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L? ESTIMATES FOR WAVE EQUATIONS WITH
SPECIFIC C%! COEFFICIENTS

by Dorothee FREY & Pierre PORTAL (*)

ABSTRACT. — Peral-Miyachi’s celebrated theorem states that the operator (I —
A)~ % exp(iv/—A) is bounded on L?(R) if and only if
1 1
a>sp:=(d—1) f—f‘.
p 2

We extend this result to operators of the form £ = — ijl a;j1+q9ja;0;, such that,
for j =1,...,d, the functions a; and a;q only depend on z;, are bounded above
and below, but are merely Lipschitz continuous. This is below the C1:1 regularity
that is required in general situations. We construct spaces on which exp(i\/Z) is
bounded by lifting LP functions to tent spaces, using wave packets adapted to the
coefficients. The result then follows from Sobolev embedding properties of these
spaces.

RESUME. — Les célébres théorémes de Peral et Miyachi montrent que (I —
A)~ %2 exp(iv/—A) est borné sur LP(R?) si et seulement si

1 1
a>sp ::(d—l)‘f—f
p 2

Nous généralisons ce résultat a des opérateurs de la forme £ = — ijl a;1q0;a;0;
& coefficients a; et ajq ne dépendant que de x;, bornés et bornés inférieurement,
mais seulement lipschitziens. Ceci nous place donc en dessous de ’hypothése de
régularité C1'! nécessaire dans des situations plus générales. Pour ce faire, nous
construisons des espaces invariants par ’action de eXp(iﬁ) via une analyse des
fonctions LP par plongement dans les espaces de tentes et montrons des plonge-
ments de Sobolev pour ces espaces.
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2 Dorothee FREY & Pierre PORTAL

1. Introduction

In 1980, Peral [25] and Miyachi [23] proved that the operator (I —
A)~% exp(iv/—A) is bounded on LP(RY) if and only if a > s, = (d —
1) % — % . Their result was then extended to general Fourier integral op-
erators (FIOs) in a celebrated theorem of Seeger, Sogge, and Stein [28],
leading, in particular, to LP(R?) well-posedness results for wave equations
with smooth variable coefficients on R? or driven by the Laplace-Beltrami
operator on a compact manifold. To establish well-posedness of wave equa-
tions in more complex geometric settings, many results have been obtained
in the past 30 years, using extensions of Peral/Miyachi’s fixed time esti-
mates with loss of derivatives, Strichartz estimates, and/or local smooth-
ing properties. This includes Smith’s parametrix construction [30], Tataru’s
Strichartz estimates [35] for wave equations on R? with C! coefficients,
and Miiller—Seeger’s extension of Peral-Miyachi’s result to the sublaplacian
on Heisenberg type groups [24], as well as many other important results
for specific operators, such as Laplace—Beltrami operators on symmetric
spaces.

In this paper, we consider operators of the form £ = — Z?:l a;j+40;0;0;,
such that, for j = 1,...,d, the functions a; and a;j4 only depend on z;,
are bounded above and below, and are Lipschitz continuous. For these
operators, we extend Peral/Miyachi’s result as follows.

THEOREM 1.1. — Letp € (1,00) and s, = (d—1) %f%|. Foreacht € R,
the operator (I 4+ v/L)~*» exp(ity/L) is bounded on LP(R?). Moreover, if

s, < 2, the operator exp(it/L) is bounded from W*»P(R%) to LP(R).

When s, < 2, we show that well-posedness for data in W*»P(R%) still
holds even when L is perturbed by first order drift terms depending on all
the variables (see Section 10). While the algebraic structure of the coeffi-
cient matrix is a serious limitation, the roughness of the coefficients is a
satisfying and somewhat surprising feature of our result. Indeed, Strichartz
estimates for wave equations are known to fail, in general, for coefficients
rougher than C1!, see [31, 32].

Our proof is based on a new approach to Seeger—Sogge—Stein’s LP bound-
edness theorem for FIOs, initiated by Hassell, Rozendaal, and the second
author in [16], building on earlier work of Smith [29]. The approach con-
sists in developing a scale of Hardy spaces Hip,q, that are invariant under
the action of FIOs. One then shows that this scale relates to the Sobolev
scale through the embedding WEP H{o C W_STP”’, for p € (1,00).
This is similar, in spirit, to the theory of Hardy spaces associated with
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L? ESTIMATES FOR CERTAIN WAVE EQUATIONS 3

operators, which has been extensively developed over the past 15 years,
starting with [6, 13, 19] (see also the memoir [18]). In this theory, one
first constructs a scale of spaces H? by lifting functions from L? to one
of the tent spaces introduced by Coifman, Meyer, and Stein in [11], using
the functional calculus of the operator £ (rather than convolutions). One
then shows that the spaces are invariant under the action of the functional
calculus of L. Finally, one relates these spaces to more classical ones. For
instance HR (R?Y) = LP(R?) for all p € (1,00). More generally, when one
considers Hodge—Dirac operators Iz, HﬁB = LP precisely for those p for
which Hodge projections are L? bounded (a result proven by McIntosh and
the authors in [14]).

In the present paper, we go one step further in connecting both theories,
by developing a scale of Hardy—Sobolev spaces Hg’fo’a on which exp(i\/Z)
is bounded, and proving analogues of the embedding

WP (RY) C HES(RY) c WP (RY)

such as, for p € (1,2), Hg’lgp,a C LP and (I + VL)~ 7 € B(L”,Hg’l%ﬂ).
This gives our LP boundedness with loss of derivatives result, and more.
Indeed, one can apply the half wave group exp(i\/Z) repeatedly on ngiso,aa
and only lose derivatives when one compares Hgiso,a to classical Sobolev
spaces. This allows for iterative arguments in constructing parametrices (an
idea used recently in [17]). One can also perturb the half wave group using
abstract operator theory on the Banach space Hgiso,a (see Corollary 10.3).

The paper is structured as follows. In Section 3, we treat the problem
in dimension 1. In this simple situation, arguments based on bi-Lipschitz
changes of variables can be used.

In Section 4 we consider the transport group generated, on L?(R%; C2), by

i£.D ::zdjf( ’ _mﬁdaj)
= J iajaj 0 ’

for ¢ € R?. The dimension 1 results from Section 3 allow us to prove that
the commuting one dimensional wave groups (exp(it\/(e;.Dq)?)) tcr are
bounded in L? for all p € [1,00) and j = 1,...,d. The Phillips functional
calculus associated with the corresponding commutative d-parameter group
can then replace convolutions/Fourier multipliers in the context of our
Lipschitz metric, and includes functions of

L,y O
L:=D,.D, = :
< 0 L2>

TOME 0 (0), FASCICULE 0



4 Dorothee FREY & Pierre PORTAL

where Ly = — Z;l:l aj4+40;50;0; and Ly = — Z?:l a;0ja;4q0;. Using this
calculus, we use the approach of [4] to construct an adapted scale of Hardy—
Sobolev spaces in Section 5. For all integrability parameters p € (1, 00) and
regularity parameter s € [0, 2], these spaces coincide with classical Sobolev
spaces, thanks to the regularity properties of the heat kernel of L arising
from the Lipschitz continuity of its coefficients. To go from these spaces
to Hgiso,a’ one needs to directionally refine the Littlewood—Paley decom-
position, as in the proof of Seeger—Sogge—Stein’s theorem. This is done
in [16] using a wave packet transform defined by Fourier multipliers. In
Section 6 we construct a similar wave packet transform, replacing Fourier
multipliers by the Phillips calculus of the transport group. This allows us
to define HI?’I%@ in Section 7, and to prove its embedding properties in Sec-
tion 8. In Section 9, we prove that the half wave group (exp(itv/L)) rer 18
bounded on Hgig , for all 1 < p < oo and s € R. To do so, we first notice
that such bounds hold for the transport group. We then realise that, in
a given direction w, exp(iv/Dy.D,) is close to exp(i 2?21 wjv/(€j.Dq)?),
when acting on an appropriate wave packet, in the sense that operators
of the form (exp(iv/Dy.Dy) — exp(i 2?21 w;jv/(€;.Da)?))pw(Dy,) are LP
bounded. Finally, in Section 10, we show that exp(itv/L) remains bounded
if one appropriately perturbs L by first order terms. This is based on The-
orem 10.1, a result about multiplication operators on HgIO,a that is of
independent interest, even in the case where a; =1 forall j =1,...,2d.

Our approach relies heavily on algebraic properties: the wave group com-
mutes with the wave packet localisation operators, and can be expressed in
the Phillips functional calculus of a commutative group. Although our co-
efficients are merely Lipschitz continuous, these algebraic properties match
those of the standard Euclidean wave group. However, in dimension d > 1,
the problem does not reduce to its Euclidean counterpart through a change
of variables (see Remark 4.5).

In the same way as Peral-Miyachi’s result for the standard half wave
group is a starting point for the well-posedness theory of wave equations
with coefficients that are smooth enough perturbations of constant coef-
ficients, we expect the results proven here to provide a basis for the de-
velopment of a well-posedness theory of wave equations with coefficients
that are smooth enough perturbations of structured Lipschitz continuous
coefficients.

ANNALES DE L’INSTITUT FOURIER
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2. Preliminaries

We first recall the following Banach space valued Marcinkiewicz—Lizorkin
Fourier multiplier’s theorem (see [34, Theorem 4.5]). We work here in the
very special case where the target Banach space is LP(R%), and denote by
I (ray the identity map on this space.

THEOREM 2.1 (Fernandez/Strkalj-Weis). — Let p € (1,00). Let m €
C*(RN{0}) be such that, for all o € N§ with |o|e < 1 there exists a
constant C' = C(a)) > 0 such that

[¢C*aem(Q)| < C V¢ eRT\ {0}

Let T, denote the Fourier multiplier with symbol m. Then Ty, @ Ipp(ga)
extends to a bounded operator on L? (R%; LP(R?)).

This theorem will be combined with the following version of the Coifman—
Weiss transference principle (see [21, Theorem 10.7.5]). Note that the ex-
tension of this theorem from a one parameter group to a d parameter group
generated by a tuple of commuting operators is straightforward.

THEOREM 2.2 (Coifman—Weiss). — Let p € (1,00). Let iD1,...,iDy
generate bounded commuting groups (exp(itDj))tE]R on LP(R%), and con-
sider the d parameter group defined by exp(i€D) = H‘;—l:l exp(1&;D;) for
¢ € R%. Then, for all ¢p € S(RY), we have that

| [ s exptispyy ac

S ||T¢®ILP(R‘1) HB(Lp(Rd;Lp(Rd))) 11l e )
Lr(R?)

Y f € LP(RY).

