Université Grenoble Alpes

ANNALES DE
LINSTITUT FOURIER

Yuguang SHI, Jian WANG, Runzhang Wu & Jintian Zau

On open manifolds admitting no complete metric with
positive scalar curvature

Article a paraitre, mis en ligne le 26 mars 2026, 35 p.

Article mis a disposition par ses auteurs selon les termes de la licence
CREATIVE CoMMONS ATTRIBUTION-NODERIVS (CC-BY-ND) 3.0

[@)ov-ro |

.4 Les Annales de [Institut Fourier sont membres du
» Centre Mersenne pour I'édition scientifique ouverte
e-ISSN : 1777-5310

>

MERSENNE


http://creativecommons.org/licenses/by-nd/3.0/
https://www.centre-mersenne.org/

Ann. Inst. Fourier, Grenoble
Article & paraitre
Mis en ligne le 26 mars 2026.

ON OPEN MANIFOLDS ADMITTING NO COMPLETE
METRIC WITH POSITIVE SCALAR CURVATURE

by Yuguang SHI, Jian WANG,
Runzhang WU & Jintian ZHU (*)

ABSTRACT. In this paper, we investigate the topological obstruction problem
for positive scalar curvature and uniformly positive scalar curvature on open man-
ifolds. We present a definition for open Schoen—Yau—Schick manifolds and prove
that there is no complete metric with positive scalar curvature on these manifolds.
Similarly, we define weak Schoen—Yau—Shick manifolds by analogy, which are ex-
pected to admit no complete metrics with uniformly positive scalar curvature.

RESUME. — Dans cet article, nous étudions le probléme d’obstruction topolo-
gique lié a la courbure scalaire positive et & la courbure scalaire uniformément
positive sur les variétés ouvertes. Nous proposons une définition des variétés ou-
vertes de type Schoen—Yau—-Schick et démontrons qu’il n’existe aucune métrique
compléte possédant une courbure scalaire positive sur ces variétés. De maniére ana-
logue, nous définissons les variétés de type Schoen—Yau—Schick au sens faible, qui
n’admettent aucune métrique compléte avec une courbure scalaire uniformément
positive.

1. Introduction

In Riemannian geometry, a fundamental question revolves around deter-
mining which types of open manifolds do not support complete metrics with
positive scalar curvature (hereafter, PSC) or uniformly positive scalar cur-
vature (hereafter, UPSC). Recent progress has focused on the extension
of topological obstructions on closed manifolds to non-compact cases, a
summary of which is provided below.

A common method for generating non-compact manifolds from closed
ones involves performing connected sum operations. The initial exploration
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of obstructions to PSC on such manifolds stemmed from the Liouville the-
orem in conformal geometry. Lesourd, Unger, and Yau [15] established a
link between the Liouville theorem and the generalized Geroch conjecture,
which states that T"# M cannot admit complete PSC metrics for any man-
ifold M. Initially, this conjecture was confirmed in three dimension using
the minimal surface method, later refined by Chodosh and Li [5] up to
dimension seven through Gromov’s pu-bubble method. Notably, Wang and
Zhang [26] resolved the generalized Geroch conjecture with an additional
spin assumption for all dimensions. Analogous conjectures arise when re-
placing the n-torus T" with certain generalizations such as the Schoen—
Yau-Schick (SYS) manifolds [3, 5] or aspherical manifolds [4].

In addition to connected sum operations, various other techniques exist
for constructing non-compact manifolds from closed ones, including sub-
manifold removal or product formations. For instance, Gromov and Lawson
demonstrated in [7, Example 6.9] that removing a sub-torus from the n-
torus T™ results in an obstruction of any complete PSC metric. Conversely,
Cecchini, Ride, and Zeidler [1] proved, for n < 7 but excluding n = 4, that
M™ x R does not have complete PSC metrics when M itself is a closed
manifold without any PSC metric. This result offers a positive resolution
to the Rosenberg—Stolz conjecture.

Furthermore, it is anticipated that the topological obstructions for PSC
remain invariant under domination maps, i.e., maps between two manifolds
with non-zero degrees (in this paper, we only consider maps of degrees
+1). For instance, Gromov proposed the “non-compact domination con-
jecture” [8, Section 4.7], suggesting that if a compact orientable manifold
cannot be dominated by compact manifolds with Sc > 0, then it cannot be
dominated by complete manifolds with Sc > 0. Examples include closed en-
largeable manifolds and closed SYS manifolds, which cannot be dominated
by a manifold with a complete PSC metric.

In a broader sense, Gromov also introduced the positive scalar curvature
domination problems [8, Section 1.5], posing questions about which spaces
M" and classes h € H,,(M) () can or cannot be dominated by complete
Riemannian manifolds with Sc > 0. If M™ is an aspherical 5-manifold, He
and Zhu [13] proved that any class h in Hy(M, Q) can not be dominated by
a compact manifold with Sc > 0. Conversely, submanifolds can also prevent
the existence of PSC metrics on ambient manifolds. As shown in [2, 7, 20,
22], some incompressible hypersurfaces can be PSC obstructions.

(D If not specified otherwise, all homology groups are with integral coefficients.
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OPEN MANIFOLD ADMITTING NO PSC METRICS 3

To summarize, the aforementioned research efforts aim to understand how
PSC obstructions can persist from closed manifolds to non-compact man-
ifolds. In this paper, we aim to expand upon this compact-to-noncompact
paradigm in SYS manifolds.

1.1. Generalization of SYS

Closed SYS manifold was initially introduced by Schoen and Yau [21]
for the dimension-reduction argument and later applied by Schick [19] to
construct a counterexample to the unstable Gromov-Lawson-Rosenberg
conjecture.

Extending this line of inquiry to open manifolds aligns with the compact-
to-noncompact philosophy. Gromov [8, Section 5.10] notably outlined a po-
tential extension of Schoen—Yau’s dimension-reduction argument to com-
plete open manifolds, hinting at the possibility of defining open SYS mani-
folds. Nevertheless, the prospect faces uncertainties, particularly concerning
the existence of area-minimizing hypersurfaces within each Borel-Moore
homology class. Thus, we explore an alternative approach rooted in the
concept of exhaustion.

Recall that a closed orientable manifold M™ is said to be SYS if there are
cohomology classes 1, ..., B3n,_2 € H*(M) such that the homology class

7= [M] ~ (81— -+~ Bn_2) € Ha(M)

does not lie in the image of the Hurewicz map mo(M) — Ho(M). Such a
class 7 is called aspherical.

To introduce the notion of SYS for open manifolds, a treatment for ends
at infinity is essential. Let M be a manifold equipped with an exhaustion

KiCKyyC---CK;C---
by compact sets of M. Then an end of M means a decreasing sequence
U2U022---2U; 2

where U; is a connected component of M \ K.

Define B(M) as the collection of subsets V' of M with compact bound-
aries. For any subset V' € B(M) we denote 05V to be the collection of
ends, denoted by {U;}2,, satisfying U; C V for i sufficiently large. We
remark that V' can be compact and in this case, 0,V is empty.

Notice that if M has a decomposition M = AU B with A,B € B(M)
and AN B is compact, then we have the corresponding ends decomposition

DM = 9.0 A LI Do B.

TOME 0 (0), FASCICULE 0
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For any subset V' € B(M) we can define the chain complex
Ci(M,05V) = lim C. (M, V \ K;)

and denote H.(M, 05V to be the corresponding homology groups. More-
over, the cohomology groups H*(M, 0, V) can be defined by the same
approach, via the direct limit, instead of the inverse limit.

The non-compact version of the Poincaré duality Theorem A.2 states that
if M has an ends-decomposition Ooc M = oo A Ll 0o B with A, B € B(M),
then the cap product with the fundamental class [M] in H,, (M, 0 M) gives
the isomorphism of Poincaré dual

Dy : H¥(M,050A) — H,_1,(M,0,B), a+— [M] ~ a.

