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UNIQUE ERGODICITY FOR RANDOM
NONINVERTIBLE MAPS ON AN INTERVAL

by Sara BROFFERIO,
Hanna OPPELMAYER & Tomasz SZAREK (*)

Abstract. — In this short note, we investigate noninvertible stochastic dynam-
ical systems on the unit interval [0, 1]. We provide a handy condition for unique
ergodicity for systems that are injective in mean. On the other hand, we give con-
crete examples where unique ergodicity fails.

Résumé. — Dans cette courte note, nous étudions des systèmes dynamiques sto-
chastiques non inversibles de l’intervalle [0, 1]. Nous proposons une condition ma-
niable pour assurer l’unique ergodicité des systèmes qui sont injectifs en moyenne.
D’autre part, nous construisons des exemples concrets où l’unicité ergodique échoue.

1. Introduction

Ergodicity is the key concept in the theory of dynamical systems. It
comes from statistical physics but also captures some nice properties of
stochastic processes. This note is concerned with the ergodic properties of
Markov chains corresponding to random iteration of maps on the interval
[0, 1].

Let M be a set of piecewise monotone (with finitely many pieces) contin-
uous functions on [0, 1]. Let µ be a Borel probability measure on the space
C([0, 1]) (equipped with the topology of uniform convergence) such that
µ(M) = 1. The pair (M, µ) will be called a stochastic dynamical system
(SDS). The dynamical system (M, µ) induces by recursion a Markov chain
on [0, 1] given by the formula:

Xx
n := fn(Xx

n−1) for n ⩾ 1 and Xx
0 = x.

Keywords: unique ergodicity, stationary measures, dynamical systems, random interval
maps, entropy.
2020 Mathematics Subject Classification: 37E05, 60G10, 37A50, 28D20.
(*) T.S. was supported by the Polish NCN Grant 2022/45/B/ST1/00135. H.O. was par-
tially supported by Early Stage Funding – Vicerector for research, Universität Innsbruck.



2 Sara BROFFERIO, Hanna OPPELMAYER & Tomasz SZAREK

Here (fn)n∈N is a sequence of independent M-valued random variables with
distribution µ. The transition probability of this Markov chain is given by
the formula:

π(x, A) =
∫

M
1A

(
f(x)

)
dµ(f) for x ∈ [0, 1] and A ∈ B([0, 1]).

A Borel probability measure ν on [0, 1] is called µ-invariant (also known as
µ-stationary) if

ν(A) =
∫

M
ν(f−1A) dµ(f) for every A ∈ B([0, 1]).

Observe that due to the compactness of [0, 1] and the continuity of the
functions in M there always exists at least one µ-invariant probability
measure on the closed interval [0, 1]. Our aim is to formulate sufficient
conditions for the existence of a unique µ-invariant probability measure.
We will also provide examples where uniqueness fails.

The problem of unique ergodicity for random dynamical systems has
been intensively studied recently but mainly in the case when µ is sup-
ported on some subgroup of homeomorphisms (see [1, 8, 9, 10, 12, 17, 19]).
The paper by A. Homburg et al. [13] is in fact an exception. Namely, the
authors prove unique ergodicity for some systems including logistic maps
using the criterion for the existence of an invariant measure absolutely con-
tinuous with respect to Lebesgue measure derived for unimodal maps with
negative Schwarzian derivative (see [20]). Further, under the assumption
of some average contractivity, Kloeckner [14] proved unique ergodicity for
quite general iterated function systems defined on complete metric spaces.
Similar results on this topic were obtained by Czapla in [7].

The paper is aimed at proving unique ergodicity for SDSs that are gener-
ated by non-injective maps, but such that a generic point x ∈ [0, 1] has, on
average, not more than one preimage. We call this property µ-injectivity.
For such systems, we can generalize some techniques developed for diffeo-
morphisms by Avila–Viana [3], Deroin–Kleptsyn–Navas [9], Baxendale [4]
and extended to random homeomorphisms on the circle by Malicet [17].

Definition 1.1. — Let µ be a probability measure on C([0, 1]) with
supp(µ) = M.

(1) We say that a Borel probability measure ν on [0, 1] is µ-injective in
x ∈ [0, 1] if ∫

M
n(f, x) dµ(f) ⩽ 1,

where n(f, x) denotes the cardinality of the preimage f−1({x}).

ANNALES DE L’INSTITUT FOURIER
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(2) We say that (M, µ) contracts a neighborhood of x0 ∈ [0, 1] if there
exists ε > 0 such that

µ
({

f ∈ M : f(x0) = x0,
∣∣f(x) − f(x0)

∣∣ < |x − x0|, ∀ x ∈ Bϵ(x0)
})

> 0,

where Bϵ(x0) := [x0 − ϵ, x0 + ϵ] ∩ [0, 1].

The two above conditions imply uniqueness as follows.

Theorem 1.2. — Let (M, µ) be a stochastic dynamical system µ-in-
jective in all but countably many x ∈ [0, 1] and assume that it con-
tracts a neighborhood of some point x0 ∈ [0, 1]. Let ν be an atomless,
ergodic µ-invariant probability measure with x0 ∈ supp(ν). Then any
other µ-invariant, ergodic Borel probability measure whose support con-
tains supp(ν) coincides with ν.

While the above theorem does not concern the existence of such mea-
sures, we provide conditions for the existence of a µ-invariant probability
measure on (0, 1) in Corollary 4.1 in Section 4.

The paper is organized as follows. We start by showing in Section 2 that
for stochastic dynamical systems defined by piecewise monotone functions,
it is possible to extend the notion of Furstenberg entropy hµ(ν) of an invari-
ant probability ν based on Radon–Nikodym derivatives and a pullbackward
set function f−1ν. As in the invertible case, if the measure ν is atomless
and the entropy is strictly positive, then the SDS is locally contracting
(Proposition 2.3) and ergodic measures are explicitly determined by their
support (Theorem 2.2).

In Section 3, we prove that for µ-injective systems the entropy is non-
negative and give a handy condition ensuring that it is strictly positive
(Theorem 3.6). Together with Theorem 2.2, this proves the above theorem.

In Section 4, we provide explicit examples of noninvertible µ-injective
SDSs that admit a unique invariant probability measure (Corollary 4.1).

Finally, in the last part of this note, we present an example of a ran-
dom system without µ-injectivity that possesses different invariant ergodic
measures.

Acknowledgments
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2. Generalized entropy for piecewise monotone SDS

Let M be a closed set of piecewise strictly monotone continuous functions
from [0, 1] to [0, 1] with finitely many pieces, i.e. for every function f ∈ M
one can find finitely many closed intervals which cover [0, 1] such that f

is strictly monotone on them. By I(f) := {If
i }N(f)

i=1 =
{

[df
i−1, df

i ]
}N(f)

i=1 we
shall denote the collection of closed monotone intervals of f covering [0, 1]
and such that the monotonicity type of f on [df

i−1, df
i ] and [df

i , df
i+1] for

i = 1, . . . , N(f) − 1 is different. Observe that for every I(f) there exist
homeomorphisms γf

i on [0, 1] such that f(x) = γf
i (x) for all x ∈ If

i . Let
D(f) denote the set of all points where f changes its monotonicity type,
i.e. D(f) =

⋃
I∈I(f) ∂I = {df

0 , df
1 , . . . , df

N(f)}.

