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THE FOURIER TRANSFORM FOR TRIPLES OF
QUADRATIC SPACES

by Jayce R. GETZ & Chun-Hsien HSU (*)

Abstract. — Let V1, V2, V3 be a triple of even dimensional vector spaces over
a number field F equipped with nondegenerate quadratic forms Q1, Q2, Q3, re-
spectively. Let Y ⊂

∏3
i=1 Vi be the closed subscheme consisting of (v1, v2, v3)

such that Q1(v1) = Q2(v2) = Q3(v3). One has a Poisson summation formula for
this scheme under suitable assumptions on the functions involved, but the relevant
Fourier transform was previously only defined as a correspondence. In the current
paper we employ a novel global-to-local argument to prove that this Fourier trans-
form is well-defined on the Schwartz space of Y (AF ). To execute the global-to-local
argument, we introduce boundary terms and thereby extend the Poisson summa-
tion formula to a broader class of test functions. This is the first time a summation
formula with boundary terms has been proven for a spherical variety that is not a
Braverman–Kazhdan space.

Résumé. — Soit V1, V2, V3 un triplet d’espaces vectoriels de dimension paire sur
un corps de nombres F équipés de formes quadratiques non dégénérées Q1, Q2, Q3,
respectivement. Soit Y ⊂

∏3
i=1 Vi le sous-schéma fermé constitué de (v1, v2, v3)

tels que Q1(v1) = Q2(v2) = Q3(v3). On dispose d’une formule sommatoire de
Poisson pour ce schéma sous des hypothèses appropriées concernant les fonctions
impliquées, mais la transformation de Fourier pertinente n’était auparavant défi-
nie que comme une correspondance. Dans le présent article, nous employons un
argument global-local novateur pour prouver que cette transformation de Fourier
est bien définie sur l’espace de Schwartz de Y (AF ). Pour exécuter cet argument
global-local, nous introduisons des termes de frontière et étendons ainsi la formule
sommatoire de Poisson à une classe plus large de fonctions de test. C’est la pre-
mière fois qu’une formule avec des termes de frontière est prouvée pour une variété
sphérique qui n’est pas un espace de Braverman–Kazhdan.
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1. Introduction

Let d1, d2, d3 be three positive even integers, let Vi := Gdi
a , V :=

⊕3
i=1 Vi,

and let F be a number field. For each i, let Qi be a nondegenerate quadratic
form on Vi(F ). Let Y ⊂ V be the closed subscheme whose points in an F -
algebra R are given by

Y (R) := {(v1, v2, v3) ∈ V (R) : Q1(v1) = Q2(v2) = Q3(v3)}.

In [14] the first author and Liu proved a Poisson summation formula for
this space. The space Y is a spherical variety, and hence the summation
formula confirms a special case of conjectures of Braverman and Kazhdan,
later investigated by L. Lafforgue and Ngô, and extended to spherical va-
rieties by Sakellaridis [3, 4, 5, 21, 26, 29]. It is the first summation formula
for a spherical variety that is not a Braverman–Kazhdan space. Here a
Braverman–Kazhdan space is the affine closure of [P, P ]\G where G is a
reductive group and P < G is a parabolic subgroup.

In this paper we prove that the Fourier transform on Y, originally de-
fined as a correspondence, descends to an automorphism of the Schwartz
space. Let us be more precise. Let X◦ := [P, P ]\Sp6, where P < Sp6 is the
Siegel parabolic, and let X := Pl(X◦) be the corresponding Braverman–
Kazhdan space (see (3.6)). As explained in Section 3, the Schwartz space
S(X(AF )) is defined and comes equipped with a Fourier transform FX :
S(X(AF )) → S(X(AF )). We define S(X(AF ) × V (AF )) using the conven-
tions in Section 2. For notational simplicity, we let

FX : S(X(AF ) × V (AF )) −→ S(X(AF ) × V (AF ))

be the automorphism given on pure tensors by FX(f1 ⊗f2) = FX(f1)⊗f2.
Let Y sm ⊂ Y be the smooth locus. In this paper we introduce the Schwartz
space

S(Y (AF )) := Im
(
I : S(X(AF ) × V (AF )) −→ C∞(Y sm(AF ))

)
where I is defined as in (1.4) below. The Poisson summation formula in [14]
relies not on a Fourier transform from S(Y (AF )) to itself, but a correspon-
dence

S(X(AF ) × V (AF )) S(X(AF ) × V (AF ))

S(Y (AF )) S(Y (AF )).

I

FX

I

In the current paper we prove the following theorem:

ANNALES DE L’INSTITUT FOURIER



THE FOURIER TRANSFORM FOR TRIPLES OF QUADRICS 3

Theorem 1.1. — Assume Y sm(AF ) is nonempty. There is a unique C-
linear isomorphism FY : S(Y (AF )) → S(Y (AF )) such that I◦FX = FY ◦I.

In other words, the dotted arrow in the diagram above can be replaced
by FY and the resulting diagram is commutative. Theorem 1.1 follows from
Theorem 12.1 below. We prove in Proposition 11.2 below that S(Y (Fv))
is contained in L2(Y (Fv)) (with respect to an appropriate measure) for all
places v of F. As an application of Theorem 1.1, in a follow-up paper [13]
with S. Leslie, we give an explicit formula for FY and prove that it extends
to a unitary operator in the non-Archimedean case. This will constitute a
sound setup for harmonic analysis on Y (Fv). We refer to [12, 16, 20] for
analogous work when Y is replaced by the zero locus of a single quadratic
form. We would like to emphasize again that the setting of the current
paper is a significant leap from the setting of these other papers because
our space is not a Braverman–Kazhdan space.

We prove Theorem 1.1 via global-to-local argument. Though global-to-
local arguments using summation formulae such as the trace formula are
common in the literature, the authors do not know of another example
where such a technique is used to define a unitary operator. The argument
is contained in Section 12. To execute it, we prove a more flexible version
of the Poisson summation formula of [14] that involves boundary terms.
We also develop Fourier and harmonic analysis on S(Y (AF )) to the point
that we can take limits of functions. This work is of independent interest.

In remainder of the introduction, we state the Poisson summation for-
mula we prove in this paper. Before stating it in full generality, we highlight
a special case. Fix a nontrivial additive character ψ : F\AF → C×. For
1 ⩽ i ⩽ 3, let

ρi := ρi,ψ : SL2(AF ) × S(Vi(AF )) −→ S(Vi(AF ))

be the Weil representation attached to ψ and the Qi. For a place v of F,
let

Siv := {f ∈ S(Vi(Fv)) : ρi(g)f(0) = 0 for all g ∈ SL2(Fv)},
S0v := S1v ⊗ S2v ⊗ S3v.

(1.1)

From the definition of the Weil representation and the Bruhat decomposi-
tion of SL2(Fv), we have Siv consists of functions{
f ∈ S(Vi(Fv)) : f(0) = 0,

∫
Vi(Fv)

ψ(tQi(w))f(w) dw = 0 for all t ∈ Fv

}
.

TOME 0 (0), FASCICULE 0



4 Jayce R. GETZ & Chun-Hsien HSU

Restrictions of elements of S0v to Y sm(Fv) are elements of S(Y (Fv)) by
Lemma 5.3. We check in Lemma 12.4 below that S0v is nonzero for finite
v ∤ 2 (in fact, infinite-dimensional).

Theorem 1.2. — Let f ∈ S(Y (AF )). Assume that there are finite
places v1, v2 of F such that f = fv1fv2f

v1v2 where fv1 and FY (fv2) are
restrictions of elements of S0v1 and S0v2 , respectively. Then∑

y∈Y sm(F )

f(y) =
∑

y∈Y sm(F )

FY (f)(y).

This is similar to the main theorem of [14], but Theorem 1.2 has the
additional benefit that the hypotheses and conclusion are given intrinsically
in terms of the space S(Y (AF )) and not extrinsically in terms of the map
I : S(X(AF ) × V (AF )) → S(Y (AF )).

1.1. The boundary terms

We now describe our main summation formula more precisely. Possibly
confusing (but useful) notational conventions on Schwartz spaces are given
in Section 2. Let G be the image of SL3

2 under a natural embedding SL3
2 →

Sp6 (see (4.11)). The quasi-affine scheme X◦ = [P, P ]\Sp6 admits a natural
right G-action.

Over a field of characteristic zero, there are five orbits in X◦ under the
action of G. We fix representatives γb, γ0 := Id, γ1, γ2, γ3 as in Section 4
and let Gγ be the stabilizer of γ in G. The subscript b stands for basepoint;
γb is a representative for the open orbit.

We have a Weil representation

ρ := ρ1 ⊗ ρ2 ⊗ ρ3 : G(AF ) × S(V (AF )) −→ S(V (AF )).

We will require the following assumption on f = f1 ⊗ f2 ∈ S(X(AF ) ×
V (AF )): There are finite places v1, v2 of F such that

f1 = fv1fv2f
v1v2 and fv1 ∈C∞

c (X◦(Fv1)), FX(fv2) ∈C∞
c (X◦(Fv2))(1.2)

ρ(g)f2(v) = 0 for v ̸∈ V ◦(F ), for all g ∈ G(AF ).(1.3)

Here V ◦ is the open subscheme of V consisting of triples (v1, v2, v3) with
each vi ̸= 0. The origin of condition (1.3) is explained below (1.5). We
point out that if f2 = f2vf

v
2 for some place v of F with f2v ∈ S0v then f2

satisfies (1.3).

ANNALES DE L’INSTITUT FOURIER
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Remark 1.3. — A similar condition on f2 was assumed in [14]. We warn
the reader that in loc. cit. the assertion that (5.0.7) implies (5.0.5) is false.
Fortunately, this claim is never used in loc. cit.

Let Φ ∈ S(A2
F ) and let N2 < SL2 be the subgroup of upper triangular

unipotent matrices. For

f = f1 ⊗ f2 ∈ S(X(AF ) × V (AF ))

we define

(1.4)
I(f) (ξ) :=

∫
Gγb

(AF )\G(AF )
f1 (γbg) ρ (g) f2(ξ) dg for ξ ∈ Y sm(AF ),

I0(f) (ξ) :=
∫
N3

2 (AF )\G(AF )
f1 (g) ρ (g) f2(ξ) dg for ξ ∈ Ỹ 0(AF ).

Here Ỹ 0 (and Ỹ i for 1 ⩽ i ⩽ 3) is defined as in Section 4. For ξ ∈ Ỹ i(AF )
and s ∈ C, we set

Ii(f ⊗ Φ)(ξ, s) :=
∫
Gγi

(AF )\G(AF )
f1 (γig)

×

(∫
N2(AF )\SL2(AF )

∫
A×

F

ρ (∆i(h)g) f2(ξ)Φ(x(0, 1)hpi(g))|x|2s d×xdh
)

dg

where ∆i is defined as in (5.2) and pi is defined as in (5.3). In Section 4,
certain quotient schemes Yi of Ỹ i are also defined. Roughly, Y0(F ) is a
quotient of

Ỹ 0(F ) := {(v1, v2, v3) ∈ V ◦(F ) : Q1(v1) = Q2(v2) = Q3(v3) = 0}

by an action of (F×)2 and Yi is the product of the zero locus of Qi in V ◦
i

and the quasi-projective scheme cut out of P(V ◦
i−1 ×V ◦

i+1) by Qi−1 − Qi+1,
where the indices are understood “modulo 3” in the obvious sense. Here
P(V ◦

i−1 × V ◦
i+1) is the image of V ◦

i−1 × V ◦
i+1 in P(Vi−1 × Vi+1).

The main summation formula proved in this paper is the following the-
orem:

Theorem 1.4. — Assume that

(f = f1 ⊗ f2,Φ) ∈ S(X(AF ) × V (AF )) × S(A2
F )

TOME 0 (0), FASCICULE 0
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where f satisfies (1.2) and (1.3), and Φ̂(0) ̸= 0. Let

κF = 2
Vol(F×\(A×

F )1)
.

One has

∑
ξ∈Y sm(F )

I(f)(ξ)+
∑

ξ∈Y0(F )

I0(f)(ξ)+ κF

Φ̂(0)
Ress=1

3∑
i=1

∑
ξ∈Yi(F )

Ii(f⊗Φ)(ξ, s)

=
∑

ξ∈Y sm(F )

I(FX(f))(ξ) +
∑

ξ∈Y0(F )

I0(FX(f))(ξ)

+ κF

Φ̂(0)
Ress=1

3∑
i=1

∑
ξ∈Yi(F )

Ii(FX(f) ⊗ Φ)(ξ, s).

Here Φ̂ denotes the Fourier transform of Φ normalized as in (6.1), and
(A×

F )1 < A×
F is the subgroup of ideles of norm 1. When we speak of bound-

ary terms in the paper, we mean the summands in Theorem 1.4 involving
I0 and Ii. The proof of Theorem 1.4 is a refinement of the proof of the
main theorem of [14]. Briefly, one substitutes a triple of Θ-functions into
the integral representation of the triple product L-function due to Gar-
rett [11]. We make use of the adelic reformulation of Piatetski–Shapiro and
Rallis [27]. The boundary terms correspond to the SL3

2-orbits in X◦ that
are not open. In [14] assumptions were made to eliminate these terms. At
the suggestion of the referee, we point out that Theorem 1.4 implies that
the same formula is valid if f is replaced by a C-linear combination of func-
tions f satisfying conditions (1.2) and (1.3); in particular, one can allow
the places v1, v2 to vary.

Of course it would be desirable to remove assumptions (1.2) and (1.3).
To obtain an identity without these assumptions will require the addition
of boundary terms on both sides of the formula. Thus the statement of the
Poisson summation formula for general test functions will be more intricate.

The proof would also be far more technical as we now explain. There is
no assumption on support in the main theorem of [15], but the boundary
terms (i.e. those not given by the evaluation of a Schwartz function on a
point of X◦(F )) are given in terms of residues of Eisenstein series. It seems
wise to wait until there is an explicit geometric understanding of these
terms before attempting to remove (1.2).

On the other hand, assumption (1.3) implies that the Θ-function

(1.5) Θf (g) :=
∑

ξ∈V (F )

ρ(g)f(ξ)

ANNALES DE L’INSTITUT FOURIER
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is cuspidal as a function of g ∈ SL3
2(F )\SL3

2(AF ). Removing this assump-
tion would probably require using Arthur truncation as in [12]. Even in the
simpler situation of the zero locus of a single quadratic form in loc. cit.,
one has to come to grips with a host of additional complications. Explic-
itly, truncation introduces new analytic difficulties, the lack of invariance
of the truncation requires attention, and at the end one has to introduce a
whole family of boundary terms indexed by all lower dimensional quadratic
forms in the Witt class of the original quadratic form. We also suspect that
using Arthur truncation it might be possible to rewrite the terms involving
residues at s = 1.

In any case, all of the possible refinements above, though interesting, are
not necessary to define the Schwartz space of Y and prove that the Fourier
transform FY is well-defined. For this purpose, we use the fact that the
summation formula above allows us to treat f1 such that f1 and FX(f1)
are not supported on the open SL3

2(F )-orbit in X◦(F ). The corresponding
summation formula in [14] was limited to functions satisfying this addi-
tional assumption.

1.2. Outline

We now outline the sections of this paper. We state conventions for
Schwartz spaces in Section 2. In Section 3 we recall and refine certain re-
sults from harmonic analysis on Braverman–Kazhdan spaces. In particular
we prove a Plancherel formula for S(X(Fv)) (see Proposition 3.9).

After this, we discuss the geometric preliminaries necessary for the study
of Y in Section 4. We turn in Section 5 to the definition of the local integrals
necessary to prove our main summation formula, Theorem 1.4. We give a
definition of the Schwartz space of Y (Fv) in Section 5.1.

Theorem 1.4 is proved in Section 6. This summation formula is given in
terms of infinite sums of Eulerian integrals, that is, integrals that factor
along the places of F (or residues of such expressions). The local integrals
are computed in the unramified case in Section 8. The proof of Theorem 1.4
depends on bounds on local integrals that are deferred to Section 7 and
Section 9. We discuss the L2-theory in Section 11, and prove in particular
that S(Y (Fv)) < L1(Y (Fv))∩L2(Y (Fv)) with respect to a natural measure.
In Section 12 we construct the isomorphism FY as described above and
prove Theorem 1.2. We have appended a list of symbols for the reader’s
convenience.

TOME 0 (0), FASCICULE 0
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2. Schwartz spaces

This work involves several Schwartz spaces. Let F be a local field. For a
quasi-affine scheme X of finite type over F, let Xsm ⊂ X be the smooth
locus. Any Schwartz space S(X(F )) we discuss will be a space of functions
on Xsm(F ). Functions in the Schwartz space need not be defined on all of
X(F ) if X is not smooth. We will not define Schwartz spaces of general
quasi-affine schemes of finite type over F. In fact obtaining a good definition
for general spherical varieties is an important open problem [29]. In this
subsection we explain the definition for smooth quasi-affine schemes and
how to form Schwartz spaces of products X(F ) × Y (F ) given that the
Schwartz spaces of each factor have been defined. We have modeled our
approach on the treatment of the smooth case in [1].

Suppose F is non-Archimedean. If X is smooth, we set S(X(F )) :=
C∞
c (X(F )). More generally, if we have already defined S(X(F )) and

S(Y (F )), we set S(X(F ) × Y (F )) := S(X(F )) ⊗ S(Y (F )) (the algebraic
tensor product).

Now assume that F is Archimedean. If X is smooth, we define
S(X(F )) = S(ResF/RX(R)) as in [10, Remark 3.2]. By [10, Section 2.2],
the Schwartz space of a real algebraic variety and the Schwartz space of its
underlying Nash manifold defined in [1] may be canonically identified. In
any case S(X(F )) is a Fréchet space. It is defined as a quotient of a nuclear
space by a closed subspace, and hence is nuclear. In general, suppose that we
have defined Schwartz spaces S(X(F )) and S(Y (F )) that are additionally
Fréchet spaces. We then define S(X(F ) × Y (F )) := S(X(F )) ⊗̂ S(Y (F ))

ANNALES DE L’INSTITUT FOURIER
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where the hat denotes the (completed) projective topological tensor prod-
uct. It is also a Fréchet space.

We warn the reader that in [10] there is a definition of a Schwartz space
for any quasi-affine scheme of finite type over the real numbers. In the
smooth case their definition coincides with ours. In the limited situations
in which we define Schwartz spaces of nonsmooth schemes, our definitions
do not coincide with theirs because functions in our Schwartz spaces need
not extend to the singular set.

Finally we discuss the adelic setting. Let X be a quasi-affine scheme
of finite type over a number field F. Then for all finite sets S of places
of F, X(ASF ) is defined as a topological space [9]. Assume S(X(Fv)) is
defined for all places v and a basic function bX,v ∈ S(X(Fv)) is chosen
for almost all v. If S contains all infinite places, S(X(ASF )) will always
be a restricted tensor product

⊗′
v ̸∈S S(X(Fv)) with respect to bX,v; if S

is a set of infinite places of F, then S(X(FS)) :=
⊗̂

v∈SS(X(Fv)) is the
(completed) projective topological tensor product. For general S, we put

S(X(ASF )) := S(X(F∞−S)) ⊗ S(X(A∞∪S
F )).

3. Braverman–Kazhdan spaces

In this section we study Schwartz spaces of certain Braverman–Kazhdan
spaces. In particular we endow these Schwartz spaces with a Fréchet struc-
ture in the Archimedean case. This refinement is necessary for continuity
arguments.

Let Sp2n denote the symplectic group on a 2n-dimensional vector space,
and let P < Sp2n, M < P denote the usual Siegel parabolic and Levi
subgroup. More specifically, for Z-algebras R, set

Sp2n(R) :=
{
g ∈ GL2n(R) : gt

(
In

−In

)
g :=

(
In

−In

)}
,

M(R) :=
{(

A

A−t

)
: A ∈ GLn(R)

}
,

N(R) :=
{(

In Z

In

)
: Z ∈ gln(R), Zt = Z

}
,

(3.1)

and P = MN. Apart from this section, we will only use the n = 3 case,
but since it is no more difficult to treat the general case, we include it. We

TOME 0 (0), FASCICULE 0
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define a character
ω : M(R) −→ R×(
A

A−t

)
7−→ detA.

