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PSEUDO-EFFECTIVE CLASSES ON PROJECTIVE
IRREDUCIBLE HOLOMORPHIC SYMPLECTIC

MANIFOLDS

by Francesco Antonio DENISI

Abstract. — We show that Kovács’ result on the cone of curves of a K3 sur-
face generalizes to any projective irreducible holomorphic symplectic manifold X.
In particular, we show that if ρ(X) ⩾ 3, the pseudo-effective cone Eff(X) is either
circular or equal to

∑
E

R⩾0[E], where the sum runs over the prime exceptional
divisors of X. The proof goes through hyperbolic geometry and the fact that (the
image of) the Hodge monodromy group Mon2

Hdg(X) in O+(N1(X)) is of finite
index. If X belongs to one of the known deformation classes, carries a prime ex-
ceptional divisor E, and ρ(X) ⩾ 3, we explicitly construct an additional integral
effective divisor, not numerically equivalent to E, with the same monodromy orbit
as that of E. To conclude, we provide some consequences of the main result of the
paper, for instance, we obtain the existence of uniruled divisors on certain primitive
symplectic varieties.

Résumé. — Nous montrons que le résultat de Kovács sur le cône des courbes
d’une surface K3 se généralise à toute variété irréductible holomorphe symplectique
projective X. En particulier, nous démontrons que si ρ(X) ⩾ 3, le cône pseudo-
effectif Eff(X) est soit circulaire, soit égal à

∑
E

R⩾0[E], où la somme est prise
sur les diviseurs premiers exceptionnels de X. La preuve s’appuie sur la géométrie
hyperbolique et sur le fait que (l’image de) le groupe de monodromie de Hodge
Mon2

Hdg(X) dans O+(N1(X)) est d’indice fini. Si X appartient à l’une des classes
de déformation connues, possède un diviseur premier exceptionnel E et si ρ(X) ⩾ 3,
nous construisons explicitement un autre diviseur effectif entier, non numérique-
ment équivalent à E, qui appartient à la même orbite de monodromie que E. Pour
conclure, nous donnons quelques conséquences du résultat principal de l’article. Par
exemple, nous établissons l’existence de diviseurs uniréglés sur certaines variétés
primitives symplectiques.

Keywords: Irreducible holomorphic symplectic manifolds, cones of divisors, pseudo-
effective cone, Mori dream spaces, uniruled divisors.
2020 Mathematics Subject Classification: 14J42, 14Exx.
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1. Introduction

An irreducible holomorphic symplectic (IHS) manifold X is a simply
connected compact Kähler manifold such that H0(X, Ω2

X) ∼= Cσ, where σ

is a holomorphic symplectic form. They are the higher dimensional analogs
of complex K3 surfaces, which are the IHS manifolds of dimension 2, and
one of the three building blocks of compact Kähler manifolds with vanishing
first (real) Chern class. At present, only the K3[n] and Kumn deformation
classes, for any n ∈ N (see [5]), and the OG10, OG6 deformation classes,
discovered by O’Grady (see [42] and [43] respectively) are known. Thanks to
the existence of a quadratic form qX on H2(X, C), known as the Beauville–
Bogomolov–Fujiki (BBF) form, the structure of the pseudo-effective cone
of a projective IHS manifold X is similar to that of a smooth complex
projective surface. Indeed, for a surface S we have

Eff(S) = CS +
∑

C∈Neg(S)

R⩾0[C]

(see [23, Theorem 4.13]), where Neg(S) is the set of irreducible and reduced
curves of negative self-intersection in S, and CS is the positive cone of S,
i.e. the connected component of the set {α ∈ N1(S)R | α2 > 0} containing
the ample cone Amp(S); while for a projective IHS manifold X we have

Eff(X) = CX ∩ N1(X)R +
∑

E∈Neg(X)

R⩾0[E],

where Neg(X) is the set of prime exceptional divisors in X, i.e. the prime di-
visors with negative BBF square (see [13, Corollary 3.5]), and CX is the pos-
itive cone of X, i.e. the connected component of the set {α ∈ H1,1(X, R) |
qX(α) > 0} containing the Kähler cone KX . We are mainly interested in
the algebraic part of CX (i.e. CX ∩ N1(X)R). With some abuse of nota-
tion, from now on we will denote CX ∩N1(X)R by CX . For a projective K3
surface (over an arbitrary algebraically closed field of any characteristic),
Kovács obtained a refinement for the structure of the pseudo-effective cone.
In particular, he proved the following.

Theorem 1.1 ([25, Theorem 1.1]). — Let S be a K3 surface of Picard
number at least 3 over an algebraically closed field of arbitrary character-
istic. Then either Neg(S) = ∅ and Eff(S) = CS is circular, or

Eff(S) =
∑

C∈Neg(S)

R⩾0[C],

where Neg(S) is the set of smooth rational curves contained in S.
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Note that Kovács first proved the result above over C (cf. [24, Theo-
rem 1]). See also [24, Theorem 2] for a complete description of the pseudo-
effective cone in this case.

Replacing the smooth rational curves with the prime exceptional divisors,
it is natural, by all the above, to ask whether the result can be generalized
to the case of an arbitrary projective IHS manifold. We can answer this
question affirmatively. In particular, we obtained the following theorem,
which is the main result of this paper.

Theorem 1.2. — Let X be a projective IHS manifold of Picard number
greater than or equal to 3. Then either Neg(X) = ∅ and Eff(X) = CX is
circular, or

Eff(X) =
∑

E∈Neg(X)

R⩾0[E],

where Neg(X) is the set of prime exceptional divisors in X.

Note that the result above holds also in the singular setting (under some
assumptions) and we refer the reader to Theorem 3.11 for a sketch of the
proof in this case.

If one wants to adopt Kovács’ strategy to prove Theorem 1.2, one quickly
realizes that there is a problem: the class α constructed starting from a
prime exceptional divisor E and appearing in equation (4.3) of Lemma 4.1
is not effective, in general. Indeed, while in the case of K3 surfaces the
effectivity of α directly follows from the Riemann–Roch Theorem for sur-
faces, in the higher dimensional case the Riemann–Roch Theorem for IHS
manifolds does not tell us anything about the effectivity of α, mainly be-
cause we do not have vanishing theorems helping us. Our idea to bypass
this problem is to use the monodromy group of X. More precisely, in our
original approach, see Proposition 1.3 below and the of Section 4, we used
the explicit description of Mon2

Hdg(X) for the known deformation classes.
A stronger approach in two steps is to use the fact that (the image of)
Mon2

Hdg(X) in O+(Pic(X)) is of finite index to prove that it acts on the
boundary of the projectivized positive cone with dense orbits and to deduce
from that Theorem 1.2. That is what we do in Section 3.

On the other hand, we use Kovács’ approach to produce explicit effec-
tive integral divisors, either of BBF square 0, or with the same monodromy
orbit as that of a given prime exceptional divisor, but this construction (ap-
parently) works only for the known deformation classes of IHS manifolds.

Proposition 1.3. — Let X be a projective IHS manifold belonging
to one of the known deformation classes, with ρ(X) ⩾ 2, and carrying a
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primitive class β, such that kβ = [E], for some prime exceptional divisor
E and some positive integer k. Then, for any integral divisor class γ lying
in CX , there exists an effective class of the form xγ − yβ (with x, y ∈ N)
which is of BBF square 0, or with the same monodromy orbit as that of β.

Remark 1.4. — The divisors in the proposition above are constructed
as solutions of a certain Pell equation. This does not come as a surprise.
Indeed, Pell’s equations play an important role in describing cones of di-
visors of IHS manifolds (see for instance [4, 6]), and we hope that our
explicit computations can be helpful in similar problems. It could happen
that, in the situation of Proposition 1.3, both the mentioned types of di-
visors exist at once (e.g. [15, Example 6.2]). But, in general, this is not
true (e.g. [15, Example 6.1]). Anyhow, by making use of the solutions of
the cited Pell equation, we can construct explicit effective divisors with the
same monodromy orbit as that of the prime exceptional divisor E, if the
Picard number of X is at least 3 (see Remark 4.2).

Theorem 1.2 describes the pseudo-effective cone of IHS manifolds of Pi-
card number at least 3. In the case of Picard number 2, we have the fol-
lowing result of Oguiso.

Theorem 1.5 ([44, Theorem 1.3(2)]). — Let X be a projective IHS
manifold of Picard number 2. Then either both the boundary rays of the
movable cone Mov(X) are rational and Bir(X) is a finite group or both the
boundary rays of Mov(X) are irrational and Bir(X) is an infinite group.

From Theorem 1.5 one can easily deduce the following description of the
pseudo-effective cone for projective IHS manifolds of Picard number 2.

Corollary 1.6. — Let X be a projective IHS manifold with ρ(X) = 2.
Then either the two boundary rays of Eff(X) are rational and Bir(X) is a
finite group or the two boundary rays of Eff(X) are irrational and Bir(X)
is an infinite group.

We recall that the reflection associated with a prime exceptional divisor
E is the isometry

RE : H2(X, Z) −→ H2(X, Z), α 7−→ α − 2qX([E], α)
qX([E]) [E].

A priori, it is not obvious that the reflection RE is integral. This has
been proven by Markman (cf. [31, Corollary 3.6(1)]).

