

where &' is the ideal of trace class operators. As a consequence, one has
that

TiskQy Py = Q3 ' TjsuPe — [Q3 " Tjn] Px € 6};
and
Trpix (Q) 'Yk Px) = Trpix (Ljms6Qy )

in view of the vanishing under the trace of the term containing the com-
mutator.

Finally, the next result provides the announced generalization of (8.1).
This result is inspired by [5, Lemma 4].

PROPOSITION 8.5. — Let g € /. Then Q;lTj,_,kMgM is an element
of (‘5}; and

(87) TrDix (Q;lTijMg,w) = 045k / dP(V) g(y)a

Q
for almost every w € Q, for every j, k € N and independently of A > —1. In
particular, it follows that

(8.8) E [Trpix (@) ' ik My.w)] = 78 (Tjsr M)
independently of A > —1.

Proof. — Tt is straightforward to check that (8.8) follows from (8.7)
and Proposition 7.3. For this reason, we will focus on the proof of equal-
ity (8.7). First of all, since Q'Y is a measurable operator, it follows
that Q;lTijMg,w € &' is an element of the Dixmier ideal. There is no
loss of generality in assuming that g > 0 is a non negative function. Let
Q% C Q be the set of w for which r§ < g(w) < (r + 1)§ where § > 0 is a
suitable (small enough) constant and r € Ny. Since g is continuous and 2
is compact, Qf # ) only for a finite number of indices 0 < r < 7, (with r,
depending on §). Moreover, {Q%} provides a (finite) partition of Q. For a
fixed w € Q, let ¥ (w) C R? be the set of x € R? such that t_,(w) € Q2.
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Using the Birkhoff’s ergodic theorem one has that

1
dens [Zf,(w)] = Aiir/n]Rz m//\ dz xas (t_z(w))

(8.9) :/Qd}P’(V) Xas (V)
=: P[Q,ﬂ,

where {A,} is some exhaustive Fglner sequence (for instance the balls used
in definition (8.2)) and the equality holds for P-almost every w € €. Let
Pss () be the projection on the subset ¥ (w) C R?, then

The continuity and the linearity of the Dixmier trace imply that

<4

Mg — Z Mpzf-(w)
r=0

r=0

Trpix (@3 TjskMg) — Trpix (Q,\lTij Z 5TP2;§(w)> ‘

<65 ol

where for simplicity we are omitting the dependence of the Dixmier trace
on the choice of a generalized limit. It follows that

Trpix (Q3 ' jskMyo) = 0k Z srP[Q2] + O(9).
r=0

where we used Proposition 8.3 and equality (8.9). Taking the limit 6 — 0
(and consequently r, — co) one obtains
74 (6)

lim P[] = /Q dP(v) g(v)

r=0

and in turn

Trpis (Q5 Ty My.0) = 6 / dB(v) g(v).

Since the result doesn’t depend on the particular definition of the Dixmier
trace, it follows that Q;lTj,_)kMgM € 6}: is a measurable operator. [

Remark 8.6. — The reader can check that the result of Proposition 8.5
can be extended to functions g in the von Neumann algebra L> () by re-
peating verbatim the same proof. Indeed, the essential boundedness guar-
antees that one can still construct the finite family {Q2} which covers Q
up to a set of zero measure.
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We are now in position to provide the proof of the main result enounced
in the introduction.

Proof of Theorem 1.2. — The result follows from a generalization of the
argument used in the proof of [35, Proposition 2.27]. The crucial ingredient
of the proof is the estimate of the Dixmier norm of HQ;:lTj,_)k”l-f— < 1
This implies that

QX Tims Myl < 1Mgll < llglloo,

for every g € <. Now, let S = Z(n m)eNz TnHm Gnm € 2119,9 and denote
with S, its restriction on the fiber over w € Q) of the direct integral. One
infers that

13 Sullis < D0 Mgl < D0 lgnumllos < 00

(n,m)eNZ (n,m)€eNZ

as a consequence of the fact that S € )3}979. This implies that Q;lsw e’
and the continuity of the Dixmier trace with respect to the Dixmier norm
provides

TrDix (Q}Tlsw) = Z TrDlX QA nr—)m gn, m,w)

(n,m)eNZ
= Y G [ W) g
(n,m)eNg
== TP(S),
where the second equality follows from Proposition 8.5 and the last equality

follows from Proposition 7.3. Since the result holds for almost every w € Q
(and independently of A > —1), one immediately concludes that

E [TrDix (Q;lsw)] = TP(S).

