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CHARACTERIZING SUBADJOINT VARIETIES
AMONG LEGENDRIAN VARIETIES

by Jun-Muk HWANG (*)

Dedicated to the memory of Jean-Pierre Demailly

ABSTRACT. — For a symplectic vector space V, a projective subvariety Z C PV
is a Legendrian variety if its affine cone Z C V is Lagrangian. In addition to
the classical examples of subadjoint varieties associated to simple Lie algebras,
many examples of nonsingular Legendrian varieties have been discovered which
have positive-dimensional automorphism groups. We give a characterization of sub-
adjoint varieties among such Legendrian varieties in terms of the isotropy repre-
sentation. Our proof uses some special features of the projective third fundamental
forms of Legendrian varieties and their relation to the lines on the Legendrian
varieties.

RESUME. — Pour un espace vectoriel symplectique V, une sous-variété projec-
tive Z C PV est une variété legendrienne si son cone affine Z C V est lagrangien.
En plus des exemples classiques de variétés sous-adjointes associées a des algebres
de Lie simples, de nombreux exemples de variétés legendriennes non singulieres
ont été découverts qui ont des groupes d’automorphisme de dimension positive.
Nous donnons une caractérisation des variétés sous-adjointes parmi ces variétés le-
gendriennes en termes de représentation isotropique. Notre preuve utilise certaines
caractéristiques particulieres des troisiémes formes fondamentales projectives des
variétés legendriennes et leur relation avec les lignes des variétés legendriennes.

1. Introduction

Let V be a complex vector space of dimension 2n + 2, n > 1, equipped
with a symplectic form o: A2V — C. A projective subvariety Z C PV is a
Legendrian variety if its affine cone ZCVis Lagrangian with respect to o,
namely, it has dimension n + 1 and its tangent spaces are isotropic with
respect to 0. Many examples of Legendrian varieties can be produced by
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2 Jun-Muk HWANG

Bryant’s method (see [1, Section 3] or [17, Section 4]), which associates to
any projective variety Z’ C P"*! a Legendrian variety Z C P?"*+! birational
to Z'. The examples obtained this way are usually singular. It is harder
to find examples of nonsingular Legendrian varieties. Classically known
nonsingular examples are subadjoint varieties defined as follows.

DEFINITION 1.1. — Let g be a simple Lie algebra of Dynkin diagram
type different from Ay or Cy. Let X9 C Pg be its adjoint variety, namely,
the unique closed orbit under the adjoint representation. Then for a base
point o € X9, the isotropy group at o acts irreducibly on a hyperplane
V8 C T,X?® and the variety of highest weight vectors of this isotropy action
is the subadjoint variety Z® C PV8. We can list them explicitly as follows
(see [9, Section 1.4.6] or [2, Table 1]) according to the type of g:

(s0,15) the Segre product P! x Q=1 c P?"*! of P! and the smooth
quadric hypersurface Q"~! C P";

(G2) the twisted cubic curve vg(P) C P?;

(F4) the Pliicker embedding of the Lagrangian Grassmannian of 3-
dimensional isotropic subspaces in a symplectic vector space of di-
mension 6;

(Es) the Pliicker embedding Gr(3; W) C PA3W of the Grassmannian
of 3-dimensional subspaces in a vector space W of dimension 6;
(E7) the spinor embedding S® CP3! of the spinor variety S® of isotropic
subspaces of dimension 6 in an orthogonal vector space of dimen-

sion 12;

(Eg) the 27-dimensional highest weight variety Z C P°® of the basic

representation of the exceptional Lie group E7.

Conversely, a Legendrian variety Z C PV which is homogeneous un-
der Aut(Z) is isomorphic to one of the subadjoint varieties (e.g. [2, Theo-
rem 5.11]).

Bryant’s method shows that any compact Riemann surface can be re-
alized as a Legendrian curve in P3. Examples of nonhomogeneous nonsin-
gular Legendrian varieties of dimension bigger than 1 have been discov-
ered in [3, 4, 5, 17]. Especially, Buczyniski found several examples with
dim Aut(Z) > 0.

A major motivation for studying nonsingular Legendrian varieties has
been its potential application in the classification problem of Fano contact
manifolds, all of which are expected to be homogeneous. One approach to
the classification problem of Fano contact manifolds is to use their variety
of minimal rational tangents at a general point, which is known to be a
nonsingular Legendrian variety by [15, Theorem 1.1]. The Main Theorem
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CHARACTERIZING SUBADJOINT VARIETIES 3

of [20] says that if the variety of minimal rational tangents at a general point
of a Fano contact manifold is isomorphic to a subadjoint variety, then the
Fano contact manifold is homogeneous. From this perspective, it is worth-
while to characterize subadjoint varieties among nonsingular Legendrian
varieties in terms of suitable geometric conditions.

In this paper, we give a couple of such characterizations. The first one is
in terms of the fundamental forms.

THEOREM 1.2. — Let Z C P?"*! be a nonsingular Legendrian variety
of dimension n > 2. For a general point z € Z, if the third fundamental
form Ill; , of Z at z is isomorphic to that of a subadjoint variety, then
Z C P?"*1 js isomorphic to the subadjoint variety.

Each subadjoint variety Z9 C PV?® is a Hermitian symmetric space.
When g is of exceptional type, Theorem 1.2 follows from [14, Theorem 1].
When g is of classical type, we exploit the geometry lines on the Legendrian
variety to prove Theorem 1.2.

Our next result is in terms of linear automorphisms of Z C PV'.