(3.2)

Let

(3.3) X◦ := [P, P ]\Sp2n.

Let GSp2n denote the group of similitudes and let

ν : GSp2n −→ Gm

denote the similitude norm. We note that there is a left action
Mab(R) × GSp2n(R) ×X◦(R) −→ X◦(R)

(m, g, x) 7−→ m

(
In

ν(g)In

)
xg−1.

(3.4)

One has the Plücker embedding

(3.5) Pl : X◦ −→ ∧nG2n
a

given by taking the wedge product of the last n rows of a representative
g ∈ Sp2n(R) for [P, P ](R)g. We denote by X the closure of Pl(X◦):

(3.6) X := Pl(X◦).

It is an affine variety (in fact a spherical variety, for many more details
see [23, Section 7.2]). As explained in loc. cit., X is the affine closure of X◦.

3.1. The local Schwartz spaces

Let F be a local field. Let

δP (p) := |det (Ad(p) : LieP −→ LieP )|

be the modular quasi-character of P (F ). The Schwartz space S(X(F )) of
X(F ) was defined in [13, Section 5], where it was denoted S(XP (F )). For
f ∈ C∞(X◦(F )) and g ∈ Sp2n(F ), and a quasi-character χ : F× → C, let

fχs
(g) :=

∫
Mab(F )

δP (m)1/2χs(ω(m))f(m−1g) dm(3.7)

be its Mellin-transform. Here χs := χ| · |s and ω is defined as in (3.2).
When this integral is well-defined, either because it converges absolutely or

ANNALES DE L’INSTITUT FOURIER
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is meromorphically continued from a half-plane of absolute convergence, it
is a section of

I(χs) := IndSp2n

P (χs ◦ ω).
Here the induction is normalized and taken in the category of smooth
representations.

Let ψ : F → C× be a nontrivial additive character.

Theorem 3.1 ([15, Theorem 4.4], [13, Section 5.3]). — There is a linear
automorphism

FX := FX,ψ : S(X(F )) −→ S(X(F )).

For f ∈ S(X(F )), the Fourier transform FX(f) is the unique function in
S(X(F )) such that

FX(f)χs
= M∗

w0
(fχ−s

)
for all (unitary) characters χ and all s ∈ C.

Here

(3.8)

M∗
w0

:=M∗
w0,ψ

:= γ

(
s+ 1 − n

2 , χ, ψ

)

×
⌊n/2⌋∏
r=1

γ(2s−n+2r, χ2, ψ)Mw0 : I(χs) −→ I(χ−s)

is the normalized intertwining operator of [15, (3.5)]. The Tate γ-factors
depend on a choice of Haar measure on F which we always take to be the
self-dual measure with respect to ψ. In [13, Corollary 6.10] one finds an
explicit formula for FX . We point out that Mw0 = ιw0 ◦ RP |P op in the
notation of loc. cit.

Let F be an Archimedean local field. For real numbers A < B, p(x) ∈
C[x] and meromorphic functions f : C → C, let

VA,B := {s ∈ C : A ⩽ Re(s) ⩽ B},
|f |A,B,p := sup

s∈VA,B

|p(s)f(s)|.(3.9)

To complete our discussion of S(X(F )) we must endow it with a topology.
Recall the L-factors aw(s, η) indexed by w ∈ {Id, w0} from [15]. Consider
the Lie algebra

g := Lie(Mab(F ) × Sp2n(F )),
viewed as a real Lie algebra. It acts on C∞(X◦(F )) via the differential of the
action (3.4) and hence we obtain an action of U(g), the universal enveloping
algebra of the complexification of g. Let K̂Gm be a set of representatives for
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the (unitary) characters of F× modulo equivalence, where χ is equivalent
to χ′ if and only if χ = | · |itχ′ for some t ∈ R. For all real numbers A < B,
w ∈ {Id, w0}, D ∈ U(g), any polynomials pw ∈ C[s] such that pw(s)aw(s, η)
has no poles for all (s, η) ∈ VA,B × K̂Gm

and compact subsets Ω ⊂ X◦(F ),
let

(3.10) |f |A,B,w,pw,Ω,D :=
∑

η∈K̂Gm

sup
g∈Ω

|Mw(D.f)ηs(g)|A,B,pw .

By definition of the Schwartz space [13, Section 5] this is a seminorm on
S(X(F )) and the collection of these seminorms as A,B, pw,Ω, D vary gives
S(X(F )) the structure of a locally convex space.

One could probably rewrite the seminorm in (3.10) in terms of asymp-
totics toward the origin in place of Mellin transforms using work of Igusa
(see [17, 19] for non-Archimedean analogues). The expressions one would
likely obtain are not any simpler or more conceptual from our point of
view. We do not know whether it is possible to remove dependence on the
intertwining operator Mw0 in the definition of the topology.

Lemma 3.2. — Assume F is Archimedean. The space S(X(F )) is a
Fréchet space.

Proof. — We first observe that we can replace the family of seminorms
with a countable subfamily inducing the same topology. More specifically
we can choose a countable basis of U(g), and restrict the (A,B) to lie in
the set {(−N,N) : N ∈ Z>0}. Since the poles of aw(s, η) can only occur
at points in 1

2Z (see [15, (3.4)]), we can similarly restrict our attention to
a countable family of pw. Finally we can restrict attention to a countable
family of Ω by simply choosing a countable family of compact subsets of
X◦(F ) whose union is X◦(F ).

The countable family of seminorms described above is separating by
Mellin inversion (see [15, Lemma 4.3]). It follows that S(X(F )) is Hausdorff
and metrizable. It is also clear that it is complete. □

We point out that when F is non-Archimedean we do not endow S(X(F ))
with a topology.

Recall that we have a left action (3.4) of Mab × GSp2n on X◦. This
yields an action on functions: for a function f on X◦(F ) and (m, g, x) ∈
Mab(F ) × GSp2n(F ) ×X◦(F )

(3.11) L(m)R(g)f(x) := f

(
m−1

(
In

ν(g)−1In

)
xg

)
.
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Using the formula for FX from [13, Corollary 6.10] one deduces the follow-
ing lemma:

Lemma 3.3. — If (m, g) ∈ Mab(F )×GSp2n(F ) and f ∈ S(X(F )), then
L(m)R(g)f ∈ S(X(F )). Moreover,

FX(L(m)R(g)f) = |ν(g)|n(n+1)/2δ−1
P (m)L(m−1)R(ν(g)−1g)FX(f).

One checks the following lemma:

Lemma 3.4. — The action of Mab(F ) × GSp2n(F ) on S(X(F )) is
smooth. When F is Archimedean, it is continuous with respect to the
Fréchet topology on S(X(F )).

We observe that the inclusions (see Section 3.3)

C∞
c (X◦(F )) −→ S(X◦(F )) −→ S(X(F ))

are continuous in the Archimedean case, where we give C∞
c (X◦(F )) the

usual topology for compactly supported smooth functions on a real mani-
fold and S(X◦(F )) the topology explained in Section 2.

It is useful to explicitly state and prove a refinement of [15, Lem-
mas 5.1 and 5.7]. The group Sp2n acts on ∧nG2n

a via its action on G2n
a . Let

K < Sp2n(F ) be a maximal compact subgroup. We assume K = Sp2n(O)
when F is non-Archimedean. Here O is the ring of integers of F. For F
Archimedean, choose a K-invariant bilinear form ( · , · ) on ∧nF 2n and set
|x| := (x, x)[F :R]/2. For F non-Archimedean, the standard basis of F 2n in-
duces a canonical basis on ∧nF 2n (given by wedge products of the standard
basis of F 2n in increasing order). Define the norm |x| on ∧nF 2n to be the
maximum norm with respect to the induced basis. We claim that this norm
is invariant under Sp2n(O). Indeed, for x ∈ ∧nF 2n−{0} we have |x| = q−k

where k is the unique integer such that ϖ−kx ∈ ∧nO2n − ϖ ∧n O2n. It
follows that |x| is invariant under GL(∧nO2n), and the action of Sp2n(O)
on ∧nF 2n is the restriction of the action of GL(∧nO2n) on ∧nF 2n.

In either the Archimedean or non-Archimedean case, we set

(3.12) |g| := |Pl(g)|

where Pl : X◦ → ∧nG2n
a is the Plücker embedding. Note that writing

g = mk where (m, k) ∈ Mab(F ) ×K, one has |g| = |mk| = |ω(m)|−1.

Lemma 3.5. — Let 0 ⩽ β < 1
2 . If F is non-Archimedean, then any

f ∈ S(X(F )) satisfies

|f(g)| ≪f,β |g|−
n+1

2 +β .
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Moreover f(g) = 0 for |g| sufficiently large in a sense depending on f. If F
is Archimedean, then for each N ∈ Z⩾0 and D ∈ U(g) there is a continuous
seminorm νD,N,β on S(X(F )) such that for f ∈ S(X(F )) one has

|D · f(g)| ⩽ νD,N,β(f)|g|−N− n+1
2 +β .

Proof. — Assume first that F is non-Archimedean. When β = 0 the
lemma is just [15, Lemma 5.1] and by inspecting the proof one obtains the
refined estimate stated in the current lemma.

For the Archimedean assertion, using Mellin inversion [15, Lemma 4.3],
we write

(3.13) (ωω(m))−ND · f(mk)

= δ
1/2
P (m)

∑
η∈K̂Gm

∫
iR+σ

(D · f)ηs+2N[F :R]−1 (k)ηs(ω(m)) ds
4π[F :R]i

for σ sufficiently large. The factor aId(s, χ) is holomorphic in the half plane
Re(s) > − 1

2 and hence so is aId(s+ 2N
[F :R] , χ). Thus using the fact that the

seminorms (3.10) are finite, we can shift the contour to σ = −β in (3.13)
to see that it is bounded by

δ
1/2
P (m)

∣∣∣∣∣∣
∑

η∈K̂Gm

∫
iR−β

(D · f)ηs+2N[F :R]−1 (k)ηs(ω(m)) ds
4π[F :R]i

∣∣∣∣∣∣
⩽
δ

1/2
P (m)|ω(m)|−β

4π[F :R] 2
(
|f |A,B,Id,1,K,D + |f |A,B,Id,s2,K,D

)
where A := −β − ε + 2N

[F :R] and B := −β + ε + 2N
[F :R] for some ε < 1

2 − β.
Since |mk| = |ω(m)|−1 and δP (m) = |m|−(n+1), we deduce the lemma in
the Archimedean case. □

To prove Proposition 3.7 below, we require a more precise version of [15,
Lemma 3.3]. Assume for the moment that F is Archimedean and let

(3.14) µ(z) := z

(zz)1/2

where in the denominator we mean the positive square root. Then any
character of F× can be written uniquely in the form χ = | · |itµα where
t ∈ R, α ∈ {0, 1} when F is real, and α ∈ Z when F is complex.

Lemma 3.6. — Assume F is Archimedean. Let A < B be real num-
bers, and for w ∈ {Id, w0} let pw, p′

w ∈ C[x] be polynomials such that
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pw(s)aw(s, µα) and p′
w(s)aw(−s, µα) are holomorphic and nonvanishing for

all α as above and all s ∈ VA,B . Then the quotients

p′
Id(s)aId(−s, µα)
pw0(s)aw0(s, µα) ,

pw0(s)aw0(s, µα)
p′

Id(s)aId(−s, µα) ,

pId(s)aId(s, µα)
p′
w0

(s)aw0(−s, µα) ,
p′
w0

(s)aw0(−s, µα)
pId(s)aId(s, µα)

are bounded in VA,B by polynomials in s.

The key difference between this lemma and [15, Lemma 3.3] is the uni-
formity in α of the bound. However, the proof of [15, Lemma 3.3] actually
yields the stronger assertion of Lemma 3.6.

Let
S(X(F ),K) < S(X(F ))

be the subspace of K-finite vectors. It is dense [31, Section 4.4.3.1]. We
prove the following lemma for use in the proof of Theorem 3.13:

Proposition 3.7. — If F is Archimedean then the Fourier transform

FX : S(X(F )) −→ S(X(F ))

is continuous.

Proof. — To prove the proposition it suffices to show that the seminorms

(3.15) f 7−→ |FX(f)|A,B,w,pw,Ω,D =
∑

η∈K̂Gm

sup
g∈Ω

|Mw(D.FX(f))ηs(g)|A,B,pw

are continuous on S(X(F )). Let w ∈ {Id, w0}. Assume D = D1 ⊗ D2
where D1 ∈ U(Lie(Mab(F )) and D2 ∈ U(sp2n(F )). By [15, Lemma 5.9]
and Theorem 3.1,

(3.16)
|Mw(D.FX(f))µα

s
(k)|A,B,pw

= |MwFX(D2.f)µα
s
(g)|A,B,pα,w

= |MwM
∗
w0

(D2.f(µα)−s
)(g)|A,B,pα,w

.

Here pα,w(s) is a polynomial function of s and α divisible by pw(s) that
depends on D1. In (3.16) we used the fact that the Mellin transform com-
mutes with D2 since D2 is induced by the action of Sp2n(F ) on X◦(F )
on the right, whereas the Mellin transform is given by integrating over the
action of Mab(F ) on X◦(F ) on the left.

Using the argument of [15, Lemma 3.4], but with Lemma 3.6 replac-
ing [15, Lemma 3.3], the quantity (3.16) is bounded by a constant depend-
ing on A,B times

max(1, |α|)N |Mw′(D2f(µα)−s
)(g)|A,B,pw′
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for some N and an appropriate pw′ independent of α, where

w′ =
{
w0 if w = Id,
Id if w = w0.

This in turn is dominated by
|Mw′(D′D2f(µα)−s

)(g)|A,B,pw′

for an appropriate differential operator D′ (see [15, Lemma 5.9]). Thus the
seminorm (3.15) is dominated by

f 7−→
∑

η∈K̂Gm

sup
g∈Ω

|Mw′(D′D2f(µα)−s
)(g)|A,B,pw′ .

But this is a continuous seminorm on S(X(F )) by definition. □

Let

(3.17) m(x) :=


x−1

In−1
x

In−1

 .

Assume now that F is non-Archimedean. Then |m(x)| = |x|. By the Iwa-
sawa decomposition, a C-vector space basis for C∞

c (X◦(F ))Sp2n(O) is given
by the functions

(3.18) 1k := 1[P,P ](F )m(ϖk)Sp2n(O)

for k ∈ Z. The space S(X(F ))Sp2n(O) contains C∞
c (X◦(F ))Sp2n(O) but it

is larger. It contains, for example, the basic function

(3.19) bX :=
∑

(j1,...,j⌊n/2⌋,k)∈Z⌊n/2⌋+1
⩾0

q2j1+4j2+···+2⌊n/2⌋j⌊n/2⌋1k+2j1+···+2j⌊n/2⌋.

One has FX(bX) = bX [15, Lemma 5.4] provided that ψ is unramified.
It will be convenient to isolate another family of functions in this space.

For c ∈ Z, let
1⩾c :=

∑
k⩾c

1k = 1ϖcX(O).

Lemma 3.8. — One has 1⩾c ∈ S(X(F ))Sp2n(O).

Proof. — Recall the action L defined in (3.11). One has L(m(ϖ)c)1⩾0 =
1⩾c, so by Lemma 3.3 it suffices to show 1⩾0 ∈ S(X(F ))Sp2n(O). Since⌊n/2⌋∏

j=1
(1 − q2jL(m(ϖ)2))

 bX = 1⩾0,

we can apply Lemma 3.3 again to deduce the result. □
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The usual Schwartz space of F is dense in L2(F, dx) and the Fourier
transform extends to an isometry of L2(F, dx). We now prove analogues of
these statements in the current setting. We choose a positive right Sp2n(F )-
invariant Radon measure on X◦(F ) (it is unique up to scaling). Since
X◦(F ) ⊂ X(F ) is open and dense we extend by zero to obtain a mea-
sure on X(F ) and we can speak of L2(X(F )).

Proposition 3.9. — One has S(X(F )) < L2(X(F )). The Fourier
transform FX extends to an isometry of L2(X(F )). For f, f1, f2 ∈
L2(X(F )) one has

FX ◦ FX =L(m(−1)n+1) ,(3.20)

FX(f) = FX(L(m(−1))f) ,(3.21) ∫
X(F )

f1(x)FX(f2)(x) dx=
∫
X(F)

FX(f1)(x)(L(m(−1)n+1)f2)(x) dx.(3.22)

Before giving the proof we recall two lemmas. The first is an identity
that was stated with a typo in [18, (1.2.3)]:

Lemma 3.10. — Assume that χ : F× → C× is a character and that
n = 1. The operator

M∗
w0

◦M∗
w0

: I(χs) −→ I(χs)

is the identity.

This is well-known and may be obtained via a standard argument.

Lemma 3.11. — For any n and any character χ : F× → C×, the oper-
ator

M∗
w0

◦M∗
w0

: I(χs) −→ I(χs)

is multiplication by χ(−1)n+1.

Proof. — This was stated incorrectly in [18, Lemma 1.1]. The source
of the error is the typo in [18, (1.2.3)]. Upon correcting the typo using
Lemma 3.10, the same argument proves the current lemma. □

Remark 3.12. — The typos in [18] corrected in Lemma 3.10 and 3.11
do not affect the main results of [18] or their proofs. Moreover they do
not affect [15], which makes use of results in [18], except for the statement
of [15, Lemma 4.6]. The correct statement is in Proposition 3.9 above.
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Proof of Proposition 3.9. — The inclusion S(X(F )) < L2(X(F )) is an
easy consequence of the Iwasawa decomposition and Lemma 3.5.

For f ∈ S(X(F )), assertion (3.20) is a consequence of Theorem 3.1 and
Lemma 3.11. Taking the complex conjugate of the identity of Theorem 3.1,
for σ ⩾ 0 one has

FX(f)χσ+it

= FX(f)χσ−it
= M∗

w0
(fχ−σ+it)

= γ

(
−σ+ it− n−1

2 , χ, ψ

) ⌊n/2⌋∏
r=1

γ(2(−σ+ it)−n+2r, χ2, ψ)Mw0(fχ−σ+it
)

= γ

(
−σ− it− n−1

2 , χ, ψ

) ⌊n/2⌋∏
r=1

γ(2(−σ− it)−n+2r, χ2, ψ)Mw0(fχ−σ−it
)

= χ(−1)M∗
w0

(fχ−σ−it
) .

Thus by Theorem 3.1, we deduce assertion (3.21).
Let P op < Sp2n be the parabolic subgroup opposite to P with respect

to M. In [5] Braverman and Kazhdan defined an isometry

FP |P op : L2(X(F )) −→ L2([P op, P op]\Sp2n(F )).

One has FX = ιw0 ◦ FP |P op by [13, (5.24)], where ιw0 is the isometry

ιw0 : L2([P op, P op]\Sp2n(F )) ∼−→L2(X(F ))

f 7−→
(
x 7→ f(w−1

0 x)
)
.

It follows that FX is an isometry. The Plancherel formula (3.22) follows
from (3.20), the unitarity of FX , and a standard argument using a polar-
ization identity. □

3.2. The summation formula

We now revert to the global setting. Let F be a number field. Recall
that S(X(AF )) is defined in Section 2 as the restricted tensor product of
S(X(Fv)) with respect to the basic functions bX,v. Let ψ : F\AF → C× be a
nontrivial character. We have FX,ψv

(bX,v) = bX,v if Fv is non-Archimedean
and ψv is unramified. Thus we have a global Fourier transform

FX := FX,ψ :=
⊗
v

FX,ψv
: S(X(AF )) −→ S(X(AF )).

By Proposition 3.14 below S(X◦(Fv)) < S(X(Fv)) for all places v.