Definition 1.7. — We define WExc as the group generated by the re-
flections RE , where E is any stably exceptional divisor of X.

ANNALES DE L’INSTITUT FOURIER
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Putting all together one obtains the following result, which is a higher
dimensional analog of a result due to Pjateckĭi-Šapiro and Šafarevič, and
Sterk (cf. [20, Corollary 4.7]).

Corollary 1.8. — Let X be a projective IHS manifold belonging to
one of the known deformation classes. Consider the following statements.

(1) Eff(X) is rational polyhedral.
(2) Bir(X) is finite.
(3) O(N1(X))/WExc is finite.
(4) X carries finitely many prime exceptional divisors.

Then the statements (1), (2), (3) are equivalent and imply (4). Further-
more, if X is of Picard number at least 3 and carries a prime exceptional
divisor, all the statements above are equivalent.

We believe that the experts are aware of the equivalence between (1),
(2), and (3) in Corollary 1.8. The result is interesting on its own, and we
include it for the sake of completeness.

Definition 1.9. — A primitive symplectic variety is a normal compact
Kähler variety Y such that h1(Y, OY ) = 0 and H0(

Y, Ω[2]
Y

)
is generated by

a holomorphic symplectic form σ such that Y has symplectic singularities.

We refer the reader to [3] for the general theory of primitive symplectic
varieties.

Using the convex geometry of the pseudo-effective cone of projective IHS
manifolds we deduce the existence of uniruled divisors on certain primitive
symplectic varieties.

Corollary 1.10. — Let Y be a singular Q-factorial projective primi-
tive symplectic variety admitting a resolution f : X → Y , with X a projec-
tive IHS manifold of Picard number ρ(X) ⩾ 3. Then Y carries a uniruled
divisor.

See also Corollary 3.12 for a more general version of Corollary 1.10.

Organization of the paper

In Section 2 we collect all the notions and results that will be needed and
respectively used to achieve our goals. In Section 3 we prove Theorem 1.2
and present some consequences of it. In Section 4 we prove Proposition 1.3
and show how it can be used to prove Theorem 1.2 without the use of
hyperbolic geometry (but only for the known deformation classes).

TOME 0 (0), FASCICULE 0
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2. Preliminaries

In this section, we collect the main definitions, tools, and results needed
for the rest of the paper.

2.1. Generalities on IHS manifolds

For a general introduction to IHS manifolds, we refer the reader to [16].
Let X be an IHS manifold. Thanks to the work [5] of Beauville, there
exists a quadratic form on H2(X, C) generalizing the intersection form on
a surface. In particular, choosing the symplectic form σ in such a way that∫

X
(σσ)n = 1, one can define

qX(α) := n

2

∫
X

(σσ)n−1α2 + (1 − n)
(∫

X

σnσn−1α

)
·
(∫

X

σn−1σnα

)
,

for any α ∈ H2(X, C). The quadratic form qX is non-degenerate and is
known as the Beauville–Bogomolov–Fujiki form (BBF form in what fol-
lows). Up to a rescaling qX is integral and primitive on H2(X, Z). Also,
qX is invariant by deformations. Naturally associated with qX is a bilinear
form, which we denote by qX(−, −). If α is any element of H2(X, C), we
denote qX(α, α) by qX(α). A prime divisor in X will be a reduced and
irreducible hypersurface. We say that a prime divisor E of X is exceptional
if qX(E) < 0.

Let f : X X ′ be a bimeromorphic map, where X ′ is another IHS
manifold. Recall that f restricts to an isomorphism f : U → U ′, where
codimX(X \ U), codimX′(X ′ \ U ′) ⩾ 2 and X \ U , X ′ \ U ′ are analytic
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subsets of X and X ′ respectively (see for example [18, Paragraph 4.4]).
Using the long exact sequence in cohomology with compact support and
Poincaré duality, one has the usual chain of isomorphisms

H2(X, R) ∼= H2(U, R) ∼= H2(U ′, R) ∼= H2(X ′, R),

and the composition is an isometry with respect to qX and qX′ (see for ex-
ample [41, Proposition I.6.2] for a proof), hence its restriction to H1,1(X, R)
induces an isometry H1,1(X, R) ∼= H1,1(X ′, R), which we will denote by
f∗ (push-forward). We will denote the inverse of f∗ by f∗ (pull-back).

2.2. Some lattice theory

A lattice is a couple (L, b), where L is a finitely generated, free abelian
group, and b is a non-degenerate, integral valued, symmetric bilinear form
b : L × L → Z. If no confusion arises, we will simply write L. We say that
L is even if b(x, x) is even for any x ∈ L. The signature sign(b) of b is the
signature of the natural extension bR of b to L ⊗Z R.

The divisibility divL(x) of an element x ∈ L is defined as the positive
generator of the ideal b(x, L) in Z. This means that divL(x) is exactly
the least (positive) integer that can be obtained by multiplying x by the
elements of L. When no confusion arises, we will write div(x) instead of
divL(x).

As b is non-degenerate, one has an injective group homomorphism L ↪→
L∨ := HomZ(L, Z), by sending an element x of L to the element b(x, −)
of L∨. We will denote b(x, −) by x when no confusion arises. Note that we
have the following identification

L∨ = {x ∈ L ⊗Z Q | b(x, y) ∈ Z, for any y ∈ L} ⊂ L ⊗Z Q.

The discriminant group of L is the finite group AL := L∨/L. If AL is
trivial we say that L is unimodular. If f is an element of L∨ we will denote
its class in AL by [f ]. We say that an element x ∈ L is primitive if we
cannot write x = ax′, where a ̸= 1, a ∈ Z>0, and x′ ∈ L.

An isometry of L is an automorphism of it (as an abelian group) pre-
serving b. The group of isometries of L is denoted by O(L). Suppose now
that L has signature sign(b) = (3, b2 −3), where b2 ∈ N, and b2 > 3. Define
the cone

CL := {v ∈ L ⊗Z R | b(v) > 0}.

In [30, Lemma 4.1] it has been proven that CL has the homotopy type of S2,
hence H2(CL, Z) ∼= Z. Any isometry in O(L) induces a homeomorphism
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of CL, which in turn induces an automorphism of H2(CL, Z) ∼= Z. This
automorphism can act as 1 or −1. We define O+(L) as the subgroup of
the isometries of L acting trivially on H2(CL, Z). The group S̃O+(L) is the
subgroup of the isometries of L of determinant 1, acting trivially on both
AL and H2(CL, Z) ∼= Z.

Remark 2.1. — Given a primitive element x ∈ L, we can consider the
element x/ div(x) of L∨, which in turn gives the element [x/ div(x)] of AL.
Note that ord([x/ div(x)]) = div(x), hence div(x) divides |AL|. Indeed,
suppose that the order is k ⩽ div(x), then kt = div(x) for some positive
integer t. This implies that there exists an element y ∈ L such that x = ty,
and the primitivity of x forces t to be 1, and so k = div(x). Also, note that if
M is the maximum among the orders of the elements of AL, then div(x) ⩽
M . Indeed, the element x/ div(x) has order div(x), thus div(x) ⩽ M .

The following is a result of Eichler, which will be very useful in this
article.

Lemma 2.2 (Eichler’s criterion). — Let L′ be an even lattice and L =
U2 ⊕ L′. Let v, w ∈ L be two primitive elements such that the following
hold:

• b(v) = b(w).
• [v/ div(v)] = [w/ div(w)] in AL.

Then there exists an isometry ι ∈ S̃O+(L), such that ι(v) = w.

The version of Eichler’s criterion given above has been taken from [40,
Lemma 2.6].

Given an IHS manifold X, one has the lattice (H2(X, Z), qX), where
(with some abuse of notation) by qX we mean the integral valued, symmet-
ric bilinear form induced by the restriction of the BBF form to H2(X, Z).
Note that, for any of the known IHS manifolds, the lattice H2(X, Z) is
even and contains two copies of the hyperbolic lattice U so that we can use
Eichler’s criterion. The signature of qX on H2(X, Z) is (3, b2(X)−3), where
b2(X) is the second Betti number of X. We will denote the discriminant
group AH2(X,Z) by AX . Also (Pic(X), qX) is a lattice, and in this case, the
signature of qX is (1, ρ(X) − 1), where ρ(X) is the Picard number of X.
We refer the reader to [16, Corollary 23.11] for proof of these facts.

2.3. Monodromy operators

Let π : X → S be a smooth and proper family of IHS manifolds over
a connected analytic (possibly singular, reducible) base S, whose central
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fiber is a fixed IHS manifold X. Let Rkπ∗Z be the k-th higher direct image
of Z . The space S is locally contractible, and the family π is topologically
locally trivial (see for example [16, Theorem 14.5]). The sheaf Rkπ∗Z is the
sheafification of the presheaf

U 7−→ Hk(π−1(U), Z), for any open subset U ⊂ S,

which is a constant presheaf, by the local contractibility of S and the local
triviality of π. Then Rkπ∗Z is a locally constant sheaf, i.e. a local sys-
tem, for every k ∈ N. Now, let γ : [0, 1] → S be a continuous path. Then
γ−1 (

Rkπ∗Z
)

is a constant sheaf for every k.

