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ABELIAN EQUALS A-FINITE FOR ANDERSON
A-MODULES

by Andreas MAURISCHAT

ABSTRACT. — Anderson introduced t-modules as higher dimensional analogs of
Drinfeld modules. Attached to such a t-module, there are its t-motive and its
dual t-motive. The t-module gets the attribute “abelian” when the t-motive is a
finitely generated module, and the attribute “t-finite” when the dual t-motive is
a finitely generated module. The main theorem of this article is the affirmative
answer to the long standing question whether these two attributes are equivalent.
The proof relies on an invariant of the ¢-module and a condition for that invariant
which is necessary and sufficient for both being abelian and being t-finite. We
further show that this invariant also provides the information whether the t-module
is pure or not. Moreover, we conclude that also over general coefficient rings A,
i.e. for Anderson A-modules, the attributes of being abelian and being A-finite are
equivalent.

RESUME. — Anderson a introduit les t-modules en tant qu’analogues de dimen-
sion supérieure des modules de Drinfeld. Attachés & un tel t-module, il y a son
t-motif et son t-motif dual. Le t-module obtient I'attribut « abélien » lorsque le
t-motif est un module de génération finie, et 'attribut « t-fini » lorsque le t-motif
dual est un module de génération finie. Le théoréme principal de cet article est
la réponse affirmative a la question de longue date de savoir si ces deux attributs
sont équivalents. La preuve repose sur un invariant du ¢-module et une condition
pour cet invariant qui est nécessaire et suffisante pour étre a la fois abélien et ¢t-fini.
Nous montrons en outre que cet invariant fournit également ’information si le t¢-
module est pur ou non. De plus, nous concluons que également sur les anneaux de
coefficients généraux A, c’est-a-dire pour les A-modules d’Anderson, les attributs
d’étre abélien et d’étre A-fini sont équivalents.

Introduction

Anderson t-modules are higher dimensional analogs of Drinfeld modules,
and they are considered as the function field analogs in positive charac-
teristic of abelian varieties. Of great interest are the periods of Anderson

Keywords: abelian, t-module, t-motive, skew field, Newton polygon.
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2 Andreas MAURISCHAT

t-modules, logarithmic vectors, (multiple) zeta values and much more, and
similar conjectures about the transcendence and algebraic independence
are stated as for classical periods, logarithms etc.

Let K be a perfect field containing the finite field F, of ¢ elements.
Roughly speaking, an Anderson t-module over K of dimension d is a certain
pair (E, ¢) where E is an algebraic group over K which is isomorphic to
G? (the d-fold product of the additive group), equipped with a compatible
F,-action, and

¢ : Fy[t] — Endgrpr, (E),a — ¢q
is a certain I,-algebra homomorphism into F,-linear endomorphisms
of E.(1)

There are two kinds of motives attached to Anderson ¢-modules. The first
one — called t-motive — was defined by Anderson in his seminal paper [1].
Among others, it was used to provide a new criterion for uniformizability
of t-modules. The other kind — called dual t-motive — was defined later
in [2], and is the base for the ABP-criterion [2, Theorem 3.1.1] and the
Papanikolas’ theorem [19, Theorem 5.2.2] which opened a new way to study
algebraic independence of periods and logarithms. This criterion and a
generalization of Chang [3, Theorem 1.2] was then successfully applied in
several other papers (e.g. [4, 5, 6, 7, 11, 12, 14, 15, 16]). In [13], we showed
that the criteria mentioned above can also be applied to t-motives, and that
the t-motive can also be used to study algebraic independence of periods.

For using the t-motive or the dual t-motive in that way, the t-module
has to be uniformizable in both cases. For using the ¢-motive, in addition
the t-module needs to satisfy a property called abelian — which apparently
was included in Anderson’s original definition in [1]. For using the dual
t-motive, however, the t-module needs to satisfy another property called
t-finite.

The t-motive attached to such a t-module consists of the [F,-linear group
scheme homomorphisms from E into the additive group G,,

M(E) := Homg,, i, (E, Ga),
and the dual t-motive is defined as
M(E) := Homgp i, (G, E).

They both carry a structure as K[t]-module obtained from the K-action
on G, and the F,[t]-action ¢ on E. The ¢t-module E is said to be abelian
if its t-motive M(E) is a finitely generated K [t]-module, and the t-module

(1) See Section 5 for the precise definition.
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ABELIAN EQUALS A-FINITE 3

E is said to be t-finite if its dual ¢-motive M(F) is a finitely generated
K[t]-module.

Although these two notions are quite similar, and all abelian examples
considered up to date were indeed t¢-finite and vice versa, it was an open
problem whether these two properties really agree. Our first main theorem
(Theorem A) answers this question to the affirmative.

We should also mention here that this theorem implies the positive an-
swer to the same question for Anderson A-modules, i.e. over more general
coefficient rings A/F,[t] (see Corollary 8.1).

The proof of this theorem stems from a condition on the endomor-
phism ¢; which is necessary and sufficient for both being abelian and being
t-finite. The proof involves techniques over non-commutative rings which
are well known in the commutative setting, but were only partially de-
veloped in this setting. Hence, we have to develop these techniques here,
too.

For describing the condition on the endomorphism ¢;, we have to provide
more notation. We denote by K{7} the skew polynomial ring

K{r} = {Z ;T

=0

n>07ai€K}

with multiplication uniquely given by additivity and the rule

T-a=al T,

for all o € K. This ring equals the ring Endgp, 7, (G4) of Fy-linear group
endomorphisms of G, by identifying 7 with the ¢** power Frobenius map,
and o € K with scalar multiplication by «. We further consider the skew

Laurent series ring over K in o = 771,

K({o) = {zaz

1=10

i0€Z7ai€K},

with 0 - = /9. ¢ for all a € K (well-defined as K is assumed to be
perfect), as well as the subring of skew power series in o,

K{c}} = {Z%’Ui a; € K}

The ring K{7} is naturally embedded into K({c}) via

n n
E ;7 — E a;o "
i=0 i=0

TOME 0 (0), FASCICULE 0



4 Andreas MAURISCHAT

After choosing a coordinate system for the t-module E, the endomor-
phism ¢; is represented by a matrix D € Matgxq(K{7}) with respect to
this coordinate system, and we consider D inside Matgxq(K({o})) via the
natural embedding K{7} — K({o}).

As for matrices over commutative fields, one can compute invariant fac-
tors of D, i.e. polynomials A1, ..., g € K{o}[t] with A1|Ae|... | g (i.e. A
left-dividing and right-dividing A; 1) obtained by diagonalizing the matrix
C :=t-14— D via row and column operations. As in the commutative
case, we attach to such a polynomial A = Y7 ja;t' € K({o})[t] a New-
ton polygon. It is defined to be the lower convex hull of the set of points
P, = (i,ord,(a;)), ¢ = 0,...,n where ord,(a;) denotes the order of a;
in ¢. Although, the invariant factors \q,..., Ag are not unique in the non-
commutative case, the orders in o of their coefficients are unique, and hence
the Newton polygons are well-defined invariants.

The criterion for being abelian and t-finite then states:

THEOREM A (Theorem 6.6). — For a t-module E the following are
equivalent:

(1) E is abelian,

(2) E is t-finite,

(3) the Newton polygon of the last invariant factor A\; constructed
above has positive slopes only.

The beauty of this criterion is not only its theoretical consequence that
abelian t-modules are t-finite and vice versa, but that the criterion provides
an algorithm to check the property for any given t-module.

The Newton polygon of \; even provides more information. Namely, we
show

THEOREM B (Theorem 7.2). — Assume that the t-module E is abelian
(and hence t-finite). The t-motive M = M(E) of E is pure if and only if the
Newton polygon of A; consists of only one edge. In this case, the weight
of M is equal to the reciprocal of the slope of this edge.

By [9, Theorem 5.29(b)], for an abelian and ¢-finite t-module F, its t-
motive M is pure if and only if its dual ¢-motive 97 is pure. In this case,
the weights of M and 90 just differ by the sign. Hence, our theorem implies
the analogous statement for the dual t-motive (see Corollary 7.4).

As we will mainly deal with modules over the skew field K({c}), and
the purity of M is a condition on the K((%))—Vector space K((%)) ® ki M,

ANNALES DE L’INSTITUT FOURIER
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one main part in this task is to show that the scalar extensions K (1)) @k
M and K({o}) ®x(r} M are naturally isomorphic when E is abelian (see
Proposition 7.8).

The paper is structured as follows. Sections 1-4 are on linear algebra
over complete discretely valued skew fields. Only from Section 5 on, we
will deal with t-modules.

We start in Section 1 with basic notation on complete discretely valued
skew fields. Section 2 is devoted to Newton polygons and factorization of
polynomials over these skew fields. Sections 3 are on modules over complete
discretely valued skew fields and lattices in these modules. Thereafter, we
consider matrices over these skew fields in Section 4 where we proof an
equivalence of several conditions for such matrices (see Theorem 4.1). The
equivalence of these conditions is a main step in the proof of Theorem A.
After introducing the notion of t-modules, their t-motives and their dual
t-motives in Section 5, we provide the proof of Theorem A in Section 6,
and of Theorem B in Section 7. We deduce the equivalence of being abelian
and being A-finite for general coefficient rings A in Section 8. Finally in
Section 9, we illustrate our main theorems by some examples.

Our main sources for non-commutative ring theory are [8, 10, 18].

Acknowledgment

We thank the referee for his careful reading of the manuscript and for
pointing out two flaws in an earlier version.

1. Basics in non-commutative algebra
1.1. Complete discretely valued skew fields

We use the following terminology: a skew field (or division ring) is an
associative ring with unit such that every non-zero element has a multi-
plicative inverse.

DEFINITION 1.1. — A discrete valuation on a skew field £ is a map
v: L — ZU{oco} such that
(1) v(z) =0 <=z =0,
(2) for all z,y € L: v(z +y) =2 min{v(z),v(y)},
(3) for all z,y € L: v(zy) = v(z) + v(y).

TOME 0 (0), FASCICULE 0



6 Andreas MAURISCHAT

A skew field L together with a discrete valuation v on L is called a discretely
valued skew field.

The subset O := {z € L | v(xz) > 0} of a discretely valued skew field
(L, v) is called the valuation ring of L.

An element o € O with v(c) =1 is called a uniformizer.

Remark 1.2. — Of course, if £ is commutative, this is just the definition
of a discretely valued field, and of its valuation ring. As in the commutative
case, we have several conclusions from the definition of a discretely valued
skew field (L£,v) with valuation ring O.

e v(1) =0, and v(z~!) = —v(z) for all x € £ \ {0},

e for all z,y € £ such that v(z) # v(y): v(z + y) = min{v(z),v(y)},

e O is a subring of £ with unique maximal left (and right) ideal
m={z e L]|v(z)> 0},

We further remark that conjugate elements have the same valuation, i.e.

o forall z,y € L, y # 0: v(y tzy) = v(z),

e the valuation ring O is even central in L, i.e. stable under conjuga-
tion,

e the valuation ring O is a skew principal ideal domain (cf. Subsec-
tion 1.2).

