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ON THE OPTIMAL CONTROLLABILITY TIME FOR
LINEAR HYPERBOLIC SYSTEMS WITH
TIME-DEPENDENT COEFFICIENTS

by Jean-Michel CORON & Hoai-Minh NGUYEN (%)

ABSTRACT. The optimal time for the controllability of linear hyperbolic sys-
tems in one-dimensional space with one-side controls has been obtained recently
for time-independent coefficients in our previous works. In this paper, we consider
linear hyperbolic systems with time-varying zero-order terms. We show the possi-
bility that the optimal time for the null-controllability becomes significantly larger
than the one of the time-invariant setting even when the zero-order term is in-
definitely differentiable. When the analyticity with respect to time is imposed for
the zero-order term, we also establish that the optimal time is the same as in the
time-independent setting.

RESUME. — Le temps optimal pour la controlabilité des systémes hyperboliques
linéaires sur un espace unidimensionnel avec des controles unilatéraux a été obtenu
récemment pour des coefficients indépendants du temps dans nos travaux anté-
rieurs. Dans cet article, nous considérons des systemes hyperboliques linéaires avec
des termes d’ordre zéro variables dans le temps. Nous montrons la possibilité que
le temps optimal pour la controlabilité nulle devienne significativement plus grand
que celui du cadre invariant dans le temps, méme lorsque le terme d’ordre zéro est
indéfiniment différentiable. Lorsque 'analyticité par rapport au temps est imposée
pour le terme d’ordre zéro, nous établissons également que le temps optimal est le
méme que dans le cadre indépendant du temps.

1. Introduction and statement of the main results

Hyperbolic systems in one-dimensional space are frequently used in the
modeling of many systems such as traffic flow [1], heat exchangers [50], flu-
ids in open channels [22, 26, 27, 28], and phase transition [23]. Many other
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interesting examples can be found in [5] and the references therein. The op-
timal time for the controllability of hyperbolic systems in one-dimensional
space with one-side controls has been derived recently for time-independent
coefficients [16, 18]. In this paper, we consider hyperbolic systems with
time-varying zero-order terms, which are known to be controllable in some
positive time. In this paper, we show the possibility that the optimal time
for the null-controllability becomes significantly larger than the one of the
time-invariant setting even when the zero-order term is indefinitely dif-
ferentiable. When the analyticity with respect to time is imposed for the
zero-order term, we also establish that the optimal time is the same as in
the time-independent setting. The first result is quite surprising since the
zero-order term does not interfere with the characteristic flows of the sys-
tem. The latter result complementary to the first one can then be viewed as
an extension of a well-known controllability property of linear differential
equations: if a linear control system is controllable in some positive time
and is analytic, then it is controllable in any time greater than the optimal
time, which is 0.

Let us first briefly discuss known results for the time-independent coef-
ficients to underline the phenomena. Consider the system

(1.1)  Owu(t,z) = X(x)0zu(t, ) + C(x)u(t,z) for (t,x) € Ry x (0,1).

Here u = (u1,...,u,)": Ry x (0,1) = R (n > 2), ¥ and C are (n x n)
real, matrix-valued functions defined in [0,1]. We assume that, for every
x € [0,1], the matrix X(z) is diagonalizable with m > 1 distinct positive
eigenvalues and £k = n — m > 1 distinct negative eigenvalues. We also
assume that C' € (L ([0, 1]))nm
assume that X (z) is of the form

. Using Riemann coordinates, one might

(1.2) Y(z) = diag(—A(2), ..., =Ak(@), Aeg1(2), ..., An(2)),
where(!)
(1.3) “A(x) < o< =Ap(T) <0 < A1 () < - < A (2).

In what follows, we assume that
(1.4) \; is of class C% on [0,1] for 1 < i < n(=k+m),
and denote

)T

U = (U, ..., U and Uy = (Uhi1y- ooy Uprn) -

(D Thus Dy = N\ for k+1<i<k+mand S = —\; for 1 <3 < k.

ANNALES DE L’INSTITUT FOURIER
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We are interested in the following type of boundary conditions and
boundary controls. The boundary conditions at = 0 are given by

(1.5) u_(t,0) = Buy(t,0) fort >0,
for some (k x m) real constant matrix B, and at = 1
(1.6) u4(t,1) is controlled for ¢ > 0.

Let us recall that the control system (1.1), (1.5), and (1.6) is null-
controllable (resp. exactly controllable) at time T' > 0 if, for every ini-
tial datum wuo: (0,1) — R™ in [L?(0, 1)]” (resp. for every initial datum
up: (0,1) — R™ in [LZ(O,l)}n and for every (final) state up: (0,1) —
R" in [L?(0,1)]"), there is a control U: (0,T) — R™ in [L2(0,T)]™
such that the solution of (1.1), (1.5), and (1.6) (with uy = U) satis-
fying u(t = 0,x) = wo(x) vanishes (resp. reaches ur) at the time T
u(t="T,-) =0 (resp. u(t =T, ) = ur). Moreover, the control system (1.1),
(1.5), and (1.6) is approximately controllable at time T" > 0 if, for every
0 > 0, for every initial datum ug: (0,1) — R™ in [L2(O, 1)]n and for every
state ur: (0,1) — R™ in [L?(0,1)]", there is a control U: (0,7) — R™ in
[L2(0,T)]™ such that the solution of (1.1), (1.5), and (1.6) (with uy = U)
satisfying u(t = 0,2) = ug(x) is such that ||u(T,-) — “THLZ(O,l) < 4.

Throughout this paper, we consider broad solutions in L? with respect
to ¢ and x for an initial datum in [L2(0,1)]" and a control in [L2(0,T)]™
(see, for example, [37, Section 3]). In particular, the solutions belong to
C((0,T);[L?(0,1)]") and C([0, 1);[L2(0, T)]"). The well-posedness for broad
solutions for system (1.1), (1.5), and (1.6) even when ¥ and C' depend also
on t is standard.

Set

1
1 )
(1.7) T = /0 WG d¢ for1<i<n.

The exact controllability, the null-controllability, and the boundary stabi-
lization problem of hyperbolic systems in one-dimensional space have been
widely investigated in the literature for almost half a century, see, e.g., [5]
and the references therein. Concerning the exact controllability and the
null-controllability related to (1.1), (1.5) and (1.6), the pioneer works date
back to the ones of Rauch and Taylor [39] and Russell [41]. In particular, it
was shown, see [41, Theorem 3.2], that system (1.1), (1.5), and (1.6) is null-
controllable for time 74 + 7541, and is exactly controllable at the same time
if Kk = m and B is invertible. The extension of this result for quasilinear
systems was initiated by Greenberg and Li [25] and Slemrod [42].

TOME 0 (0), FASCICULE 0
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A recent efficient way in the study of the stabilization and the controlla-
bility of system (1.1), (1.5), and (1.6) is via a backstepping approach. The
backstepping approach for the control of partial differential equations was
pioneered by Krstic and his coauthors (see [34] for a concise introduction).
The backstepping method is now frequently used for various control prob-
lems, modeling by partial differential equations in one-dimensional space.
For example, it has been used to stabilize the wave equations [33, 43, 46],
the parabolic equations in [44, 45], nonlinear parabolic equations [49], and
to obtain the null-controllability of the heat equation [15]. The standard
backstepping approach relies on the Volterra transform of the second kind.
It is worth noting that, in some situations, more general transformations
have to be considered as for Korteweg—de Vries equations [7], Kuramoto—
Sivashinsky equations [14], Schrédinger’s equation [11], and hyperbolic
equations with internal controls [52].

The use of the backstepping approach for the hyperbolic system in one-
dimensional space was first proposed by Coron et al. [20] for 2 x 2 system
(m = k = 1). Later, this approach has been extended and now can be
applied for general pairs (m, k), see [3, 12, 16, 18, 21, 30, 31].

Set

max{ﬁ + Tondly -5 Tk +’7’m+k,’7'k+1} ifm >k,
(1.8) Topt = maX{Tk+1—m + Th+1, Th+2—m T Th+2, - -,
Th+ Thim ) ifm <k
Involving the backstepping technique, we established [16, 18] that the null-
controllability holds at Tj,p¢ for generic B and C, and the null-controllability
holds for any 17" > T, under the condition B € B. Here
such that (1.10) holds }

1.9 B:=<{ BeR™
(1.9) { for 1 <4 < min{k,m — 1}

where

( ) the ¢ x 7 matrix formed from the last ¢ columns
1.10

and the last ¢ rows of B is invertible.

Roughly speaking, the condition B € B allows us to implement [ controls
corresponding to the fastest positive speeds to control I components corre-
sponding to the lowest negative speeds.(®) Tt is clear that B € B for almost
every k x m matrix B. It is worth noting that the condition T > T,y is

(2) The 4 direction (1 <3< n) is called positive (resp. negative) if X;; is positive (resp.
negative).

ANNALES DE L’INSTITUT FOURIER
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necessary in the sense that there are counterexamples for T' = T, see [16,
Assertion 2) of Theorem 1.1]. The optimality of Tq,: was established un-
der the additional condition (1.10) being valid with ¢ = m when k& > m,
see [16, Proposition 1.6]. Our results improved the time to reach the null-
controllability obtained previously. Similar conclusions hold for the exact
controllability under the natural conditions m > k and (1.10) for 1 <i < k
(see [16, 18, 31]). When the system is homogeneous, i.e., C' = 0, we estab-
lished that the null-controllability can be achieved via a time-independent
feedback even for the quasilinear setting [17]. We also constructed Lya-
punov functions which yield the null-controllability for such a system at
the optimal time Topy, [19)].

In this paper, we are interested in hyperbolic systems with time-depen-
dent coefficients in one-dimensional space. More precisely, instead of (1.1),
(1.5), and (1.6), we deal with

(1.11) Qyu(t,z) = X(x)0pu(t, z) + C(t, x)u(t,xz) for (t,z) € Ry x (0,1),

and (1.5), and (1.6).

The first result of the paper reveals that the optimal time for the null-
controllability of system (1.11), (1.5), and (1.6) might be significantly larger
than the one for the time-independent setting even when ¥ is constant and
C is indefinitely differentiable. More precisely, we have

THEOREM 1.1. — Let k > 1, m > 2, and ¥ be constant such that (1.3)
holds. Assume that

1.12 Bkl#o, BM;AO, Bk»:O fOI‘ngngl'thj#é,
> ) 5

for some 2 < ¢ < m. There exists C € C* ([0, +00) x [0, 1]) such that for all
e > 0, system (1.11), (1.5), and (1.6) is neither approximately controllable
nor null-controllable at time

(113) T =7+ Tpy1 — €.

Remark 1.2. — The definition of the approximate controllability and of
the null-controllability for system (1.11), (1.5), and (1.6) is similar to the
ones corresponding to (1.1), (1.5), and (1.6).

Remark 1.3. — There are infinitely many matrices B € B satisfying
condition (1.12). Note that (1.12) is only on the k-row of B.

Remark 1.4. — In a recent work, Coron et al. [13] establish the null-
controllability of (1.11), (1.5), and (1.6) for time 7 + 7,41 for all k x m
matrices B. They also obtain stabilizing feedbacks and derive similar results
when ¥ depends on t. Combining Theorem 1.1 and their results, one obtains

TOME 0 (0), FASCICULE 0
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the optimality for the time 73 + 7441 when m > 2 and k£ > 1, and for a
large class of B.

The proof of Theorem 1.1 is based on constructing counter-examples for
the unique continuation property of the adjoint system (see also Section 2).
The construction is inspired by the one given in the proof of [16, Assertion
2) of Theorem 1.1] but much more involved.

When the analyticity of C' with respect to time is imposed, the situation
changes dramatically. To state our results in this direction, we first intro-
duce some notations. For a non-empty interval (a,b) of R and a Banach
space X, we denote

(1.14) H((a,b); X) = {®: (a,b) — X; ® is analytic}.

When the space X is clear, we simply call a ® € H((a,b); X) that @ is
analytic in (a,b). For m > k, set

(1.15) B, = {B € R**™. such that (1.10) holds for 1 < i < k}
Denote

(1.16) Ty = 7o + Tt

Our main results for the analytic setting are the following two theorems.
The first one on the null-controllability is the following.

THEOREM 1.5. — Let k > m > 1, and let B € B be such that (1.10)
holds for i = m. Assume that C € ’H(I; [L‘X’(O7 1)]””’) for some open
interval I containing [0,T1]. System (1.11), (1.5), and (1.6) starting from
time 0 is null-controllable at any time T > Topy.

The second one on the exact controllability is the following.

THEOREM 1.6. — Let m > k > 1, and let B € B,. Assume, for some
open interval I containing [Topy — 11, Topt], that C € H(I; [L‘X’ (0, 1)]an)
System (1.11), (1.5), and (1.6) starting from time 0 is exactly controllable
at any time T > Ty

Remark 1.7. — The analyticity of C' is imposed for some negative time
in Theorem 1.6.

Except for the case where m = 1 for which 77 = T, Theorems 1.5
and 1.6 are new to our knowledge. Theorems 1.1, 1.5, and 1.6 reveal the
crucial role of the analytic assumption of the coefficients on the optimal
controllability time. It is well-known that if a linear control system mod-
eled by differential equations is controllable in some positive time T and
is analytic, then it is controllable in any time greater than the optimal

ANNALES DE L’INSTITUT FOURIER
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time, which is 0, see, e.g., [9, Chapter 1] or [47, Chapter 3]. Theorems 1.5
and 1.6, which are complementary to Theorem 1.1, can be thus viewed
as an extension of this well-known result for linear hyperbolic systems in
one-dimensional space.

A related context to Theorem 1.6 is the one of the wave equation. For
the wave equation with time-independent coefficients, the controllability is
known under the sharp geometric control condition due to Bardos, Lebeau,
and Rauch in [4] (see also [39]). What is missing from the celebrated Bar-
dos, Lebeau, and Rauch result/analysis to deal with time-varying, first,
and zero-order terms is the unique continuation property in this context.
When the coefficients are analytic in time, the unique continuation property
is derived via Carleman’s estimates due to Tataru—Hérmander—Robbiano—
Zuily [29, 40, 48] (see also [35] for a discussion) and therefore, the control-
lability of the wave equations follows in this case. Related results concern-
ing the Schrédinger equation are due to Anantharaman, Léautaud, and
Macia [2]. Theorem 1.1 in this paper shows that one cannot replace the
analyticity assumption by the smoothness assumption at least in a very
related context of the wave equation, the context of hyperbolic systems in
one-dimensional space.

We now say a few words on the proofs of Theorems 1.5 and 1.6. The-
orem 1.6 is derived from Theorem 1.5 using our arguments in the proof
of [18, Theorem 3]. The proof of Theorem 1.5 is inspired by the analysis
in [18], in which we established similar results for the time-independent set-
ting. The crucial part of the analysis is then to locate the essential, analytic
nature of the system, the smoothness is not sufficient as shown previously
in Theorem 1.1. This is done by exploring both the original system and its
dual one. The proof also involves the theory of perturbations of analytic
compact operators, see, e.g., [32]. As a consequence of our analysis, we also
obtain the unique continuation principle for hyperbolic systems for the op-
timal time in the analytic setting (see Proposition 3.18), which has its own
interest. Our approach is thus quite different from the one used previously
for the wave system. The strategy of the proof is described in more details
at the beginning of Section 3.

The paper is organized as follows. The proofs of Theorems 1.1, 1.5,
and 1.6 are given in Sections 2, 3, and 4, respectively. In the appendix, we
establish properties of hyperbolic systems used in Section 3. The situation
is non-standard in the sense that the domains considered are not rectangles
and the boundary conditions are involved. The analysis is delicate and has
its own interest.

TOME 0 (0), FASCICULE 0
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2. Analysis in the smooth setting — Proof of Theorem 1.1

In order to establish Theorem 1.1, we show that the unique continuation
property does not hold for the adjoint system if the time 7" is given by (1.13)
for some choices of C. To this end, we first introduce some notations and
derive the adjoint system (Lemma 2.1). We then recall the relation between
the approximate controllable and the null-controllable properties of the sys-
tem considered and the unique continuation property of its adjoint system
(Lemma 2.2). Finally, we give the proof of Theorem 1.1 by constructing
examples that violate the unique continuation property.