THEOREM 1.3. — Let Z C P?"*! be a nonsingular Legendrian variety
of dimension n > 2, different from a linear subspace P* C P?"*!, For a
general point z € Z, let Aut(Z;z) C PGL(C"*2) be the group of linear
automorphism of Z fixing z € Z and let 1,: Aut(Z;z) — GL(T.Z) be the
isotropy representation on the tangent space at z. Then dim Ker(c,) # 0 if
and only if Z is a subadjoint variety.

Roughly speaking, Theorem 1.3 says that subadjoint varieties are the
only nonsingular Legendrian varieties that admit symmetries of higher or-
der. The proof of Theorem 1.3 uses Theorem 1.2 and a result from [11]
which characterizes the third fundamental forms of the subadjoint vari-
eties. The main issue is how to obtain the required property of the third
fundamental form from the assumption dimKer(z,) # 0. The key result
is Theorem 5.4, which gives an explicit description of the Lie algebra of
Ker(t,). Theorem 5.4 is of independent interest and seems to be new even
for subadjoint varieties. As Theorem 5.4 works for a large class of singular
Legendrian varieties as well, we expect that it would be useful in the study
of the symmetries of Legendrian varieties.

We remark that there is another characterization of subadjoint varieties
in terms of contact prolongations of Aut(Z), proved in [12]. Contact pro-
longations are completely different from the prolongations of the infinites-
imal automorphisms of cubic forms used below in Section 4, and the two
methodologies are not directly related.

TOME 0 (0), FASCICULE 0
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Let us give a rough outline of the paper. In Section 2, we review some
basic properties of Legendrian varieties. The proof of Theorem 1.2 is given
in Section 3. In Section 4, we recall a result from [11] on prolongations of
cubic forms, with some supplement. In Section 5, we prove Theorem 5.4
and obtain Theorem 1.3 as a consequence.

2. Fundamental forms of Legendrian varieties

Here we collect some results related to fundamental forms of Legendrian
varieties. Some of them are proved in [17] by the method of moving frames.
Here, we work out the computation in local coordinates, instead of moving
frames.

Notation 2.1. — Let V be a vector space. Let Z C PV be a projective
subvariety and let Z C V be its affine cone. For a nonsingular point z € Z,
we denote by

Iz, € Hom(Sym® 1. Z, T.PV/T.Z)
the second fundamental form (see [6, p. 94]) and by
I, . € Hom(Sym® 7.2, T.PV/Im(112,.))

the third fundamental form (see [6, p. 126]) of Z at z. They are given by the
2-jets (resp. 3-jets) of the restrictions to Z of elements of H (IPV, (9(1)) =
V* which vanish to the second (resp. third) order at z. See [14, Section 2]
for details.

We use the following definition of Legendrian varieties, which is equiva-
lent to the one in Section 1.

DEFINITION 2.2. — Let (V,0) be a symplectic vector space of dimen-
sion 2n 4+ 2, n > 1. The symplectic form o induces a natural O(2)-valued
1-form 6 on the projective space PV which defines a contact distribution D
on PV

0— D — TPV -5 02) — 0.

More precisely, at each point z € PV, the hyperplane D, C T,PV =
Hom(Zz, V/%) is defined as Hom(z, 217 /Z) where

Zte ={weV|o(w,2) =0}
The distribution D of rank 2n is a contact distribution in the sense that df
induces on D, a symplectic form for each z € PV. A projective subvariety

Z C PV of dimension n is a Legendrian variety if the tangent space T,Z C
T.PV at any nonsingular point z € Z is contained in D,.

ANNALES DE L’INSTITUT FOURIER
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We use the following coordinate system adapted to a Legendrian variety.

LeEMMA 2.3. — Let Z C PV be a Legendrian variety and let z € Z
be a nonsingular point. Then we can choose an inhomogeneous coordinate

system (zt,... z" "t . .. 2% 2?"T1) on an affine open subset in PV
such that:
1) z= (2t = . =22 = 0);
(2) the n-dimensional linear space (z"*1 = ... = 2?71 = 0) is tangent
to Z at z;

(3) the contact form 6 is proportional to
n
Z(xn—o—k dl‘k _ J)k dl‘n+k) _ dl‘2n+l.
k=1
Furthermore, in a Euclidean neighborhood U of z in PV, choose coordinates
(y*,...,y") on UN Z and holomorphic functions F*,...,F* E onUNZ
satisfying
FY0)=---=F"(0) = E(0) =0
such that the submanifold Z NU of U is given by the equations
D T for1 <k < n,
"R = FRQt oy for1 <k
and 2°"" =Byt ... y").

X
<,

Then, shrinking U if necessary, we can find a holomorphic function F' on
Z NU such that

(2.1) Fk = g—; for each 1 < k < n,
OE(0) 0%F(0) .
2.2 D= for each 1 < i, k <n,
(2.2) oy 0 950y or eac i n
ONE ONF g ONTIF
(2:3) Oyt ... 0y~ ( )8y“ .. OyiN + kz:; Y Aykoyir ... QyiN

for each integer N > 1, and
0%E(0)
Oyioy*k

Proof. — The existence of an inhomogeneous coordinate system

(2.4) =0 foreachl<ik<n.

1 +1 2n x2n+1)

n n
(..., 2™ 2" e

satisfying (1), (2) and (3) is well-known: they arise from a choice of sym-
plectic basis of V with respect to o. Let us verify (2.1)—(2.4).