2.1. Pushforward and pullbackward measures

Let ν be a Borel probability measure on [0, 1], and let f ∈ M.
We define the pushforward measure fν as

fν(A) := ν
(
f−1(A)

)
for A ∈ B([0, 1]),

where f−1(A) denotes the preimage of A and B([0, 1]) denotes the Borel
σ-algebra on [0, 1].

Note that if f ∈ M the images f(A) :=
{

f(x) : x ∈ A
}

, A ∈ B([0, 1]),
are Borel measurable and we can define a pullbackward set function f−1ν

on Borel sets as

f−1ν(A) := ν
(
f(A)

)
for A ∈ B([0, 1]).

In general, f−1ν is not a measure, since it is not σ-additive (if A1 and A2
are two disjoint sets such that f(A1) = f(A2) then f−1ν(A1 ∪ A2) =
f−1ν(A1)=f−1ν(A2)). However, if f coincides with the homeomorphism γf

i

on an interval Ii ∈ I(f), then f−1ν locally coincides with the measure
νf

i (A) := (γf
i )−1ν(A ∩ If

i ) (the restriction of (γf
i )−1ν to If

i ) in the sense
that

(2.1) f−1ν(A) = (γf
i )−1ν(A) = νf

i (A) for A ⊆ If
i .

Furthermore, f−1ν is bounded above by the measure νf obtained as the
sum of the measures νf

i

(2.2) f−1ν(A) ⩽
N(f)∑
i=1

νf
i (A) =: νf (A) for all A ∈ B([0, 1]).

ANNALES DE L’INSTITUT FOURIER
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2.2. Radon–Nikodym derivative for finite measures on [0, 1]

Let λ and ν be two probability measures on the interval [0, 1]. Then, the
Radon–Nikodym derivative dλ/ dν is defined as

dλ

dν
(x) := lim

r→0

λ
(
Br(x)

)
ν
(
Br(x)

) for ν-almost every x ∈ [0, 1],

where Br(x) := [x − r, x + r] ∩ [0, 1]. The limit exists ν-almost everywhere,
and the Lebesgue decomposition of λ is given by dλ = dλ

dν dν + dλsing with
λsing ⊥ ν. In particular,∫

A

dλ

dν
(x) dν(x) ⩽ λ(A) for all Borel sets A ⊆ [0, 1],

with equality if and only if λ ≪ ν (see, for instance, [18, Chapter 2]).
For any x ∈ (0, 1) we denote

(2.3) J x :=
{

I : I ⊂ [0, 1] is a closed interval and x ∈ int(I)
}

.

Let |I| denote the length of the interval. Let ln+(x) = max
{

ln(x), 0
}

for
x > 0.

In the sequel, we will need the following result concerning Radon–Niko-
dym derivatives.

Proposition 2.1. — Let λ be a finite Borel measure, and let ν be a
Borel probability measure on the interval [0, 1].

(1) For ν-almost every x ∈ [0, 1] we have

dλ

dν
(x) = lim

δ→0
sup

I∈J x

|I|<δ

λ(I)
ν(I) .

(2) Let Q∗
ν(λ, x) := supI∈J x

λ(I)
ν(I) . Then∫

ln+ Q∗
ν(λ, x) dν(x) ⩽ 2λ([0, 1]).

This result is well-known in the case ν is the Lebesgue measure or for gen-
eral measures when the supremum is taken over centered intervals (see [18,
Chapter 2] or [16, Proposition 5]). The stated result (for general probabil-
ity measures and non-centered intervals) seems to be a folklore theorem,
but since we could not find a precise reference, we provide its proof in the
appendix.

TOME 0 (0), FASCICULE 0
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2.3. Radon–Nikodym derivative of f−1ν

Since the set function f−1ν is locally a measure, we can define a gen-
eralized Radon–Nikodym derivative for ν-almost every x in the interior of
If

i ∈ I(f) by

dνf(x) = df−1ν

dν
(x) := lim

r→0

ν
(
f
(
Br(x)

))
ν
(
Br(x)

) for ν-a.e. x ̸∈ D(f).

This limit is almost everywhere well-defined since “locally” f−1ν can be
viewed as a measure, and

dνf(x) = dνf
i

dν
(x) for ν-a.e. x ∈ int(If

i ) = (df
i−1, df

i ).

2.4. Entropic criterion for characterizing ergodic measures

Let µ be a Borel probability measure supported on M, and let ν be
a Borel probability measure with no atoms. Then, for µ-almost every f ,
the derivative dνf(x) is well-defined for ν-almost every x ∈ [0, 1] (in fact,
ν
(
D(f)

)
= 0).

If ln+ dνf(x) is (ν×µ)-integrable, we can define the (generalized) Fursten-
berg entropy as

hµ(ν) := −
∫

M×[0,1]
ln
(
dνf(x)

)
dµ(f) dν(x) ∈ (−∞, +∞].

In the case when µ is supported on invertible functions, for general prob-
ability measures µ on M, the entropy can be negative. However, we will
see in this section that if one can guarantee that the entropy is strictly
positive, then the SDS has nice contraction properties, ensuring that, in
some sense, ergodic invariant measures are determined by their support.

Recall that a µ-invariant measure ν is called ergodic if for every subset
A ⊂ [0, 1] such that νA, the restriction of ν to A, is µ-invariant, we have
either ν(A) = 0 or ν

(
[0, 1] \ A

)
= 0. For a more detailed survey on ergodic

measures for SDS, we refer to the appendix of [6].
Let

J(x, f) := sup
{

ν
(
f(I)

)
ν(I) : I ∈ J x

}
∈ [0, +∞]

with the convention 0
0 = 0. Observe that by definition dνf(x) ⩽ J(x, f).

Thus if ln+ J is (ν × µ)-integrable then the entropy is well-defined and we
have the following:

ANNALES DE L’INSTITUT FOURIER
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Theorem 2.2 (Entropic criterion for ergodic measures). — Let µ be
a probability measure on M. Let η and ν be µ-invariant, ergodic Borel
probability measures on [0, 1]. Suppose that ν is atomless and supp ν ⊆
supp η. If ln+ J ∈ L1([0, 1]×M, ν ×µ

)
and hµ(ν) > 0, then we have ν = η.

This theorem is a direct consequence of the following result that ensures
that for a given SDS the positive entropy implies that the system contracts
small intervals at exponential rate.

Proposition 2.3 (Contractivity). — Let µ be a Borel probability mea-
sure on M, and let ν be a µ-invariant atomless ergodic Borel probability
measure on the interval [0, 1] such that ln+ J is (ν × µ)-integrable and
hµ(ν) > 0. Then for every h ∈

(
0, hµ(ν)

)
and µN-a.e. ω = (fn)n∈N ∈ MN

and ν-a.e. x ∈ [0, 1] there exists a closed interval I = I(ω, x) with x ∈ int(I)
such that ∣∣fn ◦ · · · ◦ f1(I)

∣∣ ⩽ exp(−n · h), ∀ n ∈ N.

D. Malicet [17] proved this result when f are homeomorphisms of the
circle. With some precaution, his technique can be easily adapted to the
case of piecewise monotone functions. For completeness, a proof is given in
the appendix.

Proof of Theorem 2.2. — Assume that ν is an ergodic, µ-invariant, atom-
less Borel probability measure on [0, 1] with supp(ν) ⊆ supp(η). Assume
ν ̸= η. Then there exists a continuous function ξ on [0, 1] such that∫

[0,1]
ξ dν ̸=

∫
[0,1]

ξ dη.

