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L*-EXTENSION INDICES, SHARPER ESTIMATES AND
CURVATURE POSITIVITY

by Takahiro INAYAMA (*)

ABSTRACT. — In this paper, we introduce a new concept of L2-extension indices.
This index is a function that gives the minimum constant with respect to the
L2-estimate of an Ohsawa—Takegoshi-type extension at each point. By using this
notion, we propose a new way to study the positivity of curvature. We prove that
there is an equivalence between how sharp the L?-extension is and how positive the
curvature is. New examples of sharper L?-extensions are also systematically given.
As applications, we use the L?-extension index to study Prékopa-type theorems
and to study the positivity of a certain direct image sheaf. We also provide new
characterizations of pluriharmonicity and curvature flatness.

RESUME. — Dans cet article, nous introduisons un nouveau concept d’indices
d’extension L2. Cet indice est une fonction qui donne la constante minimale par
rapport & l'estimation L? d’une extension de type Ohsawa—Takegoshi en chaque
point. En utilisant cette notion, nous proposons une nouvelle facon d’étudier la
positivité de la courbure. Nous prouvons qu’il existe une équivalence entre le degré
de netteté de I'extension L? et le degré de positivité de la courbure. De nouveaux
exemples d’extensions L? plus nettes sont également systématiquement donnés.
Comme applications, nous utilisons 'indice d’extension en L? pour étudier des
théorémes de type Prékopa et pour étudier la positivité d’un certain faisceau
d’image directe. Nous fournissons également de nouvelles caractérisations de la
pluriharmonicité et de la planéité de la courbure.

1. Introduction

The Ohsawa—Takegoshi L2-extension theorem [20] is a fundamental theo-
rem concerning the L?-extension of a holomorphic function. This theorem
has been applied to a variety of fields, not only in complex analysis, but
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2 Takahiro INAYAMA

also in algebraic geometry. For example, by using this theorem, Siu esta-
blished the invariance of plurigenera [21]. The statement of the L2-extension
theorem is as follows. Let 2 C C” be a bounded pseudoconvex domain with
Q C C" ! x{|z,| <r} for r >0, » be a plurisubharmonic (psh, for short)
function on Q and H := QN {z, = 0}(# @). Then for every holomorphic
function f on H with finite L2-norm, there is a holomorphic function F on
Q such that F|g = f and

(1.1) / |F2e® < 07"2/ |f|?e™?
Q H

for some universal positive constant C' > 0, which is independent of the
choice of ¢ and f. Thanks to the celebrated results by Blocki [4] and Guan-—
Zhou [10], we can take C' = 7, which is known as the optimal constant.

Conversely, it is known that if an upper-semicontinuous function ¢ satis-
fies the above optimal L2-extension theorem, ¢ is necessarily psh. This
phenomenon is called the minimal extension property or the optimal L?-
extension property (see Theorem 2.2). Roughly speaking, we can say that
the optimality of the L?-extension is equivalent to the plurisubharmonicity
of the weight . This idea has led to numerous useful applications. Indeed,
there are Guan—Zhou’s approach [10] to Berndtsson’s log-plurisubharmoni-
city of the relative Bergman kernel [2], new studies on positivity for vector
bundles [6, 7, 8, 11, 13, 16] and a simple proof of Prékopa’s theorem [14].
For these reasons, this property can be considered as important.

If we allow the constant C' in (1.1) to depend on the weight, we can
sharpen this estimate. This study was initiated by Hosono [12], and gene-
ralized by Kikuchi [17] and Xu—Zhou [23]. In this paper, we call these types
of estimates sharper estimates. The sharper estimate asserts that the strict
inequality holds in the estimate (1.1) under some geometric settings. Hence,
it is natural and important to ask the question, “What do we know about
the positivity of ¢ from the assumption that ¢ satisfies the condition of
sharper estimates?” To think about the problem a little more precisely, we
introduce a notion of L2-extension indices.

DEFINITION 1.1. — Let 2 C C be a bounded domain, ¢ be a smooth
function on Q¢ and §(a) :=sup{r > 0| A(a;r) ={z € C | |z—a| <7} C Q}.
We also let Qs be Q5 = {(a,r7) € QxR |0 < r < d(a)}. Then we define
the L?-extension index L., of ¢ on Qs by

1

L -
W(aa 7') 7TT2KA(a;r),<p(a)

)
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L?-EXTENSION INDICES 3

where K (q;r), IS the weighted Bergman kernel on A(a;r) with respect to
the weight ¢.