ANNALES DE L’INSTITUT FOURIER



THE FOURIER TRANSFORM FOR TRIPLES OF QUADRICS 19

Theorem 3.13. — Assume that for some finite places v1, v2 (not nec-
essarily distinct) one has f = fv1f

v1 and FX(f) = FX(fv2)FX(fv2) with
fv1 ∈ C∞

c (X◦(Fv1)) and FX(fv2) ∈ C∞
c (X◦(Fv2)). Then∑

γ∈X◦(F )

f(γ) =
∑

γ∈X◦(F )

FX(f)(γ).

Proof. — We may assume f = f∞f
∞ with f∞ ∈ S(X(F∞)) and f∞ ∈

S(X(A∞
F )). Let K∞ < Sp2n(F∞) be a maximal compact subgroup and let

S(X(F∞),K∞) < S(X(F∞)) be the space of K∞-finite functions. Assume
first that f∞ ∈ S(X(F∞),K∞). Then the stated identity follows from [15,
Theorem 1.1] and [14, Theorem 10.1].

We now argue by continuity to deduce the identity in general. Consider
the linear form

S(X(F∞)) −→C

f∞ 7−→
∑

γ∈X◦(F)

f∞(γ)f∞(γ)−
∑

γ∈X◦(F)

FX(f∞)(γ)FX(f∞)(γ).(3.23)

The Fourier transform is continuous by Proposition 3.7. Thus follow-
ing the proof of [15, Lemma 6.4], by replacing Lemma 5.7 in loc. cit.
with Lemma 3.5, we see that the sums defining (3.23) are absolutely
convergent and (3.23) is continuous. It vanishes on the dense subspace
S(X(F∞),K∞) < S(X(F∞)) and hence is identically zero. □

We remark that Theorem 3.13 was already proved in [5], but with a dif-
ferent definition of the Schwartz space. At the non-Archimedean places the
two definitions yield the same space of functions [17]. At the Archimedean
places this is less clear. In any case, it is easier to just prove the theorem
directly than to rigorously check the compatibility of the two definitions.

3.3. Containment of Schwartz spaces

In this subsection we prove the following proposition:

Proposition 3.14. — One has S(X◦(F )) < S(X(F )). When F is
Archimedean, the inclusion is continuous.

In the non-Archimedean case this is [15, Proposition 4.7].

Remark 3.15. — In the Archimedean case the weaker statement that
K∞-finite functions in C∞

c (X◦(F )) are contained in S(X(F )) was asserted
in [15, Proposition 4.7]. This is true, but the proof is incomplete. It relies
on [15, Lemma A.2], which is false. Happily, this does not affect the rest
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of the results in [15] because the false assertion in [15, Lemma A.2] is not
used elsewhere in the paper.

Let

wk :=


Ik 0 0 0
0 0 0 −βn−k
0 0 Ik 0
0 βn−k 0 0


where βn−k ∈ GLn−k(Z) is the antidiagonal matrix.

Lemma 3.16. — Let C = [P, P ]\Pw0Pw
−1
0 ⊂ X◦. Then Cg is open in

X◦ for all g ∈ Sp2n(F ) and⋃
0⩽k⩽n

⋃
τ∈Sn

C(F )wk
(
τ

τ

)
= X◦(F ).

Here the inner union is over the group of permutation matrices in GLn(Z).

Proof. — It is well known that the big Bruhat cell Pw0P is open in
Sp2n, hence the same is true of Cg in X◦ for all g ∈ Sp2n(F ). We have an
isomorphism ϕ : GLn × Sym2(Gna) → N\Pw0Pw

−1
0 given on points in an

F -algebra R by

ϕ : GLn(R) × Sym2(Rn) −→ (N\Pw0Pw
−1
0 )(R)

(A,Z) 7−→
(
A−t

A

)
w0

(
In −βnZβn

In

)
w−1

0

=
(

∗ ∗
AZ A

)
.

It follows that C(F ) may be characterized as the subset of X◦(F ) consisting
of all classes of the form

(3.24)
(

∗ ∗
B A

)
where (B A ) ∈ Mn,2n(F ) and detA ̸= 0. This in turn implies that

C(F )wk

is the subset of X◦(F ) consisting of classes of the form (3.24) where the
n×n matrix formed by the columns corresponding to {i : k+1 ⩽ i ⩽ n+k}
is invertible.

To complete the proof, we claim that after multiplying by an element
of M(F ) on the left (i.e., performing Gauss–Jordan elimination on A) and
( τ τ ) with τ ∈ Sn on the right, a general class (3.24) lies in C(F )wk for
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some k. Indeed, after multiplying on the left and right as just explained,
we may assume (

B A
)

=
(
u D 0 0
∗ ∗ Ik v

)
for some 0 ⩽ k ⩽ n. Here u, vt ∈ Mn−k,k(F ) and D ∈ Mn−k,n−k(F ).
We claim D is invertible so that (B A ) lies in C(F )wk. Since the rows of
(B A ) span a Lagrangian subspace, the (i, j)th entry of u is −1 times the
dot product of the ith row of D and the jth row of v. In other words,
u = −Dvt. Thus if D is singular, then the rows of ( u D ) are linearly
dependent, which is a contradiction. □

Proof of Proposition 3.14. — We can and do assume F is Archimedean.
If f ∈ S(X◦(F )), it is easy to see that the integral defining fχs

is absolutely
convergent for all χ : F× → C× and s ∈ C. Thus fχs is a good section
by [18, Lemma 1.3]. We have to verify that for all real numbers A < B,
w ∈ {Id, w0}, D ∈ U(g), any polynomials pw ∈ C[s] such that

(3.25) pw(s)aw(s, η) has no poles for all (s, η) ∈ VA,B × K̂Gm

and compact subsets Ω ⊂ X◦(F ), one has |f |A,B,w,pw,Ω,D < ∞ and
|f |A,B,w,pw,Ω,D is continuous with respect to the topology on S(X◦(F )).
Since U(g) acts continuously on S(X◦(F )), it suffices to verify this for
D = Id. Note that we do not require pw(s) to depend on η. In fact by the
explicit description of Archimedean local L-functions we see that aw(s, η)
can only have a pole in VA,B for finitely many η.

We start by reducing to an estimate involving a single η. Let D1 (and D1
when F is complex) be the generators of U(Lie(Mab(F ))) given in [15, (4.2)
and (4.3)], respectively. Every element of K̂Gm

is in the equivalence class
of µα for α = 0, 1 when F is real and α ∈ Z when F is complex. Here µ is
defined as in (3.14). If F is complex,

|Mw(DN
1 D

N ′

1 .f)µα
s
(g)|A,B,pw

=

∣∣∣∣∣
(
α

2 + it+s+ n+ 1
2

)N (
−α

2 + it+s+ n+ 1
2

)N ′

Mw(f)µα
s
(g)

∣∣∣∣∣
A,B,pw

by [15, Lemma 5.9]. This provides us with an estimate on Mw(f)µα
s
(g) as

a function of α. Using this estimate, we see that to prove |f |A,B,w,pw,Ω,1
is finite for all f ∈ S(X◦(F )), it suffices to prove that for each pw satisfy-
ing (3.25) there is a continuous seminorm ν on S(X◦(F )) such that

sup
g∈Ω

|Mwfµα
s
(g)|A,B,pw ⩽ ν(f)
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for all f ∈ S(X◦(F )) and α. Here and below the seminorm ν is allowed
to depend on A,B,w, pw,Ω. In fact, it is enough to show that there is a
continuous seminorm ν on S(X◦(F )) that

(3.26) |Mwfµα
s
(w0)|A,B,pw ⩽ ν(f).

Indeed, let Ω′ ⊂ Sp2n(F ) be a compact set whose projection to X◦(F ) is
Ω. Then assuming we have a seminorm ν as just described, we have

sup
g∈Ω

|Mwfµα
s
(g)|A,B,pw = sup

g∈w−1
0 Ω′

|Mw(R(g)f)µα
s
(w0)|A,B,pw

⩽ sup
g∈w−1

0 Ω′
ν(R(g)f)

and supg∈w−1
0 Ω′ ν(R(g)f) is another continuous seminorm.

Since (3.26) is clear for w = Id, we are left with the w = w0 case. We will
roughly follow the strategy of [27, Section 4], but we cannot immediately
reduce to functions having support in the big cell as in [27, Lemma 4.1].
Indeed, the proof of loc. cit. uses the irreducibility of certain principal
series, and the space S(X(F )) is reducible as a representation of Sp6(F ).

Let C be the image of Pw0Pw
−1
0 in X◦. Choose a tempered partition

of unity subordinate to the cover of X◦(F ) given by Lemma 3.16, that is,
choose tempered functions tk,τ supported in C(F )wk ( τ τ ) such that

n∑
k=0

∑
τ∈Sn

tk,τ = 1

and

tk,τf ∈ S
(
C(F )wk

(
τ

τ

))
for all f ∈ S(X◦(F )) [10, Proposition 3.14]. Then

|Mw0fµα
s
(w0)|A,B,pw ⩽

n∑
k=0

∑
τ∈Sn

|Mw0(tk,τf)µα
s
(w0)|A,B,pw

.

Hence we can and do assume that f is supported in C(F )wk ( τ τ ) for some
fixed 0 ⩽ k ⩽ n and some τ ∈ Sn. Now

Mw0fµα
s
(w0) =

∫
N(F )

∫
Mab(F )

δP (m)1/2µαs (ω(m))f(m−1w−1
0 nw0) dm dn

=
∫

Sym2(Fn)

∫
(SLn\GLn)(F)

µαs+(n+1)/2(detA)f
(

∗ ∗
AZ A

)
dAdZ.

The notation is a reminder that the image of an element of Sp2n(F ) in
X◦(F ) depends only on the bottom n rows of the matrix.
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Write Z = τ−1 ( u x
xt y

)
τ where (u, x, y) ∈ Sym2(F k) × Mk×(n−k)(F ) ×

Sym2(Fn−k), and let

A′ = A′(x, y) :=
(
Ik xβn−k
0 yβn−k

)
.

Then if A′ is invertible, we have(
∗ ∗
AZ A

)
=
(

(Aτ−1)−t

Aτ−1

) ∗ ∗ ∗ ∗
u 0 Ik xβn−k
xt −βn−k 0 yβn−k

wk

(
τ

τ

)

=
(

(Aτ−1A′)−t

Aτ−1A′

)

×

 ∗ ∗ ∗ ∗
u− xy−1xt xy−1βn−k Ik 0
βn−ky

−1xt −βn−ky
−1βn−k 0 In−k

wk(τ
τ

)
.

Thus Mw0fµα
s
(w0) equals

∫
f

((Aτ−1A′)−t

Aτ−1A′

)

×

 ∗ ∗ ∗ ∗
u− xy−1xt xy−1βn−k Ik 0
βn−ky

−1xt −βn−ky
−1βn−k 0 In−k

wk

(
τ

τ

)
× µαs+(n+1)/2(detA) dA dudxdy

=
∫
µαs+(n+1)/2(detAτ)

× f

(A−t

A

) ∗ ∗ ∗ ∗
u x Ik 0
xt y−1 0 In−k

wk

(
τ

τ

)
× |y|k dAdudxdy
µαs+(n+1)/2(detβn−ky)

=
∫
µαs+(n+1)/2(detAτ)f

(A−t

A

) ∗ ∗ ∗ ∗
u x Ik 0
xt y 0 In−k

wk

(
τ

τ

)
× µαs−(n+1)/2(detβn−ky) dAdudxdy,

where the integrals are over (SLn\GLn)(F ) × Sym2(F k) ×Mk×(n−k)(F ) ×
Sym2(Fn−k). Here we have used that d(y−1) = |det y|−n+k−1 dy. Now
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consider the differential operator

∂ := det (∂ij)

where (∂ij) is the unique symmetric (n − k) × (n − k) matrix of partial
differential operators satisfying

∂ij =
{

∂
∂zii

if i = j,
1
2

∂
∂zij

if i > j.

When F is complex, we view these as holomorphic differential operators.
Then for y ∈ Sym2(Fn−k) we have

∂(det y)s =
n−k−1∏
i=0

(
s+ i

2

)
(det y)s−1

(see, e.g. [6, Theorem 2.2]).
Applying integration by parts m times we have

pm,α(s)
∫
µαs−(n+1)/2(det y)µαs+(n+1)/2(detA)

× f

(A−t

A

)∗ ∗ ∗ ∗
u x Ik 0
x y 0 In−k

wk

(
τ

τ

) dAdudx dy

=
∫
µαs−(n+1)/2+m(det y)µαs+(n+1)/2(detA)(∂∂)m

× f

(A−t

A

)∗ ∗ ∗ ∗
u x Ik 0
x y 0 In−k

wk

(
τ

τ

) dAdudx dy

where pm,α(s) ∈ C[s] has zeros only in 1
2Z. Here by convention ∂ is the

identity operator when F is real, and we are letting ∂ and ∂ act on f viewed
as a function of y ∈ Symn−k(F ). We observe that the bottom integral
converges absolutely for Re(s) + m > n+1

2 , and thus provides us with a
holomorphic continuation of pm,α(s)Mw0fµα

s
(w0) to this range. Moreover,

if A+m > n+1
2 , then for all p ∈ C[s] one has

(3.27) |Mw0fµα
s
(w0)|A,B,ppm,α

⩽ ν(f)

for some continuous seminorm ν on S(X◦(F )) depending on p,m,A,B.
Assume henceforth that A+m > n+1

2 . Since the zeros of pm,α are located
in 1

2Z, by slightly decreasing A and increasing B if necessary, we are free
to assume that no zeros of pm,α are on the lines Re(s) = A or Re(s) = B

for all α. Let

Ω := {s ∈ VA,B : |Im(s)| < 1, A < Re(s) < B}.

ANNALES DE L’INSTITUT FOURIER



THE FOURIER TRANSFORM FOR TRIPLES OF QUADRICS 25

Again using the fact that the zeros of pm,α are located in 1
2Z, we have

(3.28) max
s∈VA,B−Ω

1
pm,α(s) ≪m 1

where the implied constant is independent of α. Assume now that pw0

satisfies (3.25). Since Mw0fµα
s

is a good section [18, Lemmas 1.2 and 1.3],
the maximum modulus principal implies

sup
s∈VA,B

|pw0(s)Mw0fµα
s
(w0)| ⩽ sup

s∈VA,B−Ω
|pw0(s)Mw0fµα

s
(w0)|

⩽ |Mw0fµα
s
(w0)|A,B,pw0pm,α

max
s∈VA,B−Ω

1
pm,α(s)

⩽ ν(f)

for some continuous seminorm ν on S(X◦(F )) depending on pw0 ,m,

A,B. Here in the last inequality have used (3.27) and (3.28). This im-
plies (3.26). □

4. Groups and orbits

For this section, F is a field of characteristic zero. For 1 ⩽ i ⩽ 3, let
Vi = Gdi

a where di is even and let Qi be a nondegenerate quadratic form
on Vi(F ). Let Q := Q1 + Q2 + Q3. We put

(4.1) V ◦
i := Vi − {0} and V ◦ := V ◦

1 × V ◦
2 × V ◦

3

and we let V ′ ⊂ V be the open subscheme consisting of (v1, v2, v3) such
that no two vi are zero. For an F -algebra R, recall that

(4.2) Y (R) = {(y1, y2, y3) ∈ V (R) : Q1(y1) = Q2(y2) = Q3(y3)}.

We observe that Y sm = Y ∩ V ′. We let

(4.3) Y ani ⊂ Y

be the open complement of the vanishing locus of Qi (it is independent
of i).

We let GOQi
be the similitude group of (Vi,Qi) and let ν : GOQi

→ Gm
be the similitude norm. We then set

(4.4) H(R) :=
{

(h1, h2, h3) ∈
3∏
i=1

GOQi(R) : ν(h1) = ν(h2) = ν(h3)
}
,
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and define

λ : H(R) −→ R×

(h1, h2, h3) 7−→ ν(h1).
(4.5)

Let

(4.6) Ỹ 0(R) := {(y1, y2, y3) ∈ V ◦(R) : Q1(y1) = Q2(y2) = Q3(y3) = 0}

and let Y0 be the (quasi-affine) quotient of Ỹ 0 by Gm ×Gm, acting via the
restriction of the action

Gm(R) × Gm(R) × V (R) −→ V (R)

(a1, a2, (v1, v2, v3)) 7−→ (a1v1, a2v2, (a1a2)−1v3).
(4.7)

This quotient can be constructed by taking the affine closure Y 0 of Ỹ 0 in
V and viewing Y0 as an open subscheme of the GIT quotient of Y 0 by
Gm × Gm. We observe that Y0 is a geometric quotient of Ỹ 0.

For 1 ⩽ i ⩽ 3, we define the scheme

Ỹ i(R) :=
{

(y1, y2, y3) ∈ V ◦(R) :
Qi−1(yi−1) = Qi+1(yi+1),
Qi(yi) = 0

}
.(4.8)

Here the indices are taken modulo 3 in the obvious sense. Let Y1 be the
quotient of Ỹ 1 by Gm acting via the restriction of the action

Gm(R) × V (R) −→ V (R)
(a, (v1, v2, v3)) 7−→ (v1, av2, av3).

(4.9)

This is nothing but the product over F of the quasi-affine scheme cut out
by Q1 in V ◦

1 and the quasi-projective scheme cut out of P(V ◦
2 × V ◦

3 ) by
Q2 = Q3. The schemes Y2 and Y3 are defined similarly. Thus

(4.10) Y0 := Ỹ 0/G2
m and Yi := Ỹi/Gm

where the quotients are defined as above. Using Hilbert’s theorem 90, we
deduce the following lemma:

Lemma 4.1. — The maps Ỹ 0(F )/(F×)2 → Y0(F ) and Ỹ i(F )/F× →
Yi(F ) are bijective.
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We often identify SL3
2(R) with the subgroup G(R) < Sp6(R) defined as

follows:

(4.11) G(R)

=





a1 b1
a2 b2

a3 b3
c1 d1

c2 d2
c3 d3


∈GL6(R) : aidi−bici = 1 for 1⩽ i⩽ 3


.

We give a set of representatives for

X◦(F )/G(F )

and the corresponding stabilizers. Let

γb :=



0 0 0 −1 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 1 1 0 0 0
0 0 0 −1 1 0
0 0 0 −1 0 1


,

γi :=



1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 1
0 1 −1 0 0 0



×



0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0



i−1

for 1 ⩽ i ⩽ 3.

(4.12)

All four matrices are in Sp6(Z). By [14, Lemmas 2.1 and 2.2], the matrices
γi together with the identity matrix, denoted by γ0 = Id, form a complete
set of representatives of X◦(F )/G(F ) (strictly speaking, we have chosen
different representatives for the γi orbits than in [15], but this does not
affect the validity of [14, Lemmas 2.1 and 2.2]). For γ ∈ X◦(F ), let Gγ ⩽ G

be the stabilizer of γ under the right action.
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Lemma 4.2 ([14, Lemma 2.3]). — One has

Gγb
(R) :=

{((
1 t1

1

)
,

(
1 t2

1

)
,

(
1 t3

1

))
: t1, t2, t3 ∈ R, t1 + t2 + t3 = 0

}
,

GId(R) :=
{((

b−1
i ti

bi

))
: ti ∈ R, bi ∈ R×, b1b2b3 = 1

}
,

Gγ1(R) :=
{((

1 t

1

)
, g,

(
1

−1

)
g

(
1

−1

))
: t ∈ R, g ∈ SL2(R)

}
,

Gγ2(R) :=
{((

1
−1

)
g

(
1

−1

)
,

(
1 t

1

)
, g

)
: t ∈ R, g ∈ SL2(R)

}
,

Gγ3(R) :=
{(
g,

(
1

−1

)
g

(
1

−1

)
,

(
1 t

1

))
: t ∈ R, g ∈ SL2(R)

}
.

5. Local functions

In this section, we define the local integrals required to state our sum-
mation formula and prove some of their basic properties. Let F be a local
field of characteristic zero. We use the conventions on Schwartz spaces ex-
plained in Section 2. For each of the 5 orbits of G(F ) in X◦(F ) given in
Lemma 4.2, we will define a family of integrals.