DEFINITION 1.3. — Let (£, v) be a discretely valued skew field. We say
that a sequence (sp)n>0 of elements in L converges to s € L, if

lim v(s — s,) = c0.
n—oo

A discretely valued skew field (L, v) is called complete, if for every sequence
(Zn)n>0 of elements in L that tends to zero, there is an element s € L such
that the sequence (Y., i), tends to s. We will denote the limit s by
the infinite series Y .o ;.

Remark 1.4. — The definition of being complete is just the usual one of
metric space, i.e. that all Cauchy sequences converge, if we equip £ with
the absolute value

lz| = p*@  for z € L~ {0}, 0] =0,

for some 0 < p < 1.

ANNALES DE L’INSTITUT FOURIER
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Example 1.5. — The standard example for a complete discretely valued
skew field is the skew Laurent series ring £ = K({o}) given in the intro-
duction with valuation v given by

o0
v (Z aiai> =inf{i € Z | a; # 0}.
i=ig
Its valuation ring is the ring O = K{{c}} of non-commutative power series,
and ¢ € O is a uniformizer.

The other example used in this paper is the Laurent series ring K ((%))
which is even a (commutative) field.

1.2. Skew principal ideal domains

DEFINITION 1.6. — A skew principal ideal domain (skew PID) is a uni-
tal associative ring without zero-divisors such that every left ideal and every
right ideal is principal, i.e. generated by one element.

Example 1.7.

e Every skew field is a skew PID.

o If L is a discretely valued skew field, its valuation ring O is a skew
PID. Namely, all ideals # (0) are given by O-0° = ¢°- O for a fixed
uniformizer o € O and any s > 0.

e The ring L[t] of polynomials over a skew field £ in a central inde-

terminate ¢ (i.e. an indeterminate that commutes with all elements
in £) is a skew PID, too.

The examples of skew PIDs that we will use from Section 5 on, are the
skew field of non-commutative Laurent series £ = K({c}) given in the
introduction, as well as its valuation ring — the non-commutative power
series ring O = K{{c}}. Further, we employ its subring of non-commutative
polynomials K{c}, as well as the polynomial ring K ({o})[t] over the skew
Laurent series field K({c}) in a central indeterminate ¢.

THEOREM 1.8. — Let O be a skew PID.

(1) See [10, Chapter 3, Theorem 16]: any rectangular matrix with en-
tries in O can be transformed by elementary row and column op-
erations into a matrix in diagonal form, and each diagonal entry is
a total divisor (i.e. left divisor and right divisor) of the subsequent
diagonal entry.

TOME 0 (0), FASCICULE 0
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(2) Elementary divisor theorem; see [10, Chapter 3, Proof of Theo-
rem 17): let M be a finitely generated free O-module, and let M’
be a submodule of M. Then there are a basis {b1,...,b,} of M,
elements x1,...,x, € O, and k < n such that {x1b1,...,xkb;} is a
basis for M’ (respectively {byx1,...,byay} for right modules).

(3) See [10, Chapter 3, Theorem 18]: every finitely generated module
over O is the direct sum of its torsion submodule and a free sub-
module.

(4) See [10, Chapter 3, Theorem 19]: every finitely generated module
over O is the direct sum of cyclic submodules.

From the first part of the previous theorem, and the characterization of
ideals in valuation rings in Example 1.7, we obtain the following corollary.

COROLLARY 1.9. — Let O be the valuation ring of a discretely valued
skew field L, and 0 € O a uniformizer. Any rectangular matrix with entries
in O can be transformed by elementary row and column operations into
a matrix in diagonal form where the non-zero diagonal entries are of the
form o*t,... 0" withn >0,and 0 < vy <+ < Uy

We close this section by defining what we mean by saying that a matrix B
has rank r modulo o°.

DEFINITION 1.10. — Let B be a rectangular matrix with entries in the
valuation ring O of a discretely valued skew field L. Let 0 € O be a
uniformizer, and s > 0. Let o**,...,0"» (n 2 0,and 0 < v; < --- < v,) be
the non-zero diagonal entries obtained by diagonalizing B via elementary
row and column operations as in the previous corollary.

We say that B has rank r modulo ¢* if

#lie{l,....n} |y <s}=r

2. Newton polygons

Throughout this section, let (£,v) be a complete discretely valued skew
field. Further, let £[t] be the polynomial ring over £ in a central indeter-
minate ¢, i.e. the indeterminate ¢ commutes with all elements in L.

In this section, we develop the theory of Newton polygons of polynomials
in L[t]. It runs parallel to the commutative setting, and the proofs are
almost identical. As our coefficient ring is not commutative, there is a “left-
version” and a “right-version” most of the times. However, one version can

ANNALES DE L’INSTITUT FOURIER



ABELIAN EQUALS A-FINITE 9

always be obtained from the other by applying it to the opposite ring of L.
The opposite ring of L is, by definition, the same additive group, but with
multiplication * given by x xy :=y - x.

DEFINITION 2.1. — Let f = Y1 ja;t" € L[t] be a polynomial. The
Newton polygon of f is defined to be the lower convex hull of the set of
points P; = (i,v(a;)), ¢ = 0,...,n ignoring the points with a; = 0. We
denote the Newton polygon of f by Ny.

If s is an edge of the Newton polygon from one vertex (i,w;) to another
vertex (j,w;), we call the difference |j — i| the length of the edge, and the
quotient w;%;” the slope of the edge. A vertex where two edges meet will
be called a break point of the Newton polygon.

Example 2.2. — For f = ag + ait + ast? + azt® + t° with v(ag) = 3,
v(ar) = 2 and v(az) = v(az) = 1 the Newton polygon Ny consists of two
edges. The first edge is of length 2 with slope w = —1, and the

v(D)—v(az) _
3

second of length 3 with slope —% (see Figure 2.1).

(1, v(a1))

(3, v(a3))
°

Figure 2.1. Newton polygon for o3 4+ 02 -t +o-t2+ 0 -3+t

PROPOSITION 2.3. — Let f,g € L[t] be polynomials. Then the Newton
polygon Ng¢ of g - f starts at the vector sum of the starting points of N
and Ny, and ends at the vector sum of the end points of Ny and N,. The
edges of the Newton polygon Ny¢ are exactly the edges of both Ny and N,
concatenated in non-decreasing order of their slopes.

The same holds for the product f - g.

Proof. — The proof is the same as in the commutative case. Also com-
pare the example in Figure 2.2. O

TOME 0 (0), FASCICULE 0



10 Andreas MAURISCHAT

Figure 2.2. Newton polygons for g(t) = o2 + 0o -t + t* (dashed in
blue), f(t) = o+t (solid in black), and h = g f = o* + (0o? + o)t +
fot? + ot* + t° (dotted in green).

As our skew field £ is complete with respect to the valuation, we will
also obtain a reverse result in Proposition 2.7. For its proof, however, we
need some results on division with remainder in our polynomial ring L][t].

DEFINITION 2.4. — For ¢ € R, we define a valuation v, on L[t] by

Ve (thtz> =min{v(h;) +i-c|i€{0,...,n}} € RU{oc}.
i=0

It is not hard to verify that this is indeed a valuation, i.e. it satisfies

e v.(f) =0 f=0,

e ve(f - g9) =ve(f) +vel9),

* ve(f +g) = min{ve(f), ve(9)}-

LEMMA 2.5 (Right-division with remainder). — Let ¢ € R be arbitrary.
Let h, f € L[t] with deg,(h) > deg,(f).
(1) There exist unique q,r € L[t] such that
h=q-f+m,
and either r = 0 or deg,(r) < deg,(f).

(2) Assume further that v.(f) = v(fq) + d - ¢, where d = deg,(f) and
fa is the leading coeflicient of f. Then

Ve(q) Z ve(h) —ve(f) and wv.(r) = ve(h).

Proof. — The existence of ¢ and r is shown in [18, Section 2], and unique-
ness is obtained in the same way as in the commutative case. So it remains
to show the bounds on the valuations of ¢ and r in (2).

ANNALES DE L’INSTITUT FOURIER
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Write h = Y°}'_, hgt® where n = deg,(h), f = Z?:o fit7, and ¢ =
Z?;Od q;t'. As deg,(r) < d, we obtain for all e > d:

d—1
(2.1) he= Y Gifi=Ge—a-fat+ > Ge—jls.
itj=ec 7=0
We show v(g;) +i- ¢ = ve(h) —v.(f) for all i =n —d,...,0 by backwards
induction which then implies v.(¢) = min{v(g;)) +i-c|0<i<n—d} >

Uc(h) - Uc(f)'
For i = n —d, set e = n in equation (2.1). It reduces to h, = ¢n_q - fa,
and therefore

U(gn—a) = v(hn) = v(fa) = v(hn) —ve(f) —d-c
>ve(h)+n-c—v.(f)—d-c=v.(h) —v.(f) — (n—d) - c

Now, fix i < n—d, and assume by induction hypothesis that we have shown
the inequality for all larger indices. Then setting e = i+d in equation (2.1),

we obtain
d—1
o(gi) =v | hiva =Y giva—ifi | = v(fa)
3=0

2 min{v(hi+a), v(Gi+a—;) +v(f;) [ 7 =0,...,d =1} —v(fa)
Since,
v(hita) = ve(h) — (i +d) - c,

and by hypothesis for all j =0,...,d—1,

V(gird—j) +0(f;) = ve(h) —ve(f) —(t+d—j)-c+ve(f)—J-c
=v.(h)—(i+d)-c,

We obtain the desired bound
(i) Z ve(h) = (i+d) - c —ve(f) +d-c=wve(h) —ve(f) —i-c.
The bound for the valuation of r is directly computed as
ve(r) = ve (h = q - f) = minfue(h), ve(q) + ve(f)} = ve(h),

using the bound for v.(q) just obtained. O

By the same arguments with sides swapped, we obtain the result on
left-division with remainder.

TOME 0 (0), FASCICULE 0
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LEMMA 2.6 (Left-Division with remainder). — Let ¢ € R be arbitrary.
Let h, f € L[t] with deg,(h) > deg,(f).

(1) There exist unique q,r € L[t] such that
h=f-q+r,

and either r = 0 or deg,(r) < deg,(f).
(2) Assume further that v.(f) = v(fq) +d-c where d = deg,(f) and fq
is the leading coefficient of f. Then

ve(q) Zve(h) —ve(f) and wv.(r) = ve(h).

PROPOSITION 2.7. — Let h € L[t], and assume that its Newton polygon
has at least two edges, and that P = (d,e) is the first break point of the
Newton polygon of h (i.e. the break point with the least xz-coordinate of all
break points). Then the following hold:

(1) There are polynomials f, g € L[t] such that deg,(f) = d, the Newton
polygon of f consists of the first edge of Ny, and h = f - g.

(2) There are polynomials f, g € L[t] such that deg,(f) = d, the Newton
polygon of f consists of the first edge of N, and h =g - f.

Remark 2.8. — By repeating the previous process for the factor g, we
eventually get a factorization of h as h = f1 - fo-...- fr where the Newton
polygon of each f; has exactly one edge, each corresponding to one edge
of Ny, i.e. having the same length and same slope as that edge of Ny,.
Furthermore, for each permutation of the k edges of h, we get such a fac-
torization.