Definition 2.3.
(1) Set π−1(γ(0)) = X and π−1(γ(1)) = X ′. The parallel transport

operator T k
γ,π associated with the path γ and π is the isomorphism

T k
γ,π : Hk(X, Z) → Hk(X ′, Z) between the stalks at 0 and 1 of the

sheaf Rkπ∗Z, induced by the trivialization of γ−1 (
Rkπ∗Z

)
. The

isomorphism T k
γ,π is well defined on the fixed endpoints homotopy

class of γ.
(2) If γ is a loop, we obtain an automorphism T k

γ,π : Hk(X, Z) →
Hk(X, Z). In this case T k

γ,π is called a monodromy operator.
(3) The k-th group of monodromy operators on Hk(X, Z) induced by

π is
Monk(X)π := {T k

γ,π | γ(0) = γ(1)}.

With the definition above we can define the monodromy groups of an
IHS manifold X.

Definition 2.4. — The k-th monodromy group Monk(X) of an IHS
manifold X is defined as the subgroup of AutZ(Hk(X, Z)) generated by the
subgroups of the type Monk(X)π, where π : X → S is a smooth and proper
family of IHS manifolds over a connected analytic base. The elements of
Monk(X) are also called monodromy operators.

We are interested in the group Mon2(X), of which we will need the char-
acterization for some of the known IHS manifolds. Notice that Mon2(X) ⊆
O+(H2(X, Z)). We will mostly use three subgroups of Mon2(X). The first
is Mon2

Bir(X), defined as the elements of Mon2(X) induced by the bi-
rational self maps of X. Indeed, any birational self-map induces a mon-
odromy operator on H2(X, Z), by a result of Huybrechts (cf. [19, Corol-
lary 2.7]). The second is Mon2

Hdg(X), namely the subgroup of the elements
of Mon2(X) which are also Hodge isometries. The last one is WExc (see
Definition 1.7). Indeed, in [31, Corollary 3.6(1)] Markman proves that any
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reflection RE (associated with a prime exceptional divisor E) is an element
of Mon2

Hdg(X).
Let Def(X) be the Kuranishi deformation space of any IHS manifold

X and X → Def(X) the universal family. Also, let 0 be a distinguished
point of Def(X) such that X0 ∼= X. Set Λ = H2(X, Z). By the local Torelli
Theorem, Def(X) embeds holomorphically into the period domain

ΩΛ := {p ∈ P(Λ ⊗Z C) | qX(p) = 0 and qX(p + p) > 0}
as an open (analytic) subset, via the local period map

P : Def(X) −→ ΩΛ, t 7−→
[
H2,0(Xt)

]
.

Now, let L be a holomorphic line bundle on X. The Kuranishi deformation
space of the couple (X, L) is defined as Def(X, L) := P−1(c1(L)⊥), where
c1(L)⊥ is a hyperplane in P(Λ ⊗Z C). The space Def(X, L) is the part of
Def(X) where c1(L) stays algebraic. Up to shrinking Def(X) around 0, we
can assume that Def(X) and Def(X, L) are contractible. Let s be the flat
section (with respect to the Gauss–Manin connection) of R2π∗Z through
c1(L) and st ∈ H1,1(Xt, Z) its value at t ∈ Def(X, L).

The following are the line bundles we will mostly be interested in.

Definition 2.5. — A line bundle L on an IHS manifold X is stably ex-
ceptional if there exists a closed analytic subset Z ⊂ Def(X, L), of positive
codimension, such that the linear system |Lt| consists of a prime excep-
tional divisor for every t ∈ Def(X, L) \ Z.

Prime exceptional divisors are stably exceptional, by [29, Proposition 5.2].
By making use of parallel transport operators, we can define “stably ex-
ceptional classes”.

Definition 2.6. — Let X be a projective IHS manifold. A primitive,
integral divisor class α ∈ N1(X) (the Néron–Severi group of X) is stably
exceptional if qX(α, A) > 0, for some ample divisor A, and there exist a
projective IHS manifold X ′ and a parallel transport operator

f : H2(X, Z) −→ H2(X ′, Z),
such that kf(α) is represented by a prime exceptional divisor on X ′, for
some integer k.

For example, a line bundle of self-intersection −2, intersecting positively
any ample line bundle on a (smooth) projective K3 surface is stably ex-
ceptional, and its class in the Néron–Severi space is stably exceptional.
Note that any stably exceptional class (line bundle) is effective, by the
semi-continuity Theorem.

ANNALES DE L’INSTITUT FOURIER
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2.4. Cones and positivity notions

Throughout the rest of this section (if not otherwise stated) X will be a
projective IHS manifold, and Y a smooth complex projective variety.

Definition 2.7. — An integral divisor D on Y is big if there exists a
positive integer m such that mD ≡ A+N , where A is integral and ample, N

is integral and effective, and ≡ is the numerical equivalence relation. When
D is a Q-divisor, we say that it is big if there exists a positive integer m

such that mD is integral and big. If D is an R-divisor, we say that it is big
if D =

∑
i aiDi, where ai is a positive real number and Di is integral and

big, for any i.

Note that bigness behaves well with respect to ≡, namely, if D ≡ D′, D

is big if and only if D′ is. The big cone Big(Y ) of Y is the convex cone in
N1(Y )R of all big divisor classes.

Recall that the pseudo-effective cone Eff(Y ) of Y is the closure of the
big cone Big(Y ) in the Néron–Severi space N1(Y )R, which is defined as
N1(Y )R := N1(X) ⊗ R, where N1(Y ) is the Néron–Severi group of Y . We
notice that the big cone is the interior of Eff(Y ). For an excellent account
of big divisors and cones in the Néron–Severi space on arbitrary complex
projective varieties, we refer the reader to [26].

Let D be any R-divisor on Y . The augmented base locus of D is

B+(D) :=
⋂

D=A+E

Supp(E),

where the intersection is taken over all the decompositions of the form
D = A + E, where A and E are R-divisors such that A is ample and E is
effective.

Definition 2.8. — The birational Kähler cone BK X is defined as

BK X =
⋃
f

f∗KX′ ,

where f varies among all the bimeromorphic maps f : X X ′, where X ′

is another IHS manifold (which must be projective).

We now introduce another cone in the Néron–Severi space.

Definition 2.9.
• A movable line bundle on Y is a line bundle L such that the linear

series |mL| has no divisorial components in its base locus, for m

sufficiently large and divisible. A divisor D is movable if OY (D) is.
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• The movable cone is the cone Mov(Y ) in N1(Y )R generated by the
classes of movable divisors.

In the case of projective IHS manifolds, an important relation among the
last two cones we have introduced is

(2.1) Mov(X) = BK X ∩ N1(X)R

(cf. [17, Theorem 7]), where the closure of the birational Kähler cone is
taken in H1,1(X, R).

We now recall a couple of definitions concerned with the geometry of
convex cones.

Definition 2.10. — Let K ⊂ Rk be a closed convex cone with a non-
empty interior.

• We say that K is locally (rational) polyhedral at v ∈ ∂K if v has
an open neighborhood U = U(v), such that K ∩ U is defined in U

by a finite number of (rational) linear inequalities.
• Let U be an open subset of ∂K. We say that U is a circular part of

K if there is no element in U at which K is locally polyhedral.

Remark 2.11. — Note that in the papers [24, 25] Kovács adopted another
definition of “circular part” for a convex cone, to prove his Theorem 1.1. In
particular, let K be as in Definition 2.10. We say that K is locally finitely
generated at v ∈ ∂K if there exists a finite set of points S = {v1, . . . , vk} ⊂
K and a closed subcone C ⊂ K such that v ̸∈ C and K is generated by S

and C. For Kovács, an open subset U ⊂ ∂K is a circular part of K if there
is no point of U at which K is locally finitely generated. One can show that
if K is locally polyhedral at a point, then K is locally finitely generated at
that point. But the vice versa does not hold, in general (see Example 2.12).
However, in Theorem 1.2, a circular part of the pseudo-effective cone (if
there is any) with respect to Definition 2.10 is circular with respect to
Kovács’ definition too, because such a circular part would be contained in
∂CX (see “Proof of Theorem 1.2”). Hence, no problem arises in using our
definition. Note that Definition 2.10 has also been adopted by Huybrechts
in [20, Chapter 8, Section 3], where he provided a slightly different proof
of Theorem 1.1.

The following is an example of a locally finitely generated cone that is
not locally polyhedral (at a point).

Example 2.12. — Let C be the “ice cream” in Figure 1 and C ⊂ R3 ⊂ R4

an embedding of C in R4, such that the vertex V of C does not coincide
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with the origin of R4. Let K be the convex cone generated by C in R4 (via
the embedding we have chosen). By our choice, the interior of this cone
is not empty. Then K is locally finitely generated at V , but not locally
polyhedral at V . Indeed, if S is the sphere appearing in Figure 1, the cone
K is generated by V and the subcone K ′ of K, generated by the sphere S

embedded in R4. The non-local polyhedrality of K at V is clear.

V

Figure 2.1. Hyperplane section of a locally finitely generated cone at
a point.

We will need the following Lemma, which is the key tool to produce
circular parts in Eff(X), in the proof of Theorem 1.2.