Throughout this paper, V' is always denoted to be a set in B(M) and use
these notions

8SM = aoov and abM = aoovca

where V¢ is denoted to be the complement of V in M. This gives rise to
an ends-decomposition Osoc M = 0,M L 9, M induced by V. Notice that if
V1 AV is compact, then they induce the same ends-decomposition, and this
condition is equivalent to 0, Vi = 0s0 V.

With the above preparation, we introduce the notion of aspherical classes.

DEFINITION 1.1. — Given an ends-decomposition Oooc M = 0,M U Oy M
induced by V' € B(M), a homology class T € Ha(M, dsM) is called spherical
if for any closed subset ) of M with QAV¢ is compact, the restricted
class T|q € Ho(M,M \ Q) is a class in the image of the Hurewicz map
mo(M, M\ Q) — Ho(M, M \ Q). Otherwise, we say that 7 is aspherical.

31,X ab*X

Figure 1.1. Definition 1.1
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OPEN MANIFOLD ADMITTING NO PSC METRICS 5

It is worth explaining here how the restricted class 7|q is defined. In-
tuitively, ;M = OV can be regarded as a subset of M \ Q at infinity,
it makes sense that the inclusion (M,0,;M) — (M, M \ ) induces the
restriction maps

H,(M,0,M) —s H,(M, M\ Q).

Strictly speaking, there are natural maps from 1&1 H.(M,V \ K;) to
H,.(M,V \ K;) by the universal property of inverse limit. Moreover, by the
Milnor exact sequence in Lemma A.3, we get natural maps from H,(M, 0, M)
to lim H, (M, M\ K;). Finally, we can always choose a K; such that V\ K; C
M\ Q to get the natural restrictions H,(M,V \ K;) - H.(M, M \ Q).

Remark 1.2. — The class 7 at infinity is supported in d;M, instead of
Oy M . Since O; M serves like a side-face in the picture, we use 9;M to mean
the side-ends of M and 9, M to mean the bottom-ends of M.

When considering finer structures of ends, it is necessary and crucial to
use the relative homology Ha(M,dsM) instead of Ha(M, Os M), because
some surfaces are non-trivial in Hy(M, s M), but vanish in Hs (M, 0o M).

Now we define the generalized SYS manifolds under our consideration as
follows.

DEFINITION 1.3. — An orientable manifold M™ (possibly open) is said
to be SYS if there is a V € B(M) and a decomposition OsocM = 0 M U
OyM such that there is a cohomology class 1 in HY(M,d,M) and some
cohomology classes 32, ..., Bn_2 in H'(M) such that the class

[M] ~ (B1— -+ — Bn-2) € H2(M,0,M)
is aspherical.

Remark 1.4. — If M is closed, this definition coincides with the original
one, and it is well-defined without any confusion.

Our main result is stated as follows.

THEOREM 1.5. — For 3 < n < 7, there is no complete metric with
positive scalar curvature on an open SYS n-manifold.

Let us provide several concrete examples for open SYS manifolds, where
the verification will be postponed to Section 4. For convenience, we assume
that all manifolds are orientable and open unless otherwise stated.

Example 1.6. — If M is an open SYS manifold, then M#N is an open
SYS manifold for arbitrary manifold V.

TOME 0 (0), FASCICULE 0
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More generally, if M is a domination of an open SYS manifold, then M
is open SYS, where a domination of M on M means that there exists a
quasi-proper map f : M — M (see Definition 4.1) with deg f = £1.

Example 1.7. — If M is a closed SYS manifold, then M x R is an open
SYS manifold.

Example 1.8. — Let M™ be a closed SYS manifold and I' be a subman-
ifold. If T" satisfies one of the following;:
(i) dim(T") < 1;
(ii) The first betti number b, (T') < n — 3,
then M \ T is an open SYS manifold.

We use Theorem 1.5 to partially answer a conjecture of Schoen mentioned
in [16].

COROLLARY 1.9. — Let M™, 3 < n < 7 be a closed manifold and T’
a finite simplicial complex embedded in M of codimension k > 4§ + 1. If
M\T is an open SYS manifold and g is a metric in L= (M) NC>®(M \T)
with nonnegative scalar curvature on M \ T', then g is Ricci-flat on M \ T.

The original conjecture of Schoen [16] supposes that I is co-dimensional 3
and the Yamabe invariant of M is non-positive, instead of the open SYS
property of M. The lower bound of codimension k ensures that the confor-
mal metric will be complete (see the computation in [25, Proposition 2.4]).
Mantoulidis-Li [16] and Kazaras [14] resolved the conjecture for 3-dimension
and 4-dimension respectively.

1.2. Uniformly Positive Scalar Curvature

PSC and UPSC obstructions exhibit differing behaviors in non-compact
manifolds. For example, R? admits a complete PSC metric, but there is
no complete UPSC metric. Hence, Definitions 1.1 and 1.3 fall short in
determining which types of open manifolds admit a complete UPSC metric.

We modify the previous definition slightly and introduce the so-called
“strongly spherical ” class.

DEFINITION 1.10. — Given an ends-decomposition O M = 0s M 110y M
induced by V € B(M), a homology class T € Ha(M, ;M) is called strongly
spherical if for any closed subset €2 of M satisfying that QAV¢ is compact,
the restricted class T|q € Ha(M,M \ ) is a class in the image of the
Hurewicz map wo(M) — Ho(M, M\ Q). Otherwise, we say that T is weakly
aspherical.

ANNALES DE L’INSTITUT FOURIER



OPEN MANIFOLD ADMITTING NO PSC METRICS 7

Likewise, we define weak SYS manifolds.

DEFINITION 1.11. — An orientable manifold M™ (possibly open) is said
to be weakly SYS if there is an ends-decomposition 0o M = 0sM U Oy M
induced by V satisfying the following property: there are a cohomology
class f1 in H*(M,8,M) and cohomology classes Ba,...,Bn_2 in H'(M)
such that the class

[M] — (51 e 677.72) S HQ(MvasM)
is weakly aspherical.

Example 1.12. — T? x R? is weakly SYS but not SYS as it admits a
complete PSC metric.

Similarly to Theorem 1.5, we can prove the following:

THEOREM 1.13. — For 3 < n < 7, there are no complete metrics with
uniformly positive scalar curvature on a weakly SYS n-manifold.

We will give a class of weak SYS manifolds obtained by deleting a certain
submanifold from closed SYS manifolds.

COROLLARY 1.14. — Let M be a closed SYS manifold with the aspher-
ical class T = [M] —~ (81 — -+ — fPn—2) € Hy(M) and T C M be a
embedded submanifold. If T is not in the subgroup generated by the image
of Hy(T') and wa(M), then M is weakly SYS.

Remark 1.15. — If the Hurewicz map mo(I') — Hz(T") is surjective, then
the aspherical class 7 automatically satisfies the condition of the above
theorem.

1.3. Idea of the proofs of Theorem 1.5 and Theorem 1.13

Similar to the compact case, we apply the Schoen—Yau descent argument
to find a suitable surface representation of the aspherical class 7 defined in
Section 1.1. It will be seen later that both the proofs of Theorem 1.5 and
Theorem 1.13 follow the same strategy: determining the topological char-
acterization of this surface under the condition of PSC or UPSC. The proof
of Theorem 1.13 is much simpler than Theorem 1.5 itself, due to the UPSC
assumption. Thus, we will only focus on the proof of Theorem 1.5 here.

As the non-compactness of manifolds leads to the lack of the existence
of global stable minimal surfaces, we will find a “minimal” surface in a
sufficiently large closed subset Q (as chosen in Definition 1.1) with possible

TOME 0 (0), FASCICULE 0
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use of Gromov’s u-bubble. Precisely, we construct a stable weighted slicing
with free boundary

(227 822,'[1)2) — (En717 8277,717“}77,71)
— (B, 08, w,) = (2,00,1),

where Y is a k-dimensional submanifold in 2, wy is a smooth positive
function on Xj which will be served as a weight later.