Fix T' > 0 and define

Fr: [L2(0,T)]™ — [L2(0,1)]"
Fr(U) —s u(T,-),

where u is the unique solution of system (1.11), (1.5), and (1.6) with
uy(-,1) =U and with u(0,-) = 0. Denote

Y =diag(—A1, ..., —Ag) and Y =diag(Mgt1, -y Aotm)-
As usual, we obtain the following result on the adjoint system.
LEMMA 2.1. — Let T' > 0. We have, for ¢ € [L2(O7 1)]”,
Filp) = S (s (-,1) in (0,7),
where v is the unique broad solution of the system
(2.1) Ow(t,z) = B(2)0,v(t, x) + (X' (z) — CT(t,))v(t, )
for (t,z) € (0,T) x (0,1),

with, for 0 <t < T,

(2.2) v_(t,1) =0,

(2.3) ¥, (0)vy(t,0) = =B _(0)v_(t,0),
and

(2.4) v(t=T,-)=¢ in (0,1).

The proof of Lemma 2.1 is standard and omitted, see, e.g., [18, proof of
Lemma 1] for a closely related context.

From Lemma 2.1, one derives the following necessary condition for the
approximate controllability and the null-controllability of system (1.11),
(1.5), and (1.6) in time T, whose proof is standard and omitted (see, e.g.,
[9, Theorems 2.43 and 2.44]; these theorems are dealing with stationary

ANNALES DE L’INSTITUT FOURIER
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linear control systems, but these theorems and their proofs also hold for
time-varying linear systems).

LEMMA 2.2. — Let T' > 0. System (1.11), (1.5), and (1.6) starting at
time 0 is neither approximately controllable in time T nor null-controllable
in time T if there exists ¢ € [L*(0, 1)]" such that the broad solution v of
the adjoint problem (2.1), (2.2), and (2.3) is such that

vi(-,1)=0 in(0,7) and  v(0,-) € [L*(0,1)]"\ {0}.

The rest of this section containing two subsections is devoted to the proof
of Theorem 1.1. In the first subsection, we prove Theorem 1.1 in the case
m = 2 and k = 1 to highlight the structure of the matrix C' and to make
the ideas of the proof clear. The proof in the general case is given in the
second subsection.

2.1. Proof of Theorem 1.1 in the case £k =1 and m = 2

It suffices to consider the case where ¢ is small. This will be assumed

later on.
Since X is constant, it follows that, for all 1 <i<n=m+k =3,
=1/
Assume the (1 x 2) matrix B is given by
B = (a,b).
The condition (1.12) (¢ = 2 in this case) then becomes
(2.5) a#0 and b#0.
The adjoint system (see Lemma 2.1) is
(2.6) O =X0v —CTv in (0,T) x (0,1),
and
v1(t, 1) =0,

(2.7) Vg a)\l)\;lvl Yo
(U3>(t’0) a <b/\1/\§lvl> B <st1)(t’0)

for t € (0,T), where o = aX\A\; " and 3 = bA A3 ", We will consider the
matrix C' of the form:

0 0 —altx)
Ct,z)=(0 0 —p(tx)
0 0

TOME 0 (0), FASCICULE 0
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The goal is to find smooth functions o and S such that there exists a
smooth solution v of the adjoint system (2.6) and (2.7) which also satisfies

(2.8) wvo(-,1)=0=w3(-,1) in (0,7) and v(0,-)#0 in [0,1].

As a consequence of this fact, the unique continuation property of the
adjoint system is violated. The conclusion then follows from Lemma 2.2.
Note that, from (2.6) and the choice of C, one has, for (¢,2) € (0,T) x

(0,1),
1 = —A0zv1,
(2.9) Orvg = X200,
0:v3 = A\30,v3 + avy + Bus.
We now construct a and [ by first deriving their constraints under some
special requirements on their structure (see (2.11) and (2.12) below). Con-

sidering the equation of vz in (2.9), by the characteristic method, for
73 < t+ 73 < T, we have, if vs3(t,1) =0 for 73 <t + 73 < T, then

1
(2.10) w3(t +73,0) = / T30t + 138, 1 — s)v1(t + 7138,1 — 5) ds
0

1
+ / T3B(t + T35,1 — s)va(t + 735,1 — s) ds
0
for 73 <t 4 13 < T. We will make the following useful/important assump-
tion concerning the structure of @ and S from now on:
(2.11) Tsa(t +7138,1 —s) = a(t +73) for s €0,1], t € (0,T),

(2.12) T30t +738,1—5)=pB(t+713) forse[0,1], t € (0,T),

for some functions & and 5 constructed later. With this assumption, the
LHS of (2.11) and (2.12) are thus constant with respect to s € [0, 1]. Given
two functions & and 3 defined in R, one can verify that (2.11) and (2.12)
hold if

(2.13) aft,z) =75 '@t +72)  and  B(t,x) = 15 LBt + T32)
for t e R, = €[0,1].
Using (2.11) and (2.12), one can rewrite (2.10) under the form

1
(2.14) w3(t + 73,0) = / a(t+ 73)vi(t+ 138,1 —s)ds
0

1
—|—/ Bt + 73)va(t + 38,1 — s)ds
0

ANNALES DE L’INSTITUT FOURIER
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for 73 < t+ 73 < T. Replacing s by 1 — s and ¢t + 73 by ¢, using (2.14), we
can rewrite (2.13) under the form

1 1
(2.15) vg(t,()):&(t)/o vl(—Tgs—i—t,s)ds—i-E(t)/o va(—T3s +t,5)ds

for t € (13, 7).

We now construct v, «, and 8. In what follows, we only consider the
solution v of the adjoint system (backward system) satisfying the following
condition at time T (final condition):

{vg(T,-) = v3(T,-) =0

v (T,z) =0 for 0 <z < T=2,

T1

(2.16)

Concerning the value given above, it is worth noting that the point

(T;ITQ,T) is on the characteristic flow of vy passing the point (0,72) (see
the left figure of Figure 2.1).

It follows from (2.9) and the remark above on the value of T;—ITQ that
v1(t,0) = 0 in (72, T) (see the left figure of Figure 2.1). This implies that
v2(t,0) = 01in (12, T') since va(t, 0) = y2v1(t, 0) in (0,7") by (2.7). Combining
this with the condition v2(7T,-) = 0 in (0, 1), we derive from the fact Opve =
A20,v9 (see (2.9)) that

(2.17) va(1,-) =0 in (0,7)

T*TQ
T1

(see the left figure of Figure 2.1).

The goal now is to appropriately choose non-zero vy (7, - ) € Cg° (T;—f?, 1)
and smooth & and f such that vs(-,1) = 0 in (0,7); therefore (2.8) holds
by (2.17). It is worth noting that

(2.18)  such a solution of the adjoint problem is in C*([0,7] x [0,1])

since the compatibility conditions at (T',0) and (7, 1) are satisfied for all
orders.

Since dyv1 = —A\19,v1 by (2.9) and vy (t,0) = 45 tvs(t,0) by (2.7), it
suffices to determine non-zero vz(+,0) # 0 in (73, 72) such that v3(-,1) =0
in (0,7).

For t € (73,72), let ~1(¢) be the abscissa of the intersection of the line
passing (0,t) and (1,t — 73) (see the right figure of Figure 2.1). Using the
fact that v1(¢,1) = 0 for t € (0,71 + 73), one has, for ¢ € (73, 72) and with

T1+73"

1 Y1 (t) t
(2.19) / v1(—T3s+t,s)ds = / v1(—T3s+t,s)ds =6, / v1(s,0) ds.
0 0 T3
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12 Jean-Michel CORON & Hoai-Minh NGUYEN

In the last identity, we also used the fact 9;v1 = —A\19,v1 by (2.9).

Similarly, for ¢ € (73, 72), let y2(t) be the abscissa of the intersection of
the line passing (0,t) and (1,¢ — 73), and the line passing (0, 72) and (1, 0)
(see the right figure of Figure 2.1). We have, with 6, = —2

T2—T3 )

1 Y2(t)
/ va(—T38 +t,5)ds = / va(—T738 +t,5)ds
(2.20) 0 0

:92/ va(s,0) ds.
¢

Using the boundary condition in (2.7), we derive from (2.15) that

(2.21) ws(t,0) :a(t)/

T3

v3(5,0)ds—|—§(t)/ v3(s,0)ds for t € (73, 72),
t

where
(2.22) a= 73_191& and BZ 7273_1925.
Since
T1+T1—e=T,
it follows that, for € > 0 being small enough so that T' > 74 + 73,
I=(73,72) N (T =710, T) = (T — 11,79) # 0.

We are ready to choose v(T},-) in (T;—lm, 1), a, and 8. Fix ¢ € C*(R)
such that

(2.23) suppp C I and /1 v =1
¢
Determine vy (T, -) in (£=72,1) such that
(2.24) v3(t,0) = @(t) fort € (T —m,72)
via the relations v3(¢,0) = v3v1(¢,0) and dyw1 = —A10,v1, and define «
and 8 by (2.13), (2.22), and
(2.25) a(t) = B(t) = p(t) forteR.

As mentioned in (2.18), the solution v of the adjoint problem impos-
ing (2.16) is in C*°([0, 7] x [0,1]). By (2.17), it remains to verify that
v3(-,1)=0 1in (0,7).
Since vi(+,1) = 0 in (0,7), v1(T,z) = 0 for = € (0, T;l”), and Oyv; =
—A10,v1, it follows that v1(¢,0) =0for 0 <t < T —71 and 75 <t < T (see

the left figure of Figure 2.1). Since vs(t,0) = y3v1(t,0) by (2.7), it follows
that

v3(t,0) =0 for0<¢t<T—71 and 7o <t < T.

ANNALES DE L’INSTITUT FOURIER
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Combining this with (2.24), one has
(2.26) v3(t,0) = ¢(t) in (0,7)

since supp ¢ C fby (2.23).

One can check that (2.15) holds in (T" — 71, 72) by (2.21), (2.23), (2.24),
and (2.25). Since suppy C (T — 71,72), both sides of (2.15) are 0 for
t € (13,7 — 1) U (12, T) thanks to (2.22), (2.25) and (2.26). We have
thus just proved that (2.15) holds in (73,7). It follows from (2.10) that
v3(-,1)=01in (0,T — 73).

Since T3(t + 735,1 — s) = a(t + 73) and T3B(t + 35,1 — s) = B(t + 73)
for s € [0,1] by (2.11), it follows from the support condition in (2.23),
and (2.25) that

alt+73s,1—s)=0=0(t+738,1—3s) fort>T — 73 and for s € [0,1].

Using the characteristic method, one can check from the equation of w3
in (2.9) (see also (2.10)) that v3(-,1) =01in (T — 73, 7).

The proof is complete. 0
t T*Tg t
T1
T o T
v2(+,0) = vav1(-,0) 5T
v3(+,0) =~v3v1(-,0) /,/ 1/‘1
T2 vi(-,1)=0 T2
T—-7 vy |w2(- 1) =0
U3 vs (-, 1) = 0 b oA
T3 — T3 “|t— T3
T

071 720 1
v1(-,0) =0in (72,T)

Figure 2.1. Left: geometry of Theorem 1.1 in the case k& = 1 and
m = 2. Right: on the definition of 71 and v for ¢t € (73, 72): Y1(f) is
the abscissa of the intersection of the line passing (0,¢) and (1,¢ — 73),
and the line passing (0,73) and (1,73 + 71); 72(f) is the abscissa of
the intersection of the line passing (0,t) and (1,¢ — 73), and the line
passing (0, 72) and (1,0).

2.2. Proof of Theorem 1.1

The proof of Theorem 1.1 in the general case is in the spirit of the
one in the case K = 1 and m = 2 but more involved. The goal is to

TOME 0 (0), FASCICULE 0



14 Jean-Michel CORON & Hoai-Minh NGUYEN

construct examples that violate the unique continuation property for the
adjoint system (see Lemma 2.1 and Lemma 2.2).
In what follows, we will assume that

T = maX{Tomek + TkJrZ},

where T, is defined by (1.8); hence ¢ is assumed to be sufficiently small
(note that 74 + Te1 > max{Topt,Tk + Tk+g} since 2 < £ < m). We will
consider the coefficient C(¢, x) satisfying the following structure:

—a(t,z) if (i,5) = (k,k+0),
(227)  Cijltr) = —Blta) i (i) = (k+ 1,k +10),
0 otherwise,

where « and 8 are two smooth functions defined later.
Since ¥ is constant and C satisfies (2.27), concerning the adjoint system,
system (2.1) is equivalent to, for (¢,2) € (0,T) x (0,1),
(2.28) Ow;(t,x) =X;,;0,v;(t,x) if1<j<nwithj#k+¢,
and
(2.29) O¢vp4e(t, @) = ApgeOxvite(t, @) + a(t, x)vg(t, ) + B(t, ) V41 (, )

(X5, =—X;if 1 <j<kandX;; =\; otherwise).

Under appropriate choices of o and S determined later, we will construct
a smooth solution v of the adjoint system (2.28), (2.29), (2.30), and (2.31),
where

(2.30) v_(t,1) =0 for¢e[0,T],

(2.31) ¥ (0)vy (t,0) = —BTS_(0)v_(t,0) fort € [0,T].
Moreover, we require that v satisfies the following additional conditions:
(2.32) v4(-,1)=0 in (0,7) and v(0,-)#0 in (0,1).

As a consequence, the unique continuation property does not hold for the
adjoint system. By Lemma 2.2, the conclusion of Theorem 1.1 follows.

We now concentrate on this construction. To this end, we first derive the
constraints on v, «, and . From (2.29), we have, for 744y <t + 740 < T
and 0 < s < 1,

d
o (ka(t + Traes, 1 — s)) = Treo(t + Tite8, 1 — 8)vp(t + Tires, 1 — 8)

+ Tk_;,_gﬁ(t + Tiyes, 1 — S)Uk+1(t + Tiyes, 1 — S)

ANNALES DE L’INSTITUT FOURIER
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This implies, for 7p1p <t + T1¢ < T,
Vke(t + T, 0)
1

= / TieQ(t + Tiqe8, 1 — $)vg(t + Tpres, 1 — s)ds
(2.33) L.
+ / Tt B(t + Thres, 1 — 8)vpp1(t + Thaes, 1 — s)ds

0

+ vkre(t, 1).
It follows that if vgye(t,1) =0 for T4p <t + Tpye < T, then

Vye(t + Tete, 0)

1
(2.34) = /0 TrreQ(t + Trres, 1 — 8)vg(t + Tpyes, 1 — s) ds

+ /01 TrrtB(E + Thres, 1 — 8)vg1(t + Thges, 1 — s)ds
for Ty <t 4 Thye < T
We will make the following assumption on the structure of o and 3:
(2.35)  Trrea(t + Tires, 1 —8) = a(t + 1ppe) for s €[0,1], ¢t € [0,T7,
and

(2.36)  TE4eB(t + Thtes, 1 — 8) = B(t + Trte) for s €[0,1], ¢t € [0,T]

for some functions & and E constructed later. Given o and E defined in R,
one can verify that (2.35) and (2.36) hold if

(2.37) alt,z) = Tk__‘_lga(t + Thyo) and Bt x) = ngﬁ(t + Tite).

Under conditions (2.35) and (2.36), by replacing first s by 1 —s and then
t + Ti+e by t, identity (2.34) can be then written as, for ¢ € (740, T),

1
(2.38) vere(t,0) = a(t) / V(= Toses + 1, 5) ds
0

1
+ B(t) / Vgt1(—Thte8 + t, ) ds.
0
We write (2.31) as
(2.39) vy (t,0) = —S'BTE_v_(t,0) forte [0,T].

In what follows, we consider the solution v of the adjoint system (2.28),
(2.29), (2.30), and (2.31) (backward system) which satisfies the following
condition at time 7" (final condition):

(2.40) » (T, )=...=vp_1(T,) =vp1(T,-) = ... = Vp4m(T,-) =0,
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16 Jean-Michel CORON & Hoai-Minh NGUYEN

and

T — Tt

(241) v (T,xz) =0 for0<z < < 1since T' < Tp + Tiy1-

Tk

Concerning the value T%:“, it is worth noting that the characteristic
flow of vy passing the point (0, 7x41) will pass the point (T%:J“HT) (see
Figure 2.2).

From the system of v (2.28), (2.29), (2.30), and (2.31), the solution v is
then uniquely determined by the value of vy (T, z) for T%:“ <z <1l

As in the case m = 2 and k = 1, we have
(2.42) v1(£,0) = ... =vx_1(t,0) =0 for ¢t € (0,7).

We then derive from (2.39) and (2.42) that
(243)  ve41(t,0) = Ye10(t,0)  and  wvipe(t,0) = Yrqevr(t, 0)
for t € (0,7,

where
(2.44)
(1.12) (1.12)

Ver1 = Apb AeBea # 0 and e = A, By # 0.
Using (2.42), (2.39), and the last condition in (1.12), we have
(2.45) Vg45(-,0) =0 1in (0,T) for 2 < j < m with j # £.

