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GROUPS OF SMOOTH DIFFEOMORPHISMS OF
CANTOR SETS EMBEDDED IN A LINE

by Dominique MALICET & Emmanuel MILITON (*)

Abstract. — Let K be a Cantor set embedded in the real line R. Following
Funar and Neretin, we define the diffeomorphism group of K as the group of
homeomorphisms of K which locally look like a diffeomorphism between two inter-
vals of R. Higman–Thompson’s groups Vn appear as subgroups of such groups. In
this article, we prove some properties of this group. First, we study the Burnside
problem in this group and we prove that any finitely generated subgroup consisting
of finite order elements is finite. This property was already proved by Rover in the
case of the groups Vn. We also prove that any finitely generated subgroup H with-
out free subsemigroup on two generators is virtually abelian. The corresponding
result for the groups Vn was unknown to our knowledge. As a consequence, those
groups do not contain nilpotent groups which are not virtually abelian.

Résumé. — Soit K un ensemble de Cantor plongé dans la droite réelle R. Comme
Funar et Neretin, nous définissons le groupe des difféomorphismes de K comme le
groupe des homéomorphismes de K qui coïncident localement avec des difféomor-
phismes entre deux intervalles de R. Les groupes de Higman–Thompson Vn appa-
raissent comme des sous-groupes de tels groupes. Dans cet article, nous démon-
trons quelques propriétés de ce groupe. Tout d’abord, nous étudions le problème
de Burnside pour de tels groupes et nous démontrons que tout sous-groupe de
type fini qui n’a que des éléments d’ordre fini est fini. Nous démontrons également
que tout sous-groupe de type fini sans sous-semigroupe libre à deux générateurs
est virtuellement abélien. À notre connaissance, le résultat correspondant pour les
groupes Vn n’était pas connu. En conséquence, ces groupes ne contiennent pas de
sous-groupes nilpotents non virtuellement abéliens.

1. Introduction

We call Cantor set any compact totally disconnected set K such that
any point of K is an accumulation point.

When studying the dynamics of an action of a group G on a closed
manifold, it is convenient to look at minimal subsets of the action. Recall

Keywords: dynamical systems, groups, diffeomorphism.
2020 Mathematics Subject Classification: 37C85, 57S25.
(*) Both authors were supported by the Gromeov ANR project - ANR-19-CE40-0007.
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that a G-invariant closed nonempty subset K of our surface is a minimal
subset for the action of G on our surface if every orbit of points in K is
dense in K. This is equivalent to saying that K is minimal for the inclusion
relation among G-invariant closed nonempty subsets. Zorn’s lemma ensures
that such subsets always exist. A typical case which can occur is the case
where this minimal subset turns out to be a Cantor set K.

In this article, we will restrict to the case where our Cantor set is embed-
ded in a line, i.e. embedded in a one-dimensional submanifold diffeomorphic
to R.

We will give two equivalent definitions of the group we are interested in.

Definition 1.1. — Let r be an integer greater than or equal to 1 or
+∞. Let K be a Cantor set contained in a line L which is Cr-embedded in
a manifold M with dim(M) ⩾ 2. The group of Cr-diffeomorphisms of K,
denoted diffr(K), is the group of restrictions to K of Cr-diffeomorphisms
f of M such that f(K) = K.

Remark 1.2. — The isomorphism class of this group is independent of
the embedding of the line L in M and of the manifold M , as long as
dim(M) ⩾ 2. This is a consequence of the second definition below, which
is independent of L and M , and of the equivalence between the two def-
initions. However, if we look at the same group in the case where M is
a circle, we only obtain a strict subgroup of the latter group as elements of
the group have to preserve a cyclic order.

Remark 1.3. — If G is a group acting on a manifold M by Cr-diffeomorp-
hisms with such a Cantor set K as a minimal set, then there exists a non-
trivial morphism G → diffr(K). If we understand well the group diffr(K),
we can obtain information on which group can act on M with such a min-
imal invariant set.

We now give a second definition of our group: the group diffr(K) is
the group of homeomorphisms of K which locally coincide with a Cr-
diffeomorphism of an open interval of R (see precise definition below). We
will prove the equivalence between the two definitions in Section 2 (see
Proposition 2.1 for a precise statement).

Definition 1.4. — Let K be a Cantor set contained in R. The group
diffr(K) is the group of homeomorphisms f of K such that, for any point
x in K, there exists an open interval I of R containing x and a Cr-
diffeomorphism f̃ : I → f̃(I) such that f̃ |I∩K = f|I∩K .

ANNALES DE L’INSTITUT FOURIER
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Of course, we can suppose without loss of generality that the endpoints
of such an interval I do not belong to the Cantor set K so that the set
I ∩ K is clopen.

Remark 1.5. — We can adapt this second definition to other kinds of
regularity. For instance, in this article, we will denote by diff1+Lip(K) the
group of homeomorphisms of K which locally coincide with a C1+Lip-
diffeomorphism between two intervals of R, that is a C1-diffeomorphism
f̃ such that log(f̃ ′) is Lipschitz continuous.

In the article [5], Funar and Neretin have computed these groups in many
cases and provided examples of Cantor subsets for which these groups are
trivial. They have in particular computed this group in the case where K is
the standard ternary Cantor subset, which we call K2. Let us recall first the
construction of K2. Start with the segment [0, 1]. Cut this interval into three
equal pieces [0, 1

3 ], [ 1
3 , 2

3 ] and [ 2
3 , 1]. Now, throw out the middle segment: we

obtain a new compact set [0, 1
3 ]∪[ 2

3 , 1]. Now remove the middle third of each
of these intervals: we obtain the compact subset [0, 1

9 ]∪[ 2
9 , 1

3 ]∪[ 2
3 , 7

9 ]∪[ 8
9 , 1].

Then repeat the procedure for each of the obtained intervals. We obtain a
decreasing sequence of compact subsets: the intersection of this sequence is
the subset K2 (see Figure 1.1). More generally, if we remove n − 1 evenly
spaced intervals at each step instead of one, we obtain a Cantor set which
we denote by Kn.

Figure 1.1. The first steps of construction of K2 and bijection of the
intervals with the vertices of a binary tree.

For convenience, we will call interval of K2 one of the intervals appearing
in this construction (the intersection of those intervals with K2 correspond
to cylinders in symbolic dynamics). The sets of the form I ∩ K2, where I is
an interval of K2, form a basis of the topology of K2. This basis consists of
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clopen subsets, i.e. subsets which are closed and open. The set of intervals
of K2 is in bijective correspondence with the set of vertices of a rooted
binary tree (see Figure 1.1).

We now give a procedure to construct elements of diff∞(K2) (see Fig-
ure 1.2 for an example of a diffeomorphism of K2).
(Step 1) Choose two collections of intervals of K2, which we denote by

{Ii, 1 ⩽ i ⩽ m} and {Jj , 1 ⩽ j ⩽ m}, such that the sets Ii ∩ K2
and the sets Jj ∩ K2 form finite partitions of K2 which have the
same cardinality.

(Step 2) Take a permutation σ ∈ Sm. This enables to define an element f

of the group diff∞(K2) in the following way. The diffeomorphism
f is defined on Ii ∩ K2 as the restriction to Ii ∩ K2 of the unique
orientation preserving affine map which sends the interval Ii onto
the interval Jσ(i). Such a map sends Ii ∩ K2 to Jσ(i) ∩ K2.

(Step 3) Chose a subset A of the second partition {Jj , 1 ⩽ j ⩽ m} and
flip each of the intervals in A, i.e. compose the diffeomorphism
obtained in Step 2 with the diffeomorphism which is restriction
to Jj ∩ K2 of the identity if Jj /∈ A and of the symmetry with
respect to the midpoint of Jj if Jj ∈ A.

Figure 1.2. An example of diffeomorphism of K2.

Of course, we can define a similar algorithm to construct elements of
diffr(Kn).

Theorem 1.6 (Funar–Neretin). — For any r ⩾ 1 or for r = ∞, the
group diffr(Kn) is the group consisting of elements constructed following
the above procedure.

Strictly speaking, Funar and Neretin proved only the case n = 2 but
their proof also applies in the case of the Cantor sets Kn for n > 2. Notice
that this group does not depend on the regularity r ⩾ 1: this seems to be
a consequence of the “regular” shape of this Cantor set.

ANNALES DE L’INSTITUT FOURIER
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Inside diffr(Kn), there is a natural subgroup: the subgroup consisting of
elements which are constructed using only the first two steps of the above
procedure. This subgroup is the well-known Higman–Thompson group Vn

(see the introduction of the article [2] for more background on Higman–
Thompson groups).

In this article, we prove some general results about the groups diffr(K).
These theorems suggest that those groups share common features with rank
one simple Lie groups. In what follows, we fix a Cantor set K embedded
in R.

1.1. Burnside property

Definition 1.7. — A group is periodic if any of its elements has finite
order.

In 1902, Burnside asked whether there exist finitely generated periodic
groups which are infinite (see [3]). Nine years later, Schur managed to
prove that any finitely generated periodic group which is a subgroup of
GLn(C) has to be finite. Much later, in the 60’s, Golod and Shafarevich
proved in [6] that there exist infinite finitely generated periodic groups.
Many more examples were constructed later.

Theorem 1.8. — Any periodic finitely generated subgroup of
diff1+Lip(K) is finite.

We are not able to lower the regularity to C1 in this theorem for the
moment. However, observe that the same theorem is false in the case of
the group of homeomorphisms of a Cantor set as any finitely generated
group is a subgroup of this group. To see this, observe that any infinite
countable group G acts continuously and faithfully on {0, 1}G, which is a
Cantor set for the product topology and recall that any two Cantor sets
are homeomorphic.

We prove Theorem 1.8 in Section 3.
As a consequence, as the Higman–Thompson groups Vn are subgroups

of groups of C∞-diffeomorphisms of Cantor sets, we have a new proof of
the following theorem by Rover (see [13]).

Theorem 1.9 (Rover). — Let n ⩾ 2. Any finitely generated periodic
subgroup of Vn is finite.

The proof of Theorem 1.8 relies on an adaptation of standard 1-dimensi-
onal tools from dynamical systems, namely Sacksteder’s theorem.

TOME 0 (0), FASCICULE 0



6 Dominique MALICET & Emmanuel MILITON

1.2. Subgroups without free subsemigroups on two generators

In this section, we will consider finitely generated subgroups of the group
diff1+Lip(K) without free subsemigroups on two generators. This includes
all finitely generated groups of subexponential growth. In particular, this
includes nilpotent finitely generated subgroups.

A typical example of finitely generated nilpotent group is the Heisen-
berg group H with integer coefficient. This group H is the group of upper
unitriangular 3 × 3 matrices with integer coefficients.

The following theorem states that subgroups of diff1+Lip(K) without free
subsemigroups on two generators are close to being abelian.

Theorem 1.10. — Let G be a finitely generated subgroup of
diff1+Lip(K) without free subsemigroups on two generators. Then the group
G is virtually abelian.