The main difficulty lies in obtaining a topological description of (Xq, 032)
under the positive scalar curvature assumption. Specifically, we can give a
localized topological characterization (see Proposition 3.2) asserting that

(Ite) (32, 033) must be a disk far away from 0%,.

The reason is as follows: We first apply the warping product trick con-
secutively and get that ¥ (actually Yo x T"~2) can be viewed as a surface
with a PSC metric.

Choose a compact set K C X5 such that 0%, is sufficiently far from K.
If there is a non-trivial closed curve v C K in Hy(X2), we lift it to a certain
covering space and assume that

e the curve 7 separates two ends of 8?)2;
e it is sufficiently far from 0%,.

A width estimate (see Lemma 2.12) suggests that the distance between
such a curve and 852 must be bounded by a definite constant, which is a
contradiction with the second fact.

We can conclude that each component 0K is contractible in Y. Namely,
3 is a disc far away from 03s.

Remark that the bound follows from the width estimate in Lemma 2.9,
which is a quantitative improvement of the fact that a Riemannian surface
with complete PSC metrics cannot have two ends.

We use the localized topological characterization (see (ltc)) and see that
the class 7 is spherical, as (X3, 0%2) represents the class 7|q as in Defini-
tion 1.1. However, 7 is aspherical from the SYS assumption.

We now explain the construction of the co-dimensional one hypersurfaces.

For the case 8, M = (), the closed subset €2 is compact. By the standard
theorems of geometric measure theory, the minimal surface exists with
singularities of codimension 7.

For the case O,M # (),  may be non-compact, so we try to find a pu-
bubble >,,_1 at the first step. An essential advantage of u-bubbles over
minimal hypersurfaces is that the former are easier to “trap” and prevent
from fully sliding away to infinity than the minimal hypersurfaces. By lifting

ANNALES DE L’INSTITUT FOURIER
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to a covering space, we can assume that {2 is a non-compact manifold with
boundary Js and a nontrivial ends decomposition J,2 = 04 U J_. The
existence of pu-bubble is guaranteed by the non-trivial ends decomposition.

277,_1 (S Hn—1 (Qa 6@)

Figure 1.2. p-bubble with boundary

1.4. Arrangement of this paper

The rest of this paper is organized as follows:
e In Section 2, we provide some preliminary content on topology and
analysis.
e In Section 3, we prove Theorem 1.5.
e In Section 4, we give some examples of open SYS manifolds, includ-
ing those mentioned in the introduction.

e In Section 5, we prove Theorem 1.13 and discuss the obstruction
for UPSC.
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2. Preliminary

In this section, we introduce some notions and some useful lemmas.

2.1. Topological Preliminaries

LEMMA 2.1. — Let M™ be a connected and oriented smooth manifold,
possibly open, 0 # « € H,,_1(M™) be a non-zero homology class, then «
can be represented by closed embedded oriented hypersurface ¥"~% in M™;
Moreover, there is a smooth map f: M™ — S' and X" ! is regular level
set of f.

Proof. — Let n € HX(M) be the Poincaré dual of a € Hy(M). One has
that
H; (M) = lim H'(M,M\K).

KCM
We can find a compact set K C M such that n € H'(M, M \ K). Without
loss of the generality, we may assume JK is smooth.

The excision property of cohomology (see [12, p. 202]) gives some isomor-
phisms: HY{(M, M \ K) = HY(M/(M \ K)) and H*(S*,{-1}) = H}(S').
Brown’s representability theorem (see [12, p. 448]) suggests the relative
version as follows:

T: [(MvM\K)v(Sla{_l})] — Hl(M7 (M\K))
[f1¥— f7(6)

where [(M, M\ K), (S*,{—1})] is the set of homotopic classes of maps from
(M, M\ K) to (S',{—1}), and @ is a generator of H(S!, {-1}) = H(S!).
The map T is bijective.

For any element € HY(M,M \ K), there is a smooth function f :
(M, M\ K) — (St,{-1}) with f*(6) = 5. Sard’s Theorem allows us to find
a regular value o # —1 in S! such that f~!(a) is a smooth submanifold in
K. Moreover, the submanifold f~!(a) is the Poincaré duality of 7. O

LEMMA 2.2. — Let M™ be an oriented smooth Riemannian manifold
and o € H,,_1(M™) be a non-zero class. Then there exists a covering space
M of M associated with a smooth function

p:M—)R

ANNALES DE L’INSTITUT FOURIER
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satisfying
(1) % :~p_1(0) is a smooth embedded hypersurface.
(2) p«[X] =« € Hp—1(M) where p: M — M is the projection map.
(3) Lip(p) < 1 and p is surjective.
Proof. — Let a € H,,_1(M") be the non-zero class. From Lemma 2.1,
there is a smooth map f: M™ — S! satisfying that
e the regular level set ¥ := f~1(1) is a closed hypersurface;
o [X] =a.
We consider the pullback

Mx;R—15R

(2.1) lpl Jpz

M—L s

where M x ;R = {(z,t) € M xR : f(z) = p2(t)} is a covering space of M.
The hypersurface == f~1(0) is the lifting of ¥ (i.e. (p1)«([Z]) = [%]),
and we take M to be all connected components of M x ¢ R that contain .
We denote M* = FHRE) N M, both of which are smooth manifolds
with boundary . Since [£] # 0 in Hn,l(M), both M* are non-compact.
Then we define a signed distance function
{dist(a:,i) veMT,
d(x) = ~ _

—dist(z,X) ze M~.

By modif}iing the signed distance function d(z), we can construct a proper

map p: M — R with Lip(p) < 1. Furthermore, p is surjective by construc-
tion. g

2.2. p-bubbles
DEFINITION 2.3. — A band is a connected compact manifold M and a
decomposition of boundary
OM =0_UO04

where J+ are unions of connected components of 0M and both are non-
empty.
DEFINITION 2.4. — Given a Riemannian band (M, g; 0_, d;.), a function

 is said to satisfy the barrier condition if either p € C*° (M ) with p — o0
on O, or p € C*°(M) with

(2.2) plo. > Ho ,  plo, < Ha,

TOME 0 (0), FASCICULE 0
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where Hy_ is the mean curvature of O_ with respect to the inward normal
and Hp, is the mean curvature of 0, with respect to the outward normal.

Choose a Caccioppoli set €y with smooth boundary 9Qy C M and 04 C
Qp. Consider the following functional

(2.3) b(Q) = HH(0°Q) — /Mom ~ xou)udH"

where € is any Caccioppoli set of M with reduced boundary 9*2 such that
QAQy € M.

The existence and regularity of a minimizer A* among all Caccioppoli
sets was claimed by Gromov in [8, Section 5.2], and was rigorously carried
out by the fourth-named author in [28, Proposition 2.1].

LEMMA 2.5 ([28, Proposition 2.1]). — Let (M™,g;0_,0+) be a Rie-
mannian band with n < 7, and let 2y be a reference set. If 1 satisfies
the barrier condition, then there exists an 2 € Cq, with smooth boundary
such that

Ab(Q) = it AG (@),

Remark 2.6. — In Lemma 2.5 the smooth hypersurface ¥ := 90\ 0_ is
homologous to 0.

We next discuss the first and second variations of p-bubble.

LEMMA 2.7 ([5, Lemma 13]). — If Q; is a smooth 1-parameter family
of regions with Qg = Q) and normal speed i at t = 0, then

d
G = [ =

where H is the scalar mean curvature of 0§);. In particular, a p-bubble Q
satisfies

H=yp
along 0S).

LEMMA 2.8 ([5, Lemma 14]). — Consider a u-bubble Q with 02 = X.
Assume that € is a smooth 1-parameter family of regions with g = Q
and normal speed 1 at t = 0, then Q(v¢) = % (A(Q:)) > 0 where

t=0
Q(v)) satisfies

Q1) = [ [V 5Sc(®)u" 5 (Tl +Se(M)-t1 =2(Tagp, ))* A"

where v is the outwards pointing unit normal.