Let A%(Q,¢) denote A%(Q,¢) = {f € O(Q) | [, |f[?e? < 400}, where
O(Q) is the space of holomorphlc functions on a domain . Since

1 {fA(ar |f‘2 o

WTQKA(H;T),¢(a) mr2e—#(a)

feA(Aa )@),f(a)=1},

the L2-extension index L, gives the best constant (depending on the
weight ¢) with respect to the LZ-estimate of the Ohsawa-Takegoshi
extension at each point. Using this notion, we see that the question to
be considered can be summarized as follows.

QUESTION 1.2. — Keep the notation. If Ly(a,r) < 1 for each point
(a,r) € Qs, what can we know about ¢? For example, can we say that ¢
is strictly psh?

In this paper, we use the L?-extension index to give a quantitative esti-
mate of the curvature of ¢ and give an answer to Question 1.2. One of the
main theorems in this paper is the following.

THEOREM 1.3. — Let 2 C C be a bounded domain, ¢ be a smooth
function on Q and w = +/—1dz A dz. Suppose that for any point a € (2,
there exist v, € (0,0(a)) and a semi-positive ]ower semi-continuous function
ga: [0,7a] = Rsq such that Ly(a,r) < e 9 )™ for r € (0,7,). Then

V=1085(a) > 29,(0)w.

If we take g, = 0, this theorem corresponds to the minimal extension
property. As a very special case, it holds that v/—109¢ > 2cw if Ly (a,r) <
e~ < 1 on Qs for (a,r) € Qs and a positive constant ¢ > 0, which is
one answer to Question 1.2. We can also prove that this estimate is best
possible in suitable sense (see Corollary 3.2 and 3.3). As an application,
we can discuss a quantification of Prékopa’s theorem in Section 3 (see
Theorem 3.4).

We can also establish a higher rank analogue of Theorem 1.3 as follows.

THEOREM 1.4. — Let Q be a bounded domain in C, E — § be a
holomorphic vector bundle of rank r and h be a smooth Hermitian me-
tric on E. Assume that for any point a € Q, there exist vy, € (0,0(a)) and a
semi-positive lower semi-continuous function g, : [0,7,] — Rx¢ such that
Li(a,r,&) < e for any ¢ € B, \{0} and any r € (0,7,). Then

V—=10p(a) = 2¢,(0)w ® Idg,

TOME 0 (0), FASCICULE 0



4 Takahiro INAYAMA

where \/—10y, is the Chern curvature of (E, h).

For the definition of Ly (a,r,§), see Definition 2.8. As an application, we
study the relationship between the positivity of direct image sheaves and
the sharper estimate. Let m : X — B be a proper holomorphic submersion,
where X is a Kéhler manifold of dimension n+1 and B is a bounded domain
in C. We also let £ — X be a line bundle over X with a smooth Hermitian
metric h. Assume that dim H°(X,, Kx_ ® L,) has the same dimension for
7 € B, where X, =7 !(7) and L, = L|x_. Set E, := H*(X,, Kx_ ® L,).
Then

E = U {r} x E;
TEB
admits a structure of a holomorphic vector bundle and can be identified
with the direct image bundle 7, (Kx,p ® L), where Ky ,p is the relative
canonical bundle. Under this isomorphism, 7, (Kx,p ® £) has a canonical
Hermitian metric H induced by h as follows. For 7 € B and u € E, =
HO(X‘N KXT ® LT) = Hn’O(X'M L‘r)u

ul? ::/ cphru AT,
X,
2
where ¢, = \/—1n . Here we denote by h. the restriction of h to L. In
this setting, we have the following theorem.

THEOREM 1.5. — Keep the notation above. Assume that H*(X,, Kx, ®
L) has the same dimension for each T € B. Let g: B — R be a semi-
positive function on B. Then the following properties are equivalent:

(1) the Chern curvature /=10y of the direct image bundle 7, (Kx/p®
L) = E is positively curved such as /=10y > gw ® Idm(KX/B@)L)-

(2) for any point a € B, any £ € E, = H°(X,,Kx, ® L,) and any
e > 0, there exists r. € (0,9(a)) such that for any r € (0,r.), there
exists a holomorphic section s € H(m~1(A(a;7)), Kx ® L) such
that s|x, = £ Adr and

/ Cni1ths N3 < e max{wﬁ’o}ﬁmﬂ/ cnhe€ NE.
7= (A(a;r)) a

The correspondence is considered to provide a new direction for the study
of positivity of direct images.

