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FROM 3-DIMENSIONAL SKEIN THEORY TO
FUNCTIONS NEAR Q

by Stavros GAROUFALIDIS & Thang T. Q. LE (*)

ABSTRACT. — Motivated by the Quantum Modularity Conjecture and its arith-
metic aspects related to the Habiro ring of a number field, we define a map from
the Kauffman bracket skein module of an integer homology 3-sphere to the Habiro
ring, and use Witten’s conjecture (now a theorem) to show that the image is an ef-
fectively computable module of finite rank that can be used to phrase the quantum
modularity conjecture.

RESUME. — Motivé par la conjecture de modularité quantique et par ses as-
pects arithmétiques liés & ’anneau d’Habiro d’un corps de nombre, nous définissons
une application du module d’écheveau d’une 3-sphére d’homologie vers ’anneau
d’Habiro. Nous utilisons la conjecture de Witten, qui est désormais prouvée, pour
montrer que 'image est un module de rang fini explicitement calculable. Cette
construction est utilisée pour reformuler la conjecture de modularité quantique.

1. Introduction

1.1. Skein theory, the Habiro ring and the Quantum Modularity
Conjecture

The paper concerns a connection between three concepts of rather dif-
ferent nature:

(a) 3-dimensional skein theory on a closed 3-manifold,

(b) functions near Q and,
(c) the Quantum Modularity Conjecture.

Keywords: knots, links, 3-manifolds, Jones polynomial, Kauffman bracket, skein theory,
Witten’s Conjecture, Habiro ring, Quantum Modularity Conjecture, Volume Conjecture,
functions “near” Q, character varieties.
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2 Stavros GAROUFALIDIS & Thang T. Q. LE

The first of them, the Kauffman bracket skein module S(M) of a 3-
manifold M, goes back to Przytycki [39] and Turaev [43] in the 1990s. It is a
(non-finitely generated) Z[g*'/4]-module associated to a 3-manifold whose
generators are framed links, in the spirit of Conway’s interpretation of knot
invariants and the skein theory of the Jones polynomial. This fruitful idea
has been studied and extended by many authors including Bonahon-Wong,
Frohman-Kania—Bartoszynsk a and the second author [8, 15].

The second involves a completion

1) Zl=tm 2/, (@0 =[] 0-7)

of the polynomial ring Z[q] discovered by Habiro in the early 2000s (the
so-called Habiro ring) [24] whose elements have remarkable arithmetic pro-
perties. An element of the Habiro ring gives a function “near” Q, that
is, a collection of formal power series fc(q) € Z[(][g — ¢] for every com-
plex root of unity ¢ which satisfies integrality and congruence properties
and allows to arithmetically compute one series f¢(¢) from another one.
Although these functions near Q are not analytic in the usual topology of
the complex numbers (nor are these power series convergent), they are ana-
lytic from the arithmetic point of view. The Habiro ring was motivated by
the quantum 3-manifold invariants and provides a natural home for them.
Indeed, two important quantum invariants defined on the set of complex
roots of unity, namely the Kashaev invariant of a knot in S% and the WRT
invariant of an integer homology 3-sphere associated to a simple Lie alge-
bra can be lifted to elements of the Habiro ring. The former statement was
shown by Huynh and the second author [27] (see also Habiro [25]) and the
latter by Habiro for sly [25] and by Habiro and the second author for gen-
eral simple Lie algebras [26]. The values at complex roots of unity and the
coefficients of their power series expansions of these functions “near” Q (as
were called in [21]) carry remarkable analytic information of the elements
of the Habiro ring and the corresponding 3-manifolds that they come from.

And this brings us to the third concept, namely to the Quantum Modu-
larity Conjecture of Zagier and the first author [21, 22]. This is a more
recent, lesser known and conjectural topic which to a 3-manifold M
associates a matrix Jys of functions “near” Q (that is power series at each
root of unity) with interesting analytic and arithmetic properties. This con-
jecture for a 3-manifold with torus boundary (such as a hyperbolic knot
complement) implies Kashaev’s celebrated Volume Conjecture [28] to all
orders in perturbation theory and with exponentially small terms included.

ANNALES DE L’INSTITUT FOURIER



FROM 3-DIMENSIONAL SKEIN THEORY TO FUNCTIONS NEAR Q 3

At the same time, the conjecture predicts that the arithmetically defined
power series at each root of unity glue together to elements of the Habiro
ring of a number field, allowing to recover a series at one root of unity from
another one as is investigated currently [20].

An extension of this conjecture for closed 3-manifolds was studied by
Wheeler in his thesis [45], and it is this case (even more the case of an
integer homology 3-sphere) that we will focus on. For such manifolds, the
rows and columns of the matrix Jy; are expected to be parametrized by
the space

(1.2) X»r = Hom (m(M), SQL(C)) /SL(C)

of SLy(C)-representations of (M) modulo conjugation when Xj; is
0-dimensional and reduced. Xj; has a distinguished element o, the tri-
vial representation which determines a distinguished (top) row and (left)
column of Jy;. When M is hyperbolic, X, contains a lift o1 of the discrete
faithful PSLy(C)-representation. The elements of the (top) row of Jy; are
expected to belong to the Habiro ring, and for a hyperbolic 3-manifold M,
the element of Jy,6,0, is supposed to be the WRT invariant, considered
as an element of the Habiro ring [25]. In fact, Q(g)-span of the elements of
the first row of Jj; are expected to define a topological invariant of M, and
all elements Jys,5,,0 Of the first row of Jys, like the distinguished element
IM 00,01, are supposed to satisfy a generalization of the Chen—-Yang Vol-
ume Conjecture to all orders, and with exponentially small terms included.
The elements Jps,6,,0 0f the og-row of Jys were called “descendants” of the
WRT invariant of a closed 3-manifold [21, 45].