TOME 0 (0), FASCICULE 0



6 Dorothee FREY & Pierre PORTAL

To define our Hardy—Sobolev spaces, we use the tent spaces introduced
by Coifman, Meyer, and Stein in [11], and used extensively in the theory of
Hardy spaces associated with operators (see e.g. the memoir [18] and the
references therein). These tent spaces TP2(R?) are defined as follows. For
F:R? x (0,00) — CV measurable and z € R%, set

arw=(["f (I7U)|F<y,o>|2dyff)1/2 & [0,od],

where | - | denotes the Euclidean norm on C¥.

DEFINITION 2.3. — Let p € [1,00). The tent space TP-2(R?) is defined
as the space of all F € L (R? x (0,00),dz92) such that AF € LP(R?),

loc
endowed with the norm

||F||TP,2(Rd) = HAF”LP(Rd)-

Recall that the tent space T!? admits an atomic decomposition (see [11])
in terms of atoms A supported in sets of the form B(cg,r) x [0,r], and

Td/ |A(y,0)|2dyda <L
0 Rd (o

Recall also that the classical Hardy space H'(R?) norm can be obtained as
||f||H1(Rd) = H(t,x) = '@[J(tQA)f(m)HTl,z(Rdy
where ¥ (t2A) denotes the Fourier multiplier with symbol
& 21€]% exp (—£7[¢]*).
This is the starting point of the theory of Hardy spaces associated with

operators (or equations): one replaces the Fourier multiplier by an appro-
priately adapted operator. To do so, one often uses the holomorphic func-

satisfying

tional calculus of a (bi)sectorial operator. The relevant theory is presented
n [21]. We use it here with the following notation.

DEFINITION 2.4. — Let 0 < 6 < 3. Define the open sector in the com-
plex plane by

Ser ={z€C\ {0} : |arg(2)| < 0},
as well as the bisector Sy = Sg, USy_, where S;_ = —S5g,. We denote by
H(Sy) the space of holomorphic functions on Sy, and set
H>(87) = {g € H(SF) : llgllz=(sy) < oo},

3C >0 [y(x)| < Olef(1+ |2127) }

Vo (59) = {¢ € H>(S5) Ve S
0

ANNALES DE L’INSTITUT FOURIER



L? ESTIMATES FOR CERTAIN WAVE EQUATIONS 7

for every o, 3 > 0. We say that ¢ € H*>(Sg) is non-degenerate if neither
of its restrictions to Sg L or Sg_ vanishes identically.

For bisectorial operators D such that ¢D generates a bounded group
on LP, we also use the Phillips calculus defined by

WD) = 5o [ D) ex(ieD) s ds.

for f € LP and ¢ € S(R). See [4, 22] for more information on how these
two functional calculi interact in the theory of Hardy spaces associated
with operators. The results in Section 5 are fundamentally inspired by
these papers.

3. The one dimensional case

In dimension 1, the type of wave equations we are studying in this paper
can be treated through a combination of simple changes of variables and
perturbation arguments. In this section, we present this method both for
pedagogical reasons, and because its results are used to set up our approach
to higher dimensional problems in the next sections.

Let a,b € C%Y(R) with %a,%b € L°°, and assume that there exist

0 < A < A such that A < a(z) < A and A < b(z) < A for all z € R. We
consider the wave equation 0?u = (ad,bd, )u.

PROPOSITION 3.1. — The operators
d d ./ d d
— an i —a—a—
ad:v adx dz
generate bounded Cy groups on LP(R) for all p € (1,00).

Proof. — Define ¢: = +— foz ﬁ dy, and note that it is a C! diffeomor-
phism from R onto R. The map x € C'(R?) defined by

X: (tx) — ¢ (t+ ¢(x)),
is then a solution to
Ox(t,z) = a(X(t,x)) VitxeR.

It is such that

X(t7w) 1
(3.1) t:/ dy VtzeR
x(0,z) @j (y)

TOME 0 (0), FASCICULE 0



8 Dorothee FREY & Pierre PORTAL

and thus:

d B a(X(x,t))
@X(m, t) - a(a:)
Therefore x — d% x(z,t) is bounded above and below, uniformly in ¢, and
X is a thus a bi-Lipschitz flow. We now define the associated transport
group by

Va,teR.

Tif(z) = f(x(t,x)) VtzeR
for f € C°(R). It extends to a bounded group on LP(R?) for all p € [1, o0],
with finite speed of propagation. Strong continuity HT(t)f — pr "4 0
for p < oo follows by dominated convergence for f continuous, and then
density for general f. To identify the generator, let f € WP, and note
that, for all z € R,
0
ot

0
= a (X(J?,t)) —o

= Vf(x)- dx(z,1)],_,
= a(z)0, f(x).

= T(t)f(x)

t=0

For f € C°(R), we have that

Ti(foo)(z) = f(t+o(x)) = (eXp (it(i)f) (p(x)) VtazeR.

For f € C*(R), s € R, and € > 0, we have that

exp(—(e—&—is)\/ dd (i) /ws )Tif dt

for ¢s: @ + exp(—(e + is)|z|). We thus have that

exp(~(e-+is)y o ) (Foow) = (xp(~(e-+is) 3 ) ) (o)

VxeR,
for all f € C°(R), s € R, and ¢ > 0. On L*(R), iy/—a=-a-l generates
a bounded group and — —a(fma 1; generates an analytic semigroup. We

thus have that

exp(is,/—a;ad)(f ®)(z) = (exp(isiﬂ)f) (p(x)) VazeR,

for all f € C°(R), and s € R. Since ¢ is a C! diffeomorphism from R

onto R, this gives that iq/—a%a% generates a bounded Cj group on
LP(R) for all p € [1, 00). O

ANNALES DE L’INSTITUT FOURIER



L? ESTIMATES FOR CERTAIN WAVE EQUATIONS 9

COROLLARY 3.2. — The operators z',/—dia2 ddw and z,/—adwb d gen-
erate bounded Cy groups on LP(R) for all p € [1,00).

Proof. — We have that
d o2 d d d d d d d d d
=a—a— — d —b—=—ab— —a'b—
P e P L il L P e
For all p€ [1,00) and all f € W'?(R), we have that ||a’bf’||,, < [ba’ || s f'Il,-
The result thus follows from perturbation theory and square root reduction

for cosine families, see [2, Proposition 3.16.3 and Corollary 3.14.13]. g

4. The transport groups

The method developed in this paper applies to wave equations of the
form 0?u = — E?Zl Djz-u. What we need from D is that iD; and z\/Dij2
generates a bounded C group on LP for each j, the operators D7, ..., D§
commute, and L = — Z?:l DJQ- is such that appropriate Riesz transform
bounds and Hardy space estimates hold. In this section, we consider the
simplest non-trivial example of such a Dirac operator. We then use this
example throughout the paper, but indicate when the results hold for more
general Dirac operators, with the same proofs.

For j € {1,...,2d}, let a; € C®'(R) with £a; € L>, and assume that
there exist 0 < A < A such that A < a; () < A for all x € R. We denote
by a; € C%1(R?) the map defined by a;: z — a;(z;).

DEFINITION 4.1. — For £ = (&1,...,&4) € RY, define
d _
0 —Qa; da‘
D, = N Jj+d%;g
ZSJ (ajaj 0 )

aj_,_d@ aja 0 )
GyDE = Z@( N

as an unbounded operator acting on L?(R%; C?), with domain W12 (R%; C?).

Note that W12(R%;C2) is an appropriate domain for f.\/Di?l thanks
to the boundedness of the relevant Riesz transforms proven in [7, Corol-
lary 5.19].

As in [22, Section 4, Case II], te;.D, generates a bounded Cj group on
L*(R%C?) for all j = 1,...,d, since e;.D, is self-adjoint with respect to
an equivalent inner product of the form (u,v) — (A~1u,v), where A is a
diagonal multiplication operator with C%! entries.

TOME 0 (0), FASCICULE 0



10 Dorothee FREY & Pierre PORTAL

Remark 4.2. — For E,F C R Borel sets and w € S%~1, we set

. = inf — )|
wd(E,F) xeg}yeF|(w7x ol

By [22, Remark 3.6], we have the following (strong) form of finite speed of
propagation: there exists x > 0 such that for all f € L?(R¢;C2), all Borel
sets E,F CR% all j=1,...,d, all £ € R% and all w € S?~! we have

lE exp(iﬁjej.Da)(lFf) = O,

whenever %‘(w,é“jej)’ < w.d(E, F). Consequently,

d
1g [ [ exp(i€je; Da)(1pf) =0,

=1

whenever n’(w,f)’ < w.d(E, F). Indeed, we have that

d d
lE H exp(zfjeJDa)(lpf) = 1E exp(i&el.Da)lEl H exp(ifjej.Da)(lpf),

j=1 =2

for By = {(y1,22,...,2a) € R?; (z1,...,34) € E and |y; — 21| < %|§1|}
Iterating this argument gives us that

d d
1E H exp(zfjeJDa)(lpf) = 1E H exp(ifjej.Da)lg(lpf)7
j=1 j=1
for £ = {(yl,...,yd) eRY; (z1,...,24) € E and ly; — ;| < %|§j| v
j= 1,...,d}. Assuming that there exists y € E N F when ﬁ‘(u,@‘ <
w.d(E, F), we obtain that, for all x € E,
’(w,m — y>| <k ,H%axd|(§,ej>wj’ < w.d(E,F),
j=1,...,

which is a contradiction.

PROPOSITION 4.3. — Let ¢ € R? and p € (1,00). The group
(exp(itﬁ.\/Dg))teR is bounded on LP(R%; C?).

Proof. — Let p € (1,00). Using linearity and freezing d — 1 of the vari-

_pd
ables, it suffices to show that the group generated by i(ai b0<‘“) is

dx

bounded on LP(R;C?) for a := a; and b := agy1. For f,g € CSO(R), and
t € R, let us consider

(o)) =oele i ))()

ANNALES DE L’INSTITUT FOURIER
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Opu(t, ) (=bLo(t, )
= z t R
<8tv(t7') ' a%“(m) v e
O2ul(t,-) —bLaduy(t,.)
r R.
<afvu,» b)) TETE

Using Corollary 3.2 and solving these wave equations using the relevant
cosine families (see [2, Corollary 3.14.12]), this gives

d d
ot 1+ |(bike )
Sl + gl

d d\7?,
(adbd) fp

with constants independent of t, using the boundedness of the Riesz trans-

We have that

and

S Hf”p + 119l ps
p

ww»uswm+\

forms <L (=bLa)"2 proven in [5, 8]. O

Remark 4.4. — Given the vector-valued nature of the Dirac operator D,,
all function spaces considered in the remaining of the paper will be implic-
itly C2? valued.