Combining (2.45) with the fact that vy, ;(T,-) = 0 for 2 < j < m with
j # ¢ by (2.40), and using the equation of vg4; for 2 < j < m with j # ¢
in (2.28), we reach

(2.46) Vg4 (t,1) =0 in (0,7T) for 2 < j < m with j # £.

We next construct vy in (T%:“J) such that v, € C*([0,1]) with

compact support in (T%k"“, 1) and (2.32) holds. From (2.46), it suffices
to check

(2.47) Vg1 (1) = vgp4e(t,1) =0 in (0,7).
As in the case m = 2 and k = 1, one has, for t € (Tgre, Tha1),
1 t
(2.48) / Ve (—Thtes +t,8)ds = O / vk (s,0) ds,
0 Th+t
and
1 Tk4+1
(2.49) / Vg1 (—ThaeSs +,8) ds = Opyq / Ve+1(8,0) ds,
0 t
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where
1 1
(2.50) O = —— and  Opp = ——.
T+ Tkt Tht1 = Thtt
Using (2.48) and (2.49), we derive from (2.38), after taking into ac-
count (2.43) that, for ¢ € (Tg4e, Tht1)
¢

(251) Uk+g(f, O) = &(t) / ’U]H_g(s, 0) ds + B(t) /Tk-H Uk+g(8, O) dS,

Tk+4¢
where
(2.52) a=7.0cd and B =vep17, Okr1B
Since
1.13
Tk+Tk+1*€(:)T,

it follows that, at least if € > 0 is small enough so that T' > 744,
= (Thges o) N (T = 7, T) = (T = 74, Thog1) # 0.
We are ready to construct the example. Fix ¢ € C°(R) such that
(2.53) suppp C I and /~<p =1.
T

Consider v at the time T given by (2.40) and (2.41), and v (7,-) in
(T%:“, 1) being determined via the relations vgi¢(¢,0) = v povg(t,0)
and 9;v1 = —\19,v; such that

(2.54) Vge(t,0) = @(t) for t € (T — 7, Tha1)-
Set
(2.55) a(t) = B(t) = p(t) forteR.

The function o and 5 are then defined by (2.37) and (2.52).

As mentioned previously, it suffices to check (2.47).

It is clear that (2.51) holds for ¢ € (T — T, Tk+1). Since v, = —A\gVk
by (2.28), vp(T,-) = 0 for 0 < = < T=2+ and v (t,1) = 0 in (0,7)
by (2.30), we derive that v (£,0) = 0 for 0 < t < T — 7, and for 7,41 <
t < T (see Figure 2.2). It follows then from (2.43) that vg4;(¢,0) = 0 for
0<t<T-—rm and for 7,41 <t < T. Combining this with the support
condition of ¢ and (2.54), one obtains

(2.56) vg+1(t,0) = @(t) in (0,T).

One can also check that (2.51) holds for ¢t € (7t Tk+1) by (2.53)
and (2.56). This implies (2.38) holds for t € (7x4¢, Tt+1). On the other
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18 Jean-Michel CORON & Hoai-Minh NGUYEN

hand, for 75,41 < ¢t < T, both sides of (2.38) are 0 by (2.56) and (2.55). We
have just proved that

(257) ’l}k+l(t7 1) =0 for0 < t < T— Thk+e-

Using (2.55), the equation of vgy¢ in (2.29), as in the proof in the case
k=1 and m = 2, one has

(2.58) Vg1 (t,1) =0 for T — e <t < T.
Combining (2.57) and (2.58), we obtain
(2.59) Vpt1(t8,1) =0 for ¢t € (0,7).

It remains to check vy 41(¢,1)=01in (0, 7). Indeed, from (2.43) and (2.56),
one derives that vi11(¢t,0) = 0 for 7441 < ¢t < T (see Figure 2.2). Since
vg+1(T,-) = 0 in (0,1) by (2.40), it follows since Oivgt+1 = Ap4+102Vk+1

by (2.28) that vxy1(¢,1) =0 for t € (0, 7). O
t
T—Tk41
T e
”/’“
Th+e + Tk
Tk+1
I
T— Tk
t === - -
| AR —
Tk+¢ ! :
: T
0 yi(t) Yr41(t) 1

Figure 2.2. On the definition of v; and yg41 for ¢t € (Thte, Tht1): Ve(t)
is the abscissa of the intersection of the line passing (0,t) and (1,t —
Tr+¢), and the line passing (0, 74¢) and (1, Tx1¢ + Tk); Ye+1(t) is the
abscissa of the intersection of the line passing (0,¢) and (1,¢ — Ty0),
and the line passing (0, 7+1) and (1,0).
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3. Null-controllability in the analytic setting — Proof of
Theorem 1.5

This section is devoted to the proof of Theorem 1.5. Recall that Top is
defined by (1.8) and T} is defined by (1.16). The proof is divided into three
steps described below.

Step 1: For each 7 such that [7,7 + T,p] C I, we introduce/characterize
the space H(r) (C [L?(0, 1)]”), which is of finite dimension, for
which (i) one can steer® any element in H(7)* at time 7 to 0 in
time T,py and (ii) one cannot steer any element in H(7) \ {0} at
time 7 to 0 in time T,y (see Proposition 3.6 and Proposition 3.7).
Moreover, we show that H(-) is analytic in a neighborhood I; of
[0, 71 — T,pt] except for a discrete subset, which is removable (see
Lemma 3.8).(%)

Step 2: For each 7 € I1 a neighborhood of [0, 71 —T,pt], we introduce/char-
acterize the subspace J(7) of H(7) (see Lemma 3.12) for which
(i) one can steer every element ¢ in J(7) from time 7 to 0 in
time Typ 4, i-e., in time Topy + 6 for all § > 0 and (ii) with M(7)
being the orthogonal complement of J(7) in H(7), one cannot steer
every element ¢ in M(7) \ {0} from time 7 to 0 in time Typ -
We also show that there exists a constant €y such that, roughly
speaking, the following property holds: if 7 € I1 and ¢ € M (7)\{0},
then one cannot steer ¢ from time 7 to 0 in time T, + €0 (see
Proposition 3.17).

Step 3: We give the proof of Theorem 1.5 using Steps 1 and 2.

Let us make some comments on these three steps before proceeding them.
Concerning Step 1, the fact that H(7) is of finite dimension already ap-
peared in our previous analysis [18]. Some necessary conditions on H(7) are
derived in [18] and the starting point of the analysis there is the backstep-
ping technique. In this paper, the (complete) characterization of H(7) is
given and it plays a crucial role in our proof of Theorem 1.5. This character-
ization can be obtained by first applying the backstepping technique (and
then by using similar ideas given here). However, this way requires a quite
strong assumption on the analyticity of C' in the step of using the back-
stepping technique (see Remark 3.19). To avoid it, we implement a new

(3) Here and in what follows, for a closed subspace E of [L?(0,1)]", we denote Prof ; the
projection to E, and E- its orthogonal complement, both with respect to the standard
L2(0, 1)-scalar product.

(4 The analyticity of H(7) is understood via the analyticity of the mapping Prof g (7).
This convention is used throughout the paper.
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approach applied directly to the original system. The analysis is though
strongly inspired/guided by our understanding in the form obtained via
the backstepping. A part of the technical points in this step is to establish
the well-posedness of hyperbolic equations with unusual boundary condi-
tions (the boundary condition of a component can be given both on the
left at x = 0 for some interval of time and on the right at x = 1 for some
other interval of time), and in a domain which is not necessary to be a
rectangle in xt plane. The analysis is interesting but delicate and is pre-
sented in the appendix. After characterizing H( - ), the analyticity of H(-)
is established by suitably applying the theory of perturbations of analytic
compact operators, see, e.g., [32]. These results are given in Section 3.1.
Concerning Steps 1 and 2, the characterizations of all states for which one
can steer from time 7 to 0 in time T, or in time Tops 4+ can be done for
C e [L"O (I x (0, 1))]nxn. The analyticity of C' is not required for this
purpose. It is in the proof of the existence of €g, given in Step 2, that the
analyticity of C' plays a crucial role. The approach proposed in this paper
is quite robust and might be applied to other contexts.

The rest of this section containing four subsections is organized as follows.
In the first subsection, we introduce notations and present preliminary
results related to observability inequalities, which are the starting point
of our analysis. Steps 1, 2, and 3 are then given in the second, third, and
fourth subsections, respectively.

In what follows in this section, I denotes an open interval containing
[0,T1] where Ty = 7y, + 741 is given in (1.16). Throughout this section, we
assume that X verifies (1.2), (1.3), (1.4), and C € (L*(I x [0, ”))nm is
real.

3.1. Preliminaries

Fix 7 € I and T > 0 such that [r,7 + T| C I. Define
Fer: [L2(r,7+T)]" — [L%(0,1)]"
Ur—u(t+T,-),
where v is the unique solution of the system
(3.1) Opu(t, ) = X(x)0u(t, z) + C(t, x)u(t, )
for (t,x) € (1,7 +T) x (0,1),
(3.2) u_(t,0) = Buy(t,0) forte (r,7+1T),
uy(t,1)=U(t) forte (r,7+1T),
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(3.4) u(t=7,-)=0 1in (0,1).
Set, for (¢t,x) € I x (0,1),
(3.5) C(t,z) =¥ (z) — C7(t, ).

The following result, which is Lemma 2.1 translated in time, provides the
formula for the adjoint F7 ;. of F7 7.

LEMMA 3.1. — Let 7 € I and T > 0 such that [r,7 4+ T] C I. We have,
for ¢ € [L?(0, 1)}”,

Fr(@)(-) =X (Wvy (-, 1) in (1,7 +T),
where v is the unique broad solution of the system
(3.6) Ow(t,z) = X(x)0v(t,z) + C(t, z)v(t,x)
for (t,z) € (r,7+T) x (0,1),

with, for 0 <t < T,

(3.7) v_(t,1) =0,

(3.8) Y (0)vy (t,0) = —BTS_(0)v_(t,0),
and

(3.9) v(t+T,-)=¢ in(0,1).

Using the same method, we also obtain the following two results, see,
e.g., the proof of [18, Lemma 2] for the analysis.

LEMMA 3.2. — Let 7 € I and T > 0 such that [r,7 + T] C I. Assume
that u is a broad solution of (3.1)—(3.3) such that u4(-,1) =0in (7,7+T).
Then, for ¢ € [L?(0,1)]", we have(®

1 1
/ <u(7' +T,z),v(r+ T, x)> dz = / <u(7, x),v(T, x)> dzx,
0 0
where v is a solution of (3.6)—(3.9).

LEMMA 3.3. — Let 7 € I and T > 0 such that [7,7 +T] C I. Assume
that u is a broad solution of (3.1)—(3.3). Then

/<U(T+T,$),U(T+T,x)>dx:/ (u(r,z),v(r,z)) dz,
0 0

where v is a solution of (3.6)—(3.8) satisfying vy(-,1) =0.

(5) The notation (-,-) stands for the Euclidean scalar product in R¢ for £ > 1.
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Applying the Hilbert uniqueness method, see e.g. [9, Chapter 2] and [38],
we have the following result.

LEMMA 3.4. — Let E be a closed subspace of [L?(0, 1)]” System (3.1)—
(3.3) is null-controllable at the time T + T for initial datum at time 7 in E
if and only if, for some positive constant C; r,

T+T 1
(3.10) / vy (¢, 1)|2 dt > C’T,T/ |ProjE v(T, x)’z dz
T 0
Ve [L%(0,1)]",

where v is the broad solution of the adjoint system (3.6)—(3.9).

3.2. Characterization of states at time 7 steered to 0 in time 75

In what follows in Section 3,
(3.11) denote I = (o, §) and set I1 = (o, B — Topt)-

Recall that I is an open interval containing [0, 7] where Ty = 7 + Tg41
given in (1.16). It is clear that if 7 € Iy then 7+ T, € I.

We first characterize states which can be steered at time 7 to 0 in time
T > Topy, i.e., the corresponding solution is 0 at time 7 4 7. To this end,
we first introduce the space H(7,T).

DEFINITION 3.5. — Let k > m > 1 and let B € B be such that (1.10)
holds for i = m. Let 7 € I and T > 0 be such that 7 +T € I. Let H(7,T)
be the set of all p € [LQ(O, 1)]” such that there exists a broad solution v
of the system

(3.12) Ow(t,z) = X(z)0zv(t, z) + C(t, z)v(t, x)
for (t,z) € (r,7+T) x (0,1),

with, forT <t <71+1T,

(3.13) v_(t,1) =0,

(3.14) Y4 (0)vg(t,0) = —BTY_(0)v_(t,0),
(3.15) vy (t,1) =0,

and

(3.16) o(1,) = .
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Recall that C is defined by C(¢,z) = ¥'(x) — CT(t,z), see (3.5).

We will show later that in the case T' > Topy, H(7,T) characterizes the
space which cannot steer to 0 in time T (see (i) and (ii) of Proposition 3.7).
In what follows, we denote, for notational ease,

(3.17) H(r) = H(7, Topt)-
We have the following result concerning H (7).

PROPOSITION 3.6. — Let k > m > 1 and let B € B be such that (1.10)
holds for i = m. Let I be an open interval containing [0,7T;] and assume
that C € [L>(I x (0, 1))]nxn. There exist:

e a compact operator K(7): [L*(0, 1)}“ — [L*(0, 1)}”, and
e a continuous linear operator
L(7): [L2(0,1)]" — [L2(0, Topt — Thms1)] ™
defined for T € I such that they are uniformly bounded in I and
(3.18) H(r)= {cp € [Lz((), 1)]“; o+ K(1)p =0 and L(1)p = 0}.

Assume in addition that C' € H(I, [L>(0,1)]"""). Then K and L are
analytic in I;.

Recall that I; is defined in (3.11).

Using essentially the compactness of K(7), we can derive the null-contro-
llability property of H(7) for the system (3.1)—(3.3). For later use, we state
this in a slightly more general version.

PROPOSITION 3.7. — Let k > m > 1 and let B € B be such that (1.10)
holds for i = m. Let I be an open interval containing [0,T}], and let 7 € T
and T > T,p be such that 7 + 1T € I. Then the following two facts,
concerning system (3.1)—(3.3), hold:

(i) one can steer ¢ € H(r,T)* at time T to 0 at time 7 + T}
(ii) one cannot steer any element ¢ in H(7,T)\ {0} at time 7 to 0 at
time T+ T.

Assume that the assumptions in Theorem 1.6 hold. Let 7 € I and T >
Topt- Assume that 7+ 17 € I. We later prove that H(7,T) = {0} (see
Proposition 3.18) which is the unique continuation principle corresponding
to (3.12)—(3.15).

As a consequence of Proposition 3.6 and the theory of analytic compact
operators, see, e.g., [32], we can prove the following result.
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LEMMA 3.8. — Let I be an open interval containing [0, T1] and assume
that C' € ’H(I, [LOO(O, 1)]n><n). Then H(7) is analytic in I, where I is
defined by (3.11), except for a discrete set, which is removable.(®

The proofs of Propositions 3.6 and 3.7, and Lemma 3.8 are given in the
next three subsections, respectively.

t
T
Wk —m+1
T — Tk—m+1
Qr
X
0 1

Figure 3.1. Geometry of the set 0p when ¥ is constant.

Before entering the details of the proofs, we introduce some notations
which are used several times later on. We first deal with the characteristic
flows. Extend A; in R with 1 < ¢ < k+m by \;(0) for x < 0 and A;(1) for
x> 1. For (s,€) € [0, +00) x [0,1], define z;(¢, s,€) for t € R by

(319) %xi(tasag) = )\1(1'74(15,8,5)) and xi(s,S,g) = 'g
if1 <1<k,

and

(3.20) %xi(t,s,ﬁ) =\ (xi(t,s,ﬁ)) and x;(s,s,&) =&

itk+1<i<k+m.

(6) Recall that the analyticity of H(-) means the analyticity of Proj H(-)
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Let us define Q7 by
Qrp is the region of points (¢, x) € (0, +00) x (0,1) such that
(3.21) in the zt-plane they are below the characteristic flow
of vg_m+1 passing the point (1,7
(see Figure 3.1). For simplicity of the notation, we also denote

(3.22) Q=g

opt *

3.2.1. Proof of Proposition 3.6

Fix 7 € I;. Let v be a broad solution of the adjoint system

(3.23) Ow(t,z) = X(x)0v(t,x) + C(t + 7, z)v(t, x)
for (t,z) € (0, Topt) % (0,1),

with, for 0 <t < Tope,
(3.24) v_(t,1) =0,
(3.25) Y1 (0)vy (t,0) = —BTS_(0)v_(t,0),
such that v also satisfies
(3.26) v(t,1) =0 fort € (0, Tops).