Finally, we see that the L?-extension index leads to a new and intere-
sting characterization of (pluri)harmonic functions. On a one-dimensional
domain, as is well known, a subharmonic function is characterized by the
mean value inequality, and when the equality of the inequality holds, the

ANNALES DE L’INSTITUT FOURIER



L?-EXTENSION INDICES 5

function becomes a harmonic function. As discussed above, the (pluri)sub-
harmonicity of the weight can be characterized by the inequality part of
the optimal Ohsawa-Takegoshi L?-extension theorem. Therefore, based on
the analogy with the above, the following natural question arises:

QUESTION 1.6. — Are harmonic functions characterized by the equality
part of the optimal Ohsawa—Takegoshi L?-extension theorem?

We can give an affirmative answer to the above question under an ap-
propriate formulation. Indeed, we get the following result.

THEOREM 1.7. — Let ¢ be a smooth function on a domain Q C C.
Then the following are equivalent:
(1) V=109 = 0.

(2) L, = 1, that is, for any a € Q and r € (0,(a)), there exists a
unique holomorphic function f on A(a;r) satisfying f(a) = 1 and

/ If]?e™ < nrie~¥(@),
A(asr)

Pseudoconvexity is related to the richness of certain holomorphic func-
tions (such as Stein manifolds). This theorem states that such a thing also
holds with respect to subharmonicity. In fact, if there are many holomor-
phic functions that satisfy the optimal Ohsawa—Takegoshi condition, the
metric becomes subharmonic, and if there is only one such holomorphic
function, the metric becomes harmonic. On an n-dimensional domain, we
can also get such a characterization of pluriharmonicity (see Appendix A).
As a higher rank analogue of Theorem 1.7, we get a new characterization
of curvature flatness as follows.

THEOREM 1.8. — Let (), E and h be the same thing as in Theorem 1.4.
Then the following are equivalent:

(1) V=10, =0.

(2) Ly =1, that is, for any a € Q,r € (0,6(a)) and & € E, \{0}, there
exists a unique holomorphic section s of E on A(a;r) satisfying
s(a) = ¢ and

|sli < 7r2[E] a)-
A(a;r)

Organization of the paper

The organization of the manuscript is as follows. In Section 2, we recall
positivity notions for vector bundles and basic facts about the optimal

TOME 0 (0), FASCICULE 0



6 Takahiro INAYAMA

L?-extension property. In this section, we also introduce notions of L2-
extension indices for line bundles and vector bundles. In Section 3, we give
a proof of Theorem 1.3 and discuss Prékopa-type theorems. In Section 4, we
prove Theorem 1.4 and 1.5. In Section 5, we establish new characterizations
of harmonicity and curvature flatness, and prove Theorem 1.7 and 1.8.
At last, in Appendix A, we discuss a generalization of the L2-extension
index and related problems.
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also expresses gratitude to the reviewer for providing valuable advice to
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2. Preliminaries
2.1. Positivity notions for vector bundles

In this subsection, let us recall basic positivity notions for vector bundles.
Let X denote a complex manifold of dimn, E — X be a holomorphic vector
bundle of rank r and h be a smooth Hermitian metric on E. We denote by
©}, the Chern curvature of (F, h). Taking local coordinates (z1,...,2z,) of
X and an orthonormal frame (e, ...,e,) of E at some fixed point 2y € X,
we write

V=10, = Z cjm#dzj /\d?k@)e;\@e#.

By using this expression, we can define the associated Hermitian form (:)h
on Tx ® E at xy by
On(mT) = D CiwTiaTh

1<, k<n

1<\ pugr
for 7 = Zj)\ Tj,\a%j ® ey € Tx ® E, where Tx is the holomorphic tan-
gent bundle of X. Then (E, k) is said to be Nakano positive (respectively,
Nakano semi-positive) if ©,(7,7) > 0 (respectively, Oy (7, 7) > 0) for all
non-zero elements 7 € Tx ® E, and (E, h) is said to be Griffiths positive
(respectively, Griffiths semi-positive) if éh(v ® 8,0 ® s) > 0 (respectively,