Remark 4.5. — The transport group generated by ¢D, is, even in dimen-
sion 1, substantially more complicated than the transport group generated
by a% considered in Section 3. Its LP? boundedness, for instance, does not
follow from the boundedness of the translation group through bi-Lipschitz
changes of variables. Indeed, for non-constant coefficients a € C%*(R), no
intertwining relation

0 _d 0 —4
U de | — de | 1
g &)= &)
can hold for U of the form U: (f,g) — (f o ¢,g01) where ¢,9: R — R
are bi-Lipschitz changes of variables.

5. Hardy spaces associated with the transport groups

DEFINITION 5.1. — Given ¥ € S(R?), we define ¥(\/D2) using the

a
Phillips functional calculus associated with the commutative group

(exp(i€-/D2)) ;g
3y . 1L U ; 2
VD) = o [ B exnli /DR e

TOME 0 (0), FASCICULE 0



12 Dorothee FREY & Pierre PORTAL

We restrict our attention to functions W that satisfy ¥ = U®, where

U (x) =271 Z U(6121,...,04%4).

(8;)§_,€{-1,1}¢
For such functions, we have that
\IIS(\/J?T
27T Ad 1/ eXp 25161\/7 ) + exp( iglelﬂ)) dé;
exp(i(§ — &1e1)v/D3) déa -+ dg
271- /Rd 1 / s (¢ % exp (i&1e1 D, )+exp(—i§161Da))d§1

exp(i(¢ — &re1)V/DZ) d&a - dg
(2711_ / H exp(i€je;.Dy) dE,

since e;.D, and ej./D? generate the same cosine family. We write U(D,,)
instead of U(y/D2) when ¥ = ¥*,

LEMMA 5.2. — There exists C > 0 such that, for all ¥ € S(R?) such
that ¥ = U*, all E,F C R% Borel sets and all w € S4 !, we have that

[1ev e, <Clefl [ RLGI:
{161 22| (w,6) |> 292y
v f e LARY),

where k and w.d(E,F) are defined as in Remark 4.2. Consequently, for
every ¥ € S(R?) and every M € N, there exists Cpr > 0 such that

1o (D) (1r ), < C (Hd(EF)) Irflls V€ LRY

for all Borel sets E,F C R% and all o > 0.

Proof. — Let f € L?>(R%) and ¢ € R%. By Remark 4.2, we have that

d
lp H exp(i§;e;. Do )(1r f) =0,

Jj=1

ANNALES DE L’INSTITUT FOURIER



LP ESTIMATES FOR CERTAIN WAVE EQUATIONS 13

whenever £|¢| < d(E, F) or r|(w,£)| < w.d(E, F). Therefore, using Phillips
functional calculus, we have that

|1e¥(Da)(1rf)||, < (271T)d/Rd}‘f’(f)|||1E szl eXP(iﬁjej-Da)(lFf)HQdf

<Clesle | B() de,
{\5\2@}“\(%@@%}' |
where C' = ﬁ sup{ ||]_[?:1 exp(ifjej.Da)||B(L2); ¢ € R%}. The last state-
ment then follows from a change of variables and ¥ € S(R?). O

We recall the following fact, which is a corollary of the results in [7],
using that the coefficients a; are Lipschitz continuous.

THEOREM 5.3 (Auscher, McIntosh, Tchamitchian). — Let p € (1, 00).
On LP(RY), the operator D?, with domain W?P(R?), generates an ana-
Iytic semigroup, and has a bounded H calculus of angle 0. Moreover,
{exp(—tL) ; t > 0} satisfies Gaussian estimates.

DEFINITION 5.4. — From now on, we denote by L := —D? the negative
generator of the semigroup in Theorem 5.3.

As a consequence of the Gaussian estimates for {exp(—tL) ; t > 0}, we
have the key fact that applying a family of bounded operators T, acting
on functions of the spatial variable x, and indexed by the scale variable o,
defines a bounded “multiplication” operation on 7?:2(R%), as long as the
family (7,),>0 has appropriate off-diagonal decay. We use the notation
T,F(o,-) for the functions in L2 (R?) defined, for a fixed o > 0, by ap-
plying the operator T, to x — F(o,x).

COROLLARY 5.5. — Let p € (1,00), 0 > 0, g € H>(Sg,), and let
U € C(R?) be supported away from 0 and such that ¥ = ¥*. Then there
exists a constant C > 0 independent of g such that, for all F € TP?(R%),

|(0,2) — ¥(6Da)g(L)F (o, )(m)HTp,Z(]Rd) < C’||9||Loo(sg+)||FHTP»2(Rd)~

Proof. — For M € N, set qu(2) == 2M(1 +2)7*M | z € 55,. Note that
then gy € ¥37(Sg, ). The statement for W(oD,) replaced by qas(v/oL)
for M large enough then follows from a combination of [20, Theorem 5.2]
and [20, Lemma 7.3], using Lemma 5.2 and Theorem 5.3 to check the
assumptions.

On the other hand, we have by assumption ¢ — ¥({)q;/ (I¢|?) € S(R?),
so that an application of [20, Theorem 5.2] together with Lemma 5.2 yields
the assertion. O
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LEMMA 5.6. — Let o € R, and non-degenerate ¥, U e C>(R?) be
supported away from 0 and such that U = U$, U = US. Let p € [1, 00).
Then

|(0,2) = 0T (0D,) f(2) ~||(o,2) = 0*T(0D,) f(x)

HTPv2(Rd) HTp,Q(Rd)7

for all f such that the above quantities are finite. Moreover, we have that

H(a, x) \I!(oDa)f(x)HTﬂ(Rd) ~ H(J, x) oL exp(—U2L)f(x)HTp12(Rd).

Proof. — Since
||(0, x) UO‘\IJ(GDa)f(x)HTp)Q(Rd)
& ~ d
~eors [ omveny@repa @ T
0 T lTr.2(R4)
y [20, Corollary 5.1], it suffices to show that, for all o, 7 > 0,
« ~ N
(E) U(oD,)¥(tD,) = mm(g Z) So.r
T T o

for some N > % and a family of operators S, , € B(L?) such that for every
M € N, there exists Cp; > 0 such that

d(E,F) \ M
1551 Dly < Cor (14 25T) esla ¥ £ € RS
rkmax(o, T)
for all Borel sets E,F C R? and all o > 0. This follows from Lemma 5.2

using that, for all ¢ € R\ {0},

(2) wo0ire) = (2)" " Tooiere) = (£)" woe)Tire.

for U: & s ‘1’<§> and U: & — PW(E) with B € N9, |8y = N/, for N/ >
||+ N. For the second statement, we first show the comparison of ¥(oD,)
with (02L)™ exp(—o?L) for some M € N, M > ¢ in the exact same way
as above. For the comparison of (62L)™ exp(—c?L) with 0L exp(—0o2L),
we use [14, Proposition 10.1] instead of [20, Corollary 5.1], together with
the Gaussian estimates for exp(—tL) as stated in Theorem 5.3. g

THEOREM 5.7. — Let s € R, let p € (1,00). For all non-degenerate
U € O (RY) supported away from 0 such that ¥ = ¥*, and all M € N, we
have that

(51) [|(0.2) = 1o,y (@)0 U(0Da) F () + Lit.o0) () (D) £ () | g2 g
~ |1+ VL),
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for all f € D((I ++/'L)*). Moreover, for s € [0,2], we have that

(5'2) H(Uv .23) = 1[0,1)(0)0_5\11(0Da)f('r) + 1[1,00)(0.)q/(0-Da)f('r)HTp,Q(Rd)
~ || fllwsr

for all f € W*P(R?).

Proof. — We use the Hardy space HY associated with L, as defined
in [12]. For all f € LP? N L?, we have, by Lemma 5.6,

H((L .’E) = ‘I’(UDa)f<x)HTp,2(Rd) ~ ”fHHi

It is a folklore fact that H? = LP for p € (1, 00), thanks to the heat kernel
bounds of (e!X);>¢. This result appeared in draft form in an unpublished
manuscript of Auscher, Duong, Mclntosh, and inspired the proofs of many
similar results. For our particular L, an appropriate version of the result
does not seem to have appeared in the literature. It can however be proven
as follows. By [7, Theorem 4.19], the operators tL exp(—tL) have standard
kernels satisfying the assumptions of [15, Theorem 4.4]. Therefore, for all
feLPNL? fe HY and

1z S (11l

The reverse inequality is proven in [12, Proposition 4.2] for p < 2. Given
that the above reasoning also applies to L*, we obtain the full result by
duality. Combined with Lemma 5.6, this gives the result for s = 0. For
s € N, using Lemma 5.6 with an appropriate ¥ € C2°(R%), we then have
that
H(a, x) — 1[071)(0)U_S\D(0Da)f(x)HTP,Q(W)
<oy 2) = 1po,1y(0) T (0 Dy) LE f(a
SILE Sl
ST+ VLo,

) HTPv2(Rd)

We also have that
1(0,2) = 11,00)(0)¥(0Da) (@) 72 0y S IFllp S [[(2+ VL) £
For —s € N, we have that
(o, 2) — 1[0,1)(U)O—is\IJ(JDa)f(I)||TI’12(Rd)

Is|
S Y lles@) = 1.0y (@) LE U (e D) + V) f(@)]| 1y 2 e
k=0
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Is|

5 ZH(Uv :L') — 1[0,1)(0)\:[/( )(I+ f) s lf ||Tp 2(Rd)
k=0
S|@+voys,,

as well as

||(a, x) 1[1700)(J)\If(aDa)f(:v)HTp‘Q(Rd)

Is|
Y l00@) = 1 sy (@)0* LEU (o D) (T + VL) f(@)]| 1y 2 e
k=0

<ZH 0,x) = 1.1)(0) (0 Da) (I + VL) (@) 10
<HI+V7fH

Reverse inequalities are proven similarly, using that, for all s € R,
I+ VLY £, ~ (@) = (T + VL) W (0 Da) () | 2

This gives (5.1) for all s € Z, and the result for all s € R then follows by
complex interpolation of weighted tent spaces as in [1, Theorem 2.1].