Lemma 2.13 ([24, Lemma 2.6]). — Let Q be a smooth compact quadric
hypersurface in Rk and C ⊂ Rk a compact convex set. Assume that Q ̸⊂
C, then there exists a non empty open subset U of Q such that U ⊂
∂(Conv(Q ∪ C)), where Conv(Q ∪ C) is the convex hull of Q ∪ C.

Let Peff(X) be the analytic pseudo-effective cone of an IHS manifold
X, as defined for example in [9, Section 2.3]. If X is projective

(2.2) Peff(X) ∩ N1(X)R = Eff(X)

(cf. [12, Proposition 1.4]). The following result of Boucksom (which holds
in a more general context) will be useful.

Theorem 2.14 ([9, Theorem 3.19]). — The boundary of the pseudo-
effective cone Peff(X) of an IHS manifold X is locally polyhedral away
from BK X , with extremal rays generated by (the classes of) prime excep-
tional divisors.
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The following conjecture holds for all known deformation classes of (pro-
jective) IHS manifolds (cf. [39, 40] for the O’Grady-type case, [35] for the
Kumn-type and K3[n]-type case), but it is not known in general.

Conjecture 2.15 (SYZ). — Let X be a projective IHS manifold and
D an integral, isotropic (with respect to the BBF form) divisor on X, such
that [D] ∈ Mov(X). Then OX(D) induces a rational Lagrangian fibra-
tion, i.e. there exists a birational map f : X X ′, where X ′ is another
projective IHS manifold, such that f∗OX(D) induces a fibration (i.e. a sur-
jective morphism with connected fibers) X ′ ↠ B to a projective dim(X)/2-
dimensional base B.

Definition 2.16. — Let X be a projective IHS manifold. We define the
effective movable cone as Mov(X)e := Mov(X) ∩ Eff(X) and Mov(X)+

as
the convex hull of Mov(X) ∩ N1(X)Q in N1(X)R.

Although the following lemma may be well-known to experts, we did not
find it in the literature. As it is a useful result in this context, we decided
to include it in the article, with proof.

Lemma 2.17. — If X is a projective IHS manifold satisfying Conjec-
ture 2.15, we have the equality Mov(X)+ = Mov(X)e

.

Proof. — We start by observing that the interiors of the two involved
cones coincide, hence we only have to check that everything works well at
the level of the boundaries. Let α be an integral divisor class belonging to
∂Mov(X)+. If qX(α) > 0, as by [18, Corollary 3.10] the class α is big, we
are done. If qX(α) = 0, the SYZ conjecture holds under our assumptions, so
the class α is effective, hence the inclusion Mov(X)+ ⊆ Mov(X)e is verified.
Now, let α be an element of Mov(X)e lying on its boundary. If α belongs to
some wall [E]⊥, for some prime exceptional divisor E, and qX(α) > 0, we
are done, because Mov(X) is locally rational polyhedral away from ∂CX

(cf. [13, Corollary 4.8]). It remains to check the case 0 ̸= α ∈ ∂CX (and so
qX(α) = 0). We can write α =

∑k
i=1 ai[Di], where the Di are prime divisors

and the ai are positive real numbers. Let W ⊂ N1(X)R be the rational
subspace spanned by the [Di]. By [13, Lemma 2.7], for every Di we have
qX(α, Di) ⩾ 0. Moreover qX(α) = 0, whence qX(α, Di) = 0 for any i. By
linear algebra, as the signature of qX restricted to N1(X)R is (1, ρ(X)−1),
it follows that a maximal, totally isotropic linear subspace of N1(X)R (with
respect to qX) must have dimension 1. Then W ′ =

⋂k
i=1

(
[Di]⊥ ∩ W

)
is a

rational subspace of dimension 1. Indeed W ′ contains α, and there cannot
be other elements linearly independent from α, because otherwise, we would
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have a totally isotropic linear subspace of N1(X)R of dimension greater
than or equal to 2. We conclude that α is a multiple of a rational, movable
class, and we are done. □

Remark 2.18. — Note that:
• Mov(X)+ = Mov(X)e for all known projective IHS manifolds.
• The inclusion Mov(X)+ ⊇ Mov(X)e holds for any projective IHS

manifold.

The Kawamata–Morrison movable cone conjecture for projective IHS
manifolds predicts the existence of a fundamental domain for the action
of Bir(X) on Mov(X)e, and the theorem below by Markman is a slightly
weaker version.

Theorem 2.19 ([30, Theorem 6.25]). — Let X be a projective IHS
manifold. There exists a rational convex polyhedral cone Π in Mov(X)+

,
such that Π is a fundamental domain for the action of Bir(X) on Mov(X)+

.

Remark 2.20. — If X is a projective IHS manifold belonging to one of
the known deformation classes, combining Lemma 2.17 and Theorem 2.19,
one deduces that Π is also a fundamental domain for the action of Bir(X)
on Mov(X)e.

2.5. Some hyperbolic geometry

Consider a real vector space V of dimension m + 1 endowed with a
nondegenerate quadratic form q of signature (1, m). Thus, abstractly, (V, q)
is isomorphic to Rm+1 with the quadratic form x2

0 − x2
1 − · · · − x2

m. The set
{x ∈ V | q(x) > 0}

has two connected components which are interchanged by x → −x. We
usually distinguish one of the two connected components, say C ⊂ V , and
call it the positive cone. Thus,

{x ∈ V | q(x) > 0} = C ⊔ (−C ) .

We write O(V ) for the orthogonal group O(V, q), which is abstractly iso-
morphic to O(1, m). We denote by O+(V ) ⊂ O(V ) the index two subgroup
of transformations preserving the positive cone C .

The subset C (1) of all x ∈ C with q(x) = 1 is isometric to the hyperbolic
m-space

Hm := {x ∈ Rm+1 | x2
0 − x2

1 − · · · − x2
m = 1, x0 > 0}.
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By writing C ∼= C (1) × R>0 ∼= Hm × R>0, questions concerning the geom-
etry of C can be reduced to analogous ones for Hm. We can equivalently
view Hn as the projectivization of C , denoted by P(C ) and called the
projectivized positive cone (this terminology follows the one adopted by
Amerik and Verbitsky in their works). Then we can compactify the hyper-
bolic space Hm by adding its points at infinity, namely

∂Hm := {x ∈ P(V ) | x2
0 − x2

1 − · · · − x2
m = 0}.

Then Hm = Hm ∪ ∂Hm is a compactification for Hm. The interior
(resp. boundary) of Hm is Hm (resp. ∂Hm). For an excellent account of
hyperbolic geometry, we refer the reader to [34].

Definition 2.21. — Let Γ be a non-trivial discrete group of isometries
of Hm. The limit set Λ(Γ) ⊂ ∂Hm of Γ is the set of all the accumulation
points of the orbit Γ · x in Hm of any point x ∈ Hm.

Note that the limit set does not depend on the choice of the point (cf. [34,
Exercise 5.1.1]).

Definition 2.22. — Let Γ be a non-trivial discrete group of isometries
of Hm. We say that Γ is elementary if its limit set consists of at most two
points.

Let X be a projective IHS manifold of Picard number m + 1, and qX

the Beauville–Bogomolov–Fujiki (BBF) form on X. The situation above is
represented by the couple (N1(X)R, qX). It is known that Mon2

Hdg(X) acts
on Pic(X) via isometries, and preserves the positive cone CX ∩ N1(X)R
(which by abuse of notation we still denote by CX) of X. In particular, we
have the natural map

ρ : Mon2
Hdg(X) −→ O+(Pic(X)).

Let Γ′ ⊂ O+(Pic(X)) be the image of ρ. Markman proved that Γ′ is of
finite index inside O+(Pic(X)) (cf. [30, Lemma 6.23]). We denote by P(CX)
the projectivized positive cone of X. By the discussion above, P(CX) is a
finite-dimensional hyperbolic space, and Γ′ is a non-trivial discrete group
of isometries of P(CX).

2.6. Pell’s equations

A Pell equation is any diophantine equation of the form
(2.3) x2 − ky2 = 1,
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where k is a given positive integer, and k is not a square. The fundamental
solution of equation (2.3) is the (positive) solution (x1, y1) minimizing x.
Once the fundamental solution is known, all positive solutions (and hence
all solutions) can be calculated recursively using the formulas

xj+1 = x1xj + ky1yj

yj+1 = x1yj + y1xj .

These recursive formulas are derived from [21, Proposition 17.5.2]. This is
all we need from the theory of Diophantine equations. For an account, we
refer the reader to [21, Chapter 17].

3. Proof of the main Theorem and consequences

In this section, we prove the main theorem of the article, namely The-
orem 1.2. We start by deducing Corollary 1.6, which characterizes the
pseudo-effective cone of a projective IHS manifold of Picard number 2,
from Oguiso’s theorem [44, Theorem 1.3(2)].

Proof of Corollary 1.6. — By Theorem 1.5 and the duality Eff(X) =
Mov(X)∗ (cf. [13, Lemma 2.7]), either both the extremal rays of Eff(X)
are irrational and Bir(X) is infinite, or rational and Bir(X) is finite. □

Remark 3.1. — We observe that under the assumptions of Corollary 1.6
if X satisfies Conjecture 2.15 (for example if X belongs to one of the
known deformation classes), whenever Eff(X) is rational we have Eff(X) =
Eff(X), i.e. both the extremal rays of the pseudo-effective cone are spanned
by the classes of some integral, effective divisors. Also, note that both the
cases in Corollary 1.6 do occur (see for example [47, Lemma 3.2] and [44,
Proposition 5.3]).