Recall that, by definition, a group is virtually abelian if it contains
a finite-index subgroup which is abelian. We cannot hope for a better
conclusion in Theorem 1.10. Indeed, take K = K2 the standard ternary
Cantor set. Let S be the group of diffeomorphisms of K2 which permute
the intervals [0, 1

9 ], [ 2
9 , 1

3 ], [ 2
3 , 7

9 ], [ 8
9 , 1] and whose restriction to each of these

intervals is orientation-preserving and affine. The group S is isomorphic to
the finite group S4, the symmetric group on 4 elements. Take also an infi-
nite order element f of diff∞(K2) which is supported in [0, 1

9 ]∩K2, meaning
that it pointwise fixes the points outside [0, 1

9 ] ∩ K2. Then the subgroup of
diff∞(K2) generated by f and S is virtually abelian: it contains the group
Z4 as a finite index subgroup. But it is not abelian. Notice that, with this
kind of construction, we can obtain any virtually abelian group as a sub-
group of a group of diffeomorphisms of a Cantor set. By systematizing
this method, more generally, it is possible to prove that if H is a group
which acts faithfully on K2 by Cr-diffeomorphisms and H is a finite index
subgroup of a group G, then the group G has a faithful action on K2 by
Cr-diffeomorphisms.

Remark 1.11. — Observe that finitely generated groups of subexponen-
tial growth contain no free subsemigroup on two generators. Hence sub-
groups of diff1+Lip(K) of subexponential growth are virtually abelian.

Remark 1.12. — Notice that Theorem 1.10 implies Theorem 1.8 as pe-
riodic groups contain no free subsemigroup on two generators and finitely
generated abelian periodic groups are known to be finite. However, we use
Theorem 1.8 (and even a stronger version of it which is Proposition 3.9) to

ANNALES DE L’INSTITUT FOURIER
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prove Theorem 1.10. That is why we will first prove Theorem 1.8 in this
article.

Remark 1.13. — In Theorem 1.10, the regularity cannot be lowered to
a C1 regularity. Indeed, Farb and Franks proved in [4] that any torsion-free
finitely generated nilpotent group is a subgroup of the group of homeo-
morphisms of the compact interval [0, 1]. For each nilpotent subgroup that
they construct, it is possible to find a Cantor subset which is invariant.
Hence any torsion-free finitely generated nilpotent group is a subgroup of
the group of C1 diffeomorphisms of some Cantor set.

If we only assumed that our group contained no free subgroups, we could
not prove that our group is virtually abelian. Indeed, the Thompson group
F is contained in V2 and is hence a subgroup of the group of diffeomor-
phisms of the standard ternary Cantor set. But this group is finitely gen-
erated, contains no free subgroup on two generators and is not abelian.
For more information about the group F and references for proofs of these
results, see [11, Section 1.5]. The best we can hope for finitely generated
subgroups without a free subgroup on two generators is that they have
a finite orbit. We will explore this question in a forthcoming article.

We prove Theorem 1.10 in Section 4 of this article.
Observe that the corresponding statement for Higman–Thompson’s

groups Vn was unknown, as far as we know. We state it as a corollary.

Corollary 1.14. — Let n ⩾ 2. Any subgroup of the group Vn without
free subsemigroup on two generators is virtually abelian.

A nilpotent group has polynomial growth, by a theorem by Bass and
Guivarc’h (see [1]), and therefore does not contain any subsemigroups on
two generators.(1) Hence we obtain the following corollary.

Corollary 1.15. — Any finitely generated nilpotent subgroup of
diff1+Lip(K) is virtually abelian.

In particular, there is no Heisenberg group with integer coefficients as
subgroup of diffr(K) for r ⩾ 2.

Higman–Thompson groups Vn were already known to satisfy this corol-
lary by a result by Bleak, Bowman, Graham, Hughes, Lynch, Matucci and
Sapir [2] about distorted cyclic subgroups. As a consequence of this corol-
lary, we obtain the following statement, which is related to the Zimmer
conjecture.

(1) The converse is also true by a famous theorem by Gromov.

TOME 0 (0), FASCICULE 0
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Theorem 1.16. — Let r ⩾ 2 and Γ be a finite index subgroup of SLn(Z)
(or any almost simple group which contains a nonabelian nilpotent group
whose derived subgroup is infinite). Any morphism Γ → diffr(K) has a
finite image.

Proof. — As the group Γ contains a nonabelian nilpotent group whose
derived subgroup is infinite and by Corollary 1.15, any morphism Γ →
diffr(K) has an infinite kernel. But the group Γ is almost simple, which
means that any normal subgroup of Γ is either finite or a finite index
subgroup of Γ. This implies that the kernel of a morphism Γ → diffr(K) is
a finite index subgroup of Γ: the image of this morphism is finite. □

Navas proved in [10] that subgroups of C1+Lip-diffeomorphisms of the
half-line without free subsemigroups on two generators are abelian. To
prove Theorem 1.10, we try to adapt his techniques. However, this adapta-
tion is not easy: any diffeomorphism of the half-line preserves the natural
order on the half-line whereas, in our case, the diffeomorphisms do not a
priori preserve any order on our Cantor set. Moreover, Navas is able to lower
the regularity to C1+bv whereas we have to stick to the C1+Lip regularity.

Acknowledgments

The second author wants to thank Isabelle Liousse for a conversation
which was the origin of this article.

2. Equivalence between the two definitions

Let r ⩾ 1 be an integer or r = ∞. In this section, we prove the equivalence
between Definitions 1.1 and 1.4 of diffr(K).

Let M be a differential manifold with dim(M) ⩾ 2. Let L be a real line
which is Cr-embedded in M . We identify the line L with the real line R. De-
note by diffr(K)1 the group of Cr-diffeomorphisms of K according to Defi-
nition 1.1, that is the group of restrictions to K of Cr-diffeomorphisms of M

which preserve K. Denote by diffr(K)2 the group of Cr-diffeomorphisms
of K according to Definition 1.4, that is the group of homeomorphism of
K ⊂ L = R which locally coincide with Cr-diffeomorphisms between two
intervals of R.

We prove the following statement.

ANNALES DE L’INSTITUT FOURIER
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Proposition 2.1.
diffr(K)1 = diffr(K)2.

This amounts to showing that, if g is a Cr-diffeomorphism of M which
preserves K, then the restriction g|K belongs to diffr(K)2 and that, if we
denote by f a homeomorphism of K in diffr(K)2, then there exists a Cr-
diffeomorphism g of M such that g|K = f .

Proof of Proposition 2.1. — Let g be a Cr-diffeomorphism of M which
preserves K. Take a chart φ defined on an open subset U of M onto Rdim(M)

such that K ⊂ U and φ(L ∩ U) = R × {0}dim(M)−1. For instance, you can
take as open subset U a tubular neighbourhood of a segment of L which
contains K. Finally, denote by Π the “projection on L” φ−1 ◦ p1 ◦ φ, where
p1 : Rdim(M) → R is the projection on the first coordinate.

Let x0 ∈ K. We will prove that the differential of Π ◦ g|L at the point x0
does not vanish. Hence, by the inverse function theorem, the map Π◦g|L is a
Cr-diffeomorphism of an open neighbourhood I of the point x0 in L onto an
open neighbourhood J of the point g(x0) in L. Moreover, g(I ∩ K) ⊂ K ⊂
U ∩ L so that Π ◦ g|I∩K = g|I∩K and the map g|K satisfies Definition 1.4.

It remains to show that d(Π ◦ g|L)(x0) ̸= 0. As the compact subset K is
a Cantor set, there exists a sequence (yn)n∈N of elements of K \{x0} which
converges to the point x0. Observe that, for any n, the point g(yn) belongs
to K ⊂ L ∩ U . Hence the partial derivative

∂

∂x1

(
φ ◦ g ◦ φ−1)

(φ(x0))

belongs to R × {0} and does not vanish as g is a diffeomorphism. Hence

∂

∂x1

(
p1 ◦ φ ◦ g ◦ φ−1)

(φ(x0)) ̸= 0

and d(Π ◦ g|L)(x0) ̸= 0.
Now, let f be a homeomorphism of K which satisfies Definition 1.4. By

compactness of K, there exists a partition (Ki)1⩽i⩽l of K which satisfies
the following conditions.

(1) Each subset Ki is a clopen subset of K.
(2) For any index 1 ⩽ i ⩽ l, there exists an open interval Ii of R such

that Ki = Ii ∩ K.
(3) The intervals Ii are pairwise disjoint.
(4) For any 1 ⩽ i ⩽ l, there exists a diffeomorphism f̃ i defined on Ii

onto an open interval Ji such that f̃ i|Ki
= f|Ki

.
(5) The intervals Ji are pairwise disjoint.

TOME 0 (0), FASCICULE 0



10 Dominique MALICET & Emmanuel MILITON

To obtain such a partition, take first any cover (K ′
i)1⩽i⩽l′ by clopen subsets

such that conditions (1), (2) and (4) are satisfied. Take finite partitions
of the clopen sets K ′

i \
⋃

j<i K ′
j and throw away empty sets to obtain

a partition such that conditions (1), (2) and (4) are satisfied. We cannot
take the sets K ′

i \
⋃

j<i K ′
j directly as those sets might not satisfy the second

condition. Finally, shrink the obtained intervals Ii in such a way that the
two remaining conditions hold.

Take closed intervals I ′
i ⊂ Ii in such a way that the compact set Ki is

contained in the interior of the interval I ′
i and let J ′

i = f̃ i(I ′
i). Finally, use

the isotopy extension property ([8, Theorem 3.1 p. 185]) to extend the map

f̃ :
l⋃

i=1
I ′

i −→
l⋃

i=1
J ′

i

x ∈ Ii 7−→ f̃ i(x)

to a diffeomorphism g in Diffr(M). In [8], the isotopy extension property is
stated only for one disk but, with an induction, it is not difficult to prove
this property for a union of disjoint closed disks (here closed intervals,
which are one-dimensional disks). □

3. Burnside property

In this section, we prove Theorem 1.8. To prove it, we will use Defi-
nition 1.4 of the group diff1+Lip(K). Hence we see our Cantor set K as
a subset of the real line L = R.

Before starting the proof of Theorem 1.8, we need some definitions.
First, elements of diff1(K) have a well-defined derivative at each point

of K. Indeed, fix a diffeomorphism f in diff1(K) and a point x0 of K. Then
there exists an open interval I of R which contains the point x0 and a C1-
diffeomorphism f̃ : I → f̃(I) such that fI∩K = f̃ I∩K . Then the derivative
f̃ ′(x0) does not depend on the chosen extension f̃ . Indeed,

f̃ ′(x0) = lim
x→x0
x∈K

f(x) − f(x0)
x − x0

and the right-hand side of this equality depends only on f . We call this
number the derivative of f at x0 and we denote it by f ′(x0).

As we can define the notion of derivative for the elements of our group,
we also have a notion of hyperbolic fixed point which is recalled in the
following definition.

ANNALES DE L’INSTITUT FOURIER
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Definition 3.1. — Let f be a diffeomorphism in diff1(K). Let x0 be a
point of K. We say that the point x0 is a hyperbolic fixed point for f if the
following hold.

(1) f(x0) = x0.
(2) |f ′(x0)| ≠ 1.

Observe that any diffeomorphism f in diff1(K) with a hyperbolic fixed
point x0 is an infinite order element as the sequence ((fn)′(x0))n⩾0, which
is a geometric sequence, is infinite.

The proof of Theorem 1.8 relies on the following proposition, which is a
consequence of a theorem by Sacksteder.

Proposition 3.2. — Let G be a finitely generated subgroup of
diff1+Lip(K). Then one of the following properties holds.

(1) The group G contains an element with a hyperbolic fixed point.
(2) Any minimal invariant subset for the action of G on K is finite.

3.1. Proof of Proposition 3.2

Before proving the proposition, we have to recall the definition of a pseu-
dogroup of diffeomorphisms of the real line R.