To obtain (5.2) one first remarks that, for s € {0, 1,2}, the above rea-
soning also gives

H(U? .1‘) — 1[0’1)(0')0'_8\11(0'1)04)]6(.’17) + 1[1,00)(0-)\11(0-Da)f<x)HTp,2(]Rd)

~ > D f s
m=0

for all f € ﬂfnZOD(D;"). We then notice that, for all j = 1,...,d, we
have that [|0;f[l, ~ |a;0;fllp ~ lla;xad;fllp, and thus [[fllwre ~ [[fll, +
| Dofllp, for all f € WHP. Moreover,

0540500, f = aha;iads f + G;a57a05f Y f € WP,
and thus

I fllwzs ~ [1fllp + 1 Dafllp + |1 D2fll, Y f € WP
O

COROLLARY 5.8. — Let a > 0, p € (1,00), and ¢ € [p,o0) be such that
d<1 1)
a=—---—>].
2\p ¢
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Then there exists C > 0 such that, for all f € LP(R?) with L*f € LP(R?),
we have that

I fllzaey < ClIIL fll Lo (may-
Proof. — For f € LP(R?) with L®f € LP(R%), Theorem 5.7 gives that

”fHLfZ(Rd) < ||(Ua$) = L_a\I’(UDa)Laf(x)HTq,Z(Rd)

Sl(o,2) = 0** (0 Da) L f (@)]| 12y

for W: € [€] 7T (&). Using the embedding properties of weighted tent
spaces proven in [1, Theorem 2.19], we have that

H(a,aﬁ) — UQO‘\I/(UD,I)LafHTM(Rd) < H(U7 x) — \T/(UDQ)LO‘fHTp,z(Rd),

and thus
1 lla@ay S ILfll Lo ray,
by Theorem 5.7. O

Remark 5.9. — All results in this section, except (5.2), hold for a general
Dirac operator D, such that ie; D, and ie; \/172 generate bounded Cy group
on LP for each j, the operators D%, ..., D% commute, (exp(itﬁ.Da))teIR has
finite speed of propagation as in Remark 4.2, and H?, = L?. Property (5.2)
also holds as long as D, has domain W1? and D? has domain W2? with
equivalence of norms. All results in the next sections also hold for such

Dirac operators.

6. Wave packet transform

We use a wave packet transform which is similar to the ones used in [16,
26], but symmetrised to ensure ¥, , = ¥ .
Let ¥ € C°(RY) be a non-negative radial function with ¥(¢) = 0 for

I<] ¢ [%,2], and
0o 2d70' B
(6.1) /0 U(o() p— 1

for ¢ # 0. Let ¢ € C2°(R?) be a radial, non-negative function with p(¢) = 1
for [¢| < 4 and ¢(¢) = 0 for [¢| > 1. These functions ¥, ¢ are now fixed for
the remainder of the paper.

For w € S ¢ > 0 and ¢ € R?\ {0}, we denote ¢ == ¢/|¢|, and set

@w,a(g) = Co@(%)a and Puw,o = Puw,os where
2 ~1/2
Co = / a-rv dv
* " \Jaur P\ /5 ‘
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Set ¢, +(0) == 0. Set furthermore ¥,(¢) = ¥(0(¢) and
Yu,o(€) = Ve (Q)puw,o(C)

for w € 471, o > 0 and ¢ € R%. By construction, we then have

> d
(6.2) [ R G

g

for all ¢ € R?\ {0}, see [16, Lemma 4.1]. For w € S9! and ¢ € R%, we
moreover set

4
dr
@w(C) ::/ ¢w,r(€) _ -
0 T
For the convenience of the reader, we recall the following properties of
.o stated in [26, Lemma 3.2]. Note that the symmetrisation (using ¢, »

instead of ¢, ) only affects (6.3). See also Remark 6.3 below.

LEMMA 6.1. — Let w € S9! and ¢ € (0,1). Each ¢ € supp(¢.»)
satisfies

SHEN

min ‘(5161,...,5d2d)—w| < 24/0.

1
6.3) —<[¢<
( ) 20_ |C| (Ej);i:1e{71’1}d

For all « € Nd and 8 € Ny there exists a constant C = C(a, 3) > 0 such
that

o _d-1 laly
(6.4) |(w, V)P0t o(Q)| < Co™ T T30

for all (¢,w,o) € R? x S9! x (0,00). For every N > 0 there exists a
constant Cp > 0 such that
(65)  |F  (tuo)(@)| <COno™ T (1407 2> + 07w, 2)?) "
for all (z,w, ) € REx 5471 x (0, 00), where F~! denotes the inverse Fourier
transform.

In particular, {J%}"’l(zbw’g) | we S o >0} € LY(RY) is uni-
formly bounded.

We also recall important properties of the family (p,,),cga-1 from [26,
Remark 3.3].

LEMMA 6.2. — Let w € S971. By construction, ¢, € C*(R%), and for
¢ #0, (pw(C) =0 for |C‘ < % or min(sj)?:1€{7171}d (51C1a~-75d<d) —UJ| >
2|¢|~1/2. Moreover, for all o € N¢ and B € Ny, there exists a constant

C = C(a, ) > 0 such that

d—1_ ey
[(w, Ve)Pogpu(Q)| < Cl¢) T — 2~
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for all w € S4=1 and ¢ # 0, and
06 |@verer( [ worar)| <o
Sd*l

for all ¢ € R4\ {0}.

Remark 6.3. — For w = e; and ¢, o chosen as in (6.3) with o € (0,278),
we have

1 2 4
. e < ) i| < =) j 27' ] .
61 pelalss IS s elnd)
This follows from
|(5161»'~~a5d5d) —€1|2 = |€1~((51217~~~75d2d) - 61)|2
d

+Z|ej.((5161,...,5d5d) —a)f?

€1C1

q

for all (sj)‘j:l € {—1,1}4. Therefore we have that, for some ¢; € {—1,1},

d
16
o161 = I6I* + Y16 P <ol < —,

j=2
which directly yields (6.7) for j > 2. The case j = 1 then follows from

1 4
G| = [erCa] > |¢] = f %7%.

LEMMA 6.4. — For all o € (0,1), and all f € L?>(R?%), we have that

(6.8) |gd—1 -1 /Sd_l /oo \IJ(aDa)Qfd—wa
[ etporeens Cao=g,

6.9 w,o Da2 dw = )
69 [, eorD)rae =1
(6.10) o T /Sd_l Yw.o(Da)f dw = C, f,

with constant C, such that o — C, is bounded above and below.

Proof. — These identities follow (respectively) from (6.2), the fact that
fsd—l Yuo(€)?dw = 1 for all & # 0, and [16, formula (7.4)], using the
Philipps functional calculus of 1/ D2. O
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LEMMA 6.5. — For all o € (0,1), we have that

/Sd,IH%AvaHidw SIAR ¥ f e LARY),

Moreover,

d
/ / oo (D3 2 o S IFIB Y £ € 2(RY.

Proof. — Let f € L%(R%) and o € (0,1). Using (6.9), and the fact that
v/ D2 is self-adjoint with respect to an equivalent inner product (see Defi-
nition 4.1), we have that

/ o (Da) £ o ~ / (puo(Da)f. ) dw < |12
Sd*l Sd*l

Similarly, using (6.8), we have that

/Sd_l/ooonww,a(Da)szdwaN/Sd1/ (D1, 1)

S 13- N

DEFINITION 6.6. — We define a wave packet transform adapted to D,,
W, € B(L*(RY), L*(R? x 5971 x (0, 00); dzdwiZ)) by

Waf(w,0.2) = L(1,00)(0)|S*7H T2 ¥ (0 Da) f (x)
+ 1[0.,1] (U)(Pw(Da)\IJ(O-Da)f<x) v f € LQ(Rd)
We define 7, € B(L?(R? x S471 x (0, 00); dz dwd?), L2(RY)) by

z) = |9e1~1/2 - o w,o,- d—gw
Fa) =152 [ [ oD e @) Fd

1
d
s [ eDaueD R0 @) Y do
sa-1 Jo 7
for all F € L2 (Rd x §471 % (0, 00); d dw‘%").

Note that W, is well defined thanks to Lemma 6.5, and that 7, is the
adjoint of the operator W, where W, is defined as W, with D, replaced
by D;.

DEFINITION 6.7. — Given w € S%1, we fix vectors wy,...,wq_1 such
that {w,wi,...,wq_1} is an orthonormal basis of R?. We then define the
parabolic (quasi) distance in the direction of w by

dy,(z,y) = ’(w,x —y)’ —|—Z<wj,m —y)? Va,yeR
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We also define (anistropic) operators associated with this parabolic dis-
tance by

d—1 d—1
ij_ = Z<Wj,v>2, LwJ_ == Z(wj,Da>2.
j=1 j=1

LEMMA 6.8.

(i) Let N € N, N > 4EL. There exists C > 0 such that for all o € (0,1)
and w € S 1, we have

_ d+1

H (1 + O—Lw* + 02<W7Da>2)7Nf||L2(Rd) < Co™ % ”f”Ll(Rd)

for all f € L*(RY).
(ii) For every M € N, there exists Cj; > 0 such that for all E, F C R?
Borel sets, o € (0,1) and w € S9!, we have

afy, dB PN
Hlew,a(Da)(lFf)HL2(R¢1) < Cuo 5 (1 + (O')> ||1Ff||L1(Rd)

for all f € L*(RY).
(iii) Let 1 < p < r < oo. For every M € N, there exists Cpr > 0 such
that for all E, F C R? Borel sets, o € (0,1) and w € S~!, we have

|| 1Eww,a(Da)(1Ff) HLr(]Rd)

L1y a d(e, F)\ M
< Cyo— b4 g2 (1 n ()) 11 oo ey
o
for all f € LP(R?).
Proof.
(i). — Part (i) follows from [7, Proposition 4.3], tracking the scaling

factor o in its proof.
(ii). — Let w € S%!. For given Borel sets E, F C R¢ with d(E, F) > 0,
let x, € C®(R?) be a function with values in [0, 1] such that x., = X2,

Xw(€) = 0 for [¢| < 3r71du (B, F) and xo,(¢) = 1 for [¢| > k™ 'du(E, F),

and H(w,V)XwHOO +1Apt Xwlloo S m. Lemma 5.2 implies

Wl ptua(DES =18 | XolOF (W) QP10 f .
Now note that
(1—0A,r — 0w, Ve)?)e"Pe = (1+0L,0 + 0w, Dy)?)e’Pe,
thus for N € N,
e Po = (14 0L, + 02<w,Da)2)_N(1 — A, —o*{w, V¢>2)Nei<D“.

TOME 0 (0), FASCICULE 0



22 Dorothee FREY & Pierre PORTAL

From integration by parts we then get for j € {0,1}

(6.11) el pthoo(Da)lpf = (14 0Lyt +0%(w, Da)%) "

o /]Rd ((1 - O'Awi - 02<w7 VC>2)N)*(XZJ ' ‘Fﬁl(djw,a))(C)eiCDa(lFf) dC

Consider first the case d,, ( F) <o, for which we take j = 0. According to
Lemma 6.1, we have || F = (¢u,o)|| 2 (®Y) S o~ *T". Similarly, one can check
that

B « — —d-1
¢ = (0w, V) (080)* F (0.0 Q)| oy S 073
for all a € Nd and 8 € Ny. We use this estimate together with Proposi-
tion 4.3 and part (i) to obtain for N > 9+t
_d-1 —-N
[Yw,0(Da) f|[ 2 gay S @ T+ 0Lor + 02w, Da)?) ||l ey

_d
So 2||fHL1(]Rd)-
In the case d,(E,F) > o, we choose j = 1 in (6.11). Then note that
according to the choice of x,,, we have for o € (0,1) that

N
HC — (0w, VC>>5(0AwL)an(C)HOO = (dw(EF)> <1,

for all o € N¢, 3 € Ny. Using the product rule, a version of (6.5) for
derivatives of F~!(¢y»), part (i), and an anisotropic change of variable,
we obtain

HlET/Jw,a(Da)(lFf)HQ

_d+1 B
So” 1 |1pflli sup / ’(U(W,Vd)
aeNd, BeN, 4 {1¢]2 2y N {|(w,¢) | 2By
o] +28<N
(Vo) * F~ (thw,0)(¢)] d¢
7& 3d+1
So 11r £

—-N
L+o P +072%(w,()?) 7 d¢
AI<I>W}0{|<w,<>|>W}( )

- d,(E, F —(2N—d)
ot (14 =2 T g,

Choosing N large enough in (6.5) yields the result.