Proof of Theorem 1.2.
Suppose that Neg(X) = ∅. — In this case Eff(X) = CX , hence Eff(X)

is circular.
Suppose that Neg(X) ̸= ∅. — We first show that Eff(X) does not con-

tain any circular part. Let E be any prime exceptional divisor on X. We
recall that Γ′ is the image of

ρ : Mon2
Hdg(X) −→ O+(Pic(X)).

The orbit of E under the action of Γ′ is made (up to a sign) of stably
exceptional divisors (i.e. OX(E) is a stably exceptional line bundle), and the
walls {g(E)⊥}g∈Γ′ intersect CX . Indeed, the BBF square of E′ is negative,
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where E′ = g(E) for some g ∈ Γ′. Let y be any class in CX . Consider the
class

y′ := y − qX(E′, y)
qX(E′) [E′].

Clearly, y′ ∈ (E′)⊥, and qX(y′) = qX(y′, y) > 0 (cf. [13, Proposition 2.14]),
thus y′ ∈ E′⊥ ∩ CX . Suppose by contradiction that Eff(X) contains a cir-
cular part C. We can assume that C = R>0C. By Theorem 2.14 and equal-
ity (2.2), the circular part C must be contained in ∂Mov(X)∩∂Eff(X). Also,
Mov(X) is locally rational polyhedral away from the boundary of Big(X)
(cf. [13, Corollary 4.8]), hence C ⊂ ∂CX∩∂Mov(X). Let x be a point lying in
E⊥ ∩∂CX . The quotient P(CX)/Γ′ is a hyperbolic manifold, and since Γ′ is
of finite index in O+(Pic(X)) and ρ(X) ⩾ 3, it is of finite volume (cf. [1, Sec-
tion 3.2]). It follows by [34, Proposition 5.1.9] that Γ′ is non-elementary,
and so, by [48, Theorem 1.29], Γ′ acts with dense orbits on ∂P(CX). The
rays {R>0(g(x))}g∈Γ′ are contained in the boundary of the positive cone.
Then the set of rays R>0(g(x)) (with g ∈ Γ′) contained in C form a dense
subset of the circular part C, and any of them is orthogonal to the corre-
sponding g(E). This implies the existence of a class lying in Int(Mov(X)),
qX -intersecting trivially some stably exceptional divisor, and this is a con-
tradiction because any element in the interior of the movable cone intersects
any stably exceptional divisor positively (cf. [30, Proposition 6.10]). Then
Eff(X) has no circular part. Now, using that Eff(X) does not contain any
circular part, we show the equality Eff(X) =

∑
E∈Neg(X) R⩾0[E]. To do

so, as Eff(X) does not contain lines (see for example [13, Proposition 3.2]),
by Minkowski’s Theorem on closed convex cones not containing lines, it
suffices to show that

∑
E∈Neg(X) R⩾0[E] contains all the extremal rays of

Eff(X). Suppose by contradiction that there exists an extremal ray R of
Eff(X) not belonging to

∑
E∈Neg(X) R⩾0[E]. Pick a non-zero element v ∈ R

(which must therefore satisfy qX(v) = 0) and consider the hyperplane
H := {x ∈ N1(X)R | qX(x, A) = qX(v, A)},

where A is any ample divisor. Clearly, Q := H ∩ ∂CX is a smooth com-
pact quadric hypersurface in H. Indeed qX(v, A) > 0 (see for example [13,
Proposition 3.2])), hence H does not intersect −∂CX , so that H ∩ ∂CX is
non-degenerate. Moreover, up to a rescaling, any element y ∈ ∂CX is such
that qX(y, A) = qX(v, A), hence Q must be compact. Let N be the closure
of the convex hull in H of all the elements y ∈ H belonging to an extremal
ray of the type R⩾0[E], where E is a prime exceptional divisor of X. The
subset N of H is compact and convex. As v ∈ Q \ N , by Lemma 2.13,
there exists an open subset U of Q contained in ∂(Conv(Q ∪ N)), where
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Conv(Q ∪ N) is the convex hull of Q ∪ N . Then R⩾0U is a circular part of
Eff(X), and this contradicts the fact that Eff(X) does not contain circular
parts. □

Remark 3.2. — For a somehow similar statement about the nef cone
see [36].

Corollary 3.3. — Let X be a projective IHS manifold of Picard num-
ber at least 3, carrying a prime exceptional divisor. Then card(Neg(X)) ⩾
ρ(X) and Eff(X) is rational polyhedral if and only if card(Neg(X)) is finite.

Proof. — By Theorem 1.2 we have, Eff(X) =
∑

E∈Neg(X) R⩾0[E], and
the latter equality is satisfied only if #Neg(X) ⩾ ρ(X), because the in-
terior of

∑
E∈Neg(X) R⩾0[E] (which is non-empty) equals the interior of∑

E∈Neg(X) R⩾0[E]. The proof of the second part of the statement is
clear. □

Example 3.4. — Let S be a projective K3 surface of Picard number 2,
carrying one (and only one) smooth rational curve. Then, by Corollary 3.3,
S[n] carries at least one prime exceptional divisor coming neither from S,
nor from the desingularization of S(n), for any n.

Corollary 3.5. — Let X be a projective IHS manifold of Picard num-
ber greater than 3, carrying a prime exceptional divisor. Then the nef cone
Nef(X) has no circular part.

Proof. — By Theorem 1.2, Mov(X) has not circular parts, and Nef(X)
is rational polyhedral away from the boundary of CX , thanks to a result
of Kawamata (cf. [22, Theorem 5.7]), hence also Nef(X) does not have any
circular part. □

In the proof of Corollary 1.8 we will need a theorem by Burnside and a
result of Oguiso.

Theorem 3.6 ([11, Main Theorem]). — Let G be a subgroup of
such that any element of G has order at most d. Then G is a finite group.

Lemma 3.7 ([44, Corollary 2.6]). — Let Y be a smooth projective va-
riety with trivial canonical bundle, such that h1(Y, OY ) = 0. Moreover, let
r : Bir(Y ) → GL(N1(Y )R) be the natural representation of Bir(Y ). Then
the following hold.

(1) [Bir(Y ) : Aut(Y )] = [r(Bir(Y )) : r(Aut(Y ))].
(2) If G is a subgroup of Bir(Y ), G is finite if and only if there is

a positive integer d such that every element of r(G) as order at
most d.
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Proof of Corollary 1.8. — We start by proving (1) ⇔ (2). If ρ(X) = 2 we
are done, by Corollary 1.6. If ρ(X) ⩾ 3, consider the natural representation

f : Bir(X) −→ GL(N1(X)R).

We first prove (1) ⇒ (2) . As Eff(X) is rational polyhedral, X carries a
finite number N of prime exceptional divisors, by Corollary 3.3. In partic-
ular, Eff(X) does not contain circular parts, hence, by Theorem 1.2, the
equality

Eff(X) =
∑

E∈Neg(X)

R⩾0[E]

holds in this case. If s is a birational self-map of X and f(s) is the au-
tomorphism induced on N1(X)R, we observe that f(s) has order at most
N !. Indeed, f(s) acts on Neg(X), hence an automorphism of N1(X)R is
uniquely determined by f(s)(Neg(X)), because in Neg(X) we can find a
basis for the Néron–Severi space. Now we use Theorem 3.6 to conclude that
Bir(X) is finite.

Now we prove (2) ⇒ (1). As Bir(X) is finite, Mov(X)e is rational
polyhedral, by Theorem 2.19 and Remark 2.20. Note that the equalities
Mov(X)e = Mov(X) = Mov(X) hold in this case. Indeed, it suffices to
note that since Mov(X)e is rational polyhedral and Conjecture 2.15 is sat-
isfied by assumption, Mov(X)e is spanned by movable integral divisors.
Then, as Eff(X) = Mov(X)∗ (cf. [13, Lemma 2.7]), also Eff(X) is rational
polyhedral. To conclude the proof, we observe that Eff(X) = Eff(X). In-
deed, since Eff(X) is rational polyhedral, it has finitely many extremal rays,
and these are spanned by effective integral divisor classes. We now prove
(2) ⇔ (3). Let O+(N1(X)) be the group of isometries of N1(X) preserving
the positive cone CX . Clearly O+(N1(X)) has index 2 in O(N1(X)). More-
over, by [30, Lemma 6.23], the image of Mon2

Hdg(X) via the natural map
ρ : Mon2

Hdg(X) → O+(N1(X)) has finite index in O+(N1(X)) and is iso-
morphic to a semi-direct product of WExc and Mon2

Bir(X)/ ker(ρ). Consider
the chain of inclusions

(3.1) WExc ⊂ Im(ρ) ⊂ O+(N1(X)) ⊂ O(N1(X)),

If Bir(X) is finite, then Mon2
Bir(X)/ker(ρ) is finite, whence O(N1(X))/WExc

is finite, and this proves (2) ⇒ (3). Now, suppose that O(N1(X))/WExc
is finite. Then Mon2

Bir(X)/ ker(ρ) is finite. The kernel of ρ is finite by [44,
Proposition 2.4]. In particular, the set of birational self-maps of X acting
trivially on N1(X) is finite. This implies that Mon2

Bir(X) is finite, whence
Bir(X) is finite, and the implication (3) ⇒ (2) is proven.
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The implication (3) ⇒ (4) is obtained by (3) ⇒ (2) ⇒ (1) ⇒ (4).
Suppose now that X carries a prime exceptional divisor and that its Picard
number is at least 3.