All that may be interesting, however the indexing set X, of the rows and
columns of the matrix Jj; is an affine complex algebraic variety which is not
always zero-dimensional, nor reduced in general. Thus a general formulation
of the Quantum Modularity Conjecture for all closed 3-manifolds (and even
the size of the matrix Jys or the indexing set of its rows and columns) is
currently unknown. There are hints, however, that the size of the matrix Jjy,
is related to the rank of an SL( C)-version of Floer homology introduced by
Abouzaid—Manolescu [1]. We should stress that this conjecture arose from
extensive experimental evidence described in detail in [21, Section 4], and
although we know concrete examples of hyperbolic ZHS with interesting
character varieties Xj,; to experiment with, their complexity is beyond
current computational limits.

TOME 0 (0), FASCICULE 0
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1.2. Our results

The goal of our paper is to prove a consequence of the Quantum Modu-
larity Conjecture, and to answer the topological nature of the rather mys-
terious “descendants” of the WRT invariant. The answer is remarkably
simple: the descendants are really the Jones polynomial invariants of links
in a fixed ambient integer homology 3-sphere, only that a link in an in-
teger homology 3-sphere does not have a Jones polynomial, but rather
an element of the Habiro ring as was explained in [18]. However, there
are infinitely many such links, whereas we want a Z[qil/ 4]-module of finite
rank. That is exactly where Witten’s finiteness conjecture for the skein mo-
dule S(M) of a closed 3-manifold [47] and its resolution by Gunningham-—
Jordan—Safronov [23] comes in. Putting everything together, we obtain a
Z[g*'/*)-module Vi C Zrﬂ@Z[q]Z[qil/‘l] of finite rank, which is an effec-
tively computable topological invariant. (By “rank” we mean the dimension
of the Q(q'/*)-vector space Vis Qz[q=1/4] Q(q'/*)).

Fix an integer homology 3-sphere (in short, ZHS) M, that is a closed
oriented 3-manifold with Hy(M,Z) = 0. The map in the next theorem is
essentially given by the WRT invariant (M, L) of a framed link L C M in
a ZHS M.

THEOREM 1.1. — For every ZHS M, there is a map

—

(1.3) oar s S(M) — Liglygyy Z |7

i1/4]

of Z[g*/*)-modules, whose image V is a Z[q -module of finite rank.

The above theorem explains the title of the paper and connects the
largely unproven Quantum Modularity Conjecture with the skein theory
of 3-manifolds and Witten’s conjecture, much in the spirit of the “Witten
cylinder” [21, Figure 3]. It also fits well with recent results by Detcherry—
Kalfagianni—Sikora [13] who show, when X, is 0-dimensional and satisfies
further technical conditions, then S(M)®p+1/4 Q(q'/*) is a Q(g"/*)-vector
space of rank | X /| much in the spirit of the Quantum Modularity Conjec-
ture.

Aside from these connections, the theorem motivates several questions
of arithmetic and analytic origin, of interest on their own.

QUESTION 1.2. — If M is hyperbolic, is the map s injective? Is the
image of ¢y, a finitely-generated Z[q*'/*]-module?

Regarding an effective computation of the image of ¢, one can compare
it with two computable modules neither of which is a topological invariant

ANNALES DE L’INSTITUT FOURIER
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of M and both expected to be generically isomorphic to Vi, after perhaps
tensoring over Q(g'/4). The first one

(1.4) Vi, x = Span {@(K(m)) ’m > 0} CVu
Z[q:tl/zl]

is a submodule of Vj; defined for every framed knot K in M, where K (™)
denotes the m™ parallel of K in M.

The second one is defined when M is obtained by surgery on a knot K
in S2, in which case (since M is a ZHS), we have M = Sk,—1/ for an integer
b. This Z[g**/4]-module Dy ;c (called a “descendant” in [21, 22, 45]) can be
defined in terms of a multiparameter deformation of a formula for s (0)
given in Equation (3.21) below. Our next result relates the descendant
module with V.

THEOREM 1.3. — For all knots K in S® and for all integers b, we have
an inclusion

(1.5) Va,x C Dy

of Z[q*'/*]-modules of finite rank, where M = Sk 1

Since the inclusions (1.4) and (1.5) involve Z[¢*'/4]-modules of finite
rank, one expects them to be equalities, after possibly tensoring with
Q(g*/*). But this brings next question.

—

QUESTION 1.4. — Given a finite set of elements of Z[q|, how can one
prove that they are linearly independent over Z[q*']?

Despite the simplicity of the question this is a difficult problem and the
only method to resolve it that we know is transcendental passing through
asymptotics and analysis and back to number theory. More precisely, it
involves looking at the asymptotic expansion of these elements of the
Habiro ring at roots of unity (or asymptotic expansion of the coefficients
of their power series expansions in ¢ — (), and using the fact that the co-
efficients of these asymptotic expansions are algebraic numbers (in a fixed
number field), deduce the linear independence of the said elements of the
Habiro ring. This was exactly proven by Wheeler in a sample hyperbolic
ZHS M, = 521’71/2 obtained by —1/2 Dehn-filling on the simplest hyper-
bolic 4; knot [45, Section 6.9]. In this example, a rigorous computation
by Wheeler [46, Proposition 1, Section 2.2] implies that the three modules
in (1.4) and (1.5) have the same rank, namely 8. An independent calcula-
tion of the skein module by Detcherry—Kalfagianni-Sikora [13] shows that

TOME 0 (0), FASCICULE 0
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S(Mp) also has rank 8, thus the map ¢y, is an isomorphism after tensor-
ing with Q(g'/*). On the other hand, the equality of the inclusions (1.4)
and (1.5) or the isomorphism of the map ¢, is not known. This question
is similar to the problem of computing the Bloch group B(F') of a number
field (or its higher K-theory version): these are finitely-generated abelian
groups, and it is easy to construct infinitely many elements in them, but
it is hard to show that these elements generate the Bloch groups in ques-
tion. For a detailed study of this beautiful subject, we refer the reader to
Zagier [48] (see also [2]).