ANNALES DE L’INSTITUT FOURIER



L?-EXTENSION INDICES 7

On(v® 5,0 ®s) > 0) for all non-zero elements v € Ty and s € E. Corre-
sponding negativity is defined similarly. For two Hermitian forms A, B on
Tx ® E, we write A 2Nak. B (respectively, A >q,i¢. B) if A(r,7) > B(7,7)
(respectively, A(v® s,v®s) = Blv®s,v®s)) for all T € Tx ® E (respec-
tively, v € T'x and s € E). For two Hermitian metrics ha, hp on E, we write
V=10, >Nak. V—1604, (vespectively, \/7911,; > Gt \/7@;”3) when
the correspondmg Hermitian forms @h 4, and @h 5 satisfy @;, 4 ZNak. @h 5
(respectively, @hA > Grif. @h3)~

By definition, we clearly see that Nakano positivity is a stronger positiv-
ity notion that Griffiths positivity. Note that, if dim X =1 or rank F = 1,
these notions coincide. When dim X = 1, we just use the terminology
“(semi-)positively curved” and write /=10, > 0, /=10, > /—160,
and so on. Throughout of this paper, we mainly focus on Griffiths (semi-
)positivity and assume that  is a 1-dimensional domain in C.

2.2. Optimal L?-extension property

We explain the property called the minimal extension property [11] or
the optimal L?-extension property [6, 7] for a 1-dimensional domain. In
this article, we simply use the term “the optimal L2-extension property”
since we follow the formulation of Deng—Ning—Wang—Zhou.

DEFINITION 2.1 (minimal extension property [11], optimal L2-extension
property [6, 7]). — Let ¢ be an upper semi-continuous function on a do-
main  C C. We say that ¢ satisfies the optimal L%-extension property if
the following condition is satisfied: for each a € Q) with p(a) # —oo and any
r > 0 with A(a;r) C §, there exists a holomorphic function f on A(a;r)
satisfying f(a) = 1 and

/ If]?e % < nrle (@),
A(a;r)

In other words, if we can get the optimal L?-extension from any point
a € Q to A(a;r) with respect to the Li—norrm we say that ¢ satisfies
the optimal L?-extension property. As mentioned in Introduction, we know
that if ¢ is psh, ¢ satisfies the optimal L2-extension property thanks to the
work of Blocki [4] and Guan—Zhou [10]. Conversely, it is known that the
following holds.

THEOREM 2.2 ([6, Theorem 1.6], cf. [7, 10, 11]). — Let ¢ be an upper
semi-continuous function on a domain 2 C C. If ¢ satisfies the optimal
L?-extension property, ¢ is subharmonic.

TOME 0 (0), FASCICULE 0



8 Takahiro INAYAMA

One main topic in this article is to generalize this result to the quanti-
tative estimate of curvature positivity.

2.3. L2-extension index for line bundles

In this subsection, we list the basic properties about the L?-extension
index. Throughout this subsection, we let 2 C C be a bounded domain
and ¢ be a smooth function on 2. First, we show the following elementary
but important property.

LEMMA 2.3. — For any (a,r) € Qs, there exists a holomorphic function

f on A(a;r) satistying f(a) =1 and
Saiam [fIPe7%
Ly(a,r) = %.

This lemma immediately follows due to the standard property of the
weighted Bergman kernel. By using the notion of the L?-extension index
and Lemma 2.3, we can summarize Theorem 2.2 as follows. We use the
same notation as in Theorem 2.2.

THEOREM 2.4. — If L, < 1, ¢ is subharmonic.
For another example, we can state [6, Theorem 1.7] as follows.

THEOREM 2.5. — Iflog Ly,,/m — 0 pointwise as m — +00, ¢ is sub-
harmonic.

This type of theorem was proved in a more general setting [8]. For the
reader’s convenience and to familiarize her or himself with the concept of
the L?-extension index, we give a quick proof of the theorem. The proof is
almost the same as in [6].