In particular, for each edge of N, there is a right factor p of h whose
Newton polygon has exactly one edge, and this edge has the same length
and same slope as that edge of Nj,.

Proof of Proposition 2.7. — We only prove the first part, as the second
is obtained in the same way after swapping sides in products. Let s be the
slope of the first edge, set ¢ := —s, and consider the valuation v, given in
Definition 2.4.

Let h =377, h;t?, and define f(©) = E;l:o hit! € L]t] as well as ¢g(©) =
1 € L[t]. The choice of ¢ implies that v.(h) = v(ho) = v(ha) + d - ¢, that
v(hj)+j-c>vc(h) for all 0 < j < d, and that v(h;) + j - ¢ > v.(h) for all
j > d. Hence, v.(f©) = v.(h), and

Ve (h _ f(O) .g(O)) —_ i hjtj = v.(h) + a
j=d+1

ANNALES DE L’INSTITUT FOURIER



ABELIAN EQUALS A-FINITE 13

for some a > 0.
Inductively, we are going to define sequences (f(?);>o and (g");>q of
polynomials in L[t] such that
(a) deg,(f*) = d with leading coefficient hg, v.(f*) = v.(h), and for
all i > 1: v (f@ — fO=D) > v (h) + o -4
(b) deg,(9?) < n—d, v.(1 — ¢g¥) > a and for all i > 1: v.(g) —
g(i_l)) >a-i.
(c) ve(h = f@ - g") > wve(h) + o (i +1).
As the skew field £ is complete, this implies that the sequences ( f (i))i>0 and
(g(i))igo converge in L[t] to some polynomials f and g. By the conditions on
the sequences, the polynomials f and g satisfy the conditions deg,(f) = d,
deg,(9) <n—d,and h = f-g. Finally, condition (a) implies v.(f — f(®) >
v.(f©), hence the Newton polygon of f is the same as the one of f(%),
namely the first edge of Nj.

By choice of f(®) and g9, the conditions (a)—(c) are fulfilled for i = 0.
Now take 7 > 0, and assume that f(*=1) and ¢~ are already constructed.
Then the hypothesis of Lemma 2.6(2) (left division with remainder) are
fulfilled, and we obtain ¢,r € L[t] such that

h— fO=D . g0 — pG=1) g4
with the given bounds on the valuations of ¢ and r. We set
FO = =1 4 g =gt 4 ¢,

and will verify that these polynomials satisfy the conditions (a)—(c).

As deg,(r) < deg,(f0~) = d, we have deg, (V) = deg,(f*~Y+r) =d,
and the leading coefficient of f(*) is again hy. Further, by the bounds on
the coefficients in the left division with remainder

Ve (f(i) - f(i_l)) = v.(1) = v (h — fG-b -g“‘”) > v.(h)+a-i.

The latter also implies ve(f®) = min{ve(f*1),v.(f® — fC=D)} = v.(h).
This proves condition (a). As deg,(¢) = n — d, and deg, (¢~ V) < n —d,
also deg,(¢") = deg, (9"~ + ¢) <n —d, and

Ve (g(i) _ g(i—l)) =v.(q) = ve (h — f(i—l) ,g(i—l)) — v, (f(i—l))
> ve(h) +ai—ve (f07V) =ai.

Therefore, also

Ve (1 — g(i)> > min {Uc (1 - g(i71)> , Vg (g(ifl) — g(i))} > .
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Finally,
h—f0. g0 =p— =1 g0 _ g — o g() = (1_9(1’))’
and hence
Ve (h o .gu)) = 0 (r) + e (1 _ gm)
>vc(h)+a-it+ta=v(h)+a-(i+1). O

Using the previous proposition, we have the following non-commutative
variants of the Chinese Remainder Theorem.

THEOREM 2.9.

(1) Let h € L[t] be a polynomial whose Newton polygon consists of
exactly k edges, and let u1, ..., ux be right factors of h each corre-
sponding to a different edge, then there is a canonical isomorphism
of left L[t]-modules

L[t]/hL[t] = L[]/ m L[t & - - - & L[t]/pux L]E].

(2) Let h € L[t] be a polynomial whose Newton polygon consists of
exactly k edges, and let vq,...,v, be left factors of h each corre-
sponding to a different edge, then there is a canonical isomorphism
of right L[t]-modules

LIRA\L[t] = LI \L[t] & - - - & L[t \ & L[t].
This follows inductively from the following lemma.

LEMMA 2.10. — Let h € L[t] be a polynomial with the first break point
of the Newton polygon Ny, being at P = (d,e). Let h =v-A; and h = Ay 1
be factorizations of h from Proposition 2.7 where the Newton polygons of
v and p consist of the first edge of h. Then the canonical homomorphism
of left L[t]-modules

L[t)/hL]t] = LIt/ L] @ L[H]/pLllE],

is an isomorphism, as well as the canonical homomorphism of right L[t]-
modules
L[tIR\L[t] = L[LV\L]t] @ L[t)A2\L[E]

is an isomorphism.

Proof. — As no edge of A\; has the same slope as the edge of u, the
right greatest common divisor of Ay and u is 1. Hence by [18, Theorem 4],
there exist r, s € L[t] such that 7A; + spg = 1. An inverse to the canonical
homomorphism of left modules is therefore given by (f,g) — fsp + gri;.

In the same way, one obtains the isomorphism for the right modules. [
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3. Modules over complete discretely valued skew fields

As before, let (L£,v) be a complete discretely valued skew field with val-
uation ring O. Throughout this section, M will denote a finite dimensional
left-L-vector space.

We stick here to left modules. However, all the statements and theorems
in this section about left modules will also be true for right modules. This
is clear as a right module is a left module for the opposite ring.

DEFINITION 3.1. — An O-lattice A in M is a finitely generated
O-submodule A of M containing an L-basis of M.

We collect some facts on O-lattices which are well-known in the commu-
tative setting, but are also valid in the non-commutative setting.

Remark 3.2.
(1) If o € O is a uniformizer, and A an O-lattice in M, then
U o "A= M.
n>=0

(2) As O is a skew principal ideal domain, any O-lattice A in M is
a free O-module generated by a suitable £-basis of M (cf. Theo-
rem 1.8(3)).

(3) Any O-submodule A’ of an O-lattice A of the same rank is an O-
lattice in M. (It is finitely generated free containing an L-basis of
M by Theorem 1.8(2).)

(4) For two O-lattices A and A’ in M, their intersection AN A’ as well
as their sum A + A’ C M are O-lattices, too.

(5) If A is an O-lattice of M, and A’ an O-submodule of M. Then A’
is an O-lattice in M, if and only if there are integers Iy, [y € Z such
that o/t A C A’ C o2A.

LEMMA 3.3. — An O-submodule A of M is an O-lattice if and only if
A contains an L-basis of M, and for every m € M, m # 0, there is x € L
such that x-m & A.

Proof. — For showing the first implication, let A be an O-lattice, and
b1,...,bq be abasis of A. Let m € M be arbitrary, then there are coefficients
Z1,...,2q € L such that m = Zle x;b;. Choose z € L such that v(z) <
—v(z1). Then zm = Zle(xxi)bi & Aasv(zzy) <0, ie zz; € O.

For the other implication, let A be an O-submodule of M containing an
L-basis of M, and satisfying the condition that for every m € M, there is
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x € L such that = -m ¢ A. Choose an O-lattice A in M and consider the
O-lattices A; of M given by

A, i=0'AN A
for all i > 0, where o € O is a uniformizer, as well as
A; = (A; + oA)/(cA) C A/(oA).

The latter are vector spaces over the skew field O/cO of dimension at
most d. As by definition, the sequence (A;);>o is a desending chain of
O-modules, the sequence (A;)i>o is a descending chain of (O/cO)-vector
spaces. Hence, there is some ng > 0 such that /_\n = /_\no for all n > ng.

Assume that J_Xno # 0, then there is m € A,, \07\, ie.0£me A, =
o"AN A for all n € N. However, this implies 0™ "m € A for all n > ny.
As A is an O-module, we get c~"m € A for all n € Z, contradicting our
assumption.

Therefore A, = 0 for all n > ng, i.e. A, + oA = 01~\, or in other words
A, C oA. Hence

ANo A C oA
for all n > ng. Inductively, one obtains
ANo ™A =ANo ™A
for all n > ng, and by taking the union over all n:
A=AnNg ™A,
ie. AC o~ A which implies that A is finitely generated. O

PROPOSITION 3.4. — Let A be an O-lattice inside M. Further, let M’
be an L-submodule of M, and define A’ := ANM’. Then any O-basis of A’
can be extended to an O-basis of A.

Proof. — As O is a skew PID, we just have to show that A/A’ is tor-
sionfree, hence free. Then the join of a basis of A’ and representatives of a
basis of A/A’ form a basis of A.

Assume to the contrary, that A/A’ is not torsionfree. Hence, there exist
meA—A, and x €O such that z-meA’. As A’ = ANM’, this implies z-m €
M’, and hence me M’, leading to the contradiction me ANM'=A’. d

Remark 3.5. — Be aware that in general we can not extend this result to
a decomposition M = M’ @ M" of submodules, i.e. we can not find bases
of the O-sublattices A’ and A” which join to a basis of A.
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We now turn our attention to L[t]-modules which are finite dimensional
as L-vector spaces. We start by stating the invariant factors theorem which
follows directly from the proof of Theorem 1.8(4) given in [10], and is also
explained in [8, p. 380].

THEOREM 3.6 (Invariant Factors Theorem, see [8, p. 380]). — Given a
left L[t]-module M which is finitely generated as L-vector space of dimen-
sion d, there exist monic polynomials A1, ..., g € L[t]\ {0} such that \; 11
is left-divisible and right-divisible by \; for alli =1,...,d — 1, and

M = LI/ML[E) & - @ L[]/ NaL[t]
as L[t]-modules.

Remark 3.7. — Contrary to the commutative case, the monic polynomi-
als \; are not unique, but only unique up to similarity which is equivalent
to the factors L[t]/\;L[t] being unique up to isomorphism (cf. [10, Chap-
ter 3, Theorem 31]). However, the way to obtain them is the same as in
the commutative case: choose an L-basis (e1,...,eq) of M, represent mul-
tiplication by ¢t by a matrix D with respect to this basis, and consider the
matrix C :=t-1 — D € Matgxa(L[t]).

By applying row and column operations, we can transform the matrix C'
into diagonal form with diagonal entries Aq,...,Ag as in the theorem, due
to the existence of left Euclidean and right Euclidean algorithms in L[t].

The isomorphism of L[t]-modules is then obtained by recognizing that
M is the cokernel of the map L[t]Y — L[t]? given by C on the standard
basis, and row and column operations on C' just correspond to changes of
bases in the source and target, respectively.

THEOREM 3.8. — Given a left L[t]-module M which is finitely generated
as L-vector space of dimension d, there exist monic polynomials f1, ..., fx €
L[t] ~ L (k < d) such that the Newton polygon of each f; consists of one
edge, and

M= L[/ AL @ - © LIt/ L]

as L[t]-modules.