(iii). — This can be proven as in [6, Lemma 3.6] using that ¢, (D,) =
U, (D) $w,o(Dy). Here we argue as in (i) and (ii), noting that the argu-
ment becomes simpler, since we can rely on the Gaussian estimates of the
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resolvent instead of the anisotropic bounds of the wave packets. By Theo-
rem 5.3, we have that

H(l + 02L)_Nf|

—d(i-1
L™ (R4) < Co d(p T)Hf”LP(Rd)?

for N > d%l, and corresponding isotropic LP-L" off-diagonal estimates.
Integrating by parts, and using Lemma 5.2 together with Proposition 4.3,

we obtain that

[16%0.0(Da) (17 )|

L7 (R4)

sy, dE )\
oD (1e HE0) [ Gl 46 el

1.1y _d-1 (e, F)\ M
<o=G-%s %<1+ (U )> 11 fl| 2o s

—1

using that, for all @ € N, || (JQA)affl(wwyg)(C)HLl(Rd) < o=, by
Lemma 6.1. O

7. The Hardy—Sobolev spaces HLyp, (RY)

In the following, we denote by ¥ € C°(R?) the function defining the
wave packet transforms from Section 6. We denote by Hi(R?) the Hardy
space associated with L as defined in [12]. Recall that for all f € H (R?),
we have by Lemma 5.6,

1l oy ~ | (0:2) = B0 D) F(@)] sy

DEFINITION 7.1. — Define

Si={feH RY):Ige L'RNNL*RY), I7>0, f=U(rD,)g},
and for p € (1,00)

Sp={fel’!RY:3ge L’"RY)NL*R?Y), I7>0, f=T(rD,)g}.

LEMMA 7.2. — Let p € [1,00) and f € S,. Then, for all w € S9!,

0w (Dy)f € LP(R?), and, in the case p = 1, ¢, (D,)f € Hi(R%), each with
norm independent of w.

Proof. — We have that ¢, (Do) f = Yw,r(Da)g for some g € LP(R?), up
to a change of constants in the support conditions of ¢, . By Lemma 6.8,
we have ¢, -(D,) € B(LP(R?)), and thus Hgow(Da)pr Srollgllp. In the
case p = 1, we obtain that Hl/}uj,T(Da)gHL1 < HQHHi by reasoning as in
the proof of 6.8(iii), using the boundedness of Riesz transforms associated
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with L from H} to L' to deduce the Hi to L' uniform boundedness of
the transport group (exp(sza))geRd. We moreover have that ¢, - (Dy)g €
R(L), since ¥ is supported away from 0, hence v, ,(D,)g € Hi (RY). O

COROLLARY 7.3. — Let p € [l,00), s € R, and f € S,. Then

W [(Ua .I)l—)1(1700)(0')\11(0'Da)f($)+1[071] (O')O—is@w(Da)\IJ(UDa)f(x)]
€ LP(S* L TP2(RY)).

Proof. — This follows from Lemma 7.2 and Theorem 5.7. O

LEMMA 7.4. — Let ¥ € C>(RY) be non-degenerate, supported away
from 0 and such that ¥ = U°. Let p € (1,00), s € R, and f € S,. Then,
we have that

W [(0,2) = 1(1,00)(0) T (0 Da) f () +1(0,1(0)0* 0w (Da) (0 Da) f ()]
€ LP (871772 (RY)),

with an equivalent norm to the corresponding map in Corollary 7.3, and

10+ VD M f,, S [l [(02) = Loy (@) (0Da) f ()
+ 1[0,1] (J)O—is@w(Da)\II(O—Da)f(x)] ”Lp(Sd—l;Tp,Q(Rd))?

for all M € N such that M > % — s.

Proof. — Let M € N be such that M > <= — s. Lemma 5.6 and Corol-
lary 7.3 give the first part, and Corollary 5 5, Lemma 5.6 together with
Theorem 5.7 give

I +VD) 1,
/S || O’,LL‘ — 1(1 oo)(o—)q/( )(I+ f) Mf ||Tp 2(R4)
+[|(0,2) = Lo, (0) (VL) (I + VL) MU (0D0) £ (2)|| 1y 2 gy

Using Corollary 5.5 again, we then have that

||([+ \/Z)iMfHLp /S || g, I = 1(1 oo)( ) (UDa)f(x)’|Tp,2(Rd)
(0,2) = 10.11(0)a™ W (0 Dy) f ()

HTPvZ(Rd)‘
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We then use the reproducing formula (6.10) to obtain that
I+ VL) =5,

S (0, 2) = 1(1,00)(0)¥(0Dy) f(2) 4 110,11 (0)

/Sd IUM_%@MU(DG)\I/Q(JDa)f(m) dw
S lw = [(02) = 11,00 (0) ¥ (0 Da) f ()
+ 1, (O)U_S@w(Da)\I’(UDa)f(x)} ’|Lp(sd71;Tp,2(Rd))

sinceM}%fs. O

Tr-2(Rd)

DEFINITION 7.5. — Let p € [1,00), and s € R. We define the space
HEio o (R) as the completion of S, for the norm defined by
1 | ez

FIO,a

&) = [|w = [(0,2) = 11,00 (0) ¥ (0 D) f ()
+ 10,9 (U)O'_s@w(Da)\I/(aDa)f(x)] HLP(Sd—l;sz(Rd))-
We write HFIO JRY) = HI{i’IO LR,

Remark 7.6. — By Lemma 7.4, we have that Hglo,a(Rd) is a subspace of
the M-th extrapolation space associated with L (i.e. the completion of the
range of (I++/L)M with respect to the norm defined by ||(I++vL)"f|| .
seen as a Sobolev space of negative order adapted to the operator L), and

is independent of the choice of ¥ € C2°(R%)\{0}, supported away from 0,
and such that ¥ = 5.

Remark 7.7. — By Lemma 6.4, interpolation properties of Hg’lsoya(Rd)
follow from the interpolation properties of weighted tent spaces (see [1])
with the same proof as in [16, Proposition 6.7].

We also have the following versions of [26, Theorem 4.1] and [26, Corol-
lary 4.4], respectively.

PROPOSITION 7.8. — Let p € (1,00), and s € R. Let ¢ € C>°(R?) radial

with q(¢) =1 for |¢| < . Then

1 1z, )

1/p
= ||q(Da)fHLp(Rd) + (/ [ (Da)(I + VL) fHLP (R9) )
vVfes,.
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Proof. — Let f € S,. By Lemma 5.6, we can choose ¥ with an ap—
propriate support, such that U(ocD,)f = V(ocD,)q(D,)f for all o > 1,
U(0D,)q(Dy) =0 for all 0 < &, and ¢, (Da)¥(0D,) =0 for all o > 1 and
we S,

Then, by Theorem 5.7, we have that

HfHH;Ig L(R)

N H o,x) 1(1,00)(U)\II(UDa)Q(Da)f('T)HTp,z(Rd)
+ Hw — [(Ua .T) = 1[0,1] (O—)Uis@w(Da)\Il(o'Da)f(x)] ||Lp(sd—l;Tp,2(Rd))

1/p
N Hq(Da)fHLp(Rd) =+ </gd1 ||(I + ﬁ)SWw(Da)f||ip(Rd) dw) .

In the other direction, Theorem 5.7 and the support properties of ¢ and ¥
give us that

la(Da) f“LF(Rd)
S ez

FIO,a

(R) T H(va> = 1[%4] (U)‘II(UDU/>q(Da)f(‘r)HTp,Z(Rd)'

With the same proof as in Lemma 5.6, we then have that, for all M >

-t _
T S,

||(O',£L’) = 1[ ]( ) (aDa)q(Da ||Tp 2(Rd)
/OO U(0Dy)q(Dy)¥(1Dy,)
0

I+ VDM 4 VD) ™M )T

T

1
8

S ||(o,2) =

1
s

Tr2(R%)

ST+ VI F| o gy

Therefore, using Lemma 7.4, we have that Hq fHLP(Rd) < ||f||HgI;) (Rd)-
For the second term, we use Theorem 5.7 and the support properties of W

again to get that

1/p
(/sle%J( )(I‘F\F f||Lp(Rd )
< Hw = [(O" .%‘) = 1[0,1)(U)U_S‘pw(Da)‘Il(aDa)f(x)] HLp(Sdﬂ;Tp,z(Rd))

SNz

FIO,a

(R)- 0

PROPOSITION 79 — Let p € (1,00). Let ¢ € C>*(R%) radial with
q(¢) =1 for [¢| < £, and ® € S(RY) with ®(0) = 1 and ®,(¢) = ®(c() for
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o >0, ¢ €RL Then

1/p
00y + ([, 10) = B DD ey 0
S llaz, @y V€S

and

a1 1/p
([, ) = o 00 D) (D ey )
SIllaz, wey Y fES.

FIO,a

Proof. — Let r € [1,p). For the first assertion, note that Theorem 5.3
implies L"-L off-diagonal estimates for ®,(D,) of the following form: for
every M € N, there exists Cp; > 0 such that for all E, F C R? Borel sets,

€ (0,1), we have

—M
L d(E, F
15200 129) ey < oo (14 SEED) gl

for all g € L"(R9). This implies that for z € R,

00 1/r
sup @0 (Da)g(y)| < sup Zz-JM(a—d ] dz)
ly—z|<o ly—zl<o 5 $)(By )

< Myg(o),

where M,.g = (M(gr))l/r, with M the Hardy—Littlewood maximal func-
tion, S;j(By,) = {z € R" ; 277l¢ < |y — 2| < 290} for j > 1, and
So(By,s) = {#z € RY; |y — 2| < o}. The conclusion follows from the
LP(R?) boundedness of M, together with Proposition 7.8.