Proof. — Fix (a,r) € Q5 and m € N. Thanks to Lemma 2.3, we can
obtain a holomorphic function f,, on A(a;r) satisfying fm,(a) =1 and
N fA(a;r) ‘fm|2€—7mp

7'(7"2@*7”89(‘1)

Ly, (a,r)

that is,
1
me(a,r)e*m“"(“) = / |fm|267m8072.
A(a;r) T
Taking the logarithm of the above inequality and using Jensen’s inequality,
we get

2
a;r) wr

1
—mp(a) +log Ly, (a, ) > log </( |fm26mw>
A

ANNALES DE L’INSTITUT FOURIER
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> / (108 | f|? — m)
A(a;r)

1
Z— —my
LN

2

since log | f,,|? is psh and f,,,(a) = 1. Hence, it follows that

1 log Lyo(a,r
— ¢ > ¢a) - gL (a.7),
r A(as;r) m

Taking m — 400, we get
1
) > )
=l N p(a)

which completes the proof.

d

We can also show the following property. This result describes the be-

havior of Ly (a,-) near the origin.

PROPOSITION 2.6. — lim, 9 L,(a,7) =1 for any a € .

Proof. — Fix a € Q. Let ¢ > 0 be an arbitrary positive number. For
each r € (0,0(a)), due to Lemma 2.3, there is a holomorphic function f,

on A(a;r) satisfying f,.(a) =1 and

I o fA(a;T) |fr|26_90
o(ar) = @

Since ¢ is continuous, there exists r1 € (0,0(a)) such that for any z €

Ala;r), |¢(2) — ¢(a)] < e. Using the mean-value inequality for |f,

have that

/ |fr|267¢ > efcp(a)fe/ |fr‘2 > 71'7’2674’0((1)75.
A(a;r) A(a;r)

Hence, it follows that

fA(a;'r) ‘fr|267¢

>e  >1-—
mr2e—wl@  ~° > c

Ly(a,r) =

for any r € (0,r1).

12, we

On the other hand, we fix R € (0,0(a)). Thanks to the mean-value

theorem, for any r € (0, R), there exists ¢, € A(a;r) such that
/A( : | frlaqm [Pe™? = 72| fr(¢)|Pe™ P,

Then we get
fA(a;T) |fR|A(a?T)|2e_<p _ ‘fR(Cr)Pe_SO(CT)

7'('1"2@*90(‘1) e*@(a)

TOME 0 (0), FASCICULE 0
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Since (- — a as » — +0, it holds that

_ fA(a.,.) ‘fR‘A(a;r)Peitp
lim ! =1
r—+0 7T7‘2@—<P(a)

Then there is 3 € (0, R) such that for any r € (0,rz)

fA(a;r) |fR‘A(a;7‘) |26_Lp
e <

1= mr2e—¢(a)

<l+e.

By the definition of L, we see that

< fA(a;r) |fR|A(a;T) |267¢

re—p(@) <l+4e¢

Ly(a,r)
for r € (0,72). Thus, letting r¢ := min{ry,r2}, we have that
l—e< Ly(a,r)<l4c¢
for any r € (0, ro). O

At the last of this subsection, we show a specific calculation of the L2-
extension index.

Example 2.7. — Let A := A(0;1) and ¢(z) = A|z|? for A > 0. We can
easily see that
Jacom e Ml
LA|z|2(07T) = nr2e—2(0)

for r € (0,1). Then it follows that

1 g2
Ly22(0,7) = SV (1 —e? )

due to the simple computation.

2.4. L[?-extension index for vector bundles

In this subsection, let us introduce the higher rank analogues of the
results in Section 2.3. First, we define L?-extension indices for smooth
Hermitian vector bundles. Throughout this subsection, we also let €2 be
a bounded domain in C.

DEFINITION 2.8. — Let w : E — ) be a holomorphic vector bundle over
Q and h be a smooth Hermitian metric on E. We define the L?-extension
index Ly, of h on Q5 xq E\{0}, by

fA(a;r) |S|}21

2 2
r ‘§|h(a)

Ly(a,r,€) = inf{

ANNALES DE L’INSTITUT FOURIER



L?-EXTENSION INDICES 11

where E'\{0} is the complement of the zero section of E, Qs xq E\{0} =
{(a,r,€) € Qs x E\{0} | a = 7(¢)} and A%(A(a;r), h) is the space of square
integrable holomorphic sections of E with respect to h on A(a;r).

If rankE = 1, the above definition is equal to Definition 1.1. The same
properties as in Subsection 2.3 also hold.