Proof. — This is obtained directly by applying Theorem 3.6, and then

applying Theorem 2.9 to the factors L[t]/\;L[t] obtained in Theorem 3.6.

O

We now turn our attention to O-lattices in such L[t]-modules M. The

next theorem and its corollary is about the existence of a lattice with special

properties, whereas Theorem 3.11 and Corollary 3.12 are about properties
for general O-lattices.
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THEOREM 3.9. — Let 0 € L be a uniformizer (i.e. v(o) = 1), and let
f € L[t] be a non-trivial monic polynomial of degree d whose Newton
polygon Ny consists of exactly one edge. Let s € Q be the slope of this
edge. Further, let M be a left L[t]-module isomorphic to L[t]/ fL][t].

(1) There is an O-lattice A in M such that
o"tiA = A,

where r = ds € N. If s is positive, the lattice A can be chosen to
further satisfy t 1A C A.

(2) Ifu,v € Z, u # 0, and A’ is a lattice in M such that c"t“A’ = A/,
then £ = s.

Proof. — Write f = Z?;OI cit'+t? with ¢; € £, and let b € M correspond
to the residue class of 1 in L[t]/fL[t]. Since the slope of Ny is s, we have
v(cg) = —ds = —r and v(¢;) = (i—d)-sfori=1,...,d — 1. We let A
be the O-lattice generated by {cl**1t'b | i =0,...,d — 1} and claim that
this lattice satisfies the desired conditions. Here |z | denotes the floor of z,
i.e. the largest integer < .

We will show ol™1t"h € A for all n € Z, from which one deduces
oA C A as well as A = g% (o_dst_dA) C o®¢dA. If s is posi-
tive, one further obtains from this statement that ¢t~ ol®l¢’b € A for all
i=0,...,d—1,since [is| > [(¢ — 1)s] in this case.

First at all, the condition ol™*/t"b € A is fulfilled for n = 0,...,d — 1 by
definition of A. Let n > d — 1, then we have

d—1
olrslyng = glnslyn—d < Z citib>

=0

d—1 ‘
3 (o) e,

1=0

Since v(¢;) is an integer greater or equal to (i — d) - s, we have
v (ol ei) = Lns) +v(er) = [ns + v(e)] > L(n+i - d)s).

Hence, by induction hypothesis (JL”SJ 'ci) tn=d+ip ¢ A, and therefore
olrsling € A.
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On the other hand, for n < 0, we have

d—1
Jmﬂﬂb:JMﬂﬂ<—qf'(ﬁb+§:qﬂ0>
i=1

d-1
= —glnslegtntdp — Z (JL"SJ et ci> ",
i=1

Since v(cp) = —ds € N, we have
v (UL"SJC(Tl) = |ns| +ds=[(n+d)s],
as well as,
ool gt ) = L+ d)s+ole)] > L(n+d)s+ (i~ d)s] = [(n+1)s).

Hence, by backwards induction hypothesis all summands above are in A,
and therefore ol1t"p € A.

For showing part (2), let u,v € Z, u # 0, and A’ be a lattice in M such
that o¥t“A’ = A’. Let A be the lattice constructed in part (1).

As A and A’ are two O-lattices in M, there are some l1,l5 > 0 such that

oA DAD RN
Then for any n € Z, we obtain
A D ol2A! = glginydn !
2 O_lgo_dnvtdnuallA _ a_ll+lzo_dnva_frnuA _ Jl1+12+n(dvfru)A'

If & # %, and hence dv — ru # 0, we obtain a contradiction by choosing n
such that 1 + o + n(dv —ru) < 0. O

COROLLARY 3.10. — Let M be a left L[t]-module which is finitely gen-
erated as L-vector space. Let f1,..., fr € L[t] be non-trivial monic poly-
nomials whose Newton polygons consist of exactly one edge such that M
is isomorphic to @le L[t/ fiL]t]. For i = 1,...,k, let s; be the slope
corresponding to f;, d; the degree of f;, and M; C M the submodule cor-
responding to the factor L[t]/ fiL][t].

Then for each i = 1,... .k, there are O-lattices A; in M; such that

Jdisitdi/\i = Az

If all the slopes are positive, the lattices can be chosen to further satisfy
t71A; C A,

Proof. — We just have to apply Theorem 3.9 to each factor M;. O
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THEOREM 3.11. — Let 0 € L be a uniformizer (i.e. v(c) = 1), and
let f € L[t] be a non-trivial monic polynomial whose Newton polygon Ny
consists of exactly one edge. Further, let M be a left L[t]-module isomorphic
to L[t]/fL[t], and let A C M be an O-lattice in M.

(1) If the slope of Ny is non-positive, then there exists an O-basis
(b1,...,bq) of A such that for all k > 0 and m € A,

pry (tk~m) € O - by,

where pry : M — L - bq, Zle x;b; — x4bg denotes the projection
to the last coordinate.
(2) If the slope of Ny is positive, there exist ko > 0 such that for all
k> ko,
t*A D oA,

Proof.

(1). — Since the slope of Ny is non-positive, all the coefficients of f lie
in O. Let b € M correspond to the residue class of 1 in L[t]/fL[t]. Let
A’ be the O-lattice of M generated by b,tb,...,t% 1d. This is indeed an
O|[t]-submodule, since the coeflicients of the monic polynomial f lie in O.

By the elementary divisor theorem (Theorem 1.8(2)), there is a basis
(b1,...,bq) of A and nq,...,ng € Z such that (6™by,...,0™b,) is a basis
of A’.(®) By rearranging the basis, we can achieve that ng is the maximum
of the numbers n;.

Then for all £ > 0, and m = Z?Zl x;b; € A (i.e. 2; € O) we obtain:

d d
thom = g zith b = E o " th (oMo ) oMb € o A,
i=1 i=1 —
€0

since t¥ - (o™ix;o07") - o™ib; € A for all i = 1,...,d, and ng = max{n; |
i=1,...,d}.
As pry(A) = O - 0™by, we finally get:
pry (t" - m) € 67" O™ by = O - by.
(2). — Let A’ be an O-lattice in M as in Theorem 3.9, i.e. satisfying
o"t?A" = A, as well as t 1A’ C A/, where d = deg,(f), and 5 = s is the
slope of the Newton polygon Nj. As A and A’ are two O-lattices in M,

there are some [y, 15 > 0 such that

o A" DA Do2A .

(2) We take into account that all left ideals of @ are of the form @o* with k € N.
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Let ng € N satisfy ng > %, and let kg = dng. We then obtain for all
k > k07

tkA D) tko_lgA/ _ O_ZQtantk—kOA/
D gl2tdno A = glag=mmo A D glagTmoghi A DTN O

COROLLARY 3.12. — Let 0 € L be a uniformizer, and let g;,...,g; €
L[t] be non-trivial monic polynomials whose Newton polygons only have
positive slopes. Further, let M be a left L[t]-module isomorphic to
@le L[t]/g:L[t], and let A C M be an O-lattice in M. Then there is a
natural number ng € N, such that for all n > ng,

t"A D oA,

Proof. — By Theorem 3.8, we can decompose the factors L[t]/g;L][t] fur-
ther to obtain a decomposition M = B’_, L[t]/f;L[t] where the Newton
polygons of all f; have exactly one edge, and the slope of that edge is
positive.

Let AW := AN L[t)/f,;L[t] for all j =1,...,7, and

AN =AY C A
j=1

Applying Theorem 3.11(2) to each factor, we obtain numbers nq,...,
nr. € N such that for each i = 1,...,r, one has t"A®) D ¢=1A® for
n > n;, and hence n’ := max{nq,...,n,} fulfills

"N Do N Vaxn
As A’ and A are two lattices in M, we can proceed similar to the end of the
proof of Theorem 3.11(2) to obtain some ng € N such that for all n > ng,

t"A D oA, O

4. Matrices over complete discretely valued skew fields

Let £ be a complete discretely valued skew field, and O its valuation
ring with uniformizer o. Let d > 1, and D € Matgx4(£) a nonzero matrix.
Further, we let A1,...,\g € L[t] be its invariant factors, i.e. polynomials
A1|Az2|...|Aq obtained by diagonalizing the matrix ¢ - 14 — D as in Re-
mark 3.7.

In this section, we apply the results of the previous sections to obtain
the equivalence of the following conditions on D and its powers which will
be used in the next sections.
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THEOREM 4.1. — Let D € Matgxq(L), and let A\y € L[t] be its last
invariant factor as above. For n > 1, we define s,, € N to be the least
non-negative integer such that all entries of D, D?,..., D™ have valuation
greater or equal to —s,,. The following are equivalent:

(1) There is some n > 1 such that the matrix o°* - D" € Matgyxq(O)
has full rank d modulo o~ ,®)
(2) there is some n > 1 such that the block matrix
o°n.D

osn .D2

' € Mat,gxq(O)
o ™. D"
has rank d modulo o,
(2') there is some n > 1 such that the block matrix
(o -D, o -D? ..., o -D") € Matgxna(O)
has rank d modulo o°~,
(3) all slopes of the Newton polygon of \; are positive.

Remark 4.2. — In the first three conditions, we could replace s,, by any
larger number. This would lead to an equivalent condition. This fact be-
comes clear during the proof of the theorem.

Proof. — The implications (1) = (2) and (1) = (2’) are trivial. We show
(2) = (3) by contraposition. So assume that the Newton polygon of A4 has
an edge of non-positive slope.

We let A be a free O-module of rank d, and (ej,...,eq) be a basis.
Further, let M = £ ®p A, and define an L-linear t-action on it by letting

€1 €1
t-|:|=D-
€d €d
component-wise. This turns M into a left-L[t]-module. By Theorem 3.6,
M can be decomposed into a direct sum of L[t]-modules @le L[t]/ A\ L[t]

where the \; are the invariant factors of D. By Theorem 3.8, we can de-
compose these further into

M= @i/ ALl

where the Newton polygons of each f; has exactly one edge. Without loss
of generality, we can assume that f,. is a factor of Ay whose Newton polygon

(3) See Definition 1.10 for our notion of rank modulo some power of o.
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consists of one edge with non-positive slope. Let M’ C M be the submodule
corresponding to the sum @;:11 L[t]/ fiL]t], and A’ := AN M’. Then by
Proposition 3.4, the quotient A” := A/A’ is free, and £ ®p A” has to be
isomorphic to the last factor L[t]/f-L]t] of M.

We choose a basis (b1,...,bm,bm+t1,...,b4) of A in the following way.
The tuple (by,...,by) is a basis of A/, and (by41,.-.,bq) is a lift of a basis
(b1, ---,ba) of A where (byy1,...,bq) is chosen as in Theorem 3.11(1).
By this choice of basis, as in Theorem 3.11, we obtain pry(t* - m) € O - by
for all £ > 0 and all m € A where pr; : M — L - bg denotes the projection
to the last coordinate.

If C € Matgxq(L) is the matrix representing the t-action on this basis,
i.e. given by

by b1
ba ba
this implies that the last column of each C* (k > 0) has entries in O. In

particular, for n > 1, and for s > 0 such that all entries of all C,C?...,C"
have valuation at least —s, the entries of the last column of

o-C
0°.C?