ANNALES DE L’INSTITUT FOURIER
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It is well-known that if the scalar curvature of a torical band M is
bounded below by Sc(S™) = n(n — 1), then

width(M) = dist(d—,04) < 2%
However, if the scalar curvature is only bounded below by ¢ on a neigh-
borhood of a separating hypersurface and Sc(M) > 0 (actually, not too
negative), then the distance from this hypersurface to the boundary OM
can not be too large.
The following lemma also appears in [1, 11].

LEMMA 2.9. — Let (M",g;0_,0+) be a compact Riemannian band
with n < 7 associated with a smooth function

p:(M,ds) —> ([-D, D], +D)

satisfying
(1) Lin(p) < 1.
(2) The scalar curvature Sc(M) > o > 0 in p~*([—1,1]) and Sc(M) > 0
everywhere in M.
(3) Any closed hypersurface ¥ in M which separates 0_ from 0 admits
no metric with positive scalar curvature.

Then we have D < Do where Dy = Do(c) > 1 is a positive constant
depending only on o.

Proof. — Suppose the contrary that D > 2(1—2hy*(1)), where ho(x) =
—/o tan(?a@). We first construct a function p that satisfies the barrier
condition. Then use it to find the u-bubble ¥ admitting a metric with
positive scalar curvature and separating M, which leads to a contradiction.

Consider the piecewise smooth function

—00 x>1-2hgt(1),
2 -1
h(zx) = —ﬁtan(@x) -1<z<1,
2 -1
+oo r< —1—hgt(-1).

Ignore the smoothness of h and choose p := h o p. We directly calculate
that

Sc(M) + u? — 2|V arp| > 0.
From the hypothesis, i satisfies the barrier condition. By the Lemma 2.5,
the p-bubble ¥ exists and separates M.

TOME 0 (0), FASCICULE 0
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We now show that ¥ admits a positive scalar curvature metric. Combin-
ing with the second variation formula in Lemma 2.8, we have

1
/ IVsy|* + =Sc()y? > 0.
5 2
for any smooth function ¢ on 3. We have the operator
1

Hence if n > 3, the conformal Laplacian L = —42= A5 +Sc(X) has positive
first eigenvalue. As a conclusion, ¥ admits a PSC metric. If n = 2, it is
obtained directly by the Gauss-Bonnet theorem.

Let ¢ : [-D,D] — [—D, D] be a monotonically non decreasing smooth
function such that ¢ = 41 near the neighborhood of +1 and Lip(¢) < 1+e.
The composition h=ho ¢ is smooth and we use 1 = ho p, instead of p
and the same argument to complete the proof. O

DEFINITION 2.10. — Let (M, g) be a Riemannian manifold. Given any
function o : M — R we say that (M, g) has its T*-stabilized scalar curva-
ture bounded below by o if there are finitely many smooth positive func-
tions uq, ..., ux such that the warped metric

k
Gwarp = g+ »_u? do? on M x T*
i=1
satisfies Sc(gwarp) = 0 0T, where way : M x TF — M is denoted to be the
canonical projection map.

Remark 2.11. — For example, S! has no metric with positive T*-stabilized
scalar curvature. The reason is as follows:

If not, there is a T™ with positive scalar curvature. However, the work of
Gromov-Lawson [7] suggests that T"*! has no metric with positive scalar
curvature, which leads to a contradiction.

We generalize the Lemma 2.9 to T™-stabilized scalar curvature.

LEMMA 2.12. — Let (M"™,g;0_,0+) be a compact Riemannian band
with n < 7 associated with a smooth function
p: (Mva:t) - ([7D7D]7:tD)
satisfying
(1) Lip(p) < 1.
(2) (M,g) has its T*-stabilized scalar curvature bound below by o,

where o : M — R is a function such that Sc(g) > ¢ in p~1([-1,1])
and Sc(g) > 0 everywhere in M.
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(3) Any closed hypersurface ¥ in M which separates 0_ from 0 admits
no metric with positive T*-stabilized scalar curvature.
Then we have D < Dy where Dy = Dg(c) > 1 is a positive constant
depending only on c.

Proof. — For a constant ¢ > 0, one can construct a smooth function
he : (—=Dg, Do) — R as in the proof of Lemma 2.9 satisfying that
e hl. <0 and

tilfbo he(t) = Foo;

o 2h! + h2 + €X[-1,1) > 0, where x[_1 1) is the characteristic function
of the interval [—1,1].
In the following, we are going to deduce a contradiction when D > Dy. By
Definition 2.10, there are finitely many smooth positive functions uy, ..., ug
on M such that the warped metric
k
Gwarp = M + Zufd@? on M x T*
i=1
satisfies Sc(gwarp) = 0 0 mar, where mpy + M X T* — M is denoted to be the
canonical projection map. Suppose that

Mp, = p~*([=Dq, Do]) x T*
and consider the functional
Ahc (Z % Tk) — Hk:+1(2 % r]rk:) _ / h. o Pde+2,
QxTk

where ¥ is any closed hypersurface separating two boundaries p~1(£Dy)
and bounds a region Q with p~!(—Dg). From geometric measure theory,
we can find a smooth minimizer ¥, X T* of the functional A"<. Using the
stability and applying the warping product trick by Fischer—Colbrie and
Schoen [6], we can find a warped metric

k+1
Gwarp = g8 + O ufd0] on Sy x THH!
i=1
with positive scalar curvature, which contradicts our assumptions. O
COROLLARY 2.13. — Assume that (X2, gs) is a complete and orientable

connected surface having its T*-stabilized scalar curvature bounded below
by a positive function o. Then X2 is conformally equivalent to a plane or
a sphere.
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Proof. — The proof is divided into two steps:

Step 1: ¥ is topologically a plane or a sphere. — From the uniformization
theorem, it is sufficient to prove the simply-connectedness of X.

We first note that H;(X) = 0. If not, according to Lemma 2.2, we can
find a covering of ¥ with a map p: & — R and Lip(p) < 1. For simplicity
of notation, we also denote this covering space by ¥. Both conditions in
Lemma 2.12 hold for the map p : p~}([-D,+D]) — [-D,+D] where D is
arbitrarily large. This contradicts with Lemma 2.12.

We have two cases: (1) X is closed; (2) ¥ is open.

(1) If ¥ is closed, then it is S?.
(2) If X is open, then X is aspherical. By the Proposition 2.45 in [12],
71(X) is torsion-free. We have that 71 (X) is trivial. If not, we can

find a covering space ¥ such that Hy(X) & Z, and use the same
argument as above to lead to a contradiction with Lemma 2.12.

Step 2: ¥ is conformally equivalent to a plane or a sphere. — It is
sufficient to study the non-compact case. Suppose by contradiction that %
is not conformally equivalent to the plane but to the disk . Then we can
write the metric gx, as

gs = u(z)|dz|* with z € D.

Choose v = pu~'/? and the Gaussian curvature K of (2, gs) can be ex-
pressed as follows:
AEU |VZ’U|2
24 K==="_ )
(2.4) ; 2

In the following, we use the uniform positivity of T*-stability scalar cur-

vature to study the positivity of the operator —Asy, + 8, K where ), = &L

= T2k
and then use it to get a contradiction.

Claim. — For any non-zero ¢ € C2°(X), one has that
(2.5) / V| + B K¢* dos > 0.
)

Proof of the claim. — Let u = Hle u;. Then, we have that

k
Asans
Sc(gwarp) = 2K — 22 %uz -2 Z (Vs logu;, Vs logu,) > 0.

i=1 v 1<i<j<k
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‘We observe that

A
Aslogu = ox |V log ul?
u

k
Asu;
= Z Z,u +2 Z (Vs logui, Vs logu;) — | Vs log ul?
= 1<i<j<k

< K+ Z (Vslogu;, Vs logu;) — |Vs logu|2.