TOME 0 (0), FASCICULE 0
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Since Z is Legendrian, the pull-back of 6 to Z must vanish:

(2.5) > (FFdy* —y*dF*) - dE =0.

k=1
Taking derivative of (2.5), we have > ,_, dF* A dy* = 0. By Poincaré’s
lemma, there exists a holomorphic function F' in a small neighborhood of z
in Z such that FF = {?Ti for each 1 < k < n, verifying (2.1). Since dE and

dF¥ vanish at z by (2), we have (2.2). Putting (2.1) into (2.5), we have

dE =) (FFdy* —y* dF*)

(s S
(3 Sty o

which gives (2.3) for N = 1. Taking higher derivatives successively, we
obtain (2.3) for all N > 2. Finally, (2.4) follows from (2.3). O

NE

E
Il
-

I
»MS

3

=

I
LM

PROPOSITION 2.4. — Let Z C PV be a Legendrian variety and let z € Z
be a nonsingular point. Then:

(a) Im(Ilz ) C D,/T.Z;
(b) Im(I1z,) = D./T.Z if and only if the second fundamental form
I1z . is nondegenerate in the sense that its null space
Null(Ilz.) ={veT.Z | Iz (v,w) for all w € T, Z}
is zero.
Moreover, if there exists a nonsingular point z € Z satisfying the two
equivalent conditions of (b):

(c) the third fundamental form 11z, of Z at z is, up to a nonzero
scalar multiple, given by a single cubic form f* € Sym?® T Z, which

satisfies )
(2 0 oY _ B
Oyt Oyi’ oyt ) Oytoyioyk
for all 1 <i,j,k < n in terms of the coordinates in Lemma 2.3;

(d) the second fundamental form Il , is, up to a nonzero scalar multi-
ple, given by the n-dimensional system of quadratic forms on T,Z

{f*(v,-,-) e Sym* T/ Z |v e T,A}

obtained by the contraction of the cubic form f* in (c);

ANNALES DE L’INSTITUT FOURIER



CHARACTERIZING SUBADJOINT VARIETIES 7

(e) Z is linearly nondegenerate in PV, namely, it is not contained in
any hyperplane of PV.

Proof. — In terms of the local coordinates in Lemma 2.3, elements of
H° (]P’V, O(l)) whose restrictions to Z vanish to the second order at z are
spanned by F* 1 < k < n and E. Thus 11z . is given by the n+1 quadratic
forms

2k
ZaF dyt-dy’ for1<k<n
QytoyI

3,j=1

and Z azay] dy]

4,j=1
But the latter vanishes by (2.4). By Lemma 2.3(3), this implies (a).
To prove (b), note that Im(IIz .) = D, /T, Z if and only if the n quadratic
forms

are linearly independent. But

n 92F k:( )
k z _
for some ¢ € C, 1 < k < n, exactly when ZZ:1 cka%k € T,7 is in
Null(IT; .). This proves (b).

If Im(Il; .) = D,/T,Z, then by Lemma 2.3, the third fundamental form
corresponds to the cubic form f# given by

" 9E(0 S
Z dy’ - dy’ - dy¥.
Nl 3y15y38y
This proves (c).
By (2.1) and (2.3), we have

Z ay Gyf Z 8yl8yJ0y dy* - dy’.

The left hand side is IIz . and the rlght—hand side is the contraction of — f~*
by 5oz. This proves (d).
Flnally, in the setting of (c¢) and (d), the third fundamental form III, ,
is nonzero, which implies (e). O
Now we look at nonsingular Legendrian varieties. We say that Z C PV
is nonlinear if it is not isomorphic to a linear subspace P* C P2n+1,

TOME 0 (0), FASCICULE 0
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PRrOPOSITION 2.5. — Let Z C PV be a nonsingular and nonlinear Leg-
endrian variety.
(i) A general point z € Z satisfies Im(I1z ,) = D, /T, Z.
(ii) For a general point z € Z, let

Bs(Ilz,) ={veT,Z| Iz .(v,v) = 0}

be the base locus of 11z .. Then it is exactly the set of tangent
vectors to lines on Z passing through z.
(iii) The dual variety Z* C PV* is a hypersurface in PV*.

Proof. — If Z is nonsingular and not a linear subspace, then its Gauss
map is birational (see [6, Corollary on p. 124]), which implies that II; . is
nondegenerate at a general point z € Z (see [6, Proposition on p. 111]).
Thus (i) is a consequence of Proposition 2.4(b).

(ii) is [17, Theorem 16].

As noted in [17, Proposition 17], the dual variety Z* is isomorphic to the
tangent variety Tan(Z) C PV via the isomorphism V* = V induced by the
symplectic form o. Thus to prove (iii), it suffices to show that dim Tan(Z) =
2 -dim Z. But if dimTan(Z) < 2 - dim Z, then Tan(Z) = Sec(Z) by [6,
Corollary in p. 123], which implies that Z has a degenerate secant vari-
ety. Then the third fundamental form of Z at a general point vanishes
identically by [6, Theorem in p. 135], a contradiction to Proposition 2.4(c)
and (d). O

DEFINITION 2.6. — A cubic form f € Sym® W* on a vector space W
has nonzero Hessian if for some w € W, the quadratic form f(w,-,-) €
Sym? W* is nondegenerate, namely,

{ueW | f(w,u,v) =0 for allv € W} =0.
From Proposition 2.5, we deduce the following.

ProposiTiON 2.7. — Let Z C PV and z € Z be as in Proposition 2.5.
Write W =T,Z. Then:
(i) the cubic form f# in Proposition 2.4(c) has nonzero Hessian;
(ii) for the cubic hypersurface Y? C PW determined by the cubic
form f#, its (set-theoretical) singular locus Sing(Y*) C PW of Y*
is nonsingular.

Proof. — By Proposition 2.5(iii), the dual variety of Z is a hypersurface
on PV*, which implies that the system of quadratic forms I , at a general
point z € Z contains a nondegenerate quadratic form by [6, Proposition
in p. 112]. By Proposition 2.4(d), this implies that for a general w € T, Z,

ANNALES DE L’INSTITUT FOURIER
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the contraction f#(w,-,-) € Sym? T} Z is a nondegenerate quadratic form.
Thus f* has nonzero Hessian, proving (i).
The affine cone in W of Sing(Y?) C PW is

{veW | f?(v,v,u) =0 for all u € W}.