Definition 3.3. — A set G of Cr-diffeomorphisms g : dom(g) → ran(g)
between two open subsets dom(g) and ran(g) of R is called a pseudogroup
of Cr-diffeomorphisms of R if:

(1) the set G is stable under composition, that is, if two elements g

and h belong to G with ran(h) ⊂ dom(g), then the composition
gh of those elements belongs to G;

(2) the set G is stable under inverses, that is, for any element g in G,
its inverse g−1 belongs to G;

(3) the identity of R belongs to G;
(4) the set G is stable under restrictions, that is, if g is an element

of G and A is an open subset of dom(g) then the diffeomorphism
g|A : A → g(A) belongs to G.

Let G be a pseudogroup of diffeomorphisms of R. A subset A of R is
invariant under G if, for any point x of A and any element g of G, we have

x ∈ dom(g) −→ g(x) ∈ A.

A compact subset A of R is a minimal invariant set for the action of G if
the set A is nonempty and invariant under G and minimal for the inclusion

TOME 0 (0), FASCICULE 0
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relation among invariant nonempty compact subsets of R. A subset S of
G is called a generating set of G if any element g of G is the restriction
of a product of elements of S. We say that a pseudogroup G is finitely-
generated if it admits a finite generating set.

Proposition 3.2 is a consequence of the following theorem by Sacksteder
(see [11, Theorem 3.2.2] for a proof).

Theorem 3.4 (Sacksteder). — Let G be a pseudogroup of C1+Lip-diffeo-
morphisms of R. Suppose that the following conditions hold.

(1) The pseudogroup G has a Cantor set K ′ as a minimal set of its
action on the line.

(2) There exists a finite set S of elements of G which generates G
whose domains have a compact intersection with K ′.

Then the pseudogroup G contains an element with a hyperbolic fixed point.

To apply this theorem, we need to connect the action of our group G

to a pseudogroup. This is achived by the following proposition, which is
roughly a consequence of the equivalence between the two definitions of
the group diffr(K).

Proposition 3.5. — Let G be a finitely generated subgroup of
diff1+Lip(K). Then there exists a pseudogroup G of C1+Lip-diffemorphisms
of the line L such that

(1) for any diffeomorphism h of the pseudogroup G and for any point
x of dom(h) ∩ K, there exists an open neighbourhood O of x and
an element g of the group G such that h|O∩K = g|O∩K ;

(2) for any element g in G and any point x in K, there exists an
open neighbourhood O of x and an element h of G such that
O ⊂ dom(h) and g|O∩K = h|O∩K ;

(3) there exists a finite generating set S of G such that, for any element
h in S, the set dom(h) ∩ K is compact.

In particular, the pseudogroup G preserves K and, for any point x of K,
the orbit of x under the action of G is also the orbit of x under the action
of G. The last property will enable us to apply Sacksteder’s theorem. Before
proving the above proposition, we use it to prove Proposition 3.2.

Proof of Proposition 3.2. — Denote by G the pseudogroup associated
to G as in Proposition 3.5. Let Kmin ⊂ K be a minimal invariant set for the
action of G on the Cantor set K. Then the set Kmin is a minimal invariant
set for the action of the pseudogroup G. Suppose that the set Kmin is
infinite. Then the set K ′

min of accumulation points of Kmin is closed and
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nonempty. As the set K ′
min is also G-invariant, by minimality of Kmin, we

have K ′
min = Kmin and the set Kmin is a Cantor set. By Theorem 3.4, there

exist x ∈ Kmin ⊂ K and an element h ∈ G such that x ∈ dom(h) and x

is a hyperbolic fixed point for h. Hence, by Proposition 3.5, some element
of G has a hyperbolic fixed point. □

Proof of Proposition 3.5. — Let g be a diffeomorphism in diff1+Lip(K).
By Definition 1.4, there exists a diffeomorphism ĝ from an open neighbour-
hood Og of K in L to another neighbourhood of K in L. By compactness,
the set Og has a finite number of connected components Oi,g which are
open intervals with compact intersection with K. Let γi,g = ĝ|Oi,g

. If S is
a symmetric finite generating set of G, let S be the finite set consisting of
diffeomorphisms of the form γi,s, where s ∈ S.

We claim that, if G denotes the pseudogroup generated by S, then G
satisfies the desired properties. By construction of G, Proposition 3.5(3)
holds.

Let us prove Proposition 3.5(2) by induction on word length. Fix x ∈ K.
For any element g in the group G, let us denote by lS(g) the minimal
number of factors required to write g as a product of elements of S. Let
us prove the following statement by induction on n: for any element g ∈ G

with lS(g) = n, there exists an element h of G such that g = h|K on a
neighbourhood of x in K.

For n = 1, this property holds by construction of S. Suppose this prop-
erty is true for some n and let us prove it for n + 1. Let g ∈ G and suppose
lS(g) = n + 1. Write g = sg1, where lS(g1) = n and s belongs to S. By in-
duction hypothesis, there exists h ∈ G such that g1 = h on a neighbourhood
of x. Let Oi,s be the connected component of Os which contains g1(x). Then
g = γi,sh|K on a neighbourhood of x in K. This completes the induction.

It remains to prove Proposition 3.5(1). For any element h in G and any
point x in dom(h), we denote by lS,x(h) the minimal number of factors
required to write h as a product of elements of S on a neighbourhood of x.
To finish the proof of Proposition 3.5, it suffices to prove the following
statement by induction on n. For any element h in G and for any point x in
dom(h) ∩ K, if lS,x(g) ⩽ n, then there exists an element g of G such that
g = h|K on a neighbourhood of x in K. This induction is straightforward
to carry out and is left to the reader. □

3.2. End of the proof of Theorem 1.8

Let G be a finitely generated periodic subgroup of diff1+Lip(K). Let us
prove that G is finite. We will use the following lemma.
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Lemma 3.6. — For any point x in K, there exists a G-invariant clopen
neighbourhood U of x such that the action of G on U factors through
a finite group action.

Before proving this lemma, we use it to prove Theorem 1.8.
Proof of Theorem 1.8. — By Lemma 3.6, there exists a cover (U1, U2, . . . ,

Ur) of K by G-invariant clopen sets on which the action of G factors
through a finite group action. Changing Ui to

Ui −
⋃

1⩽j⩽i−1
Uj

if necessary, we can suppose that the sets Uj are pairwise disjoint. For
any i, we denote by Gi the group of restrictions to Ui of elements of G.
The groups Gi are finite and the restriction maps define a morphism

G −→
r∏

i=1
Gi.

This morphism is one-to-one as the open sets Ui cover K. Hence G is
finite. □

Now, we prove Lemma 3.6. This lemma will be a consequence of the
following lemma which will be proved afterwards.

Lemma 3.7. — For any minimal invariant subset Kmin ⊂ K for the
action of G on K, the set Kmin is finite and there exists a G-invariant
clopen neighbourhood U of Kmin on which the action factors through a
finite group action.

Proof of Lemma 3.6. — Take the closure G · x of the orbit of x under
the group G. Take a minimal set Kmin of the action of G on the compact
set G · x. Apply Lemma 3.7 to find a G-invariant clopen neighbourhood
U of Kmin on which the action factors through a finite group action. As
Kmin ⊂ G · x, there exists g in G such that g(x) ∈ U . As U is G-invariant,
the point x belongs to U and the lemma is proved. □

We now prove Lemma 3.7.
Proof of Lemma 3.7. — As elements of G are finite order elements, no

element of G has a hyperbolic fixed point on K. By Proposition 3.2, the
compact set Kmin has to be a finite set. Let G2 be the subgroup of G

consisting of diffeomorphisms which pointwise fix Kmin. It is a finite index
subgroup of G and it is finitely generated as a finite index subgroup of
a finitely generated group. Notice that the derivative of any diffeomorphism
in G2 at each point of Kmin is either 1 or −1 as we observed that the group G
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contained no elements with a hyperbolic fixed point. Take the subgroup G1
of G2 consisting of elements whose derivative at each point of Kmin is 1: it
is still a finite index (finitely generated) normal subgroup of G.

Claim 3.8. — Fix a point x in Kmin. There exists a G1-invariant clopen
neighbourhood of x on which G1 acts trivially.

Suppose this claim holds and let us see how to finish the proof of Lem-
ma 3.7.

By the claim, there exists a G1-invariant clopen neighbourhood U ′ of x

on which G1 acts trivially. Observe that, as G1 is a finite index subgroup
of G, the open set

U =
⋃

g∈G

g(U ′)

is a finite union of sets homeomorphic to U ′. Hence the set U is a G-
invariant clopen neighbourhood of Kmin. As G1 is a normal subgroup of G,
it acts trivially on U . As G1 is a finite index subgroup of G, the action of G

on U factors through a finite group action. It remains to prove the claim.
Proof of Claim 3.8. — Fix a finite generating set S of G1. By Defini-

tion 1.4, there exists an open interval I of R which contains x such that,
for any element s of the generating set S, there exists a diffeomorphism
s̃ : I → s̃(I) such that s|I∩K = s̃|I∩K and such that I ∩ K is a clopen
subset of K. As the derivative of the diffeomorphism s̃ at x is 1 > 0, the
diffeomorphism s̃ is orientation preserving.

We claim that any element of G1 pointwise fixes I∩K. Indeed, otherwise,
there would exist a diffeomorphism s in the generating set S and a point
y in I ∩ K such that s(y) ̸= y. Replacing s with s−1 if necessary, we can
suppose that s(y) lies in the interval of R delimited by x and y. As s̃ is an
orientation-preserving diffeomorphism between intervals of R, it is strictly
increasing and the sequence (sn(y))n⩾0 = (s̃n(y))n⩾0 is infinite. This is a
contradiction as elements of G1 are finite order elements. □

3.3. A generalization of Theorem 1.8

In the rest of the article, we will need the following generalization of
Theorem 1.8.

Proposition 3.9. — Let F be a closed subset of K and G be a finitely
generated subgroup of diff1+Lip(K) which consists of elements which pre-
serve F . Denote by G(F ) the group of restrictions to F of elements of G.
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Suppose the group G(F ) is periodic. Then:
(1) the group G(F ) is finite;
(2) let G1 be the subgroup of G consisting of elements which pointwise

fix F and have a positive derivative at each point of F . Then G1
is a finite index subgroup of G.

Observe that the second conclusion of this proposition implies the
first one. Indeed, the second conclusion implies that the subgroup H of G

consisting of diffeomorphisms which pointwise fix F has a finite index and
the group G(F ) is isomorphic to the quotient of G by the subgroup H.
However, in the following proof, we will first prove the first conclusion and
then use this first conclusion to obtain the second conclusion.

As the proof of this proposition is sometimes really similar to the proof
of Theorem 1.8, we will skip some details.

Proof of Proposition 3.9. — First, let us prove by contradiction that
any minimal invariant set for the action of G(F ) on F is finite. Suppose
the action of the group G(F ) on F has an infinite minimal invariant subset
K1 ⊂ F . Then the set K1 has to be a Cantor set. Hence, by Proposition 3.2
and as the group G(F ) is finitely generated, the action of G(F ) on K1 has
a hyperbolic fixed point. It is impossible as the group G(F ) consists of
finite order elements by hypothesis.

We then need the following claim.

Claim 3.10. — The action of the group G(F ) on F has only finite
orbits.