Finally, since the evaluation of the Dixmier trace of Q;lSw doesn’t depend
on the choice of a particular realization of the Dixmier trace, one deduces
that Q;lSw € 6};, for almost every w € Q. d

Appendix A. Technical results

In this appendix, we collect certain technical results that complement
the material presented in the main body of the text. Certain results like
Lemma A.4 and the construction in Appendix A.4 can have a future inde-
pendent interest.
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A.1. The Hilbert algebra structure

This section contains certain technical results necessary to complement
the material provided in Section 6.
Let us start by providing this sketch:

Sketch of the proof of Proposition 6.3. — The proof of (i) and (ii)
amounts to a simple direct calculation based on the invariance of the mea-
sures P and dz. We leave the details to the reader. Property (iii) follows
from the density of Ky in the Hilbert space L?(2 x R?) and the density
of {FxG | F,G € Ky} in Ky. The latter can be proved by observing that
Ko contains an approximated identity (Remark 5.4). Property (iv) follows
from

(A1) (FxG FxG)g <IGIIT (F.F)q

which proves the continuity of the map F — F x G. The continuity of the
map F — G x F follows in turn by observing that G x F = (F* x G*)*
and using the property (i) which ensures the continuity of the adjoint map
F +— F*. Let us prove (A.1) by starting from

1
(FxG,F*G),:= W/Rz dgc/Q dP(w)|(F * G)(w, z)|?
where
(FeG)w)f = [ dydy ©n(s' ~.2) Hoslys)
2>< 2
with

Hw,x(ya yl) =G (t—n(w)’; - U) F(w7 y) F(wa y/) G (t—y’ (w)a T — y/) .

Therefore one gets

|Hw7z(y7y/)| < Cny(yaylﬂF(way) F(way,)|

where
Cw,x(y7 y/) = |G (t—y’ (w)7 xr — y/) G (t—y(w)a T — y)*| .
Since
Coz(y,y) < sup Coz(y,9) <NG(@ = y)lloo I1G (2 —¥)]lo
we
one gets

[Hoo(y,9)] < (IG@ = 9)lloo [F (w0, 9) ) (IG(@ = 1) oo | (w4 ])-
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and in turn one obtains

(FxG, FxG),

< o [t [ 8 ([ 6t -l F 0 |)2.

Let us observe that

IG(z =9l [F (@, 9) | = (IGC)lloo * [ F(w, )]) ()

is the convolution between the functions z — ||G(2)||« and z — |F(w, x)|.
Thus

[t ([ e —plir o))

2
= G oo * 1P,

2 2
< MEO ool oy 1@ g

2 2 2

= (27(—(2) |HG|||1 H‘F(w7.)|HL2(]R2)'
where the second line follows from the Young’s convolution inequality and
in the last line we used (5.1). Consequently

(5GP Gy < NG (52 [ AF@IF e

= IGIIT(F, F)q

which is exactly inequality (A.1). O

We complete this section with two structural results repeatedly used in
Sections 6 and 7.

LEMMA A.1. — It holds true that J€J* = Mp q.

Proof. — After the change of variables y — x — y one gets that

n 1
(LF¢)w<-'17) = o f2 /]Rz dy F(w,l' — y)qﬁtyiz(w)(y) 93(1‘,3/)
1
= o [ WG W) Out)

-~

1
= o / dy F(w,x ~)(JO):_ (o) () O (z,y).

Therefore

(L)) = 3 [ P ()0 = 9) (T0)ol0) O5 (2.,
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and a comparison with (5.7) shows that

o~ ~

(Lr@)t, w) (@) = (m(F)J¢)u(z),
i.e. JLpJ* = w(F). By density one concludes that JLJ* = 7(Ky)”. Since
m(Ko)" is closed with respect to topologies weaker than the operator topol-
ogy, one has the inclusions 7(Ko) C Ap,o C 7(Ky)” which implies that
A g = m(Ko)" and in turn 7(Ko)” = Mp q. This concludes the proof of
Lemma A.1. O
LEMMA A.2. — It holds true that ¥4 N 2(Hq) C JR'J*.

Proof. — Again the change of variables y — x — y provides after some

computations
(Rrd)o(o) = 52z [ | a0 F(().9) O5(z.9)0 (o — ).