For the second assertion, we first note that by renormalisation, we can
change ®,(D,)¢,(D,) to ®,(D,)%¢,(D,). We slightly change the above
argument by noting that for ¢ € (r,00), we have LI-L> off-diagonal es-
timates for ®,(D,). On the other hand, we have by Lemma 6.8 L"-L?
off-diagonal estimates for @, (D, )¢ (D,) of the form

115%0 (Da)¢w (Da) (12 g)| 1o g

L1y - d(E, F)\ M
S

for all g € L"(R?). We then conclude as above, using composition of off-
diagonal bounds as in [3, Theorem 2.3]. O
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8. Sobolev embedding properties of HE, a(]Rd)

We use a variation of the arguments in [16, Section 7].
We let m(Dy,) = (I + L)~ 7.

LEMMA 8.1. — For every 0 < 6 < % there exist Cy, cy > 0 such that for
all atoms A € TH2(R%), and all s € R
(8'1) /Sdil H(Ua CC) = 1[0,1} (U)m(\/z)1+isww,a(Da)A(U7 : )(x)’|T1,2(Rd) dw
< Cyel®loo,

Proof. — Let A be a T'?(R?) atom associated with a ball B = B(cg, ).
Without loss of generality, we assume that A(o,-) =0 for all o > 1.

By renormalisation, we can replace 1, » (Dg) in (8.1) by ¥ (Dg)tw,o (Da)-
Noting that ||misHLoo(Sg) < celsleo for cg = 6(d4_1), we use Corollary 5.5 to

s

obtain for every w € S9! and given 6 € (0, )

(7, 2) = 10,1y (@)m(Da) W (Da)ths 0 (Da) Al
= [[(@,2) = 1.1 () L5 m(Da) H* W (D)

L™ 40 (Do) A0, ) (@) 1.2

< Coel||(0,2) = 110 1 (0) L™ F Y0 (Da) A0, ) ()| 1.2 gy

with Cy independent of s € R.
For j € N*, and w € S9!, define Cjw = {y eR?; 27 1p < |<w cg —
|—|— les —y|? < 23r} and Cow = {y eR?; [(w,cp— y |+ leg —y|? < }
Remark that |C;| ~ (277)°%", and that d (Cjuws Cow) > 29717 Using a
slight generalisation of Lemma 6 5 and Corollary 5.8 for p = 3 dd17 we have
that

2
(/o1 16, @@ b (P AN a0y )
d+1 min(r,1) ) do
SE B A e s USR] Pyt
. min(r,1) d
< [ A S
df1 do
< i /HA M 22

4 do1 do
2 / |A(o, x)Hiz(Rd)?

I)||Tl,2(Rd)
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S A 722
<1

Let M > d+ 1, and define

l

163
(JZloe]= " |w(08)[*d2)

and LZM’J: E— gow’g(f)\ff(af).

For all j € N*, we obtain from Lemma 6.8 for zm instead of ¢, »

Nl=

2
(/Sd_l (o, @) = 1c, (@)1, (0) L™ 4y (Da) A(o, - )(@HTLQ(W) dw)

min(r,1) o d

. d+1 d—1 2 (o)

< (2 . —
sen® [ [ T 006, s

i min(r,1) L - o \M ) do
2] ‘/Sd 1/ d(?jr) ”A(U7')HL1(R¢) 7dw

min(r,1) 237“ o 2 do
o / / (2Jr> 1A, ey - dew
<2t d||A||T22
< 9i(M-%%)
Summing over j yields the conclusion. O

Remark 8.2. — Note that basically the same proof as above also yields
the statement that for all s € R,

Ltis
||(Wa0'7 )z * Yw,0(Da)F (0, - )||L1(Sd—1;T1,2(Rd)) S ”F”Tlv?(Rd)

for all F' € T1’2(Rd). By a slight modification of Lemma 6.5, we ob-
tain on the other hand H(w,m-) — ¢w’g(Da)F(U,-)HLQ(SLFI;T“(REI)) <
| F||p2.2(gay for all F € T%2(R%). Stein interpolation and duality then yield
for all p € (1, 00),

H(wa g, ) = JTww,a(Da)F(U; ’ )||Lp(sd71;Tp,2(]Rd)) S ”F”Tpv?(Rd)a
for all F € TP2(R?).

LEMMA 8.3. — Forallp € [1,2], and s, = (d — 1)(% — 1), we have the
)

continuous inclusion Hgig;:a(Rd) C HY(R?), where HY (R?) = LP(R?) for

TOME 0 (0), FASCICULE 0



30 Dorothee FREY & Pierre PORTAL

p>1. Forpe (1,00), and b: & — |§|%m(§), we have that
H(CT, JU) = m(Da)\Il(gDa)f(x)HTp,z(Rd) S H(b(D )fHHp 0.0 (RY)

S ez

F10,0 (R9)

for all f €Sp.

Proof. — Let f be an H} atom. We have, using the reproducing for-
mula (6.10), that

||f||Hi ~ ||(07 z) \II(UDa)f(x)HTla(Rd)
< [ @) = 1on@e™ i (D)

- 10100) OV (D) £ (). gy A
S

4 Rd) ’
FIO a
where the last inequality follows from the comparability of 1, w1th Y

for o € (0,1). Since Hgy, , = L?, the continuous inclusion HFIO JRY C
HT (R?) follows by interpolation. In the same way,

||(0', T) 1[0,1] (J)m(Da)\II(JDa)f(x)HTp,z(Rd)

5 / ||(va) = 1[0,1] (J)b(Da)SDw(Da)(I;(UDa)f(x)HTp,2(Rd) dw,
gd—1

for ¥ such that W(¢) = |§|%\FIVJ(§) for all ¢ € R Turning to the low
frequency term, we note that, for o > 1, we have that ¥(c§) = U(c€)q(&)
for all ¢ € R?. Therefore, by Theorem 5.7 and Proposition 7.8 we have that
H(O’,J}) = 1(1,00)(0-)\11(0-D(1)m(Da)f(x)HTp,Q(Rd) N Hm D ) D fHLp(]Rd)
<P e

To conclude the proof, we use Theorems 2.1 and 2.2, along with Proposi-
tion 4.3, to show that b(D,) and m(D,) are bounded operators on LP(R%),
and thus also on Hﬁloya(Rd), thanks to Proposition 7.8. O

COROLLARY 8.4. — Let p € (1,2]. Then
||(I+ f fHHP (]Rd) S ||fHLP(Rd)7
forall f €S,.

Proof. — For z € C such that Re(z) € [0,1], we consider the operators
defined by

T, f(z,w,0) =1 1y(0)(I + VL)~ T )20, (Do) f(x) V f e L2(RY).
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For Re(z) = 0, they are well defined as operators from L?(R?) to L?(R? x
S4=1 % (0,00);dz dwd{) by Lemma 6.5, with norm independent of Im(z).
For Re(z) = 1, by Lemma 8.1, T, extends to a bounded operator from
HY(RY) to L* (591, TH2(R?)) with norm bounded by Cye!'™ =)0 for fixed
6 > 0. Therefore, by Stein interpolation [33] with admissible growth, T’ €
B(LP(R?), LP (S4=1;,TP2(RY))) for Re(z) = % — 1. To conclude the proof,
we thus only have to show the low frequency estimate

H(Ua .T) = 1(1,00)(0)\11(0Da)(1 + \/E)i%f(x)HTp,Q(Rd) 5 Hf”LP(Rd)'

This follows from Theorem 5.7 and the LP boundedness of (I+ \FL)*TP O

9. The wave group

THEOREM 9.1. — Let p € (1,00), and s € R. Then
eI HEG (R = HE, ,(RY)
is bounded for each t > 0.

For simplicity, we set t = 1 and s = 0. All the proofs extend verbatim to
other values of t. The case s € R is an immediate consequence of the case
s = 0 by Proposition 7.8. For the transport groups, and the one dimensional
wave groups, the LP? boundedness is clear.

LEMMA 9.2. — Let p € (1,00) and w € S?~1. Then
¢ VPi e B(LP(RY) N B(Hyg 4 (RY).

Proof. — The LP? boundedness is proven in Proposition 4.3. The bound-
edness on HY ,(R?) is an immediate consequence of the LP boundedness,
by Proposition 7.8. d

For the low frequency estimate, we need the following lemma.
LEMMA 9.3. — Let p € (1,00), let ¢ € C>®(R?) be radial. Then
q(D,)e’VE: LP(RY) — LP(RY)
is bounded.

Proof. — Because of the compact support of g, the symbol m: ¢ —
q(¢)e’l¢l clearly satisfies the Marcinkiewicz-Lizorkin multiplier condition
of Theorem 2.1. The result thus follows from Theorems 2.1 and 2.2 using
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that (e;j4/D2);=1,... a4 generates a bounded commutative d-parameter group
(as shown in Proposition 4.3), along with the fact that

m(Du) = m*(D,) = g [ () explicy/ D .

as explained in Definition 5.1. O
Proof of Theorem 9.1. — For f € S, Proposition 7.8 yields

eV | g

FIO,a

N | o ey

VT 1/p
([ IoaD gy )
gd—1

For the low frequency part, recall that ¢ € C®(R?) with ¢(¢) = 1
for [¢| < §. Choose ¢ € C(R?) radial with ¢(¢) = 1 on suppgq. Then

4(Da)eVE = §(Dg)eVEq(D,), since /D2 and v/L are commuting, and
(}‘(Da)eiﬁ is LP bounded according to Lemma 9.3. Thus,

||q(Da)ei\/ffHLp(Rd) = ’|§(Da)ei\/ZQ(Da)fHLp(Rd) Sf Hq(Da)fHLP(Rd)‘

Let us now consider the high frequency part. For fixed w € S41, we
decompose

0u(Da)eVE = 0o (Do) VP 1 o, (D) (eVE — eV Pi),

®) S ||a(Da)e

The first part can be dealt with Lemma 9.2, which directly yields

1/p
([S“Hm ] ) Sz, -

For the second part, we use (6.8) to write
@w(Da)(ei\FL _ et Dg) = 0y, (Da)eiw‘ D2 (67iw4/D§ei\FL _ I)WaW(p
Since ™V P is bounded on LP(R%) by Lemma 9.2, it suffices to show that

“Ww(Da)(e_iw'ﬁeiﬁ - I)TraWafHLP(]Rd) N H‘Pw(Da)fHLP(Rd)'

We can write
(pw(Da)(e_iw'\/Digei\/f - I)TraWa - mw(Da)<pw(Da) + QUJ(Da)<pw(Da)
for the symbols
1
~ - d
(9.1) Q) = a0 [ [ a0 T
0 o

gd—1
and

6(€) = Pu ()M (¢)r(¢)?
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with m,(¢) = e =awilG IS 1, @, € C(RY) a function with @, =1
on supp ¢, and @,(¢) = 0 for [¢| < {5 or min i el- ll}d‘(f‘:]c—l,...,

eaCa) —w| > 4[¢[ 72, and

Q= ([ water ‘f)lﬂ, c#0,

and r(0) := 1. As noted in [16, Section 4.1], we have r € C2°(R?).