The implication (4) ⇒ (1) is nothing but the “only if” part of Corol-
lary 3.3, thus all the statements are equivalent in this case because we also
have (4) ⇒ (1) ⇒ (2) ⇒ (3). □

Remark 3.8. — Note that, given a projective IHS manifold X belonging
to one of the known deformation classes, replacing Bir(X) with Aut(X)
and the Kawamata–Morrison movable cone conjecture with the classical
Kawamata–Morrison cone conjecture, stated for Nefe(X) = Nef(X) ∩
Eff(X) (see [33, Theorem 1.3] and [2, Section 5.2]), a similar argument
to that given in the proof of (1) ⇔ (2) in Corollary 1.8 can be used to
prove that Nef(X) is rational polyhedral if and only if Aut(X) is finite.

We recall the following definition.

Definition 3.9. — Let X be a normal and Q-factorial projective vari-
ety. We say that X is a Mori dream space (MDS) if the following properties
hold:

(1) Pic(X) is finitely generated (equivalently, h1(OX) = 0);
(2) Nef(X) is generated by the classes of finitely many semiample di-

visors;
(3) there is a finite collection of small Q-factorial modifications si : X

Xi, such that every Xi satisfies items (1), (2) and

Mov(X) =
⋃

i

s∗
i (Nef(Xi)).

The corollary below explains when a projective IHS manifold is a MDS.
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Corollary 3.10. — Let X be a projective IHS manifold with b2(X) ̸=
4 and satisfying Conjecture 2.15. Then the following conditions are equiv-
alent:

(1) X is a MDS,
(2) Bir(X) is finite,
(3) 0 < ρ(X) < 3 and Eff(X) is rational polyhedral, or ρ(X) ⩾ 3 and

Neg(X) is non-empty and finite.

Proof.

(1) ⇔ (2). — Suppose that X is a MDS. Then, up to automorphisms,
there are finitely many small Q-factorial modifications X X. Moreover,
by Remark 3.8, Aut(X) is finite, as by definition of MDS Nef(X) is rational
polyhedral. Thus Bir(X) is finite. Suppose now that Bir(X) is finite. By [2,
Theorem 3.17] the BBF square of the integral, primitive, and extremal
classes of the Mori cones of the birational models of X is bounded, hence
by [33, Corollary 1.5] the number of birational models of X is finite (up
to isomorphism). This implies that (3) in Definition 3.9 is satisfied. The
base point free Theorem, the hypothesis that X verifies Conjecture 2.15,
and Remark 3.8 imply that also (2) in Definition 3.9 is satisfied. Thus X

is a MDS.

(2) ⇔ (3). — Follows directly from Corollary 1.8. □

We conclude this section by proving Corollary 1.10. For results about the
existence of ample uniruled divisors on some primitive symplectic varieties
see [7] and [27].

Proof of Corollary 1.10. — As Y is Q-factorial, any irreducible compo-
nent of the exceptional locus of f is divisorial. By Corollary 3.3,
card(Neg(X)) ⩾ ρ(X). If A is any ample Cartier divisor on Y , we have
Exc(f) = B+(f∗(A)) (cf. [10, Proposition 2.3]). In particular, by [13, Corol-
lary 2.15], [15, Proposition 2.4] (see also [14, Proposition 4.1]), the Gram-
matrix of the irreducible components of Exc(f) is negative definite, and so
the classes in N1(X)R of the irreducible components of Exc(f) are linearly
independent. In particular, in Exc(f) there are at most ρ(X)−1 irreducible
components. On the other hand, card(Neg(X)) ⩾ ρ(X), hence there exists
a prime exceptional divisor E on X which is not contracted by f . Then
f∗(E) is a uniruled divisor on Y . □

By adopting the same strategy to prove Theorem 1.2, we obtain the
following version of Theorem 1.2 in the singular setting.
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Theorem 3.11. — Let X be a projective Q-factorial primitive symplec-
tic variety with terminal singularities of Picard number at least 3. Then
either Eff(X) = CX , or

Eff(X) =
∑

E

R⩾0[E],

where the sum runs over the prime exceptional divisors of X.

Proof. — All the general theory about primitive symplectic varieties that
is needed to prove the theorem is contained in the papers [3, 27, 28, 37],
to which we refer the reader. Below we provide an outline of the proof,
following the proof of Theorem 1.2 and highlighting the steps we consider
most important. If there are no prime exceptional divisors, Eff(X) = CX

(here we used the singular version of [13, Corollary 3.5]), and we are done.
Now, suppose that X contains a prime exceptional divisor E. Furthermore,
suppose by contradiction that Eff(X) contains a circular part C. One can
show that Mov(X) is locally rational polyhedral away from the boundary of
CX (more precisely, one only needs to adapt [13, Corollary 4.8] to the sin-
gular setting). Hence, C must be contained in ∂Mov(X) ∩ ∂CX . Let x be a
point lying in E⊥ ∩∂CX . Any prime exceptional divisor stays (up to a sign)
stably exceptional under the action of the monodromy group Mon2,lt

Hdg(X)
(cf. [28, Proposition 5.3(2)]). The image of Mon2,lt

Hdg(X) in O+(N1(X))
(which we denote by Γ′) is of finite index by [28, Lemma 6.3] and [3, The-
orem 1.2(1)]. Moreover, the signature of the singular version of the BBF
quadratic form on N1(X) is (1, ρ(X) − 1). Then P(CX)/Γ′ is a hyperbolic
manifold of finite volume (argue as in [1, Section 3.2]). We obtain a con-
tradiction by arguing as in the smooth case and using the characterization
of int(Mov(X)) provided in [28, Proposition 5.9]. To show the equality
Eff(X) =

∑
E R⩾0[E], we argue as in the smooth case. □

As a consequence of the theorem above, we also obtain a more general
statement for Corollary 1.10.

Corollary 3.12. — Let X be a projective Q-factorial primitive sym-
plectic variety with non-terminal singularities of Picard number at least 2.
Then X carries a uniruled divisor.

Proof. — Let X ′ → X be a Q-factorial terminalization of X, which exists
by [8, Corollary 1.4.3]. Then ρ(X ′) ⩾ 3, and by Theorem 3.11 X ′ carries
at least ρ(X ′) ⩾ 3 prime exceptional divisors. To conclude the proof one
argues as in the proof of Corollary 1.10. □

TOME 0 (0), FASCICULE 0



24 Francesco Antonio DENISI

4. Producing effective divisors

In this section, we show how to construct explicit effective integral di-
visors with some fixed monodromy invariants. We first need the following
technical lemma, which is an adaptation of [25, Lemma 3.1] to our case.

Lemma 4.1. — Let X be a projective IHS manifold, D an integral di-
visor such that [D] ∈ CX and E an integral divisor such that 0 ̸= [E] ∈
∂Eff(X). Let t := div(E) be the divisibility of E. Consider the 2-plane
π := ⟨[E], [D]⟩ ⊂ N1(X)R.

(1) If qX(E) = 0 there exists a pseudo-effective class α ∈ π ∩ Eff(X)
represented by an integral divisor such that qX(α) = 0 and α and
[E] are on opposite sides of [D].

(2) If qX(E) = te < 0 there exists an integral class α, such that qX(α) =
0 or qX(α) = te and α and [E] are on opposite sides of R⩾0[D].
Furthermore, only a positive multiple of the divisor defining α can
be effective.

Proof. — Set d = qX(D), bt = qX(E, D) and te = qX(E). Note that
bt > 0, for example by [33, Lemma 3.1].

(1). — Let α = x[D] − y[E] be an element of π, for x, y real numbers.
Then in this case qX(α) = dx2 −2btxy, and by choosing x = 2bt and y = d,
we obtain α = 2bt[D]−d[E] satisfying qX(α) = 0. Also, qX(α, D) = btd > 0,
hence, by [33, Lemma 3.1], α belongs to CX and so is pseudo-effective. As
x[D] = α + y[E], clearly α and [E] are on opposite sides of [D].

(2). — Let α = tx[D] − y[E] be an element of π, for x, y real numbers.
Then

qX(α) = t2x2d + y2et − 2xyt2b = te

(
tx2d

e
+ y2 − 2xyt

b

e

)
.

If we set x′ = y − xtb
e , y′ = − x

e and N = t2b2 − tde, we can rewrite qX(α)
as

(4.1) qX(α) = te

[(
y − xtb

e

)2
+ tde

x2

e2 − t2b2 x2

e2

]
= te[(x′)2 − N(y′)2].