Recall that C is defined in (3.5).
For 1 <i <k < j<k+m, we denote, for a vector v € R’”m,

Vo> = (Viy ..., V)
and
Vei>i = (V1,0 0ic1, Uy ooy Vkpom)-
Using condition (1.10) with ¢ = 1, one can write the last equation
of (3.25) in an equivalent form:
(3.27) V= >k(t,0) = Qrv<, >k+m(t,0),

for some 1 x k matrix Q.
Using condition (1.10) with ¢ = 2, one can write the last two equations
of (3.25) in an equivalent form:

(3.28) V- >k-1(t,0) = Qr—1V<k—1,5k+m—1(%,0),

for some 2 X k matrix Qr_1.
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Using condition (1.10) with ¢ = m — 1, one can write the last (m — 1)
equations of (3.25) in an equivalent form:
(3.29) V_ >h—m+2(t,0) = Qr—m+2V<k—m+2,>k+2(t,0),

for some (m — 1) X k matrix Qg—_m+2-
Using condition (1.10) with ¢ = m, one can write the last m equations
of (3.25) in an equivalent form:

(3.30) V- k-mt1(t;0) = Qk—m+1V<k—mt1,3k+1(t,0),

for some m X k matrix Qx—_m+1-
Given f € [LQ(O,Topt)]n and g € [L*(0, 1)]m7 we consider the system

(3.31) wi(t,x) = B(x)dpw(t,z) + C(t + 7, 2)w(t,z) for (t,z) € Q,
(332) w(- 1) = i (0, Top),

(3.33) w4(0,-)=g¢ in (0,1),

(3.34) w_ >k(t,0) = Qrwek >k4+m(t,0) for t € (Topy — T, Topt — Th—1)s
(3.35) w_ >k-1(t,0) = Qr_1W<p—1,>k+m—1(t,0)

for t € (Topt — Th—1,Topt — Tk—2),

(3.36) w— >k—mt2(t,0) = Qr—mr2Wak—m+2,>k+2(t,0)
for t € (Topt — Tk;—m+27TOpt - Tk—m-i—l)a

(see Figure 3.2). Recall that Q = Qr, , where Qr is defined in (3.21).
For 7 € I, define

T(r): [L*(0,7)]" x [L*(0,1)]" — [L*()]"
(f,9) — w,

where w is the broad solution of (3.31)—(3.36) (see Definition A.1 for the
definition of broad solutions and Theorem A.2 for their existence and
uniqueness, both in the appendix).

We now introduce the operators K and L. Set

w=T(7)(0,04(0,)),

where v is a broad solution of (3.23)-(3.26). The definitions of K(7) and
L(7) are based on the fact that v = w in ) and the fact

(838)  vi(t,0) = —Z4(0)BTE_(0)v_(t,0) in (0, Topt — Thomr1)

(3.37)

by (3.25). Moreover, in the definition of 7(7), we only use the last equation
of (3.38) in (3.34), the last two equations of (3.38) in (3.35), ..., and the
last m equations of (3.38) in (3.36).
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t t
Topt Wk—m+1 Topt k—m+1
Topt — Thk—m+1 Topt — Tk—m+1
’U,Vj
w =
Topt — 7'7 Q Q f
x — x
0 1 o wy=g9 1

k—m+2<j<k

Figure 3.2. Geometry of the setting considered in the proof of Propo-
sition 3.6 when ¥ is constant. The boundary conditions imposed at
x = 0 for w; with &k —m + 2 < j < k are given on the left, and the
boundary conditions imposed at * = 1 and t = 0 are given on the
right.

We now introduce some notations which are used in the definition of K
and L. For z € [0,1] and 1 < j < k+m, let 7(j,x) € [0, +00) be such that

zj(7(j,2),0,2) =0 fork+1<j<k+m,

and
zj(7(j,2),0,2) =1 for1<j<k
(see Figure 3.3). Recall that z,(¢,s,§) is defined in (3.19) and (3.20).

We begin with the definition of K(7): [L2(0,1)]" — [L?(0,1)]". The
goal is to provide the supplementary requirements on w (0,-) which are
complementary to the conditions (3.38) missing from the definition of 7 (7)
and the fact v_(0,-) = w_(0,-) which is not required in the definition of
T(7) (see Lemma 3.10 given at the end of this section). We define IC(7) as
follows, with w = T(7)(0, p4) and ¢4 = (Qkt1,-- - Phtm):

e for 1 <j<mandxe(0,1),
3:39) (KO @), = (50 BTS-0)w-(r(k+5.2).0))
7(k+j,2)
—|—/ (C(t—i—T, mkﬂ-(t,O,x))w(t,xkﬂ-(t,o,x))) ~dt;
0 k+j3
e for1<j<kandxe(01),

7(j,)
(3.40) (K(r)(p)(x)), = /O (Ot +7.25(0,0,))w (1,2, (,0.)) )

J
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4 t
Ty
Ti 1'7(7071)
AT, )
T(i,iL’) ~ o s
0 €T 1 0 €T 1

Figure 3.3. ¥ is constant. (a) The definition of z;(-,0,1), z;(-,0,1),
x;(0,7;,0), and 7;(z) for k+1 < j < i <k +m. (b) The definition of
2¢(+,0,0) and 7(¢, z) for 1 < £ < k.

We now check the properties of K stated in the theorem. It is clear
that IC(7) is linear. Using Proposition A.10 in the appendix, one can de-
rive that IC(7) is uniformly bounded in I; and is analytic in I; if C €
H(I, [L>(0, 1)]nxn). From the definition of () in (3.39) and (3.40), we
claim that
(3.41) K(7) is compact.

Indeed, let (¢) be a bounded sequence in [L?(0, 1)}” Define
w? = T(T,O,gp&l)) in Q,
and denote
lw®]y = max{ sup [lwf | r2,), sup w21 <i < n}
z€[0,1 t€[0,Tops

where
Q= {y eR;(t,y) € Q} and  Q, = {s €R;(s,x) € Q}.

Applying Theorem A.2 in the appendix, we derive that (||w(l)||y) is a
bounded sequence. Without loss of generality, one might assume that

w 1S Weakly con Vergen m 1/ SZ

m

and ¢!, s weakly convergent in [L?(0,1)]
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CramMm 3.9. — We claim that, for a.e. x € [0,1], the quantity on the
RHS of (3.40) with w being replaced by w® can be written under the
form (for 1 < j <k)

1
(3.43) AFj(y7t,$)w(Z)(y,t) dydt+/ Gy, 2)eP () dy,
0

and similarly the quantity on the RHS of (3.39) with w being replaced
by w®) can be written under the form (for 1 < j < m)

1
(3.44) /QFkH(y,t,x)w(”(y,t) dde/ Gry(y, )0 (y) dy,
0

with = being a parameter, for some function Fj(-,x), Fpy,;(-,z) € R™*"
defined in 2 such that F;(y,t,z), Fj+x(y,t,x) are measurable functions for
two variables (t,y) € Q, and for some function G;(-,x), Gr+;(-,x) € R"
defined in (0, 1) such that G;(y, ), Gx+;(y, ©) are measurable function with
respect to y € (0,1). Moreover, |Fj(t,x,y)|, |Fet;(t,z,y)| and |G;(y, z)|,
|Gk+j (y, o:)’ are bounded by a positive constant independent of (t,y) and x
as well.

It is clear from Claim 3.9 and the dominated convergence theorem that
(K(T)((p))j converges in L%(0,1) for 1 < j < k+ m by (3.39) and (3.40).
Therefore, the compactness of K(7) follows.

Proof. — We now establish Claim 3.9 in three steps.

Step 1. — Consider 1 < j < k. We prove (3.43).

Note that, for a.e. x € [0, 1], the requirements in the definition of broad
solutions given in (A.8)-(A.12) in Definition A.1 for w® hold for a.e. t €
[O, 7(7, w)] Consider such an z. Since

1 1
Oy (t,2) = £50,w (t,2) + (C(r + 1, 2)w (t,2))

in the integral sense for a.e. ¢t € [0,7(j,z)] as given in Definition A.1, and

(3.45) /OT(j’w)(C(t-l—T,xj(t,o,x))w(l)(t,xj(t,O,x)))jdt

1 .
= w{ (r(j,2),1),
using the separation of constant method, one can rewrite the LHS of (3.45)
as

7(j,®) )
(3.46) / <Dj (t +7,2,(¢,0, x)) ,whd) (t, x;(t,0, x))> dt.
0

Here D; € R™ 1 is computed by the separation of constant method, and
w®7) is the vector obtained from w®) without its j-component. We now
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replace the value of w(l’j)(t, x;(t, 0, z)) by the corresponding expressions
in (A.8)—(A.12). Note that in this case, the other endpoints belong to the
subset of the boundary of 2 with = 1 or the subset of the boundary of €2
with ¢ = 0 for the components of wﬁ). ‘We then obtain

(3.47) /OTUVI) (C(t+ 722, 0.2) 0 (t,25(1,0, x)))j dt

1
= [ Bt dydr+ [ Gyl ael ) dy,
Q 0

with = being a parameter, for some function Fj(-,z) € R™*"™ defined in 2
such that F}(y,t,z) is a measurable function for two variables (t,y) € €,
and for some function G;(-,z) € R™ defined in (0, 1) such that F;(y, z) is
a measurable function with respect to y € (0,1). Moreover, |Fj(t, x, y)| and
|Gj(y,x)| are bounded by a positive constant independent of (¢,y) and x
as well since C is bounded. The proof of Step 1 is complete.

In the proof of Steps 2 and 3 below, we always use the variation of
constant method as in Step 1 to eliminate the wl()l) component in the integral
along the characteristic flows of the p-th direction for 1 < p < n to bring a
variant of (3.45) into a variant of (3.46).

Step 2. — Consider 1 < j < m. We prove that the second term of the
RHS of (3.39) can be written as in (3.44).

The proof of Step 2 is in the spirit of Step 1. We now replace the values
of wj(,l) (t,2145(t,0,2)) (p # k + j) as in Step 1 by the integral on the
characteristic flow for the p-component and the values at the endpoint
where the boundary of the p-th component is given. One has two cases.

Case 1. — 1If such an endpoint belongs to the part of the boundary of
Q for which the boundary conditions are prescribed (by 0 for z =1 or gogf)
for t = 0), then as in Step 1, we obtain the form (3.44) for the contribution
from such a component.

Case 2. — If such an endpoint belongs to the part of the boundary of
) for which the boundary conditions given in (3.34)—(3.36) are used, then

these conditions are taken into account so that one can write the value of
w,(f) as a linear combination of the components of

wEQ) at this end point

O]
()
which the other endpoints (in 9Q) of the corresponding characteristic flows

where w; . containing only the components of w®) at that endpoint for

in Q passing this endpoint are on the boundary of Q with z =1 or t = 0
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for which their value are prescribed (by 0 € R™ for = 1 or go(i) e R™

for t = 0). We now can replace the value of ng)) at this endpoint by the
integrals along the corresponding characteristic flows passing that endpoint
and the values at the other endpoints. We thus obtain the form (3.44) for
the contribution for such p-th component of w as in Step 1.

Combining Case 1 and Case 2, we obtain (3.44).
Step 3. — Consider 1 < j < m. We prove that the first term of the RHS

of (3.39) can be written as in (3.44).
We have, for z € (0,1),

(1.3)
(3.48) T(k+j,2) <T(k+J,1) = Therj < Thyr
It follows from the definition of Tqp (1.8) that
(349) T(k + ja 33) < Topt — Tk—m+1-
This is the essential fact for the proof of Step 3 and thus for the compactness
of H().
Taking this into account and using (3.34)—(3.36), one can replace the

first term in the RHS of (3.39) for a.e. z € (0,1) as a linear combination
of the components of

(3.50) wgcgmm (t(k +j,z),0)

if T(k‘ + j, .T) S (Topt — Tk Topt - Tk*l) by (334)7
1 .
(351) w(<3€_1)>k+m_1(7'(k+%$)70)
if T(k + j, Z') S (Topt - Tk—1, Topt - Tk*2> by (335)

l .
(3.52) w(<3c—m+2,>k+2 (r(k+4,z),0)
if T(k + jv LE) € (Topt = Tk—m+2; Topt - Tk7m+1) by (336)

It is clear that the first term of the RHS of (3.39) is a linear combination
of the components of

(3.53) w (r(k + j,2),0) i 7(k+j,2) € (0, Tops — 7).

We now replace the values of the components of w(l)(T(k‘ + j,x),())
in (3.50)—(3.53) by the integrals on the corresponding characteristic flows
and the values of the endpoints. Note that the values of the endpoints are
prescribed (by 0 for x = 1 or cpgp for t = 0). We now can proceed as in
Step 2 to derive the conclusion.

The proof of Claim 3.9 is complete. O
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We now introduce the operator £(7). The goal is to complement the
missing conditions in (3.38) in (0, Topt —Tk—m+1). In order to make the proof
easier/shorter, we put all the information in (3.38) in the definition of £(7).
We then define £(7) as follows, with ¢ € [L?(0, 1)]” and w =T (7)(0,¢4),

(3.54)  L(7)(@)(t) = Z4(0)w(t,0) + BTS_(0)w-(t,0)
for t € (0, Topt - Tk7m+1)~
From the definitions of K(7) and £(7), we derive from Lemma 3.10 below

that H(7) C {¢ € [L*(0,1)]"; p+K ()¢ = 0and L(7)(p) = 0}. It remains
to prove that

(3.55) {gp € [L*(o, 1)]”; v+ K(t)e =0and L(T)p = O} C H(r).

To this end, we introduce another operator '7'(7) related to T (7). Con-
sider the system, for (f, g) € [L?(0,1)]" x [L?(0,1)]™,
(3.56) Oyw(t,x) = X(x)0,w(t,x) + C(t + 7, z)W(t, )

for (t,z) € (0,Tope) % (0,1),

(3.57) w(-,1)=f in (0,Topt),
(3.58) w(0,-) =g in(0,1),
(3.59) W;(Topt,-) =0 1in (0,1), for 1 <i <k —m,
(3.60) 2k(t,0) = QrWak,>k4m(t,0) for t € (Topt — Ths Topt — Th—1),
(3.61) >k—1(t,0) = Qpo1Wak—1,2k+m—-1(t,0)

for t € (Topt — Th—1, Topt — Th—2),

w_
w_

(3.62) W_ >p-mi2(t,0) = Qr-mi2W<r—mi2,>k42(t,0)

for t € (Topt — Th—m+25 Topt — Th—m+1);
(3.63) W >k-mi1(t,0) = Qromi1D<hmi1,5641(L,0)

for t € (Topt — Th—m+1, Topt)

(it is at this stage that the condition (1.10) with ¢ = m is required!).
For 7 € I; given in (3.11), define

T(r): [L2(0,1)]" x [L*(0,1)]™ — [L2((0, Topt) x (0,1))]"
(f,9) — w,

where @ is the unique broad solution of (3.56)—(3.63) (see Theorem A.12
in the appendix with T" = T,y for the existence and uniqueness of broad
solutions; the definition of broad solutions is similar to Definition A.1).

(3.64)
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It is clear that
(3.65) T(7)(0,g) is the restriction of 7 (7)(0,g) in € for g € [L2(0,1)]™
since they have the same definition in 2.

Fix
(3.66) g€ {pe[L2(0,1)]" ¢+ K(r)p=0and L(r)p =0}.
Denote R

w=T(7)(0,04) and @ ="T(r)(0,%0.+)-
Then, by (3.65),
(3.67) w=w in .
Since ¢ + K(7)(¢) = 0, we have (see Lemma 3.10 below)
w(0,-) =¢o in (0,1).
Since L£(7)(¢p) = 0, we obtain (see (3.54))
(3.68) X, (0)@4(t,0) = —BTS_(0)@_(t,0) for t € (0, Topt — Thmr1)-
On the other hand, by the definition of 7 (7) (in particular, condition (3.63)),
one has,
(3.69) . (0)w,(t,0)=—-B"E_(0)w_(t,0)
for t € (Topt, — Th—m+1: Topt)-

Combining (3.68) and (3.69) yields
(3.70) Y (0)@ 4 (t,0) = —B"S_(0)w_(t,0) for t € (0, Topt)-
Thus @ is a solution of (3.23)—(3.25) satisfying (3.26) with @(0,-) =
w(0,-) = o.