By Birkhoff’s ergodic theorem, for µ⊗N-a.e. ω = (f1, f2, . . . ) ∈ MN we have

(2.4) lim
n→∞

1
n

n∑
i=1

ξ
(
fi ◦ · · · ◦ f1(x)

)
=
∫

[0,1]
ξ dν for ν-a.e. x ∈ [0, 1].

Fix h ∈
(
0, hµ(ν)

)
. By Proposition 2.3, there exist x0 ∈ supp ν and Ξ =

Ξ(x) ∈ B(MN) with µ⊗N(Ξ) > 0 such that, for all ω = (f1, f2, . . . ) ∈ Ξ,
convergence (2.4) holds and

(2.5)
∣∣fn ◦ · · · ◦ f1(I)

∣∣ ⩽ exp(−n · h)

for some neighborhood I = I(x0, ω) of x0. Moreover, since x0 ∈ supp(ν) ⊆
supp(η), we have η(I) > 0. Thus, there exists y ∈ I such that

lim
n→∞

1
n

n∑
i=1

ξ
(
fi ◦ · · · ◦ f1(y)

)
=
∫

[0,1]
ξ dη ̸=

∫
[0,1]

ξ dν,

TOME 0 (0), FASCICULE 0
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for µ⊗N-a.e. (f1, f2, . . . ) ∈ Ξ, which is impossible because ξ is continuous
and∣∣fn ◦ · · · ◦ f1(x) − fn ◦ · · · ◦ f1(y)

∣∣ ⩽ ∣∣fn ◦ · · · ◦ f1(I)
∣∣ −→ 0 as n → ∞,

by condition (2.5). The proof is complete. □

3. µ-injectivity and positive entropy

In the previous section, we saw that positive entropy can be used to prove
the stability of SDSs. However, calculating the entropy can be challenging,
so we want to provide in this section a more manageable condition.

3.1. Cardinality of pre-images

For f ∈ M and x ∈ [0, 1], let us denote

n(f, x) := #
(
f−1(x)

)
,

i.e., the number of preimages of x under the map f , with the convention
#(∅) := 0. Note that f 7→ n(f, x) is measurable for every x ∈ [0, 1]. Observe
also that if {If

i }N(f)
i=1 is a collection of covering intervals such that f is

monotone on each of the pieces, then we have

(3.1) n(f, x) =
N(f)∑
i=1

1f(If
i

)(x) for all x ̸∈ D(f).

The following lemma shows that if the number of preimages is bounded in
mean, then the entropy of the system is well-defined.

Lemma 3.1. — If ν has no atoms and n ∈ L1(M × [0, 1], µ × ν
)
, then

ln+ J ∈ L1(M × [0, 1], µ × ν
)

and hµ(ν) is well-defined.

Proof. — Observe that by (2.2)

J(f, x) = sup
I∈J x

ν
(
f(I)

)
ν(I) ⩽ sup

I∈J x

νf (I)
ν(I) =: Q∗

ν(νf , x),

where J x is given by (2.3) and ν is a finite Borel measure defined in (2.2)
as sum of finitely many probability measures. Thus by Proposition 2.1

ANNALES DE L’INSTITUT FOURIER
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and (3.1), ∫
[0,1]

ln+ J(f, x) dν(x) ⩽
∫

[0,1]
ln+ Q∗

ν(νf , x) dν(x)

⩽ 2νf ([0, 1])

= 2
∑

i∈I(f)

νf
i ([0, 1])

= 2
∑

i∈I(f)

ν
(
f(If

i )
)

= 2
∫

[0,1]

∑
i∈I(f)

1f(If
i

)(x) dν(x)

= 2
∫

[0,1]
n(f, x) dν(x),

since ν
(
D(f)

)
= 0. □

3.2. Entropy of µ-injective SDS

Definition 3.2. — We say that a stochastic dynamical system (M, µ)
is µ-injective in x ∈ [0, 1] if

(3.2)
∫

M
n(f, x) dµ(f) ⩽ 1.

Proposition 3.3. — Let (M, µ) be a stochastic dynamical system, and
let ν be an atomless Borel probability measure on [0, 1]. If (M, µ) is µ-
injective for ν-almost all x ∈ [0, 1], then either hµ(ν) > 0 (possibly infinite)
or dνf(x) ≡ 1 for ν-a.e. x ∈ [0, 1] and µ-a.e. f ∈ M.

Proof. — Since f−1ν coincides with the measure νf
i := (γf

i )−1ν
∣∣
If

i

on
each If

i ∈ I(f), we have∫
[0,1]

dνf(x) dν(x) =
∑

i∈I(f)

∫
If

i

df−1ν

dν
(x) dν(x)

=
∑

i∈I(f)

∫
If

i

dνf
i

dν
(x) dν(x)

⩽
∑
i∈I

ν
(
f(If

i )
)

=
∫

[0,1]
n(f, x) dν(x),

(3.3)

TOME 0 (0), FASCICULE 0
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where the last equality follows from (3.1) and the fact that ν
(
D(f)

)
= 0.

Thus, by Jensen’s inequality and Fubini’s theorem,

hµ(ν) =
∫

M

∫
[0,1]

− ln
(
dνf(x)

)
dν(x) dµ(f)

⩾ − ln
(∫

M

∫
[0,1]

dνf(x) dν(x) dµ(f)
)

⩾ − ln
(∫

[0,1]

∫
M

n(f, x) dµ(f) dν(x)
)

.

Now let us assume that (3.2) holds for ν-a.e. x. Then, as above by Jensen’s
inequality, we have hµ(ν) ⩾ − ln(1) = 0 and this inequality is strict unless
dνf(x) ≡ c for ν-a.e. x ∈ X, for µ-almost every f ∈ M. In the latter case,
we obtain again by (3.3) and (3.2) that

c =
∫

M

∫
[0,1]

dνf(x) dν(x) dµ(f)

⩽
∫

[0,1]

∫
M

n(f, x) dµ(f) dν(x)

⩽ 1.

Now, if c < 1 then hµ(ν) > 0. In the remaining case c = 1. Hence dνf(x) =
1 for ν-a.e. x ∈ [0, 1], for µ-almost every f ∈ M. □

Proposition 3.3 should be considered a generalization to µ-injective SDSs
of the well-known result valid for an SDS driven by invertible maps f .
Indeed, then either hµ(ν) > 0 or fν = ν for µ-almost every f (see, for
instance, [17, Proposition 3.7]). However, in the case of a noninvertible
map, the fact that dνf ≡ 1 does not imply that ν is f -invariant. We have,
for instance, the following example, which also provides an example of a
µ-injective SDS that has several (atomic) ergodic µ-invariant probability
measures.

Example 3.4. — Suppose that µ is supported on Γ = {ϕ1, ϕ2} consisting
of a 1

2 -tent-map and an upside-down 1
2 -tent-map, as shown below.

ϕ1

0 1

1

1
2

1
2

ϕ2

ANNALES DE L’INSTITUT FOURIER
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Assume that µ(ϕi) = 1
2 for i = 1, 2. This system is µ-injective, since∫

M
n(f, x) dµ(f) = 2µ(ϕ1)1[0, 1

2 )(x) +
(
µ(ϕ1) + µ(ϕ2)

)
1{ 1

2 }(x)

+ 2µ(ϕ2)1( 1
2 ,1](x)

= 1.