By inserting the action of the unitary U(y) defined by (6.2) one can rewrite
the above expression as

-~ ~

1
(Red)1,(0) = 55 [ Ay F(4).9) (D0)F) ()
27l R2
which, in view of the arbitrarily of 5, implies

JRpJ" = | dy Ne(y) B(y)
R2

where, for every y, the operator N (y) acts on the elements of the direct
integral ¢ € Hq as follows:

(Nr(y)d)w(z) = F(ty(w)7:‘/) bu (7).
Since, for every fixed y € R? the operator Nx(y) acts on the fiber over w as
the multiplication by the constant F(t,(w),y), it follows that Np(y) €
2(Hq)'. Then, from the integral representation above, one infers that
JRpJ* is an element of the algebra generated by Z(Hq) and . As
a consequence, if T € ¥4 N P(Hq), then T commute with JRpJ*. This
shows that ¥4 N2(Ha) C (JRJ*)'. The proof is completed by the equality
(JRJT*) = JR'J*. O

A.2. A scaling-limit formula for Laguerre polynomials
We will provide here a limit formula for a special scaling of certain combi-

nations of the Laguerre polynomials. This formula extends a result initially
proved in [27, Lemma 3].
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Let Lg{l) be the generalized Laguerre polynomial of degree n € Ny and
parameter o € R defined in (2.5).

LEMMA A.3. — For each o, 8 € R and n,m € Ny we have that

/ d¢ e ££a+zs L;“)(g)Lﬁ,f)(g)’g\/F(O‘+n+1)\/r(ﬂ+m+1)7
0

n! m!

where I" denotes the Gamma function.

Proof. — Let w, the weight given by wq(£) = e~¢ £, It is well known
that L' belongs to L?(R;, dw,) and

r 1
(A.2) H L@ M7
n!
where || - ||o is the canonical norm on the corresponding weighted L?

space [22, eq. 8.980]. Let

() = ¢

LE(©)|.

Clearly, I} belongs to L3(Ry, dwp) and ||F(a llo = HL ||a Since

a+5

& [LO@LP©)| = EO©FD @)
the result follows from the Cauchy—Schwarz inequality. g
Consider the family of functions

Vit

m!

(A3)  RUI(¢) = ML), €20

with 4, j, m € Ny, and the scaled partial sums

N-1

(A4) i (€)=Y RUI(N¢)

m=0

indexed by IV € N.

LEMMA A.4 (Scaling-limit formula: pointwise convergence). — The fol-
lowing scaling-limit relation holds pointwise

{1 ifo<e<1

lim Q”) =0;.;
©) 710 ifl < €< 4oo.

N—+oo

Proof. — The proof of the cases i = j is provided in [27, Lemma 3].
Moreover, the special case £ = 0 is discussed in Remark A.5. For the other

ANNALES DE L’INSTITUT FOURIER



DIXMIER TRACE FOR PERTURBED MAGNETIC OPERATORS 45

cases, in view of the symmetry QJ(\?’ =Gy (,9) , we can restrict to the situation
1> j. Let

—

N
g =Y RED(¢)

=0
such that g}@j)(g) = g%’j)(N«f). Since

i€ = mL V() — €LY
(22, eq. 8.971(4)], one obtains the formula

(A.5)
(€ = LI Z f; (mr{m 0 (e) — LI ©)) LI e,

et £72

Let us consider the case ¢ > j = 0. Since L((Jk)(«f) =1 [22, eq. 8.973(1)], one
gets

_ \m - (mgmL<mi)(§) _ m+1 §nH-lL(erli)(g))

e €3 = m! i1 (m+1)! i1
_ SN 2 N—i

-N i—1
=ilg™ § o~ N(E-1-log) NN=3 =N (N —-1) R
(N_]_) Nz;l

Using the Stirling’s estimate
NN+3e=N  NN-ze N
= < )
N! (N -1)! V2T

along with other obvious estimates, one gets

(A.8) (20) ’\ [ 5 026 Nt o~ N(E—1-logg)

Therefore, using the elementary inequality £ — 1 > log &, one infers

lim GUY€) =0, VE=0, ¢#£1L

N—+co
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For 5 > 0, using the identity
L(m J) _ L(m j+1) Lgff;j-‘ﬂ)

[22, eq. 8.971(5)] and equation (A.5), we have that

N-1

. (4,7 Z'] £m+l m—i+1 m—j+1
i (€)= >0 S LI OLIT

et 8T 10 ’

m&™ (m—i —j
el Gl
ot ¢ (m + 1)§m+1L(m—i+1)

(m+1) Tt

it

= Vijgy MV - Viljle ™ 5\[_21)[[’5]\[1 D)LV I(e).