Proof. — Suppose there exists a point p of F such that the orbit G · p

is infinite. Take a minimal invariant set K2 ⊂ G · p for the action of G(F )
on F . We just saw that the set K2 has to be finite. Take the finite index
subgroup G2 of G(F ) consisting of elements which pointwise fix the finite
set K2 and have a positive derivative at each point of K2. As in the proof
of Theorem 1.8, we can prove that the group G2 has to pointwise fix a
neighbourhood of K2 in F . This is not possible as K2 is accumulated by
an infinite orbit under G. □

Hence any orbit of the action of G(F ) on F is finite. As in the proof
of Theorem 1.8 and as the group G(F ) is finitely generated, we obtain
the following property. If a finitely generated subgroup of G(F ) pointwise
fixes a point of F , then it pointwise fixes a neighbourhood of this point:
otherwise, the group G(F ) would have an infinite orbit. Hence, using the
compactness of F , we deduce that the group G(F ) is finite.
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Let us prove the second point of the proposition. As the group G(F ) is
finite, the subgroup G3 of G consisting of elements which pointwise fix F

is a finite index subgroup of G: it is the kernel of the restriction morphism
G → G(F ). Hence it suffices to prove that the group G1 is a finite index
subgroup of G3.

Observe that, as elements of G3 pointwise fix F , the derivative of any
element of G3 at each accumulation point of F is equal to one. Let us
denote by F ′ the set of accumulation points of F . As the group G3 is finitely
generated, there exists a neighbourhood U of F ′ such that the derivative of
any element of G3 is positive on U . Observe that the set F \ U is compact
and consists of isolated points: this set is finite. Moreover, the group G1 is
the kernel of the morphism

G3 −→ {−1, 1}F \U

g 7−→
(
sgn(g′(x))

)
x∈F \U

,

where, for any real number λ ̸= 0, sgn(λ) = 1 if λ > 0 and sgn(λ) = −1
if λ < 0. As the group {−1, 1}F \U is finite, the group G1 is a finite index
subgroup of G3. □

4. Groups without free subsemigroups on two generators

In this section, we prove Theorem 1.10. As in the proof of Theorem 1.8,
we will use Definition 1.4 of the group diff1+Lip(K). Hence we see our
Cantor set K as a subset of R.

We fix a group G satisfying the hypothesis of Theorem 1.10: the subgroup
G of diff1+Lip(K) does not contain any free subsemigroup on two generators
and is finitely generated.

The proof is divided in three steps which correspond to Subsections 4.2,
4.3 and 4.4.

(1) First, we find a finite index subgroup G1 of G such that any
minimal invariant set for the action of G1 on K is a fixed point.

(2) Then we prove that any element of the derived subgroup G′
1 of

G1 pointwise fixes a neighbourhood of Fix(G1). This is the main
step of the proof which heavily relies on distortion estimates.

(3) We deduce the theorem from the two above steps.

The following subsection is devoted to a useful preliminary result.
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4.1. A preliminary result

We will often need the following result. For any element g in diff1(K),
we denote by Per(g) the set of periodic points of g, i.e. the set of points p

of K such that there exists an integer n ⩾ 1 such that gn(p) = p.

Lemma 4.1. — For any element g in diff1(K), there exists N ⩾ 1 such
that

Per(g) =
{

p ∈ K, gN (p) = p
}

.

Proof. — Fix an element g in diff1(K) and define

T : Per(g) −→ R+

p 7−→ T (p) = min
{

T ⩾ 1, gT (p) = p
}

.

This lemma is a consequence of the two following claims.

Claim 4.2. — For any point p in Per(g), there exists an open neighbour-
hood U of the point p such that U ∩ Per(g) = U ∩ Per(g) and T|U∩Per(g) is
bounded.

Claim 4.3. — Per(g) = Per(g).

By Claims 4.2 and 4.3, the set Per(g) is compact and the function T is lo-
cally bounded on Per(g). Hence the function T is bounded by an integer M .
It suffices to take N = M ! to prove Lemma 4.1. □

Proof of Claim 4.2. — By definition of T , for any point p of Per(g),
gT (p)(p) = p. Recall that the set K is contained in R. Fix a point p in Per(g).
By Definition 1.4, there exists an open interval I ′ of R which contains the
point p and a homeomorphism h̃1 : I ′ → h̃1(I) such that

h̃1|I′∩K = g
T (p)
|I∩K .

The homeomorphism h̃1 is not necessarily orientation-preserving but there
exists an open interval I of R which contains the point p and an orientation-
preserving homeomorphism h̃ : I → h̃(I) such that g

2T (p)
|I∩K = h̃|I∩K .

Let U = I ∩ K. We will prove that, for any point x in U , either
g2T (p)(x) = x or x /∈ Per(g). This proves the claim as

Per(g) ∩ U =
{

x ∈ U, g2T (p)(x) = x
}

is closed in U and T is bounded by 2T (p) on U .
Take a point x in U and suppose that g2T (p)(x) ̸= x. Then, as h̃ is an

increasing map which fixes the point p, either{
g2nT (p)(x), n > 0

}
=

{
h̃n(x), n > 0

}
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is infinite and contained in U or{
g2nT (p)(x), n < 0

}
=

{
h̃n(x), n < 0

}
is infinite and contained in U . In either cases x /∈ Per(g). □

Proof of Claim 4.3. — Let p be a point of Per(g). Then the closure of
the orbit of p under the action of the diffeomorphism g contains a minimal
set F . By Proposition 3.2, this set F has to be a periodic orbit of g and F ⊂
Per(g): there is no periodic point of g in a neighbourhood of a hyperbolic
fixed point of g. Moreover, as, by Claim 4.2, the set Per(g) is open in Per(g),
there exists n > 0 such that the point gn(p) belongs to Per(g). Hence the
point p belongs to Per(g). □

4.2. Definition of the finite index subgroup G1

This section is devoted to the proof of the following proposition. For
any subgroup H of diff1+Lip(K), we denote by Fix(H) the subset of K

consisting of points which are fixed under all the elements of the group H.

Proposition 4.4. — There exists a finite index subgroup G1 of G such
that the two following properties hold.

(1) Any minimal invariant subset for the action of G1 on K is a point
of Fix(G1).

(2) For any diffeomorphism g in the group G1 and any point p of
Fix(G1), we have

g′(p) > 0.

We start the proof of this proposition by the following lemma, which is
more or less a consequence of Sacksteder’s Theorem.

Lemma 4.5. — Any minimal invariant subset for the action of the group
G on K is finite.

Proof. — If one looks closely at the proof of Sacksteder’s theorem, one
can see that it implies directly that, if the action of the group G on the
Cantor set K has an infinite minimal invariant set, then the group G con-
tains a free subsemigroup on two generators. We provide here a proof which
uses Sacksteder’s theorem.

Suppose that the action of the group G on K has an infinite minimal
subset Kmin. We want to prove that the group G contains a free subsemi-
group on two generators. This will give a contradiction and will complete
the proof of Lemma 4.5. To do this, we use the following classical lemma
(see [7, Proposition 2 p. 188] for a proof).
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Lemma 4.6 (Positive ping-pong lemma). — Let H be a group acting
on a set E. Assume there exist elements h1 and h2 of H as well as disjoint
nonempty subsets A and B of E such that{

h1(A ∪ B) ⊂ A

h2(A ∪ B) ⊂ B.

Then the subsemigroup of G generated by h1 and h2 is free.

First, as the set Kmin is infinite, it contains accumulation points. As the
set of accumulation points of Kmin is closed and invariant under the action
of the group G and as Kmin is a minimal invariant set, we deduce that
the set Kmin is a Cantor set. Then, by Proposition 3.2, there exists an
element h of G with a hyperbolic fixed point p ∈ Kmin. Taking h−1 instead
of h if necessary, we can suppose that |h′(p)| < 1. Taking the definition of
a diffeomorphism of K, we know that there exists a C1+Lip-diffeomorphism
h̃ from an open interval I of R which contains the point p to an open interval
h̃(I) such that h̃|I∩K = h|I∩K . Moreover, choose the interval I sufficiently
small so that supx∈I |h̃′(x)| < 1. Hence the sequence of sets (h̃n(I))n⩾0 is
decreasing and ⋂

n∈N
h̃n(I) = {p}.

As Kmin is a minimal Cantor set, there exists a point p′ in G·p∩(I\{p}). Fix
an element g of the group G such that g(p) = p′. Let g̃ be a diffeomorphism
between two intervals of R which coincides with g on a neighbourhood
of p. Take an integer N1 sufficiently large so that g̃ ◦ h̃N1 is defined on I,
supx∈I |(g̃ ◦ h̃N1)′(x)| < 1 and g ◦ hN1(I ∩ K) ⊂ I ∩ K. The map

h1 = g ◦ hN1
|I∩K

has a unique fixed point p′: indeed, the map g̃ ◦ h̃N1 has a fixed point on I

which is the limit of any positive orbit under the action of g̃ ◦ h̃N1 . Hence
this fixed point belongs to K. Observe that h1(p) = g(p) ̸= p. Hence there
exists an open interval J1 which contains the point p such that h1(J1)
is disjoint from J1. Finally take an open interval J2 ⊂ I which contains
the point p′ and is disjoint from the interval J1. Then there exist integers
N2 > 0 and N3 > 0 such that

hN2(J1 ∪ J2) ⊂ J1 and hN3
1 (J1 ∪ J2) ⊂ J2.

By the positive ping-pong lemma, the group G contains a free semigroup
on two generators. □

Now, we can finish the proof of Proposition 4.4.
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End of the proof of Proposition 4.4. — By Lemma 4.5, any minimal
subset for the action of the group G on the Cantor set K is contained in
the set

F =
⋂

g∈G

Per(g).

By Lemma 4.1, the set F is a closed subset of K. Moreover, it is invariant
under the action of G. Let us denote by G(F ) the group of restrictions to F

of elements of G. By definition of F and by Lemma 4.1, the group G(F )
consists of finite order elements. By Proposition 3.9, the group G(F ) is
finite. Moreover, let G1 be the subgroup of G consisting of elements which
pointwise fix F and whose derivative at each point of F is positive. Then
the group G1 is a finite index subgroup of G by the same proposition.

Let us check that this group G1 satisfies the wanted property. Let Kmin
be a minimal invariant subset of the action of the group G1 on the Cantor
set K. Then the set

M =
⋃

g∈G

g(Kmin)

is a closed G-invariant subset of K which consists of a finite number of
copies of Kmin. Any G-orbit of a point in this set M is dense in M : it is a
minimal subset for the action of G on K. Hence, by Lemma 4.5,

Kmin ⊂ M ⊂ F ⊂ Fix(G1). □

4.3. Behaviour of individual elements of G′
1

Let us fix a subgroup G1 of G which satisfies Proposition 4.4 for the rest of
this section. We prove the following result. Recall that the derived subgroup
H ′ of a group H is the subgroup of H generated by the commutators
of elements of H, i.e. elements of the form [h1, h2] = h1h2h−1

1 h−1
2 with

h1, h2 ∈ H.

Proposition 4.7. — Any element of the derived subgroup G′
1 of the

group G1 pointwise fixes a neighbourhood of Fix(G1).

In this proposition, the neighbourhood can a priori depend on the chosen
element of the group G′

1.
We split the proof of Proposition 4.7 into two steps.

(Step 1) We first prove that any point of Fix(G1) is accumulated by points
of Fix(G′

1).
(Step 2) Then we use this first step to prove Proposition 4.7.
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Throughout the proof of the proposition, we will use the two following
definitions.

Definition 4.8. — Let I be an interval of R ⊃ K and f be an element
of diff1+Lip(K). We say that

• f is monotonous on I if there exists a C1+Lip-diffeomorphism
f̃ : I → f̃(I) such that f|I∩K = f̃ I∩K .

• f is increasing on I if there exists an orientation-preserving ( i.e.
increasing) C1+Lip-diffeomorphism f̃ : I → f̃(I) such that f|I∩K =
f̃ I∩K .