It is easily checked that any probability measure ν symmetric with respect
to 1/2 (that is, invariant under the map σ : x 7→ 1 − x) is µ-invariant.
For instance, the Lebesgue measure on [0, 1] is µ-invariant, but also the
restriction of the Lebesgue measure to the invariant set Y = [0, 1/4] ∪
[3/4, 1].

For all these measures we have dνf ≡ 1. In fact, since ϕ1(I) = I for
I ⊆ [0, 1/2] and ϕ1(I) = σ(I) for I ⊆ [1/2, 1] (and reversely for ϕ2), we
have

dνϕi(x) = lim
r→0

ν
(
ϕi

(
Br(x)

))
ν
(
Br(x)

) = lim
r→0

ν
(
Br(x)

)
ν
(
Br(x)

) = 1,

for Br(x) := [x − r, x + r] ∩ [0, 1].
However, a symmetric measure ν is not ϕ1-invariant, since for I ⊆ [0, 1/2]

we have
ϕ1ν(I) = ν

(
ϕ−1

1 (I)
)

= ν
(
I ∪ σ(I)

)
= 2ν(I),

whereas ϕ1ν(I) = 0 for I ⊆ [1/2, 1].
As a matter of fact, this SDS has infinitely many ergodic measures, which

are atomic. In fact, every measure νx0 = 1
2 δx0 + 1

2 δσ(x0) for x0 ∈ [0, 1/2] is
ergodic.

The following natural question arises.

Open question. — Does there exist an SDS with an atomless ergodic
µ-invariant measure ν such that dνf ≡ 1, but ν is not f -invariant?

3.3. Practical condition to ensure hµ(ν) > 0

We provide in this section a hands-on condition that ensures that dνf ̸≡1.

Definition 3.5. — We say that a stochastic system (M, µ) contracts a
neighborhood of x0 ∈ [0, 1] if there exists ε > 0 such that the set of f ∈ M
satisfying:

f(x0) = x0

and
∣∣f(x) − f(x0)

∣∣ < |x − x0| for all x ∈ [x0 − ϵ, x0 + ϵ] ∩ [0, 1] \ {x0}

has positive µ-measure.
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If x0 = 0 this means that the stochastic system is below the diagonal on
a neighborhood of 0, that is there exists ε > 0 such that

µ
({

f ∈ M : f(0) = 0 and f(x) < x ∀ x ∈ (0, ϵ]
})

> 0.

Analogously, if x0 = 1, it means that the system is above the diagonal on
a neighborhood of 1, that is there exists ε > 0 such that

µ
({

f ∈ M : f(1) = 1 and f(x) > x ∀ x ∈ [1 − ϵ, 1)
})

> 0.

If x0 ∈ (0, 1), it means that it crosses the diagonal with a “slope less than
one”.

Theorem 3.6 (Theorem 1.2). — Let (M, µ) be a stochastic dynamical
system µ-injective in all but countably many x ∈ [0, 1], and assume that it
contracts a neighborhood of some point x0 ∈ [0, 1]. Moreover, assume that
ν is an atomless µ-invariant probability measure with x0 ∈ supp(ν). Then
hµ(ν) > 0.

In particular if ν is ergodic, any other µ-invariant, ergodic Borel proba-
bility measure η whose support contains supp(ν) coincides with ν.

The above theorem follows immediately from Proposition 3.3 and the
following lemma.

Lemma 3.7. — Let (M, µ) be a stochastic dynamical system µ-injective
in all but countably many x ∈ [0, 1], and assume that it contracts a neigh-
borhood of some point x0 ∈ [0, 1]. Moreover, assume that ν is an atomless
µ-invariant probability measure with x0 ∈ supp(ν). Then

ν ⊗ µ
({

(x, f) ∈ [0, 1] × M : dνf(x) ̸= 1
})

> 0.

Proof. — Let us assume that the system contracts a neighborhood of x0
and x0 ∈ supp(ν). Let Jm :=

[
x0 − 1

m , x0 + 1
m

]
∩ [0, 1] and

J+
m :=

[
x0, x0 + 1

m

]
∩ [0, 1] and J−

m :=
[
x0 − 1

m
, x0

]
∩ [0, 1].

Since all the maps in M are piecewise monotone, we can write{
f : f(x0) = x0

}
=
⋃

m∈N

{
f : f(x0) = x0, f

∣∣
J+

m
and f

∣∣
J−

m
are monotone

}
.

Thus by continuity of measures, there is m ∈ N such that µ(∆m) > 0 where
∆m is the set of f ∈ M such that

f
∣∣
J+

m
and f

∣∣
J−

m
are monotone, f(x0) = x0,

and ∣∣f(x) − f(x0)
∣∣ < |x − x0| for all x ∈ Jm.
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We claim that ν(fnJm) → 0 for any f ∈ ∆m. In fact, we easily check
that fnJm = [an, bn] with an = min

{
fn(x0), fn

(
x0 + 1

m

)
, fn

(
x0 − 1

m

)}
and bn = max

{
fn(x0), fn

(
x0 + 1

m

)
, fn

(
x0 − 1

m

)}
, and an and bn converge

to x0. Thus ν(fnJm) → ν({x0}) = 0, by atomlessness of ν.
Suppose now that dνf(x) = 1 for ν-a.e. x ∈ [0, 1] and µ-a.e. f ∈ M.

Then for all Borel sets A ⊆ If
i we have

(3.4) ν(A) =
∫

A

dνf(x) dν(x) =
∫

A

dνf
i

dν
(x) dν(x) ⩽ νf

i (A) = ν
(
f(A)

)
.

Since for every f ∈ ∆m, f(J+
m) is contained in either J+

m or J−
m, we can

iterate (3.4) obtaining

ν(J+
m) ⩽ ν

(
f(J+

m)
)
⩽ ν

(
fn(J+

m)
)
⩽ ν

(
fn(Jm)

)
−→ 0.

Thus ν(J+
m) = 0 and similarly ν(J−

m) = 0. Thus ν(Jm) = 0, which contra-
dicts the hypothesis that x0 ∈ supp ν. □

Proof of Theorem 3.6. — By Proposition 3.3, µ-injectivity implies that
either hµ(ν) > 0 or µ ⊗ ν

({
(f, x) : dνf(x) = 1

})
= 1. The latter case

cannot occur due to Lemma 3.7. Thus the entropy hµ(ν) has to be strictly
positive, which was to prove.

If ν is also ergodic the claim follows now by Theorem 2.2. □

4. Examples

4.1. A condition for unique ergodicity

In this section, we present a condition for the existence and uniqueness
of a µ-invariant probability measure. This condition, derived from our pre-
vious results, is not optimal but can be used to construct noninvertible
uniquely ergodic SDSs.

Corollary 4.1. — Let µ be a probability measure with finite support
Γ ⊆ M and let Γ∗ be the countable semigroup of M generated by Γ.
Suppose that the generated SDS satisfies the following properties:

• the set C :=
⋂

x∈(0,1) Γ∗x ⊆ [0, 1] is not empty, i.e., there is a point
in the closure of all the orbits Γ∗x, x ∈ (0, 1);

• there exists x0 ∈ C ∩ (0, 1) such that the family of measures{∑n
k=0 πk(x0, · )/n

}∞
n=1

is tight in (0, 1);
• the SDS contracts a neighborhood of some point y0 ∈ C;
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• the system is µ-injective in all x ∈ (0, 1);
• every x ∈ (0, 1) has zero or infinitely many preimages, i.e.