1<i<j<k

Notice that for &k > 2 we have
Vs log ul®

k
=Z\Vglogui\2+2 Z (Vs logu;, Vs logu;)
i=1

1<i<j<k

1
= Z mﬂVg logu;|? + |Vs logu;i|?) + 2(Vx logu;, Vs log u;)
1<i<j<k
2k
e Z (Vs logu;, Vs loguj).
1<i<j<gk
we combine them to get that
E+1
Axlogu < K — %|Vg logu|? = K — Bi|Vs logul?.

Let ¢ be any non-zero function in C2°(¥). Multiplying ¢? from both sides
and integrating by parts, we see

—/ 2¢(Vsp, Vs logu)dos, < / K¢3*dos, — ﬁk/ Vs log u?¢? dos..
> b >
The left-hand side is bounded below by
gt / Vel dos — B / Vs log uf2? do;
> b

Then, we get (2.5) and complete the proof of the claim.

We now use (2.5) to get a contradiction. We have that

/ |Vs(p0)|? 4 Br K ¢*v*dos > 0 for any non-zero ¢ € C°(%).
b
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In addition, from (2.4), we have that

/\vg ov)|? /|Vg¢)|2 2d02+2/ o (Vsp, Vev)dos
+/¢2|Vzv|2d02
>

/ﬁkK¢2v2 = —Qﬁk/ Pv(Vxo, V2U>—2ﬂk/ ¢°|Vsv’dos.
3 by b
Using the inequality
21 B1) [ 0v(Vso, V)dos
b

< 2(1 — Br)?
28, — 1

2 1
/|Vz¢|21/2d02+ B /¢2\V2U|2d02
D) D

we arrive at

/¢2|V21}|2d02 gC(ﬂk)/ |V2¢|2U2d02,
b)) =

2 (21 )
Clo) = 57 _1< L +1).

Fix a point p in 3. By taking ¢ to be a test function such that 0 < ¢ < 1in
¥, ¢ =1in Bg(p), ¢ = 0 outside Bagr(p) and |Vs¢| < 10R™!, we obtain

/ |Vsv|2dos, < 100mC(Bkx)R™2.
Br(p)

where

Sending R — +o00 we conclude that v turns out to be a constant function,
which contradicts the fact that gs is a complete metric. O

3. Proof of Theorem 1.5

LEMMA 3.1. — Let (X,0%,¢gx) be a compact orientable surface whose
T*-stabilized scalar curvature is bounded below by a positive function o.
Let 2 C ¥ be a compact connected domain, and let s be a number such
that

(1) Q(s) does not meet OX.
(2) Image[H1(€2) — H1(2(s))] # 0
where Q(s) == {zx € ¥ : distg(z, Q) < s}. Then

s< Dy (ér(llf) O’)

where Dy is the function coming from Lemma 2.12.
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Proof. — Suppose the contrary that s > Dy. Then, we find a curve « in
Q which is non-trivial in H;(£2(s)). We may assume 7 separates two bound-
aries, 07 Q(s) and 9~ (s), of the domain Q(s). (If not, we use the approach
in Lemma 2.2 to find a required covering space and then to replace €2.)

Let p : Q(s) — R be a smoothing of the signed distance function to ~.
By rescaling, we can assume Lip(p) < 1 and p: (Q(s),07,07) = ([-Do —
€1, Dg + €3),—Do — €1, Dy + €2), where ¢; is some positive constant. We
combine Lemma 2.12 with Remark 2.11 to have that

€1 + €2

Dy + < Dy

which is a contradiction. O

PROPOSITION 3.2. — For any function L : [0,+00) — (0,+00) and a
constant sy > 0, there is a positive constant Ty = To(L, so) > so such that
if (X,0%, gx) is a compact oriented connected surface with boundary such
that

e there is a smooth function p : (X,0%) — ([0,T],T) with Lip(p) < 1;

o T' > 1Ty and T is a regular value of p;

e The T*-stabilized scalar curvature of (X, gs) is bounded below by
a positive function o with

inf o> L(s) for all s € [0,T],
p=1([0,5])

then for any regular value s € (0, sg] of p, there are finitely many pairwise
disjoint embedded disks D5, ..., D; in p~'([0,Ty]) such that

l l
| |oD; ¢ p~'(s) and p~*([0,s]) c | | D;.
=1

i=1

Figure 3.1.
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Proof. — We first use Lemma 2.12 to find an expression of T and then
show that it is the desired one.

Step 1: Find Ty and set up the proof. — We use the function Dg(c)
defined in Lemma 2.12 to introduce the following constants:

C1 = Do(L(s0 +2));
s1 =80+ 1+ Chq;
CQ = Do(L(Sl + 3)),
To = 851 + 2 + DQ.

In the following, we assume that (2,0, gs) o and p are defined as in
the assumption. For our convenience, we fix a regular value sj of with
S1 < ST < S1 + 1.

Step 2: Every component of p~1([0, s}]) is homeomorphic to a 2-sphere
with finitely many disks removed. — If not, there is a compact component
Q c p7([0,s7]) with g(2) > 0. Using long exact sequence for relative
homology groups (see [12, p. 115]), we have that for any Cy > Dq(s7)

0<g(Q) <g(Q2(C2)) and Image[H,(2) — H1(2(C3))] #0,

which contradicts Lemma 3.1.

Step 3: For any s € (0, so], each component of p~(s) bounds a disk in
p~1([0,s7]). — Tt is sufficient to show that m1(p~1(s)) — w1 (p~1([0, s7]))
is trivial.

Suppose the contrary that there is a closed curve < which is
non-contractible in p~1([0, s]). For our convenience, we may assume that
p~1([0, s7]) is connected. From Step 2, it is a 2-sphere with finitely many
discs removed.

We conclude that v separates two non-empty parts 9T and 0~ of the
boundary 9[p~1([0, s1])]. If not, v is bounded by a disc, which is a contra-
diction with the choice of ~.

We now apply Lemma 2.12 to (p~*([0, s7]),07,07) and get a contradic-
tion as follows.

Notice that we have

° v Cp(s),

o dp~H([0,57])] =07 O~ C p~(s7),

e Lip(p) <1,

o disty(y,0%) > C1 > Do(L(so + 2)) and disty(y,07) > C1 >
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Through a modification of the signed distance function of v, we can con-
struct a smooth function
ﬁ: ((p_l([ov 51‘])7 8+7 a_)) — ([_01’ Cl]a Ch, _Cl)

with Lip(p) < 1 and p~1([-1,1]) € v(2) C p~1([0, s¢ + 2]). Moreover, the
scalar curvature is bounded below by o > L(so +2) in p~*([~1,1]) and is
non-negative in p~1([0, s7]).

From Remark 2.10, any circle has no metric with positive T*-stabilized
scalar curvature. We apply Lemma 2.12 to (p~1([0, s7]),07,07) and have
that Cy < Do(Lsy+2), which is a contradiction with the choice of Cj.

Step 4. — Show that for s € (0, 5], there are finitely many pairwise
disjoint embedded disks Df,..., D} in ¥ such that

! !
|_| oD; C p~*(s) and p~ ([0, s]) C |_| Ds.

i=1
For any s € (0,s¢], assume that p~!(s) is a disjoint union of closed
curves, {7 }™ ;. From Step 3, each v bounds a disc Df C p~1([0, s7]).

Claim. — For any iy, iz, one of the following relations holds: (1) D} N
D; =W0;(2) D; C D;; (3) D;, C Dj,.

Proof of the claim. — Suppose that D} \ Df, # 0 and Dj \ D; # 0.
Then, we have that 7§ N Df # 0 and v} ﬂ D; ;é 0.

Since v}, and ~;, are dlSJOlIlt we get that 77 C D7 and v; C Dy .
Namely, the set Df U D7 C ¥ is a 2-sphere. It is an open and closed set,
which is a contradiction with the fact that ¥ is connected and 9% # ().