For completeness and even though we do not need it in our paper, we end
this section with a comment on the even skein module SV (M) C S(M)
of M generated by links with even color (i.e., color from the root lattice
of sl(C)), or equivalently from the 2-parallels of all framed links in M.
On the one hand, the classical limit of this skein module is the variety
of PSLy(C)-representations of 1 (M) that lift to SLs(C)-representations.
This is a union of components of the PSLy(C)-character variety of m (M),
see [12, Theorem 4.1]. On the other hand, the restriction of the map ¢

(1.6) v : SV(M) — Zlq]
(denoted by the same name) avoids the ¢'/4-powers and takes values in the
Habiro ring itself.

2. Basics
2.1. The colored Jones polynomial

In this section we review some basic TQFT properties of the colored
Jones polynomial of a link in $2 and some deeper integrality properties
of it. As we will see below, the latter is an element of the ring Z[g*'/4]
of Laurent polynomials in a formal variable ¢'/# with integer coefficients,
whose field of fractions is Q(¢*/*). We will use the notation

vt ="

U:q%7 [n] = _7_17 {k}:fuk—v_k7
v—0

: n {n}!
w=Ton [ = i
i k {k}{n — E}!
The quantized enveloping algebra U,(sly) of the Lie algebra sly is a
Hopf algebra over Q(g'/*) defined in a standard way in many books such
as [30, 33].

(2.1)

ANNALES DE L’INSTITUT FOURIER



FROM 3-DIMENSIONAL SKEIN THEORY TO FUNCTIONS NEAR Q 7

For a non-negative integer n we denote by V,, the (n + 1)-dimensional
irreducible U,(sly)-module of type 1 and abbreviate V = V;. We denote
by Rep the Z[¢='/4]-module freely spanned by V,, for n = 0,1,2,.... We
consider Rep as a Z[g*'/4]-submodule of the Grothendieck ring of U, (sls)-
modules with ground ring Z[¢*'/4]. Then Rep = Z[¢*'/*][V] as a Z[¢*'/*]-
algebra. Let Repg1/4) = Rep®Z[qi1/4]@(q1/4).

The general operator invariant theory of links [41, 44] associates to a
framed link L in S3 with r ordered components colored by z1,...,z, €
Rep an invariant Jy(z1,...,2,) € Z[g*'/%], known as the colored Jones
polynomial of L. Let us briefly review a few properties of this invariant
which plays a key role in our paper. Fix a framed oriented link L in S? and
a distinguished component K of L.

e Orientation reversing operation. The value of Ji(z1,...,2,) €
Z[qil/ 4] does not change if we change the orientation of K and
at the same time change the color of K to its dual (as Ug(slz)-
module). Since every module of U,(slz) is self-dual, we see that

Jr(x1,...,2,) does not depend on the orientation of L. Hence we
can consider Jp(z1,...,2,) as an invariant of framed unoriented
links.
e Linearity. For 2,y € Rep and a,b € Z[¢*'/*] we have
(2.2) Jr(o.oyax+ by, )=adp(...,xy. )+ 0IL(c oy, )

where the written colors are for the distinguished component.
e Tensor product. For x,y € Rep, and K has color z®y.

(2.3) Jr(o 2@y, ) =Jre (o ey, )

where L(®) is the result of replacing the framed knot K by two
parallel copies (using the framing) and leaving the remaining com-
ponents of L unchanged.

When z; = V for all ¢, we denote Jr(V,...,V) simply by Jr, which
we call the Jones polynomial. (Actually Jy, is equal to the original Jones
polynomial after a simple variable substitution.)

Following [25], define P, € Rep and P}, € Repgq1/4) by
, 1

k-1
(2.4) P, = H (V — 0¥ Ft — =271y P .= WPk.
3=0 '

The relation between V,, and P), was given in [25, Lemma 6.1]

" n+it+1| .
25) vn—z{ o }{z}!Pz
1=0

TOME 0 (0), FASCICULE 0
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and the product of two elements P, and P, was given in [25, Eq. (8.1)]
min{m,n}

+n}!

PP, = {m Pl
nom Z {i}{m —i}{n — i}~ "t

=0

(2.6)

Using (2.6) it follows that for ¢ < k, we have

(2.7) {i}\P/ Py, = Zaf,k(q)Pl::Jrs = Zaf (U»Uk) P/i+s
s=0 s=0

where

a3 (q) = Z Fﬂ Sﬁj{k—jﬂ’}

(2.8) =0

a4 s J
S+ C. . .
= { .j] M=+ [] e+ [] e+s+3"}
AN ] j'=1 j'=1
is divisible by {k + 1}...{k + s} and a$(v,u) € Z[v*!, u*!] are Laurent
polynomials that satisfy a; ;(¢) = a; (v, vF) forall 0 < s < i < k.

This, together with (2.5) imply that for all £ < k we have

¢ ¢
(2.9) VP, = Z’Yé,k(q)PléJri = Zﬁ (v, ”k) Pngri
i=0 i=0
where 7} , (¢) are divisible by {k+1}...{k+i}, and 7}(v,u) € Z[v*!, u*!]
are Laurent polynomials that satisfy 7§7k(q) = vi(v,v%) for all 0 < i <
< k.

We end this section by recalling an integrality statement for the colored
Jones polynomial of a link in S3. This is a key ingredient for the integrality
statements of the WRT invariant discussed in Section 2.3 and ultimately
for the definition of the map (1.3).

Recall that an oriented 2-component link (K, K’) has well-defined link-
ing numbers
k(K,K') =1k(K',K) € Z, and if in addition it is framed, then each com-
ponent has a self-linking number k(K K), 1k(K', K') € Z. This extends
to a linking matrix (Ik(Li, L;))f ;—,
framed oriented link L with components L1, ..., L,.

(always symmetric) associated to a
The integrality statement in the next theorem when L is the empty link

was proven by Habiro [25, Theorem 8.2], and its extension in the presence
of a link L was given in [3, Appendix A], although not explicitly stated.