If N is a square, then qX(α) = te
(
x′ −

√
Ny′)(

x′ +
√

Ny′). Choosing
x′ = N, y′ =

√
N , i.e. x = −e

√
N, y = N −

√
Ntb, we obtain the element

α = −te
√

N [D] − (N −
√

Ntb)[E] satisfying qX(α) = 0. We observe that
N −

√
Ntb > 0. If b = 0 or b < 0 this is trivial. If b > 0 and we assume

N −
√

Ntb ⩽ 0, we would have N2 − N(tb)2 ⩽ 0, which would imply
N − (tb)2 ⩽ 0 and this is a contradiction, because we have N − (tb)2 =
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−tde > 0. Also, we note that the chosen α belongs to CX . Indeed, it suffices
to pick an element β ∈ Mov(X)∩CX ∩ [E]⊥ and to observe that qX(β, α) =
−

√
NteqX([D], β) > 0. For instance, let D′ be an integral divisor whose

class lies in int (Mov(X)). One can choose β := [D′] − qX (D′,E)
qX (E) [E]. Clearly

qX(β, E) = 0 and

qX(β) = qX(D′)qX(E) − qX(D′, E)2

qX(E)
> 0

(for the latter inequality see for example [13, Proposition 2.15]). Also in
this case α and [E] are on opposite sides of [D].

If N is not a square, the Pell equation

(4.2) x′2 − Ny′2 = 1

has infinitely many integer solutions (see [21, Proposition 17.5.2]) and we
may choose a solution (x′, y′) of positive integers. Arguing as above we
obtain a class

(4.3) α = −tey′[D] − (x′ − tby′)[E]

satisfying qX(α) = te. Also in this case we have x′ − tby′ > 0. Indeed, if
b = 0 or b < 0 this is trivial. If b > 0 and we assume x′ − tby′ ⩽ 0, we
would have x′2 − (tb)2y′2 = 1 − tdey′2 ⩽ 0, which is clearly a contradiction.
Also, as above, α and [E] are on opposite sides of [D]. Now, suppose that
a multiple of the divisor defining α (namely D′ := −tey′D − (x′ − tby′)E)
is effective. By contradiction, without loss of generality, we can assume
that −D′ is effective. Then −D′ − tey′D = (x′ − tby′)E is big and this is
a contradiction because the latter belongs to the boundary of Big(X). It
follows that only a positive multiple of D′ can be effective, and in such case
the class α is effective. □

[D] ∈ CX

∂Eff(X) 3 [E]α

π

Figure 4.1. Picturing Lemma 4.1
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Proof of Proposition 1.3. — Let E be an integral divisor representing β,
so that [E] = β and [E] = k[E]. Also, let D be any integral divisor whose
class lies in CX . If the class α constructed in item (2) of Lemma 4.1 with
respect to [E] and [D] is isotropic, then it is effective, by Theorem 2.14
and because Conjecture 2.15 holds for the known deformation classes of
IHS manifolds. Suppose then that α is not isotropic. We will show that
up to choosing a suitable solution for the Pell equation (4.2), the class
α is primitive. Then, since [E] and α are primitive, we will use Eichler’s
criterion to infer that α is stably exceptional, whence effective. We adopt
the notation of Lemma 4.1. It is natural to split the proof by distinguishing
the deformation types.

Suppose that X is of OG10-type. — By [39, Proposition 3.1] we can
have qX(E) = −2 and div(E) = 1 or qX(E) = −6 and div(E) = 3. In
the first case, the class α we get is of BBF square −2 and this implies
that α is primitive. Furthermore, its divisibility must be one, because by
Remark 2.1 div(α) divides |AX |, and the discriminant group of X is AX

∼=
Z/3Z (the reader is referred to [46] for the computation of the discriminant
group of the known deformation classes). It follows by [39, Proposition 3.1]
and item (2) of Lemma 4.1 that the class α is stably exceptional, hence
effective. In the second case, we have qX(α) = −6, and this again implies the
primitivity of α. Also, α = 6y′[D]−(x′−3by′)[E], and for any γ ∈ H2(X, Z)
we have qX(α, γ) ≡ 0 mod 3. But |AX | = 3, hence div(α) = 3. Using
again [39, Proposition 3.1] and item (2) of Lemma 4.1, we conclude that also
in this case the class α is effective. Moreover, α has the same monodromy
orbit as that of E, because by [45, Theorem] the monodromy of OG10-type
IHS manifolds is maximal.

Suppose that X is of OG6-type. — By [40, Proposition 6.8] we have
either qX(E) = −4 and div(E) = 2, or qX(E) = −2 and div(E) = 2. In
both cases, the class α is primitive. Furthermore, in the first case we have
α = 4y′[D] − (x′ − 2by′)[E], so that qX(α, γ) ≡ 0 mod 2, where γ is any
element of H2(X, Z). It follows that div(α) ⩾ 2, and as AX

∼= Z/2Z×Z/2Z,
by Remark 2.1, we conclude that div(α) = 2. The same argument proves
that also in the second case, the divisibility of α is 2. By [40, Proposition 6.8]
and item (2) of Lemma 4.1 we conclude that the class α is effective. Note
also that α has the same monodromy orbit as that of E, because by [40,
Theorem 5.5(1)] the monodromy of OG6-type IHS manifolds is maximal.

Suppose that X is of K3[n]-type. — By [31, Theorem 1.11] we can have
div(E) = 2(n − 1) (resp. div(E) = n − 1), and qX(E) = −2(n − 1), or
div(E) = 2 (resp. div(E) = 1) and qX(E) = −2.
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Suppose div(E) = 2(n − 1). We observe that the class α, which was
defined in (4.3), has div(α) = 2(n − 1), because div(α) ⩾ 2(n − 1), and
qX(α) = −2(n−1). In particular, the class α is primitive, because if α = kα′

for some positive integer k, we have qX(α) = qX(α, kα′) = 2kl(n − 1), for
some integer l. This implies k = 1, as qX(α) = −2(n − 1). In this case,
we have

α = 2(n − 1)y′[D] − [x′ − 2(n − 1)by′][E].
Now, we would like to find a solution (x′, y′) of equation (4.2) satisfying
x′ − 2(n − 1)by′ ≡ 1 mod 2(n − 1). We observe that x′ − 2(n − 1)by′ ≡
x′ mod 2(n−1), for any solution (x′, y′), hence it suffices to find a solution
such that x′ ≡ 1 mod 2(n − 1). Let (x1, y1) be the fundamental solution
of equation (4.2). The “second” solution of equation is x2 = x2

1 + Ny2
1 ,

y2 = 2x1y1, where in this case N = 4(n − 1)2b2 − 2(n − 1)d. By (4.2) we
have x2

1 ≡ 1 mod 2(n − 1), hence x2 ≡ 1 mod 2(n − 1), and (x2, y2) is a
solution we were looking for.

We now prove the effectivity of α. Recall that qX(α) = te[(x′)2 −N(y′)2]
(see equality (4.1)). To do so, first observe that

[
α

2(n−1)

]
=

[
− E

2(n−1)

]
in AX

∼= Z/2(n − 1)Z, hence, by using Lemma 2.2 and by changing the
sign of −[E] with the reflection RE ∈ Mon2(X), we obtain an isometry
ι ∈ O+(H2(X, Z)), sending [E] to α, acting as −1 on AX . Indeed, RE acts
as −1 on AX , and the isometry given by Lemma 2.2 acts trivially on AX .
By [29, Lemma 4.2] (but see also [30, Lemma 9.2]), the isometry ι belongs
to Mon2(X). Then α lies in the monodromy orbit of [E]. Thus, by item (2)
of Lemma 4.1, the class α is effective.

Suppose div(E) = n − 1. We would like to find a solution (x′, y′) of
equation (4.2) satisfying x′ − (n − 1)by′ ≡ 1 mod 2(n − 1). Also in this
case the “second” solution (x2, y2) of equation (4.2) yields the conclusion.
Indeed N = (n − 1)2b2 − 2(n − 1)d in this case, and we have

x2 = x2
1 + Ny2

1 = 1 + 2Ny2
1 ≡ 1 mod 2(n − 1).

But y2 is even, hence x2 − (n − 1)by2 ≡ 1 mod 2(n − 1). Now, we observe
that with respect to the solution (x2, y2) of (4.2), we have div(α) = n − 1.
Indeed, div(α) ⩾ n−1, and we can have either div(α) = n−1, or div(α) =
2(n − 1), because qX(α) = 2(n − 1). If N is even, we have that x′ is odd
and y′ is even, for any solution (x′, y′). If N is odd, then we can have two
possibilities: x1 is odd and y1 is even, or x1 is even and y1 is odd. In any
case, we will have that x2 is odd and y2 is even. By definition of divisibility,
there exists an element γ ∈ H2(X, Z) such that qX(E, γ) = n − 1, thus
qX(α, γ) ≡ −x2(n − 1) mod 2(n − 1). As x2 is odd, qX(α, γ) cannot be
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divided by 2(n − 1), hence div(α) = n − 1. Note that with respect to the
solution (x2, y2), the class α is primitive. Indeed div(α) = n − 1, hence
either α or α/2 is primitive. But x2 is odd and [E] is a primitive class,
hence α is primitive. To show that α is effective in this case, we note
that [α/(n − 1)] = [−E/(n − 1)] in AX , and, arguing as in the case of
divisibility 2(n − 1), we obtain an isometry ι ∈ O+(H2(X, Z)), sending [E]
to α, and acting as −1 on AX . This isometry is a monodromy operator,
by [29, Lemma 4.2]. Again, since α lies in the monodromy orbit of [E], by
item (2) of Lemma 4.1 we conclude that α is effective.