LEMMA 2.9. — For any (a,r,£) € Q5 xq E\{0}, there is a holomorphic
section s € A%(A(a;r), h) such that s(a) = ¢ and
fA(a;r) |S|%L

21212 "
r ‘£|h(a)

Proof. — Let (a,r,£) € Qs Xq E\{0} and A = Ly(a,r,§). For each
n € N, there exists s, € A2(A(a;7), h) such that s, (a) = ¢ and
2
) 1Sn
< fA(a,r)| |h <A+l

7T742|§|;21(a) n

Lh(a7 T, g) =

We choose a frame (ej,...,e.) of E and write u = ule; + -+ + u”e,
for a holomorphic section u of E. Since A(a;7) is relatively compact in €2,
there exist constants ¢, C > 0 such that clu|? < |u|? < Clul? on A(a;r) for
u € A%(A(a;r), h). Here |ul? denotes |u|? = [ul|? + - -+ + |u™|2. Therefore,

; 1
|l < el ()
A(a;r)

foralln € Nand 1 < ¢ < r. By Montel’s theorem, we obtain a subsequence
{st, }x of {sﬁl} such that {s/, }; converges compactly to some holomorphic
function s* for each ¢. Extracting a subsequence and renumbering the sub-
scripts, we may assume that for each i, {s?, },, satisfies the above conditions.
We define s := ste;+---+s"e, € H*(A(a;7), E). Note that s(a) = &. Then

Fatou’s lemma implies that
2
s
IA(;J)J ‘h <A,
r |§|h(a)

which completes the proof. O
PROPOSITION 2.10. — For any £ € E\Q, lim,_, 1o Ly(a,r, &) = 1, where
a=m(©).
Proof. — Let € > 0. We choose an orthonormal frame (eq,...,e,) of E
at a € ). Let us consider the following value
KA

|s[?

TOME 0 (0), FASCICULE 0



12 Takahiro INAYAMA

for s = stey + -+ s"e, € H'(A(a;7), E), where [s|? = [sY|2 + -+ |s"|%
Note that its minimum value is the smallest eigenvalue of h, which varies
continuously. Since |s(a)|?/|s(a)|*> = 1, there exists r1 € (0,d(a)), which is
independent of s, such that for any z € A(a;rq)

We take s, € H(A(a;7), E) satisfying s,.(a) = £ and

fA(a-r) |sr |
Li(a,r€) = — 50—
2R

for each r € (0,r1). Then
fA(a;r) |5T|}21 (1 - 5) fA(a;r) ‘87‘|2

7T7'2|§|i(a) 7”"2|§|i(a)

_ (1-¢) fA(a;r)(‘3H2 + - +1s7]?) > (1o

- mn2(|£1|2+...+|£r|2) = :
On the other hand, for some fixed R € (0,d(a)), we take sg, which is the
same as above. By using the mean-value theorem, for any r € (0, R) there

exists ¢, € A(a;r) such that

Lh (a’a T, 5) =

fA(a;r) |5R‘A(a;r)|}21 . ‘SR(CT)"ZL(C7)

WT2|§|%L(Q) B |§|i(a)

Since (, — a as r — +0, we see that

fA(a-q«) |5R|A(a;r)|i
lim o =1
r—+0 r |£|h(a)

By combining the two facts above and repeating the argument in the
proof of Proposition 2.6, we arrive at the conclusion that

741_1>r£r10Lh(a,7‘,5) =1. O

3. L2-extension indices for line bundles and curvature
positivity

Our main goal in this section is to give a proof of Theorem 1.3. We also
discuss Prékopa-type theorems. We show further applications as well.

First, in order to prove Theorem 1.3, we prepare the following elementary
lemma.

ANNALES DE L’INSTITUT FOURIER
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LEMMA 3.1. — Let f(z) = ,/ezx—_l for x > 0. For any positive number
0 > 0, there exists ns > 0 such that

et —1

T

[SIES

)z

< e(%+

on (0,75).

Proof. — It is enough to show that

T __
€ 1 < e(%Jré)a:.
X

The Taylor expansions of % and e(3+9)% are given by

n

A U
r 2 (n+1)! ’
1 1 +6 n "
2 n!
Hence, there exists 15 > 0 such that
ol (3H)e
x
on (0,7n5) since (3 t+o)z _ erw—*l =0z + o(x). O

Then we prove Theorem 1.3.