©L V()

Let D(m (€) = —/iljle™¢ f L(N Z)(f)L;N_j)(ﬁ). Applying the same
estimates used for the case ] = O we get

(A9)  |DED (Ve < /Bl e v e ome),

Thus, limy_, o D%’j)(Nf) = 0 whenever £ > 0, £ # 1. The case j = 0 and
induction given by

(A.10) i G87(©) = Vij 68 TV(©) = DR (Ve
imply that
(4,3) >
Jim Gi7(© =0, vEz0, g#1
as claimed. O

Remark A.5 (The case £ = 0). — By using the identity

_g m m—i _5 ‘ i—m
CO =gy = Ll pmie)

and the fact that L{"™ " (0) = 22y if m > i and L{”(0) = 1 for all i it
follows that
REID(0) := 6;j 0im, Y i,4,m € No.

From that the relation

(w) o
i 0 =3

follows immediately.

ANNALES DE L’INSTITUT FOURIER



DIXMIER TRACE FOR PERTURBED MAGNETIC OPERATORS 47

LEMMA A.6 (Scaling-limit formula: integrability). — It holds true that
gj(\l,’]) € LY(Ry) for every i,j € Ny and N € N. Moreover

im [ aglg§? €)= o,

N—+oco 0

Proof. — After the change of variables z := N¢ one has that

/ a¢ a5 ©) =]1V/O°° dz |7 ()|

Let us start from the case ¢ = j. From its very definition it follows that

g%’i) is a positive functions and

/0 dmg(” _zlz m'/ dz e 2™~ z(L(m Qe ))

L= N

Z

in view of (A.2). This proves that

| aeloi@)
0

constantly in N. For the remaining cases let us consider first ¢ > j = 0.
According to equation (A.6) one has that

(270) ’ _ \/Z» / —x N-—2%
dx T)| = ——-—+ dr e F ' 72
/0 W=,

Vi [
SV o1 (z—l)r ViN,

where the inequality follows from Lemma A.3 along with the identity 1 =
L((JN)(JJ). This implies that

oo .
. (1,0) ‘< i -
[ de foRto] < =0

With a similar argument one can shows that
[ apl e

0
il oo .
- NN =T i / dze = N ‘L(N V(@) LN (@)

N @)
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which implies that
: ~ ) _

In view of (A.10) and using an inductive argument one concludes the proof
of Lemma A.6 for the general case. O

COROLLARY A.7 (Application of the Generalized Dominated Conver-
gence Theorem). — Let x[o,1] be the characteristic function of the interval
[0,1]. If (fn) is sequence in L™ (R, ) such that || fn]ec < C, with C <0 a
positive constant, then

+oo

lim a¢ fw(€) (957 (©) = diix0(€)) = 0.

N—+oo /o

Proof. — Clearly we have that
|5 (6) (3576 = uinon(©) | < € (|98 + x0.0(©))

and the right-hand side is an integrable function in view of Lemma A.6.
Moreover

lim i (§) (957(8) = dixpo(©))

N—+o00
= Jlim (gz(\?’”(f) —0ijX[0,1] (5)> =0

pointwise (almost everywhere) in view of Lemma A.4. Our result follows
from the Generalized Lebesgue Dominated Convergence Theorem [43, Pro-
position 11.18]. O

A.3. Thermodynamic interpretation of the canonical trace

We will justify in this section the interpretation of the canonical trace
7p on the von Neumann algebra Mg of perturbed magnetic operators
described in Section 6 as the the trace per unit volume 7. described
in (1.1).

The group R? is locally compact and abelian, hence amenable. This
means that the von Neumann algebra L>(R?) admits a left invariant mean,
or equivalently that R? meets the Fglner condition (see [23, 24] for more
details). In particular, R? possesses several monotone exhausting Folner
sequence { A, }nen such that: (i) the A,, C R? are compact; (i) A, C Ap11;
(iii) A,/ R? and (iv)

lim wzo’ vV r € R?
n—o00 ‘An‘
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where A denotes the symmetric difference of the set A,, and its translate
A, + z and |A| is used for the volume (Lebesgue measure) of the set |A|.
Therefore, under the conditions stipulated in Section 3, the mean ergodic
theorem [24, Corollary 3.5] holds:

n— oo

m x w)) = W) f(W' 1
im i [ des(aw) = [ apw) s g eni@),

where w is any point in a set 0y C €2 of full measure. It is worth to notice
that this result is independent of the particular choice of the monotone
exhausting Fglner sequence. Let A € 915 o with L?-kernel F4. Then, the
function

1
Za(w) = 52 /]1{{2 dx\FA(wvx)‘Q

is an element of L'(2) and the mean ergodic theorem implies

1
lim —/ dz Za(t_s(w)) = / dP(w') Za(w') = T (A*A),
n—oo [Ay] Ja, Q

where the second equality is just the definition of 7p. On the other hand,
one can check directly that

2%/ dzZa(t_e(w)) = Trra(re) (Xa, A5 AwXA, )