By Proposition 2.4(d), this is exactly the base locus Bs(Ilz .) in Proposi-
tion 2.5(ii). Recall the general fact that for a nonsingular projective variety
Z C PV, the variety C, C PT,Z consisting of tangent directions to lines
on Z through z is nonsingular for a general z € Z (e.g. by [9, Proposi-
tion 1.5]). In our setting, this C, is exactly Sing(Y*) by Proposition 2.5(ii).
This implies (ii). O

3. Characterizing subadjoint varieties by their third
fundamental forms

From Definition 1.1, the subadjoint variety associated to a simple Lie
algebra g is a homogeneous Legendrian variety Z9 C PV in a symplectic
vector space V¢ determined by g. It is well-known that their fundamental
forms can be described as follows (see [17, Corollary 26] and the references
therein).

PrOPOSITION 3.1. — The third fundamental form of a subadjoint va-
riety Z% C PV?® is isomorphic to the determinant of a semisimple Jor-
dan algebra of rank 3. For each g, the corresponding cubic hypersurface
Y9 C PW¥, where W denotes T,Z® for a point z € Z%, can be described
as follows.

(i) For g = so7, the cubic form is isomorphic to s*t in two variables
(s,t). The singular locus of Y'? is a single point in PW? = P!,

(ii) For g = sos, the cubic hypersurface Y® C P? is the union of three
lines intersecting at three points in PW? = P2, Three intersection
points, which are not collinear, are the singular locus of Y'9.

(iii) For g = so,45,n > 4, the cubic hypersurface Y9 is the union of a
hyperplane and a quadric hypersurface with an isolated singularity
outside the hyperplane.

(iv) For g of type Ga, the cubic form is isomorphic to s in one vari-
able (s). The hypersurface Y9 is empty.

(v) For g of type Fy, Eg, E7 or Eg, the cubic hypersurface is the secant
of the following four Severi varieties:

v (P?) Cc PP, P2 xP?*CP® Gr(2,6)cP* and OP? C P%.

TOME 0 (0), FASCICULE 0
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We reformulate Theorem 1.2 as follows.

THEOREM 3.2. — Let Z C PV be a nonsingular and nonlinear Legen-
drian variety of dimension n > 2. Let Y* C PT,Z be the cubic hypersurface
defined by 111z , at a general point z € Z. If Y* C PT,Z is isomorphic to
Y% C PW?® in Proposition 3.1, then Z C PV is isomorphic to Z% C PV9.

Proof. — Since dim Z = n > 2, we can ignore g of type Gs, the case (iv)
of Proposition 3.1. By the assumption, we have dim Z = dim Z9 for some g
in Proposition 3.1

When g is in the case (v) of Proposition 3.1, the list in Definition 1.1
shows that the subadjoint variety is the minimal embedding of an irre-
ducible Hermitian symmetric space, different from projective space or the
hyperquadric. Since IIz . is determined by IIIz ., the projective variety
Z C PV has the same fundamental forms as those of the subadjoint vari-
ety Z9. Thus Z C PV is isomorphic to Z9 C PV¥9 by the characterization of
irreducible Hermitian symmetric spaces by their fundamental forms in [14,
Theorem 1].

When g is in the case (i) of Proposition 3.1, the Legendrian variety Z is
a surface and the singular locus of the cubic defined by Iz , is a single
point. By Proposition 2.5(i), there exists a unique line through a general
point of Z. Since Z is a nonsingular surface, this implies that Z is a ruled
surface. Thus Z = P! x Q! by [17, Proposition §].

When g is in the cases (ii) or (iii) of Proposition 3.1, we have lines cov-
ering Z with (n — 3)-dimensional nontrivial deformations fixing a general
point z € Z corresponding to the (n — 3)-dimensional component of the
singular locus of Y?® (two points in the case (ii) with n = 3), which is
isomorphic to the quadric hypersurface Q"3 C P"~2. Projective varieties
with such a large family of lines have been classified in [18, Theorem 1.4].
Since the (n — 3)-dimensional family of lines through a general point z € Z
is isomorphic to the quadric hypersurface Q"3 C P"~2, we see that Z
is the hyperquadric fibration (1.4.3.f) of [18], namely, there is a surjective
morphism ¢: Z — B to a curve B whose general fiber is a quadric hyper-
surface. Furthermore, the singular locus of Y'¢ has one additional isolated
point. Thus we can use the next lemma to complete the proof. O

LEMMA 3.3. — Let Q! C P™ be the nonsingular quadric hypersur-
face of dimension n — 1 > 1. Let Z C P?"*! be a linearly nondegenerate
nonsingular projective variety of dimension n equipped with a morphism
Y: Z — B to a projective curve B satisfying the following properties.

ANNALES DE L’INSTITUT FOURIER
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(a) For a general point z € Z, there exists a linear subspace P? C P27+!
such that the fiber Q. == =1 (w(z)) of ¢ through z is contained in
P? N Z and the inclusion Q, C P? is isomorphic to Q"1 C P,

(b) For a general point z € Z, there exists a unique line ¢, C Z transver-
sal to Q.

Then Z is isomorphic to the Segre embedding
Pl % anl C IP’((C2 ® Cn+1) _ P2n+1.