For f = f1 ⊗ f2 ∈ S(X(F )) ⊗ S(V (F )), let

I(f) (y) :=
∫
Gγb

(F )\G(F )
f1 (γbg) ρ (g) f2(y) dg, y ∈ Y sm(F ),

I0(f) (y) :=
∫
N3

2 (F )\G(F )
f1 (g) ρ (g) f2(y) dg, y ∈ Ỹ 0(F ).

(5.1)

Here the stabilizer Gγb
is computed in Lemma 4.2. These are integrals

attached to the G(F )-orbit of γb and γ0 = Id, respectively.
Let

∆i : SL2 −→ G

be defined by

(5.2) ∆i(h) :=


(
I2, h,

( 1
−1
)
h
( 1

−1
))

for i = 1,(( 1
−1
)
h
( 1

−1
)
, I2, h

)
for i = 2,(

h,
( 1

−1
)
h
( 1

−1
)
, I2
)

for i = 3.

Moreover let
pi : G(R) −→ SL2(R)

(g1, g2, g3) 7−→ gi+1
(5.3)
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where the indices are taken modulo 3 in the obvious sense.
We need one more piece of data to define the integrals attached to the

other orbits. Let Φ ∈ S(F 2). For y ∈ Ỹ i(F ), 1 ⩽ i ⩽ 3 and s ∈ C with
Re(s) > 0, we define

(5.4) Ii(f ⊗ Φ)(ξ, s) :=
∫
Gγi

(AF )\G(AF )
f1 (γig)

×

(∫
N2(AF )\SL2(AF )

∫
A×

F

ρ (∆i(h)g) f2(ξ)Φ(x(0, 1)hpi(g))|x|2s d×xdh
)

dg.

We point out that all of the integrals above can be defined directly for
a general f ∈ S(X(F ) × S(V (F )) (not just a pure tensor) but the no-
tation is more confusing. One can also define them indirectly for all
f ∈ S(X(F ) × V (F )) using the definition for pure tensors give above.
Indeed, in the non-Archimedean case I(f), I0(f), and Ii(f ⊗Φ) are defined
for all f ∈ S(X(F ) × V (F )) by bilinearity. In the Archimedean case, the
estimates in Section 9 imply that for a given f ∈ S(X(F ) ×V (F )) and any
sequence fn ∈ S(X(F )) ⊗ S(V (F )) converging to f , the functions

I(f) := lim
n→∞

I(fn), I0(f) := lim
n→∞

I0(fn), Ii(f ⊗ Φ) := lim
n→∞

Ii(fn ⊗ Φ)

are well-defined (via pointwise convergence).
In Section 8 we will compute the integrals defined in this section in the

unramified setting. We prove that these integrals are absolutely convergent
and bound them in the non-Archimedean case in Section 7 and in the
Archimedean case in Section 9.

5.1. The Schwartz space of Y

In Propositions 7.1 and 9.3, we will show that I(f) is a smooth function
on Y sm(F ). With this in mind, we define

(5.5) S(Y (F )) := Im(I : S(X(F ) × V (F )) −→ C∞(Y sm(F ))).

This is the Schwartz space of Y (F ). We observe that [14, Lemma 4.3]
implies in particular that the natural action of H(F ) on C∞(Y sm(F )) pre-
serves S(Y (F )).

Lemma 5.1. — Let F be an Archimedean local field. The kernel of the
map

I : S(X(F ) × V (F )) −→ C∞(Y sm(F ))
is closed.
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Proof. — For any N ⩾ 0, the Cauchy–Schwarz inequality implies that
|I(f1⊗f2)|(y) is bounded by the product of the square-roots of the following
two integrals: ∫

Gγb
(F )\G(F )

|f1|2(γbg) max(|γbg|, 1)2N dg,(5.6) ∫
Gγb

(F )\G(F )
max(|γbg|, 1)−2N |ρ(g)f2|2(y) dg.(5.7)

Now Gγb
(F )\G(F ) is dense in X◦(F ) and hence the right Sp6(F )-invariant

positive Radon measure on X◦(F ) agrees with dg, at least after scaling by
a positive real constant. We continue to denote this measure on X◦(F ) by
dg. Thus (5.6) is equal to

(5.8)
∫
X◦(F )

|f1|2(g) max(|g|, 1)2N dg.

Let νId,N+1,0 be defined as Lemma 3.5, where Id is the identity in
U(g). Using the decomposition of the measure dg afforded by the Iwa-
sawa decomposition and Lemma 3.5, we see that (5.8) is bounded by
∥f1∥2

2 + c2νId,N+1,0(f1)2, where c is a positive constant independent of f1.
On the other hand, by the Iwasawa decomposition (5.7) equals∫

(F×)3×F
max(m(t, a), 1)−2N

∫
K3

|ρ(k)f2|2(a−1y) dk
( 3∏
i=1

|ai|2−di

)
d×a dt.

Here

(5.9) m(t, a) := max(|ta1a2a3|, |a1|, |a2|, |a3|, |a−1
1 a2a3|, |a−1

2 a1a3|, |a−1
3 a1a2|)

(see the proof of [14, Proposition 7.1] for more details). Taking N suffi-
ciently large and applying Lemma 9.2 in the special case D = Id, r = ei = 0
we deduce that the linear form f 7→ I(f)(y) is continuous for every
y ∈ Y sm(F ). The kernel in the statement of the lemma is the intersec-
tion of the kernels of these continuous linear forms. □

We endow S(Y (F )) = S(X(F )×V (F ))/ ker I with the quotient topology
(which is Fréchet).

In this Archimedean setting, there is a family of seminorms {ν} such that
S(X(F ) × V (F )) is the set of smooth functions f : X◦(F ) × V (F ) → C
satisfying ν(f) < ∞ for all ν. The seminorms ν we have in mind are tensor
products of the seminorms (3.10) and the usual seminorms on S(V (F )).
Since S(Y (F )) is a topological quotient space of S(X(F )×V (F )), it is then
also a space of smooth functions on Y ◦(F ) on which a family of seminorms
are finite.
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The integrals I(f) depend on the choice of additive character ψ used to
define the Weil representation ρψ. We write Iψ(f) for I(f) defined using
the Weil representation ρψ. Let γ(Q, ψ) :=

∏3
i=1 γ(Qi, ψ) be the product

of the Weil indices.

Lemma 5.2. — Let c ∈ F× and ψc(x) := ψ(cx). Then

Iψc(f1 ⊗ f2)(y)

= γ(Q, ψc)
γ(Q, ψ) |c|−2+

∑3
i=1

di/2Iψ

(
L(m(c−1))R

(
cI3

I3

)
f1 ⊗ f2

)
(cy).

In particular, the Schwartz space S(Y (F )) is independent of the choice
of ψ.

Proof. — Let B2 < SL2 be the Borel subgroup of upper triangular ma-
trices and let

w0 =
((

1
−1

)
,

(
1

−1

)
,

(
1

−1

))
∈ SL3

2(F ).

Since N3
2 (F )w0B

3
2(F ) is dense in SL3

2(F ), we have

Iψc
(f1 ⊗ f2)(y) =

∫
F×F 3×(F×)3

f1

(
γb

(
1 t

1

)
w0

(
1 x

1

)(
a

a−1

))
× ρψc

((
1 t

1

)
w0

(
1 x

1

)(
a

a−1

))
f2(y) dtdxd×a.

Observe that

ρψc

((
1 t

1

)
w0

(
1 x

1

)(
a

a−1

))
f2(y)

= ψ(ctQ(y))γ(Q, ψc)
∫
V (F )

ρψc

((
1 x

1

)(
a

a−1

))

× f2(u)
3∏
i=1

ψ(cutiJiyi) dui

= ψ(c−1tQ(cy))γ(Q, ψc)

×
∫
V (F )

ρψ

(
a

a−1

)
f2(u)

3∏
i=1

ψ(cxiQi(ui))ψ(utiJicyi) dui

= |c|
∑3

i=1
di/2γ(Q, ψc)γ(Q, ψ)−1

× ρψ

((
1 c−1t

1

)
w0

(
1 cx

1

)(
a

a−1

))
f2(cy).
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Here Ji is the matrix of Qi. The factor of |c|
∑3

i=1
di/2 appears because we

have to renormalize the self-dual Haar measures with respect to ψc so that
they are self-dual with respect to ψ. Taking a change of variables t 7→ ct,
xi 7→ c−1xi, we see that Iψc

(f1 ⊗ f2)(y) is |c|
∑3

i=1
di/2γ(Q, ψc)γ(Q, ψ)−1

times∫
F×F 3×(F×)3

f1

(
γb

(
1 ct

1

)
w0

(
1 c−1x

1

)(
a

a−1

))
× ρψ

((
1 t

1

)
w0

(
1 x

1

)(
a

a−1

))
f2(cy)dtdxd×a

|c|2

=
∫
F×F 3×(F×)3

f1

(
γb

(
1

c−1

)(
1 t

1

)
w0

(
1 x

1

)(
a

a−1

)(
c

1

))
× ρψ

((
1 t

1

)
w0

(
1 x

1

)(
a

a−1

))
f2(cy)dtdxd×a

|c|2

= |c|−2Iψ

(
L(m(c−1))R

(
cI3

I3

)
f1 ⊗ f2

)
(cy).

The fact that the Schwartz space is preserved now follows from Lemma 3.3
and [14, Lemma 4.3]. □

For F Archimedean or non-Archimedean, let

S := Im(S(V (F )) −→ C∞(Y sm(F )))

where the implicit map is restriction of functions. We observe that
C∞
c (Y sm(F )) < S. Moreover, we have the following result:

Lemma 5.3. — One has

S = Im (I : C∞
c (γbG(F )) ⊗ S(V (F )) −→ C∞(Y sm(F )))

= Im (I : S(γbG(F ) × V (F )) −→ C∞(Y sm(F ))) ,

where the tensor product is algebraic. In particular, S < S(Y (F )).

Proof. — Let γbG(F ) ∼= Gγb
(F )\G(F ) be the orbit of γb in X◦(F ); it is

open and of full measure in X◦(F ). We have a commutative diagram

S(G(F ) × V (F )) S(V (F ))

S(γbG(F ) × V (F )) S(Y (F ))

|Y sm(F )

I

where the top horizontal arrow is the unique (continuous) linear map send-
ing a pure tensor Φ ⊗ f ∈ S(G(F )) ⊗ S(V (F )) to

∫
G(F ) Φ(g)ρ(g)f dg and
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the left vertical arrow sends f(g, v) to
∫
Gγb

(F ) f(ng, v) dn. The right vertical
arrow is given by restriction, and hence its image is S by definition.

We claim the upper horizontal map is surjective. In the non-Archimedean
case, this follows easily from the smoothness of the Weil representation.
In the Archimedean case, it is a consequence of a well-known theorem
of Dixmier–Malliavin, that the map is surjective even if the domain is
restricted to C∞

c (G(F )) ⊗ S(V (F )). Therefore, I is surjective even if the
domain is restricted to C∞

c (γbG(F ))⊗S(V (F )) and the lemma follows. □

This lemma provides a robust supply of elements of the Schwartz space
S(Y (F )).

We now revert to the adelic setting, bearing in mind the conventions
on Schwartz spaces explained in Section 2. Let F be a number field. The
obvious global analogue of (5.1) yields a map I : S(X(AF ) × V (AF )) →
C∞(Y sm(AF )) and we set

S(Y (AF )) := Im(I : S(X(AF ) × V (AF )) −→ C∞(Y sm(AF ))).

To check that this is well-defined, one uses the computation of the basic
function for Y (Fv)

bY,v := I(bX,v ⊗ 1V (Ov))
in Proposition 8.1 below. We define

S(Y (F∞)) := Im(I : S(X(F∞) × V (F∞)) −→ C∞(Y sm(F∞))).

The map I has closed kernel by a trivial modification of the proof of
Lemma 5.1 and we give S(Y (F∞)) the quotient topology. Hence S(Y (F∞))
is the (completed) projective topological tensor product ⊗̂v S(Y (Fv)). We
then have

S(Y (AF )) =
⊗̂
v|∞

S(Y (Fv)) ⊗
⊗
v∤∞

′S(Y (Fv))

where the restricted tensor product is taken with respect to the bY,v. Indeed,
we have

S(Y (AF )) = I(S(X(AF ) × V (AF )))

=
⋃

∞⊂S
I

S(X(FS) × V (FS)) ⊗
⊗
v ̸∈S

(bX,v ⊗ 1V (Ov))


=
⋃

∞⊂S
S(Y (FS)) ⊗

⊗
v ̸∈S

bY,v

=
⊗̂
v|∞

S(Y (Fv)) ⊗
⊗
v∤∞

′S(Y (Fv)).
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6. The summation formula

Let F be a number field. Our goal in this section is to prove our main
summation formula, Theorem 1.4, modulo some convergence statements
that we prove later in the paper. We require the following assumptions on
f = f1 ⊗ f2 ∈ S(X(AF ) × V (AF )): There are finite places v1, v2 of F (not
necessarily distinct) such that

f1 = fv1fv2f
v1v2 and fv1 ∈ C∞

c (X◦(Fv1)), FX(fv2) ∈ C∞
c (X◦(Fv2)),

ρ(g)f2(v) = 0 for v ̸∈ V ◦(F ), for all g ∈ G(AF ).

We will also require that Φ ∈ S(A2
F ) satisfies Φ̂(0) ̸= 0, where

(6.1) Φ̂(x, y) =
∫
A2

F

Φ(t1, t2)ψ(xt1 + yt2) dt1 dt2.

We prove Theorem 1.4 in this section assuming the absolute convergence
statements given in Propositions 10.2 and 10.4. We will indicate precisely
when these propositions are used below. After this section, much of the
remainder of the paper is devoted to proving these convergence statements.

Computing formally one has

(6.2)
∫
G(F )\G(AF )

∑
γ∈X◦(F )

f1(γg)Θf2(g) dg

=
∑

γ∈X◦(F )/G(F )

∫
Gγ (F )\G(AF )

f1(γg)Θf2(g) dg

=
∑

γ∈X◦(F )/G(F )

∫
Gγ (AF )\G(AF )

f1(γg)
∫

[Gγ ]
Θf2(g1g) dg1 dg.

The set X◦(F )/G(F ) has 5 elements represented by γb, γi, 1 ⩽ i ⩽ 3 and
γ0 = Id in the notation of (4.12). The stabilizers are given explicitly by
Lemma 4.2, and we will use this lemma without further comment below.

We start with the γb contribution. It is computed as in the proof of [14,
Theorem 5.3]:∫

Gγb
(AF )\G(AF )

f1(γbg)
∫

[Gγb
]
Θf2(g1g) dg1 dg =

∑
ξ∈Y sm(F )

I(f)(ξ).

Strictly speaking, the proof of [14, Theorem 5.3] assumed f1 was finite
under a maximal compact subgroup of Sp6(F∞), but the same proof is
valid given our work in Section 3.
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We now turn to the Id term. Using the definition of the Weil represen-
tation, we have that this term is∫
GId(AF )\G(AF )

f1(g)
∫

[Gm×Gm]

∑
ξ∈V (F )

Q1(ξ1)=Q2(ξ2)=Q3(ξ3)=0

ρ

(((
a1

a−1
1

)
,

(
a2

a−1
2

)
,

(
(a1a2)−1

a1a2

))
g

)
f2(ξ) da×

1 da×
2 dg

=
∫
GId(AF )\G(AF )

f1(g)
∫
A×

F
×A×

F

∑
ξ∈Ỹ 0(F )/(F×)2

ρ

(((
a1

a−1
1

)
,

(
a2

a−1
2

)
,

(
(a1a2)−1

a1a2

))
g

)
f2(ξ) da×

1 da×
2 dg.

Here (F×)2 acts as in (4.7). Thus using Lemma 4.1 we conclude that the
above is equal to∫
GId(AF )\G(AF )

f1(g)
∫
A×

F
×A×

F

∑
ξ∈Y0(F )

ρ

(((
a1

a−1
1

)
,

(
a2

a−1
2

)
,

(
(a1a2)−1

a1a2

))
g

)
f2(ξ) da×

1 da×
2 dg

=
∫
N3

2 (AF )\G(AF )
f1(g)

∑
ξ∈Y0(F )

ρ (g) f2(ξ) dg

=
∑

ξ∈Y0(F )

I0(f)(ξ) .

This formal computation is justified by Proposition 10.2.
We finally turn to the γi, 1 ⩽ i ⩽ 3, terms. Let Φ ∈ S(A2

F ) be a function
satisfying Φ̂(0) ̸= 0. We prove in Proposition 10.4 below that the sum∑

ξ∈Yi(F )

Ii(f ⊗ Φ)(ξ, s)

converges absolutely and defines a holomorphic function of s for Re(s)
sufficiently large. Moreover, it admits a meromorphic continuation to the
s plane and its residue at s = 1 is

Φ̂(0)
κF

∫
Gγi

(AF )\G(AF )
f1(γig)

∫
[Gγi

]

∑
ξ∈V (F )

ρ(hg)f2(ξ) dhdg.

where κF := 2
Vol(F×\(A×

F
)1) .

TOME 0 (0), FASCICULE 0



36 Jayce R. GETZ & Chun-Hsien HSU

Thus altogether we have shown that∫
G(F )\G(AF )

∑
γ∈X◦(F )

f1(γg)Θf2(g) dg

=
∑

ξ∈Y sm(F )

I(f)(ξ) +
∑

ξ∈Y0(F )

I0(f)(ξ)

+ κF

Φ̂(0)
Ress=1

3∑
i=1

∑
ξ∈Yi(F )

Ii(f ⊗ Φ)(ξ, s).

On the other hand by Theorem 3.13∫
G(F )\G(AF )

∑
γ∈X◦(F )

f1(γg)Θf2(g) dg

=
∫
G(F )\G(AF )

∑
γ∈X◦(F )

FX(f1)(γg)Θf2(g) dg.

Replacing f1 by FX(f1) in the argument above we see that this is∑
ξ∈Y sm(F )

I(FX(f))(ξ) +
∑

ξ∈Y0(F )

I0(FX(f))(ξ)

+ κF

Φ̂(0)
Ress=1

3∑
i=1

∑
ξ∈Yi(F )

Ii(FX(f) ⊗ Φ)(ξ, s).

Thus assuming the absolute convergence statements in Propositions 10.2
and 10.4 we have proved Theorem 1.4.

7. Bounds on integrals in the non-Archimedean case

Throughout this section F is a non-Archimedean local field of character-
istic zero. For vi ∈ Vi(F ) = F di , we let

(7.1) ord(vi) (resp. |vi|)

be the minimum of the orders (resp. maximum of the norms) of the entries
of vi with respect to the standard basis on Vi(F ). Thus |vi| = q−ord(vi). We
have natural induced bases on Vi(F ) ⊗ Vj(F ) and V1(F ) ⊗ V2(F ) ⊗ V3(F )
and we define |vi ⊗ vj |, etc., similarly.

Fix functions

(f = f1 ⊗ f2,Φ) ∈ S(X(F ) × V (F )) × S(F 2).
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We bound the integrals attached to these functions that appeared in the
proof of Theorem 1.4. These bounds will be used to deduce the absolute
convergence statements of Propositions 10.2 and 10.4 below. All implicit
constants in this section are allowed to depend on f ⊗ Φ.

First we pause to justify an assertion made in Section 5.1:

Proposition 7.1. — We have S(Y (F )) < C∞(Y sm(F )).