ANNALES DE L’INSTITUT FOURIER



FROM 3-DIMENSIONAL SKEIN THEORY TO FUNCTIONS NEAR Q 9

THEOREM 2.1. — Fix two disjoint, framed, oriented links L' = (L}, ...,
L))and L = (Ly,...,L,) in $* colored by (P}, ,...,P; ) and (Ve,,...,Ve,),
respectively, for nonnegative integers k; and {;. Suppose that

(L), L) =0, (i,i' =1,...,s),

(2.10) Zlk i)l €22, (i=1,...,s).

Then we have

k+
14
2.11)  Jpup (Pl P Ve, Ve,) € qf/4(1;k+1Z[ 1]
where k = max{ky,...,ks} and

(2.12) Z Ik (L;, Lj)
1,5=1

+2ZlkLZ,L £+Z €Z.

i=1

We will call a colored framed oriented link L' LI L in S3 even if it satisfies
the condition (2.10).

Proof. — When each ¢; is even (in which case each ¢; is clearly even),
the theorem was stated as [3, Theorem A.1] and proved there. However the
proof does not need each ¢; to be even, it requires only &; to be even. See [3,
Theorem A.3] where ¢; is the same as our €;. Hence the proof given in [3,
Appendix| works also for our case. a

2.2. Skein theory

In this section we review some basic properties of skein theory and the
well-known relation between the Kauffman bracket and the colored Jones
polynomial.

Suppose M is an oriented 3-manifold with possibly non-empty boun-
dary OM. The skein module S(M), introduced by Przytycki [39] and Tu-
raev [43], is the Z[g™'/4]-module generated by isotopy classes of framed
unoriented links in M modulo the Kauffman relations [31]

(2.13) x _ >< Py /\<
(2.14) O (_q1/2 _ qfl/z)

TOME 0 (0), FASCICULE 0
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By convention, the empty set is considered a framed link. Note that our
q'/* is equal to A in [31].

The skein modules have played an important role in low-dimensional
topology and quantum topology and they serve as a bridge between classical
topology and quantum topology. The skein modules have connections to the
SLy(C)-character variety [10, 40], the quantum group of SLo(C), see e.g. [11,
37], the Witten—Reshetikhin—Turaev topological quantum field theory [6],
the quantum Teichmiiller theory, see e.g. [7, 14, 29, 36], and the theory of
quantum cluster algebras [38].

When M = S°, Kauffman’s theorem says that S(M) = Z[¢*'/4], with
the isomorphism given by L — (L), where (L) is the Kauffman bracket of
the framed unoriented link L. The relation between the Jones polynomial
and the Kauffman bracket is given by the following.

LEMMA 2.2. — Let L = (Lq,...,L,) be a framed unoriented k-compo-
nent link. Then

(2.15) (L) = (—1) 2oz WECLOHD 1oy vy

Proof. — The statement is well-known, but for completeness we include
a proof here. By [32, Corollary 4.13],

(2.16) (L) = i2otom NEOED) 1y

q1/4~>7iq1/4
By the strong integrality of the Jones polynomial, see [34, Theorem 2.2] or
Theorem 2.1 with L’ = (), we have

(217)  JL(V,...,V) € ¢zZ[¢t,

f= Z Ik(L;, L;) + 2i(lk(Li7 L)+1).

ij=1 i=1

The substitution ¢'/* — —ig'/* is identity on Z[¢*!] and sends ¢//* to

(=)’ ¢ /4. Hence from (2.16) we get (2.15). O
LEMMA 2.3. — Assume L' = (L},..., L)) is a colored framed oriented
link in S3, with colors x1,...,zs € Rep. There is a Z[g*'/*]-linear map

F : 8§(S°\ L) — Z[¢*Y*] such that if L = (Ly,...,L,) is a framed
unoriented r-component link in S\ L', then

(2.18)  F(L) = (—1)2ima KELOD 0 VL V).

Proof. — We need to show that if we define F(L) by (2.18), then it sat-
isfies the defining relations (2.13) and (2.14) of the skein module. Because
z; € Rep = Z[g*t1/4][V], the linearity of the colored Jones polynomial (2.2)

ANNALES DE L’INSTITUT FOURIER
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reduces the statement to the case when each z; is a power of V. Further,
the tensor product formula (2.3) reduces the statement to the case each
x; =V, which will be assumed now.

From Lemma 2.2 we have

(2.19) F(L) = (=1)2i= ML)y

As the Kauffman bracket satisfies the relations (2.13) and (2.14), we
conclude that F(L) also satisfies the satisfies the relations (2.13) and
(2.14). O

2.3. The WRT invariant

In this section we review some basic properties of the WRT invariant of
a framed colored link L in an oriented 3-manifold M at a root of unity &%/4
and its lift to an element of the Habiro ring.

The SU(2)-version WRTSIEI(?) (€1/%) € C of the WRT invariant was de-
fined by Reshetikhin—Turaev [42] as a mathematically rigorous realization
of Witten’s TQFT theory. A refined version, the SO(3)-invariant WRT?}\?{E?)
(€1/%) € C, was subsequently introduced by Kirby and Melvin [32] and is
defined when ¢ is primitive root of unity of odd order. By [4, Proposi-
tion 5.9], the two invariants agree when & 1/4 is a primitive root of unity of
odd order.

As the next theorem states, the SO(3)-version of the WRT invariant of
a ZHS has slightly better integrality property than its SU(2)-version. The
following theorem is a generalization of a main result of [3] (itself general-
izing work of Habiro [25] as well as work of the authors [18, 35]), and shows
that the WRT invariant can be lifted to an invariant in m®z[qi1]z[qil/ 4
when M is an integral homology 3-sphere.