S Matndxd((’))

o%.C"

are divisible by ¢®. This implies that the rank modulo ¢* of this block
matrix does not exceed d — 1.

As (e1,...,eq) and (by,...,bq) are two bases of A, there exists a unique
matrix B € GL4(O) such that

by €1

bq ed

and hence, C = BDB~!. On one hand, this means that s above can be

chosen to be s,, on the other hand that the rank modulo ¢® of

oD
. D2

S Matndxd((’))

o®-D"
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does not exceed d — 1, since we have

sp—1_—s
oD c°B” o 0 0 5. C
o°-D? 0 Lot . o°.C?
= T ’ : . -B € Matndxd(O).
O'S ‘.D/n/ : ' ' M ' : . O Us -.CTI,
0 o 0 o°B7lo7®

The implication (2") = (3) is shown in the same manner, but using right
O-modules.

It remains to show the implication (3) = (1). So we assume that all
slopes of the Newton polygon of \; are positive. As the other invariant
factors are divisors of Ay this implies that all slopes of all the Newton
polygons are positive.

As above, we consider the free O-module A with basis (eg,...,eq), and
the L-vector space M = L ®p A with additional t-action given by

€1 el
€d €d

Again by Theorem 3.8, we can decompose M into
M = P L[]/ fiLlt),
i=1

where the Newton polygons of each f; has exactly one edge, but this time
all slopes are positive. By Corollary 3.12, there is some n € N such that
t"A D oA,

Hence, there is a matrix B € Matgxq(O) such that

o7t 0 - 0

el €1 €1 €1
BD"- | i |=B-t"| :|=0c"t]:|=]| ©
€d €d €d 0 0 ot €d
Therefore we have
o=l 0 ... 0
(US”BU_S") son D" = o . € Matgx4(0).
ST o
0 =« 0 g°n7!
As g% Bo™%" € Matgx4(O), and the right hand side has full rank d modulo
o, also 0% D™ € Matgxq(O) has full rank d modulo o°". d
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5. t-modules and t-motives

From now on, let I, be the finite field with ¢ elements, and let K be a
perfect field containing F,. Further, let F,[¢] be a polynomial ring over F, in
an indeterminate ¢ which is linearly independent to K, and ¢ : F;[t] - K a
homomorphism of F;-algebras.

As in the introduction, we denote by K{7} the skew polynomial ring

K{r} = {Z ;T

=0

n}O,aieK}

with multiplication uniquely given by additivity and the rule
T-a=al T,

for all a € K, i.e.,

n m n+m k )
(Z ai7i> ' Zﬁﬂj = Z (Z & (Bk—i)ql> -7,
i=0 j=0

k=0 \:=0

This ring equals the ring Endg,, r, (G,) of Fy-linear group endomorphisms

th

of G, by identifying 7 with the ¢"" power Frobenius map, and o € K with

scalar multiplication by a.
-1

)

We further consider the skew Laurent series ring over K in 0 =7

K((o) = {zaz

1=10

i0€Z7OZi€K},

with 0 - = a'/9. o for all @ € K (well defined as K is assumed to be
perfect), as well as the subring of skew power series in o,

K{c}} = {Zaiai a; € K}

We equip the ring K ({c}) with the discrete valuation v given by

v (i aiai> =inf{i € Z | o; # 0},

i=io

i.e., the order of the series in o. This turns K ({o}) into a complete discretely
valued skew field with valuation ring K{{c}} and uniformizer o. The ring
K{7} is naturally embedded into K({c}) via

n n
E ;7 — E a;o "
i=0 i=0
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For z = Y2

i=ig

a0t € K({o}), and k € Z, we set its k' twist to be

e k
) = Za? a'.

i=ig

Also for matrices B € Matgx.(K({c})), and k € Z, we denote by B*) the
matrix whose (4,7)*" entry is the k*® twist of the (i, j)'" entry of B.

For a matrix B € Matgyx.(K({c})), we write v(B) for the infimum of all
valuations v(B; ;) of entries of B.

A t-module (E,¢) over K of dimension d is by definition an F,-vector
space scheme E over K isomorphic to G¢ together with a homomorphism of
[F,-algebras ¢ : [ [t] — Endg,p, r, (£) into the ring of F-vector space scheme
endomorphisms of E, such that for all a € F,[t], the endomorphism d¢, on
Lie(F) induced by ¢, fulfills the condition that d¢, —¢(a) is nilpotent.

Throughout this and the next sections, we fix a t-module (E, ¢) over K
of dimension d, as well as a coodinate system k, i.e., an isomorphism of
F,-vector space schemes r : E = G¢ defined over K.

With respect to this coordinate system, we can represent ¢; by a matrix
D € Matgxq(K{7}). Formally, the endomorphism %t = ko¢ ok ! is
given as

T X1

Zq Tq

for all (z1,...,24)" € G4(K).

Later we will use the maximal 7-degree of entries of D, and we will
shortly write deg,_(¢;) for this number.Y) In the same way for any a €
F,[t] \ I, we denote by deg, (¢,) the maximal 7-degree of entries of the
matrix representing q~5a.

(4) Be aware that our notation is a bit lazy, as that number depends on the chosen
coordinate system in general. However, this doesn’t cause any trouble, as we fix one
coordinate system throughout the paper.
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Let k; : E — G, be the i*® component of k, i.e. the composition of &
with the projection pr; : G¢ — G, to the i*® component of G¢. Then the
tuple (K1,...,Kq) is a K{7}-basis of the t-motive of E,

M := Homg F, (E, Gq).
The dual ¢t-motive associated to E is
I .= Homg,p i, (G, E).

It is usually considered as a left K {c}[t]-module, where the t-action is given
by composition with ¢;, and the left- K {o}-action stems from the natural
right action of K{7} = Endg,p, r, (G,), by considering K{o} as the opposite
ring of K{7}. In this paper, however, we stick to considering 9t with the
natural right- K {7 }-action, and will also write the t-action from the right.
Given the choice of coordinate system x above, a K{7}-basis of 9 is given
by (K1,...,Raq), where K; : G, — E is the composition of the injection
in; : G, — G? into the j* component with =1 for all j = 1,...,d. The
situation is depicted in the following commutative diagram.

Ga
Ki
pr;
E 4:> Gg 045-idg,
inj
Rj
Gq

A short calculation shows that via these bases, the t-action on the t-motive
is described by

(5.1) t- =D ],
KRd Rd
and the t-action on the dual t-motive is described by
(5.2) (El Fg -+~ Rd)~t:(7%1 Fo -+ Ed)~D.

We will usually consider D as a matrix with coefficients in K({c}) 2
K{7}, and recognize that the maximum of the 7-degrees of the entries of
D in K{7} is nothing else than the additive inverse of the valuation v(D)
of D e K({o}).
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Therefore, when s is the maximal 7-degree of entries of D, the matrix
0°D € Matgxqa(K({o})) has entries of non-negative valuation, hence 0*D €
Matgxa(K{{c}}), and even in Matgxq(K{c}).

6. Criterion for abelian and t-finite t-modules

In this section, we prove our main Theorem A on abelian and ¢-finite
t-modules.
We use the notion of the previous section.

PROPOSITION 6.1. — Assume that there exists a € F,[t] N\, s :=
deg. (¢o) such that the matrix representing o® - ¢, has full rank modulo o*.
Then the following hold.

(1) E is abelian, i.e. M is a finitely generated K [t]-module.
(2) E is t-finite, i.e. M is a finitely generated K [t]-module.

Proof. — We start by proving (1), and we first consider the case that
the hypothesis is fulfilled for a = ¢.
With respect to the K{7}-basis k1, ..., kq of M, we have
K1 K1
t-| | =D-
Kd Rd
Hence, the matrix D —¢-14 € Matgxq(K[t]{7}) annihilates the K{7}-basis
KRi,...,Kq-
Write D = Do+ D17+ -+ - + De7° with D; € Matgxa(K) (i =0,...,s),
and D, # 0 (as s = deg,(¢¢)). If the matrix D; is invertible, we can write
K1 R1
™| |=-D;' - (D—-t-14—Ds7*)- | : |,
Kd Rd

and the 7-degree of D —t-14— D,7° is at most s —1. Therefore all 7°x; are

K|[t]-linear combinations of the 7'%; with ¢ < s and j = 1,...,d, and by
twisting the equation by powers of 7, we obtain, that all T’%j with k > s
are in the K[t]-span of the 7'x; with i < s and j = 1,...,d. In particular,

5)

M is finitely generated as K [t]-module.(

(5)Actually, unless the t-module E wasn’t a product of G,’s with trivial t-action, the
considered case with Ds € GL4(K) is called a strictly pure t-module in [17], and it is
well known to be abelian.
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If D, is not invertible, we are going to find a matrix D’ € Matgxq(K{7})
such that D’ - (D — t14) has the property that its top 7-coefficient matrix
is an invertible matrix with coefficients in K. Then we can conclude the
finite generation as in the special case.

Consider the matrix o°D € Matgxq(K{c}). As K{o} is a skew PID,
there are matrices B,C' € GL4(K{o}) such that B(c*D)C' is a diagonal
matrix (cf. Theorem 1.8(1)). As by assumption on D, the rank of o°D
modulo ¢° is d, all the diagonal entries of this matrix have o-orders less
then s. Let vq,...,vq € {0,...,s — 1} be these orders.

Multiplying from the left with the diagonal matrix

T o - 0
T— 0 72 ,

: . . 0

0 0 TVd

we get TB(0°D)C € Matgyq(K{c}), and
TB(c°D)C =S modo
with S € GL4(K) (of course a diagonal matrix). Hence,
CTB(c*D)=CSC™' =8 mod o
with S € GL4(K). As v; < s forall i =1,...,d, one further has
CTB(c® - tly) € o Matgxqa(K[t]{o}).

Finally, there is » € N such that D' := 7"CTBo® € Matyxq(K{7}),
i.e. that no negative T-powers remain. By construction, this D’ satisfies the
desired property, as the top 7-coefficient matrix of D’ - (D —t1y) is the rth
twist S'(") of S’ € GLy(K).

In the general case, i.e. that the hypothesis holds for some a € F,[t] \ F,,
we set D to be the matrix representing ¢,. The same proof as above shows
that the t-motive M is finitely generated as F,[a]-module. In particular,
M is finitely generated as [ [t]-module, hence E is abelian.

The proof for the dual t-motive is almost identical to the previous one,
but with sides swapped. We briefly sketch the main steps, pointing out
similarities and differences. The general case when the hypothesis is fulfilled
for some a is obtained from the special case a =t in the same way. So we
restrict to the case that the hypothesis on the rank holds for the matrix
0®D representing o - ¢;. As explained before, the t-action on 91 is given by

(Fi Fo --- Rg)-t= (K1 Ry --- Kq)-D,
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so D —tly € Matgxq(K[t]{7}) is annihilating the basis (K1,...,Kq) (but
this time by multiplication from the right).

If the top coefficient Dy of D is invertible, then so is its (—s)' twist
Dg_s), and by using

)

D,r° = TSD‘E*”

we get
-1
(Fy Fo -or Fa) 7 =—(Fy Ko - Ed)-(D—t-]ld—DSTS)~(D§‘S)) ,

and we deduce the finite generation of M as K[t]-module in the same way
as for M.