Proof. — Fix v = (v1, v2, v3) ∈ Y sm(F ) and let v′ ∈ Y sm(F ). By sym-
metry we can assume that |v2||v3| ≠ 0. It suffices to show∫

Gγb
(F )\G(F )

|f1(γbg)| |ρ(g)f2(v) − ρ(g)f2(v′)| dg

is zero for |v − v′| sufficiently small. We can choose κv ∈ R>0 such that if
|v− v′| < κv then |v′

i| = |vi| for 2 ⩽ i ⩽ 3, and |v1| = |v′
i| if v1 ̸= 0. For the

remainder of the proof we assume |v − v′| < κv. By the Cauchy–Schwarz
inequality and Lemma 3.5, the integral above is bounded by

∥f1∥2

(∫
Gγb

(F )\G(F )
1⩾c(γbg)|ρ(g)f2(v) − ρ(g)f2(v′)|2 dg

)1/2

for some c ∈ Z.
By the Iwasawa decomposition, it suffices to show that for all c ∈ Z the

integral

(7.2)
∫
m(t,a)⩽q−c

∫
K3

|ρ(k)f2(a−1v)−ψ(−tQ(v)+ tQ(v′))ρ(k)f2(a−1v′)|2

× dk d×adt∏3
i=1 |ai|di−2

is zero for |v−v′| sufficiently small, where m(t, a) is defined as in (5.9). The
integral (7.2) is supported in the set of ai such that |vi|q−N ⩽ |ai| ⩽ q−c

for each i for some N depending on f2. Since m(t, a) ⩽ q−c, we have
additionally q−2N+c|v2||v3| ⩽ qc|a2||a3| ⩽ |a1| ⩽ q−c. We have assumed
that |v2||v3| ≠ 0; hence the support of the integral, as a function of a,
lies in a compact subset of (F×)3 independent of v′ (since |v − v′| < κv).
Thus the integral over t has support in a set that is independent of v′. In
particular, if |v − v′| is sufficiently small, then ψ(−tQ(v) + tQ(v′)) = 1,
so (7.2) becomes∫
m(t,a)⩽q−c

(∫
K3

|ρ(k)f2(a−1v)−ρ(k)f2(a−1v′)|2 dk
)( 3∏

i=1
|ai|2−di

)
d×a dt.
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Since the vector space ⟨ρ(k)f2⟩k∈K is finite dimensional, and the integral
over a is supported in a compact set independent of v′ (since |v−v′| < κv),
for v′ close enough to v, the integral above vanishes. □

Proposition 7.2. — For v = (v1, v2, v3) ∈ V ◦(F ), one has∫
N3

2 (F )\G(F )
|f1(g)ρ(g)f2(v)| dg ≪

3∏
i=1

|vi|−di/2.

The integral is supported in the set of v satisfying |v1 ⊗ v2 ⊗ v3| ≪ 1. The
function I0(f)(v) satisfies the same bounds on its magnitude and support.

Proof. — We decompose the Haar measure using the Iwasawa decompo-
sition to see that the integral in the proposition is equal to

(7.3)
∫
N3

2 (F )\G(F )
|f1 (g) ρ (g) f2(v)| dg

=
∫

(F×)3×K3

∣∣∣∣f1

((
a−1

a

)
k

)
ρ

((
a−1

a

)
k

)
f2(v)

∣∣∣∣
( 3∏
i=1

|ai|2 d×ai

)
dk

=
∫

(F×)3×K3

∣∣∣∣f1

((
a−1

a

)
k

)
ρ (k) f2(a−1v)

∣∣∣∣
( 3∏
i=1

|ai|2−di/2 d×ai

)
dk.

Now ∣∣∣∣(a−1

a

)
k

∣∣∣∣ = |a1a2a3|.

By Lemma 3.5, (7.3) is bounded by a constant times

(7.4)
∫

|a1a2a3|≪1
f̃2(a−1v)

3∏
i=1

|ai|−di/2 d×ai,

where

(7.5) f̃2(v) :=
∫
K3

|ρ(k)f2(v)| dk.

Since f̃2 is compactly supported, we have that |vi| ≪f2 |ai| for 1 ⩽ i ⩽ 3.
Therefore (7.4) is bounded by a constant times

3∏
i=1

∫
|vi|≪|ai|

|ai|−di/2 d×ai ≪
3∏
i=1

|vi|−di/2.

Moreover, the support of (7.4) as a function of v satisfies |v1||v2||v3| ≪
|a1a2a3| ≪ 1, as claimed. □
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Proposition 7.3. — For r > 0, as a function of v ∈ V ◦(F ), the integral∫
(N2(F )×∆1(SL2)(F ))\G(F )

|f1 (γ1g) |
∫
N2(F )\SL2(F )

∫
F×∣∣∣∣ρ((I2, h,

(
1

−1

)
h

(
1

−1

))
g

)
f2(v)Φ(x(0, 1)hp1(g))

∣∣∣∣ |x|2r d×x dhdg

has support in |v1| ≪ 1. It is bounded by a constant times

C ′rζ(2r)ζ(2r + d2/2 − 1)|v1|−d1/2|v3|1−d3/2 max(|v1||v3|, |v2|)1−d2/2−2r

× (C + max (0, ord(v1 ⊗ v3)) − ord(v2)) + ζ(2r + d2/2 − 1)) .

for some constant C,C ′ > 0. If r = Re(s), the function I1(f ⊗ Φ)(v, s)
satisfies the same bounds on its magnitude and support.

Proof. — The integral in the proposition is equal to∫
N2(F )\SL2(F )

∫
N2(F )\SL2(F )×SL2(F )

|f1 (γ1(g1, g2, I2)) |

×
∫
F×

∣∣∣∣ρ((g1, hg2,

(
1

−1

)
h

(
1

−1

)))
f2(v)

∣∣∣∣
× |Φ|(x(0, 1)hg2)|x|2r d×xdg1 dg2 dh.

We change variables g2 7→ h−1g2 to see that this is∫
N2(F )\SL2(F )

∫
N2(F )\SL2(F )×SL2(F )

|f1
(
γ1(g1, h

−1g2, I2)
)

|

×
∫
F×

∣∣∣∣ρ((g1, g2,

(
1

−1

)
h

(
1

−1

)))
f2(v)Φ(x(0, 1)g2)

∣∣∣∣
× |x|2r d×x dg1 dg2 dh.

Since ∆1(SL2(F )) is in the stabilizer of γ1, this is

∫
N2(F )\SL2(F )

∫
N2(F )\SL2(F )×SL2(F )

∣∣∣∣f1

(
γ1(g1, g2,

(
1

−1

)
h

(
1

−1

))∣∣∣∣
×
∫
F×

∣∣∣∣ρ((g1, g2,

(
1

−1

)
h

(
1

−1

)))
f2(v)Φ(x(0, 1)g2)

∣∣∣∣
× |x|2r d×x dg1 dg2 dh.
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Now decomposing the Haar measure using the Iwasawa decomposition, we
see that this is∫

(F×)3×F×K3×F×

∣∣∣∣f1

(
γ1

((
a−1

1
a1

)
k1,

(
1 t

1

)(
a−1

2
a2

)
k2,

(
a−1

3
a3

)
k3

))∣∣∣∣
×
∣∣∣∣ρ((a−1

1
a1

)
k1,

(
1 t

1

)(
a−1

2
a2

)
k2,

(
a−1

3
a3

)
k3

)
f2(v)Φ((0, xa2)k2)

∣∣∣∣
×|x|2r|a1a2a3|2 d×xdtda×

1 da×
2 da×

3 dk1 dk2 dk3.

We have∣∣∣∣γ1

((
a−1

1
a1

)
k1,

(
1 t

1

)(
a−1

2
a2

)
k2,

(
a−1

3
a3

)
k3

)∣∣∣∣
= max(|a1|, |a1a2a

−1
3 |, |a1a

−1
2 a3|, |a1a2a3t|)

=: m′(t, a).

Taking a change of variable x 7→ xa−1
2 , by Lemma 3.5 the integral above is

bounded by a constant times

q2nrζ(2r)
∫

(F×)3×F
m′(t,a)≪1

m′(t, a)−2f̃2(a−1v) dt|a2|−2r
3∏
i=1

|ai|2−di/2 d×ai

for some n ∈ Z, where f̃2 is the nonnegative function defined in (7.5). For
some N ∈ Z⩾0 sufficiently large, we can write the integral here as

∞∑
k=−N

q2k
∫
f̃2(a−1v) dt|a2|−2r

3∏
i=1

|ai|2−di/2 d×ai

where the integral is over t, a such that m′(t, a) = q−k. This is bounded by
∞∑

k=−N

∫
qkf̃2(a−1v)|a2|−2r

3∏
i=1

|ai|1−di/2 d×ai,

where the integral is now over a such that

m′(a) := max(|a1|, |a1a2a
−1
3 |, |a1a

−1
2 a3|) ⩽ q−k.

Taking a change of variables a1 7→ ϖka1, one arrives at

(7.6)
∞∑

k=−N

∫
qkd1/2f̃2

(
v1

ϖka1
,
v2

a2
,
v3

a3

)
|a2|−2r

3∏
i=1

|ai|1−di/2 d×ai

where the integral is now over a1, a2, a3 such that

1 ⩾ max(|a1|, |a1a2a
−1
3 |, |a1a

−1
2 a3|).
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The bound on the support as a function of v1 is now obvious. We also
deduce that if a is in the support of the integral for a given v, then

|v3| ≪ |a3| ⩽ |a1|−1|a2| ≪ |v1|−1|a2|.

Thus for some C,C ′ > 0 depending on f2, (7.6) is bounded by a constant
times

|v1|−d1/2
∫

|v3|≪|a3|≪|v1|−1|a2|, |v2|≪|a2|
|a3|1−d3/2|a2|1−d2/2−2rd×a3d

×a2

≪d3 |v1|−d1/2|v3|1−d3/2

×
∫

max(|v1||v3|,|v2|)≪|a2|
(C + ord(v1 ⊗ v3) − ord(a2))|a2|1−d2/2−2rd×a2

⩽ |v1|−d1/2|v3|1−d3/2C ′1−d2/2−2r max(|v1||v3|, |v2|)1−d2/2−2r

×
∫

1⩽|a2|
(C + ord(v1 ⊗ v3) − min(ord(v1 ⊗ v3), ord(v2)) − ord(a2))

× |a2|1−d2/2−2rd×a2.

The integral over a2 is bounded above by

ζ(2r + d2/2 − 1) (C + max (0, ord(v1 ⊗ v3) − ord(v2)) + ζ(2r + d2/2 − 1)) .

The proposition follows. □

8. The unramified calculation

For this section, F is a local field unramified over Qp and ψ : F → C×

is an unramified nontrivial character. Let

(8.1) χQ(a1, a2, a3) := χQ1(a1)χQ2(a2)χQ3(a3)

where χQi
is the (quadratic) character attached to Qi as in [14, Section 3.1].

We assume that χQ is unramified and 1V (O) is fixed under ρ(K3) where
K = SL2(O). Recall 1c defined in (3.18) and the basic function

bX :=
∞∑

j,k=0
q2j

1k+2j .

In this section we give formulae for the unramified functions I(bX ⊗
1V (O))(v), I0(bX ⊗ 1V (O))(v), Ii(bX ⊗ 1V (O) ⊗ 1O2)(v, s) for 1 ⩽ i ⩽ 3.
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8.1. The open orbit

For the reader’s convenience, we state the formula for

(8.2) bY := I(bX ⊗ 1V (O))

given by [14, Proposition 6.3]:

Proposition 8.1. — For v ∈ Y sm(F ), bY (v) equals
∞∑
j=0

∫
1O

(
Q(v)

a1a2a3ϖ4j

)
1V (O)

( v

aϖ2j

)
χQ(a)

3∏
i=1

(
|ai|
q2j

)1−di/2
d×a

where the integral is over a1, a2, a3 ∈ O satisfying

max(|a−1
1 a2a3|, |a−1

2 a1a3|, |a−1
3 a1a2|) ⩽ 1.

One can also write the basic function bY (v) as 1Y (O)(v) times

∑
0⩽ki⩽ord(vi)
ki⩽ki+1+ki−1

k1+k2+k3⩽ordQ(v)

1 − q

(
mini

(⌊
ordQ(v)−

∑3
i=1

ki

4

⌋
,
⌊ ord(vi)−ki

2

⌋)
+1

)∑3
i=1

(di−2)

(1 − qd1+d2+d3−6)
∏3
i=1 χQi

(ϖki)

× q
∑3

i=1
ki(di/2−1).

8.2. The identity orbit

By a minor modification of the proof of Proposition 7.2 above, we obtain
the following proposition:

Proposition 8.2. — Suppose v = (v1, v2, v3) ∈ Ỹ0(F ). Assume more-
over that |v1| = |v2| = 1. One has

I0(bX ⊗ 1V (O))(v) =
∞∑
k=0

∞∑
j=0

q2j
∫
1V (O)(a−1v)χQ(a)

3∏
i=1

|ai|2−di/2 d×ai

where the integral is over those a−1
1 , a−1

2 , a3 ∈ O such that |a1a2a3| =
q−k−2j . As a function of v3, the integral is supported in V3(O). Let ϵ > 0.
For v ∈ V ◦(F ) with |v1| = |v2| = 1, we have that∫

N3
2 (F )\G(F )

|bX (g) ρ (g)1V (O)(v)| dg ⩽ C|v3|−d3/2−ϵ
1V3(O)(v3)

for some constant C > 0 depending on ϵ, which equals 1 for q sufficiently
large.
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Evaluating at v ∈ Ỹ 0(F ) with |v1| = |v2| = 1, one can rewrite I0(bX ⊗
1V (O))(v) as

1V3(O)(v3)
∑

0⩽ki⩽ord(v3)
k1+k2⩽k3

1 − q2+2⌊ k3−k1−k2
2 ⌋

1 − q2

× qk1(2−d1/2)+k2(2−d2/2)−k3(2−d3/2)
3∏
i=1

χQi
(ϖki).

8.3. The other orbits

The following assertions can be proved by an easy refinement of the
argument proving Proposition 7.3:

Proposition 8.3. — Suppose v = (v1, v2, v3) ∈ Ỹ1(F ). For Re(s) > 0
one has

I1(bX ⊗ 1V (O) ⊗ 1O2)(v, s)

= ζ(2s)
∞∑
j=0

∫
1O

(
Q2(v2)
a1a2a3

)
1V (O)

(
v1

ϖ2ja1
,
v2

a2
,
v3

a3

)

× χQ(a)
|a2|2sq2j(1−d1/2)

3∏
i=1

|ai|1−di/2 d×ai

where the integral is over a1 ∈ F× ∩ O, a2, a3 ∈ F× such that |a1|−1 ⩾
max

(
|a2a

−1
3 |, |a−1

2 a3|
)
.

One can alternatively write I1(bX ⊗ 1V (O) ⊗ 1O2)(v, s) as

1V1(O)(v1)ζ(2s)
∑

ki⩽ord(vi)
k1⩾|k2−k3|

k1+k2+k3⩽ord(Q2(v2))

q2k2s+
∑3

i=1
ki(di/2−1)

×

⌊ ord(v1)−k1
2 ⌋∑
j=0

qj(d1−2)

 3∏
i=1

χQi
(ϖki).
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Lemma 8.4. — For v = (v1, v2, v3) ∈ V ◦(F ) and r > 0, the integral∫
(N2(F )×∆1(SL2)(F ))\G(F )

|bX (γ1g) |

×
∫
N2(F )\SL2(F )

|ρ
((

I2, h,

(
1

−1

)
h

(
1

−1

))
g

)
1V (O)(v)|

× 1O2((0, x)hp1(g))|x|2r d×xdhdg

vanishes unless v1 ∈ V1(O). It is bounded by

Cζ(2r)ζ(2r + d2/2 − 1)|v1|−d1/2|v3|1−d3/2 max (|v1 ⊗ v3|, |v2|)1−d2/2−2r

× (max(0, ord(v1 ⊗ v3) − ord(v2)) + ζ(2r + d2/2 − 1))

for some constant C > 0 which equals 1 for q sufficiently large. Thus if
Re(s) = r, the function I1(bX ⊗1V (O) ⊗1O2)(v, s) admits the same bounds
on its magnitude and support.

An expression for the integrals I2 and I3 and corresponding bounds and
supports can be obtained by symmetry.

9. Bounds on integrals in the Archimedean case

In this section F is an Archimedean local field. We estimate the local inte-
grals defined in Section 5. The bounds obtained in this section will be used
to prove Propositions 10.2 and 10.4, the absolute convergence statements
used in the proof of Theorem 1.4. As usual, the bounds in the Archimedian
case are slightly harder to prove than in the non-Archimedian case, but the
basic outline of the proofs is the same. We let

(9.1) |(a1, . . . , adi
)| := max{|aj | : 1 ⩽ j ⩽ di}

for (a1, . . . , adi
) ∈ Vi(F ). We moreover fix

(f1 ⊗ f2,Φ) ∈ S(X(F ) × V (F )) × S(F 2).

We will bound integrals involving the pure tensor f1 ⊗f2 in this section. In
each case, the bounds will be continuous in f1 and f2 with respect to the
Fréchet topologies on S(X(F )) and S(V (F )). Thus the bounds extend by
continuity to all f ∈ S(X(F ) × V (F )).

The following is a rephrasing of [14, Lemma 8.1]:
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Lemma 9.1. — Let A,B ∈ R>0, C ∈ R⩾0 and let x ∈ F×. Assume
A > B and A ̸= B + C. One has∫

F×
max(|a−1x|, 1)−A|a|−B max(|a|, 1)−C da×

≪A,B,C max(|x|, 1)− min(A−B,C)|x|−B .

This will be used several times below.

9.1. The open orbit

Recall that V ′(F ) ⊂ V (F ) is the subset of vectors (v1, v2, v3) such that
no two vi are zero. In order to bound the function I(f1⊗f2) ∈ S(Y (F )) and
its various derivatives it is convenient to first prove the following bound:

Lemma 9.2. — Given r, ei, N ∈ R⩾0, D ∈ U(Lie(V (F ))), let M :
(F×)3 × F ×K3 × V (F ) → R be the function

(9.2) M(a, t, k, v)

:= max(m(t, a), 1)−2N |t|r|Dρ(k)f2|2(a−1v)
( 3∏
i=1

|ai|2−di−ei

)
,

where m(t, a) is defined as (5.9). For v ∈ V ′(F ), there is a compact neigh-
borhood U of v, and a continuous integrable function M ′ on (F×)3×F×K3

such that for all v′ ∈ U

M(a, t, k, v′) ⩽M ′(a, t, k).

Moreover, given Ni ∈ Z⩾0 there exists a continuous seminorm ν′ on
S(V (F )) such that∫

(F×)3×F×K3
M(a, t, k, v) dk d×a dt

⩽ ν′(f2)2

{∏3
i=1 max(|vi|, 1)−2Ni |vi|1−di−ei−r if v ∈ V ◦(F ),∏
i̸=j max(|vi|, 1)−2Ni |vi|2−di−ei−2r−dj−ej if vj = 0,

provided N ⩾ 5 maxi{Ni, di + ei + r}.

This bound will be used in the proof of Proposition 9.3 below.
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Proof. — By the continuity of the Weil representation and compact-
ness of K, for any C1, C2, C3 ∈ Z⩾0, there exists a continuous seminorm
νD,C1,C2,C3 on S(V (F )) such that for all (k, v) ∈ K3 × V (F ) we have

|Dρ(k)f2|(v) ⩽ νD,C1,C2,C3(f2)
( 3∏
i=1

max(|vi|, 1)−Ci

)
.

Let U be a compact neighborhood of v such that for v′ ∈ U, if vi ̸= 0 then
v′
i ̸= 0. Choose v′ ∈ U with minimum norm. Put

(9.3) M ′(a, t, k) := νD,C1,C2,C3(f2)2 max(m(t, a), 1)−2N |t|r

×
3∏
i=1

max(|a−1
i v′

i|, 1)−2Ci |ai|2−di−ei .