Proof. — Because £, N Q, = z by (a), the morphism 1 sends £, isomor-
phically to B. Let £° be the subset of the Grassmannian of lines on P27+!
parameterizing the lines

{¢. C Z | general z € Z}

given in (b). Let £ be the closure of £° in the Grassmannian. Then all
members of £ are lines in Z and must be sent isomorphically to B by .
So they are transversal to fibers of 1. It follows that all fibers of v must
be nonsingular. A general £, in (b) must have trivial normal bundle in Z,
otherwise there would be nontrivial deformations of £, in Z fixing z, vio-
lating the uniqueness in (b). Thus we can find an algebraic subset F C Z
of codimension at least 2, such that members of £ determine a foliation
of rank 1 on Z \ E, which is transversal to the fibration . It follows that
this foliation is defined everywhere on Z inducing a splitting of the tangent
bundle of TZ (see [19, Proposition 5]). This implies that Z = Pt x Q" 1.
Since Z is linearly nondegenerate, it must be the Segre embedding. g

COROLLARY 3.4. — In Proposition 2.7, the cubic hypersurface Y?* is
irreducible and reduced, unless Z is isomorphic to the subadjoint variety
P! x Q" ! associated with g = 50,1 5.

Proof. — If the cubic hypersurface is not reduced, the reduction (the
underlying reduced hypersurface) must be a hyperplane. This is a contra-
diction to Proposition 2.7(i). So the cubic hypersurface is reduced. Further-
more, if it is not irreducible, then it must be isomorphic to (ii) or (iii) in
Proposition 3.1. Thus Corollary 3.4 follows from Theorem 3.2. O

4. Prolongations of infinitesimal automorphisms of cubic
hypersurfaces

In this section, we recall the main result of [11] with some supplement
to fix a minor gap in the argument.

TOME 0 (0), FASCICULE 0
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DEFINITION 4.1. — Let S CPW be an irreducible variety and let Scw
be the corresponding affine cone in the vector space W. For a nonsingular
point s € S, denote by TsS C W the affine tangent space at s.

(i) The Lie algebra aut(g) C End(W) of infinitesimal automorphisms
of S C W consists of endomorphisms ¢ € End(W) satisfying
o(s) € T, S for any nonsingular point s € S. This is the Lie
algebra of the linear automorphism group Aut(S) C GL(W) of
the affine cone, which is the inverse image of the linear automor-
phism group Aut(S) C PGL(W) of S C PV under the projection
GL(W) — PGL(W).

(ii) For an element A € Hom(Sym?® W, W), denote by Ay, = Ay, € W
its value at u,v € W. Then A is a prolongation of aut(g) if for each
w € W, the endomorphism A,, € End(W) defined by A,,(u) = Ayu
belongs to aut(S). The vector space of all prolongations of aut(S)
is denoted by aut(S)(1),

The following is [11, Theorem 2.1], which is an easy consequence of the
classification in [8] of all linearly nondegenerate nonsingular subvariety S C
PW with aut(S)™) # 0.

THEOREM 4.2. — Let S C PW be a linearly nondegenerate nonsingular
subvariety with aut(S)(!) # 0. If the secant variety Sec(S) C PW is a
hypersurface, then S C PV is one of the following four Severi varieties:

v (P?) CcP°, P2xP?2CP® Gr(2,6)CcP* and OP?cC P,
The following elementary fact is from [11, Lemma 3.6].

LEMMA 4.3. — Let Y C PW be an irreducible reduced cubic hypersur-
face defined by a cubic form f € Sym W* on a vector space W. Then
there exists a linear functional x: aut(Y) — C such that the Lie algebra
aut(Y) C End(W) consists of endomorphisms ¢ € End(W) satisfying

Flo(u),v,w) + f(u, 0(v),w) + f(u,v,0(w)) = x(¢) f(u,v,w)

for all u,v,w e W.

DEFINITION 4.4. — Let Y C PW be an irreducible reduced cubic hy-
persurface defined by a cubic form f € Sym® W* on a vector space W .
(i) For u,v € W, let fyu, € W* be the linear functional defined by
fuv(w) = f(u,v,w) for all w € W.
(ii) For A € aut(Y)™D), let x* € W* be the linear functional defined by
x*(u) = x(Ay) where x: aut(Y) — C is from Lemma 4.3.

ANNALES DE L’INSTITUT FOURIER



CHARACTERIZING SUBADJOINT VARIETIES 13

(iii) For a complex number a € C, let E§ C aut(Y)® be the subspace
consisting of A € aut(Y)1) that satisfies

Auwo = ax? (o + ax (V)u + W (fu)
for some h** € Hom(W*, W) and all u,v € W.

The following is the main result in this section and is exactly [11, Theo-
rem 1.6].

THEOREM 4.5. — Let Y C PW be an irreducible cubic hypersurface
with nonzero Hessian. Let Sing(Y') C Y be the singular locus of Y. Assume
that:

(a) the singular locus Sing(Y") is nonsingular;

(b) E¢ # 0 for some a # *.
Then Sing(Y") is one of the four Severi varieties (in Theorem 4.2) and Y is
the secant variety Sec(Sing(Y)) of the Severi variety.

There is a minor gap in the proof of Theorem 4.5 in [11]. Let us explain
this. The key ingredients of the proof of Theorem 4.5 are Theorem 4.2 and
the following, which is [11, Theorem 5.1].

THEOREM 4.6. — Let Y C PW be an irreducible cubic hypersurface
defined by a cubic form f € Sym® W* with nonzero Hessian. Assume that
E¢ # 0 for some a # ;. Then Y = Sec(Sing(Y)).

Yewon Jeong has pointed out that the proof of [11, Theorem 5.1] (that
is, Theorem 4.6 above) requires a # 0 at the last line in p. 41 of [11]. To
fill this gap, we give a proof of Theorem 4.6 here, when a = 0. We use the
following two lemmas.