Proof of Theorem 1.3. — Fix an arbitrary point a € 2. We also take v,
and a lower semi-continuous function g4 : [0,7,] = R>¢ as in Theorem 1.3.
If go(0) > 0, we take an arbitrary number ¢ such that ¢ € (0, g,(0)). Since g,
is lower semi-continuous, there exists 7. € (0,,) such that g,(0)—& < go(r)
for r € (0,7.). By Lemma 2.3, for r € (0,7.) there exists a holomorphic
function f, on A(a;r) satisfying f.(a) =1 and

/ |fr\267“’ = Ly(a, r)wrze*“"(“).
A(a;r)

TOME 0 (0), FASCICULE 0



14 Takahiro INAYAMA

We now define a function ¢, . by @u.(2) := @ — (94(0) — &)z — a|*.
Note that ¢, c(a) = @. Then for r € (0,r.) we have that

A(a;r) Alasr)

1/2 1/2
< (/ |f7“2e_cp> (/ 62(9a(0)—6)|z—a|2>
A(a;r) Alair)
(a) T
= L a,r \/7?7'67%)2 \/ 62(90‘(0)75)7”2 _ 1
m 2(94(0) —¢) ( )

Ce@ ga(r 2 |e2(9a(0)=)r* _q
2 e 2 T —_— .
2(94(0) —&)r?

< mrle
from the assumption that L, (a,r) < e=9(""* We fix an arbitrary small
number § > 0. Thanks to Lemma 3.1, there exists 15 > 0 such that

et —1

T

on (0,7s). Set r5 := 1/#‘20), which is independent of ¢. If r € (0,75), we
have that

[SIES

)z

< e(%+

200 1 _
2(ga(0) - 5)72 A

Letting r. 5 := min{re, 75} > 0, for r € (0,7 5) we obtain that

(3.1) / T :/ (oo~ (80 (0)=0)lz=al?
A(a;r) Ala;r)

a alr 2(9a(0)—e)r? _
(3.2) e S om0 e —1
2(911(0) - 5)7”2

9a(0) 2
2 ) _smna (80_£)2 (o) oy

o(348)(ga(0)—)r*

(3.3) <mrée” T e
(3.4) < mrle— 52 09a (0)57
(35) = 777126754%,6(@) eJe (0)6T2

from g,(0) — & — go(r) < 0. Taking the logarithm of the above inequality
and using Jensen’s inequality, we have

1

- 5 a 2 a - Ya O 5 2-
2 A(G;T)SD e Z P ,s(a) 9a(0)0r

ANNALES DE L’INSTITUT FOURIER
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We write the Taylor expansion of ¢, at a € 2 by

69011,5 = 1 6290(1,5
(@) + “e22 (@) + 3 s

(a)¢®
1 82()00,,5 =2 82(;0(1,6

+§ 972 (a)¢ +%(a)|ﬂ2+o(\§|2).

a@a,s
0z

‘Pa,s(a +¢) = ‘Pa,E(a) +

Letting ( = Re\/jw, we get

2
2 (ac(at0) — pos(a) = Lo

w7t Jaim)
It also holds that
2
mrd A(0;7)
Taking r — +0, we have that 9%p, ./020z(a) > —2g,(0)d. Since § > 0
is arbitrary, taking the limit 6 — +0, we get 8%¢, ./020z(a) > 0, which
implies that

(‘Pa,e(a +¢) — @a,e(a)) > —2¢4(0)4.

V—=130¢p(a) = 2(ga(0) — )w.
Since € € (0, g4(0)) is arbitrary, it follows that
V—=190¢(a) = 294(0)w.
If g4(0) = 0, /=109 (a) > 2g,(0)w = 0 follows simply by Theorem 2.2
since g, = 0.
In both cases,
V—=130¢(a) = 2¢4(0)w
is proved. O

We remark that the estimate in Theorem 1.3 is optimal in the following
sense.

COROLLARY 3.2. — Let ¢ be a smooth function and g be a non-negative
function on a bounded domain 2 C C. Fix a € Q. Then the following
properties are equivalent:

(1) For any € > 0, there exists r. > 0 such that

(@)-e)
Ly(a,r) < o~ max{ == 0}

for r € (0,r.).

(2) V—190¢(a) = g(a)w.

Due to this corollary, we cannot expect that in Theorem 1.3 there is a
positive constant § > 0 satisfying /—109¢(a) > (2 + §)g.(0)w. If g is a
positive function, we can rephrase this corollary as follows.

TOME 0 (0), FASCICULE 0



16 Takahiro INAYAMA

COROLLARY 3.3. — Keep the setting. If g is positive, the following are
equivalent:

(1) For any € € (0,g(a)), there exists r. > 0 such that

_l@)=e) 2

Ly(a,r) <e
for r € (0,re).
(2) V=109(a) > gla).
Proof of Corollary 3.2.