The proof will be concluded by applying Theorem 2.1, and Theorem 2.2,
using Proposition 4.3. We only have to check that m,, and ¢, satisfy the
assumption of Theorem 2.1. For gq,,, this directly follows from the fact that
r € C(R%). For my,, this is proven in Lemma 9.5 below. 0

Remark 9.4. — Letw € S%71. Let @, e C2°(R%) be a function with 3, =
1 on supp ¢, and @, (¢) = 0 for (| < 5 or ming o ef1 1}d‘(51C1,...,
eaCa) — w| > 4|¢|='/2. By the choice of the cut-off function &, and the
support properties of ¢,,, we have the following: for all a € N and 3 € Ny,
there exists a constant C' = C(«, ) > 0 such that
[, V)P 0r (O] < Clel =5 7
for all w € S971 and ¢ € R?\ {0}.

LEMMA 9.5. — Let w € S9!, let m,, be as defined in (9.1). For all
a € N¢ with |a|s < 1 there exists a constant C' = C(a) > 0 such that

[C*a¢maL(Q) < C
for all ¢ € RY\ {0}.

Proof. — By rotational invariance it suffices to consider the case w = e;.
Let ¢ € R%\ {0}. The bound |m., (¢)| < C directly follows from (6.2)
and the boundedness of m., and @.,. Moreover, by the specific form of

Me, (€) = e®©) — 1 with b(¢) = —|¢1| 4 ||, it can easily be seen that the
condition
92) caeb(c)] <

for |o|es < 1 immediately implies |C°‘8C°‘T7L61(C)| < ¢ for |ale < 1. We
check (9.2):

Gl

|GOb(C)| = |0y (—1G] + €] ] < ¢ Il

— |G|

<|I¢l - |Cl|’ = |G|
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According to the support properties of ., and v, ,, we have |[v —e1e1| <
Vo for some €1 € {—1,1}. Thus a slight modification of (6.7) yields that
there exist constants c1,co > 0 such that for 0 < ¢ < 1, one has

(& C .
(9.3) G1>T  and Gl Gz

on the support of m.,. Thus, for such choice of ¢,

|¢101b(¢ |<|Cl|< 1+|C|1>'

This expression remains bounded for |{;| — oo or equivalently [{] — oo,
since replacing h = ﬁ, we see that

VvV14+ch—1 c

T Ty
Again using (9.3) and || > |¢1| > £, we obtain for j € {2,...,d} that
G
G960 = |60 (—lal + 1)) < | Kj|

Concerning the mixed derivatives, one can inductively show that for o € Ng
8&"b(§)‘ = | < ¢, for ¢ as in (9.3).

. 2

Finally, for j # 1,

<1Cj
¢I?

Putting all arguments together shows (9.2). The bound |CQ8C cpel(C)‘ <ec
follows from Remark 9.4 together with (9.3), whereas the analogous bound
for the last factor in (9.1) concerning 1, . is a consequence of (6.6) together
with (9.3). O
Combining Corollary 8.4 with Theorems 9.1 and 5.7 then gives our main
result, Theorem 1.1. We restate it here for the reader’s convenience.

1€1¢01056(0)| = [€1¢;010; (=& + €] | = |G¢]

\

THEOREM (Theorem 1.1). — Let p € (1,00) and s, = (d — 1)|% -3
For each t € R, the operator (I ++/L)~*» exp(itv/L) is bounded on LP(R?).
Moreover, if s, < 2, the operator exp(itv/L) is bounded from W*r?(R%) to
LP(RY).

Proof. — By duality, it suffices to consider the case p € (1,2). Let f € S,,.
By Lemma 8.3 and Theorem 9.1, we have that

JespGVE o gy S lespGV DI e S

FIO a( d) 10 )
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Using Proposition 7.8, and Corollary 8.4, we then have that
lexptVI) | oy SN+ VI E Fl gy gty SN+ VDY £y

For s, < 2, Theorem 5.7 then gives ||f||wer» ~ ||(I + /L)% f o d
P Lr(R4)

10. Lower order perturbations

We consider the operators

d d
— a7a0;6;0j  and Ly i=— Y d;05a;4405.
Jj=1 Jj=1
For a function g: R¢ — R, we denote by M, the multiplication operator
(f,F) — (9f,gF). We will evaluate the norm of g in Besov spaces Bgé%go
associated with the operators Ly, in the sense of [9], as well as in BMOy,
spaces, in the sense of [13].

THEOREM 10.1. — Letpe(l o0) and s, = (d—1) 7—7| Let g € L™
besuchthathBOLm VL2 gEBO’LO’g and L;?g € BMOy,  form = 1,2.

Then M, € B(H% o ,(RY)).
Proof. — For p = 2, there is nothing to prove. For p # 2, this is a
consequence of Lemmas 10.4 and 10.6 below. O

Remark 10.2. — If the coefficients (a;);=1,...24 are Ch for some o €
(0, 1], then [7, Theorem 4.19] implies that

1
. 2
max [lg] gy + max [|VLm? gll o,y < llglloc-

If the coefficients (a;)j=1,... 24 are CUt, then, for all t > 0 and m =
1,2, exp(—tLy,)(1) = 1 in L*® by Feynman-Kac’s formula. Therefore [13,
Proposition 6.7] gives that, for m = 1,2,

L3z 9lBymoy, S I1L7% gllBMoO-

If the coefficients (aj)jzl’m’gd are constant, then the assumptions on g re-
duce to g € W25 In the special case where L; = Ly = —A, a more
general result for pseudo-differential operators has been proven recently
in [27, Theorem 1.1] for symbols which are C" regular in the spatial vari-
able, with r > s,. Even just for multiplication operators, we do not fully
recover this result, partly because our abstract setting prevents us from
using arguments about the Fourier support of products. In this section,
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we are merely demonstrating that adding lower perturbations with smooth
enough coefficients is possible. We intend to develop a more complete per-
turbation theory in subsequent work.

We state our perturbation result for first order perturbations of the wave
equation under consideration.

COROLLARY 10.3. — Let p € (1,00) and s, = (d — 1)|1 5= 1| Assume
that s, < 2. For j = 1,...,d, let g; € L*™ be such that g; € Bgofoo,

_1
VInig; € BO%Lm and Lyt g; € BMOy,, for m = 1,2. Consider

o0,00

d
Li (foF) — (Lif, LaF) + > (9505 f, 9,0, F).

j=1
For each t € R, the operator (I+ \/f)_sp exp(it\ﬁ) is bounded on L?(RY).
Proof. — Without loss of generality, we assume that p < 2 (using duality

to get the full result). By Theorem 9.1, [2, Example 3.14.15] and Propo-
sition 7.8, the operator L generates a cosine family on HﬁIOﬂ(Rd), with
Kisynski space D(vL) = Hg’lloﬂ (RY) (see [2] for the theory of cosine fami-
lies). By Theorem 10.1, boundedness of Riesz transforms [7, Corollary 5.19],
and Proposition 7.8, we have, for all j =1,...,d, that

130,030, e < 10150, g
S ||(f’ F)HHg’Ig’a(]Rd) V(f.F)€ Hﬁ’lha(Rd).
We thus obtain from [2, Corollary 3.14.13] that
exp(itV'L) € B(HEy ,(RY).
Another application of [7, Corollary 5.19], also gives that
|+ VD EE )~ [0+ VD) F (L F
since s, < 2. Using Lemma 8.3 and Corollary 8.4, we thus have that

(1 + VI~ exp(itVI)f||,, < |+ VD)~ F explit V)|,
< Hexp zt\f f||Hp

N, VSFeWh?,

o(RY)
S Iz, (7
<la+vD#s|,,
Sla+VD#s|,,

vV feLP(RLC?. O
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For the proof of Theorem 10.1, we use the following paraproduct decom-
position.

Let ® € S(RY),¢ € S(R?) with ¢(0) = 1 and ®,(¢) = ¢(o?[¢[?) for
o >0, ¢ € R We denote by M)y the multiplication operator (f, F') —
(c;S(Ll)g.f,gb(Lg)g.F). We denote by M), the multiplication operator

(f, F) — (¢(L2)g.f,¢(L1)g.F).
For f € S, and g € S(R?), we use (6.8) to decompose the product gf as
follows.

(%s) dr e dr
M,f = /1 My(r1)g®(rDa)*f — +/1 (My = My (r1)9)(7Da)* f —
1 5 5, dT
+ M¢(7‘L)g(pl/(Da) \I/(TDQ) f —dv
si-1 Jo T

1
dr
+/ /(Mg—M¢(TL)9)90V(DQ)2\II(TDa)2f—du.
sd-1 Jo T

Since the two low-frequency terms in the first line are similar but sim-
pler than the two high-frequency terms, we only consider the two latter in
the following. Moreover, note that we can choose ® and ¥ such that by
integration by parts, the last integral is — up to a low-frequency term —
equal to

1
dr
/ /Mg,T(L)gga,,(Da)QCD(TDa)f—dz/,
sd-1 Jo T

where ¥ (o() = 1/}(02|(|2) for ¢ > 0, ¢ € R%

LEMMA 10.4. — Let p € (1,00). Let ¢ € L™ be such that g € Bgéfgg
_1 .
and VL,,? g € BYlsr form =1,2. For all f € Hf,, ,(R?), we have that

1
H(waav') Hq/)w,a(Da) /Sd71/0 Md)(TL)g(Pu(Da)Z

\I/(TDQ)Qf (i_—T dv

Lr(S4=1;TP-2(R?))
1
S (lglloe + mm:aféHgHBgéfg + Tlr}g?fz\\VngHBgfg)||f\|HgIO,a(Rd)~
Proof. — We split the integral in 7 into two parts, corresponding to
T E (O,min(o7 1)) and 7 € (min(o, 1), 1). We also split the integral over

S-1 into two parts, corresponding to |v + w| < /7 and |v + w| > /7.
Consider first 7 € (0,min(s,1)) and |v + w| < /7. Using Lemma 6.8,

TOME 0 (0), FASCICULE 0



38 Dorothee FREY & Pierre PORTAL

and [20, Theorem 5.2], we have that

min(1,0)
H(wa g, ) = Q/Jw,a(Da)/ / M¢(TL)g<PV(Da)2
0 lvtw|<VT

U(1D,)? f dv dr
-

Lp($4-1,Tr2 (R))
a1 min(1,0) )
/S H(wa g, ) o A / / MQS(TL)g(PV(Da)
0 | <VT

U(1D,)f dv dr
-

Lp(S4-1,TP:2(R1))

On the other hand, Hardy’s inequality implies that

7T\ T dr
@ [(Z) TR T
0 g T
is bounded on 77-2(R?). We thus have that

min(1,0)
_d-1

U(rD,)?fdv dr

T

Lr(S4-1,T9:2(RY))

d—1

,SSUP||¢(TL)_(]HOOH(W,T,~) HT?T/ ou(Da)?
>0 lvdw|<VT

U(1Dy)%f dv

Lr(§4-1;Tr.2(Re))

d—1

SMMWM%JHT‘4/ o0 (D2)
lvtw|<VT

(7 Dy )b+ (D) f dv

?