The proof of Proposition 3.6 is complete. O

In the proof of Proposition 3.6, we used the following lemma. Recall that
K(7) is defined by (3.39) and (3.40).

LEMMA 3.10. — Let ¢ € [L?(0,1)]" and set w = T(7)(0,¢+) where
¢+ = (Ph+1,- - - Prtm). We have:
(i) the following boundary condition:
wi(t,0) = —X(0)B"S_(0)w_(t,0) in (0, Topt — Th—ms1)
holds if and only if (K(7)(¢))
and L(T)(p) =0;

(ii) assertion w_(0,-) = ¢_ in (0,1), where ¢_ = (1, ..., ¥k), holds if
and only if (K(T)(ap))j +¢; =01in (0,1) for 1 < j < k.

pij TPkt = 0in (0,1) for1 < j < m,
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Proof. — We begin with (i). We have, for 1 <
d
dt
Integrating from 0 to 7(k + j,z) yields, for 1 < j < m and for = €
(0, 2115(0, Th-m, 0)),

Wi+ (0, T) = W5 (T(k +j,x), 0)

(k+3,)
_/ (C(t—i—r, xk+j(t,O,m))w(t,xk+j(t,0,a:))) dt.
0 k+j

J<
Wi j (t, Tr45(,0,2)) = (C(t+7' Ty (4,0, 2 )“’(t Thj (8,0 x)))kﬂ_.

Assertion (i) follows by (3.39) and the definition of L£(7).
We next deal with (ii). For 1 < j < k, we have

d
i (t,z;(t,0,2)) = (C(t + 7, xj(t,O,x))wj (t,2;(t,0, a:)))j.
Integrating from 0 to 7(j, ) yields, for 1 < j < k and for z € (0, 1),
7(j,2)
) =w; (7(J ) /0 (C(t+77xj(t,0,x)) t ,5(t,0,2 ) dt.

( J
Since w_ ( 1)
and z € (0,1),

w;(0,2) = — /(JT(j’I) (C(t + 7, zj(t,O,z))w(t,xj(t,ﬂ,x))) dt.

J
Assertion (ii) follows by (3.40). O

= 0 by the definition of 7 (7), it follows that, for 1 < j < k

3.2.2. Proof of Proposition 3.7

We begin with assertion (ii). Let ¢ € H(7,T') \ {0} be arbitrary. From
the definition of H(7,T') in Definition 3.5, there exists a broad solution v
of (3.12)~(3.16).

Set

vt x) =v(t —1,2) for (t,z) € (1,7 +T)
and let w be a solution of (3.1)-(3.3) in which u is replaced by w, with
w(t,-) = v (r,-) = ¢.(0 By Lemma 3.3, we have
1

/<w(T—|—T,x),v(T)(T+T,x)>dx:/ <w(7,x),v(f)(7',x)>dx
0 0
— [lot?
0
#0

(7) Condition (3.3) means that w (t,1) € [L2(r, T + T)]™
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Therefore, one cannot steer ¢ from time 7 to 0 at time 7+ 7.

We next establish assertion (i) by a contradiction argument. Assume that
this is not true. Since T' > Tqpt, it follows that H(r,T) C H (7, Topt), which
is a subspace of [L?(0, 1)]” of finite dimension thanks to the compactness
of K(7) by Proposition 3.6. By Lemma 3.4 applied to E = H(7,T)", there
exists a sequence of solutions (vy) of (3.23)—(3.25) with T, being replaced
by T such that

hm ||’UN+ =0

]I
(3.71) ron

and "PIOJH(T 7y+ vN (0 =1.

M zzo)
Set
on = Profy.mon(0,-) € H(r,T) C [L*(0,1)]"
and let Vv be the corresponding solution with respect to ¢ given in Defi-

nition 3.5. Replacing vy by vy — Vi if necessary, without loss of generality,
one can assume in addition that vy (0,-) € H (7‘ T) which yields in par-

ticular that H’UN HL2 01) = HPrOJH(T 1)L ON (0 HL2(0 H = = 1. This will
be assumed from now on.
Consider fy € [L*(0,T)]" defined by
(3.72) fn=wvn(-,1) in (0,7).
Since vy, —(+,1) = 0 in (0,7) and limy_ o0 |vn (-, ||LQ(O = 0, it

follows that

(3.73) Jim fv =0 in [L2(0,T)]".

As in the proof of Lemma 3.10, we derive from (3.73) that
K(T)UN(Oa') +UN(Ov') =gn in (Oa 1)

for some (gn) — 0 in [LQ(O,l)}n. Since KC(7) is compact by Proposi-
tion 3.6), without loss of generality, one might assume that

UN(Ov') —p in [L2(07 1)]71’

and hence ¢ € H(r,T)* by (3.73).

We define 7 (7,T) and 7\'(7', T) as defining 7 (7) and 7A'(T) with T,p¢ being
replaced by T' (and thus €2 is replaced by Q7). Recall that Qp is defined
n (3.21). As in (3.65), we also have

(3.74) T(r,T)(f.9) =T(r.,T)(f.9) inQr
for f € [L*(0,T7)]", g € [L*(0,1)]"

since 7 (7,T) and T (7,T) have the same requirements in Q7.
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Set

~

u="T(7,T)(0,¢+) and  uy =T(r,T)(fn.on+(0,-)).
Then, by (3.74),

(375) unN = UN in QT
since 7(7,T)(fn,vn,+(0,+)) = vy in Qp by (3.72).
Since:

o Z+(O)UN+(t,O) = —BTE_(O)UN,_i_(t,O) for t € (T — Tk_m+1,T)
by (3.63) with Tqp, being replaced by T
e ¥, (0)vn+(t,0) = —BTE_(0)on 4+ (t,0) in (0,7 — Th—mi1);
it follows from (3.75) that
(3.76) Y (0)uy 4 (t,0) = =B"S_(0)un 4 (t,0) fort € (0,T).

Using the continuity of ’7A'(T, T) (see Theorem A.12 in the appendix), we
derive from (3.76) that

(3.77) Y (0)ug (t,0) = —BTS_(0)u_(t,0) fort e (0,T),
and since vy = T(7,T)(fn,vn,+(0,-)) in Q7 we obtain

(3.78) o(z) =T(1,T)(0,04+)(0,2) =u(0,z) forz € (0,1).

Since u(-,1) = 0 by the definition of 7 (r,T), we derive from (3.77)
and (3.78) that

pe H(r,T).
Thus ¢ = 0 since ¢ € H(7,T)*. We deduce that
0= HPI‘OjH(T7T)L o| = NETOOHPTOJH(T:TV on(0,-)| = 1.

We have a contradiction. Assertion (i) is proved.
The proof is complete. O

Remark 3.11. — Note that in the proof of (ii) of Proposition 3.7, one
does not require that condition T' > Tqpe. In fact, assertion (ii) holds for
T > 0 arbitrary.

3.2.3. Proof of Lemma 3.8

Set, for 7 € I,

(3.79) E(r) = {gﬁ e [22(0,1)]"; ¢+ K(r)p = 0},
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From (3.18) in Proposition 3.6, we have, for 7 € I,
(3.80) H(r) = B(r) 0 { € [L2(0,1)]"; £(r)p =0}.

Since K (7) is compact, it follows that the eigenvalue —1 of K (7) is iso-
lated for each 7 € I . From [32, Section 3 of Chapter 7] (see also [32, Sec-
tion 3 of Chapter 2]), for each 75 € I there is a v = v(79) > 0 (7 depends
on 7p) such that the sum of the eigenprojections P(r) for all the (general-
ized) eigenvalues of K(7) lying inside {z € C: |z+1| < v} is analytic when
7 is in a small neighborhood O, of 7. Set P(r) = P(7)([L?(0, 1)]”) We
thus have, for 7 € O,

EB(r) “2 {p e [L20,0)]" ¢+ K(r)p =0}
= {peP(1); p+K(r)p=0}.
It follows that, for 7 € O,
(3.81) H(r)= {gp € P(1); o+ K(r)p=0and L(1)p = 0}.

We now can use the theory of the perturbation of the null-space of analytic
matrices. Applying [24, Theorem S6.1, pp. 388-389] and using (3.81), we
derive that(®

H(7) is analytic in O, except for a discrete subset,

.82
(3.82) which is removable.

The conclusion follows since 7 is arbitrary in I;. The proof is complete. [

3.3. Characterization of states at time 7 steered to 0 in time
T0pt,+

Fix 7o > 0 such that [0,71] C (& + 70,5 — Y0). Recall that I = (a, )
contains [0, T1], see (3.11). Set

(3.83) I = (@ + 70,8 = Y0 — Topt)-

(8) One way to apply the theory of the perturbation of the null-space of analytic ma-
trices can be done as follows. One can first locally choose an analytic orthogonal basis
{1(7),...,p0(7)} of P(7). We then represent the operator Id +K(7) (where Id denotes
the identity map) in this basis after noting that it is an application from P(7) into P(7).
We also represent £(7) using the set {L(7)(p1(7)), ..., L(T)(pe(T))}
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Given 0 < & < 79 and 7 € I5, consider the system, for V € [LQ(O, 6)]m,

Ou(t,z) = X(x)0v(t,x) + C(t + 7, z)v(t, x)

(3.84) v_(t,0) = Bu,(t,0) for t € (0,¢),
ve(t, 1) =V(¢t for t € (0,¢),
v(0,-) =0 in (0,1)
Define®)

TEo [LP(0,e)]™ — [L2(0,1)]"
Vi—o(e,-),

where v is the solution of (3.84). Consider two subsets Y. and A, . of
[£2(0,1)]" defined by

Yoo =T A[L%(0,0)]™}

(3.85) .
and Are = Projyrie{Yre}

Given 0 < € < 79 and 7 € I3, we also define?)
7! [L20,1)]" — [L*(0,1)]"
pr— w(a, : )7
where w is the solution of

Ow(t,x) = X(x)0pw(t,x) + C(t + 7, z)w(t, z)
for (t,z) € (0,¢) x (0,1),

(3.86) w_(t,0) = Bwy(t,0) for t € (0,¢),
wy(t,1) =0 for t € (0,¢),
w(0,-) = in (0,1).
Set, for 0 < & < 7 and for 7 € I,
(387) J(T7 5) = {50 € H(T); PI‘OJH(T+€) 7;{5(‘»0) € AT,E}'

The motivation for the definition of 77, and 7;17 . is given in the following
result.

(9) The sub-index ¢ means that controls are used.
(10) The letter A means the attainability.
(11) The sub-index I means that initial data are considered.
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LEMMA 3.12. — Let 0 < € < 79 and 7 € Iy. Then J(7,¢) is the space
of (functions) states in H(7) such that one can steer them from time T to
0 at time T + Tope + €. As a consequence, for 7 € I,

(3.88) J(r,e') C J(r,e) for0 <& <e <,
and the limit J(7) of J(r,¢) as € — 0 exists.

Remark 3.13. — The monotone property of J(7,e) with respect to e
given in (3.88) will play a role in our analysis.

Remark 3.14. — The analyticity of C' in I is not required in Lemma 3.12.

Proof of Lemma 3.12. — Given ¢ € J(7,¢), by the definition of J(t,¢),
there exists V € [L?(0,¢)]™ such that

PrOjH(T+s) @(57 ! ) =0,

where @ defined in (0,¢) x (0, 1) is the solution of the system

0 (t, x) = X(x)0,W(t, ) +C(t + 7, x)W(t, x) for (t,z) € (0,¢) x (0,1),

w_(t,0) = Bw(t,0) for t € (0,¢),
Byt 1) =V for t € (0,¢),
w(0,-) =¢ in (0, 1).

It follows that, by the properties of H(7 +¢) = H(7 + €, T,pt) in Proposi-
tion 3.7, there exists V € [L2(e, Topt + 8)]m such that

W(Topt +¢,-) =0 in (0,1),

where w defined in (g, Topy + €) % (0, 1) is the solution of the system

w(t,x) = X(x)0yw(t,x) + C(t + 7, z)w(t, z)
for (¢t,x) € (¢, Topt +€) % (0,1),
w_(t,0) = Bw(t,0) for t € (e, Topt + ),
Wy (t,1) =V for t € (g, Topt + €),
w(e,-) =we,) in (0,1).

Let w be defined in (0, Topy +€) x (0,1) by @ in (0,¢) x (0,1) and by w
in (e, Topy +€) x (0,1). Set

w(t,z) =w(t —7,2) in (7,7 + Topt +€) % (0,1).
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Then w is a solution starting from ¢ at time 7 and arriving at 0 at time
T+ Topt + &, ie.,

Ow(t,x) = X(x)d,w(t,x) + C(t, z)w(t, x)
for (t,x) € (7,7 + Tops +€) x (0,1),

w_(t,0) = Bw(¢,0) for t € (1,7 + Topt + €),

w(r,-)=¢ and w(r+Tp+¢,-)=0 in (0,1).

We have thus proved that one can steer ¢ € J(7,¢) at time 7 to 0 at time
T4+ Topt + €.

Conversely, let ¢ € H(7) be such that one can steer ¢ at time 7 to 0 at
time 7+ T, + € using a control W e [L2 (1,7 + Tops + E)] " Let w be the
corresponding solution, and set w(t, ) = w(t+7,2) in (0, Topt +£) % (0, 1).
Since w(T + ¢, - ) is steered from time 7 + ¢ to 0 at time 7 + Topy + €, it
follows from the properties of H(7+¢) = H(T + ¢, Topy) in Proposition 3.7
that

Projg ;4o W(T +€,-) =0.
In other words,
PrOjH(T—i-s) ’lU(E, . ) =0.
This yields that ¢ € J(7,¢).

We thus proved that J(7,¢) is the space of (functions) states in H(7)

such that one can steer them from time 7 to 0 at time 7 + Tqy 4 €. The

other conclusions of Lemma 3.12 are direct consequences of this fact and
the details of the proof are omitted. O

Concerning A ., we have the following result.

LEMMA 3.15. — Let 0 < & < 7. Assume that C € H(I; [L°°(0,1)]
We have:

’n)(’ﬂ)

A, . is analytic in Iy except for a discrete set, which is removable.

Recall that A, . is defined in (3.85) and I3 is defined in (3.83).

Proof. — Denote

= max dim A, . < +o0,
TEl
H is continuous at 7+¢

since H(7) is analytic in I; except for a discrete subset, which is removable.
Fix 7o € I such that dim A, . = [ and fix &,...,& € [L?(0,¢)]™ such
that

{ProjH(TOJrE) T e(&); 1<7 < I} is an orthogonal basis of A ..
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Since, for fixed e, T is analytic in I and H (- +¢) is analytic in I except
for a discrete subset which is removable, it follows that

(3.89) dim span{PrOJH(T+€) T (&) 1<j<l} =1
in Iy except for a discrete subset.
This in turn implies, by the property of [,

(390) A(T 5) = Span{PrOJH(T—i-e) ‘ra(f] l}

in Iy except for a discrete subset.

Combining (3.89) and (3.90) yields the conclusion. O
Let
(3.91) M (1) be the orthogonal complement of J(7) in H(r).

Recall that J(7) is the limit of J(7,¢) as e — 04, see Lemma 3.12. It is
clear that for each 7 € I, there exists some &, > 0 such that one cannot
steer any ¢ € M (7)\ {0} at time 7 to 0 at time 7+ Typy +&-. The constant
e, can be chosen independently of ¢ € M(7) \ {0}, for example, one can
take e, so that J(7,e) = J(7) for 0 < € < e,/2. The analyticity of C is not
required for this purpose. Nevertheless, when the analyticity of C' in [ is
imposed, one can obtain a uniform lower bound for e, for 7 € Iy in a sense
which will be precise now. To establish this property, for 0 < ¢ < ¢ and
T € Iy, we first write J(7,¢) under the form

J(r,e)={p € H(7); Projs__ Projp ;1) T, () —Projy(, o) T, = 0}.
Since the operator
Proj, . Projy(.4e T{s — Projp(. 4 ’7:]5 is analytic in I
except for a discrete subset, which is removable,

one has, as in the proof of Lemma 3.8 (in particular the derivation of (3.82)
from (3.81)),

J(-,€) is analytic in Iy
except for a discret set, which is removable.

We derive that for each n € N with 1/n < 79, there exists a discrete subset
D,, of I such that(?

J(1,1/n) is analytic in I

except for a discrete set D,,, which is removable.

(12) Replacing 7o by 70/2 if necessary, one can even assume that D,, is finite.
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As a consequence, one has

(3.92) dim J(-,1/n) is constant in Iz \ D,,.
Set
(3.93) D= U D,
neN
1/n<vo

and fix 79 € Iy \ D. There exists 0 < €9 < 7y such that
J(&‘,To) = J(To) for 0 < e < eg.