Let A be a subset of R and p be a point of A. We call left-neighbourhood
(respectively right-neighbourhood) of the point p in A any subset of R
which contains a set of the form [p − α, p) ∩ A (resp. (p, p + α] ∩ A), for
some α > 0.

We say that the point p is accumulated on the left (respectively accumu-
lated on the right) by the set A if, for any α > 0, [p − α, p) ∩ A ̸= ∅ (resp.
(p, p + α] ∩ A ̸= ∅. Equivalently, a point p is accumulated on the left (resp.
right) by the set A if any left-neighbourhood (resp. right-neighbourhood)
of the point p is nonempty.

We say that the point p is isolated on the left (resp. on the right) in A

if it is not accumulated on the left (resp. on the right) by the set A or,
equivalently, if it has a left-neighbourhood (resp. right-neighbourhood) in A

which is empty.

4.3.1. Step 1

We formulate the Step 1 as a proposition.

Proposition 4.9. — Let p be a point of Fix(G1).
If the point p is accumulated on the left (respectively on the right) by

points of K, then the point p is accumulated on the left (resp. on the right)
by points of Fix(G′

1).

Proof of Proposition 4.9. — Observe that it suffices to prove the follow-
ing property. Any point of Fix(G1) which is isolated on the left (respectively
on the right) in Fix(G1) but not in K is accumulated on the left (resp. on
the right) by points of Fix(G′

1). As the proof of the property for points
which are isolated on the right is similar, we will prove the property only
for points which are isolated on the left. Hence let p be a point of Fix(G1)
which is isolated on the left in Fix(G1) but not in K.
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To start the proof, we will define a “local minimal invariant subset” K1 in
a left-neighbourhood of p. The subset K1 accumulates to p and we will see
later that any element of G′

1 fixes the points of K1 in a left-neighbourhood
of p.

As G1 is a finite index subgroup of G and the group G is finitely gen-
erated, then the subgroup G1 is finitely generated. Fix a finite symmet-
ric generating set S of G1 and α0 > 0 small enough so that Fix(G1) ∩
[p − α0, p) = ∅ and, for any element s of S, the diffeomorphism s is mo-
notonous on [p − α0, p]. Then any element of S is increasing on [p − α0, p]
as, by the choice of G1, any element of G1 has a positive derivative at the
point p.

Consider the set M of closed nonempty subsets A of (p−α0, p)∩K such
that, for any element s of the generating set S

s(A) ∩ (p − α0, p) ⊂ A.

This last property is an analogue of a “local invariance” property. Of course,
the set M is nonempty as the subset (p − α0, p) ∩ K belongs to M.

Take a point p1 in (p − α0, p) ∩ K. Let

p2 = max{s(p1), s ∈ S}.

Observe that, necessarily, p2 > p1: otherwise, the point p2 would be fixed
under any element of S hence any element of G1, in contradiction with the
definition of α0. To define the subset K1, we need the following lemma.

Lemma 4.10. — For any A in M,

A ∩ [p1, p2] ̸= ∅

and the point p is accumulated by points of A.

Before proving Lemma 4.10, let us see how to construct the subset K1.
The set M is partially ordered by the set inclusion relation. Moreover,

by compactness and Lemma 4.10, for any totally ordered family (Ai)i∈I of
elements of M, the set ⋂

i∈I

Ai

is nonempty and belongs to M: this set is a lower bound for this totally
ordered family. By Zorn’s lemma, the set M contains a minimal element
for the inclusion relation. We denote by K1 this element of M. We can see
it as a minimal invariant set for the left-germ of G1 at p.

Now, let us prove Lemma 4.10.
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Proof of Lemma 4.10. — Denote by p′ a point in A ∩ (p − α0, p).
If the point p′ belongs to [p1, p2], there is nothing to prove.
Suppose now that the point p′ belongs to the interval (p2, p). Denote

by B the set of elements g of G1 with the following property. There exists
a family (si)1⩽i⩽p of elements of S such that g = s1s2, . . . , sp and

∀ 1 ⩽ i ⩽ p, sisi+1, . . . , sp([p′, p] ∩ K) ⊂ (p − α0, p].

Now let B be the subset of K ∩ (p − α0, p) defined by

B = {b(p′), b ∈ B}.

Observe that, as the subset A belongs to M, the subset B is contained
in A.

Let m = inf(B ∩ [p1, p]). It suffices to prove that the element m belongs
to [p1, p2). We will do it by contradiction. Suppose that p2 ⩽ m. Then, as
the point m does not belong to Fix(G1), there exists an element s of S

such that s(m) < m (recall that the set S is symmetric). As p2 ⩽ m and
by construction of the point p2, we have p1 ⩽ s(m) and p − α0 < s(m).
Hence, if x is a point of B close to m, then s(x) is also a point of B which
belongs to [s(m), m), in contradiction with the definition of m.

If p − α0 < p′ < p1, the proof is analogous. Namely look at the same
set B but look at the supremum of B ∩ [p1, p2] instead of the infimum and
prove that it belongs to (p1, p2].

Observe that we can take the point p1 as close as we want to the point p.
Hence the point p is accumulated by points of A. □

Let H be any subgroup of diff1(K), F be a closed subset of K and q

be a point of Fix(H) which is accumulated on the left by F such that any
element of H has a positive derivative at q. Define

HF,q,− =
{

g ∈ H
∣∣ ∃ α > 0, gF ∩[q−α,q] = IdF ∩[q−α,q]

}
.

Observe that HF,q,− is a normal subgroup of H. We denote by H(F, q) the
group H/HF,q,−. This is the “group of left-germs at q of elements of H

restricted to F”. In particular we set G1(K1, p) = G1/G1 K1,p,−. This is the
“group of left-germs at p of elements of G1 restricted to K1”. □

The following proposition completes the proof of the Step 1.

Proposition 4.11.
(1) Any element of G1 either fixes all the points of K1 or has no fixed

point on a left-neighbourhood of p (which depends on the element
of G1).

(2) The group G1(K1, p) is abelian.
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Remark 4.12. — Actually, the first statement of Proposition 4.11 implies
the second one, as we will see during the proof of this proposition.

We obtain immediately the following corollary which will be useful later.

Corollary 4.13. — Let p be a point of Fix(G1) which is isolated on
the left in Fix(G1) but accumulated on the left by K. Then there exists
an element h of G1 and α > 0 such that

(1) the diffeomorphism h is increasing on [p − α, p].
(2) ∀ x ∈ [p − α, p] ∩ K, h(x) > x.

Of course, we have analogous statements for points which are isolated on
the right in Fix(G1).

To prove Proposition 4.11, we need the following lemma.

Lemma 4.14. — Let H be a subgroup of diff1(K), F be a closed subset
of K and q be a point of Fix(H) which is accumulated on the left by F

such that any element of H has a positive derivative at q. Suppose that
there exists α0 > 0 such that, for any diffeomorphism h in H, the following
property holds.

For any element h of the group H and any α ∈ (0, α0), if the diffeomor-
phism h is increasing on [q − α, q] and if the diffeomorphism h has a fixed
point x in [q −α, q]∩F then the diffeomorphism h pointwise fixes [x, q]∩F .

Then the group H(F, q) is abelian.

To prove this lemma, we use the same techniques as in the proof of
a famous theorem by Hölder, which states that any group of fixed-point-
free homeomorphisms of the real line is abelian. We need the following
definition for this proof.

Observe that we could have thought of a weaker and more natural hy-
pothesis for Lemma 4.14: any element of H(F, q) has a representative with
no fixed point in V \ {q}, where V is a left-neighbourhood of q in F . How-
ever, our proof does not work with this weaker hypothesis. This is due to
the various speeds of convergence of the orbits to the point q that can exist.
The hypothesis of Lemma 4.14 that we took avoids this problem.

Definition 4.15. — Let H be a group and ⪯ be an order on H. The
order ⪯ is called:

(1) total if, for any elements h1 and h2 of H, either h1 ⪯ h2 or
h2 ⪯ h1.

(2) bi-invariant if, for any elements h1, h2 and h3 of H,

h1 ⪯ h2 −→ h3h1 ⪯ h3h2
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and

h1 ⪯ h2 −→ h1h3 ⪯ h2h3.

(3) Archimedean if, for any element h1 and h2 of H with 1 ≺ h2
(i.e. 1 ⪯ h2 and h2 ̸= 1), there exists an integer n ⩾ 0 such that
h1 ⪯ hn

2 .

The main idea of the proof of Lemma 4.14 is to apply the following
lemma (see [11, Proposition 2.2.29] for a proof of this lemma).

Lemma 4.16. — Any group which admits a bi-invariant total Archime-
dean order is a subgroup of (R, +).

Proof of Lemma 4.14. — We define an order ⪯ on the group H(F, q) in
the following way. For any elements ξ and η which are respectively repre-
sented by elements gξ and gη of H, we have ξ ⪯ η if and only if there exists
α > 0 such that, for any point x of F ∩ (q − α, q), we have gξ(x) ⩽ gη(x).
We will prove that this defines a bi-invariant total Archimedean order
on H(F, q). By Lemma 4.16, this implies that the group H(F, q) is abelian
and proves Lemma 4.14.

Let ξ1, ξ2 and ξ3 be elements of H(F, q) with ξ1 ⪯ ξ2. Let us prove that
ξ1ξ3 ⪯ ξ2ξ3 and that ξ3ξ1 ⪯ ξ3ξ1.

Take elements g1, g2 and g3 of the group H which respectively represent
the elements ξ1, ξ2 and ξ3. Take α > 0 small enough such that:

(1) the diffeomorphisms g1, g2 and g3 are increasing on [q − α, q].
(2) For any point x in [q − α, q) ∩ F , g1(x) ⩽ g2(x).

Take α′ > 0 small enough so that g3([q − α′, q] ∩ F ) ⊂ [q − α, q] ∩ F . Then,
for any point x in [q − α′, q] ∩ F ,

g1(g3(x)) ⩽ g2(g3(x))

and ξ1ξ3 ⪯ ξ2ξ3. Now, take α′′ > 0 small enough such that g1([q − α′′, q] ∩
F ) ⊂ [q − α, q] ∩ F and g2([q − α′′, q] ∩ F ) ⊂ [q − α, q] ∩ F . Then, as the
diffeomorphism g3 is increasing on [q−α, q], for any point x of [q−α′′, q]∩F ,

g3(g1(x)) ⩽ g3(g2(x))

and ξ3ξ1 ⪯ ξ3ξ2.
We have just proved that the order ⪯ is bi-invariant. Let us explain why

this order is total. Let ξ and η be elements of H(F, q) which are respectively
represented by elements gξ and gη of H. By hypothesis of Lemma 4.14,
either the diffeomorphism gξ ◦ g−1

η is equal to the identity on F ∩ (q − α, q)
for α > 0 small enough or this diffeomorphism displaces all the points
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of F in a left-neighbourhood of q. Hence either ξη−1 ⪰ 1 or ξη−1 ⪯ 1. By
invariance of the order ⪯ under right-multiplication, we deduce that either
ξ ⪰ η or ξ ⪯ η. The order ⪯ is total.

Now, let us prove that it is Archimedean. Let ξ1 and ξ2 be elements of
H(F, q) such that ξ1 ≻ 1. If ξ2 ⪯ 1, then ξ2 ⪯ 1 ≺ ξ1 so we suppose that
ξ2 ≻ 1 in what follows.

Take respective representatives g1 and g2 of ξ1 and ξ2 in H. Take α ∈
(0, α0) small enough such that:

(1) the diffeomorphisms g1 and g2 are increasing on [q − α, q].
(2) For any point x in [q − α, q) ∩ F , g1(x) > x and g2(x) > x.