#
{

y : f(y) = x for some f ∈ Γ∗} = ∞ or 0.

Then there exists a unique µ-invariant probability measure on (0, 1). This
probability measure is atomless.

Proof. — Since the maps f are continuous the transition probability

π(x, A) =
∫

M
1A

(
f(x)

)
dµ(f) for x ∈ R and A ∈ B

(
(0, 1)

)
is a Feller operator on [0, 1]. Thus for any x ∈ [0, 1] all limit measures
of the family

{∑n
k=0 πk(x, · )/n

}
n

are µ-invariant probability measures.
Furthermore, since

{∑n
k=0 πk(x0, · )/n

}
n

is tight in (0, 1) there exists an
ergodic probability measure ν0 with ν0

(
(0, 1)

)
= 1, and such that supp ν0 ⊆

Γ∗x0.
We claim that under the hypothesis any µ-invariant probability ν such

that ν
(
(0, 1)

)
= 1 is atomless. Suppose ν has atoms and let

M := sup
y∈[0,1]

ν(y)

and A :=
{

x ∈ (0, 1) : ν(x) = M
}

. Since ν is a finite measure, A is a finite
set. Furthermore µ-injectivity implies that f−1A ⊊ A for all f ∈ Γ∗ and
that any a ∈ A has at least one preimage. In fact, let a ∈ A; then

M = ν(a) =
∑
f∈Γ

µ(f)
∑

y∈f−1(a)

ν(y) ⩽
∑
f∈Γ

µ(f)Mn(f, a) ⩽ M,

where the equality may hold only if ν(y) = M for all y ∈ f−1(a) and∑
f∈Γ µ(f)n(f, a) = 1. This contradicts the fact that all x ∈ (0, 1) have

zero or infinitely many preimages under Γ∗.
Let ν be an ergodic invariant probability measure. Observe that supp ν

is a closed Γ∗-invariant set, i.e., f(supp ν) ⊆ supp ν for all f ∈ Γ∗,(1)

thus C ⊆ supp ν. In particular, x0 ∈ supp ν and Γ∗x0 ⊆ supp ν. Hence,
supp ν0 ⊆ supp ν and since the conditions of Theorem 3.6 are satisfied we
obtain ν = ν0. □

(1) In fact, since

1 = ν(supp ν) =
∑
g∈Γ

µ(g)ν
(

g−1(supp ν)
)

,

then ν
(

f−1(supp ν)
)

= 1 for every f ∈ Γ, hence f−1(supp ν) ⊇ supp ν, by the fact that
f−1(supp ν) is closed and supp ν is minimal. Thus, supp ν ⊇f

(
f−1(supp ν)

)
⊇f(supp ν).
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Example 4.2. — Consider the two examples below, where the measure µ

is equidistributed on the functions in each graphic.

It can be checked that these two SDSs satisfy the hypothesis of Corol-
lary 4.1, thus admit a unique invariant probability on (0, 1).

In both cases x0 = y0 is in C since limn ϕn
2 (x) = x0 for all x ∈ (0, 1). The

family
{∑n

k=0 πk(x0, · )/n
}∞

n=1 is tight since the SDS is strongly repelling
at 0 and 1 (see for instance [2, Proposition 9.1]).

4.2. Construction of SDS without unique ergodicity

Let us give here an example where unique ergodicity fails in the setting
where µ-injectivity does not hold, but the systems is below the diagonal on
a neighborhood of 0 and above the diagonal on a neighborhood of 1.

We start with a general observation and construction.
First observe that every semigroup of continuous functions acts on the

set of closed subintervals of [0, 1] by the map I 7→ g(I).
Let J denote some family of closed subintervals of [0, 1]. Let µ be a Borel

probability measure on M such that fJ ⊆ J for µ-almost every f ∈ M.
Assume we have given a family

{
νI : I ∈ J

}
of Borel probability measures

on [0, 1], which is equivariant in the sense that

(4.1) νf(I) = fνI ν ⊗ µ-a.s.

and such that I 7→ νI(A) is measurable for all A ∈ B([0, 1]).
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We start with a simple lemma.

Lemma 4.3. — Let (J , Ξ, ν) be a probability measure space. Assume
that ν is µ-invariant, i.e. it satisfies

(4.2)
∫

J ×M
ξ
(
f(I)

)
dν(I) dµ(f) =

∫
J

ξ(I) dν(I)

for any ξ ∈ L∞(J , Ξ, ν).
Then the measure

ν(A) :=
∫

J
νI(A) dν(I) for any Borel A ⊂ [0, 1]

is a µ-invariant measure on [0, 1].

Proof. — For A ∈ B([0, 1]) we have

∫
M

ν
(
f−1(A)

)
dµ(f) =

∫
M

(∫
J

νI

(
f−1(A)

)
dν(I)

)
dµ(f)

=
∫

M

(∫
J

νf(I)(A) dν(I)
)

dµ(f)

(4.2)=
∫

J
νI(A) dν(I)

= ν(A),

which ends the proof. □

We are now in a position to give a concrete example of an SDS where
unique ergodicity fails, i.e., we will construct two different µ-invariant prob-
ability measures ν1, ν2. On [0, 1] consider the following three continuous
maps:

0 1

1

1
3

2
3

ϕ1

ϕ1(x) :=


3x if x ∈

[
0, 1

3
]
,

−3x + 2 if x ∈
( 1

3 , 2
3
]
,

3x − 2 if x ∈
( 2

3 , 1
]
,
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0 1

1

1
3 ϕ2

ϕ2(x) := x
3 ,

0 1

1

2
3

ϕ3

ϕ3(x) := x
3 + 2

3 .

Proposition 4.4. — Let µ be a probability measure on M such that
µ(ϕ1) = p, µ(ϕ2) = 1−p

2 = µ(ϕ3) for some p ∈
( 1

2 , 1
)
. Then there exist at

least two different µ-invariant ergodic probability measures ν1, ν2 on (0, 1).

Remark 4.5. — Observe that the system is below the diagonal on a
neighborhood of 0 and above the diagonal on a neighborhood of 1, but
µ-injectivity does not hold, because

∫
M n(f, x) dµ(f) ⩾ 3p > 1 for all

x ̸= 0, 1.

Proof of Proposition 4.4. — Let

Kn :=
{

k ∈ N : k = k0 + k13 + · · · + kn−13n−1 with ki = 0 or 2
}

.

Consider the collection of all subintervals of [0, 1] which are used in the
construction of the Cantor- 1

3 -set, i.e.,

C :=
{[

k

3n
,

k + 1
3n

]
: k ∈ Kn, ∀ n ∈ N ∪ {0}

}
.