Then M(a, t, k, v) ⩽ M ′(a, t, k) for all v ∈ U . Thus to prove the lemma it
suffices to show that for all v ∈ V ′(F ) one has

(9.4)
∫

(F×)3×F
max(m(t, a), 1)−2N |t|r

×

( 3∏
i=1

max(|a−1
i vi|, 1)−2Ci |ai|2−di−eid×ai

)
dt

⩽

{∏3
i=1 max(|vi|, 1)−2Ni |vi|1−di−ei−r if v ∈ V ◦(F ),∏
i ̸=j max(|vi|, 1)−2Ni |vi|2−di−ei−2r−dj−ej if vj = 0,

provided that N ⩾ 5 maxi{Ni, di + ei + r}. We break the integral into
m(t, a) ⩽ 1 and m(t, a) > 1. Suppose v ∈ V ◦(F ). In the range m(t, a) ⩽ 1,
we have |t| ⩽ |a1a2a3|−1 and |ai| ⩽ 1 for all i. Therefore the integral is
bounded by

(9.5)
∫

|a|⩽1

3∏
i=1

max(|a−1
i vi|, 1)−2Ci |ai|1−di−ei−r d×a

⩽
3∏
i=1

∫
F×

max(|ai|, 1)−2Ni max(|a−1
i vi|, 1)−2Ci |ai|1−di−ei−r d×ai.

In the range m(t, a) > 1, applying the inequality

m(t, a)4 ⩾ max(|ta1a2a3|, 1) max(|a1|, 1) max(|a2|, 1) max(|a3|, 1),
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the contribution of this part of the integral is bounded by∫
(F×)3×F

max(|ta1a2a3|, 1)−N/2|ta1a2a3|r

×

( 3∏
i=1

max(|ai|, 1)−N/2 max(|a−1
i vi|, 1)−2Ci |ai|2−di−ei−r

)
d×a dt

≪N,r

3∏
i=1

∫
F×

max(|ai|, 1)−N/2 max(|a−1
i vi|, 1)−2Ci |ai|1−di−ei−r d×ai,

provided N > 2r + 2. Since N ⩾ 4 maxiNi by assumption the integral is
bounded by (9.5). The assertion then follows from Lemma 9.1 by setting
A = 2Ci, B = r+ di + ei − 1, C = 2Ni and choosing Ci so that A−B > C

for each i.
Now assume v ∈ V ′(F ) − V ◦(F ). By symmetry we may assume v1 = 0.

Let

|a| := max
1⩽i⩽3

(|ai|).

If m(t, a) ⩽ 1 then |t| ⩽ |a1a2a3|−1, |a| ⩽ 1, |a2a3| ⩽ |a1|. Therefore the
contribution of |m(t, a)| ⩽ 1 to the integral (9.4) is bounded by

(9.6)
∫

|a|⩽1,
|a2a3|⩽|a1|

|a1|1−d1−e1−r
3∏
i=2

max(|a−1
i vi|, 1)−2Ci |ai|1−di−ei−r d×a

⩽
3∏
i=2

∫
F×

max(|ai|, 1)−2Ni max(|a−1
i vi|, 1)−2Ci |ai|2−di−ei−2r−d1−e1 d×ai.

For m(t, a) > 1 we have the inequality

m(t, a)5 ⩾ max(|ta1a2a3|, 1)
( 3∏
i=1

max(|ai|, 1)
)

max(|a−1
1 a2a3|, 1).

Thus the contribution of m(t, a) > 1 to (9.4) is bounded by a constant
depending on N times

(9.7)
∫

(F×)3
max(|a−1

1 a2a3|, 1)−2N/5

×

( 3∏
i=1

max(|ai|, 1)−2N/5 max(|a−1
i vi|, 1)−2Ci |ai|1−di−ei−r

)
d×a

TOME 0 (0), FASCICULE 0



48 Jayce R. GETZ & Chun-Hsien HSU

since N > 5r + 5. The contribution of |a2a3| ⩽ |a1| to (9.7) is dominated
by (9.6) since N ⩾ 5 maxiNi. In the range |a2a3| ⩾ |a1|, one has that

∫
|a1|⩽|a2a3|

max(|a1|, 1)−2N/5|a1|1−d1−e1−r+2N/5 d×a1

≪N,e1,r min(|a2a3|, 1)1−d1−e1−r+2N/5.

Since 2N/5 ⩾ d1 + e1 + r, we deduce that the integral (9.7) is also dom-
inated by (9.6). The assertion now follows from Lemma 9.1 by setting
A = 2Ci, B = 2r + d1 + e1 + di + ei − 2, C = 2Ni and choosing Ci so that
A−B > C for i = 2, 3. □

Proposition 9.3. — We have S(Y (F )) < C∞(Y sm(F )). Moreover, for
f ∈ S(Y (F )) and D ∈ U(Lie(V (F ))),

|Df(v)|
( 3∏
i=1

max(|vi|, 1)Ni |vi|(di+[F :R]−1 degD−1)/2

)

is bounded on Y ani(F ) for all Ni ∈ Z.

Proof. — Let v0 ∈ Y sm(F ) and D ∈ U(Lie(V (F ))). Let ∆ : F → F 3

be the diagonal embedding. Using the notation of Lemma 9.2 there is a
neighborhood U of v0 such that for v ∈ U the expression

∣∣∣∣f1

(
γb

(
1 ∆(t)

1

)(
a−1

a

)
k

)
Dρ

((
1 ∆(t)

1

)(
a−1

a

)
k

)
f2(v)

∣∣∣∣
is dominated by a finite sum of functions of the form

∣∣∣∣f1

(
γb

(
1 ∆(t)

1

)(
a−1

a

)
k

)∣∣∣∣max(m(t, a), 1)NM(a, t, k, v)1/2|a|−1

where M(a, t, k, v) is defined using various parameters f2, ei, r depending
on D. We recall that

m(t, a) =
∣∣∣∣γb(1 ∆(t)

1

)(
a−1

a

)
k

∣∣∣∣
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by (5.9). Thus applying the Cauchy–Schwarz inequality we have

∫
F×(F×)3×K

∣∣∣∣f1

(
γb

(
1 ∆(t)

1

)(
a−1

a

)
k

)
max(m(t, a), 1)N

∣∣∣∣
×M(a, t, k, v)1/2|a|−1|a|2 d×adtdk

⩽

(∫
Gγb

(F )\G(F )
|f1(γbg) max(|γbg|, 1)N |2 dg

)1/2

×

(∫
F×(F×)3×K

M(a, t, k, v) d×adtdk
)1/2

.

The left integral converges by the argument in the proof of Lemma 5.1,
and the right converges by Lemma 9.2. To obtain the bound in the lemma
one simply keeps track of which parameters r and ei are required in the
argument above in terms of degD.

To prove the inclusion S(Y (F )) < C∞(Y sm(F )), we apply the Leib-
niz integral rule. To justify its application, we require a bound on∫
Gγb

(F )\G(F ) |f1(γbg)Dρ(g)f2(v)| dg that is uniform in a small neighbor-
hood of a given v ∈ Y sm(F ). Choose a compact neighborhood U of v
as in the proof of Lemma 9.2. Then by Lemma 9.2 for v ∈ U one has
M(a, t, k, v) ⩽M ′(a, t, k), defined as in (9.3). It suffices to show

∫
F×(F×)3×K

|f1(γb
(

1 ∆(t)
1

)(
a−1

a

)
k) max(m(t, a), 1)N |

×M ′(a, t, k)1/2|a|−1|a|2 d×adtdk

is finite. This follows from (9.4) and the argument above. □

Remark 9.4. — By mimicking the proof above one can also bound Df(v)
when vi = 0 for some i.

9.2. The identity orbit

Proposition 9.5. — Let v ∈ V ◦(F ). Given a positive integer N ′ and
ϵ > 0, there are continuous seminorms ν on S(X(F )) and ν′ (depending
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on N ′, ϵ) on S(V (F )) such that one has the bound

∫
N3

2 (F )\G(F )
|f1(g)ρ(g)f(v)| dg

⩽ ν(f1)ν′(f2) max{|v1||v2||v3|, 1}−N ′
3∏
i=1

|vi|−di/2−ϵ.

The function I0(f)(v) admits the same bound.

Proof. — By symmetry, we may assume d1 ⩾ d2 ⩾ d3. Recall the
seminorms νD,N,β mentioned in Lemma 3.5. Arguing as in the proof of
Proposition 7.2, we see that the integral in the proposition is bounded by
max(νId,N,0(f1), νId,0,0(f1)) times

∫
(F×)3

|a1a2a3|−2 max(|a1a2a3|, 1)−N f̃2(a−1v)
3∏
i=1

|ai|2−di/2 d×ai,

where f̃2 is defined as in (7.5). By the continuity of Weil representation
and compactness of K, for any N1, N2, N3 ∈ Z⩾0, there exists a continu-
ous seminorm ν′ depending on N1, N2, N3 such that the integral above is
bounded by ν′(f2) times

∫
(F×)3

max(|a1a2a3|, 1)−N
3∏
i=1

max(|a−1
i vi|, 1)−Ni |ai|−di/2 da×

i

=
∫

(F×)3
max(|a1|, 1)−N max(|a−1

1 (a2a3)v1|, 1)−N1 |a1|−d1/2|a2a3|d1/2

×
3∏
i=2

max(|a−1
i vi|, 1)−Ni |ai|−di/2 da×

i .

Here we have taken a change of variables a1 7→ (a2a3)−1a1. For the
remainder of the proof all implicit constants are allowed to depend on
N1, N2, N3, N, and we assume

Ni − di/2 > Ni−1 − di−1/2

for each i where N0 = d0 = 0.
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Taking N > N1 +d1/2 and applying Lemma 9.1 with A = N1, B = d1/2
and C = N to the a1 integral we see that the above is bounded by

(9.8)
∫

(F×)2
max(|a2a3v1|, 1)−N1+d1/2|a2a3v1|−d1/2

×
3∏
i=2

max(|a−1
i vi|, 1)−Ni |ai|(d1−di)/2 d×ai

= |v1|−d1/2
∫

(F×)2
max(|a2v1|, 1)−N1+d1/2|a2|−d2/2

× max(|a−1
2 a3v2|, 1)−N2 max(|a−1

3 v3|, 1)−N3 |a3|(d2−d3)/2 da×
2 da×

3 .

Here we have taken a change of variables a2 7→ a−1
3 a2. The integral

(9.9)
∫
F×

max(|a−1
2 a3v2|, 1)−N2 max(|a−1

3 v3|, 1)−N3 |a3|(d2−d3)/2 da×
3

breaks into the sum of four integrals∫
|a3|⩽min

(
|a2|
|v2| ,|v3|

)+
∫

min
(

|a2|
|v2| ,|v3|

)
<|a3|⩽ |a2|

|v2|

+
∫

|a2|
|v2|<|a3|⩽max

(
|a2|
|v2| ,|v3|

)+
∫

max
(

|a2|
|v2| ,|v3|

)
⩽|a3|

and this is bounded by a constant (depending only on N2, N3) times

|v3|−N3 min
(

|a2|
|v2|

, |v3|
)N3+ d2−d3

2

+Gd2,d3(a2, v2, v3) +
(

|a2|
|v2|

)N2

×

|v3|−N3

max
(

|a2|
|v2|

, |v3|
)N3−N2+ d2−d3

2

−
(

|a2|
|v2|

)N3−N2+ d2−d3
2


+ max

(
|a2|
|v2|

, |v3|
)−N2+ d2−d3

2


where

Gd2,d3(a2, v2, v3) =


(

|a2|
|v2|

) d2−d3
2 − min

(
|a2|
|v2| , |v3|

) d2−d3
2 if d2 ̸= d3,

log
(

|a2|
|v2|

)
− log min

(
|a2|
|v2| , |v3|

)
if d2 = d3.
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Thus (9.9) is bounded by a constant times

F (a2, v2, v3) :=


|v3|(d2−d3)/2

(
|a2|

|v2||v3|

)N2
if |a2| < |v2||v3|,

|v3|(d2−d3)/2
(

|a2|
|v2||v3|

)(d2−d3)/2
if

|a2| ⩾ |v2||v3|,
d2 ̸= d3,

1 + log
(

|a2|
|v2||v3|

)
if

|a2| ⩾ |v2||v3|,
d2 = d3.

Thus the original integral (9.8) is bounded by a constant times

|v1|−d1/2
∫
F×

max(|a2v1|, 1)−N1+d1/2|a2|−d2/2F (a2, v2, v3) da×
2

=
( 3∏
i=1

|vi|−di/2

)∫
F×

max(|a2|c, 1)−N1+d1/2|a2|−d2/2

× min(|a2|, 1)N2F ′(a2) da×
2 ,

where c = |v1||v2||v3|, and

F ′(a2) :=
{

max(|a2|, 1)(d2−d3)/2 if d2 ̸= d3,

log(max(|a2|, 1)) + 1 if d2 = d3.

Here we have changed variables a2 7→ a2(|v2||v3|). The assertion of the
proposition now follows from taking a change of variable a2 7→ a−1

2 and ap-
plying Lemma 9.1 with A = N1 −d1/2, B = ϵ < 1/2, C = N2 −d2/2−ϵ. □

9.3. The other orbits

Proposition 9.6. — Let r = Re(s) > 0 and N ∈ Z>0, and assume
N > max(2r + d2/2 − 2, d3/2 − 2). For v ∈ V ◦(F ), there are continuous
seminorms ν on S(X(F )) and ν′ on S(V (F )), depending on N , such that∫

(N2(F )×∆1(SL2)(F ))\G(F )
|f1 (γ1g) |

×
∫
N2(F )\SL2(F )

∫
F×

∣∣∣∣ρ((I2, h,

(
1

−1

)
h

(
1

−1

))
g

)
f2(v)

∣∣∣∣
× |Φ|((0, x)hp1(g))|x|2r d×xdhdg

⩽ Ψ(2r)ν(f1)ν′(f2)|v1|−N−d1/2 max (|v2|, |v3|)−2r−d2/2−d3/2+2

where Ψ : R>0 → R is an analytic function. The function I1(f ⊗ Φ)(v, s)
admits the same bound.
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Proof. — By Lemma 3.5 one has |f1(g)| ⩽ νId,N,0(f1)|g|−2−N for any
N ⩾ 0. Thus arguing as in Proposition 7.3, we see that the integral is
bounded by

(9.10) νId,N,0(f1)
∫

(F×)3×F
m′(t, a)−2−N

∫
K3×F×

∣∣ρ(k1, k2, k3)f2(a−1v)
∣∣

× |Φ|((0, x)k2)|x|2r d×xdk1 dk2 dk3 dt|a2|−2r
3∏
i=1

|ai|2−di/2d×ai,

where m′(t, a) = max(|a1|, |a1a2a
−1
3 |, |a1a

−1
2 a3|, |a1a2a3t|). For simplicity

we assume f2 = ⊗3
i=1f2i. The general case merely requires more annoying

notation. Applying the Cauchy–Schwarz inequality on the second copy of
K, the inner integral is bounded by ∏

i=1,3

∫
K

|ρi(ki)f2i(a−1
i vi)| dki

(∫
K

|ρ(k2)f22(a−1
2 v2)|2 dk2

)1/2

×
∫
F×

(∫
K

|Φ((0, x)k2)|2dk2

)1/2
|x|2r d×x.

The last factor is Ψ(2r) for an appropriate analytic function Ψ : R>0 → R.
By the continuity of the Weil representation and compactness of K, for
any N1, N2, N3 ∈ Z>0, there exists a continuous seminorm ν′

N1,N2,N3
on

S(V (F )) such that the integral in (9.10) is bounded by Ψ(2r) times

ν′
N1,N2,N3

(f2)
∫

(F×)3×F
m′(t, a)−N−2|a2|−2r

×
3∏
i=1

max(|a−1
i vi|, 1)−Ni |ai|2−di/2 da× dt.

From now on all implicit constants are allowed to depend on N1, N2, N3, N .
Let

m′′(t, a) := max(1, |a2a
−1
3 |, |a−1

2 a3|, |a2a3t|)

= max(|a2a
−1
3 |, |a−1

2 a3|, |a2a3t|).

We assume without loss of generality that N1 > N + d1/2. We then write
the integral above as the product of∫

F×
|a1|−N−d1/2 max(|a−1

1 v1|, 1)−N1 da×
1 ≪ |v1|−N−d1/2
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and

(9.11)
∫

(F×)2×F
m′′(t, a)−N−2|a2|−2r

×
3∏
i=2

max(|a−1
i vi|, 1)−Ni |ai|2−di/2 da×

2 da×
3 dt.

Now consider (9.11). We write it as the sum of

(9.12)
∫

|a2|⩾|a3|
|a2|−N−d2/2−2r max(|a−1

2 v2|, 1)−N2

×
∫
F

max(|a−1
3 |, |a3t|)−N−2 max(|a−1

3 v3|, 1)−N3 |a3|2−d3/2 da×
3 da×

2 dt

and

(9.13)
∫

|a3|>|a2|
|a3|−N−d3/2 max(|a−1

3 v3|, 1)−N3

×
∫
F

max(|a−1
2 |, |a2t|)−N−2 max(|a−1

2 v2|, 1)−N2 |a2|2−d2/2−2r da×
3 da×

2 dt.

Executing the t integral in (9.12), we see that it is bounded by a constant
times

(9.14)
∫

|a2|⩾|a3|
|a2|−N−d2/2−2r max(|a−1

2 v2|, 1)−N2 max(|a−1
3 v3|, 1)−N3

× |a3|2+N−d3/2 da×
3 da×

2

=
∫

1⩾|a3|
|a2|2−d2/2−d3/2−2r max(|a−1

2 v2|, 1)−N2 max(|a−1
3 a−1

2 v3|, 1)−N3

× |a3|2+N−d3/2 da×
3 da×

2 ,

where the latter equation is obtained by taking a change of variables a3 7→
a2a3. Similarly (9.13) is bounded by a constant times

(9.15)
∫

|a3|>1
|a3|−N−d3/2 max(|a−1

2 a−1
3 v3|, 1)−N3 max(|a−1

2 v2|, 1)−N2

× |a2|2−d2/2−d3/2−2r da×
3 da×

2 .

Carrying out the integral over a3 directly in (9.14) we see that it is bounded
by a constant times∫

F×
|a2|2−d2/2−d3/2−2r max(|a−1

2 v2|, 1)−N2 max(|a−1
2 v3|, 1)−N3 da×

2
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provided N − d3/2 + 2 > 0. This bound is also valid for (9.15) provided
N + d3/2 > N3. The integral above is bounded by a constant times

max (|v2|, |v3|)−2r−d2/2−d3/2+2

provided Ni > 2r + d2/2 + d3/2 − 2 for i = 2, 3. □

10. Absolute convergence

In this section, we prove the absolute convergence statements that make
the proof of the summation formula in Section 6 rigorous. Fix a number
field F. For the remainder of the section, we fix

(f = f1 ⊗ f2,Φ) ∈ S(X(AF ) × V (AF )) × S(A2
F ).

All implicit constants are allowed to depend on f ⊗ Φ. For yi ∈ V ◦
i (AF ),

we let
|yi| :=

∏
v

|yi|v.

Lemma 10.1. — Let 1/2 > ϵ > 0 and a finite set of places S containing
the infinite places be given. For y ∈ V ◦(AF ) such that |y1|v = |y2|v = 1
for all v ̸∈ S, there exists a Schwartz function Ψ ∈ S((V1 ⊗ V2 ⊗ V3)(AF ))
(depending on S, ϵ) such that∫

(N2)3(AF )\G(AF )
|f1(g)ρ (g) f2(y)| dg ⩽ Ψ(y1 ⊗ y2 ⊗ y3)

3∏
i=1

|yi|−di/2−ϵ.

The function I0(f) satisfies the same bound.

Proof. — This follows from the local bounds in Propositions 7.2, 8.2,
and 9.5. □

Let G2
m act on V ◦ via the restriction of the action (4.7).

Proposition 10.2. — The sum∑
ξ∈V ◦(F )/(F×)2

∫
N3

2 (AF )\G(AF )
|f1(g)ρ (g) f2(ξ)| dg

is finite.