Suppose div(E) = 2. We have div(α) = 2, because div(α) ⩾ 2, and
qX(α) = −2. Moreover, the class α is primitive, since qX(α) = −2. By [31,
Proposition 1.8], α and [E] lie in the same monodromy orbit, hence α is
stably exceptional, whence effective.

Suppose div(E) = 1. As above, the class α is primitive. Now we look
for a solution (x′, y′) of equation (4.2) such that div(α) = 1. Also in this
case the “second” solution (x2, y2) of equation (4.2) gives what is wanted.
Indeed, arguing as in the case div(E) = n−1, we have that x2 is odd and y2
is even. By definition of divisibility, there exists an element γ ∈ H2(X, Z)
such that qX(E, γ) = 1, thus qX(α, γ) ≡ −x2 mod 2. As x2 is odd, qX(α, γ)
cannot be divided by 2. Since either div(α) = 1, or div(α) = 2, we must
have div(α) = 1. Then, with respect to this choice, by [31, Proposition 1.8],
α and [E] lie in the same monodromy orbit, hence α is stably exceptional,
whence effective.

Suppose now that X is of Kumn-type. — By [49, Proposition 5.4] we can
have div(E) = 2(n+1) or div(E) = n+1, and in both cases the BBF square
of E is −2(n+1). Recall that AX

∼= Z/2(n+1)Z in this case. The proof goes
as in the K3[n]-type case. Also in this case the “second” solution (x2, y2) of
equation (4.2) satisfies the congruence x2 − div(E)by2 ≡ 1 mod 2(n + 1),
hence the classes

α = 2(n + 1)y2[D] − [x2 − div(E)by2][E]

and [E] are such that
[

α

div(E)

]
=

[
− E

div(E)

]
in AX . Arguing as in the K3[n]-

type case, we conclude that div(α) = div(E) (1) , and α is primitive (with
respect to the solution (x2, y2)). Again, arguing exactly as in the K3[n]-
type case, we obtain an isometry ι ∈ O+(H2(X, Z)) of determinant −1,
acting as −1 on AX , and sending [E] to α. By Markman’s and Mongardi’s

(1) Note that if div(E) = 2(n + 1), then div(α) = div(E) for any solution of (4.2).
Whereas, if div(E) = n + 1, then div(α) = div(E) when we choose the second solution
(x2, y2) of (4.2).
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characterization of Mon2(X) (cf. [32, Theorem 1.4] and [38, Theorem 2.3]),
we conclude that the isometry ι lies in Mon2(X). Then the class α lies in the
monodromy orbit of [E], hence is effective by item (2) of Lemma 4.1. □

We now show how the computations of this section allow us to prove
Theorem 1.2 for the known deformation classes of IHS manifolds, without
the use of hyperbolic geometry. The proof follows Kovács’ and Huybrechts’
strategies (see [20, Section 8] for the proof of Kovács’ result by Huybrechts).

Alternative proof of Theorem 1.2. — We show that Eff(X) does not
contain circular parts when Neg(X) ̸= ∅. The proof that

Eff(X) =
∑

E

R⩾0[E]

is the same as that contained in the proof of Theorem 1.2. Our strategy is
as follows. Let E be a prime exceptional divisor and, as above, let E be
an integral divisor whose class is primitive and such that [E] is a positive
multiple of [E]. Firstly, assuming that Eff(X) contains a circular part C,
we show that there exists a rational isotropic ray R in C. Secondly, using
the class [E] and an integral generator α of R, we construct effective classes
αk with qX(αk) < 0, such that the sequence of rays {R>0αk}k converges
to R = R>0α, for k → +∞. Since the BBF square of the αk is negative,
we will reach a contradiction.

Set qX(E) = te, where div(E) = t, and e is a negative integer. Assume
by contradiction that Eff(X) has a circular part C. We can assume that C =
R>0C. Moreover, as we have already explained in the proof of Theorem 1.2,
we have C ⊂ ∂CX ∩ ∂Eff(X). Then there exists a neighborhood U of C in
Eff(X), such that qX(β) ⩾ 0, for any β ∈ U .

Let D be any integral divisor with [D] ∈ CX . By Proposition 1.3, on the
opposite side of [D] with respect to [E], there exists an effective integral
class α that is of BBF square 0, or of BBF square te. When the class [D]
approaches C, we can only have qX(α) = 0. In particular, the circular part
C contains an effective integral isotropic class α. Now, consider the class
αϵ = (1−ϵ)α+ϵ[E], where ϵ > 0 is rational. Clearly, for ϵ small enough, the
class αϵ is effective. Thus we have qX(α, E) > 0, as otherwise we would have

qX(αϵ) = −2ϵ2qX(α, E) + 2ϵqX(α, E) + ϵ2te < 0,

contradicting α ∈ ∂Eff(X) ∩ ∂CX .
Since by assumption ρ(X) ⩾ 3, we can find an integral class α′ of negative

BBF square belonging to
(
Rα ⊕ R[E]

)⊥. We now define

(4.4) αk := −2k2qX(α′)
(
qX(α, E)

)3
α − 2k

(
qX(α, E)

)2
α′ + [E].
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An easy computation shows that qX(αk) = qX(E) = te and that, for k ≫ 0,
we have qX(αk, [A]) > 0, where A is any ample divisor. We want to show
that for k large enough the classes αk are effective. First of all, for all known
deformation classes of IHS manifolds, we observe that div(αk) = div(E).
Indeed, by construction div(αk) ⩾ div(E). Moreover, by the explicit de-
scription of the primitive stably exceptional classes for the known defor-
mation classes of IHS manifolds, since qX(αk) = qX(E), we have either
qX(αk) = − div(E), or qX(αk) = −2 · div(E). In particular, we have either
div(αk) = div(E), or div(αk) = 2 ·div(E). To exclude the second case, pick
an element γ such that qX(E, γ) = div(E). Then qX(αk, γ) is divisible by
div(E), but not by 2 · div(E), hence div(αk) = div(E). Also, we observe
that the classes αk are primitive, independently of the deformation type
we have chosen. Indeed, [E], α and α′ are linearly independent in N1(X)R,
and the class [E] is primitive. If qX(αk) = − div(E), we are done, otherwise
qX(αk) = −2 · div(E), and either αk or αk/2 is primitive. The primitivity
of [E] forces αk to be primitive. We can now conclude that for k large
enough the classes αk are effective. To do so, we distinguish the different
deformation types.

Suppose that X is of OG10-type. — By [39, Proposition 3.1] we have
either qX(E) = −2 and div(E) = 1, or qX(E) = −6 and div(E) = 3. By [39,
Proposition 3.1], for k large enough, the classes αk are stably exceptional,
hence effective.

Suppose that X is of OG6-type. — By [40, Proposition 6.8] we have
either qX(E) = −4 and div(E) = 2, or qX(E) = −2 and div(E) = 2.
By [40, Proposition 6.8], if k is large enough, the classes αk are stably
exceptional, hence effective.

Suppose that X is of K3[n]-type. — By [31, Theorem 1.11], we have
div(E) = 2(n − 1) (resp. div(E) = n − 1), and qX(E) = −2(n − 1), or
div(E) = 2 (resp. div(E) = 1) and qX(E) = −2. If qX(E) = −2(n − 1), we
observe that [αk/ div(αk)] = [E/ div(E)] in AX . Hence, by Lemma 2.2, we
obtain an isometry ι ∈ S̃O+(H2(X, Z)) sending [E] to αk. In particular,
ι ∈ Mon2(X), by [29, Lemma 4.2]. Thus we conclude that the classes αk are
stably exceptional and hence effective for k large enough. If qX(E) = −2, we
conclude by [31, Proposition 1.8] that the classes αk are stably exceptional
and hence effective, for k large enough.

Suppose that X is of Kumn-type. — By [49, Proposition 5.4], we have
div(E) = 2(n + 1), or div(E) = n + 1, and in both cases the BBF square
of E is −2(n + 1). We observe that [αk/ div(αk)] = [E/ div(E)] in AX .
By Lemma 2.2, we obtain an isometry ι ∈ S̃O+(H2(X, Z)) sending [E] to
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αk. By Markman’s and Mongardi’s characterization of Mon2(X) (cf. [32,
Theorem 1.4] and [38, Theorem 2.3]), we conclude that the isometry ι lies
in Mon2(X). Then the classes αk are stably exceptional and hence effective,
for k large enough.

Now, dividing both members of (4.4) by 2k2 we see that the sequence
of rays

{
R>0αk

}
k

converges to R>0α and this contradicts the circularity
of Eff(X) at γ (in particular the fact that locally around γ in Eff(X) the
BBF form is nonnegative). □

Remark 4.2. — We observe that if in Proposition 1.3 we are in the first
situation, using the classes αk defined in equation (4.4), we can construct
explicit effective divisors with the same monodromy orbit as that of a given
prime exceptional divisor E.
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