Observe that ϕi(C) ⊆ C for i = 1, 2, 3, hence M acts as a semigroup on the
discrete set C. Moreover, we can define a µ-invariant probability measure ν

on
(
C, P(C)

)
— where P(C) denotes the power set of C — as follows:

ν(I) := c · alev(I) for I ∈ C,

where lev(I) denotes the level of the interval in the Cantor-construction
(i.e. lev

([
k

3n , k+1
3n

])
:= n) and a := 1−

√
1−4p(1−p)

4p and c :=
(∑∞

n=0(2a)n
)−1.
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Note that the sum in the latter expression is finite due to the choice of p.
Let us verify that ν is µ-invariant: let I ∈ C, I ̸= [0, 1], then

pν
(
ϕ−1

1 (I)
)

+ 1 − p

2 ν
(
ϕ−1

2 (I)
)

+ 1 − p

2 ν
(
ϕ−1

3 (I)
) ?= ν(I)

⇐⇒ 2p alev(I)+1 + 1 − p

2 alev(I)−1 ?= alev(I).

Note that we have used that I is either a subset of
[
0, 1

3
]

or of
[ 2

3 , 1
]
, hence

either ϕ−1
2 (I) or ϕ−1

3 (I) is empty. Also, ϕ−1
1 (I) is a disjoint union of three

intervals of one Cantor-level higher, but only two of them will be contained
in C. The above condition is thus satisfied by the choice of a. For I = [0, 1]
the condition of µ-invariance is trivially fulfilled.

Now, using the construction from Lemma 4.3 for the above measure ν,
we will construct two different µ-invariant ergodic probability measures
on [0, 1]. First, let us consider the uniform probability measures νI on I

given by

dνI := 1
|I|

1I(x) dx, for I ∈ C.

Observe that
νϕi(I) = ϕiνI , ∀ i = 1, 2, 3.

Indeed, for f being a continuous map on [0, 1], we have

νϕ1(I)(f) =
∫

[0,1]
f dνϕ1(I)

= 1
3|I|

∫
ϕ1(I)

f(x) dx

= 1
3|I|

∫
I

f
(
ϕ1(y)

)
3 dy

= νI

(
ϕ−1

1 (f)
)

and similarly for ϕ2, ϕ3. Therefore, we can apply Lemma 4.3 and obtain
that the measure

ν1 :=
∑
I∈C

ν(I)νI

is µ-invariant. Moreover, ν1 is absolutely continuous with respect to the
Lebesgue measure, ν1 ≪ Leb, and supp(ν1) = [0, 1].

In order to construct a second (different) µ-invariant probability mea-
sure ν2 on (0, 1), let us first consider the Cantor measure η on [0, 1], i.e.
the unique probability measure such that (see for instance [15])

(4.3) η = 1
2ϕ2η + 1

2ϕ3η.
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We set

ν̃I := η( · ∩ I)
η(I) for I ∈ C.

We shall prove that for i = 1, 2, 3

(4.4) ν̃ϕi(I)(A) :=
η
(
A ∩ ϕi(I)

)
η
(
ϕi(I)

) =
η
(
ϕ−1

i (A) ∩ I
)

η(I) =: ϕiν̃I(A)

for all I ∈ C and A ⊆ [0, 1]. Note that

(4.5) ϕ−1
2 ([2/3, 1]) = ∅ and ϕ−1

3 ([0, 1/3]) = ∅.

For i = 2 the relation (4.4) follows the fact that

η
(
A ∩ ϕ2(I)

) (4.3)= 1
2η
(
ϕ−1

2
(
A ∩ ϕ2(I)

))
+ 1

2η
(
ϕ−1

3
(
A ∩ ϕ2(I)

))
(4.5)= 1

2η
(
ϕ−1

2
(
A ∩ ϕ2(I)

))
= 1

2η
(
ϕ−1

2 (A) ∩ ϕ−1
2
(
ϕ2(I)

))
= 1

2η
(
ϕ−1

2 (A) ∩ I
)
.

and that, for A = [0, 1], we obtain :

η
(
ϕ2(I)

)
= 1

2η(I) for I ∈ C.

For i = 3, a similar argument holds.
We now prove (4.4) for i = 1. First observe that for j = 2, 3, since

ϕ1 ◦ ϕj = id, we have

ϕ−1
j

(
ϕ−1

1 (A) ∩ I
)

= ϕ−1
j

(
ϕ−1

1 (A)
)

∩ ϕ−1
j (I) = A ∩ ϕ−1

j (I).

Thus

η
(
ϕ−1

1 (A) ∩ I
)

= 1
2η
(
ϕ−1

2
(
ϕ−1

1 (A) ∩ I
))

+ 1
2η
(
ϕ−1

3
(
ϕ−1

1 (A) ∩ I
))

= 1
2η
(
A ∩ ϕ−1

2 (I)
)

+ 1
2η
(
A ∩ ϕ−1

3 (I)
)
.

If I ⊆ [0, 1/3], then (4.4) follows from the fact that η
(
ϕ1(I)

)
= 2η(I) and

the relation

η
(
ϕ−1

1 (A) ∩ I
)

= 1
2η
(
A ∩ ϕ1(I)

)
,
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which holds since ϕ−1
2 (I) = ϕ1(I) and ϕ−1

3 (I) = ∅. Similarly if I ⊆ [2/3, 1].
For I = [0, 1], in turn, we obtain

η
(
ϕ−1

1 (A) ∩ [0, 1]
)

= 1
2η
(
A ∩ ϕ−1

2 [0, 1]
)

+ 1
2η
(
A ∩ ϕ−1

3 [0, 1]
)

= η
(
A ∩ [0, 1]

)
= η

(
A ∩ ϕ1([0, 1])

)
,

which also leads to (4.4), since η([0, 1]) = η
(
ϕ1([0, 1])

)
= 1.

Thus, by Lemma 4.3,
ν2 :=

∑
I∈C

ν(I)ν̃I

is a µ-invariant probability measure, which by construction is absolutely
continuous with respect to the Cantor measure η and supp(ν2) = ∂C is the
Cantor- 1

3 -set. Moreover, ν2 is atomless, thus we can view it as a probability
measure on (0, 1).

The µ-invariant probability measures ν1, ν2 might not be ergodic, but we
obtain the existence of two different µ-invariant ergodic Borel probability
measures by Rohklin’s ergodic decomposition theorem. □

Appendix A. Proof of Proposition 2.1

Proposition (Proposition 2.1). — Let λ be a finite Borel measure, and
let ν be a Borel probability measure on the interval [0, 1].

(1) For ν-almost every x ∈ [0, 1] we have
dλ

dν
(x) = lim

δ→0
sup

I∈J x

|I|<δ

λ(I)
ν(I) .

(2) Let Q∗
ν(λ, x) := supI∈J x

λ(I)
ν(I) . Then∫

ln+ Q∗
ν(λ, x) dν(x) ⩽ 2λ([0, 1]).

The first part of the proposition is a consequence of the following version
of the non-centered Vitali covering theorem for a general finite measure on
the interval.

Lemma A.1. — Let ν be a finite regular measure on [0, 1], and let A ⊆
[0, 1] be a Borel set. Let J be a family of closed intervals such that

inf
{

|I| : I ∈ J and x ∈ int(I)
}

= 0 ∀ x ∈ A.

Then there exists a countable family {Ii} ⊂ J of disjoint intervals such
that ν

(
A \

⋃
i Ii

)
= 0.
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Proof.
Step 1. — Let K be a compact set, and let U ⊃ K be open in [0, 1]. We

claim that there exists a finite family of disjoint intervals {Ii} ⊂ J such
that Ii ⊂ U and ν

(
K \

⋃
i Ii

)
⩽ 1

2 ν(K).
In fact, since the intervals of J included in U form a covering of the

compact set K, we can find a finite covering family {Îj}N
j=1. Passing to

a subfamily if necessary, we can assume that every interval in this family
intersects at most two other intervals by Besicovitch’s covering theorem.
Additionally, we may assume that

Îi ∩ Îj = ∅ if j ̸= i ± 1.