The following lemma is from [11, Lemma 3.4(4) and Definition 3.5].

LEMMA 4.7. — Suppose that f € Sym® W* has nonzero Hessian. Then:

(i) the homomorphism f,: W — W* defined by f,(w) = fuw is an
isomorphism for a general u € W;
(ii) for any dense open subset U C W,

) Ker(fuu) =0,

uelU

where Ker(f,,,) C W is the hyperplane given by fy. € W*.

In the next lemma, (i) is a reformulation of [11, Proposition 5.6] and (ii)
is (C1) in p. 41 of [11].

TOME 0 (0), FASCICULE 0
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LEMMA 4.8. — For an irreducible cubic hypersurface Y C PW with
nonzero Hessian, if Y # Sec(Sing(Y)) and Z§ # 0 for some a # %, then
there exists a nonzero A € 25 such that:

i) the one-dimensional subspace C - A C =% Is invariant under the
D Y

-~

connected Lie group Aut®(Y) C GL(W) with Lie algebra aut(Y) C
gl(I) = End(W);

(i) for a general point w € Y, the element h*(fyu) is contained in
Ty \ By, where

Ty ={veEW]| fuw € C- fuuw C W*}

is the Gauss fiber of Y through w (by [11, Proposition 4.2]) and
B, =T, NKer(x?) (from [11, Proposition 5.3]).

Proof of Theorem 4.6 when a = 0. We may assume the setting of
Lemma 4.8 and derive a contradiction. Let A € =5 with @ = 0 be as
in Lemma 4.8. Then

(4.1) Auy = W (fu)  for all u,v € W.
Lemma 4.8(ii) implies
(4.2) Im(h?) ¢ Ker(x?).

Since f,: W — W* is an isomorphism for a general v € W by Lemma 4.7,
(4.1) implies

(4.3) Im(A,) = Im(h?) for all general u € W.
Lemma 4.3 with ¢ = A,, gives
3 fuu (Au(w)) = 3f (Ayw, u,u) = 3f (Aw(w), u,u) = x*(w) f(u,u,u)

for any u,w € W. This shows A, (Ker(x*)) C Ker(fy.). Moreover, if
u &Y, then Ker(x*) = A, ' (Ker(fy.)). Together with (4.3), we obtain
(44)  Au(Ker(xA) = In(Ay) N Ker(fuu) = Tm(h%) 0 Ker(fuu)
for all general u € W. Note that

A, (Ker(XA)) C Ker(x?)
by the condition (i) of Lemma 4.8 and A,, € aut(?). Thus
(4.5) A, (Ker(XA)) C Im(h?) N Ker(x™).

By (4.2), the right-hand side of (4.5) is a hyperplane in Im(h*) contain-
ing (4.4). Consequently,

Im(h*) NKer(x?) = Im(h*) N Ker(fuu)

ANNALES DE L’INSTITUT FOURIER
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for all general u € W. It follows that Im(h“) NKer(x*) is contained in the
intersection of Ker(f,,) for all general u € W, which is zero by Lemma 4.7.
Consequently, the dimension of Im(h#) is at most one. Then Lemma 4.8(ii)
says that Y has only one Gauss fiber, a contradiction. d

5. Jets of contact vector fields tangent to Legendrian
varieties

In this section, we will study contact vector fields on PV, namely, vector
fields which generate 1-parameter families of automorphisms of PV pre-
serving the contact structure D C TPPV. We recall the following general
result on contact vector fields on contact manifolds, from [16, Theorem 7.1
in Chapter I].

THEOREM 5.1. — Let M be a complex manifold with a contact struc-
ture D CTM and the contact line bundle L=TM/D. Denote by aut(M, D)
the Lie algebra of contact vector fields on M. Then the quotient homomor-
phism aut(M,D) Cc H°(M,TM) — H°(M, L), induces a linear isomor-
phism ¢: aut(M, D) = H°(M, L).

PROPOSITION 5.2. — Let (V, o) be a symplectic vector space with dim V/
=2n+ 2 and let D C TPV be the contact structure determined by o with
the line bundle L = TPV/D = O(2) from Definition 2.2. The isomor-
phism ¢ in Theorem 5.1 between the space of contact vector fields on PV
and Sym? V* = H 9(PV, L) can be explicitly given in linear coordinates as
follows. Choose an affine cell O C PV equipped with an inhomogeneous co-

271, $2n+1)

ordinate system (z*,...,x", 2"t ..z such that a contact form

is given by

0= i(m"+k da® — 2% dg"tk) — dz?ntt
k=1
as in Lemma 2.3. An element Q € Sym? V* can be written as a polynomial
q(x!, ..., 2®"H1) of degree at most 2. Then the corresponding contact vector

field Cj under the isomorphism ¢ of Theorem 5.1 can be written on O as

1 " dq dqg L\ O
@ o 2 ;(3x"+k dx2n 1" ) 9k
1< 0q 9 ik O
t 2 2.5 T g g
k=1
1 - 8q k aq n+k 9
* <2 ; <8xk T ntk Ox2ntl

TOME 0 (0), FASCICULE 0



16 Jun-Muk HWANG

Proof. — Tt is straightforward to check (see also [10, Theorem 2.2]) that
the above expression Q| o satisfies

9(@’0) =q and Lle al, 0= —%0.