Fix a point x0 in F ∩ [q − α, q). Observe that any positive orbit under g1 of
points of F ∩ [q − α, q) converges to the point q. Hence there exists k > 0
such that g2(x0) < gk

1 (x0), which can be rewritten

g2(x0) < gk
1 g−1

2 (g2(x0)).

As the diffeomorphism gk
1 g−1

2 is increasing on [g2(x0), q] then, by hypothesis
of Lemma 4.14, one of the following occurs:

(1) either the diffeomorphism gk
1 g−1

2 pointwise fixes a left-neighbour-
hood of the point q in F . In this case ξk

1 ξ−1
2 = 1.

(2) Or it has no fixed point in [g2(x0), q] ∩ F in which case

∀ x ∈ F ∩ [g2(x0), p], gk
1 ◦ g−1

2 (x) > x.

In either case, ξk
1 ξ−1

2 ⪰ 1 and, by invariance of the relation ⪯ under right-
multiplication, ξk

1 ⪰ ξ2. The order ⪯ is Archimedean. □

Proof of Proposition 4.11. — We denote by K ′
1 the set of accumulation

points of K1. By minimality of K1, observe that either K ′
1 ∩ (p − α0, p) = ∅

or K ′
1 ∩ (p − α0, p) = K1. Indeed, if the set K ′

1 ∩ (p − α0, p) is nonempty,
then K ′

1 ∩ (p − α0, p) is an element of M which is contained in K1, hence
which is equal to K1 by minimality of K1. This remark splits the proof into
two cases.

Case 1: K ′
1 ∩ (p − α0, p) = ∅. — As any point of the set K1 is isolated,

any element of G1 either pointwise fixes all the points of K1 or displaces
all the points of K1 on a left neighbourhood of the point p (neighbourhood
which a priori depends on the element of G1). Lemma 4.14 implies that the
group G1(K1, p) is abelian.

Case 2: K ′
1 ∩ (p − α0, p) = K1. — In this second case, it also suffices

to prove that any element of G1 satisfies the hypothesis of Lemma 4.14.
However, proving this fact is harder than in the first case.
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Suppose for a contradiction that there exists α > 0 and a diffeomorphism
g1 in G1 such that:

(1) The diffeomorphism g1 is increasing on [p − α, p].
(2) There exists a point x in K1 ∩ [p − α, p) such that g1(x) = x.
(3) The diffeomorphism g1 does not fix all the points of [x, p] ∩ K1.

Let p1 < p2 be two points of [x, p] ∩ Fix(g1) such that K1 ∩ (p1, p2) ̸= ∅
and, for any point x in K1 ∩ (p1, p2), g1(x) ̸= x. In this second case, Propo-
sition 4.11 is a consequence of the two following lemmas.

Lemma 4.17. — There exists an element h of G1 such that p1 < h(p1) <

p2 and the diffeomorphism h is increasing on [p1, p].

Before stating the second lemma, we need a definition which is a gen-
eralization of a standard definition for pseudogroups or groups of homeo-
morphisms of the real line (see [11, Definition 2.2.43]).

Definition 4.18. — Two elements g and h of diff1+Lip(K) are crossed
if there exists points p1 < p2 of the Cantor set K such that

(1) the diffeomorphisms g and h are increasing on [p1, p2];
(2) the points p1 and p2 are fixed under g but the diffeomorphism g

has no fixed point in (p1, p2);
(3) either we have p1 < h(p1) < p2 or p1 < h(p2) < p2.

Observe that the element g1 which is defined above and the element h

which is given by Lemma 4.17 are crossed. Now, it suffices to use Lem-
ma 4.19 below to obtain the wanted contradiction.

Lemma 4.19. — If two elements g and h of diff1+Lip(K) are crossed,
then the subgroup generated by g and h contains a free semi-group on two
generators. □

Now, let us prove Lemmas 4.17 and 4.19.
Proof of Lemma 4.17. — Denote by B the set of elements g of G1 with

the following property. There exists a family (si)1⩽i⩽p of elements of S

such that g = s1s2, . . . , sp and

∀ 1 ⩽ i ⩽ p, sisi+1, . . . , sp([p1, p] ∩ K) ⊂ (p − α0, p].

Now let A be the closure in K1 of the subset of K ∩ (p − α0, p) defined by

B = {b(p1), b ∈ B}.

Observe that, as the subset K1 belongs to the collection M, we have
A ⊂ K1. Moreover, the set A belongs to the collection M so that A = K1,
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by minimality of K1. Hence the set B is dense in K1 and B ∩ (p1, p2) ̸= ∅
as K1 ∩ (p1, p2) ̸= ∅. This proves Lemma 4.17. □

The proof of Lemma 4.19 is similar to [11, Lemma 2.2.44].
Proof of Lemma 4.19. — Suppose for instance that p1 < h(p1) < p2.

Moreover, as the diffeomorphism g is increasing on [p1, p2], taking g−1

instead of g if necessary, we can suppose that

∀ x ∈ (p1, p2) ∩ K, g(x) < x.

Observe that, for any point x in (p1, p2) ∩ K, the sequence gn(x) converges
to the point p1. In particular, the point p1 is accumulated on the right by
points of K. Take α > 0 small enough so that

(1) p1+α ∈ K and the diffeomorphism h is monotonous on [p1, p1+α].
(2) h(p1 + α) < p2.
(3) The sets [p1, p1 + α] and h([p1, p1 + α] ∩ K) are disjoint.

Take a sufficiently large integer n such that gn(h(p1 + α)) < p1 + α. Let
f1 = gn and f2 = h ◦ gn. Observe that

f1
(
[p1, p1 + α] ∩ K ∪ h([p1, p1 + α] ∩ K)

)
⊂ [p1, p1 + α] ∩ K

and that

f2
(
([p1, p1 + α] ∩ K ∪ h([p1, p1 + α] ∩ K)

)
⊂ h([p1, p1 + α] ∩ K).

Now, by the positive ping-pong lemma (Lemma 4.6), the semigroup gener-
ated by f1 and f2 is free. □

4.3.2. Step 2

Now, we are ready for the Step 2 of the proof of Proposition 4.7. We will
reformulate this second step as two propositions. Fix a point p in Fix(G1)
which is accumulated on the left by the set K. Denote by G1,p the group
of left-germs at p of elements of G1: this the quotient of the group G1 by
the normal subgroup

G1,p,− =
{

g ∈ G1
∣∣ ∃ α > 0, gK∩[p−α,p] = IdF ∩[p−α,p]

}
.

Proposition 4.20. — Suppose that the point p is isolated on the left
in Fix(G1). Then the group G1,p is abelian.

Of course, we have an analogous statement in the case where the point p

is isolated on the right in Fix(G1).
In the case where the point p is accumulated on the left by points of

Fix(G1), we will prove the following stronger proposition.
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Proposition 4.21. — Suppose the point p is accumulated on the left
by points of Fix(G1). Then there exists a left-neighbourhood Lp of the
point p with the following properties.

(1) Lp ∩ K is invariant under the action of G1;
(2) the action of G′

1 on Lp ∩ K is trivial.

Once again, there is an analogous statement for points which are accu-
mulated on the right by points of Fix(G1).

The two above propositions and their variants for right-neighbourhoods
imply Proposition 4.7.

We will start by proving Proposition 4.20. Then we will prove Proposi-
tion 4.21.

To prove Proposition 4.20, we need the following lemma, which is a vari-
ant of Kopell lemma for diffeomorphisms of the half-line (see [9] to see this
lemma and its proof).

Lemma 4.22. — Let g1 and g2 be elements of diff1+Lip(K). Let p ∈
Fix(g1) ∩ Fix(g2) be a point accumulated on the left by points of K such
that the elements g1 and g2 have a positive derivative at p. Suppose that

(1) there exists α > 0 such that (p − α, p) ∩ Fix(g1) = ∅ and such
that g2 is increasing on (p − α, p);

(2) for any point x in (p − α, p) ∩ K, g1g2(x) = g2g1(x).
Then (p − α, p) ∩ Fix(g2) = ∅ or the diffeomorphism g2 fixes all the points
of K in a left-neighbourhood of the point p.

Of course, we have an analogous lemma for fixed points of g1 which are
isolated on the right. In the classical Kopell lemma, we only need that g1 is
C1+bv and g2 is C1. In contrast, in our case, we can lower the regularity to
C1+bv but we still need both elements g1 and g2 to have a C1+bv regularity.
The proof of this lemma is closely related to the proof in the standard case.

Proof of Lemma 4.22. — Take α > 0 such that g1 has no fixed point
on [p − α, p) and such that there exist C1+Lip-diffeomorphisms g̃1 and g̃2
defined on [p − α, p] such that

g1|[p−α,p]∩K = g̃1|[p−α,p]∩K and g2|[p−α,p]∩K = g̃2|[p−α,p]∩K .

For i = 1, 2, denote by ki the Lipschitz constant of log(|g̃′
i|)|[p−α,p] and by

D the diameter of the compact subset K of R.
Suppose that g2 has a fixed point p′ in [p − α, p). We will prove that

there exists M > 0 such that, for any k > 0, supx∈[p′,p]∩K |(gk
2 )′(x)| ⩽ M .

From this, we will deduce that g2 fixes the points of [p′, p] ∩ K.
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Taking g−1
1 instead of g1 if necessary, we can suppose that, for any point x

in [p−α, p)∩K, g̃1(x) > x. As the diffeomorphisms g1 and g2 commute the
points gn

1 (p′), for n ⩾ 0 are fixed points of g2 and form a sequence which
converges to the point p. Hence g′

2(p) = 1.
For any k ⩾ 0 and any n ⩾ 0, gk

2 = g−n
1 gk

2 gn
1 . Hence, for any point x of

K ∩ [p′, p],

(∗) (gk
2 )′(x) = (gn

1 )′(x)
(gn

1 )′(gk
2 (x))

· (gk
2 )′(gn

1 (x)).

Observe that the sequence ((gk
2 )′(gn

1 (x)))n converges to 1 = (gk
2 )′(p) as

n → +∞. Let us prove that
(gn

1 )′(x)
(gn

1 )′(gk
2 (x))

⩽ ek1D.

Indeed,

log
(∣∣∣∣ (gn

1 )′(x)
(gn

1 )′(gk
2 (x))

∣∣∣∣) =
n−1∑
i=0

log
(∣∣g′

1(gi
1(x))

∣∣) − log
(∣∣g′

1
(
gi

1(gk
2 (x))

)∣∣).

For any index i ⩾ 0, denote by Ii the closed interval of R whose ends are
gi

1(x) and gi
1(gk

2 (x)) and denote by n0 ⩾ 0 the integer such that the point
x belongs to the interval [gn0

1 (p′), gn0+1
1 (p′)). Observe that, for any i ⩾ 0,

Ii ⊂ [gn0+i
1 (p′), gn0+i+1

1 (p′)). Hence the intervals Ii, for i ⩾ 0 are pairwise
disjoint and

log
(∣∣∣∣ (gn

1 )′(x)
(gn

1 )′(gk
2 (x))

∣∣∣∣) ⩽ k1

n−1∑
i=0

|Ii| ⩽ k1D.

Then, by (∗), for any k > 0, supx∈[p′,p]∩K |(gk
2 )′(x)| ⩽ M , where M = ek1D.