Consider the family I ′
i = Î2i for i = 1, . . . , ⌊N/2⌋ and I ′′

i = Î2i+1 for
i = 1, . . . , ⌊N/2⌋. Then I ′ and I ′′ are disjoint families and since their
union covers K, either ν

(
K \

⋃
i I ′

i

)
< 1

2 ν(K) or ν
(
K \

⋃
i I ′′

i

)
< 1

2 ν(K).
Step 2. — For any A ⊂ U ⊆ [0, 1] we claim that there exists a finite

family of disjoint intervals I = {Ii} ⊂ J such that Ii ⊂ U and ν
(
A \⋃

i Ii

)
< 3

4 ν(A).
In fact, there exists a compact set K ⊂ A such that ν(A \ K) < 1

4 ν(A).
Applying Step 1, we have a finite disjoint family of intervals such that

ν
(
A \

⋃
i Ii)

)
⩽ ν

(
K \

⋃
i Ii)

)
+ ν(A \ K) ⩽ 1

2ν(K) + 1
4ν(A) ⩽ 3

4ν(A).

Step 3. — We prove by induction that for any n ∈ N there exists a finite
family of disjoint intervals In := {In

i } ⊂ J such that In
i ⊂ U and

(A.1) ν
(
A \

⋃
i In

i

)
<

(
3
4

)n

ν(A).

Step 2 gives a proof for n = 1. Suppose that (A.1) holds for n. Take
An = A \

⋃
i In

i and Un = [0, 1] \
⋃

i In
i . Then, by Step 2, there exists

Ĵ n =
{

Jn
i

}
⊂ J such that In

i ⊂ Un (therefore the intervals from J n

are disjoint from the intervals In) and ν
(
An \

⋃
i Jn

i

)
< 3

4 ν(An). Setting
In+1 = J n ∪ In we easily check (A.1) for n + 1.

Finally, set I :=
⋃

n In. We conclude the proof by taking the limit
in (A.1) for n → ∞. □

Proof of Proposition 2.1.
(1). — We refer to Federer’s book [11]. Indeed, Lemma A.1 proves that

V =
{

(x, I) : I a closed interval and x ∈ int(I)
}

is a ν-Vitali relation
according to [11, Definition 2.8.16]. Let

D(λ, ν, x) := lim
δ→0

sup
I∈Ix

δ

λ(I)
ν(I) .
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By [11, Theorem 2.9.7], D(λ, ν, x) dν(x) is an absolutely continuous part
in the Lebesgue decomposition of λ, thus D(λ, ν, x) = dλ

dν (x).
(2). — Consider the set:

Aa := {x ∈ [0, 1] : Q∗(λ, ν, x) > a}.

For every x ∈ Aa choose a closed interval Ix such that x ∈ int(Ix) and
λ(Ix) > aν(Ix). It is possible to extract from the family {Ix}x∈Aa

a finite
covering {Ii}i of Aa such that every interval may overlap with at most one
other interval at each point, that is

1Aa
⩽
∑

i

1Ii
⩽ 2,

by Besicovitch’s covering theorem in dimension 1. Then

ν(Aa) ⩽
∑

i

ν(Ii) ⩽
∑

i

λ(Ii)/a ⩽
∫

[0,1]

∑
i

1Ii/a dλ ⩽ 2λ([0, 1])/a.

Now by Fubini’s theorem, we easily see that∫
[0,1]

ln+ Q∗(λ, ν, x) dν(x) =
∫

[0,1]

∫ ∞

1
1[Q∗(λ,ν,x)>a]

da

a
dν(x)

=
∫ ∞

1
ν(Aa)da

a

⩽ 2λ([0, 1])
∫ ∞

1

da

a2

= 2λ([0, 1]).
This completes the proof. □

Appendix B. Proof of exponential contraction

Proposition (Proposition 2.3). — Let µ be a Borel probability mea-
sure on M, and let ν be a µ-invariant atomless ergodic Borel probability
measure on the interval [0, 1] such that ln+ J is (ν × µ)-integrable and
hµ(ν) > 0. Then for every h ∈

(
0, hµ(ν)

)
and µN-a.e. ω = (fn)n∈N ∈ MN

and ν-a.e. x ∈ [0, 1] there exists a closed interval I = I(ω, x) with x ∈ int(I)
such that ∣∣fn ◦ · · · ◦ f1(I)

∣∣ ⩽ exp(−n · h), ∀ n ∈ N.

Define

Jϵ(x, f) := sup
{

ν
(
f(I)

)
ν(I)

∣∣∣∣∣ I ⊂ [0, 1] closed interval,
x ∈ int(I) and ν(I) ⩽ ϵ

}
.
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Lemma B.1. — Suppose that ν is an atomless probability measure and
g ∈ M. Then we have

(B.1) lim
ε→0

Jϵ(x, f) = dνf(x) dν(x)-a.s.

Furthermore, if ln+ J is (ν × µ)-integrable, then

hϵ
µ(ν) :=

∫
[0,1]

∫
M

ln
(
Jϵ(x, f)

)
dν(x) dµ(f)

is well-defined, hϵ
µ(ν) ∈ (−∞, +∞], and

(B.2) lim
ε→0

hϵ
µ(ν) = hµ(ν).

Proof. — Denote J0 := limε→0 Jϵ = infε>0 Jϵ. First observe that since ν

has no atoms ε(r, x) := ν
(
Br(x)

)
→ 0 as r → 0, where Br(x) := [x − r, x +

r] ∩ [0, 1]. Thus

dνf(x) = lim
r→0

ν
(
f
(
Br(x)

))
ν
(
Br(x)

) ⩽ lim
r→0

Jε(r,x)(x, f) = J0(x, f).

To prove the reverse inequality observe that

Q∗(x) := sup
{

|I|
ν(I) : I closed interval of [0, 1] s.t. x ∈ int(I)

}
coincides with Q∗

ν(λ, x) when λ is the Lebesgue measure on [0, 1] and thus
it is ν-a.s. finite, by Proposition 2.1(2). Let Ix

n be a sequence of intervals
such that J0(x) = limn ν

(
f(Ix

n)
)
/ν(Ix

n) and such that ν(Ix
n) → 0. Then

δ(x, n) := |Ix
n | ⩽ Q∗(x)ν(Ix

n) → 0. Finally, since locally f−1ν coincides with
the measure νf

i := (γ−1
i ν)

∣∣
If

i

we can apply Proposition 2.1(1) to λ = νf
i

and get

J0(x, f) = lim
n→∞

ν
(
f(Ix

n)
)

ν(Ix
n)

= lim
n→∞

νi(Ix
n)

ν(Ix
n)

⩽ lim
n→∞

sup
I∈Iδ(x,n)

νi(Ix
n)

ν(Ix
n)

= dνi

dν
(x)

= dνf(x).