The claim suggests that ({Dj}72,, C) is a partially ordered set. Consider
the collection {Dj },_, of maximal elements. Then, {D; },_, are disjoint
and Héc:l ka = UZL D;.

It remains to show that p=1([0,s]) C ]_[2:1 D

Suppose by contradiction that there is a component C C p~1([0, s]) with
Int(C)N (]_[ﬁC 1 D) = 0. The boundary 9C = |J;; 7; is a subset of J;, ;.

We have that for i,7' € I, DiND;§ = (. If not, use the claim that Df C D3,
or D C Dj. Without the loss of generalization, we assume that D C D}
(in fact D3 C Df as dD3 N dD; = ). Since Int(C) N (]_[Lzl D) =0, we
get that dist(Dj,,C) > 0, which is a contradiction with v, C 9C.

Consider a closed 2-submanifold as follows:

cl (U DS> C3.
iel
It is a proper non-empty subset that is both open and closed. Since it is a
contradiction with the connectedness of . We complete the proof. O
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Now we are ready to prove Theorem 1.5.
Proof of Theorem 1.5. — Denote

7= [M] ~ (BL— -+ — Bp2) € Hy(M,0:M),

where 81 € HY(M,0,M) and B, ..., Bn_2 € H'(M).

Suppose by contradiction that (M, g) is a complete manifold with positive
scalar curvature. It is sufficient to show that 7 is spherical.

The proof is divided into two cases.

Case A: If yM =0, 31 € HY(M) and 7 € Hy(M,0sxM). — Fixing a
compact subset Q of M and modifying certain distance function, we can
construct the following terms

e p: M — [0,+00) is a function with p|q = 0 and Lip(p) < 1.
e Q,:=p71([0,s]) for any s> 0.
e L(s) :=ming_R(g).
Notice that for any s > 0
T|q, is aspherical and non-zero in Ho(M, M \ Q).

Where we say a relative class is aspherical if it is not in the image of the
Hurewicz map.

In the following, we fix a positive constant sg and 7' > Ty = To(L, so),
where Ty(L, so) is the constant coming from Proposition 3.2. Then, 7|q,
is aspherical and non-zero in Ho (M, M \ Qr), which will lead to a contra-
diction with the following claim.

Claim. — If Sepr > 0, then 7]q,. is spherical.
Since T|q, is non-zero, we can construct a stable weighted slicing with
free boundary

(22,822,’102) — (23,823,’103) — T (Enaaznawn) = (QTa(?QTa 1)3
where

o cach (X;,0%;,w,) is a compact manifold (X;,9%;) with boundary
associated with a positive smooth function w; : 3; — R such that

[%,0%;] = [Qr,007] ~ ("1 — - — € Bnj)

where e : Qr < M is the inclusion map;

e for each 3 < j < n, ¥;_; is an embedded two-sided hypersurface
with free boundary in ¥; with integer multiplicity, which is a stable
critical point of the w;-weighted area given by

Aj(E):/wj dngil;
%
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e for each 3 < j < n, the quotient function

is a first eigenfunction of the stability operator on ¥;_; with the
Neumann boundary condition associated with the w;-weighted area.

Step 1: The existence of stable weighted slicings with free boundary. —
The main method is essentially contained in Theorem 4.6 in [23]. We will
use the inductive construction.

Suppose that the first k slicings have been constructed. That’s to say,

(Zn—k+1a aEn—k+17 wn—k+1) — (Ena 8277.7 wn) = (QTa aQTv 1)a

where the weight function w,_x1 is defined as above.
There is a smooth hypersurface (X% _,,0%% ) C (Zp—k+1,080_k+1)
which belongs to the Poincaré dual of i*(5,—x), i.e.

(X 0%, k] = Enoky1, 080 pg1] — " (Bn—k)-

where ¢ : X,_;+1 — M is the embedding. Notice that ¥* is a smooth
hyperspace, instead of minimal hypersurface.
Consider the collection S,,_j of (n — k)-currents T' with the following
properties:
e T is an (n — k)-integral rectifiable current in ¥, _x41;
e For some integral current U and R, one has that

T—E;:_k :6S_R,
where spt(S) C X,,_x+1 and spt(R) C 0¥, _k+1

consider the variation problem
In,k = inf{Mwnkarl’n,k(T) T e Snfk}

where My, n—k is the wy,_p41-weighted mass functional on (n — k)-
integer rectifiable currents.

The standard theory of integral currents [24] allows us to find a minimizer
Yk € Spg with Iy = My, _,,, n—k(En—r). The regularity results for
minimizing currents with free boundary (see [9, 10, 17]) show that X, _
is a smooth, two-side and embedded hypersurface with [, _¢, 0%,_x] =
[QT769T] ~ (e*ﬁl e e*ﬂn,k).

Furthermore, X, _; satisfies a weighted stability inequality for the
weighted function w,,_j+1. Therefore we use the stability inequality to find
a positive first eigenfunction ¢, _j, of the weighted stability operator. Defin-
ing the weight w,,_j, by the formula w,_ = ¢n—k - Wn—g+1|x,_, completes
the induction step.
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Step 2: Analyze the topological structure of ¥5. — Using the stability
of all 3; and the warping trick consecutively (The detail can be found
in [8, Section 2.4]), we have the inequality

n—1
Sc | gz, + quz d0]2- > Sc(g)|s, > 0.
j=2

Now we analyze each component C of 5. In the following, we assume
that C has a boundary and it touches Q.(If C is closed (and so it is a 2-
sphere by Corollary 2.13) or C has boundary without touching €2, then [C]|q
is automatically spherical.)

Consider the surface (X3, 0%3) associated with the smooth function p|s,.
Let s be a common regular value of p and p|y, with s < s¢. It follows from
Proposition 3.2 that there are finitely many pairwise disjoint embedded
disks Dy, ..., D; in 35 such that

l l
| |oDiccnog, andCcnQ, c | | Ds.
i=1 i=1
In particular, [C]|q, is spherical and so is [C]|q.
Case B. — 1If O,M # (), the only difference from the previous proof is
that we find the first slicing ¥,,_; via the u-bubble technique. Since
HY(M,0,M) = lim HY (M, M\ Z)
zZcM
where Z takes all closed subsets in M satisfing ZAdsM &€ M. As in
Lemma 2.1, choosing a large enough closed subset Z, we can find a class
B1 € HY(M,M \ Z) represents the class 1 € H'(M,d,M) and a map
f:(M,M\ Z)— (S', %). Moreover the induced map

[ HYSY %) — HY (M, M — Z) — H"(M, 0,M)

satisfies f*(df) = B, where df is the generator of H'(S!, )
Consider the covering pull-back

f\j % R
J{Pl l}h
ML, st

where M is the connected component containing Y= f_l(O). Moreover,
(p1)+([Z]) = Dm(B1) € Hp—1(M, 05 M). Lifting to the covering M, we can
assume O, M = 0_ U 04 consist of two ends and there is a hypersurface

Y with [¥] = [M] ~ B; separating 0_ and 0. Therefore for any closed
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subset Q with QAQJ,M is compact, we can construct a stable p-bubble
(X,-1,0%,-1) such that

[Enﬂ,aznq] = [QTﬁQT] ~e*B1.

As we get the first slicing, the rest is exactly the same as before. O

4. Examples of open SYS manifolds

In this section, we will give some examples of open SYS manifolds. Since
we are dealing with non-compact manifolds, let us define what it means
for a quasi-proper map between non-compact manifolds to have non-zero
degree.

DEFINITION 4.1 ([4, Definition 1.6]). — Let M™ and N™ be orientable
n-manifolds (possibly non-compact). A quasi-proper map f : M — N is
said to have degree n if

e S, consists of discrete points, where
So= (] JOM-K)
K CM compact

e the composed map
Hy (M, 000) 5 Hyy(f (N = S00), 000) 255 Ho (N = Soc, 0oc)
maps the fundamental class [M] to n[N — Ss]. In other words,
fo([M]) = n[N — Sx].