THEOREM 2.4. — Fix a framed link L = (Lq,...,L,) colored by (Vy,,

., V¢,) in an integer homology sphere M for nonnegative integers £;. Then,
there exists a unique I(n7,1)(q) € qg/4ird such that for any primitive root
of unity £ of odd order we have

SO(3
(220) I(M,L)(Q)}q1/4:€1/4 - WRT(M(L) (51/4>

TOME 0 (0), FASCICULE 0



12 Stavros GAROUFALIDIS & Thang T. Q. LE

Here £/ is any 4™ root of €, Ip,1)(q) is given in terms of an even surgery
presentation of (M, L) by

(2.21) I(M,L)(Q)

= Z Ji’I_IL (PI::N""P/::S’VZN"'7V@7~) H(—di)qu—diki(kqt+3)/4
ki,....,ks=0 i=1

where L' denotes the result of changing the framing of each component of
L' to 0, d; = 1k(L}, L) = +1 and

(2.22) 9=Y_ Ik(Li, Lj)lil; +2> (k(L;, L;) + 1)t; .
ij=1 i=1
In the proof of the theorem, by a slight abuse of notation, denote ele-
ments of Z[q]@z[qﬂ]Z[qil/ﬂ by F'(q) although technically they are func-
tions of ¢/4. This notation is also common in the theory of modular forms
as well as in proper ¢-hypergeometric series such as Nahm sums.

—

Proof. — To begin with, ¢ is invertible in Z[g] by [24, Proposition 7.1],
which implies that

(2.23) Zlq) = 1mZ [¢*'] /(35 9)n)-

The uniqueness of I(ys,1,)(¢) follows from the fact that an element of the
Habiro ring is uniquely determined by values at roots of 1 of odd order, as
follows from Habiro [24]. Let us prove the existence of I(as,1)(q).

Since M is a ZHS, there exists a framed link L' = (L,..., L)) in the
3-sphere S? whose linking matrix is diagonal with diagonal entries d; :=
Ik(L;, L}) = 41 and a colored framed link L = (Ly,...,L,) C S*\ L'
colored by (Vy,,...,Ve,) respectively, such that surgery on S along L’
transforms (S3, L) to (M, L). Sliding a component L; of L over a gluing
disk corresponding to the surgery along L/ changes 1k(L},L;) by %1, but
the resulting link and the old link are isotopic in M. It follows that after
some slidings, we can assume that I/ L L is even (i.e., it satisfies (2.10)),
where L’ denotes the result of changing the framing of each component of
L' to 0.

In this case, Theorem 2.1 gives

(2.24) Jpp (Pl Pl Ve, .., Ve,)

74 (a" Dirr o1 74 +1
€q 17_(12[61 | @ a)kZ (6]

where k = max{ky,...,ks} and f is given by (2.12).
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Using the explicit formula of f, it is easy to see that the summand of the
right hand side of (2.21) is in ¢9/*(g; q) Z[¢™]. This, together with (2.23)
implies that I(57,1y(q) € q9/4Z/[\q].

Assume ¢ is a root of unity of odd order N > 1. By [35, Lemma 2.1], for
k> (N —1)/3 we have

<§k+15§)k+1

2.25 =0.
(2.25) =
Hence
_ S(V-1)/3

(2-26) I(M,L)(Q) i/i—gi/t = I(M7L) ( ) g /imgi/a’
where I(gMUZ)_l)/S (¢) is defined using the right hand side of (2.21) with the
sum truncated at each k; < (N — 1)/3. On the other hand, we have

SO(3) (¢1/4) _ p<(N-1)/3
(2.27) WRT®) (61) = 15 I

This was proved in [35, Formula (9)], where the case L = () is considered.
However, the same proof also works when L is a colored framed link. Thus
concludes the proof of (2.20). O

Remark 2.5. — In her thesis [9] Buhler showed that I, y(q) recovers
also the SU(2) WRT-invariant. Explicitly, for all complex roots of unity
&Y% we have

SU(2
(2'28) I(M,L) (Q)|q1/4:§1/4 = WRT(M(,L)) <§1/4> .

3. The map ¢

In this section we define the map (1.3) and prove its properties stated in
Theorem 1.1 and its relation with the descendant knot invariants stated in
Theorem 1.3.

3.1. Definition and properties

For a framed unoriented link L in M define
(3.1) (L) = (~) 2 KR D 1 ()

where each component of L is colored by the fundamental module V = V;.
In other words, ¢(L) and I(,s,1,)(q) agree up to a sign. We will show that
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(L) satisfies the relations (2.13) and (2.14) and hence it descends to a
Z[g*'/*]-linear map from the skein module S(M) to Z/[\(]]®2[qil]Z[qi1/4].

To do so, we fix framed links L' and L in S® of s and k components
such that surgery along L’ transform (S°,L) to (M, L), as in the proof
of Theorem 2.4. Further, we color each component of L with V. Using
Equation (2.21) we have

(32) (L)

" (k(Lg,Li)+1
= Z [(—l)zizl(( )+ UDHL(P,gl,,..,P,;S7V,...,V)}
ki,...,ks=0

H(_di)kiq—diki(/ﬁr‘r?ﬁ)/‘l.
i=1
By Lemma 2.3, each term in the square bracket, as a function of L, satisfies
the defining relations (2.13) and (2.14). Hence (3.2) implies that ¢(L) also
satisfies the same relations. Thus ¢ descends to a Z[gF4
S(M) to Z[q]®z[qi1]Z[qi1/4].
The finiteness of the rank of the image Vi, of ¢ follows from the finiteness
of the rank of the skein module of a closed manifolds [23]. This completes
the proof of Theorem 1.1. O

-linear map from

3.2. The relation with descendants

In this section we prove Theorem (1.3) in several stages. To begin with,
the Clebsh—Gordan decomposition formula implies that for every positive
integer m, V™ is a Z-linear combination of V, for £ = 1,...,m and vice-
versa. This, together with the TQFT axioms and Equation (3.1) imply
that

(3.3) Span {gp (K(m)> ’m > O} = Span {I(x,x,.)(q) | m > 0}

where K, denotes the framed knot K in the ZHS M colored by V,,. Thus,
we will prove that

(3.4) Span {I(r,k,,)(q) |m >0} C Dy .