If D, is not invertible, we are going to find a matrix D’ € Matgxq(K{7})
such that (D — t14) - D’ has the property that its top 7-coefficient matrix
is an invertible matrix with coefficients in K, in order to conclude finite
generation as in the special case.

First at all, we have the same matrices B,C € GL4(K{c}) as in the
proof for the ¢-motive such that B(0®*D)C € Matgxq(K{c}) is a diagonal
matrix, and we can choose the same matrix 7', in order to obtain that
B(o*D)CT € Matgxq(K{c}) and

B(c*D)CT =S mod o
with S € GLy(K) (of course a diagonal matrix). Hence,
(6°D)-CTB=B"'SB=5" modo
with §' € GL4(K), and
7%(0°D) - CTBo* = ((0°D) - CTB)® = §®)  mod o.
Further, as above
tly- CTBo® € o Matgxq(K[t]{co}).

Finally, there is » € N such that D’ := CTBo®1" € Matgxq(K{7}),
i.e. that no negative T-powers remain. By construction, this D’ satisfies
the desired property, as the top 7-coefficient matrix of (D — t14) - D’ is
5'9) € GLy(K). O

Example 6.2. — The almost strictly pure t-modules defined in [17, Sec-
tion 4.5] are examples of t-modules satisfying the hypothesis. Indeed, by
definition these are the ones where for some n € N, the leading coefficient
matrix of the matrix representing qztn is invertible.
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Next, we provide an example of a simple t-module of dimension 2 which is
abelian, but (at least in characteristic different from 2) is not almost strictly
pure. This shows that there are more abelian -modules than almost strictly
pure ones and extensions of those.

Example 6.3. — Consider the t-module (E, ¢) over the rational function
field K = F,(0) with

(0 0\, (0 0 10\ o, (0 1\ 5 (0472
¢t_<1 9)+<1 0> T+(0 1>T+<0 0>T _(1+7 0+72)

The matrix
3 o+ 61/ g3 1
0"y = 2 3 1/¢3 3
o +o o+ 0YC s

does not have full rank modulo o3, as modulo o3 the second row is the
o-multiple of the first one.

However, this t-module satisfies the hypothesis of the previous theorem
with a = ¢

P2 = (¢t)2
0+<0'12+0) 72 4 73 4 274 (0q3+0> 73 4275
- 20+ (094 0) 7 +27° + 27 6> + <9q2 +9) 2 4713 4278
and
0P =
2J+J2+(9q%+0‘%5 0T o 2+ (M%wq% o

1 1 1 1 1
202+203+(9 q* 104° >0'4+20 q° 55 20+02+(9 a3 19a° )a3+9 a® 5%

Therefore, this t-module F is abelian and ¢-finite.

We will see later (see Example 9.4) that unless the characteristic of F,
is 2, the t~-module F is not pure, and in particular not almost strictly pure
(cf. [17, Section 4.5]).(%)

We conclude this example by showing that F is indeed a simple ¢-module:
a non-trivial submodule of F would be generated by an eigenvector (i) €

K{7}? of the matrix
by = 0+ 72 73
T \1+r 0+72)

(6) Be aware that the condition of the leading coefficient matrix being invertible depends
on the chosen coordinate system. Hence, we can not see this directly from the given
matrix for ¢;.
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Hence, there would be some ¢ € K{r} such that the matrix

0+72—c¢ 73 )

¢t_C]l2:( 1+ 0+712—c

does not have full rank. By dividing (from the right) by the lowest T-power
occurring in x and y, we can assume that the vector (z, y)tr is not congruent
to (0,0)" modulo 7.

As the matrix ¢, — cly is lower diagonal modulo 72, we must have ¢ =
0+ 12 — 73 - c3 for some c3 € K{7} which results in the equation

(7 50) ()= ()

Therefore (considering the equation modulo 73 again), x is divisible by 73,
i.e. ¥ = 7323 for some x3 € K{7}. Hence,

0\ 3¢ 73 . 32
0/ \14+7 13¢5 Y
_ T363T3 7'3 . T3
A\ +7)T T3 y
3 C3T3 1) I3
T - . .
(I+7) e y

As the matrix ((“13_:; Cld) is invertible modulo 72, we conclude z3 =y = 0

modulo 73, contradicting the condition that the eigenvector (z,y)" is not
congruent to (0,0)% modulo 7.

PROPOSITION 6.4. — Let F be a t-module given as above, and assume
that E is abelian. Then there exists a natural number n such that the block
matrix

o%D
o°D?

. € Matypgxa(K{c})
osb"

has rank d modulo o°, where s is the maximum 7-degree of all the entries
of the matrices D, ..., D™.

Proof. — As a K-module, the t-motive M is generated by the set {77x; |
i=1,...,d,j = 0}. As it is finitely generated as K[t]-module, there exist
numbers 71, ..., rq such that {9k; |i=1,...,d,0 < j < r; — 1} generates
M as K[t]-module, and hence also {m7k; | i =1,...,d,0 < j <r — 1} for
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r = max{r; | 1 < i < d} generates M. Therefore, there exists a matrix
B € Matgxq(K[t]{7}) of 7-degree less than r such that

TT,‘{d KRd

Writing B = Y_j_, Byt® for By € Mataxa(K{r}) (k = 0,...,n), and
applying Equation (5.1), we obtain

K1

"1, = (ZBka> .
k=0

Rd Kd

R1

As (K1, ..., Kq) is a basis of the free K{7}-module, this implies that 7714 =
> h—o BiD*. Multiplying by ¢""*~! from the left, we get

0571]].d _ Zo_rlel(c—s) . (TSDk

k=0
oD
O_SD2
— "Bt + (or‘les), o By, Ur_lez_s))
osD"

By definition of r and s, all the matrices 07'_131(;5) and o°D¥ lie in
Matgxq(K{c}). Since 0*~ 11, has rank d modulo ¢*, and 6*14 = 0 modulo
o®, we obtain that also the block matrix

oD
O.SD2
o* D™
has rank d modulo o*. O

Similarly, we get a criterion if E is ¢-finite.

ProprosITION 6.5. — Let E be given as above, and assume that E is
t-finite. Then there exists a natural number n such that the block matrix

(o*D, o°D?, .-, 0°D") € Matyxna(K{c})

has rank d modulo o°, where s is the maximum 7-degree of all the entries
of the matrices D, ..., D™.
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Proof. — The proof for the dual t-motive is almost identical to the previ-
ous one, but with sides swapped. We briefly sketch the main steps, pointing
out similarities and differences.

As a K-module, 901 is generated by the set {%;77 |i =1,...,d,j > 0}. As

it is finitely generated as K[t]-module, there exist numbers rq,...,rq such
that {k;77 |i=1,...,d,0 < j <r; — 1} generate M as K[t]-module, and
hence also {%;77/ |i=1,...,d,0 < j <r—1} for r = max{r; | 1 <i < d}.

Therefore, there exists a matrix B € Matgyxq(K[t]{7}) of T-degree less than
r such that
(El \;‘%2 Rd) 'Tr]ld: (El \/%2 Ed) - B.

Writing B = Y_;_,t"By, for By € Matgyxa(K{7}) (k = 0,...,n), and
applying Equation (5.2), we obtain

(El RQ \I%d)'Tr]ld:(Rl EQ \Iﬁ/:d)<ZDkBk>
k=0

As (K1, ..., Rq) is a basis of the free K{7}-module, this implies that 7714 =
> h—o D¥By.. Multiplying by o from the left and ¢"~! from the right, we
get

O_S—l]ld
_ ZJSDIC X UT—IBI(:—l)
k=0

JrleY—l)
O.T—lB(T*I)
=o’ly- ar_lBéTfl) + (O'SD, o*D?, ..., USD”) . 2

o101

n

By definition of 7 and s, all the matrices a"_lB,(:*l) and o°D¥ lie in
Matgxq(K{c}). Since 0¥~ 11, has rank d modulo ¢*, and 6*14 = 0 modulo
%, we obtain that also the block matrix

(O'SD, o*D? ..., GSD”)
has rank d modulo o®. O

We finally obtain our main theorem.

THEOREM 6.6. — For the t-module (E, ¢) with ¢, being represented by
the matrix D, the following are equivalent
(1) E is abelian,
(2) E is t-finite,
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(3) the Newton polygon of the last invariant factor Ay of the matrix D
has positive slopes only.

Proof. — Combining Proposition 6.1, Proposition 6.4, Proposition 6.5,
and Theorem 4.1, we see that being abelian and being t-finite are both
equivalent to the equivalent conditions given in Theorem 4.1, in particular
to the condition on the Newton polygon. O

7. Purity

In [1], Anderson defined when an abelian t-module and its ¢-motive are
pure, and defined the weight of such a pure t-motive, which we both recall
here.

DEFINITION 7.1 (see [1, pp. 467-468]). — Let (E,$) be an abelian t-
module, and M = M(E) its t-motive. The t-motive M and the t-module E
are called pure, if there exists a K[1]-lattice A in K((3) ®k M, as well
as positive integers u,v € N such that

t“A = 7YA.
The weight w(M) of the t-motive is defined to be
dim(FE)
M =
wM) = S
where dim(FE) is the dimension of E (equal to the rank of M as K{7}-

module), and tk(FE) is the rank of E (defined as the rank of M as K[t]-
module).

Anderson also showed that for a pure -module E, the ratio ¢ of the

numbers above equals the weight w(M) (cf. [1, Lemma 1.10.1]).
The main theorem of this section is:

THEOREM 7.2. — Let (E,¢) be an abelian t-module of dimension d,
and D € Matgxq(K{7}) the matrix representing ¢. with respect to a fixed
coordinate system. Let M be the t-motive of E. The t-motive M is pure
if and only if the Newton polygon of the last invariant factor \q of D has
exactly one edge.

In this case, the weight of M equals the reciprocal of the slope of the
edge.

Remark 7.3.
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(1) We don’t use the weight of E here, as it differs in literature. Ander-
son defined it to be equal to w(M) in [1], whereas in [9], the notion
of w(E) differs from that one by the sign. The negative sign in [9]
is used in order to have compatibility with the weight of the dual ¢-
motive, and the isomorphism between the category theoretical dual
of the t-motive and the dual t-motive (see [9, Theorem 5.13]).

(2) We should remark that by Theorem 6.6 and Corollary 8.1, some
aspects in [9] simplify as abelian t-modules are also t-finite and vice
versa. In particular, the canonical homomorphism Z given in [9,
Theorem 5.13] is an isomorphism under the given hypothesis that
FE is abelian.

(3) By [9, Theorem 5.29], for a t-module E which is both abelian and
t-finite (so by Theorem 6.6, abelian or t-finite), its t-motive is pure
if and only if its dual t-motive is pure, and their weights just differ
by the sign.

From Theorem 7.2 and the last item of the previous remark, we directly
obtain

COROLLARY 7.4. — Let (E,¢) be a t-finite t-module of dimension d,
and D € Matgxq(K{7}) the matrix representing ¢, with respect to a fixed
coordinate system. Let 9t be the dual t-motive of E. The dual t-motive 9t
is pure if and only if the Newton polygon Ny, of the last invariant factor A\g
of D has exactly one edge.