Now let us prove that the diffeomorphism g2 fixes the points in [p′, p]∩K.
Suppose for a contradiction that there exists a point x0 in [p′, p] ∩ K which
is not fixed under g2. Let I be the connected component of [p′, p] − Fix(g2)
which contains x0. Take a point y in I−K and let (y−, y+) be the connected
component of I − K which contains y. Then, for any k > 0,

(g̃k
2)′(y)

(g̃k
2)′(y−)

⩽ ek2D.

Hence (g̃k
2)′(y) ⩽ Mek2D. This implies that, for any k ⩾ 0,

sup
x∈I

∣∣(g̃k
2)′(x)

∣∣ ⩽ Mek2D.

Hence, using the mean value theorem, we see that the diffeomorphism g̃2
has to fix the points of I, a contradiction. □

Propostion 4.20 is a consequence of the following weaker proposition.
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Proposition 4.23. — Suppose that the point p is isolated on the left
in Fix(G1). Then the group G1,p is metabelian, i.e. the group G′

1 is abelian.

Proof of Proposition 4.23. — By Corollary 4.13, there exists an ele-
ment f of G1 and α′

0 > 0 such that the diffeomorphism f has no fixed
point on (p − α′

0, p) and is increasing on the interval [p − α′
0, p]. Taking

f−1 instead of f if necessary, we can suppose that, for any point x in
(p − α′

0, p) ∩ K, f(x) > x.
Fix two nontrivial elements ξ1 and ξ2 of the group G′

1. We want to prove
that ξ1ξ2 = ξ2ξ1. Denote by G2 the subgroup of G1,p generated by the
elements ξ1 and ξ2. The advantage of considering this subgroup instead of
G′

1 is that the group G2 is finitely generated whereas the group G′
1 might

not be finitely generated.
Fix respective representative g1 and g2 of ξ1 and ξ2 in the group G′

1 and
let K2 ⊂ K the set of fixed points of the group G2 generated by g1 and g2.
Observe that, by Proposition 4.9, the set Fix(G′

1) ⊂ K2 accumulates on
the left of the point p. Take a point p − α′

0 < p′ < p such that:
(1) the diffeomorphisms g1 and g2 are increasing on [p′, p];
(2) the point p′ belongs to the set Fix(G′

1).
An easy induction on wordlength proves that any element of G2 is increas-
ing on [p′, p].

We will distinguish two cases depending on the existence of a fixed point
which is outside K2 for an element of G2. As the elements ξ1 and ξ2 are
supposed to be nontrivial, the set (K \ K2) ∩ [p′, p] is nonempty.

Case (1). — Suppose that, for any element g in the group G2 and any
connected component (p1, p2) of [p′, p] \ K2 which meets K, either

Fix(g) ∩ (p1, p2) = ∅

or g is equal to the identity on (p1, p2) ∩ K. Take a connected component
(p1, p2) of [p′, p] \ K2 which meets K. Denote by G2|(p1,p2) be the group
of restrictions to (p1, p2) ∩ K of elements of the group G2. We now use
the following lemma which is once again a straightforward consequence of
Lemma 4.16.

Lemma 4.24. — Let (p′
1, p′

2) be an open interval of R which meets K

and whose endpoints belong to the Cantor set K. Let G be a subgroup of
diff1(K). Suppose that

(1) any diffeomorphism in the group G preserves (p′
1, p′

2) ∩ K and is
increasing on the interval (p′

1, p′
2);
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(2) any element of G which has a fixed point in (p′
1, p′

2) ∩ K is equal
to the identity on (p′

1, p′
2) ∩ K.

Then the group G|(p′
1,p′

2) of restrictions to (p′
1, p′

2) ∩ K of elements of G is
abelian.

Proof. — As any nontrivial element of the group G is increasing on
(p′

1, p′
2) and has no fixed point on (p′

1, p′
2) ∩ K, then, for any nontrivial

element g of the group G|(p′
1,p′

2), either

∀ x ∈ (p′
1, p′

2) ∩ K, g(x) > x

or
∀ x ∈ (p′

1, p′
2) ∩ K, g(x) < x.

Let g and h be two elements of the group G. Hence, if there exists a point x0
in (p′

1, p′
2)∩K such that g(x0) < h(x0) then, for any point x of (p′

1, p′
2)∩K,

g(x) < h(x): otherwise the diffeomorphism g−1h would be nontrivial and
would have a fixed point in (p′

1, p′
2) ∩ K, which is not possible. We define

then an order ⪯ on G|(p′
1,p′

2) by setting g ⪯ h if and only if there exists
a point x0 of (p′

1, p′
2)∩K such that g(x0) ⩽ h(x0). The above remark proves

that this defines a total order on the group G|(p′
1,p′

2). With a proof similar to
the proof of Lemma 4.14 (and even easier!), we can show that this defines
a bi-invariant Archimedean order on the group G|(p′

1,p′
2). By Lemma 4.16,

the group G|(p′
1,p′

2) is abelian. □

By Lemma 4.24, the group G2|(p1,p2) is abelian. As this lemma is true
for any such connected component (p1, p2), we deduce that

∀ x ∈ [p′, p] ∩ K, g1g2(x) = g2g1(x).

Hence ξ1ξ2 = ξ2ξ1.
Case (2). — There exists an element g in the group G2 and a point p0

in (K \ K2) ∩ [p′, p] with the following properties.
(1) g(p0) = p0.
(2) If we denote by (p1, p2) the connected component of [p′, p] \ K2

which contains the point p0,

g|(p1,p2)∩K ̸= Id(p1,p2)∩K .

Without loss of generality, we can suppose that the point p0 is one of
the endpoints of a connected component of [p′, p] \ Fix(g) which meets
the Cantor set K. We will find a contradiction, namely we will construct
a free subsemigroup on two generators of the group G1. Hence the first case
always holds.
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As the point p0 does not belong to the set K2 = Fix(G2), there exists
a diffeomorphism h in G2 such that h(p0) > p0.

Let (a, b) be the connected component of R\ Fix(G′
1) which contains the

points p0 and h(p0). Recall we fixed an element f at the beginning of the
proof of the proposition. Take N ′ > 0 sufficiently large so that fN ′(a) > b

and let f1 = fN ′ . Observe that the sets fn
1 ([a, b]∩K), for n ⩾ 0, are pairwise

disjoint. Moreover, as the set Fix(G′
1) is invariant under the action of the

group G1, for any n ⩾ 0, the points fn
1 (a) and fn

1 (b) are fixed under the
elements of G2 < G′

1.
The proof uses the following lemma which relies on distortion estimates.

Claim 4.25. — There exists an integer N ⩾ 0 such that, for any n ⩾ N ,

h(fn
1 (p0)) = fn

1 (p0).

Before proving Claim 4.25, let us see how we can obtain a contradiction
from this claim. More precisely, we want to prove that the semigroup gen-
erated by f1 and h is free, a contradiction. We will use the following lemma
to do so.

Lemma 4.26. — Let p′ < p be points of K. Suppose that the point p is
accumulated on the left by points of K. Let f and h be diffeomorphisms
in diff1(K) such that

(1) the diffeomorphism f is increasing on [p′, p] and{
f(p) = p

∀ x ∈ [p′, p) ∩ K, f(x) > x;

(2) there exists a point p∗ ∈ (p′, p) ∩ K such that

∀ n ⩾ 0, h(fn(p∗)) = fn(p∗);

(3) there exists a point p0 in [p′, p∗) ∩ K and an integer N > 0 such
that {

h(p0) ̸= p0

∀ n ⩾ N, h(fn(p0)) = fn(p0).

Then there exists N ′ > 0 such that the semigroup generated by fN ′ and
fN ′

h is free.

To obtain the wanted contradiction, use the above lemma with f1, h and
p∗ = b. The last hypothesis is satisfied thanks to Claim 4.25. To complete
the proof of Proposition 4.23, it suffices to prove those two lemmas.
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Proof of Claim 4.25. — Recall that the point p0 is the endpoint of a con-
nected component of R\Fix(g) which meets K. Suppose that this connected
component is of the form (p0, p1) (the case where it is of the form (p1, p0) is
analogous). Observe that the interval (fn

1 (p0), fn
1 (p1)) is a connected com-

ponent of R \ Fix(fn
1 gf−n

1 ). Then, as the elements h and fn
1 gf−n

1 , as well
as the elements h−1 and fn

1 gf−n
1 , are not crossed by Lemma 4.19, either

h(fn
1 (p0)) = fn

1 (p0) or h(fn
1 (p0)) ⩾ fn

1 (p1) or h(fn
1 (p1)) ⩽ fn

1 (p0): if none
of those statements occur,

(1) either h(fn
1 (p0)) ∈ (fn

1 (p0), fn
1 (p1)) and the elements h and fn

1 gf−n
1

are crossed,
(2) or h(fn

1 (p1)) ∈ (fn
1 (p0), fn

1 (p1)) and the elements h and fn
1 gf−n

1
are crossed,

(3) or h(fn
1 (p0)) ⩽ fn

1 (p0) and h(fn
1 (p1)) ⩾ fn

1 (p1). In this case,

h−1(fn
1 (p0)) ⩾ fn

1 (p0) and h−1(fn
1 (p1)) ⩽ fn

1 (p1)

and the elements h−1 and fn
1 gf−n

1 are crossed.
Suppose for a contradiction that there exists a sequence of integer nk →
+∞ as k → +∞ such that, for any k ⩾ 0, h(fnk

1 (p0)) ⩾ fnk
1 (p1). Then, for

any k ⩾ 0,
h

(
fnk

1 (p0)
)

− h
(
fnk

1 (a)
)

fnk
1 (p0) − fnk

1 (a) =
h

(
fnk

1 (p0)
)

− fnk
1 (a)

fnk
1 (p0) − fnk

1 (a)
as the point fnk

1 (a) belongs to Fix(G′
1) and the diffeomorphism h belongs

to G′
1. Hence

h
(
fnk

1 (p0)
)

− h
(
fnk

1 (a)
)

fnk
1 (p0) − fnk

1 (a) ⩾
fnk

1 (p1) − fnk
1 (a)

fnk
1 (p0) − fnk

1 (a)

⩾
fnk

1 (p1) − fnk
1 (p0)

fnk
1 (p0) − fnk

1 (a) + 1.

Denote by f̃1 : [a, p]→ [a, p] a C1+Lip-diffeomorphism such that f̃1|[a,p]∩K =
f1|[a,p]∩K . By the mean value theorem, there exist points c1 and c2 of the
interval (a, b) such that{

f̃nk
1 (p1) − f̃nk

1 (p0) =
(
f̃nk

1
)′(c1)(p1 − p0)

f̃nk
1 (p0) − f̃nk

1 (a) =
(
f̃nk

1
)′(c2)(p0 − a).

Moreover, if we denote by K the Lipschitz constant of log(f ′) then∣∣∣log
((

f̃nk
1

)′(c1)
)

− log
((

f̃nk
1

)′(c2)
)∣∣∣ ⩽ K

nk−1∑
i=0

∣∣∣f̃ i
1([a, b])

∣∣∣
⩽ K|p − a| = M,
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because the intervals f̃ i
1([a, b]) are pairwise disjoint and contained in the

interval (a, p). Hence

h
(
fnk

1 (p0)
)

− h
(
fnk

1 (a)
)

fnk
1 (p0) − fnk

1 (a) ⩾ e−M p1 − p0

p0 − a
+ 1 > 1.

However, recall that fixed points of h accumulate to p because h ∈ G′
1.

Hence h′(p) = 1, in contradiction with the above inequality and the conti-
nuity of h′.