To begin with, we fix an integer b and a knot K in 52, and let M =
S?(,q /b denote the corresponding ZHS. After possibly reversing the orien-
tation (which simply changes ¢ to ¢~! and does not affect the result), we
may assume that the Dehn filling coefficient is —1/b for b > 0. To make

the ideas as clear as possible, we start with the case b =1, i.e., M = S?(,—1
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is obtained by —1 surgery on a O-framed knot K in S3. In this case, the
WRT invariant given in (2.21) can be written in the form

E(k+3)
(3.5) In(a) = Jx(P)(@)g *
k>0
where
E(k+3)
(3.6) IJk(B)(@g * € ("q),, Z[¢],

—

implying that Ips(¢) € Z[q]. The above formula, although by no means
canonical, has a l-parameter deformation (called a “descendant” in [21,
22, 45))

m k(k+3) m
(3.7) [P@) =Y JxP)@a * ¢, (me)
E>0

where 1\ (q) € Z[q], whose Z[g*'/4]-span

D, i := Span {1,I§2n)(q) ‘m € Z}
Z[qil/‘l]

defines the module D . We need to prove that I(M7K<e))(q) € D gk for
all £ > 0.

When ¢ = 0, this is clear. For £ = 1, using the definition of Py as the
product of k terms, it follows that for all k£, we have

(3.8) VP = Piy1 + (0¥ 40721 By
which after dividing by {k}! implies that
(3.9) VP, = (VFtt — o) Pl 4 (0P o) P
This and the operator properties of the colored Jones polynomial reviewed
in Section 2.1 axioms imply that
(3.10)  Jr,x(Pg,V)
_ (Ulc+1 _ Ufkrfl) Ji (P;é_,_l) + (02k+1 _|_,072Ic71) Jr(PL),
which together with (2.21) give

( (vFHt —ph ) JK(PJQ+1)(Q)> qk<k4+3>
. .

B Tanx(e) =) (v + 07251 T (P (q)

k>0

After splitting the sum into two sums, and taking care of the boundary
terms, we obtain that I(/ x(q) can be written in terms of the “descendant”
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sums as follows:
(312) Tnri(a) = v (-1+1 (@)

—v73g (—1 + Ij(w_l)(q)> + vlj(é)(q) + v_lll(vfl)(q) .

More generally, for a positive integer m, Equation (3.9) and induction (or
Equation (2.9)) implies that for all k£ > m,

1=0

for v, (v,u) € Z[v*!, u*!]. This and the TQFT axioms implies that
k(k+3)

(3.14)  Iinvk,)(q) = Z Z’y}n (v,0%) Tk (Peyj) (@q 7 €Dik.

k>04=0
This concludes the inclusion (1.5) for b = 1. The finiteness of the rank of
D i follows from the fact that Pk (P}) is g-holonomic [17], and so is the
summand in (3.7), and hence the sum [19].

We next prove Theorem 1.3 when b = 2, where a new difficulty (absent
from the case of b = 1) appears. Fix the ZHS M = S?(,fl/2 obtained by
—1/2 surgery on a knot K in S2. In this case, Beliakova-Le show (see [5,
Theorem 7 and the example in the end of Section 3]) that

In(@) = Y Jr(Pakda),
E>£>0
BEES) Lg(e41) (@ Dk
(45 0)e(q: Qr—e
whose descendants are the 2-parameter family given by

(316) I ) = Y Tx(Pake(g)d" o™, (ma,ma € Z)
k=020

(3.15)
are(q) = q

i1/4]

whose Z[gq -span together with 1 is denoted by Ds g .

The proper ¢-hypergeometric function ay (q) satisfies the linear g-diffe-
rence equations

(1—-qk+1_£)ak+Le=:q§+1(1-qk+1)akx(Q)

(3.17) 242 (1 — ") anelq) -

(1—¢""") apesi(q) = ¢
Equations (3.10) and (3.15) give

Uk+1 _ k-1 K Ig L
( ( )/ (P+)> o £(a).

(318)  Iamle)= Y. + (0 4L g (P

E>£20
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As was done in Equation (3.11), splitting the sum into two sums, it
suffices to show that each is in Dy g. The second one is obvious, whereas
for the first one, use the first linear g-difference equation in (3.17) to write
vk“ak,g(q) in terms of agt1,.0(g). We then sum over k and ¢ and after
taking care of the boundary terms, to deduce that the first sum and hence
I(M,K)(Q) is in D27M.

More generally, we use Equation (2.9) to deduce that

(3.19) Inrwny (@)= 27 ") Ik (Piyy) (@)ane(q)

k>£2>01=0

and since ) (v, v*) is divisible by (1 — ¢"*1)... (1 — ¢"*7), it follows that
Wwe cal express 7g7k(q)ak7g(q) as a combination of ajy;¢(g). Doing so, and
summing over k, and taking care of the boundary terms, we obtain that
I, k,,)(q) € Do i for all nonnegative integers m. As in the case of b = 1,
the 2-parameter family of descendants (3.16) is g-holonomic, and this im-
plies that their span D g has finite rank, concluding the proof of Theo-
rem 1.3 when b = 2.

The general case of b > 0 follows using the formula for the WRT invari-
ant of M = S _1yp from [5, Theorem 7 and the example in the end of
Section 3]:

=" Ik (P (a),

k>0
k(k+3) b—1
E43) Z qzi £;(0;41)

k>l 240220,_120

(3.20) ok (@) =1

(4 Dk
(D (G Doyt (G Dty (G D,

and the descendants are the b-parameter family given by

1)z

_ Tk (P)aP ()™ i 5™ (i, € 7)

=220
whose Z[qil/ 4]-span together with 1 is denoted by Dy k. The same argu-
ments as before conclude the proof of Theorem 1.3. O
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3.3. An example

In this section we discuss a concrete example suggested in [16, Exam-
ple 2.5] and analyzed in detail by Wheeler in his thesis [45, Section 6.9)].
Consider the ZHS M, = 521)71/2 obtained by —1/2 surgery on the 44
knot. This is a hyperbolic manifold whose trace field has degree 7, and
whose fundamental group has 8 conjugacy classes of representations into
SLo(C).