In this case, for the weight of 9, we have

where s is the slope of the edge of Ny,.

The proof of Theorem 7.2 will take up the rest of this section. We
haven’t dealt with the Laurent series field K((1)) and the vector space
K ((%)) ®k[q M, yet. For making use of the previous sections, the main
preparation for the proof is to make a connection between K ((%)) Qg M
and K ({0}) ® g {1 M. This culminates in Proposition 7.8 showing that these
two modules are isomorphic for an abelian t-module E.

We use the notation from Section 5, and assume throughout that the
t-module E is abelian. In particular, {ki,...,kq} is a fixed K{7}-basis
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of the t-motive M, and D € Matgxq(K{7}) is the matrix representing
multiplication by ¢, i.e.

K1 K1

Kd Rd

Further we let M® = K ({o}) ®k{-y M which is a K ({o})-vector space with
basis given by {k1,...,kq}, and we denote by Ay C M® the K{o}}-lattice

generated by {k1,...,Kkq}. Be aware that we have a direct sum decompo-
sition of K-vector spaces
(7.1) M7 =M @ oAy

When speaking of convergence in |\7|”, we mean convergence with respect
to the norm given by
i=1,..., d}

d
E Tikq
i=1

for some 0 < p < 1. Here z1,...,2q4 € K({o}), and v(z) = ord,(z) de-
notes the valuation given in Example 1.5. As in the case of commutative
coefficient rings, M7 is complete with respect to this norm, since K ({o}) is
complete. A coordinate-free description of the convergence is given by the

v(w;)

1= max {p

following:(” A sequence (Mn)n>0 of elements in M7 is converging if and
only if for all k£ > 0, there is ny > 0 such that

Mpt1 — My €0 FAqw Vm>=n

LEMMA 7.5.
(1) There is some ng € N such that
VE>1,Yn>kng:t ™Ay C oAy,

(2) The K{{o}}-submodule Ay = >, t "As of M7 is a K{{o}}-
lattice satisfying t=*AL, C AL,.

(3) The t-action on M extends to an action of K((1)) on Me.(®)

(4) Letmy,...,my € M?, and let (f;n))n>0 for j =1,...k be sequences
in K((3)) that converge to some element f; € K((1) with respect
to the t~'-adic topology. Then the sequence (Zle f;")mj)n% of

elements in M converges to Zle fim; (with respect to |.||).

(") The equivalence of this description with the definition is easily verified.
(8) Of course this action does not commute with the K ({o})-action, as K does not com-
mute with o, but Laurent series in [, ((%)) do.
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Proof.

(1). — Since E is abelian, all slopes of the invariant factors Aq,...,Aq
are positive by Theorem 6.6. Hence, we can apply Corollary 3.12 to the
standard lattice Ag, and obtain ng € N such that t"Ag D o 1Ay for
n = ng, or equivalently, t™"Ag; C oAg.

Further inductively, for all £ > 1, for all n > kng:

t_nASt = t_n+n0t_n0ASt Q t_n+nOO'Ast Q 0' - O'Ast = UkASt.

(2). — It only has to be shown that AL, is a finitely generated K{{c}}-
submodule. By the first part, however, t " Ay C oAy C Ay for all n > ny,

and hence Al equals the finite sum » ;0 ' +=1Ay, and hence is finitely
generated.
(3). — By the first part and the description of convergence, for any

coefficient f =377, a;it™" € K((1)), and m € M®, the sequence

(Zat m)
=10 TL}O

1 i
ome= Jim Yot
1=10

1= io
is converging, and hence

is well-defined. Verifying that this indeed describes a K ((1))-action is a
standard computation.

(4). — As Aq is a lattice in |\7|", there exists | € Z such that mq,...
my € o'Ag. For any n > 0, let

qn —mln{ordl/t(f —fj>‘j:1,...7k}

)

respectively ¢, = n, if f;n) = f; for all j. Then by definition of the ¢t~*-adic
convergence, the sequence (qn)n>0 tends to infinity. By the previous parts,
for all n where ¢, > 0, we have

k k k
Zf;")mj - ijmj = Z (f;n) - fj) my €t Ay C A%J“Ast_

J=1 Jj=1 J=1

Therefore,
k ( k |
. n) . n 4y
Jn 125 = 2 fymg | < fim =0,
j=1 j=1
. k (n) k
ie., ijl f;'m; converges to ijl fim;. O
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From now on, we also fix a K[t]-basis {b1,...,b.} of the t-motive M. This
is also a K ((1)-basis of K((})) ® iy M.

LEMMA 7.6. — Let A be a K{{c}}-lattice in M°.

(1) The intersection M N A is a finite dimensional K-vector space.

(2) There exists fx € N with the following property. For all g1, ..., g, €
K][t] such that 375, g;b; € M N A, one has deg,(g;) < Sa for
ij=1...r

Proof.

(1). — As Aisa K{{o}}-lattice in M®, there is some [ > 0 such that A C
0! Ay. Furthermore by definition, the intersection MNo—'Ag; consists of all
elements of the form ZZ:1 Z?:_l a0k, and hence is a finite dimensional
K-vector space. Therefore, also M N A is finite dimensional.

(2). — By definition, {by,...,b.} is a K[t]-basis of M. Hence, each ele-
ment in M N A can by uniquely written as Z;Zl g;b; or some g1,...,gr €
K|t]. As the intersection is a finite dimensional K-vector space, there is
an upper bound on the degrees of the g; that appear in these representa-
tions. O

LEMMA 7.7. — Let m € M7 be arbitrary.
(1) For all n > 0, there exist unique fl(n), ce fr(n) € K((4)) such that
(a) t"f;n) € K[t] forj=1,...,r, and
(b) t"- (2221 R m) € oAy
(2) Let fj(n) € K((4) be the elements determined in part (1). Then

(a) for all j =1,...,r, the sequence (f;n))n>0 converges to some
element f; € K((1)) with respect to the t~'-adic topology, and

(b) one has lim, o >0, f;")bj =0 _ fibj=min Me.

Proof.

(1). — Let n > 0. Using the decomposition (7.1), we write t"m =
ma +mpy with uniquely determined mp € ocAg and my € M. As M is a free
K[t]-module with basis {b1,...,b.}, there are unique ¢1, ..., g, € K[t] such
that my = z;:l g;b;. Hence, the elements f;") =t""gjforj=1,...,r
satisfy the two given properties. On the other hand, these two properties
imply that

thm = [ Yt o —trm |+ (Y,
j=1 j=1
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is the unique decomposition of t"m into an element in 0 Ay and another in
M. Hence, the constructed elements f;n) are unique.

(2). — By the first condition on the f;”) and f;"H), we have

n n+1 n
e (i — ) € K,

and hence

¢t Z ( Fo ”)) b; € M.

On the other hand,

gl Z ( n+1) f(”)) b

=t (ST | et [ D f b —m | € oAy + oA,
: =

by the second property. So let A = ogAg + toAg, and let 55 € N be the
minimal number satisfying the given property in Lemma 7.6. We therefore
have

deg, (1 (£ = 1)) < Ba.

and hence

OI‘dl/ (f(nJrl) f(n)) > —f[A — OI’dl/t (t”+1) =—0x+n+1.

This shows that the sequence ( f;"))n>0 converges ¢t !-adically to some
element f; € K((1)).
By Lemma 7.5(4), this implies that 23:1 f;n)bj converges in M? to the

element Y7, f;b;.
Furthermore, by the given property, for all n > 0

Zf;n)bj —m | € oAg,
j=1

and hence,

S50 —me rrahg € alB A,

j=1
where ng as in Lemma 7.5. Hence, the sequence (3_7_, f b;)n>0 converges
to m. O

ANNALES DE L’INSTITUT FOURIER



ABELIAN EQUALS A-FINITE 41

PROPOSITION 7.8.

(1) We helve a natural isomorphism of K ((1)){r}-modules K ((1)) ®
M = M? given by

Yo fi@b— Y fi-b
j=1 j=1

for all f1,..., fr € K((1)).

(2) If A is a K{o}}-lattice in M” such that t~'A C A, then A is a
K[1]-lattice in Mo

(3) If A is a K[1]-lattice in M such that oA C A, then A is a K{o}}-

lattice in M.

Proof.

(1). — By Lemma 7.5, we have a K ((})-action on M, and hence the
map is well defined. As the left hand side is the K ((1))-vector space with
basis {b1,...,b.}, it suffices to show that every element in M7 can uniquely
be written as >°7_, f;b; with fi,..., f, € K((1)). This, however, was just
proven in Lemma 7.7.

(2). — By assumption the K{{o}}-lattice A is stable under the ¢~ 1-
action, and hence it is also a K [+]-module. Since A is a K{{c}}-lattice,
there is some [ > 0 such that the K((}))-basis b1,..., by of M is in o—A.
By Corollary 3.12, there is ng > 0 such that t"°A D ¢~ !A, and hence
o~'A C t"oA. This means that the K((1)-basis (t70by,...,¢t7!"0b,) of
M® lies inside A.

On the other hand, since A is a K{{c}}-lattice, for arbitrary m € M®,
there is I > 0 such that o='m & A, i.e. m & o' A. Since t~"0A C ¢'A, this
implies m ¢ ¢t~'"0A. Hence, t"om ¢ A. By Lemma 3.3, A is a K [}]-lattice.

(3). — By assumption the K[+]-lattice A is stable under the o-action,
and hence it is also a K {{o}}-module. Let Aly = >, ;¢ ' Ay be the K{{o}}-
lattice defined in Lemma 7.5(2). By the previous part, it is also a K[1]-
lattice.

As A and A, are both K [}]-lattices, there are I1,l> € Z such that

thAl, C ACt2AL.

As A, is a K{{o}}-lattice, so are t'* A/, and t2A’,, and therefore by Re-
mark 3.2, A is a K{{o}}-lattice. O

We finally prove the main theorem of this section.
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Proof of Theorem 7.2. — As K((1)) ®x}; M is isomorphic to M by
Proposition 7.8, the aim is to show that there is a K[+]-lattice A in M
satisfying t“A = 7VA for some integers u,v € Z, u # 0 if and only if the
last invariant factor Ay has only one edge, and that in this case the slope s
of this edge equals .

By Theorem 3.6, M7 is isomorphic to L[t]/ALL[t] @ --- @ L[t]/AaL]t] as
L[t]-modules, where £ = K ({o}). By Theorem 3.8, this can be decomposed
further into a direct sum @le L[t]/ f;:L[t], for some monic polynomials
fi € L[t] whose Newton polygons consist of one edge. Each f; is a divisor
of some \; and hence a divisor of A4, and all similarity classes of divisors of
Agq occur. So if the Newton polygon of Az has only one edge, all the Newton
polygons of the f; have the same slope. If the Newton polygon of A; has
more than one edge, there are f;’s whose Newton polygons have different
slopes.

So assume first that the Newton polygon of \; has only one edge, and let
s be its slope. Then the Newton polygons of all f; have slope s. By Corol-
lary 3.10, each factor L[t]/f;L[t] contains a K{{o}}-lattice A; satisfying
osditdi A; = A; as well as t71A; C A;, where d; = deg,(f:).