It follows from Lemma 3.12 and (3.92) that, for 0 < € < gg and 7,7 € I\ D,
one has

(3.94) J(r,e)=J(r)  and dim J(7) = dim J (7).

We thus proved the following fact.

LEMMA 3.16. — There exists a discrete set D and 0 < g9 < g such
that('

dim M (1) = dim M (7") for 7,7 € I, \ D,
and one cannot steer any v € M (7)\{0} from time 7 to 0 at time 7+Tpt+€0
for € I\ D.

We now summarize the results which have been derived in this section.

PROPOSITION 3.17. — Assume that the assumptions of Theorem 1.5
hold. There exist an orthogonal decomposition of H(7) via H(7) = J(7) ®
M(7) for T € I, a discrete subset D of I5, and a constant £y > 0 such that
the following four properties hold:

(i) for ¢ € J(7), one can steer v at time T to 0 at time 7+ Ty, + 0 for
all 6 > 0;
(ii) for ¢ € M(7)\ {0}, there exists e; > 0 such that one cannot steer
@ at time 7 to 0 at time 7+ Tope + 6 for 0 < 0 < e4;
(iii) dim M (7) = dim M (') for 7,7’ € I\ D;
(iv) for 7 € Iy \ D, and ¢ € M(7) \ {0}, one cannot steer ¢ at time T
to 0 at time 7 + Topt + €o.

Proposition 3.17 also gives the characterization of states which can be
steered at time 7 to O at time 7 + T + 0 for all § > 0. Indeed, one has,
for 7 € I1:

(13) The set mentioned here is the union of the set D given in (3.93) and the set of 7 € I
such that dim H(7) is constant, which is discrete. For notational ease, we still use the
same notation D.
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for v € H(r)Lt U J(7), one can steer v at time 7 to 0 at time
T + Topt + 6 for all 6 > 0;

for v € M (1) \ {0}, there exists £, > 0 such that one cannot steer
v at time 7 to 0 at time 7 4 T4 4+ 6 for 0 < 9§ < e7.

3.4. Null-controllability in time 7T,,;  — Proof of Theorem 1.5

We first assume that 0 ¢ D (recall that D is defined by (3.93)). We
will prove that M(0) = {0} by contradiction, and the conclusion follows
from Proposition 3.17. Assume that there exists ¢ € M(0) \ {0}. Since
M(0) € H(0,T,ps + €0) by assertion (iv) of Proposition 3.17, it follows
from Proposition 3.7 that there exists a solution v(?) of the system

(3.95) 9,0t z) = B(2)d,0 0 (t,2) + C(t, z)v O (¢, x)
for (t,2) € (0, Tops + €0) x (0,1),
with, for ¢ € (0, Topt + €0),

(3.96) v (t,1) =0,
(3.97) 54 (0017 (£,0) = —BTS_(0)0'” (£, 0),
(3.98) vt =0,-)=¢ in (0,1).

Fix t1 € (g0/3,e0/2) \ D (recall that D is discrete). By Definition 3.5,
one has

U(O) (tlv ' ) € H(tlyTopt + €0 — tl)
This in turn implies that, since H(t1, Topt +€0—1t1) = M (t1) = H(t1, Tops +
o) by assertion (iv) of Proposition 3.17,

’U(O)(tla : ) S H(t17 Topt + 60)'
By Proposition 3.7 again, there exists a solution v(1) of the system
(3.99) 9,V (t, z) = B(2)d, oW (¢, 2) + C(t, z)o MV (¢, )
for (t,z) € (t1,t1 + Topt + €0) x (0,1),
with, for ¢ € (tl,tl + Topt + 60),

(3.100) v (t,1) =0,
(3.101) 54 (0)04"(£,0) = =BTS_(0)0" (¢, 0),
(3.102) oWt =1t1,-)=0vOty,-) in (0,1).
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Consider the solution v of the adjoint system (3.6)—(3.8) for the time
interval (0, t1 + Tope + €0) With v(ty + Topt + €0, - ) = v (£ + Topt + €0, *)
(backward system). One can check that

ot ) =vW(t,) fort € (t1,t1 + Tops + 0)
and, since v(l)(tl, 2) = v(©) (t1,-),
o(t, ) =vO(t,-) fort e (0,t).

For notational ease, we will denote this v by v(!). We thus proved that
there exists a solution v(") of (3.6)-(3.8) such that

'U(l)( . ]_) =0 in (07t1 + Topt + 50)’

and
v(0,-) =¢ in (0,1).

Continuing this process, there exist 0 =t < t; < - < ty_1 < Ty —
Topt < tn < B — Topt and a family of v with 1 < ¢ < N such that
tee I\ D,

(3.103) 9,00 (t, ) = B(2)0,0 0 (t, ) + C(t, 2)v D (¢, x)
for (t,z) € (0,t¢ + Topt + €0) % (0,1),

with, for ¢ € (0,ty + Topt + €0),

(3.104) v O(t,1) =0,

(3.105) 24 (0)01”(t,0) = —BTS_(0)0”)(t,0),
(3.106) vt =0,-)=¢(-) in(0,1),

and

g0/3 <ty —tp—1 < e0/2.

This implies, by Proposition 3.7, that one cannot steer ¢ from time 0 to 0
at time T7. We have a contradiction since the system is null-controllable at
the time T3. The conclusion follows in the case 0 € Iy \ D.

The proof in the general case can be derived from the previous case by
noting that, using the same arguments, one has

M(19) = {0} for 79 € Io \ D and 79 is close to 0.

The details are omitted.
The proof is complete. g
The proof of Theorem 1.5 also yields the following unique continuation
principle.
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PROPOSITION 3.18. — Let k > m > 1 and let B € B be such that (1.10)
holds for i = m. Assume that C; € ’H(I, [L"O(O,l)}nxn) for some open
interval I containing [0,T1]. Let 7 € I and T > T,p. Assume that 7+ T} €
I. Let v be a solution of the system
(3.107)  Ow(t,z) = X(x)0v(t, z) + C1(t, z)v(t, x)

for (t,x) € (1,7 +T) x (0,1),
with, forT <t <71+1T,

(3.108) v_(t,1) =0,

(3.109) Y4 (0)vg(t,0) = —BTY_(0)v_(t,0),
(3.110) vi(t,1) = 0.

Then v = 0.

Recall that Ty = 73 + 741 by (1.16).

Proof. — The conclusion of (3.18) follows from the proof of Theorem 1.5
applied to C(t, ) defined by ¥'(z) — C(t,z)" = C(t,z). O

The unique continuation result stated in Proposition 3.18 can be seen as
a variant of the unique continuation principle for the wave equations whose
first and zero-order terms are analytic in time due to Tataru-Hoérmander—
Robbiano—-Zuily. Our strategy was mentioned at the beginning of Section 3.
We do not know if such a unique continuation principle can be proved using
Carleman’s estimate as in the wave setting. It is worth noting that if this is
possible then the analyticity of C; in time must be taken into account by
Theorem 1.1. More importantly the conditions B € B and (1.10) holding
for i = m have to be essentially used in the proof process since it is known
that the unique continuation does not hold without this assumption even
in the case C; = 0. The advantage of Carleman’s estimate might be that
the analyticity of C is only required for a neighborhood of [0, Top] instead
of [07 Tl} .

Remark 3.19. — It is natural to compare the direct approach here with
the one involving the backstepping technique. In the time-invariant set-
ting, both approaches yield the same result since (1.10) with ¢ = m is
not imposed to establish the compactness of K(7) (see the first step of
the proof of Proposition 3.6). Nevertheless, (equivalent) control-forms ob-
tained from the backstepping approach are easier to handle/understand.
The analysis in this paper is strongly inspired/guided by such control-
forms. In the time-varying setting, one might derive the same conclusion
under the assumption that C is analytic in R and its holomorphic extension
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in {z € C; |S(2)| < v} is bounded for some v > 0. This quite strong as-
sumption on the analyticity of C' comes from the construction of the kernel
in the step of using backstepping.

4. Exact controllability in the analytic setting — Proof of
Theorem 1.6

Theorem 1.6 can be derived from Theorem 1.5, as in the proof of [18,
Theorem 3]. For the convenience of the reader, we reproduce the proof.
We first consider the case m = k. Let T' > Ty, be such that T' € I. Set

w(t,z) =w(T —t,x) forte (0,T), v € (0,1).

Then
@ (t,0) = B~'@4(t,0),

with w_(t,-) = (wag, - . ., wpe1) (T —t,-), and Wy (t,-) = (wp, ..., wy) (T —
t,-), and Eij = By, with p=k—i+1 and ¢ = k—j+ 1. Note that the i x 3
matrix formed from the first i columns and rows of B is invertible. Using
the Gaussian elimination method, one can find (k x k) matrices T1,...,Tn
such that

Ty - -TWB=U,

where U is a (k x k) upper triangular matrix, and T; (1 < i < N) is
the matrix given by the operation which replaces a row p by itself plus a
multiple of a row g for some 1 < ¢ < p < N. It follows that

B l'=U'Ty---T).

One can check that U~! is an invertible, upper triangular matrix, and
Ty - -+ T is an invertible, lower triangular matrix. It follows that the ¢ x i
matrix formed from the last 4 columns and rows of B~! is the product of
the matrix formed from the last i columns and rows of U ! and the matrix
formed from the last i columns and rows of Ty - - - T1. Therefore, B-leB
and (1.10) with B being replaced by B! holds for i = k = m. One can
also check that the exact controllability of the system for w(-,-) at the
time T from time 0 is equivalent to the null-controllability of the system
for w(-,-) at the same time from time 0. The conclusion of Theorem 1.6
now follows from Theorem 1.5 by noting that C'(- — T),-) is analytic in a
neighborhood of [0, T1].
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The case m > k can be obtained from the case m = k as follows. Consider

w(-,-) the solution of the system
By W(t, x) = S(x)0, (L, x) + C(t, 2)W(t, z),
w_(t,0) = §@+(t, 0), and w4 (¢,1) are controls.

Here
i = dlag(—:\\ —Xm,/):m_;,_l,...,j\\gm),
wit X —(14+m—k—jle ! for 1 <j < m— k with positive small ¢,
Aj = Xj—(m— k)lfm k+1<]<m and)\J+m—)\J+kf0r1 j<m,
Om k,m—k m k,n
Onm k (t,l‘) ’
and

D Imfk Omfk m
B = ’
(Omk,m B >,

where I, denotes the identity matrix of size £ x ¢ for £ > 1. Here 0; ; denotes
the zero matrix of size i x j for ,j,¢ > 1. Then the exact controllability of
w at the time T from time 0 can be derived from the exact controllability
of W at the same time from time 0. One then can deduce the conclusion
of Theorem 1.6 from the case m = k using Theorem 1.5 by noting that
the optimal time for the system of @ converges to the optimal time for the
system of w as € — 0. d

Appendix A. Hyperbolic systems in non-rectangle
domains

In this section, we give the meaning of broad solutions used to define
T(,T) and T (r,T) for T > Topt and thus to define 7(7) and T (7), which
are introduced in the proof of Proposition 3.6 and Proposition 3.7. We also
study their well-posedness and establish the boundedness and the analytic-
ity of 7(7) under appropriate assumptions. The key point of the analysis is
to find suitably weighted norms in order to apply the fixed point arguments.
This matter is non-standard and subtle (see Remark A.9). In this section,
we assume that & > m > 1 although the arguments are quite robust and
also work for the case m > k > 1 under appropriate modifications.

Let T > Top, F € [L(Qr)]"7", (f.9) € [L2(0,T)]" x [L?(0,1)]™, and
v € [LQ(QTJG,t)]". Recall that Qr is defined in (3.21) and Q = Qg . We
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first deal with the following system, which is slightly more general than the
system (3.31)—(3.36) with T,p being replaced by T

(A1) OQww(t,z) = X(x)0,w(t,z) + F(t,x)w(t, z) + v(t, x)
for (¢,z) € Qp,

(A.2) w(-,1)=f in (0,7),

(A3) wi(0,)=g in(0,1),

(Ad) w_ >x(t,0) = Qrwek,>k+m(t,0) fort e (T — 1, T — T)—1),
(A5)  w- >k-1(t,0) = Qr—1W<t—1,3k+m—1(t,0)

fort € (T — 151, T — Tk—2),

(A6)  w— >k—m+2(t,0) = Qu—mi2Wak—m+2,>k+2(, 0)
for t € (T — Tk,m+27T — Tk7m+1)~
Given a subset O of R? and a point (¢,7) € R?, we denote
(A7) O, ={yeR;(ty) €0} and 0, = {s €R;(s,z) € O}.
We next give the definition of the broad solutions of system (A.1)—(A.6).
DEFINITION A.1. — Let:
o T'> Ty, F e [L®Qr)]"";
e (f,9) € [L*(0,T)]" x [L*(0,1)]™;
e Y E [LQ(QT’]Q’,;)]”.
A vector-valued function w € Yy = [L*(Qr)]" N C([0,T]; [L*(Qr,.)]") N

C([0,1]; [L*(Qr,)] n) is called a broad solution of (A.1)—(A.6) if for almost
every (t1,&1) € Qp, the following conditions hold:(*)

(1) for1<j<k—m+1,

(A.8) wj(tl,fl)/ttl(F(s,:cj(s,t1,§1))w(5,xj(s,tl,&)))jds

ty1
+/ Vj(saxj(‘%tlué-l)) d8+fj(t)7
t

where t is such that z;(t,t1,&1) = 1;

(14) A function ¢ € L2(Q) is said to be in C([0, Topt]; L2(Q4)) if (tn) C [0, Topt] con-
verging to t then

lim (”f(tm )=t )2, nay TG iz, a0 TG )||L2(Qt\ﬂtn)) =0.

n——+oo

Similar meaning is used for C([0, 1]; L%(Q2)).
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(2) fork—m+2<j <k,

(A9) wj(tl,fl):/t1(F(s,xj(s,t1,§1))w(s,xj(s,t1,§1)))‘ds

+/t 1 Vi (57$j(3,t1,€1)) ds + f](t)v

ift € (0,T) where t is such that x;(t,t1,&1) = 1, otherwise
ty
(A]'O) wj(tlyfl) = / (F(&l’j(s,tl,fl))W(S7$j(S,t1,£1))> ,dS
i J

ty
+ / i (8, .13]'(8, t17 51)) ds + (Qlw<l,2l+m(ta O))ij,p
t

ift e (T — 7, T —71-1) where t is such that J?g(tAv t, &) = 0;
(3) fork+1<j<k+m,

(A1l) wji(t,6) = /ttl (F(s,xj(s,tl,fl))w(s,xj(s,tl,&))> “ds

J
+/ 1 Vi (saxj(87t1751)> ds + fj(t)a
t

ift € (0,T) where t is such that x;(t,t1,&1) = 1, otherwise
t1
(A12) wj(t1,61) :/ (F(&Ij(37t1,§1))w(57xj(S,fl,&))) ds
0 j

t1
+/ ’Yj(87xj(8at17§1)) d8+gjfk(77)7
0
where n € (0,1) is such that x;(0,t1,&1) = n.

Recall that the characteristic flow z; with 1 < j < k£ + m is defined
in (3.19) and (3.20).

In this definition, the term Q< >11m(t,0) in (A.10) is required to be
replaced by the corresponding expression in the RHS of (A.8), or (A.9),
or (A.11), or (A.12) with (Z,0) standing for (t1,£&;).

The well-posedness of broad solutions of (A.1)—(A.6) is given in the fol-
lowing theorem.

THEOREM A.2. — Let T > Tope, F € [L®(Qr)]"™", (f,9) € [L2(0,T)]"x
[£2(0,1)]™, and v € [L*(Qr,x,¢)]". There exists a unique broad solution
w € Yr of (A.1)-(A.6). Moreover,

(A.13) lwlly, < C(I1fllz20,0) + Ngllz20,1) + 1Vl L200))
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for some positive constant C' depending on an upper bound of ||F|| 5 (q),
T, and 3.

Here and in what follows, we denote
lwlly, = maX{ sup |[willr2(er.,), sup [[willp2er,); 1 <0< n}
z€[0,1] t€[0,T]

Remark A.3. — The analysis of Theorem A.2 can be easily extended to
cover the case where source terms in L? are added in (A.4)—(A.6).

t
T ,
Uk —m+1
T — Tk—m+1
Tre
Uy g
T — Ty
Qr
T— Ti4+1 Up+1
Qr
T— Tk
0 1 x

Figure A.1. Geometry of Q7 and I'rp with k —m +1 < ¢ <k for a
constant X.