The 2-parameter family of descendants WRT invariants is given by

(322) (1-q)Ii7o™(q)

_ Z (_1)kq—%k(k+1)+£(€+1) (¢ Q)2k+1 kmo-i-éml’ (

. . mi, Mg € Z)
k>050 () (a5 Q)r—e

with (mg, m1) = (0,0) corresponding to the WRT invariant Iz, (q). These
descendants form a g-holonomic system of rank 8, which implies that their
Z[q*'/*]-span (Ds4,, in the notation of Theorem 1.3) has rank at most 8.
Using asymptotics and their arithmetic properties, Wheeler proves in [46)
D5 4, has rank is exactly 8. Moreover, an explicit calculation implies that
the module Vi, 4, in Theorem 1.3 has rank 8. This and Equation (1.4)
implies that Vi, has rank at least 8. On the other hand, the skein module
S(My) has rank 8, which implies that ¢ is (after tensoring with Q(g'/*) an
isomorphism.

Acknowledgements

The authors wish to thank Adam Sikora, Peter Scholze, Campbell Whee-
ler and Don Zagier for enlightening conversations.

BIBLIOGRAPHY

[1] M. ABouzAamD & C. MANOLESCU, “A sheaf-theoretic model for SL(2,C) Floer ho-
mology”, J. Eur. Math. Soc. 22 (2020), no. 11, p. 3641-3695.

[2] K. BELABAS & H. GANGL, “Generators and relations for KoOp”, K-Theory 31
(2004), no. 3, p. 195-231.

[3] A. BELIAKOVA, I. BUHLER & T. T. Q. LE, “A unified quantum SO(3) invariant for
rational homology 3-spheres”, Invent. Math. 185 (2011), no. 1, p. 121-174.

[4] A. BELIAKOVA, Q. CHEN & T. T. Q. LE, “On the integrality of the Witten—
Reshetikhin—Turaev 3-manifold invariants”, Quantum Topol. 5 (2014), no. 1, p. 99-
141.

ANNALES DE L’INSTITUT FOURIER



FROM 3-DIMENSIONAL SKEIN THEORY TO FUNCTIONS NEAR Q 19

[5] A. BELIAKOVA & T. T. Q. L&, “Integrality of quantum 3-manifold invariants and
a rational surgery formula”, Compos. Math. 143 (2007), no. 6, p. 1593-1612.

[6] C. BLANCHET, N. HABEGGER, G. MASBAUM & P. VOGEL, “Topological quantum
field theories derived from the Kauffman bracket”, Topology 34 (1995), no. 4, p. 883-
927.

[7] F. BoNaHON & H. WoONG, “Quantum traces for representations of surface groups
in SL2(C)”, Geom. Topol. 15 (2011), no. 3, p. 1569-1615.

[8] ———, “Representations of the Kauffman bracket skein algebra I: invariants and
miraculous cancellations”, Invent. Math. 204 (2016), no. 1, p. 195-243.

[9] I. BUHLER, “Unified Quantum SO(3) and SU(2) Invariants for Rational Homology
3-Spheres”, 2010, https://arxiv.org/abs/1011.5652.

[10] D. BULLOCK, “Rings of SLa(C)-characters and the Kauffman bracket skein module”,
Comment. Math. Helv. 72 (1997), no. 4, p. 521-542.

[11] F. CosTaNTINO & T. T. Q. LE, “Stated skein algebras of surfaces”, J. Eur. Math.
Soc. 24 (2022), no. 12, p. 4063-4142.

[12] M. CULLER, “Lifting representations to covering groups”, Adv. Math. 59 (1986),
no. 1, p. 64-70.

[13] R. DETCHERRY, E. KALFAGIANNI & A. SIKORA, “Kauffman bracket skein modules
of small 3-manifolds”, 2023, https://arxiv.org/abs/2305.16188.

[14] V. Fock & L. CHEKHOV, “Quantum Teichmiiller spaces”, Teor. Mat. Fiz. 120
(1999), no. 3, p. 511-528.

[15] C. FROHMAN, J. KANIA-BARTOSZYNSKA & T. T. Q. LE, “Unicity for representations
of the Kauffman bracket skein algebra”, Invent. Math. 215 (2019), no. 2, p. 609-650.

[16] S. GAROUFALIDIS, “Chern—Simons theory, analytic continuation and arithmetic”,
Acta Math. Vietnam. 33 (2008), no. 3, p. 335-362.

[17] S. GarouraLIDIs & T. T. Q. LE, “The colored Jones function is g-holonomic”,
Geom. Topol. 9 (2005), p. 1253-1293.

(18] , “Is the Jones polynomial of a knot really a polynomial?”, J. Knot Theory
Ramifications 15 (2006), no. 8, p. 983-1000.
(19] , “A survey of g-holonomic functions”, Enseign. Math. (2) 62 (2016), no. 3-4,

p. 501-525.

[20] S. GAROUFALIDIS, P. SCHOLZE & D. ZAGIER, “The Habiro ring of a number field”,
in preparation.

[21] S. GAROUFALIDIS & D. ZAGIER, “Knots, perturbative series and quantum modular-
ity”, 2021, https://arxiv.org/abs/2111.06645v1.

, “Knots and their related g-series”, SIGMA, Symmetry Integrability Geom.
Methods Appl. 19 (2023), article no. 082 (39 pages).

[23] S. GUNNINGHAM, D. JORDAN & P. SAFRONOV, “The finiteness conjecture for skein
modules”, Invent. Math. 232 (2023), no. 1, p. 301-363.