LP(S4-1;TP:2(R4))

for some {pva that satisfies the same assumptions as 1, , in Section 6.
Noting that

(10.1) 7T |F 7 W) p v S 77 / dv <1,
v w|< VT v tw|<VT
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uniformly in 7, we can apply a slight modification of Lemma 6.8, together
with [20, Theorem 5.2], and get that

H(w,7',~)b—>7'4/ ©u(Dq)
[vtw|<VT

U(1Dg)the (Do) f dv

Y
Ly (S4-1:T72(R%))

S H w, T, ) — JW,T(Da)fHLp(sd—l;Tp,Z’(]Rd))
S I llmz

FIO, o(RE):

We now turn to the part where 7 € (0,min(c,1)) and |v + w| > /7.

Denoting by (w,ws,...,wg_1) an orthonormal basis of R, we remark that,
in this region,

7(v.Da)tb.0(Da) = - (v0)0(.Da ), (Da)

+ \[\/>Z (vw;)vVo(w;-Da)ths,o(Da)

- vr(Z+ \/Z)zmwax

for some Jw,g that satisfies the same assumptions as 1, » in Section 6 (in-
tegrating by parts as in Lemma 6.8), since |w.v| S /7 < /o. We combine
this fact with the following version of the product rule:

Mg(rr)g(€-Da) = (€j.Da)My(rL)g — M(e;.Do)é(rL) g
for j=1,...,d, where
Me, pyo(rryg: (s F) = (—a5540;6(TL1)g - F,a;0;6(TL2)g - ).

We obtain that, for any M € N,

min(1,0)
H(U-}, ag, ) = 1pw,O'(Da)/ / Md)('rL)g(pl/(Da)2
0 lvEtw|>\/T

W(rD,)?fdv T

T

LP(S4-1;TP:2(R4))
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S ma_XMH(MUw) > TM{/;w,a(Da)//M(ﬁu.Da)w(TL)g%(Da)

U(rDo)w, (Da)f dv dTTH

+; m&‘,XMH(“"”') HTM%”(DQ)/ M(/70.D,)i 4(rL)g v (Da)

¥(rD, (D) v

for some IZW; and % i that satisfy the same assumptions as ¥, , in Sec-
tion 6. From Remark 8.2 we know that

H(wa g, ) — JTww,a(Da)F(U; ’ )||Lp(sd71;Tp,2(Rd)) S ||F||TP12(R‘1)~

Picking M > % + %’”, and using Hardy’s inequality again, we thus get
that - suppressing a similar estimate with L replaced by L -

o ’(W,U, ) e ™4 4 (Dy) //M(ﬁy.Da)w(rL)g%(Da)

\II(TDa)%V’T(Da)f dv dT—T

d—1
S _max - () = 77T M( 7D,y 6(r1)gv (Da)
\II(TDCJ%V’T(Da)fHTp,Z(]Rd) dV
_1
< (l9llso + max llgll s, + max |V Lo g1 5o, )

[ oy (D)l gy

_1
< (gl + Jmax |lgf o, + Tglzal)szvLm2gHB&fgg)”fHHgIO,a(Rdy

For the integral over T € (min(o, 1), 1), we slightly rewrite the above argu-
ment, by picking M € N such that M > %, and using that J%U(Da) =
Vw.o(Da)(0?L) ™M satisfies the same assumptions as 1, , in Section 6. In
the region where |v £+ w| < /7, we first use Lemma 6.8, [20, Theorem 5.2],
and Hardy’s inequality as before to obtain that

H(“””’ ) s thuol(D2)

T

1
dr
[ [ MDD rar
min(1,0) J |vtw|<V/T LP(S4-1;Tp.2(Rd))
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~

d—1 d—1 ~
< "(w707.) — O—QM_TUTwa(Da)

dr

1
/ / LM [ My (7190 (Da)*¥(TDo)? f] dv —
min(1,0) J |vtw|<V/T T

< H(w,r,-) o p2M—tt

/ LM [M¢(TL)990V(Da)2‘I’(TDa)2f] dv
lvtw|<vT LP(S4=1;TP:2(Rd))

For j =1,...,d, we now use the following version of the product rule:
(€j-Da)My(rryg = My(rL)g(€j-Da) + M, D,1)é(rL)a-

Let k € {0,...,2M} be even, and j = 1,...,d. Letting ¢y: = — :Eggzﬁ(x),
m =1,2, and § € {0,1}, we can estimate further by multiples of terms of
the form

d—1

H(wa T, ) =T / M‘r‘s(e]‘.Da)‘;g{)k(‘r‘Lm)g(TDa)zM_kSDV(Da)2
lvtw|<VT

U(rD,)*fdv

LPp(S4-1;Tp-2(Rd))
5

¢(TLm)g||L°C(Rd)

/ ©u(Da)
lvtw|<VT

(7 Dy )b + (D) f dv

a

|

=
Wl

)
Lp(S4=1,Tp.2(Rd))

for some Jwﬁ that satisfies the same assumptions as v, » in Section 6.
For k € {0,...,2M — 1} even, m = 1,2, and j = 1,...,d, we also obtain
multiples of terms of the form

H(w?T?') =T 4 / MT‘;(EJ"Da)5¢k(TLm)g(TDa)2M_k_1
lvtw|<VT

0, (Do) (TD,)? f dv

LP(S4-1,Tp.2(R4))
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< sup ||(7y-) = (70)° (7L
T€[0,1]

(w,7,-) T T s / (TQL)M*%(Tej.Da)lf‘STDa
lvtw|<VT

¢(TLm)g||L°°(Rd)

0, (D)2 W(TD,)2 f dv

Lo(S9-1Tr2(R)

The result for the region where 7 € (min(c,1),1) and |[v + w| < /7
then follows as in the case of the region where 7 € (O,min(a7 1)) and
|v £ w| < /7. Finally, we consider the region where 7 € (min(o7 1), 1) and
|vtw| > /7. We first apply the product rule as we did in the region where
TE (0, min(ao, 1)) and |v + w| > /7 to obtain that, for any M’ € N,

1
H(U-}>Ua ) = 1pw,o'(Da)/ / M(;b('rL)g@u(Da)z
min(1,0) J |vtw|>+/T

U(1D,)* f dv dr

T Lp(Sd-1;,TP.2(R4))
M [T T M/A,
< . (T T
St (5 5) o
dr
M(/zv.D,)yi6(r0)g v (Da) ¥ (TDa)¥, (Da)f dv— |
M (T T ]Wl,v
Jrj_&r'l.f.i))éM/'(w,a’-)r—)T p) <0-+ 0> ww,a(Da)

dr
[ Mcuppsrmne DD, (D) dv T

Y

for some Jw,g and % - that satisfy the same assumptions as v, , in Sec-
tion 6. We then fix M' > s, + %, and argue as we did in the region
7 € (min(o,1),1) and |v +w| < /7, to obtain that, for all M > MTl, again
suppressing similar terms with L replaced by L,

M/
’ 7' 7' ~
(w,0,") — T% <J + ) wwﬂ,(Da)

max
§=0,....2M" =
dr
M(y7v.0.)io(r0)gv(Da)¥(TDa)y, (Da)fdv — |,
M [T T M’
< ol * 2M 7, D
s (G yG) e
dr
[ M M b DU DS, (Do) v T
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<  max / ||(T,~)+—>72M+MT/*STPLM
7=0,....2M" Sd—1
[M(ﬁl/.Da)jqB(TL)gSDV(DG)\IJ(TDG)yV’T(Da)f} HTp,2(]Rd) dv
< max / [(7,-) = 77T (F2LM)
Sd—l

F=0,...2M
[M( /70005611990 (Da) ¥ (TDa), (Da) f]| 7.2 gy -

Finally, using the product rule as we did in the region where Te(min(o, 1), 1)
and |v + w| < /7, we estimate further by terms of the form

1

/SH () = Td%QDV(DG)\I/(TDG)QV’T(Da)fHTpJ(Rd) dv

S I (R ESANC RY [

Sz

Flo,a(Rd)’
_1
multiplied by (||gHoo+maxm:1’2||g||BgéL£ +maxim=1,2[|VLm?g| 50.2m ). O
For the second paraproduct, we make use of the following factorisation
result for tent spaces (see [11] for the definition of the tent spaces TP

when p = oo or ¢ # 2).

THEOREM 10.5 ([10, Theorem 1.1]). — Letp, g€ (1, 00). If F€ TP (R%)
and G € T>4(R%), then FG € TP (R?) and

IF - Gllrr.agay < ClIF|l7o.ce @) |Gllree.a e,
with a constant C > 0 which is independent of F' and G.

LEMMA 10.6. — Let p € (1,00). Let g € L™ be such that Lyig €
BMOy, form =1,2, and let f € Hglo,a(Rd)' Then

1
d
H(w,a7 )= Yo (Da) /Sd_l /0 My _(1)g - 0, (D)*®(1D,) f 77 dv

LP(T;D,2)

S max | Lipgllemon,, 1 llg,, , ma)-

Proof. — Using Remark 8.2 and Hardy’s inequality as in the proof of
Lemma 10.4, we have that

min(o,1)
H(w>aa ) = 1pw,o'(-DaL)/ / MWT(L)g@u(Da)Q
Sa-1.J0

o(rD.)f I dv
T

Lr(TP:2)

< /SCF1 H(T7 ) T_TpM\I,T(L)ggpy(Da)Qé(TDa)fHTP’Q(R(!) dv.
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Applying Theorem 10.5, the above is bounded by a constant times
167,-) 1 7 U (L)

/SHH(ﬂ ) TF 0y (Da)2®(7 D) f || e ) W

S nlzﬂ:aff2||Lf;€’9||BMOLm 1z, ey

where we use [13, Lemma 4.3], and a modification of Proposition 7.9 in the
last line, which uses the improved bound (10.1) on the wave packets.

For the integral over 7 € (min(a7 1), 1), we again have to use the product
rule. With the same arguments as in the proof of Lemma 10.4, we end up
with terms of the form

(7, ) = 7 W (L) o e /SHH(T,.) s T (72L)M %

(Tej.Da)lfﬂay(Da)?@(TDaFf||TP7N(R(,) dv

(R)>

< S
S max [|Liigllsyon,, [, ,

for k € {0,...,2M} even, and 6 € {0,1} (and similar terms for k odd, as
in Lemma 10.4). O
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