This proves (B.1).
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To prove condition (B.2) observe that ln+ Jϵ(x, f) converges ν ⊗ µ⊗N-
a.s. to ln+(dνf(x)

)
, and since ln+ Jϵ(x, f) ⩽ ln+ J(x, f) and ln+ J(x, f) ∈

L1([0, 1] × MN, ν ⊗ µ⊗N) we have

lim
ε→0

∫
[0,1]

∫
M

ln+(Jϵ(x, f)
)

dν(x) dµ(f)=
∫

[0,1]

∫
M

ln+(dνf(x)
)

dν(x) dµ(f).

On the other hand, since the sequence ln−(Jϵ(x, g)
)

is decreasing as ε → 0,
by the Lebesgue theorem we also have

lim
ε→0

∫
[0,1]

∫
M

ln−(Jϵ(x, f)
)

dν(x) dµ(f)=
∫

[0,1]

∫
M

ln−(dνf(x)
)

dν(x) dµ(f),

and consequently (B.2) holds. □

Proof of Proposition 2.3. — Consider the transformation T : X ×MN →
X × MN given by the formula

T (x, ω) :=
(
f1(x), σ(ω)

)
,

where σ denotes the left shift on MN, i.e. σ(f1, f2, . . . ) = (f2, f3, . . . ). The
transformation T is (ν ⊗ µN)-measure preserving and ergodic for ν ergodic
and µ-invariant (see [5]). For any ε > 0, let J̃ε(x, ω) = Jε(x, f1) and thus
J̃ε

(
T k(x, ω)

)
= Jε(Xx

k , fk+1).
Fix h ∈

(
0, hµ(ν)

)
and take h̃ ∈

(
h, hµ(ν)

)
. Choose ε > 0 such that

h̃ < hε
µ(ν). By Birkhoff’s ergodic theorem,∑n−1

k=0 ln
(
J̃ε

(
T k(x, ω)

))
n

−−−−→
n→∞

∫
[0,1]×M

ln
(
Jϵ(y, f)

)
d(ν ⊗ µ)(y, f)

= −hε
µ(ν)

for (ν ⊗ µ⊗N)-a.e. (x, ω) ∈ [0, 1] × MN. The above is still true even if
ln ◦Jϵ /∈ L1([0, 1] × MN, ν ⊗ µ⊗N), (thus hε

µ(ν) = +∞) because we can
consider the function max

{
ln ◦Jϵ, −M

}
for arbitrary large M > 0, which

is in L1([0, 1] × MN, ν ⊗ µ⊗N).
Then there exists N ∈ N such that

h̃ ⩽ − 1
n

log
(

n−1∏
k=0

J̃ϵ

(
T k(x, ω)

))
for all n ⩾ N.

This is equivalent to
n−1∏
k=0

Jϵ

(
Xx

k , fk+1)
)

=
n−1∏
k=0

J̃ϵ

(
T k(x, ω)

)
⩽ e−nh̃ for all n ⩾ N.
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Thus for any (x, ω) such that the Birkhoff limit holds there exists a constant
C = C(x, ω, h̃) > 0 such that

(B.3)
n−1∏
k=0

Jϵ

(
Xx

k , fk+1)
)
⩽ C(x, ω, h̃)e−nh̃ for all n ∈ N.

Let

Ω1 :=
{

(x, ω) : (B.3) holds and x ̸∈
⋃

n∈N D(fn . . . f1)
}

.

Since ν is atomless and
⋃

n∈N D(fn ◦ · · · ◦ f1) is countable, Ω1 has full
measure.

Take (x, ω) ∈ Ω1. By induction we show that: for any closed interval I0
containing x in its interior such that

ν(I0) < δ(x, ω, h̃) := ε

1 + C(x, ω, h̃)

we have

(B.4) ν
(
fn ◦ · · · ◦ f1(I0)

)
⩽ Ce−n·h̃ν(I0) for all n ∈ N.

For n = 0 the above is trivial.
Assume it is true for k = 0, . . . , n − 1. Let Ik := fk ◦ · · · ◦ f1(I0). Hence,

by induction hypothesis

ν(Ik) = ν
(
fk ◦ · · · ◦ f1(I0)

)
⩽ Ce−k·h̃ν(I0) ⩽ Ce−k·h̃δ ⩽ ε

since e−k·h̃ ⩽ 1 using h̃ > 0.
Observe that Xx

k = fk ◦ · · · ◦ f1(x) ∈ Ik since x ∈ I0. Furthermore, the
fact that the functions fi are piecewise monotone and x ̸∈ D(fk+1 ◦· · ·◦f1),
ensures also that Xx

k ∈ int(Ik). Therefore,

ν
(
fk+1 ◦ · · · ◦ f1(I0)

)
ν
(
fk ◦ · · · ◦ f1(I0)

) =
ν
(
fk+1(Ik)

)
ν(Ik)

⩽ sup

ν
(
fk+1(I)

)
ν(I)

∣∣∣∣∣∣∣
I an interval
with Xx

k ∈ int(I),
ν(I) ⩽ ε


= Jϵ(Xx

k , fk+1)

= J̃ε

(
T k(x, ω)

)
.
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Now, applying the above inequalities, we obtain

ν
(
fn ◦ · · · ◦ f1(I0)

)
= ν(I0)

n−1∏
k=0

ν
(
fk+1 ◦ · · · ◦ f1(I0)

)
ν
(
fk ◦ · · · ◦ f1(I0)

)
⩽ ν(I0)

n−1∏
k=0

Jϵ

(
T k(x, ω)

)
⩽ Cν(I0)e−nh̃,

(B.5)

where the last inequality follows by (B.3) and the proof of (B.4) is complete.
Let now

Q∗(x) := sup
{

|I|
ν(I) : I a closed interval such that x ∈ int(I)

}
.

By Proposition 2.1(2) ln+ Q∗ ∈ L1([0, 1], ν
)
. Therefore, by the Birkhoff

ergodic theorem, we obtain that 1
n

∑n−1
k=0 ln+ Q∗(Xx

k ) converges to∫
[0,1]

ln+ Q∗ dν

for (ν ⊗ µ⊗N)-almost every (x, ω). Hence ln+ Q∗(Xx
n)/n tends to 0 for (ν ⊗

µ⊗N)-almost every (x, ω). On the other hand, as observed above, Xx
n ∈

int(In), if x ̸∈ D(fn ◦ · · · ◦ f1), thus for ν-a.e. x (since ν is atomless). Hence
for every κ > 0, there exists a constant C̃ = C̃(x, ω, κ) > 0 such that

(B.6)
∣∣fn ◦ · · · ◦ f1(I0)

∣∣
ν
(
fn ◦ · · · ◦ f1(I0)

) = |In|
ν(In) ⩽ Q∗(Xx

n) ⩽ C̃enκ for all n

for (ν ⊗µ⊗N)-almost every (x, ω). Consequently, taking κ = h̃−h, it follows
from (B.5) that for every n ∈ N we have

(B.7)
∣∣fn+1 ◦ fn ◦ · · · ◦ f1(I0)

∣∣ ⩽ CC̃ν(I0)e−nh

for any closed interval I0 containing x in its interior such that ν(I0) <
ε

1+C(x,ω,h̃) . Thus, if we decrease the interval I0, we have

(B.8)
∣∣fn+1 ◦ fn ◦ · · · ◦ f1(I0)

∣∣ ⩽ e−nh for all n ∈ N

for any closed interval I0 containing x in its interior such that ν(I0) <

min
{

1
C(x,ω,h̃)C̃(x,ω,κ)

ε
1+C(x,ω,h̃)

}
. This completes the proof. □
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