So it is a contact vector field. It remains to check that this expression Q ‘ o
gives a holomorphic vector field on PV. Using Euler’s formula

0
Z xkﬁ (zt, ..., 2?2 = bzt ... 2?2
for any homogeneous polynomial h of degree r, we obtain
I~(0q 4 dq tk 1 0q onps
QZ(azkx + aanrkxn —9T Ty gttt "+ b(x)
k=1

for some polynomial b(z) = b(x!,..., 22" 1) of degree at most 1. Thus the
expression of Q’ o 1s reduced to

2n+1 2n+1

(5.1) Z ok — + Z be(x

for some polynomials bk(x), 0 < k < 2n+1, of degree at most 1. It is
easy to check that a vector field of the form (5.1) on O can be extended to
a holomorphic vector field on PV. In fact, choose another inhomogeneous

coordinate system (y!,...,y?"*!) on an affine cell O’ C PV satisfying
T oni1 Y
=, =2, ="
Y Y Y
From
i:_l 1i+..._~_ 2n+1 9
Ozl vy Ay Yy Dy2n+l
and 9
— 1 :
po =y By for2<i<2n+1,

we see that (5.1) remains holomorphic in the coordinate system (y,...,
y?"*+1). Hence, it is holomorphic on O U O’. Since the complement PV \
(O U O’) has codimension 2 in PV, we can extend (5.1) to a holomorphic
vector field on PV. O

PROPOSITION 5.3. — Let Z C PV be a Legendrian variety and let z € Z
be a nonsingular point satisfying the condition in Proposition 2.4(b). Write
W = T.Z and let f* € Sym® W* be the nonzero cubic form in Proposi-
tion 2.4(c). Let Q be a contact vector field on PV that is tangent to Z and
write @| ,, for the vector field on Z given by the restriction. Assume that:

ANNALES DE L’INSTITUT FOURIER



CHARACTERIZING SUBADJOINT VARIETIES 17

(a) the cubic hypersurface Y* C PW defined by f* is irreducible and
reduced;
(b) the vector field Q|Z vanishes to the second order at z, namely, its
linear part at z vanishes.
Then the 2-jet of Q|Z at z determines an element A € Hom(Sym? W, W),
which belongs to aut(Y =),

Proof. — The 1-parameter family of automorphisms of Z generated by Q
preserve the closure of the subset

U Y* C PTZ.

general z€Z

Thus the 2-jet of Q|Z belongs to aut(Y#)® by [13, Proposition 1.2.1] (see
also [7, Proposition 5.9]). O

The main result of this section is the following.

THEOREM 5.4. — Assume the setting of Proposition 5.3.

(i) The 2-jet A € aut(Y)V oij|Z at z belongs to Eé, namely,

1 1
A = M+ 5N @)u+h(f2,) forall uw e W

for some h € Hom(W*, W).

(ii) Assume furthermore that f* has nonzero Hessian. If A = 0, namely,
if the vector field Q| ,, vanishes to the third order at z, then Cj =0
on PV.

Proof. — Let us use the coordinates from Lemma 2.3. Let q(a!,...,
22"*1) be the polynomial of degree at most 2 in Proposition 5.2, corre-
sponding to the vector field g From the expression of Q ‘ o given in Propo-
sition 5.2, the vanishing of @ at z implies

_ 0q(0)  9q(0)

(5.2) q(0) = Dk = Byt =0

foralll <k <n.
Let us write

Q

- 0
=Y Bf(y)—
unz ; ) oyk

for some holomorphic functions B*(y',...,y") defined on U N Z. Then

_ 1 9¢  9q¢
unz 2\ OQzntk  Qx2ntl

unz

TOME 0 (0), FASCICULE 0
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Applying chain rule and (2.1), we obtain

E?Bk zn: . 0q 4 dx7
Oxd 8:c”+k dr2nt1” oym
dq )\ Ox"tI
* Z 6x”+ﬂ <8x”+’“ T gt ) oym
N 0 ( dg  Oq mk> Ozl
6x2n+1 axn+k ax2n+1 aym
_ 9%q Pq k04
- km

T Hxmopntk 3xma$2n+1x T 9x2ntl

?%q L\ O°F
* Z( x”ﬂax”““ T 9z tigzntl >6ym8yj

n 0%q B 0%q t\ OF
8I2n+1axn+k 6(xn+1)2 €z 8ym :

By our assumption that the vector field C} | ,, vanishes to the second order

at z,
Bk (0
0B7(0) =0 foralll <k,m<n.
ay™
By (2.2), this implies
0%q(0 0
(5.3) a0 _ 9900) 5 a1 < km <,

OrmOxntk — Hp2ntl
Taking derivative one more time, we have

o*BF 9 0%q 8%q x Oq
oytoy™ (‘Ty@ dxmorntk 8xm8x2n+1x T Pg2n+1okm

+z”:i Al - il ) >
£~ Qy’ \ Qxntidgantk  Pxntigx?ntl Qym oy’

d%q B d%q % BF
L\ Dant i 0z TR Quntion ) Dytoymay
N KA 0?%q g OE
8y€ 8x2n+18xn+k 8(xn+1)2 8ym

L 0%q B 0%q o 0’E
8I2n+16$n+k 8(xn+1)2 8y/aym

When we evaluate this at the point z = (y! = -+ = y™ = 0), the second, the
fourth and the fifth lines of the right-hand side vanish by (2.2) and (2.4).
Since ¢ is a polynomial of degree at most 2 in 2, ..., 22"+, its third-order

+
M- 1
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derivatives in z!,..., 22" *!

using (2.3),

must vanish identically. Thus we can write,

OBF0) 1 9%g(0) P 9%q(0) 5
Oytoym 2 gx2ntiggm M 2ax2n+laxf hm

(5.4)

8m"+3 835”‘”“ oyI ayfay
Define v € W* by
0 1 92%¢(0
(5.5) 1/( ) N ()

2 Ox2nt1logt

and h € Hom(W*, W) by

0

(56) T2 Z 8:1:"“&#”’“ Ay

Then by Proposition 2.4(c) and (5.4), the 2-jet A € Hom(Sym? W, W) of
Q‘ , at z determined by