PROPOSITION 4.2. — If M is a domination of an open SYS manifold,
then M is also SYS, where we say M is a domination of M if there exists
a quasi-proper map f : M — M with deg f = £1.

Proof. — Definition 4.1 allows us to find a set Sooc = {p, € M | i € I}
of discrete points satisfying for any proper map ¢ : RT™ — M the composed
map f o ¢ is either proper or converges to some point P, € Soo as t — +o00.
By definition of SYS, there exists V. € B(M) such that we can find B, €
HY(M,0,V) and B,,..., 3, , in H'(M) such that the class

o= [M] = (8, ~ By~ B, ) € Ha(M, 0 V)

is aspherical. Perturb the boundary of V, we can assume P, ¢ OV. Now we
can take V = f~1(V) which appears to be an element in B(M). Since B,
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is a cohomology class of dimension 1, its restriction near points p, is zero.
Through pull-back we have

Br=f*(B,) € H'(M,0-V°)
and
Bi = [*(8,) € H'(M) when i # 1.

We claim that the class

7= [M]— (B1 ~ B2~ -~ Ba—2) € Ha(M,05V)
is aspherical. Otherwise, there is a subset ) of M such that QAV is compact
and that the class 7|q is in the image of the Hurewicz map mo (M, M\ Q) —
Hy(M, M\ Q). Since f has degree +1, by push-forward we obtain

lr) = £fu(7la)

and in particular 7|s(q) lies in the image of the composed map
This means that 7 is aspherical, which leads to a contradiction. O

PROPOSITION 4.3 (i.e. Example 1.7). — If M is a closed SYS manifold,
then M x R is an open SYS manifold.

Proof. — Let [M] ~ 81 —~ ... ~ Bn—2 be the aspherical homology class
in the definition of closed SYS manifold. Take V = (), where V is the set
required in Definition 1.3. Denote v € HY(M x R) = HY(M x R, 0,,V°) to
be the Poincaré dual of [M] in M X R. Then the class

[MXR}/‘\’}/Aﬁl/‘\.../‘\ﬂn,Q ian(MXR)
is aspherical. We already show that M x R is an open SYS manifold. [
PROPOSITION 4.4 (i.e. Example 1.8 (ii)). — Let M™ be a closed SYS

manifold, I' be an embedding submanifold of M with the first Betti number
by < n—3, then M™\ T is an open SYS manifold.

Proof. — Let [M] —~ 1 —~ -+ —~ [Bh_2 be the aspherical homology
class in the definition of closed SYS manifold. Since H!(T') is torsion-free
(see universal coefficient theorem in [12]) and rank H*(T') = b; < n — 3,
we conclude that B1]r,..., B, 2|r are Z-linearly dependent in H(T), i.e.
there are integers a1, ..., a,_o such that

al ‘51|1‘+a2 'ﬂ2|p + ...+ a9 'ﬁn72|1“ =0in HI(F)

Since H!(T) is free, we can assume (ay,...,a,_2) = 1. That is to say, there
are integers p; such that > pa;, = 1.
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We define a new cohomology class
Y=a1-Bitaz-Pot+ -+ an_2- Buzin H(M).

Notice that v|r = 0. Since we have the decomposition

/81 ~ vﬁn—2 = (ZM%‘) '61 o ﬁn—Q
=p1-y = Pama 2 Py,
we have that at least one component should be aspherical.
Without loss of generality, we may just assume [M] —~ (v — -+ — Bp_2)
be an aspherical class in Ho(M). For T is a closed submanifold of M, there
is a long exact sequence

o H(MA\T) 25 HI(M) -5 HIT) — HF (MA\T) — --- .
This exact sequence follows from the exact sequence 0 — C* (M \ N(T")) —
C*(M) — C*(N.(T')) — 0, where N(T') is the tubular neighborhood of T
with radius e. Thanks to this, we have

0 — HX(M\T) L HY(M) -5 HY(T).

Therefore, 7y can be regarded as a class in H (M \T') = H' (M \ T, 0,,V°)
for V.= (), where V is the set required in Definition 1.3, and so M \ T is an
open SYS manifold. O

Consider a tubular neighborhood N(I') of a closed k-submanifold I' in
a closed manifold M"™, where k < n. The exact sequence for the relative
homology (see [12]) can be expressed as follows:

= j 2]
Hy(N(T)) == Ha(M) = Hy(M, N(T')) — Hy (N(I)).
For Borel-Moore homology, there is a long exact localization sequence
HPM (1) = HPM (M) = HPM (M/T) % HPY ().

Since I and M are both closed, we have HEM (') = H,(T') and HZM(T) =
H,(T). Denote 0o = 0oo(M\T), then we see HEM (M/T') = H,(M\T, 0s).
Moreover, we have the following commutative diagram

Hy(T) — = Hy (M)~ H(M\T,8s) —2— H;_1(T)

(
= - L
(

H;(N(T)) —=— H,(M) —“— H,(M,N(T)) —2— H, ,(N(T)),

where the first and fourth isomorphisms hold since I' is the deformation
retract of N(T') and the third isomorphism comes from the five lemma.
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LEMMA 4.5. — Let M be a closed n-manifold and I' be a closed k-
submanifold of M satisfying

o Hy(I) =m(T),

e and Hy(I') = my(T).
If 7 is an element in Hy(M) such that j.(T) is spherical in Ho(M, N(T)),
then 7 is also spherical in Ho(M).

Proof. — We have the following commutative diagram

Hy(N(T)) —2 Hy(M) —2 Hy(M,N(T)) —2— H,(N(T))

f1T f2T f3T f4T
RN () — o w1~ mONT) 2 m (VD)
where each f; is the corresponding Hurewicz map. From our assumption
both f; and f; are isomorphisms. The proof depends on the diagram-
chasing argument.
Since j.(7) is spherical in Ha(M, N(T)), by definition we can find an
element u € mo(M, N(T')) satisfying j.(7) = f3(u). In particular, we obtain

fa0d' (u) =00 fz3(u) =00 j.(r)=0.
Because f4 is an isomorphism, we have &’ (u) = 0. Due to the exact sequence

in the second line, there is an element v; € mo(M) such that u = j/ (vy).
Clearly we have

Jr o fa(v1) = fs 0 ji(v1) = fs(u) = ju(7),
and so j.(7 — f2(v1)) = 0. Now we use the exact sequence in the first line
to find vy € Ho(N(T)) satisfying 7 — fo(v1) = 4+(v2). Recall that the map
f1 : m(N(T)) — Hy(N(T)) is an isomorphism, then there is an element
vh € mo(N(T)) satisfying ve = f1(v}). And we arrive at
faod(vy) =ixo fr(vh) = ix(v2) = T — fa(v1).

Therefore, we obtain 7 = fo(vy + 4, (v4)), which means that 7 is spherical
in Ho(M). O

COROLLARY 4.6. — Let M andI' be assumed as above and T € Hy(M).
If 7 is aspherical in Hy(M), then j.(7) is aspherical in Ho(M, N(T)).

In the following, let M be a closed SYS manifold. By definition there are
cohomology classes B ..., 3,_2 € H'(M) such that

T:=[M] ~ (1 — = Bn_2) € Ha(M) is an aspherical class.
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Consider a closed k-submanifold I' satisfying

o m(I') = H (T),
e and mo(T") =& Ho(T).

Notice that we have the following commutative diagram involving cup and
cap operations:

H,(M\T,05) x (HY(M\T))"2 — Ho(M\T,0s)

3 1 3

H,(M,N(T)) x (H'(M))""? ——— Hy(M,N(T))
B | K
H, (M) x (HY(M))""2 ———— Hy(M).
As a consequence of Corollary 4.6, we conclude that
Ja(m) = [M,N(I)] ~ (Br — -+ — Bn-2)
is aspherical.