In the case where there exists a sequence of integers nk which tends
to +∞ as k → +∞ such that, for any k, h(fnk (p1)) ⩽ fnk (p0) (or
fnk (p1) ⩽ h−1(fnk (p0))), we find a similar contradiction by using h−1

instead of h. □

Proof of Lemma 4.26. — Let N ′ − 1 be the largest integer n such that
h(fn(p0)) ̸= fn(p0). Let f1 = fN ′ . Hence, for any integer n > 0, the point
fn

1 (p0) is fixed under h (but the point p0 is not). We want to prove that
the semigroup generated by f1 and g = f1h is free. Let

w1 = fnk
1 gmk , . . . , fn2

1 gm2fn1
1 gm1 ,

with nk ⩾ 0, m1 ⩾ 0 and ni > 0, mi > 0 otherwise, and

w2 = f
n′

k′
1 gm′

k′ , . . . , f
n′

2
1 gm′

2f
n′

1
1 gm′

1 ,

with n′
k′ ⩾ 0, m′

1 ⩾ 0 and n′
i > 0, m′

i > 0 otherwise, be two dis-
tinct words on f1 and g. We see each of those words as a diffeomorphism
in diff1(K). Suppose for a contradiction that, as elements of the group
diff1(K), w1 = w2. Then, simplifying these words on the right and exchang-
ing the roles of w1 and w2 if necessary, we can suppose that m1 > 0 and
m′

1 = 0. Now, let us look at the image of the point p∗ under those two
diffeomorphisms. We have{

w1(p∗) = fn1+m1+n2+m2+···+nk+mk
1 (p∗)

w2(p∗) = f
n′

1+m′
1+n′

2+m′
2+···+n′

k′ +m′
k′

1 (p∗).

Hence
∑k

i=1(ni+mi) =
∑k′

i=1(n′
i+m′

i). We denote by l the common value
of these sums. Now, we will prove that w1(p0) ̸= w2(p0), in contradiction
with the equality w1 = w2 as elements of the group diff1(K).

We write
w1 = w3h

where
w3 = fnk

1 gmk , . . . , fn2
1 gm2fn1

1 gm1−1f1.
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Observe that w2(p0) = w3(p0) = f l
1(p0). As we supposed that w1 = w2 as

elements of diff1(K), we have w3h(p0) = w1(p0) = w2(p0) hence h(p0) = p0,
a contradiction. □

Now, let us deduce Proposition 4.20 from Proposition 4.23.
Proof of Proposition 4.20. — By Proposition 4.23, the group G1,p is

metabelian, meaning that its derived subgroup is abelian. A theorem by
Rosenblatt (see [12]) states that any metabelian group without free sub-
semigroups on two generators is nilpotent. Hence the group G1,p is nilpo-
tent.

Suppose for a contradiction that the group G1,p is not abelian and take
a nontrivial element ξ in the center of the group G1,p which belongs to the
derived subgroup G′

1.
Recall that, by Corollary 4.13, the group G1,p contains an element whose

representative has no fixed point in a left-neighbouhood of the point p.
Hence, by Lemma 4.22, the element ξ has a representative gξ in G1 with
no fixed point on a left-neighbourhood of the point p.

We want to apply Lemma 4.14 to prove that the group G1,p is abelian
and finish the proof of Proposition 4.20. In the rest of this proof, we make
sure that the hypothesis of Lemma 4.14 are satisfied.

Take α0 > 0 such that the diffeomorphisms gξ and g−1
ξ are increasing on

[p−α0, p] and have no fixed point in [p−α0, p)∩K. Taking ξ−1 instead of ξ

if necessary, we can further suppose that, for any point x of [p − α0, p] ∩ K,

gξ(x) > x.

Suppose for a contradiction that there exist a real number α ∈ (0, α0)
and a diffeomorphism g ∈ G1 with the following properties.

(1) The diffeomorphism g is increasing on [p − α, p].
(2) The diffeomorphism g has a fixed point p1 in [p − α, p) ∩ K.
(3) There exists a point x0 in [p1, p] ∩ K such that g(x0) ̸= x0.

As g([p1, p]) = [p1, p] and gξ([p1, p]) ⊂ [p1, p], we have

g−1gξg([p1, p]) ⊂ [p1, p] ⊂ (p − α0, p)

and the diffeomorphism h = [gξ, g] = g−1
ξ g−1gξg is increasing on [p1, p].

Take α′ > 0 small enough so that p − α0 < p1 − α′ and the diffeomorphism
h is increasing on (p1 − α′, p].

Lemma 4.27. — For any point x in (p1 − α′, p] ∩ K, h(x) = x

Proof. — Suppose that there exists a point p0 in (p1 − α′, p] ∩ K such
that h(p0) ̸= p0. As the element ξ of G1,p lies in the center of G1,p, the
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diffeomorphism h pointwise fixes a left-neighbourhood of p in K. Let

p∗ = inf{x ∈ [p0, p], ∀ y ∈ [x, p] ∩ K, h(y) = y}.

Then apply Lemma 4.26 to h and f = gξ to find a free subsemigroup of G1
on two generators, a contradiction. □

By Lemma 4.27, for any point x in (p1 − α′, p] ∩ K,

ggξ(x) = gξg(x).

Hence, by Lemma 4.22, the diffeomorphism g has no fixed point in
(p1 − α′, p], a contradiction.

Therefore, we can apply Lemma 4.14 and the group G1,p is abelian. □

Proof of Proposition 4.21. — Fix a finite generating set S of G1. As
the point p is accumulated on the left by points of Fix(G1), for any dif-
feomorphism s in S, there exists a point ps < p in Fix(G1) such that s is
increasing on the interval [ps, p]. Let

p′ = max{ps | s ∈ S}.

Then any element of S is increasing on Lp = [p′, p] and preserves Lp ∩ K.
Hence any element of G1 = ⟨S⟩ is increasing on Lp and preserves Lp ∩ K.

Now, let us prove by contradiction that the group G′
1 acts trivially on

Lp ∩ K. Suppose there exists a point x0 ∈ (p′, p) ∩ K which is displaced by
some element of G′

1. Let (p1, p2) be the connected component of (p′, p) \
Fix(G1) which contains the point x0. Then the points p1 and p2 belong to
Fix(G1). Moreover, the point p1 is accumulated on the right by points of
K: otherwise, if I is connected component of R \ K whose left-end is the
point p1, then its right-end is a fixed point of G1, in contradiction with
(p1, p2) ∩ Fix(G1) = ∅. Likewise, the point p2 is accumulated on the left by
points of K. By Corollary 4.13, there exists a point p′

2 < p2 of K and an
element f of G1 such that

∀ x ∈ [p′
2, p2) ∩ K, f(x) > x.

We then need the following lemma.

Lemma 4.28.
[p′

2, p2] ∩ K ⊂ Fix(G′
1).

Of course, we can likewise prove that there exists a point p′
1 > p1 of K

such that [p1, p′
1] ∩ K ⊂ Fix(G′

1).
Before proving this lemma, let us see why it gives us the wanted contra-

diction. The set

A = {x ∈ [p1, p2] ∩ K | ∃ g1 ∈ G′
1, g1(x) ̸= x}
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is a closed G1-invariant set as the group G′
1 is a normal subgroup of G1 and

any element of G1 preserves [p1, p2] ∩ K. Moreover, by Lemma 4.28, this
set A is contained in [p′

1, p′
2]. Also, this set contains a minimal invariant set

for the action of G1 on K, hence a fixed point for G1 by Proposition 4.4.
Hence

∅ ≠ A ∩ Fix(G1) ⊂ [p′
1, p′

2] ∩ Fix(G1) ⊂ (p1, p2) ∩ Fix(G1) = ∅,

a contradiction. □

Proof of Lemma 4.28. — Suppose for a contradiction that there exists
a point x0 ∈ [p′

2, p2] ∩ K and an element h in G′
1 such that h(x0) ̸= x0.

Then let
pmax = sup{x ∈ [p′

2, p2] ∩ K, h(x) ̸= x}.

By Proposition 4.20, pmax < p2. Observe that this point pmax is fixed under
the diffeomorphism h.

Finally, take a point p0 < pmax of K such that h(p0) ̸= p0 and
f(p0) > pmax. Taking h−1 instead of h if necessary, we can suppose that
h(p0) > p0. Then, by Lemma 4.26, the group generated by h and f contains
a free semigroup on two generators, a contradiction. □

4.4. End of the proof of Theorem 1.10

Now, we finish the proof of Theorem 1.10, namely we prove the following
proposition.

Proposition 4.29. — Let G1 be a subgroup of G which satisfies Propo-
sition 4.4. Then its derived subgroup G′

1 is trivial.

Proof of Proposition 4.29. — For any point x in Fix(G1), we want to
define a left neighbourhood Lx and a right-neighbourhood Rx of the point
x in K which will be useful for the proof. To define those, we have to
distinguish cases.

(1) If the point x is accumulated on the left (respectively the right)
by points of Fix(G1), take a left-neighbourhood Lx (resp. a right-
neighbourhood Rx) of x such that the set Lx (resp. Rx) is point-
wise fixed under the elements of G′

1 (such a neighbourhood exists
by Proposition 4.21).

(2) If the point x is accumulated on the left (resp. the right) by points
of K but isolated on the left (resp. the right) in Fix(G1) then
take a left-neighbourhood Lx (resp. a right-neighbourhood Rx)
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of x such that there exists a diffeomorphism f in G1 such that:
(a) the diffeomorphism f is increasing on Lx (resp. Rx);
(b) for any point y in Lx \ {x}, f(y) > y (resp. for any point y

in Rx \ {x}, f(y) < y).
Such a diffeomorphism f exists by Corollary 4.13.

(3) If the point x is isolated on the left (resp. on the right) in K, take
Lx = {x} (resp. Rx = {x}).

Let

U =
⋃

x∈Fix(G1)

(Lx ∪ Rx)

and choose the neighbourhoods Lx and Rx in such a way that the set U

is open in K. Suppose for a contradiction that the group G′
1 contains a

nontrivial element h. Let A be a subset of K consisting of points x of K

which are displaced under some element of the group G′
1, i.e. there exists

an element h of G′
1 such that h(x) ̸= x. Of course, this set is disjoint from

the set Fix(G1). We can say even more by the following claim.

Claim 4.30. — A ∩ U = ∅.

Before proving the claim, let us see how we can finish the proof of Propo-
sition 4.29. As the set U is open, A ∩ U = ∅.

As the group G′
1 is a normal subgroup of the group G1, the set A is

a closed G1-invariant subset. Hence there exists a minimal set M ⊂ A

for the action of G1 on A. By Proposition 4.4, M ⊂ Fix(G1) ⊂ U , a
contradiction with Claim 4.30. □

Proof of Claim 4.30. — Suppose for a contradiction that A ∩ U ̸= ∅ and
take a point p0 in the intersection A ∩ U . By definition of the set A, there
exists an element h in G′

1 such that h(p0) ̸= p0.
By definition of U , there exists a point p in Fix(G1) such that either

p0 ∈ Lp or p0 ∈ Rp. Suppose for instance that the point p0 belongs to the
left-neighbourhood Lp of p. Necessarily, the point p is isolated on the left in
Fix(G1): otherwise, the diffeomorphisms in G′

1 pointwise fix Lp. Moreover,
by construction of Lp there exists an element f in G1 such that:

(1) for any point y in Lp \ {p}, f(y) > y;
(2) the diffeomorphism f is increasing on Lp.

Finally, we use Lemma 4.26 (recall that the diffeomorphism h pointwise
fixes a neighbourhood of p to find the point p∗). By this lemma, the group
G1 contains a free subsemigroup on two generators, a contradiction. □
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