"L 9°B*(0) o
Ao o = e
oyt v L~ Qytoy™ yr,
satisfies
0 7] 0 i
for all 1 < ¢,m < n. To prove (i), it remains to show that
1
(5.8) v=—x"

2
By (5.2) and (5.3), the polynomial ¢ must be of the form

n n
1 2n+1 2n+1 » i ntj
q(zt, ... 2* ) = a4 E bija'a + E ciya gt
,j=1 5,j=1

n
+ E :d xz 2n+1 4 E :eixn+ix2n+l

i=1

+a E xz n+z n+1)2
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for some complex numbers a, b;; = bj;, ¢;; = ¢ji, di, e; and g. Then (5.5)
and (5.6) become

0 1 L )
69 v(5n) =5l ad ) = =3

Let us write A_a =0 émayk and f% o o = fiji.- Then (5.7)

6y@ 3y 2yt oyJ oyF

and (5.9) give

1 1 -
k k k
Ay, = _§dm5£ - §d55m - Z:lcjkflmj~

Consequently,

Al = —d;of — chksz‘i

j=1
for all 1 < 4,k < n, which gives
(5~10) ZAkan = —d; fiii — Z C]kfkii jid-
k=1 jok=1

Lemma 4.3 and A € aut(Y)® imply

~ 0
Z mz'féjk + Afnjfwk + Afnkfijé) = XA <aym>fijk-

(=1

Setting i = j = k = m, we obtain

- 0
3Y Affui =X 5 ) fiie
> AL fui = x ( W)f
=1
By (5.10), this equation becomes

1o}
(5.11) x* <6gﬂ>fm = —3d; fiii — 3 Z ik frii [y

J,k=1

for any 1 < < n.
Let Q(y) be the holomorphic function q’Um - By putting the equations

of Z in Lemma 2.3 into ¢(z!,...,2%"*1), we obtain
n
OF OF
1 _ a7
Qy',....y") =aE + ]zjlbuy Y +1z;1 957 By

—&—ZdyE—i—Zel E+ Zyng gE?.

ANNALES DE L’INSTITUT FOURIER



CHARACTERIZING SUBADJOINT VARIETIES 21

From the relation of @ and Q in Theorem 5.1 and Proposition 5.2, the
inclusion TZ C D| , implies that Z is contained in the zero set of ¢. Thus
the holomorphic function O(y) must be identically zero. From (2.2), (2.4)

and gy%(;) =0, we obtain b;; = 0 for all 1 < ¢, < n. Using (2.2), (2.4)

and

n

8yk 3y£8y ( ) 8yk6y2 oym ZZ 8y18yk8y£ oy™

we have
229Q(0) 93E(0) 93F(0)
- Oyk Oyt oy™ - a@y’“@yeﬁym + 3a6yk8y£8ym
for all 1 < k,¢,m < n. Combining this with (2.3) and f* # 0, we obtain
a = 0. So we are left with

. OFOF &L, )
(5.12) Q)= ) ¢ Uayi9j4—§:d lﬂ+§:el AE+ E2

ij=1
By (2.2) and (2.4), if we take the fourth derivative with respect to y* of
the left-hand side of (5.12) and evaluate it at y = 0, we are left with
64 S OE(0)  0*E(0 OE(0
—6 Z - 0) O a 0 _
Oyt oykdyk Dy Oyk dyk OykOyk oy

In other words,

J,k=1

for all 1 < ¢ < n. Combining it with (5.11), we have x* (5
QV( -). This verifies (5.8), proving (i).

For (i), recall that [11, Proposition 3.7] says that the association A ~ x4
is injective if f has nonzero Hessian. Thus A = 0 implies x4 = 0 = h.
By (5.9), we have d; = 0 and ¢;; = 0 for all 1 < ¢,j < n. Thus (5.12) yields

. OF
— Zek—kE—i—gEQ =0.
P ox

Since E(y) is not identically zero, we must have >, _, e % +gE = 0. This

2n+l — (). Since

means that Z satisfies the linear equation ), _; ez F 4 gz
7 is linearly nondegenerate by Proposition 2.4(e), we must have e, = g = 0.
Thus ¢ = 0, proving (ii). O

The following is [3, Theorem 2] (see also [12, Proposition 3] for a simple
proof).
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PROPOSITION 5.5. — Let Z C PV be a nonsingular and nonlinear Leg-
endrian variety. Then the image of aut(Z) C gl(V) in H°(PV,TPV) is
contained in aut(PV, D) = Sym? V*.

Proof of Theorem 1.3. — Assume that dim Ker(:,) # 0. By Proposi-
tion 5.5, we have a contact vector field Q tangent to Z vanishing to the
second order at z. If the cubic hypersurface Y* C PT,(Z) defined by the
third fundamental form is reducible, we know that Z = P! x Q" ! by Corol-
lary 3.4. Thus we may assume that Y# is irreducible. Since f# has nonzero
Hessian by Proposition 2.7, Theorem 5.4 gives Eéz # 0. As Sing(Y?) is
nonsingular by Proposition 2.7, we see that Y# is the secant variety of a
Severi variety by Theorem 4.5. It follows that Z is a subadjoint variety by
Theorem 3.2.

Conversely, if Z is a subadjoint variety, the embedding Z C PV is equi-

~

variant, namely, all vector fields on Z come from aut(Z). As Z is a Her-
mitian symmetric space, it is well-known (e.g. [14, Section 3]) that for any
given z € Z, there exists a nonzero vector field on Z vanishing to the second
order at z. It follows that dim Ker(¢,) # 0. O
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