PROPOSITION 4.7. — Let M be a closed SYS n-manifold and T" be a
closed embedded k-submanifold satisfying

° 7T1(F) %’H1<F),
e and mo(T") =2 Ho(T),

where k < n. Then M\ T is an open SYS manifold.
Proof. — Let N(I') be the same as above. We shall show that
u=[M\T]~ (@(B1) — -~ i"(Bn-2)) € Ho(M\T,0c)

is aspherical. Take V' = M\ T, where V is the set required in Definition 1.3.
Choose 2 = M \ N(I'). The commutative diagram above gives that the
map Hy(M\T',0s) — Ha2(M,N(T')) = Hy(M, M\ ) maps u to j.(7) (i-e.

ulo = j«(7)).
Since j.(7) is aspherical by the Corollary 4.6, u|q is aspherical as well,
which yields that M \ T is an open SYS manifold. d

Remark 4.8. — If " is simply-connected or I' is a curve, then I' satisfies
the topological conditions 1 (I') & H;(I") and mo(T") =2 Ho(T).

COROLLARY 4.9 (i.e. Example 1.8 (i)). — Let M™ be a closed SYS
manifold, I' be an embedding submanifold of M with dimI" < 1, then
M™\T is an open SYS manifold.
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5. Uniformly positive scalar curvature

In this section, we study the UPSC obstructions on an open manifold.
Similar to Theorem 1.5, we prove that a weak SYS manifold does not admit
a complete UPSC metric.

THEOREM 5.1. — For 3 < n < 7 if M™ is weakly SYS, then it admits
no complete metrics with uniformly positive scalar curvature.

Proof. — The proof is almost the same as the proof of Theorem 1.5.

Denote
7= [M] ~ (B — - = Bn-2) € Ha(M,0,M),
where 8, € HY(M,0,M) and fa,...,,_2 € H*(M).

Assume M admits a complete metric with S¢ > o > 0. For any closed
subset © of M satisfying that QAV¢ is precompact, we can choose a com-
pact region K C € such that 81[g\x = 0.

Then consider the stable weighted slicing for T > 2—\/% as above:

(22, 822,102) — (23, 823,11)3) —_— s — (En,aEn,wn) = (KT,(?KT, ].)
And the restricted class
Tk = [K1,0K7p] ~ ("1 — -+~ " fBh_2) = [X2,0%s],

where e : Q7 — M is the inclusion map.

By the T*-stable 2d Bonnet—Myers diameter inequality in [8, Section 2.8]
and the same argument in the proof of Theorem 1.5, each component C of
Y, intersecting K is a sphere with diam(C) < 2—\/’; As Bilo\x = 0, the
components lying outside of K are trivial in homology. Consequently,

o= Y [c]
CNK#0

is in the image of mo (M) which implies that 7 is spherical. The proof is
completed. O

COROLLARY 5.2. — Let M be a closed SYS manifold with the aspherical
class T = [M] ~ (1 — -+ — Bn—2) € Hy(M) and T' C M be a embedded
submanifold. If T is not in the subgroup generated by the image of Hs(T")
and 7o (M), then M is weakly SYS.

Proof. — We shall show that
u=[M\T] ~ (" (B1) — - — " (Bn-2)) € Ho(M\ T, 0x)

is weakly aspherical by contradiction. Where ¢ : M \T' — M is the natural
injection.
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Let N(T') be a tubular neighborhood of I' and K = M \ N(T'). If u is
strongly spherical, by Definition 1.10, u|x = 7|k is in the image of the
Hurewicz map

mo(M) — Hy(M) — Ho(M, M\ K).

Hence there exists a spherical class s € Ha(M) such that 7|x — s|x =0 in
Ho(M, M\ K).
Combining with the following commutative diagram

Hy(T) —2— Hy(M) —— Hy(M\T,0s) —2— Hy(T)

= 5 >

Hy(N(T)) —=— Hy(M) —— Hy(M, M\ K) —2— H{(N(I)),

T — s is in the image of H2(T'), so 7 lies in the group generated by Ha(T')
and mo(M). Thus we have arrived at a contradiction. O

Remark 5.3. — Moreover, if we assume that I' is incompressible, i.e.,
m1(I") — 71 (M) is injective, then using the same diagram chasing, we can
prove that M \ I is an open SYS manifold.

Appendix A. Poincaré Duality Theorem on open
manifolds

Let M be an open manifold with an ends-decomposition d,c M = d,, AL
OsoB with A, B € B(M). Let M = |JK;, K; CC K;+1, be an exhaustion
of M.

With loss of generality, we assume that 0A = 0B C Int(K7). Let A; =
OK;NA and B; = 0K; N B, we get a decomposition of 0K; = A; U B;.

To deduce the generalization of Poincaré duality to open manifolds, let
us recall the version of compact manifolds with boundary.

THEOREM A.l ([12, Theorem 3.43]). — Suppose M is a compact ori-
entable n-manifold whose boundary OM is decomposed as the union of two
compact (n — 1)-dimensional manifolds A and B with a common bound-
ary 0A = OB = AN B. Then the cap product with a fundamental class
[M] € H,(M,0M) gives isomorphisms for all k

Dy HY(M,A) — H,_(M,B), a+— [M]~ o

We can apply the duality theorem to (K;, A; U B;) and take a limit in
some sense to obtain
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THEOREM A.2. — Suppose M is an open orientable manifold with an
ends-decomposition O M = 0soA U OxB. Then the cap product with a
fundamental class [M] € H,, (M, 0oc M) gives isomorphisms for all k

Dy : HY(M, 05 A) — H,_1(M,05B), «a+— [M] ~ a.

In order to prove Theorem A.2, let us recall that the homology groups
Hy (M, 0 B) are the homology groups of the chain complex

C.(M,05B) = lim C.(M, B\ K;).
Unfortunately, Hy (M, 0o B) is not equal to l&nHk(M, B\ K;) because

the inverse limit is not an exact functor. However, we have the Milnor exact
sequence

LEMMA A.3. — The sequence
1
0— l'ngkH(M,B\Ki) — Hi(M,05B) — @Hk(M,B\Ki) —0
is exact.

Proof. — Since Cx (M, B\K;+1) — Cx(M, B\ K;) is surjective, it satisfies
Mittag-Leffler condition. By the Theorem 3.5.8 in [27], the exact sequence
holds. O

Similarly, for cohomology groups, we have
LEMMA A.4. — The sequence
1
0 — lim H* 1 (AU K;, 0o A) — H"(M, 05 A)
— lim H* (AU K;, 0 A) — 0
is exact.
Proof. — By the Lemma 11.9 in [18], we have the Milnor exact sequence
1
0 — lmH* (AU K,;) — H*(M) — lim H* (AU K;) — 0.

Combining with the long exact sequence of relative cohomology groups,
the above exact sequence holds for the relative version

1
0 — lim H* AU K;, A\ K;) — HY (M, A\ K;)
— lim A* (AU K;, A\ K;) — 0.
Since the direct limit is an exact functor, the cohomology group

HN(M,0,,A) = h_n;H’f(M, A\ K;).

Taking direct limit, the lemma holds. O
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Now we can prove the Theorem A.2

Proof of Theorem A.2. — Let M; be the manifold with boundary AU K
and HF(M;) = H¥(M;,0.A). Consider the following commutative dia-
gram

0 — lim" AP *1(M;) —= H""H(M, 0 A) — lim H}7*(M;) —=0

[Mi]"\—l [M]’“—\L [Mi]"\—l

0— 1@1 Hiey1(M;, 0M;) —> Hy(M, 900 B) — lim Hy(M;, 0M;) — 0.

The first row is exact by Lemma A.4, and the second row is exact by
Lemma A.3 and the excision theorem. By the Theorem 11.3 in [18], the
Poincaré duality Theorem holds for manifolds with boundary and coho-
mology with compact support, i.e. the map

Dy, = [M] ~ =+ H7*(M;) — Hy(M;,0M;)

is isomorphism. Hence the induced maps in the first and third columns are

isomorphism. By the five Lemma, the second column is also isomorphism.
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