[24] K. HABIRO, “Cyclotomic completions of polynomial rings”, Publ. Res. Inst. Math.
Sci. 40 (2004), no. 4, p. 1127-1146.

, “A unified Witten—Reshetikhin—Turaev invariant for integral homology
spheres”, Invent. Math. 171 (2008), no. 1, p. 1-81.

[26] K. HABIRO & T. T. Q. Lf, “Unified quantum invariants for integral homology
spheres associated with simple Lie algebras”, Geom. Topol. 20 (2016), no. 5, p. 2687-
2835.

TOME 0 (0), FASCICULE 0


https://arxiv.org/abs/1011.5652
https://arxiv.org/abs/2305.16188
https://arxiv.org/abs/2111.06645v1

20

[27]
28]
[29]
[30]
31]
[32]
3]
[34]
35]
[36]
37]
38]
[39]
[40]
j41]
[42]
[43]
[44]
[45]
[46]

[47]

[48]

Stavros GAROUFALIDIS & Thang T. Q. LE

V. Huyna & T. T. Q. LE, “The colored Jones polynomial and the Kashaev invari-
ant”, Fundam. Prikl. Mat. 11 (2005), no. 5, p. 57-78.

R. M. KAsHAEV, “A link invariant from quantum dilogarithm”, Modern Phys. Lett.
A 10 (1995), no. 19, p. 1409-1418.

, “Quantization of Teichmiiller spaces and the quantum dilogarithm”, Lett.
Math. Phys. 43 (1998), no. 2, p. 105-115.

C. KASSEL, Quantum groups, Graduate Texts in Mathematics, vol. 155, Springer,
1995.

L. H. KAUFFMAN, “State models and the Jones polynomial”, Topology 26 (1987),
no. 3, p. 395-407.

R. KirRBY & P. MELVIN, “The 3-manifold invariants of Witten and Reshetikhin-
Turaev for sl(2, C)”, Invent. Math. 105 (1991), no. 3, p. 473-545.

A. Kumyk & K. SCHMUDGEN, Quantum groups and their representations, Texts
and Monographs in Physics, Springer, 1997.

T. T. Q. L&, “Integrality and symmetry of quantum link invariants”, Duke Math.
J. 102 (2000), no. 2, p. 273-306.

, “Strong integrality of quantum invariants of 3-manifolds”, Trans. Am.
Math. Soc. 360 (2008), no. 6, p. 2941-2963.

, “Quantum Teichmiiller spaces and quantum trace map”, J. Inst. Math.
Jussieu 18 (2019), no. 2, p. 249-291.

T. T. Q. LE & A. SIKORA, “Stated SL(n)-Skein Modules and Algebras”, 2021,
https://arxiv.org/abs/2201.00045v1.

G. MULLER, “Skein and cluster algebras of marked surfaces”, Quantum Topol. 7
(2016), no. 3, p. 435-503.

J. PrRzYTYCKI, “Skein modules of 3-manifolds”, Bull. Pol. Acad. Sci., Math. 39
(1991), no. 1-2, p. 91-100.

J. PRZYTYCKI & A. SIKORA, “On skein algebras and Slp(C)-character varieties”,
Topology 39 (2000), no. 1, p. 115-148.

N. Y. RESHETIKHIN & V. TURAEvV, “Ribbon graphs and their invariants derived
from quantum groups”, Commun. Math. Phys. 127 (1990), no. 1, p. 1-26.

, “Invariants of 3-manifolds via link polynomials and quantum groups”, In-
vent. Math. 103 (1991), no. 3, p. 547-597.

V. TUurAEV, “The Conway and Kauffman modules of a solid torus”, Zap. Nauchn.
Semin. Leningr. Otd. Mat. Inst. Steklova 167 (1988), p. 79-89.

, Quantum invariants of knots and 3-manifolds, De Gruyter Studies in Math-
ematics, vol. 18, Walter de Gruyter, 1994.

C. WHEELER, “Modular g-difference equations and quantum invariants of hyperbolic
three-manifolds”, PhD Thesis, University of Bonn, Germany, 2023, 433 pages.

—, “Quantum modularity for a closed hyperbolic 3-manifold”, 2023, https:
//arxiv.org/abs/2308.03265v1.

E. WITTEN, “Analytic continuation of Chern-Simons theory”, in Chern—Simons
gauge theory: 20 years after, AMS/IP Studies in Advanced Mathematics, vol. 50,
American Mathematical Society; International Press, 2011, p. 347-446.

D. ZAGIER, “The dilogarithm function”, in Frontiers in number theory, physics,
and geometry. II On conformal field theories, discrete groups and renormalization,
Springer, 2007, p. 3-65.

ANNALES DE L’INSTITUT FOURIER


https://arxiv.org/abs/2201.00045v1
https://arxiv.org/abs/2308.03265v1
https://arxiv.org/abs/2308.03265v1

FROM 3-DIMENSIONAL SKEIN THEORY TO FUNCTIONS NEAR Q 21

TOME 0 (0), FASCICULE 0

Manuscrit recu le 18 juillet 2023,
révisé le 25 décembre 2023,
accepté le 5 février 2024.

Stavros GAROUFALIDIS

International Center for Mathematics,
Department of Mathematics

Southern University of Science and Technology
Shenzhen (China)

stavros@mpim-bonn.mpg.de
Thang T. Q. LE

School of Mathematics

Georgia Institute of Technology
Atlanta, GA 30332-0160, USA
letu@math.gatech.edu


mailto:stavros@mpim-bonn.mpg.de
mailto:letu@math.gatech.edu

	1. Introduction
	1.1. Skein theory, the Habiro ring and the Quantum Modularity Conjecture
	1.2. Our results

	2. Basics
	2.1. The colored Jones polynomial
	2.2. Skein theory
	2.3. The WRT invariant

	3. The map vphi
	3.1. Definition and properties
	3.2. The relation with descendants
	3.3. An example
	Acknowledgements

	References