Proof. — Let
{aj ⊂ O : 1 ⩽ j ⩽ k}

be a set of representatives for the ideal classes of O, the ring of integers of
F. For every ξi ∈ Vi(F ), we can choose an α ∈ F× such that αξi ∈ Vi(O)
and the greatest common denominator gcd(αξi) of the coefficients of αξi is
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aj for some 1 ⩽ j ⩽ k. Using this observation, we see that the sum in the
proposition is bounded by a constant times

k∑
j1,j2=1

∑
ξ∈(V1(O)×V2(O)×V ◦

3 (F ))/(O×)2

gcd(v1)=aj1 , gcd(v2)=aj2

∫
N3

2 (AF )\G(AF )
|f1(g)ρ (g) f2(ξ)| dg.

Here (O×)2 < (F×)2 acts via the action (4.7). Thus it suffices to fix a pair
of ideals b1 and b2 and prove convergence of the sum∑

ξ∈(V1(O)×V2(O)×V ◦
3 (F ))/(O×)2

gcd(ξ1)=b1, gcd(ξ2)=b2

∫
N3

2 (AF )\G(AF )
|f1(g)ρ (g) f2(ξ)| dg.

Let S be a finite set of places including the infinite places such that biÔS =
ÔS for each i. Then by Lemma 10.1, there exists Ψ ∈ S((V1 ⊗V2 ⊗V3)(AF ))
such that the sum above is bounded by

∑
ξ∈(V1(O)×V2(O)×V ◦

3 (F ))/(O×)2

gcd(ξ1)=b1, gcd(ξ2)=b2

Ψ(ξ1 ⊗ ξ2 ⊗ ξ3)
3∏
i=1

|ξi|−di/2−ϵ

⩽
∑

ξ∈(V1⊗V2⊗V3)(F )

Ψ(ξ).

Here we have used the fact that, by the product rule,

(10.1) |ξi| ⩾ 1.

for ξi ∈ V ◦
i (F ). □

Lemma 10.3. — Let constants c > 1/2 > ϵ > 0 be given. For 1/2 + ϵ <

r < c and an integer

N > max(d1/2 + d3/2 − 2, 2r + d1/2 + d2/2 − 2),

there exists a Schwartz function Ψ ∈ S(V1(AF )) (depending on ϵ, c) such
that∫

Gγ1 (AF )\G(AF )
|f1(γ1g)|

×
∫
N2(AF )\SL2(AF )

∣∣∣∣ρ((I2, h,

(
1

−1

)
h

(
1

−1

))
g

)
f2(y)

∣∣∣∣
× |Φ|((0, x)hp1(g))|x|2r d×x dhdg

⩽ Ψ(y1)|y1|−N |y3|1−d3/2−ϵ
∏
v

max (|y2|v, |y3|v)1−2r−d2/2+ϵ
.
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The function I1(f⊗Φ)(y, s) defines a holomorphic function of s in the strip
1
2 + ϵ < Re(s) < c for each y and admits the same bound with r = Re(s).

Proof. — Let S be a finite set of places including the infinite places
such that fS1 = bSX , fS2 = 1V (ÔS) is fixed by ρ(SL3

2(ÔS)) and ΦS = 1(ÔS)2 .
Assume moreover that ψv is unramified for v ̸∈ S and F/Q is unramified at
places of Q not dividing places of S. Using Lemma 8.4 and Propositions 7.3
and 9.6, for any given integers N1 > 0, N > max(d1/2 + d3/2 − 2, 2r +
d2/2 + d1/2 − 2), there exist Ψ∞ ∈ S(V1(A∞

F )) and a positive constant
C depending on ϵ and c, such that the integral is bounded by a constant
depending on N1, N, ϵ, c times

(10.2) Ψ∞(y1)
∏
v|∞

max(|y1|v, 1)−N1 |y1|−Nv max(|y2|v, |y3|v)−2r−d2/2−d3/2+2

×
∏
v∤∞

ζv(2r)ζv (2r + d2/2 − 1)

× |y1|−d1/2
v |y3|1−d3/2

v max (|y1 ⊗ y3|v, |y2|v)1−d2/2−2r

× (Cv + max(0, ordv(y1 ⊗ y3) − ordv(y2)) + ζv (2r + d2/2 − 1))

where Cv ∈ {C, 0} and Cv = 0 for almost all v. Since 1/2 + ϵ < r, we have

Cv + max(0, ordv(y1 ⊗ y3) − ordv(y2)) + ζv(2r + d2/2 − 1)
≪ min(|y1 ⊗ y3|v/|y2|v, 1)−ϵζv(2r + d2/2 − 1)
= |y1|−ϵv |y3|−ϵv max(|y1 ⊗ y3|v, |y2|v)ϵζv(2r + d2/2 − 1)

for all finite v. Here the implied constant is equal to 1 for qv sufficiently
large in a sense independent of y. Thus (10.2) is bounded by a constant
depending on c and ϵ times

(10.3) Ψ∞(y1)
∏
v|∞

max(|y1|v, 1)−N1 |y1|−Nv max(|y2|v, |y3|v)−2r−d2/2−d3/2+2

×
∏
v∤∞

|y1|−d1/2−ϵ
v |y3|1−d3/2−ϵ

v max(|y1 ⊗ y2|v, |y3|v)1−d2/2−2r+ϵ
.

For a finite place v, if Ψ∞(y1) ̸= 0 then |y1|v ⩽ C ′
v for some constant

C ′
v ⩾ 1, which is 1 for almost all v, and hence

max (|y1 ⊗ y3|v, |y2|v) ⩾ C ′−1
v |y1|v max(|y3|v, |y2|v).
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Thus (10.3) is bounded by a constant times

Ψ∞(y1)
∏
v|∞

max(|y1|v, 1)−N1 |y1|−Nv max (|y2|v, |y3|v)−2r−d2/2−d3/2+2

×
∏
v∤∞

|y1|1−d1/2−d2/2−2r
v |y3|1−d3/2−ϵ

v max (|y2|v, |y3|v)1−d2/2−2r+ϵ
.

The desired inequality follows from max(|y2|v, |y3|v) ⩾ |y3|v. □

Proposition 10.4. — If f2 satisfies (1.3) and r ≫ 1, the sum∑
ξ∈V ◦

1 (F )×P(V2×V3)(F )

∫
Gγ1 (AF )\G(AF )

|f1(γ1g)|
∫
N2(AF )\SL2(AF )∫

A×
F

∣∣∣∣ρ((I2, h,

(
1

−1

)
h

(
1

−1

))
g

)
f2(ξ)Φ((0, x)hp1(g))

∣∣∣∣
× |x|2r d×xdhdg

is finite. Therefore, ∑
ξ∈Y1(F )

I1(f ⊗ Φ)(ξ, s)

defines a holomorphic function for Re(s) ≫ 1. Moreover, it extends to a
meromorphic function of C, holomorphic except for possible simple poles
at s = 0 and s = 1. The residue Ress=1

∑
ξ∈Y1(F ) I1(f ⊗ Φ)(ξ, s) equals

Vol(F×\(A×
F )1)Φ̂(0)

2

∫
Gγ1 (AF )\G(AF )

f1(γ1g)
∫

[Gγ1 ]

∑
ξ∈V (F )

ρ(hg)f2(ξ) dhdg,

and

(10.4)
∫
Gγ1 (AF )\G(AF )

|f1(γ1g)|
∫

[Gγ1 ]

∣∣∣∣∣∣
∑

ξ∈V (F )

ρ(hg)f2(ξ) dh

∣∣∣∣∣∣ dg

is absolutely convergent.

The corresponding assertions for the integrals I2(f ⊗ Φ) and I3(f ⊗ Φ)
are valid by symmetry.

Proof. — Choose ϵ sufficiently small. By Lemma 10.3 and (10.1), there
exists Ψ ∈ S(V1(AF )) such that the sum is bounded by a constant times∑
(ξ1,ξ)∈V1(F )×P(V2×V3)(F )

Ψ(ξ1)|ξ|1− d2
2 −2r+ϵ ≪Ψ

∑
ξ∈P(V2×V3)(F )

|ξ|1− d2
2 −2r+ϵ.

The right hand side is the height zeta function of P(V2×V3)(F ). It converges
for r sufficiently large [7, Section 3]. This completes the proof of the first
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claim of the proposition, and we deduce that
∑
ξ∈Y1(F ) I1(f ⊗ Φ)(ξ, s) is

holomorphic for Re(s) ≫ 1.
To obtain the meromorphic continuation, we break down the integral∑
ξ∈Y1(F ) I1(f ⊗ Φ)(ξ, s) into two sums of the form

(10.5)
∫
Gγ1 (AF )\G(AF )

f1(γ1g)

×
∫

[SL2]

∑
ξ∈V (F )

Q1(ξ1)=0

ρ

((
I2, h,

(
1

−1

)
h

(
1

−1

))
g

)
f2(ξ)

×
∫ ∑

δ∈B2(F )\SL2(F )

Φ(x(0, 1)δhp1(g))|x|2s d×xdhdg

where the unspecified integral is over |x| ⩾ 1 or |x| ⩽ 1. The contribution
of |x| ⩾ 1 converges for Re(s) large and hence converges for all s. Using
the Poisson summation formula on F 2, the contribution of |x| ⩽ 1 equals∫

Gγ1 (AF )\G(AF )
f1(γ1g)

×
∫

[SL2]

∑
ξ∈V (F )

Q1(ξ1)=0

ρ

((
I2, h,

(
1

−1

)
h

(
1

−1

))
g

)
f2(ξ)

×
∫

|x|⩽1

 ∑
δ∈B2(F )\SL2(F )

Φ̂(x−1(1, 0)δ−th−tp1(g)−t)|x|2s−2 d×x

+ Φ̂(0)|x|2s−2 − Φ(0)|x|2sd×x

dhdg.

An argument similar to the argument proving the holomorphy of the |x| > 1
contribution implies that the contribution of the sum over δ defines an
entire function of s. For Re(s) ≫ 1, the remaining contribution is

Vol(F×\(A×
F )1)

2

(
Φ̂(0)
s− 1 − Φ(0)

s

)

×
∫
Gγ1 (AF )\G(AF )

f1(γ1g)
∫

[Gγ1 ]

∑
ξ∈V (F )

ρ(hg)f2(ξ) dhdg.

Assuming that (10.4) is convergent, this term admits a meromorphic con-
tinuation to the s plane, holomorphic except at s ∈ {0, 1} with poles and
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residues as specified. To obtain the convergence of (10.4) one begins with

∫
Gγ1 (AF )\G(AF )

|f1(γ1g)|
∫

[Gγ1 ]

∣∣∣∣∣∣
∑

ξ∈V (F )

ρ (hg) f2(ξ)

∣∣∣∣∣∣
×
∫ ∑

δ∈B2(F )\SL2(F )

Φ(x(0, 1)δhp1(g))|x|2s d×xdhdg

instead of (10.5), argues as before, and then observes that one obtains an
equality between (10.4) times Vol(F×\(A×

F
)1)

2

(
Φ̂(0)
s−1 − Φ(0)

s

)
and a sum that

converges for Re(s) large. The absolute convergence statement follows. □

11. The L2-theory

We now discuss the L2-theory. Let F be a local field of characteristic zero.
We assume throughout this section that Y sm(F ) ⊂ Y (F ) is nonempty, and
hence is dense in the Hausdorff topology.

We first improve the bound in [14, Propositions 7.1 and 8.2]:

Proposition 11.1. — Assume 1
2 > β ⩾ 0 and v ∈ V ◦(F ). Let

f = f1 ⊗ f2 ∈ S(X(F )) ⊗ S(V (F )).

If F is non-Archimedean then∫
Gγb

(F )\G(F )
|f1(γbg)ρ(g)f2(v)| dg ≪f1,f2

3∏
i=1

|vi|β/3−di/2+2/3.

The integral as a function of v has support in ω−NV (O) for some N ∈ Z.
If F is Archimedean then, given N > 0, there is a continuous seminorm
νβ,N on S(X(F ) × V (F )) such that∫

Gγb
(F )\G(F )

|f1(γbg)ρ(g)f2(v)| dg

⩽ νβ,N (f1 ⊗ f2)
3∏
i=1

max(|vi|, 1)−N |vi|β/3−di/2+2/3.

The function I(f) satisfies the same bound and support constraint.

Proof. — Assume for the moment that F is non-Archimedean. The
bound on the support of the integral is part of [14, Proposition 7.1], so
we only require the bound on the magnitude. By Lemma 3.5 and Iwasawa
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decomposition, the integral is bounded by a constant depending on β and
f1 times

(11.1)
∫
m(t,a)⩽c

m(t, a)−2+β f̃2(a−1v)
( 3∏
i=1

|ai|2−di/2

)
d×a dt

for some constant c > 0, where f̃2 and m(t, a) are defined as in (7.5)
and (5.9) respectively. Observe that

m(t, a) = |a1a2a3| max
(
|t|, |a1|−2, |a2|−2, |a3|−2) .

Thus (11.1) is equal to

(11.2)
∫
m(t,a)⩽c

max
(
|t|, |a1|−2, |a2|−2, |a3|−2)β−2

× f̃2(a−1v)
( 3∏
i=1

|ai|β−di/2

)
d×adt.

Since

(11.3)

∫
F

max(|t|, |a1|−2, |a2|−2, |a3|−2)−2+β dt≪β min(|a1|, |a2|, |a3|)2−2β

⩽ |a1a2a3|2/3−2β/3,

the integral (11.2) is bounded by a constant times∫
(F×)3

f̃2(a−1v)
( 3∏
i=1

|ai|β/3−di/2+2/3

)
d×a.

Taking a change of variables ai 7→ aiϖ
ord(vi), the above is bounded by a

constant times
3∏
i=1

|vi|β/3−di/2+2/3
∫
q−N⩽|ai|

( 3∏
i=1

|ai|β/3−di/2+2/3

)
d×a

for some N depending on f2. The integral converges as di ⩾ 2 for all i.
Now assume F is Archimedean. By Lemma 3.5 and the argument above,

for any N ′ ∈ R there is a continuous seminorm νβ,N ′ on S(X(F )) such that
the integral is bounded by νβ,N ′(f1) times

(11.4)
∫

(F×)3×F
max

(
|t|, |a1|−2, |a2|−2, |a3|−2)β−2 max(m(t, a), 1)−N ′

× f̃2(a−1v)
( 3∏
i=1

|ai|β−di/2

)
dtd×a.
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Choose N ′ so that N ′ > 3N , and observe

m(t, a)3 ⩾ max(|a1|, 1) max(|a2|, 1) max(|a3|, 1).

Then for any M > 0, there is a continuous seminorm ν′
M on S(V (F )) such

that (11.4) is bounded by ν′
M (f2) times∫

(F×)3×F
max

(
|t|, |a1|−2, |a2|−2, |a3|−2)β−2

×

( 3∏
i=1

max(|ai|, 1)−N max(|a−1
i vi|, 1)−M |ai|β−di/2

)
dtd×a.

The proposition then follows from (11.3) (which is still valid for F

Archimedean) and Lemma 9.1. □

Let ΩV be a top degree form on V (F ) such that |ΩV | is the Haar measure.
We endow Y sm(F ) with the unique positive measure dy = |ΩY | such that
d(Q1 − Q2) ∧ d(Q2 − Q3) ∧ ΩY is ΩV on V (F ). Since Y sm(F ) ⊂ Y (F ) is
dense, we can consider the Lp space

Lp(Y (F )) := Lp(Y (F ),dy) := Lp(Y sm(F ),dy).

We observe that for r ∈ F×, one has

rd1+d2+d3ΩV = ΩV (rv)
= d(Q1 − Q2)(rv) ∧ d(Q2 − Q3)(rv) ∧ ΩY (rv)

= r4d(Q1 − Q2) ∧ d(Q2 − Q3) ∧ ΩY (rv).

Thus

(11.5) d(ry) = |r|d1+d2+d3−4 dy.

Proposition 11.2. — Let 0 < p ⩽ 2. One has S(Y (F )) < Lp(Y (F ))
and the inclusion is continuous if F is Archimedean.

Proof. — Let f ∈ S(Y (F )). Since S(Y (F )) < C∞(Y sm(F )) by Proposi-
tions 7.1 and 9.3, we have∫

Y sm(F )
|f(y)|p dy =

∫
Y ani(F )

|f(y)|p dy.

We will therefore bound the integral on the right.
Fix 1

2 > β > 0. Assume first that F is non-Archimedean. By Proposi-
tion 11.1, for some c ∈ Z one has∫

Y ani(F )
|f(y)|p dy ≪f

∫
Y ani(F )∩ϖ−cV (O)

( 3∏
i=1

|yi|p(β/3−di/2+2/3)

)
dy.
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Let α := pβ + 2p − 4 +
∑3
i=1(1 − p

2 )di ⩾ 2β > 0. Using the homogeneity
property (11.5), the integral above is bounded by a constant depending on
c times

ζ(α)
∫

{y∈Y ani(F ):1⩽|y|<2}

( 3∏
i=1

|yi|p(β/3−di/2+2/3)

)
dy.

Here we could just write |y| = 1, but we have written 1 ⩽ |y| < 2 so that
we can use the same formula in both Archimedean and non-Archimedean
cases.

Now assume that F is Archimedean. Fix N > α. Then by Proposi-
tion 11.1 there is a continuous seminorm vβ on S(Y (F )) such that∫
Y ani(F )

|f(y)|p dy

⩽ νβ(f)p
∞∑
j=1

∫
{y∈Y ani(F ):2−j⩽|y|<21−j}

( 3∏
i=1

|yi|p(β/3−di/2+2/3)

)
dy

+ νβ(f)p
∞∑
j=0

∫
{y∈Y ani(F ):2j⩽|y|<2j+1}

|y|−N
( 3∏
i=1

|yi|p(β/3−di/2+2/3)

)
dy.

Using the homogeneity property (11.5) again, we see that this is

νβ(f)p
 ∞∑
j=1

2−αj +
∞∑
j=0

2(α−N)j


×
∫

{y∈Y ani(F ):1⩽|y|<2}

( 3∏
i=1

|yi|p(β/3−di/2+2/3)

)
dy.

Thus for any F , we are reduced to showing that∫
{y∈Y ani(F ):1⩽|y|<2}

( 3∏
i=1

|yi|p(β/3−di/2+2/3)

)
dy

is finite. By symmetry, it suffices to show that the integral

(11.6)
∫

{y∈Y ani(F ):max(|y1|,|y2|)⩽|y3|,1⩽|y3|<2}

( 3∏
i=1

|yi|p(β/3−di/2+2/3)

)
dy

is finite. After a change of variables, we can assume that Qi(vi) = vtciv

where

ci =

ci1 . . .
cidi


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is diagonal. Write vi = (vi1, . . . , vidi
). For any 1 ⩽ j ⩽ d1, 1 ⩽ k ⩽ d2, we

have∣∣∣∣det
(
∂v1j

(Q1 − Q2) ∂v2k
(Q1 − Q2)

∂v1j
(Q2 − Q3) ∂v2k

(Q2 − Q3)

)∣∣∣∣ =
∣∣∣∣det

(
2c1jv1j −2c2kv2k

2c2kv2k

)∣∣∣∣
= |4c1jc2k||v1j ||v2k|.

Then for any j and k as above we have( 3∏
i=1

|yi|p(β/3−di/2+2/3)

)
dy =

(∏3
i=1 |yi|p(β/3−di/2+2/3)

)
|4c1jc2k||y1jy2k|

dy1 dy2 dy3

dy1j dy2k

outside a set of measure zero with respect to dy. Here dyi

dyi1
:= dyi2 . . . dyid1 ,

etc. and the values of |y1j | and |y2k| are given implicitly in terms of the other
entries of y. We can assume that j and k are chosen so that |y1j | = |y1| and
|y2k| = |y2|. Therefore, setting t1 = |y1| and t2 = |y2|, we see that (11.6) is
bounded by a constant times∫ 2

0

∫ 2

0

∫
(x1,x2)∈Fd1−1×Fd2−1

|x1|⩽t1,|x2|⩽t2

t
p( β+2

3 − d1
2 )−1

1 t
p( β+2

3 − d2
2 )−1

2 dx1 dx2

 dt1 dt2,

which is finite. □

Suppose F is non-Archimedean. Let K ⩽ Sp6(O) be a compact open
subgroup and let L2(X◦(F ))K denote the space of functions on X◦(F )
that are right K-invariant and square-integrable.