Before giving the proof of Theorem A.2, let us introduce some notations.
For k—m+1 < ¢ < k-1, let Qr, be the region of Qr between the
characteristic curves of z, and 241 both passing the point (7, 1) in the at-
plane. We also denote Q7 j the region of Q7 below the characteristic curve
of xy, passing the point (7, 1) in the zt-plane. Let I'p p with k—m+1 < £ < k
be the boundary part of {7, formed by the characteristic curve of z,
passing the point (T, 1). See Figure A.1.

The proof of Theorem A.2 is based on two lemmas below. The first one
is the following.
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LEMMA A.4. — Let T>Top, F€[L®(Qr )" ", (f,9)€ [L2(0,T)]" x
[L(0, 1)]m, and vy € [L2(QT,;€)]”. There exists a unique broad solution
w € Yrx = [L2(Qrx)]"NC([0,T]; [L*(Qrk,)]")NC ([0, 1]; [L2(Q11,2)] ")
of the system
(A.14)  Oww(t,z) = X(z)0,w(t, x) + F(t, x)w(t,x) + (¢, )

for (t,x) € Qr,
(A.15) w(-,1)=f in(0,7),
(A.16) wy(0,-)=g in(0,1).

Moreover,

(A.17) [wllyr,. < C(I1flz20,m) +lgllz20,1) + 1Vl E2001))
for some positive constant C' depending only on an upper bound of

I F'|| Lo~ (0r.,) and T', and 3.

Here and in what follows, we denote, for k —m +1 < £ < k,

|wllyz, = maX{ sup |lwillz2(9z,.), SUP lwillL2(r, s 1 <0 < n}
z€[0,1] te[0,7)

The broad solutions considered in Lemma A.4 are defined similarly as

the ones of (A.1)—(A.6) given in Definition A.1 as follows.

DEFINITION A.5. — Let T > Topy, F € [L®(Qr)]" ", and (f,9) €
[LZ(O,T)]n x [L*(0, 1)]m, and v € [LQ(QTJC)]TL. A vector-valued function
w € Yry Is called a broad solution of (A.14)—(A.16) if for almost every
(t1,&1) € Qrk, the following conditions hold:

(1) for 1 < j <k,

(A18) wj(t1,&) = /tt1 (F(s,a:j(s,t1,§1))w(s,a:j(s,t1,§1))>j ds

ty
+/ ’Yj(svxj(sutlugl)) d8+fj(t)7
t

where t is such that z;(t,t1,&1) = 1;
(2) fork+1<j<k+m,

J

(A19) w;(t,6) = /ttl (F(s,:L'j(s,tl,fl))w(s,xj(s,tl,ﬁl))> ds

t1
+/ Wj(saxj(‘%tlué-l)) d8+fj(t)7
t
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ift € (0,T) where t is such that z;(t,t1,&1) = 1, otherwise

(AQO) w]‘(thgl):/o1(F(57xj(S,tl,gl))w(&93j($,f1,€1))>jdS
+/017j(87xj(8,t1,§1)) ds +g;-x(n),

where n € (0,1) is such that x;(0,t1,&1) = n.
Proof of Lemma A.4. — For v € [LQ(QT,;C)}”, set
Ty (v)(t, ) = eX"v(t,x) for (t,x) € Qry,

where L is a large positive constant determined later.
We now introduce

Ioler = max s [T,

Sup H(TU)Z'HB(QT,M); 1<i< n}

t€[0,T]
One can check that Y7 equipped with the norm | -|lq,, is a Banach
space. It is also clear that || - [|q,., is equivalent to || -|[y,, .

The proof is now based on a fixed-point argument. To this end, define
Fi from Yr i into itself as follows: for v € Y, and for (t1,&1) € Qp i and
1<ji<k+m,

(A.21) (fk(v))j(tl,gl) is the RHS of (A.18), or (A.19), or (A.20)

under the corresponding conditions.

We claim that, for L large enough, F, is a contraction mapping from Yz i
equipped with the norm || - /o, , into itself; and the conclusion follows then.

For v € Yr 1, one can check that F(v) € Vr .

Let v,w € Yr i be arbitrary. Fix & € [0,1]. Let 1 < j < k. We have for
(thfl) S QT’]C, by (A18),

(A.22) F(v);(t1,&1) — Flw);(t, &)

:/tt1 (F(s7xj(8,t1,§1))(ﬂ—w)(37$j(57t17£1))) ds,

J
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where t = t(t1,£1) is such that x;(¢,¢1,& ) = 1. This implies
2
[ @elresn.g) - Fwyn,a)f a
Qrk,eq

t
<C sign(t — 1) / ey — w|? (s, (s, t1,&)) dsdty,

Q1 k,¢q t1

where sign(f) = 1 if § > 0 and —1 if § < 0. Here and in what follows in
this proof, C' denotes a positive constant which depends only on an upper
bound of [|F||p=q,,) and T, and ¥, and can change from one place to
another.

Since

ey — w|2(s, xj(s,t1, 51))
— 62L(€1—C’Jj(svtlvfl))GQLl'j(S»tl751)|U _ w|2 (87 :L'j(s, tl,&)%
and, for s between t; and t,
&1 —xj(s,t,6) <O,

by a change of variables x = xj(s7t1,fl),(15) one obtains, for 1 < j <k,
2
/ | F(0)j(tr,&1) = F(w);(t, &)]” dty
Q1 kgy

(A.23) <C &= 2Ly, |2 (s, ) ds da
Qr kw281

C

<o —wl,,.

We next consider £+ 1 < j < k + m. Using (A.19) and (A.20), similar
to (A.23) for 1 < j < k, we also reach (A.23) for k+1 < j < k+ m.
Combining this with (A.23) for 1 < j < k yields

2 C
(a2 [ @OF@.6) - Fu)f dn < Flo—ulf,
T,k,&1

Fixt, € [0,7]. Let 1 < j < k. From (A.22), we obtain, for (t1,&1) € Qry,
/Q L4 | F(v) (01, &) — Flw); (1, )| déa

¢
<C sign(t — 1) / e ey — w? (s, (s, t1,&)) ds dty.
t1

Qr 1.ty

(15) x; is continuously differentiable with respect to s,t1,&1 when (s, t1,£1) is in Q

since ¥ is of class C2.
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Similar to (A.23), we obtain, for 1 < j < k,
[ erelreng) - Fuin. el
Q1 Kty
(A.25) <C e2LEi=)e2L |y, 4y)2(s, ) ds dty
Qr k281
< Z”v - w”?zT’k'
Using (A.19) and (A.20), similar to (A.25) for 1< j <k, we also reach (A.25)
for k+1 < j < k+ m. Combining this with (A.25) for 1 < j < k yields

(a26) [ O R 6) - Pt )] 6 < Flo— ully,

The claim now follows from (A.24) and (A.26). The proof is complete. [

The second lemma used in the proof of Theorem A.2 is the following.

LEMMA A.6. — Letk—m+1 < £ <k—1,T > Topy, F € [L=(Qr,0)]""",
v € [L*(Q)]", and hj € L*(Tr41) for 1 < j < k+m and j # (+1. There
exists a unique broad solution

w e Vs = [2@n)]" nC(0. 7% [L2(@0)]") (0.1 [L2(Ore)]")
of the system
(A.27) Oww(t,x) = E(x)0pw(t,x) + F(t, z)w(t, z) + v(t, x)
for (t,x) € Qrg,

(A28) wj=h; onTpypq, forl<j<k+mandj#{+1,
(A29) w_>041(0,-) = Qerrweryr shyerr fort € (T —1p40, T — 7).
Moreover,

”wHyT,z < C( Z ||hj||L2(FT.Z) + ||7||L2(QT,Z)>

1<j<k+m;j#£l+1

for some positive constant C' depending only on X, the upper bound of T
and an upper bound of || F'[| e (qy.,)-

Remark A.7. — The analysis of Lemma A.6 can be easily extended to
cover the case where source terms in L? are added in (A.29).

The broad solutions considered in Lemma A.6, which are in the same
spirit of the ones in Lemma A.4, are defined as follows.
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DEFINITION A8. — Let k—m+1 < L < k-1, T =2 Top, F €
[LOO(QTVZ)]HX’”, v e [L2(QT74)]n, and hj S LZ(FT/_H) for1<j<k+m
and j # ¢+ 1. A vector-valued function w € Yr 4 is called a broad solution
of (A.27)—(A.29) if for almost every (t1,&1) € Q¢ the following conditions
hold:

(1) for1<j<landfork+1<j<k+m,

(A30) wj(t1,6) = /tt1 (F(s7xj(s,tl,fl))w(&xj(s,tl,fl))> “ds

J
t1
+/ ’Yj(S,Z‘j(S,tl,fl)) dS—‘rhj(t),
t

where t is such that z;(t,t1,&1) € Trpy1;
(2) for t4+1<j <k,

(A31) wj(ts,&) = /;1 (F(s,xj(s,h,&))w(s,xj(s,th§1))>j ds

t1
+/ v (s, 25(s,t1,&1)) ds + (Q£+1w<e+1,>£+m+1)j_g(ta0)
t

ift € (T — 7441, T — 7)) where t is such that x;(t,t,,&) = 0,
otherwise

(A32) wj(t,&) = /tt1 (F(s7:Ej(s,tl,fl))w(&mj(s,tl,fl))) “ds

J
t1
—|—/ ’}/j(S,Z‘j(S,tl,fl)) dS—‘rhj(t),
t
where t is such that z;(t,t1,&1) € T'p 1.

As in Definition A.1, the term Qi 1w<pi1 >erme1(,0) in (A.31) is re-
quired to be replaced by the corresponding expression in the RHS of (A.30)
with (,0) standing for (,&;).

Proof of Lemma A.6. — The key part of the proof is to introduce an
appropriate weighted norm, which is adapted to the geometry and the
boundary conditions considered, for which the fixed point argument works
(see Remark A.9 for comments on this point).

We begin with the case where ¥ is constant. For 1 < j < k +m, let ¥;
be the unit vector parallel to the characteristic curve of x; directed to the
boundary for which the boundary condition for v; is given (vU; is parallel
to (1,%,;)7 in the xt-plane). Set

Gi={0; 1<j<l k+1<j<k+m} and Go={0;; (+1<j<k}.
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Here are some useful observations. There exist two non-zero vectors 4; and
1o such that:
(al) Gy UGy U {u;} lies strictly on one side of the line containing is;
(a2) G is a subset of the open, solid, cone centered at the origin and
formed by w; and s, i.e., in the set {5112'1 + SoUs; S1,82 > O};
(a3) G2 is a subset of the open, solid, cone centered at the origin and
formed by @ and —1s, i.e., in the set {s1d; — s@z; s1,s2 > 0}.
(For example, one can choose ii; = (0, —1)T and 3 is close to ¥, but with
a larger slope in the zt-plane, see Figure A.2.)

T—Tg

T — 71

Figure A.2. Geometry of ¥; for 1 < j < n, and @; and iy for Q7
when ¥ is constant.

We are ready to introduce the weighted norm used. For v € [LQ(QT,E)] "
set

(A.33) Ty(v)(t, x) = el Dyt 2)  for (t,x) € Qry,
where y1 (¢, z) is the first component of (y1,y2)(¢, 2) which is the coordinate

of (t,x) corresponding to the basis @; and @z (in the xt-plane).
We now introduce

(A34) v]ay, = maX{le[g?l]||(Tw)i||Lz<nT,e,,>’

N X P R A

One can check that Y1 ¢ equipped with the norm || - |, , is a Banach space.
It is also clear that | - [, , is equivalent to || - ||y, ,.

The proof is now based on a fixed point argument as in the one of
Lemma A.4. To this end, define F; from Y7, equipped with the norm
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Il lor, into itself as follows: for v € Yr , and for (t1,£1) € Qr,
(A.35) (}"g(v))i(tl,fl) is the RHS of (A.30), or (A.31), or (A.32)

under the corresponding conditions.
Fix & € [0,1]. Let 1 € j < Lork+1 < j < k+ m. We have, for
(tlvgl) € QT,Za by (A30),

(A.36) F(v);(t1,&1) — F(w);(ts, &)

— /ttl (F(s7xj(s,t1,§1))(1} - w) (s,xj(s,tl,ﬁl)»j ds,

where t is such that x;(¢,t1,&1) € T'pg41. This implies

(A.37) /Q PL ) | F(0) (11, €1) — Flw); (0, &) dty
T,2,61

¢
< C’/ sign(t — tl)/ vty w|?(s,z;(s,t1,&)) ds dty.
Qr.e.¢,

t1
Here and in what follows in this proof, C' (resp. ¢) denotes a positive con-
stant which depends only on an upper bound of || F'|| < (q,.,) and T', and %,
and can change from one place to another.
We have
(A.38) ety — wl*(s, (s, t1,&))

— eQL(yl(t1751)—y1(Svﬂﬁj(s»h751)))€2Lyl($7$1(37t1751))|U _ w|2 (87 SL‘j(S, t1,€1)),

and, for s between t; and t,

(A39) yl(tlvgl) -0 (87xj(s7t17§1)) < _C‘gl - $j(37t1a§1)|

by (a2) and the definition of Gj.
Making a change of variables z = x;(s,t1,£1), we derive from (A.37)
that, for I<j<lork+1<j<k+m,

(A40) /Q ezLyl(tl’El)|]:(’U)j(t1,§1) — f(w)j(t1,£1)|2dt1
T,0,61

C
<C e—cL|51—x\62Ly1(s7x)‘v _ ’U)|2<S,.’1?) dsdz < E”v _ wll%T’[
QT

We next deal with £+ 1 < j < k. Set
QT,E,&,I = {tl S [07T}; (A?)l) hOldS}

and
QT7g)51,2 = {tl < [O,T]; (A32) hOldS}
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We have, by (A.31), for t1 € Qr e, 1,
F(v);(tr, &) — F(w);(tr, z1)
t1
(A.41) = /t (F(s,xj(s,tl,&))(v —w) (s,xj(&tl,fl)))j ds
+ (Qe41(v — w)<e+1,>z+m+1)j_g(£ 0)

where T = tA(tl,fl) is such that xj(?, t1,&) =0.
We next estimate

t
/ sign(t —t;) / e2lyi(tg))y, w|*(s,z(s,t1,&1)) ds dt;.
Q0611

ty
We have, for s between ¢; and ,

(A.42) yi(t1, &) —yi (s, @j(s,t1,€1)) < —clér — (s, 11, &)

by (a3) and the definition of Gs.
Making a change of variables © = x;(s, t1,&1), we derive from (A.38) that

t
/ sign(t — t1) / e vi(ti&a) )y, w|? (s, (s, t1,&)) dsdty
QT 0611

t1

<C e~ b2l o=2Lyi(s,2) 1)y )2 (s, ) ds du.
Qr

This implies

t
(A.43) / sign(t — t;) / vty g2 (s,2j(s,t1,&)) dsdty
Qr.06y

ty
C
< Sl —wi,.

By (A.40), we also have
N —~ 2 o~
(A.44) / e E0NQu 1 (v —w) <ot semr (0] dE
Q.0

< Z”v - w”?zT,l'

Using (A.42), and making a change of variable ¢ = £(t1, &), we derive that
~ 2
(A.45) / eLyl(t1’51)|Qe+1(v_w)<£+1,>e+m+1(t(tlafl)»o)| dty
QT 0,64

N ~ 2 .~
<C e2Lu(t0) |Qer1(v — w)cpg1,>04m+1(8,0)|” dt.
Qr.e0
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Combining (A.31), (A.43), (A.44), and (A.45) yields, for £ +1 < j <k,
(A.46) / 2L 080 | F () (1, 61) — Flw);(tr, 21)|* dty

Q0601

C
< Zlo-wlf,,.

Using similar arguments, we also obtain, for £+ 1 < j < k,

C
< Z”U - w”?}r)('

C
< Z”v - w”%T’['

C

< Flo—wld,,

For t1 € (0, Topt), by the same approach used to derive (A.49), we also have
(A.50) / L) | F(0) (t1,6) — F(w)(ty, 21)| d&y
Qr 0ty

< Z”U - w”?)T’['

The conclusion in the case where 3 is constant now follows from (A.49)
and (A.50).