T2 Ja,

where xa, denotes the multiplication operator by the characteristic func-
tion for A,, (in fact, a projection). This follows by observing that A, xa,, is
a Hilbert—Schmidt operator for almost all w [29, Proposition 2.1.6 (¢)], and
computing the trace by integrating the related kernel. After putting all the
pieces together one obtains

1
A*A) = lim —— TrL2(]R2)(XAnAZ;AwXAn);

n—oo |An|

(A.11) 2 7 (
for any A € Mp o and for P-almost all w € Q. A comparison between
the right-hand side of equation (A.11) and the Definition 1.1 provides the
interpretation of 7p as the trace per unit volume. Finally, the definition 1.2
is justified by the independence of the equality (A.11) by the particular
choice of w € 2 in a set of full measure. For more details we refer to [29,
pp. 208-209] and references therein.

The next result proved in [29, Lemma 2.2.6 & Theorem 2.2.7] (see also [34,
Proposition 4.2.1]) provides a further recipe to calculate 7p.
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PROPOSITION A.8. — Let A € L (R?)NL?(R?) be any positive function
with normalization ||A||f2 = 1. Let ¥ € B(Hq) be the operator that acts
on each fiber of the direct integral Hq as the multiplication by A\. Then

T]}»(A) = / dP(w)TrLz(Rz)(Z)\AwE,\), Ae jB’Q.
Q

A.4. Differential structure on the algebra of potentials

In this section we will construct a dense subalgebra of <7, made of differ-
entiable elements. This construction complements the material contained
in Section 3.

The manifold structure of R? can be used for the definition of the di-
rectional derivatives on (@, R? T). An element g € o/ is said to be
(Gateaux) differentiable if there are 0;¢ and a9 in 2/, such that
(A.12) (9;9)(w) = lim 1% W =9y, eq

s—0 S

where e; := (1,0) and ey := (0,1) provide the canonical basis of R?. The
set of all differentiable elements in 7 will be denoted with Diff (o7,). If ¢
is a differentiable element one can build the directional derivatives

0ag := a1 (019) + az (Oa29)

for all a = (ay,as) € R2. It turns out that g € Diff (@) implies d,9 € a,
for all a € R% Usual computations show that Diff(e%,) is a unital self-
adjoint sub-algebra of @7,. In particular, the Leibniz’s rule holds true, i.e.

0a(gh) = g (9ah)(w) + h (0ag)
for all g, h € Diff (/) and every a € R2.

Non-trivial elements of Diff (2%;) can be realized with the following pro-
cedure: for given ¢ € C2°(R?) and g € @, one define

(A13) gow)i= [ dy o) D)) = [y o) gty ().

Since the map R? 3> y — ¢(y)(Tyg) € “q is norm continuous, one can
use standard results from the theory of the integration on C*-algebras
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[48, Appendix B] to prove that gy € @0 and [|ggllec < [|9]lL1®2) ||9]loc-
Moreover, for 7 = 1,2 the elementary computation

(9i94)(w)

iy ([ ot+se) ) - [ av o) o))

s—0 8
= gajd’(w)a

shows that g, € Diff (@7). Interestingly, elements like (A.13) are sufficiently
many in 7, in the following sense:

LeMMA A.9. — Diff(ofg) is a dense x-subalgebra of <.

Proof. — We need to prove only the density and this can be done with a
standard technique (cf. [41, Example 3, p. 251]). Let ¢ € C°(R?) be a posi-
tive function supported in By := {x € R?|z| < 1} and with Jgz (y) dy = 1.
For each n € N we can define the normalized function ¢, (z) := n?¢(nz)
with support in By, := {& € R?[z| < 1/n}. The sequence {¢n }nen is an
approximate identity. For a given g € o/ one considers the sequence of
9o, € Diff(o/) defined as in (A.13). Observe that

196, (W) = g(w)| < /R2 dy én(y) [(Tyg)(w) — g(w)]

(Tyg)(w) —g(w)] — 0 if n— oo.

< SUpPye Bi/n

The map By x  — C defined by (y,w) — (Tyg)(w) = g(t_y(w)) is contin-
uous (by definition) since it is the composition of continuous maps. More-
over, this map is also uniformly continuous since it is defined on a compact
metrizable space By X £ [26, Theorem 1-31]. Then, for each & > 0 there
exists a n > 0 such that |(T,g)(w) — g(w)| < e if |y| < 1/n and n does not
depend on w. This shows that g4, converges to g in the norm of @,. O

Let us to point out that in the proof of Lemma A.9 we used in an essential
way the fact that the map (y,w) — t_,(w) is jointly continuous.
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