Lemma 11.3. — For f ∈ L2(X◦(F ))K we have

|f(x)| ⩽
∥f∥2

|x|2meas(K)1/2

for any x ∈ X◦(F ).

Proof. — For f ∈ L2(X◦(F ))K we have

∥f∥2
2 =

∑
γ∈X◦(F )/K

|f(γ)|2meas(K)
δP (γ) =

∑
γ∈X◦(F )/K

|f(γ)|2meas(K)|γ|4. □

Proposition 11.4. — For F non-Archimedean and f2 ∈ S(V (F )), the
map I( · ⊗ f2) extends to a continuous map

I( · ⊗ f2) : L2(X◦(F ))K −→ L2
loc(Y ani(F )).
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Proof. — Assume y ∈ Y ani(F ). By Lemma 11.3, for any f1 ∈ S(X(F ))
the integral I(f1 ⊗ f2)(y) is bounded by meas(K)−1/2 times

∥f1∥2

∫
Gγb

(F )\G(F )
|γbg|−2|ρ(g)f2|(y) dg.

The proposition thus follows from the argument proving Proposition 11.1
in the special case β = 0. □

12. The Fourier transform

Let F be a number field.
Theorem 12.1. — Let v be a place of F and assume that Y sm(Fv)

is nonempty. There is a unique C-linear isomorphism FY : S(Y (Fv)) →
S(Y (Fv)) such that FY ◦ I = I ◦ FX . It is continuous if v is Archimedean.
In particular there is a commutative diagram

S(X(Fv) × V (Fv)) S(X(Fv) × V (Fv))

S(Y (Fv)) S(Y (Fv)).

I

FX

I

FY

We should pause to explain why this theorem is not obvious. Let

C := S(X(Fv) × V (Fv))SL3
2(Fv)

denote the space of coinvariants. It is clear that the map I factors through
C and yields a surjection C → S(Y (Fv)). Since FX is equivariant under
the action of SL3

2(Fv) < Sp6(Fv), it is clear that FX descends to define an
automorphism of C. However, it is not clear that the map C → S(Y (Fv)) is
injective. For instance, there are several orbits of SL3

2(Fv) on X(Fv), but the
map I depends only on the restriction of a function in S(X(Fv)×V (Fv)) to
one of these orbits. Moreover, S(X(Fv))/S(X◦(Fv)) is infinite-dimensional
as a representation of Sp6(Fv) and not even of finite length in the
Archimedean case. The situation is even more complicated when we restrict
to SL3

2(Fv). Finally, based on the example of [12] and its appendix, we ex-
pect that there are more complicated subquotients of C that are the local
analogues of the hypothetical global boundary terms that we have excluded
from our treatment using our assumption (1.3) (see the paragraph contain-
ing (1.5)). The injectivity of the map C → S(Y (Fv)) is more or less equiva-
lent to the assertion that all of these complicated subquotients can be recov-
ered from S(Y (Fv)). Fortunately, with the global-to-local proof we give be-
low, we can completely avoid the issue of describing the subquotients of C.
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Using Theorem 12.1, many prior results can be stated more transpar-
ently. For example, by [14, Lemma 4.3] we have

Corollary 12.2. — For any place v of F , f ∈ S(Y (Fv)), and h ∈
H(Fv) one has that

FY (L(h)f) = |λ(h)|
∑3

i=1
di/2−2L

(
h

λ(h)

)
FY (f).

Unlike in other sections in this paper, we have not abbreviated Fv by
F . We really require both F and Fv in this section because we will use a
global-to-local argument to prove Theorem 12.1. The global-to-local ar-
gument is fairly simple, and we invite the reader to skip to the proof of
Theorem 12.1 to see the basic idea.

There is a somewhat hidden assumption on the base change YFv of Y to
Fv in the statement of Theorem 12.1. Namely, we are assuming that YFv

is
the base change to Fv of the scheme cut out of a triple of quadratic spaces
over the number field F by the simultaneous values of three quadratic
forms. This is no loss of generality since every characteristic zero local
field is a localization of a number field [25, Section 25, Theorem 2], and
every quadratic form over a local field is equivalent to the localization of
a quadratic form over the corresponding number field. Indeed, the latter
assertion follows from the fact that every quadratic form over Fv may be
diagonalized [22, Section I.2] together with the fact that the natural map
F× → F×

v /(F×
v )2 is surjective since F× is dense in F×

v .

We claim, moreover, that upon replacing F by another number field if
necessary, we can assume that Y sm(F ) ̸= ∅. By a change of basis, we may
assume Qi is associated to the diagonal matrix diag(ci1, . . . , cidi

). In the
Archimedean case, we can assume cij ∈ {±1}. If Fv = C, take F = Q(i) and
if Fv = R, take F = Q; in either case one checks that Y sm(F ) ̸= ∅. Now
suppose Fv is non-Archimedean. Let p be the prime ideal corresponding
to v. We may assume cij ∈ Ov, the ring of integers of Fv, for all i, j.
As Y sm(Fv) is nonempty, Y sm(Fv) ∩ V (Ov) is nonempty. Note that A :=
F sep ∩ Ov is the henselization of an excellent discrete valuation ring Op

whose completion is Ov (see e.g., [30, tag 07QS], [24, Example 8.3.34]). Thus
A has the approximation property by [2, Theorem 1.10]. In particular, there
exists (y1, y2, y3) ∈ Y sm(Fv) such that each coordinate of yi is algebraic over
F . Let E be the field extension of F obtained by adjoining the coordinates
of the yi. Then Ew = Fv for some w|v and Y sm(E) ̸= ∅. This justifies our
claim.

Thus in proving Theorem 12.1, we can and do assume Y sm(F ) ̸= ∅.
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Theorem 12.3. — If Y sm(Fv) ̸= ∅ for all v, then Y sm(F ) is nonempty
and has dense image in Y sm(Fv) for all v.

Proof. — Since we have assumed dimVi ⩾ 2 and Qi is nondegenerate
for each i, this is a direct consequence of [8, Corollaire in Section 4]. □

For a place v of F , consider the linear map

T : S(Vi(Fv)) −→ C∞(Fv)
f 7−→ T (f)(α) :=

∫
Vi(Fv)

f(v)ψ(αQi(v)) dv.

Let

(12.1) Siv = {f ∈ S(Vi(Fv)) |T (f) = 0 and f(0) = 0}.

Note that (12.1) coincides with (1.1) by the definition of the Weil represen-
tation. We set S0v = S1v ⊗ S2v ⊗ S3v. Clearly, supp (ρ(g)f) < V ◦(Fv) for
all f ∈ S0v and g ∈ SL3

2(Fv). The following lemma implies, in particular,
S0v is nontrivial when v is a finite place above an odd prime.

Lemma 12.4. — If v is a finite place lying above an odd prime then the
kernel of T is infinite dimensional.

Proof. — By diagonalizing the quadratic form Qi [22, Corollary 2.4], we
see it suffices to show the kernel of the linear map

T ′ : S(Fv) −→ C∞(Fv)

f 7−→ T ′(f)(α) :=
∫
Fv

f(x)ψv(αx2) dx

is infinite dimensional. Observe that if a nonzero f lies in the kernel of T ′,
then so does the infinite dimensional vector space spanned by

{x 7→ f(xϖn
v ) : n ∈ Z}.

Therefore, it suffices to show T ′ has nontrivial kernel. For a ∈ O×
v , let

Ua := a+ϖvOv. Since 2 does not divide the residual characteristic of Fv,
the map x 7→ x2 induces a bijection Ua → Ua2 . Therefore,

T ′(1Ua)(α) = dx(Ov)
qv

ψv(a2α)1ϖN−1
v Ov

(α),

where N is the smallest integer such that ψv is trivial on ϖN
v Ov. In par-

ticular, T ′(1U1) = T ′(1U−1). Since U1 and U−1 are disjoint, the function
1U1 − 1U−1 is nonzero and lies in the kernel of T ′. □

Recall Y ani ⊂ Y defined in (4.3).
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Lemma 12.5. — Let v be a place where Qiv splits for all 1 ⩽ i ⩽ 3.
Suppose there exists y0 ∈ Y ani(Fv) such that I(FX(f1) ⊗ f2)(y0) = 0 for
all f1 ⊗ f2 ∈ C∞

c (γbG(Fv)) ⊗ S0v. Then

I(FX(f1) ⊗ f2) = 0

for any f1 ⊗ f2 ∈ C∞
c (γbG(Fv)) ⊗ S0v.

Proof. — Given y ∈ Y ani(Fv), choose h ∈ H(Fv) such that λ(h)h−1y0 =
y. Then for f1 ⊗ f2 ∈ C∞

c (γbG(Fv)) ⊗ S0v,

I(FX(f1) ⊗ f2)(y) = L

(
h

λ(h)

)
I(FX(f1) ⊗ f2)(y0)

= |λ(h)|−
∑2

i=1
di/2I(FX(f))(y0)

for some f ∈ C∞
c (γbG(Fv)) ⊗ S0v by [14, Lemma 4.3]. Thus our hypothesis

implies I(FX(f1) ⊗ f2)(y) = 0. Since I(FX(f1) ⊗ f2) is continuous on
Y sm(Fv) by Propositions 7.1 and 9.3, and Y ani(Fv) ⊂ Y sm(Fv) is dense
by [28, Remark 3.5.76], we deduce the lemma. □

Lemma 12.6. — Let v be a finite place where Qiv splits for 1 ⩽ i ⩽ 3
and S0v is nontrivial. For a given y ∈ Y ani(Fv), there exists f1 ⊗ f2 ∈
C∞
c (γbG(Fv)) ⊗ S0v such that I(FX(f1) ⊗ f2)(y) ̸= 0.

Proof. — Choose f ′
1 ⊗ f2 ∈ S(X(Fv)) ⊗ S0v such that I(f ′

1 ⊗ f2) ̸=
0. For example, we could take f ′

1 to be the characteristic function of a
sufficiently small neighborhood of γb in γbG(Fv). Choose a compact open
subgroup K ⩽ Sp6(Ov) such that f ′

1 is fixed by K. Finally, choose f1n ∈
C∞
c (γbG(Fv))K indexed by n ∈ Z>0 such that

lim
n→∞

f1n = F−1
X (f ′

1)

in L2(X◦(Fv))K . Then since FX is an isometry of L2(X◦(Fv))K , we have
FX(f1n) → f ′

1 in L2(X◦(Fv))K . Since

I(· ⊗ f2) : L2(X◦(Fv))K −→ L2
loc(Y ani(Fv))

is well-defined and continuous by Proposition 11.4, we deduce that

I(FX(f1n) ⊗ f2) −→ I(f ′
1 ⊗ f2)

in L2
loc(Y ani(Fv)) and hence I(FX(f1n) ⊗ f2) ̸= 0 for n large enough. The

statement thus follows from Lemma 12.5. □

Proof of Theorem 12.1. — We first prove that if I(fv) = 0 then
I(FX(fv)) = 0. Choose finite places v1 and 2 ∤ v2 distinct from v such
that Qiv2 splits for 1 ⩽ i ⩽ 3. Suppose that fv1 ∈ S(X(Fv1) × V (Fv1))
is chosen so that FX(fv1) ∈ C∞

c (γbG(Fv1) × V (Fv1)) and I(FX(fv1)) ∈
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C∞
c (Y sm(Fv1)) and that fv2 ∈ C∞

c (γbG(Fv2)) ⊗ S0v2 . Moreover, choose
fv1v2v ∈ S(X(Av1v2v

F )×V (Av1v2v
F )). Then applying Theorem 1.4, we obtain

0 =
∑

y∈Y sm(F )

I(FX(fvfv1fv2f
vv1v2))(y).

In particular, since FX(fv1) ∈ C∞
c (γbG(Fv1) × V (Fv1)) and fv2 ∈

C∞
c (γbG(Fv2)) ⊗ S0v2 , all of the boundary terms in the formula vanish.
We observe that Y (F ) is discrete in Y (AF ). Let y0 ∈ Y ani(F ). We claim

that we can choose fv1fv2f
vv1v2 so that the right hand side is equal to

I(FX(fv1fv2f
v1v2))(y0) where I(FX(fv1fv2f

vv1v2))(y0) ̸= 0. Indeed, by
Lemma 5.3, we can choose fv1 so that I(FX(fv1)) is any function in
C∞
c (Y sm(Fv1)). Combining this with Lemma 5.3, the computation of the

basic function in Proposition 8.1, and Lemma 12.6, we deduce the claim.
The claim implies that I(FX(fv))(y) = 0 for all y ∈ Y ani(F ). Since

Y ani(F ) is dense in Y sm(Fv) by [28, Remark 3.5.76] and Theorem 12.3, we
can use the continuity of I(FX(fv)) (Propositions 7.1 and 9.3) to deduce
that I(FX(fv)) = 0.

We have shown that FX(ker I) ⩽ ker I. On the other hand FX ◦ FX =
Id by Proposition 3.9, so ker I = FX ◦ FX(ker I) ⩽ FX(ker I), hence
FX(ker I) = ker I. This implies the theorem. □

The Fourier transform FX,ψ and I := Iψ depend on a choice of additive
character ψ. The dependence of I on ψ is through its dependence on the
Weil representation ρ = ρψ. Thus FY also depends on ψ. We write FY,ψ
when we need to indicate this dependence. Thus FY,ψ is determined by the
relation

(12.2) FY,ψ ◦ Iψ = Iψ ◦ FX,ψ.

Corollary 12.7. — For f ∈ S(Y (Fv)), we have

F2
Y (f)(v) = f(v),(12.3)

FY,ψ(f) = FY,ψ(f),(12.4)
FY,ψ = FY,ψ.(12.5)

Proof. — The first equation (12.3) is immediate from Proposition 3.9.
As for (12.4), by the explicit formula for FX,ψ given in [13, Corollary 6.11],
for any f1 ∈ S(X(Fv)) one has

(12.6) FX,ψ(f1) = FX,ψ(f1).

Moreover, we claim that for f2 ∈ S(V (Fv)) one has

(12.7) ρψ(g)f2 = ρψ(g)f2
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for all g ∈ SL3
2(Fv). By the second corollary to [32, Théorème 2], the Weil

index γ(Qi, ψ) satisfies the relation γ(Qi, ψ) = γ(Qi, ψ). Using this fact,
one checks (12.7) by checking it on the same set of generators for SL3

2(Fv)
traditionally used to define the Weil representation (see [14, Section 3.1],
for example). Thus (12.7) is valid. Hence for f1 ⊗ f2 ∈ S(X(Fv) × V (Fv))
one has

Iψ(FX,ψ(f1) ⊗ f2) = Iψ(FX,ψ(f1) ⊗ f2) = Iψ(FX,ψ(f1) ⊗ f2).

This implies (12.4). The space S(Y (Fv)) is independent of the character ψ
by Lemma 5.2. Thus to show (12.5), by (12.3) it suffices to show FY,ψ ◦
FY,ψ(f) = f for functions f of the form Iψ(f1 ⊗ f2). We compute

FY,ψ ◦ FY,ψ(Iψ(f1 ⊗ f2))
= FY,ψ(Iψ(FX,ψ(f1) ⊗ f2))

= γ(Q, ψ)
γ(Q, ψ)FY,ψ ◦ L(−1)Iψ(L(m(−1))R

(
−I3

I3

)
FX,ψ(f1) ⊗ f2)

by Lemma 5.2. This equals

γ(Q, ψ)
γ(Q, ψ)FY,ψ ◦ Iψ

(
L(m(−1))R

(
−I3

I3

)
FX,ψ(f1) ⊗ L(−1)f2

)
= γ(Q, ψ)
γ(Q, ψ)Iψ ◦ FX,ψ

(
L(m(−1))R

(
−I3

I3

)
FX,ψ(f1) ⊗ L(−1)f2

)
= γ(Q, ψ)
γ(Q, ψ)Iψ

(
R

(
I3

−I3

)
FX,ψ(L(m(−1))FX,ψ(f1) ⊗ L(−1)f2

)
by Lemma 3.3. By Proposition 3.9 and (12.6), this is

γ(Q, ψ)
γ(Q, ψ)Iψ

(
R

(
I3

−I3

)
FX,ψ ◦ FX,ψ(f1) ⊗ L(−1)f2

)
= γ(Q, ψ)
γ(Q, ψ)Iψ

(
R

(
I3

−I3

)
f1 ⊗ L(−1)f2

)
(Proposition 3.9)

= Iψ(L(m(−1))R(−I6)f1 ⊗ f2) (Lemma 5.2)
= Iψ(f1 ⊗ f2).

Here the last equality follows from the fact that m(−1)[P, P ](Fv) =
(−I6)[P, P ](Fv). □

We now explain how to deduce Theorem 1.2 from Theorem 1.4 and
Theorem 12.1.
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Proof of Theorem 1.2. — Given such f , we can choose f1vi
∈

C∞
c (γbG(Fvi

)) for i = 1, 2 such that I(f1v1 ⊗fv1) = fv1 and I(f1v2 ⊗f2v2) =
FY (fv2) where f2v2 |Y sm(Fv2 ) = FY (fv2). Indeed, we can take f1vi

to be a
scalar multiple of the characteristic function of a sufficiently small neigh-
borhood of γb in γbG(Fvi).

Moreover, choose f ′v1v2 ∈ S(X(Av1v2
F ) ×V (Av1v2

F )) such that I(f ′v1v2) =
fv1v2 . To deduce the theorem, we now apply Theorem 1.4 to f ′ = (f1v1 ⊗
fv1)(F−1

X (f1v2) ⊗ fv2)f ′v1v2 . Assumption (1.2) is clearly valid, and (1.3) is
valid by our hypotheses on fv1 and FY (fv2). By construction, the boundary
terms vanish and the theorem is proved. □

List of symbols

bX basic function on X (3.19)
bY basic function on Y (8.2)
fχs local Mellin transform (3.7)
|f |A,B,p seminorm (3.9)
|f |A,B,w,pw,Ω,D seminorm (3.10)
FX Fourier transform on S(X(F )) Section 3.1
FY Fourier transform on S(Y (F )) Section 12
G SL3

2 (4.11)
g Lie algebra of Mab × Sp2n Section 3.1
γi representatives of X◦(F )/G(F ) (4.12)
Gγi

stabilizer of γi in G Section 4
|g| the norm of g under the Plücker embedding (3.12)
H subgroup of a similitude group on V (4.4)
I integral operator attached to the representa-

tive γb
(5.1)

I0 integral operator attached to the representa-
tive Id = I6

(5.1)

Ii integral operator attached to the representa-
tive γi

(5.4)

L(m)R(g) action of Mab(F ) × GSp6(F ) on S(X(F )) (3.11)
λ(h) similitude norm of h (4.5)
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m an isomorphism Mab(F ) → F× (3.17)
M Levi subgroup of P (3.1)
N unipotent radical of P (3.1)
N2 standard maximal unipotent subgroup

in SL2

Section 1.1

ω character of M (3.2)
1k characteristic function

of 1[P,P ](F )m(ϖk)Sp6(O)

(3.18)

P Siegel parabolic Section 3
Pl Plücker embedding (3.5)
(V,Q) Π3

i=1(Vi,Qi) Section 1
V ◦ Π3

i=1(Vi − {0}) (4.1)
(Vi,Qi) quadratic space of even dimension Section 1
X affine closure of X◦ (3.6)
X◦ Braverman–Kazhdan space (3.3)
Y {(y1, y2, y3) ∈ V : Q1(y1) = Q2(y2) =

Q3(y3)}
(4.2)

Y ani anisotropic vectors in Y Section 4
Y sm smooth locus of Y Section 4
Y0 Ỹ0/G2

m (4.10)
Yi Ỹ i/Gm (4.10)
Ỹ0 vanishing locus of Q1,Q2,Q3 in V ◦ (4.6)
Ỹi {(y1, y2, y3) ∈ V ◦ : Qi−1(yi−1) =

Qi+1(yi+1) and Qi(yi) = 0}
(4.8)
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