Let d =lem(dy, ..., dx) be the least common multiple of all d;, then for
all 4,

JSdtdAi = Ai,

and hence the K{{c}}-lattice A := @?:1 A; in M7 = @le L[t/ fi L[]
satisfies o*%?A = A, as well as t—1A C A.

By Proposition 7.8(2), A is also a K[{]-lattice of M7, and satisfies

oSHIA = A, ie.
tIA = 759N,
Therefore, the t-motive is pure with weight % = 1.

For the converse direction, assume that the ¢t-motive M is pure, i.e. there
isa K[[%]]—lattice A in Mo satisfying t*A = 7Y A for some u,v € Z, u # 0. If
A is not stable under the action of o (i.e. A € A), we can replace A by the
K[}]-lattice A’ = 3"V~ oA which also satisfies t*A’ = 7°A’, and further
o\ C A’ (since oA = t7*A C A). So without loss of generality, we can
assume that A satisfies oA C A. Therefore by Proposition 7.8(3), A is also
a K{{o}}-1attice in Me.

For each i = 1,..., k, the intersection of A with the i*® factor L[t]/f;L[t]
is a K{{o}}-lattice A; in that factor satisfying t“A; = 7A;. By Theo-
rem 3.9(2), the fraction ¥ therefore equals the slope of f;. Hence, all the
fi have the same slope. O
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8. General coefficient rings

In this section, let F' be a function field over [;, oo a place of F, and
let A be the ring of regular functions outside co. Further, let t € F be a
non-constant function whose pole divisor is supported only at co.(¥) By
this choice, we have t € A, and A is a finite extension of F,[t].

An (Anderson) A-module is defined in the same way as a ¢-module,
but with F,[t] replaced by A. In detail, an A-module (E,¢) over K of
characteristic £ : A — K is an F,-vector space scheme E over K isomorphic
to some GY together with a ring homomorphism ¢ : A — Endgp r, (),
a — ¢g such that for all a € A: d¢, — ¢(a) : Lie(E) — Lie(E) is nilpotent.

The A-motive attached to an A-module (F, ¢) is again

M(E) := Homg,, i, (E,Ga)
and the dual A-motive is
M(E) := Homg,p F, (G, E),

both carrying an (A ®g, K)-action instead of just the K[t]-action.

The A-module (E,¢) is called abelian, if its motive M(E) is finitely
generated as A ®g, K-module, and it is called A-finite, if its dual motive
IM(E) is finitely generated as A ®p, K-module.

From Theorem 6.6, we deduce the same equivalence for A-modules.

COROLLARY 8.1. — For an Anderson A-module (E,¢), the following
are equivalent

(1) (E,¢) is abelian,
(2) (E,¢) is A-finite.

Proof. — By restricting the coefficients from A to F,[t], we obtain a ¢-
module E whose t-motive and dual t-motive are M(F) and D(E) consid-
ered with the restricted action. By Theorem 6.6, M(E) is finitely generated
as K[t]-module if and only if M(E) is finitely generated as K[t]-module.
As A/F,[t] is a finite ring extension, and hence A ®p, K/K]|t] is a finite ring
extension, a module M over A ®p, K is finitely generated if and only if M
is finitely generated as K[t]-module. Hence, M(FE) is a finitely generated
A®rp, K-module if and only if 901 is a finitely generated A®y, K-module. [

(9) The existence of such an element ¢ is guaranteed by the Riemann—Roch theorem.

TOME 0 (0), FASCICULE 0



44 Andreas MAURISCHAT

9. Examples

We demonstrate our main theorems by a few examples of t-modules.

Example 9.1. — Let ¢ be a Drinfeld module over K of rank r and char-
acteristic £ : F,[t] — K, i.e.

vy =L(t) + a7+ a7

with a1,...,a, € K, a, # 0.

The matrix t1; — 1y is a 1 X 1-matrix, and therefore already in diagonal
form, and the Newton polygon of A\; = ¢ — 1y has vertices at (0, —r) and
(1,0).

Hence, the Newton polygon consists of one edge which has positive
slope r, and the main theorems state the well-known result that the Drin-
feld module % is a pure abelian and t-finite t-module of weight %

Example 9.2 (Extensions of Drinfeld modules by G,). — Let ¢ be a
Drinfeld module over K of rank r and characteristic £ : F,[t] — K, and let
0 : Flt] - 7K{r},a — §, be a {-i)-bi-derivation, i.e. an F,-linear map
satisfying

dab = £(a) - 6p + 6q - Yy
for all a,b € F,[t]. We consider the t-module (E, ¢) of dimension 2 given by

_ (¥ O
d)t - (515 0) )
where 6 = £(t).

For t15— ¢4, one computes the invariant factors A1 = 1, and Ay = (t—)
(5;1(75 — 0). The Newton polygon of Ay has two edges. The second edge
corresponds to the factor (¢ — ;) and has slope r, the other corresponds to
the factor (t—6) and has slope 0. As one slope is non-positive, the t-module
¢ is not abelian and not t-finite.

Example 9.3. — The d*" Carlitz tensor power C®? is given by

6 1 0 --- 0
0 :
Co=1|: . . . o] €Matga(K{7}).
0 |
r 0 -~ 0 60

Diagonalizing t14,—C; in Matgxq(K {c})[t]), we obtain the invariant factors
1,...,1and (t—6)%—o~L. The Newton polygon of the last polynomial has

ANNALES DE L’INSTITUT FOURIER



ABELIAN EQUALS A-FINITE 45

exactly one edge starting in (0, —1) and ending in (d, 0), hence has positive
slope %. Hence, our main theorems verify that C®? is abelian and t-finite,
and that its t-motive is pure of weight d.

Example 9.4. — We consider again Example 6.3, i.e. the t-module (E, ¢)
over the rational function field K = F, () with

b = 0+ 12 73
T\ 147 0472

By diagonalizing t1o — ¢y € Matayx2(K({co})[t]), we obtain the invariant
factors \; = 1 and

Ay =12 — (20_2 4oV 4 9) St (_0—3 + (9 + ng) o2 4 9q3+1) .

The Newton polygon of \; is depicted in Figure 9.1. It has only edges with
positive slopes, hence this t-module F' is abelian and t-finite.

(1,0) (2,0)

L [
(0, -3) (0,-3)

Figure 9.1. Newton polygon for Ay in characteristic # 2 and in char-
acteristic 2.

If the characteristic is different from 2, F is not pure. On the other hand,

if I, has characteristic 2, E is pure and the weight of its ¢-motive is %

BIBLIOGRAPHY

[1] G. W. ANDERSON, “t-motives”, Duke Math. J. 53 (1986), no. 2, p. 457-502.

[2] G. W. ANDERSON, W. D. BROWNAWELL & M. A. PAPANIKOLAS, “Determination
of the algebraic relations among special I'-values in positive characteristic”, Ann.
Math. (2) 160 (2004), no. 1, p. 237-313.

[3] C.-Y. CHANG, “A note on a refined version of Anderson—Brownawell-Papanikolas
criterion”, J. Number Theory 129 (2009), no. 3, p. 729-738.

[4] C.-Y. CHANG & M. A. PAPANIKOLAS, “Algebraic independence of periods and loga-
rithms of Drinfeld modules”, J. Am. Math. Soc. 25 (2012), no. 1, p. 123-150, With
an appendix by Brian Conrad.

TOME 0 (0), FASCICULE 0



46

(5]

[6]

[10]

[11

[12]
[13]

[14

[15]

[16]

18]

[19]

Andreas MAURISCHAT

C.-Y. CHANG, M. A. PAPANIKOLAS, D. S. THAKUR & J. YU, “Algebraic indepen-
dence of arithmetic gamma values and Carlitz zeta values”, Adv. Math. 223 (2010),
no. 4, p. 1137-1154.

C.-Y. CHANG, M. A. PAPANIKOLAS & J. YU, “Frobenius difference equations and al-
gebraic independence of zeta values in positive equal characteristic”, Algebra Num-
ber Theory 5 (2011), no. 1, p. 111-129.

C.-Y. CHANG & J. YU, “Determination of algebraic relations among special zeta
values in positive characteristic”, Adv. Math. 216 (2007), no. 1, p. 321-345.

P. M. ConN, Skew fields. Theory of general division rings, Encyclopedia of Math-
ematics and Its Applications, vol. 57, Cambridge University Press, 1995.

U. T. HARTL & A.-K. JUSCHKA, “Pink’s theory of Hodge structures and the Hodge
conjecture over function fields”, in t-Motives: Hodge Structures, Transcendence, and
Other Motivic Aspects, EMS Series of Congress Reports, European Mathematical
Society, 2020, p. 31-182.

N. JACOBSON, The Theory of Rings, Mathematical Surveys and Monographs, vol. 2,
American Mathematical Society, 1943.

A. MAURISCHAT, “Prolongations of t-motives and algebraic independence of peri-
ods”, Doc. Math. 23 (2018), p. 815-838.

, “Algebraic independence of the Carlitz period and its hyperderivatives”,
J. Number Theory 240 (2022), p. 145-162.

, “Periods of t-modules as special values”, J. Number Theory 232 (2022),
p. 177-203, Special Issue: David Goss Memorial Issue.

Y. MisHIBA, “Algebraic independence of the Carlitz period and the positive charac-
teristic multizeta values at n and (n,n)”, Proc. Am. Math. Soc. 143 (2015), no. 9,
p. 3753-3763.

, “On algebraic independence of certain multizeta values in characteristic
p”, J. Number Theory 173 (2017), p. 512-528.

C. NaMowAM, “Algebraic relations among hyperderivatives of periods and loga-
rithms of Drinfeld modules”, Algebra Number Theory 19 (2025), no. 7, p. 1259-
1311.

C. NamowAaM & M. A. PAPANIKOLAS, Hyperderivatives of periods and quasi-periods
for Anderson t-modules, Memoirs of the American Mathematical Society, vol. 1517,
American Mathematical Society, 2024.

@. ORE, “Theory of non-commutative polynomials”, Ann. Math. (2) 34 (1934),
p- 480-508.

M. A. PAPANIKOLAS, “Tannakian duality for Anderson-Drinfeld motives and alge-
braic independence of Carlitz logarithms”, Invent. Math. 171 (2008), no. 1, p. 123-
174.

Manuscrit regu le 28 février 2022,
révisé le 15 octobre 2023,
accepté le 5 février 2024.

Andreas MAURISCHAT
RWTH Aachen University (Germany)
maurischat@combi.rwth-aachen.de

ANNALES DE L’INSTITUT FOURIER


mailto:maurischat@combi.rwth-aachen.de

	Introduction
	Acknowledgment

	1. Basics in non-commutative algebra
	1.1. Complete discretely valued skew fields
	1.2. Skew principal ideal domains

	2. Newton polygons
	3. Modules over complete discretely valued skew fields
	4. Matrices over complete discretely valued skew fields
	5. t-modules and t-motives
	6. Criterion for abelian and t-finite t-modules
	7. Purity
	8. General coefficient rings
	9. Examples
	References