We next make necessary modifications to derive the conclusion in the
general case. The idea is to find a replacement for y; (¢, ) which is increasing
when one follows the characteristic flows directed to the boundary for which
the boundary conditions are imposed. To this end, for 1 < j < k 4+ m, let
U; = U;(t, x) be the unit vector tangent to the characteristic curve of x; at
the point (¢, z) directed to the boundary where the boundary condition for

v; is given. The vector ¥;(t,x) is parallel to (1,Z.jj(x))T in the zt-plane
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so that one can choose it independent of ¢ and in fact, we will do. We will
denote it by ¥;(z) from now on. Set
Gi(z) = {;(x); 1<j <L k+1<j<k+m}
and
Ga(x) = {ﬁj(a:); l+1<j5< k}
Let ¢(x) be such that vy(z) is parallel to and has the same direction with
(gp(x), l)T. Set, in the zt-plane,

ﬁl(x) = (07 _1)T7
and

ir(z) = (p(z) — 1),

where ¢ is a constant that is positive and sufficiently small, the smallness

of € is independent of x, such that, ¢(x) > 2, and:
(al) G1(z)UGa(x)U{d(z)} lies on one side of the line containing @ (x);
(a2) Gi(x) is a subset of the open solid cone centered at the origin and
formed by @ () and @ (), i.e., in the set { s, (z)+s2U2(x); 51, 52>

053
(a3) G}Q (x) is a subset of the open solid cone centered at the origin and
formed by @ (z) and —iz(z), i.e., in the set {s1@(z) — s2ilz();
81,82 > 0}.
Fix such a positive constant . For a point (zo,t) € Qre, let (z(s),t(s))
for s € [, B] C R be a (piecewise) C! regular curve in Q74 (in the zt-plane)
starting from (7', 1) and arriving at (zo,%p).'®) We first claim that

(A51) /j Y1 (x’(s),t’(s),x(s),t(s)) | (x’(s),t’(s)) ’ ds depends on (tg, xo)
but is independent of the curve and the parametrization.
Here y1 (t'(s), 2/ (s), t(s), z(s)) is the first coordinate of the vector
(t'(s),2'(5)) /| (t'(5),2"(s))]

in the bases @1 (¢(s), z(s)) and @2 (¢(s), z(s)).
We now establish the claim. For notational ease, we assume that

‘(t’(s),x’(s))‘ =1.
We first compute y; (¢'(s), 2’ (s),t(s), z(s)). Let a and b in R be such that
(2'(s),'(s)) = a(0,—1) + b(p(z(s)) —¢,1).

(16) Regularity means that (2'(s),t'(s)) # (0,0) for s € [a, B] such that (z'(s),t'(s)) is
well-defined.
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‘We have
N 0
t()+cp(x(s))75 and b cp(xs) —¢
Thus ‘s)
Y1 (t'(s),x’(s),t(s),x(s)) = _t/(s) + <p(m 5)) —e
It follows that
B
(A.52) / o (2 (), ' (5), 2(s), 1(s)) ds = —to + B(z),

where c
1

The claim is proved.

Define
Ylt QTyg — R,

(t,z) — —t + D(x).

The proof in the general case follows as in the constant case with Ty now
defined by

(A.53) Ty(v)(t, ) = X1 Dy (¢ ).

One just notes that (A.39) and (A.42) hold with y; replaced by Y7. Indeed,
one has

Yl (Sa mj(svtbgl)) - Yl(thfl)

= / U1 (86333'(9,751,51)7 1a‘rj(07t17£1)a 9) ’ (aexj(97t17§1)a 1) ‘ dé

ty

2 CSlgH(S - tl)/ Y1 (’l_;j (xj(67t17£1))7 1u 'rj(97t17£1)7 9) dé

t1

Z
> Claj(s,t1,&) — &
The details are omitted. O
We are ready to give the following.

Proof of Theorem A.2. — We first prove the uniqueness. Assume that
f =0,9g =0, and v = 0. Then the restriction of w into Qr is 0
by Lemma A.4. It follows that the restriction of w into Q7 r_1 = 0 by
Lemma A.6, ..., the restriction of w into Q7 y_my1 = 0 by Lemma A.6.
Therefore, w = 0 in Q7.

To establish the existence, we proceed as follows. Let w®) be the unique
broad solution in Qrj corresponding to (f,g), let w*=1 be the unique
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broad solution in €} ;_; where the data on I'r; come from w(k), ey
let wF=m+1) he the unique broad solution in Q7 j_p,+1 where the data on
I'7 k—m+2 come from wk—m+2) (A7) The corresponding solution is obtained

by gluing these solutions together. The proof is complete. O

Remark A.9. — The introduction of appropriately weighted norms plays
a crucial role in the proof of the well-posedness of broad solutions consid-
ered so far in this section, in particular in the proof of Lemma A.6. The
introduction of weighted norms in order to be able to apply the fixed point
argument used in establishing the well-posedness of the hyperbolic system
is not new. The standard one is e~%* where L is a large positive number,
see e.g. [36, (1.18), p. 78] or [6, (3.36), p. 50], while the weight =% is
used in [10, 51] to prove exponential stability; see also [8, V' defined in Sec-
tion 3.2] for the Euler equations of incompressible fluids. In [16], we used
the weight e~ F1#~ L2t where L; and Ly are two large positive numbers with
Ly being much larger than L;. The introduction of e~%1® in the weight
is to handle the non-local term from the boundary condition imposed on
the right (at « = 1) considered there. In these settings, ¢-direction has a
privileged role. In the settings considered in this section, the domain is
not a rectangle with respect to ¢t and z, and the boundary conditions are
quite complicated. Therefore, the time direction and the space direction
play almost the same role here. In the setting of Lemma A.4, the privileged
direction is z-direction so the weighted norm is chosen of the form e®. In
Lemma A.6, the new weighted norm introduced in (A.34) with T, given
by (A.33) or (A.53) adapts the geometry and the boundary conditions, im-
posed in a nontrivial way. It is interesting to note that Y; is a non-linear
function of ¢ and x. The analysis here is inspired by [16] (see also [17]).

As a consequence of Theorem A.2, we can prove the following result.

PROPOSITION A.10. — Let C € [L>(I x (O,l))]"xn for some open
interval I containing [0, T1]. Define, for T € Iy, where I is defined by (3.11),

T(7): [L2(0,Tope)] " x [L%(0,1)]" — ¥
(f,9) — w,

where w is the solution of (3.31)—(3.36). Then T () is uniformly bounded
in I. Assume in addition that C' € H(I, [L>(0, 1)]nxn). Then T(-) is
analytic in I.

(A.54)

(17) The data coming from w(*) on Trgy oons wlk=m+2) on 't k—m+2 are given by
the RHS of (A.18)-(A.20) in Definition A.5 for (t1,£1) € Ik, and (A.30)-(A.32) in
Definition A.8 for (t1,&1) € I'pp with £ =k —1,...,k —m + 1, respectively.
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Proof. — By Theorem A.2, for each (f,g) € [L?(0, 1)}” x [L?(0, 1)]m,
there exists a unique broad solution w € Y of (3.31)-(3.36). Hence 7(7) is
well-defined. The uniform boundedness of 7 is also a direct consequence of
Theorem A.2, in particular of (A.13).

We next deal with the analyticity of 7 and thus assume that C' €
H (I, [L>(0, 1)]nxn). Fix 79 in a sufficiently small neighborhood of I; (in
the complex plane). We will prove that T is differentiable at 7o in the
complex sense. For notational ease, we will assume that 7y = 0.

Fix (f,g) € [L*(0, Tope)] " x [L2(0,1)]". Set w™) = T(7)(f,g) in Q for 7
in a small neighborhood (in the complex plane) of 0 and let v € Y be the
unique broad solution of the system

(A.55) v (t,x) = B(x)00(t, x) + C(t, x)v(t, z) + Cr(t, 2)w (¢, z)
for (¢,x) € Q,
v(-,1) =0 in (0,Topt),
v(0,-) =0 in (0,1),
V- >k(t,0) = Qrvck,>k+m(t,0)  for t € (Topt — T, Topt — Th—1),
V_ >k—1(t,0) = Qr—1V<k—1,3k4+m—1(t,0)

for t € (Topt — Tk:—lyTopt - Tk_g),

(A.60) v— >k—m+2(t0) = Qk—mi2V<k—m+2,k+2(t; 0)
for ¢ S (Topt - TkrferQaTopt - Tk7m+1)~
Here C,(7,z) denotes the derivative of C(r,z) with respect to 7 in the

complex sense. The existence and uniqueness of v follow from Theorem A.2.
We claim that

(A.61) the derivative of T at 0 is given by 7; where T1(f,g) =v in Q

(the derivative of T is considered in the complex sense). To this end, for 7
in a small neighborhood (in the complex plane) of 0 but not 0, we consider
dw € Y defined by

1
dw = —(w™ —w® —7v) inQ.
T

Then dw € Y is a broad solution of the system
(A.62) Odw(t,z) = X(v)0zdw(t, z) + C(t, z)dw(t, x)

+ 1(C(lt +7,2) — C(t,2))w ™ (t, ) — C,(t,2)w D (t,z) in Q,
-
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and (A.56)—-(A.60) hold with v replaced by dw. We derive from Theo-
rem A.2 that

C(”w(T)”LQ(Q) + ||w(0)||L2(Q))
C(I1 £l £20,70pe) + gl £2(0,1))-

Using the definition of dw, we can write the last two terms in (A.62) under

dw
(A.63) [dwlly

NN

the form

1 (C(t+7,2) — C(t,z)) (w(o) + rdw + Tv) — C(t, w0 (t, z)

-
1
(A.64) = —(C(t+7,2) — C(t,x) — 7C.(t,z))w O (t,x)
T
1
+ = (C(t +7,2) — C(t, x)) (rdw + Tv).
T
Note that the L?(2)-norm of the RHS of (A.64) is bounded by
C|T|(”w(o)”L2(Q) + Hdw||L2(Q) + ||U||L2(Q))-
Applying Theorem A.2 again, we derive from (A.63) that
(A.65) Jldwlly < Clrl(lw @l z(0) + [0l 2 (@) 1|2 0,10p0) T 190 2200.1) -
By noting that

1w 220y + [0l p2) < C(IF L2000 + l9llz2(0,1))
claim (A.61) follows from (A.65). The proof is complete. O

Remark A.11. — Let C' € [L>(I x (0,1))]""" for some open inter-
val I containing [0,71]. One can prove that 7 (7) is strongly continu-
ous, i.e., T(T)(f,9) = T(70)(f,g) in Y as 7 — 79 in I; for all (f,g) €
[L2(0, Topt)] " x [L%(0,1)]™. Indeed, let us assume that 7o = 0 for no-
tational ease. Set w(™ = T(7)(f,g) in Q for 7 € I, and for (f,g) €
[LQ(O,TOpt)}n X [LQ(O,l)]m. Denote dw = w(™ — w©® in Q. We have,
in

Opow(t, z) = L(x)0,0w(t, x) + C(t + 7, z)dw(t, )
+ (C(t+7,2) — C(t,2))wO(t, ),

and dw satisfies the same boundary conditions as dw. Applying Theo-
rem A.2, one has
[dwlly < Cliglirzo),

where g(t,z) = (C(t + 7,z) — C(t,z))w®(t,z). Since ||g|[r2() — 0 as
7 — 0, the conclusion follows.
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We next discuss the broad solutions used in the definition of 7\'(7, T)
with T' > Topt, and their well-posedness. Let F' € [LOO((O, T) x (0, 1))]”X”,
(f,g9) € [LQ(O,T)]n x [L*(0, 1)]m, and let ¢ € [L?(0, 1)]k_m.(18) Consider
the system
(A66) O(t,z) = X(x)0,w(t,x) + F(t,z)Ww(t, x) + v(t, z)

for (t,x) € (0,T) x (0,1),

(A67)  w(-,1)=f in (0,T),

(A.68) 1wy (0,-)=g in (0,1),

(A69) w;(T,-)=¢; in(0,1),for1<j<k—m,

(A70)  W_ k(¢ 0) = QrW<k,>k+m(t,0) forte (T —7, T — T—1),
(A1) - >k-1(1,0) = Qr-1W<-1,3k+m-1(t, 0)

fort € (T — -1, T — Th—2),

(A72) W sp—m+2(t,0) = Qr—mi2W<k—m+2,>k+2(t,0)

fort € (T — Tk—mt2, T — Th—m+1)s
(A73)  W- sk-m+1(t,0) = Qr—mt1W<k—m+1,35+1(t, 0)

fort € (T — Th—my1, T)-

We have the following result, which implies the well-posedness of 7@(7'7 7).

THEOREM A.12. — Let:
o T > Top;

F e [L>=((0,T) x (0,1))]""";
(f,9) € [L2(0,1)]" x [L*(0,1)]"™;
g € [L2(0,1)]" ™19
v € [L2((0,T) x (0,1))]".

There exists a unique broad solution

(AT4) @ € Yr = [L*((0,T) x (0,1))]" N C([0,T]; [L*(0,1)]")
nc([0,1]; [L*(0,7)]")
of (A.66)—(A.73). Moreover,

@]y, < C(Ifllz20,1) + ll9llz20,0) + llallz20,0) + 1Vl L2¢0,1) % (0,1)))

(18)
(19)

q is irrelevant when k = m.
q is irrelevant when k = m.
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for some positive constant C' depending only on an upper bound of ||F|| s,
and T, and X.

Here we denote

sup @il 0my, sup 1@illzeony; 1 <6 < n}
z€[0,1] te[0,T]

Il = max{

Remark A.13. — The analysis of Theorem A.12 can be extended to cover
the case where source terms in L? are added in (A.70)—(A.73).

The definition of broad solutions @ € Y7 of (A.66)—(A.73) is similar to
the one given in Definition A.1 and left to the reader. The proof of (A.12) is
similar to the one of Theorem A.2. Nevertheless, in addition to Lemmas A.4
and A.6, we also use the following.

LEMMA A.14. — Let T > Topt. Set Qp j—m = [0, T]x (0, 1)\Qr. Let F €
[LOO(QT,kfm)]nxn; v € [L3(Qrk-m)]"s hj € LA (D1 j—ms1) for 1 < j <
k+mandj #k—m+1, and let g; € L*(U'r j—p,) for 1 < j < k—m where
Trg—m = {T}x(0,1). There exists a unique broad solution w € Y _m, =
[LQ(QT’k,m)] " ﬁC([O, T], [LQ(QT’k,m’t)} n) ﬁC([O, 1}; [L2 (QT,kfm,m)] n) of
the system
(A.75)  Ow(t,x) = Z(x)dw(t,x) + F(t, z)w(t, z) + v(t, x)

for (t,x) € Qp j—m,

(A76) wj=h; onTpg_myr, for1<j<k+mandj#k—m+1,
(AT7) wj=q; onTri_pm, for 1 <j<k—m,
(A78)  w_ 5k—m+1(0,+) = Qk—m+1W<k—m+1,>k+1
(A.79) fort € (T — Tj—m+1,T).
Moreover,
[wllyr o < C( > 7l L2 (0 i)
1<j<k+m;j#k—m+1

+ Y ||(Ij||L2(FT,km)+||7L2(QT,km)>v

1<j<k—m
for some positive constant C' depending only T', 3, and on an upper bound
of | Fl| Lo (i)
Recall that £ > m > 1 in this section.

Remark A.15. — The analysis of Lemma A.14 can be extended to cover
the case where source terms in L? are added in (A.79).
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Proof. — The proof of Lemma A.14 is similar to the one of Lemma A.6.
We just mention here how to define Gi, G2 and determine uj and sy in
the general case (2 is not required to be constant). For 1 < j < k+ m, let
U; = U;(t, x) be the unit vector tangent to the characteristic curve of x; at
the point (¢, ) directed to the boundary where the boundary condition for
v; is given. The vector ¥;(t, z) is parallel to (1,%; (sc))T in the xt-plane so
that we can choose it independent of ¢ and in fact, we will do. We denote
it by ¥;(x) from now on. Set

Gi(z) ={0;(z); 1<j<k—m, k+1<j<k+m}
and
Ga(z) = {U;(x); k—m+1<j <k}
Let ¢(x) be such that ¥ (x) is parallel to and has the same direction with
(gp(x), 1)T. Set, in the xt-plane,

() = (0,-1)7,
and
iy (z) = (p(z) —¢, 1)T if k > m, otherwise i3 = (1,0)",
where € is positive and sufficiently small, the smallness of € is independent
of x, such that, ¢(z) > 2¢ (the choice of ¢ is irrelevant when k = m), and:
(al) G1(z)UGa(x)U{d ()} lies on one side of the line containing @ (x);
(a2) Gi(x) is a subset of the open solid cone centered at the origin and
formed by u;(z) and @s(x);
(a3) Ga(x) is a subset of the open solid cone centered at the origin and
formed by u;(z) and —is(x).

The rest of the proof is then almost unchanged and left to the reader. O
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