(1)==(2). — We only need to show the proof in the case that g(a) > 0.
If g(a) > 0, by taking € € (0, g(a)), we know that there exists r. such that

CIOEE

Ly(a,r)<e
for r € (0,7.). Then applying Theorem 1.3 and € — +0, we get
V=199¢(a) = (g(a) - e)w — gla)w.

(2)=(1). — If ¢ > g(a), we need to show L,(a,r) < 1. The non-
negativity of g implies the plurisubharmonicity of . Using the optimal
L?-extension theorem [4, 10], we can say that L (a,r) < 1 for r € (0,5(a)).
Then it is enough to show the proof in the situation that g(a) > 0 and
e €(0,9(a)). Set ¢ := g—f(a) and

fo=ezma),
Note that f is a holomorphic function with f(a) = 1. We also define ¥ by
U = _|f|26—4p _ _ef(apfc(zfa)fc(zfa)).

Then we can compute

v —(Lp—c(z—a)—c(z—a)) 890 890 —
9202 ¢ <az - C) (82 - C)

e
020z

+ e—(ap—c(z—a)—c(z—a))

We get
0w 0%
— o—(a)
9202 = " g0z
We denote by T

(a) = e *Dg(a) > 0.

V=0 —e 99 (g(a) —€)|z — al*.
It holds that
0 0>

920 = 5,02~ e ¥ (g(a) —g) = ee ?@ > 0.
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L2-EXTENSION INDICES 17

Hence, there exists r. such that U is psh on A(a;r.). Then we have that

1 ~ o~
— U > U(a) = —e—¥(@),
T J Adar)

that is,
1
) g o) [ maPz L [ e
Aa;r) ;

mr2

\

for r € (0,7.). In summary, we see that

e—ap(a) 1— (g(a) — 5) r2 > L/ |f‘26_@,
2 2 A(asr)

which implies that

2,—¢p
_(ola)=e) 2 fA(a-r) |fI%e
> — " > .

e 2 o L,(a,r) O

The proof of Corollary 3.3 is the same. Note that we do not need to

use the Ohsawa—Takegoshi L2-extension theorem in order to prove Corol-
lary 3.3, which is one interesting point.

Next, we discuss Prékopa-type theorems. As an immediate consequence

of Corollary 3.2, we obtain the following result.

THEOREM 3.4. — Let ¢ : U, x 2, — R be a function, which is smooth
on U x . Here U, C C; and 2, C C7 are bounded domains. We define

the function ® on U by
() / (7).
z€Q

Let g be a non-negative function on U and w = /—1d7 A d7. Then the
following properties are equivalent:

(1) V/=100® > gw.

(2) For any point a € U and any € > 0, there exists r. € (0,d(a)) such

that
(9(a)—¢)
L@(CL, T) g 6_ max{ g 5 ,O}r2
for r € (0,r.).

This theorem can be seen as a quantification of Prékopa-type theorems.
Let us explain the reason for that below.

First, we introduce the following fundamental result obtained by Berndts-
son.

TOME 0 (0), FASCICULE 0



18 Takahiro INAYAMA

THEOREM 3.5 ([1]). — Let ¢ be a smooth psh function on U X §), where
U, C C is a domain and 2, C C" is a bounded pseudoconvex domain.
Assume that Q is a Reinhardt domain and ¢ is independent of arg(z;) for
j=1,...,n. Then ® defined by

o—(r) _ / o—(r.2)
z€EQ

Prékopa’s theorem is originally a result in convex geometry. The state-
ment is that if p: R; x R? — R is a convex function, then the function
®: R — R defined by e~ 2 = fmeR" e~?(:7) ig also convex. We call the
above type theorem Prékopa-type theorem in this article. We remark that
the smoothness of ¢ and the boundedness of ) are not necessary due to
an approximate argument, but we go on this setting for simplicity without
loss of generality.

Actually, we can see that Berndtsson’s theorem above can be reduced to
the equivalence of the plurisubharmonicity of the weight and the optimal-
ity of the Ohsawa-Takegoshi L2-extension theorem. Here we explain the
reason. Fix a € U and r € (0,0(a)). If ¢ is psh, thanks to the usual opti-
mal L2-extension theorem [4, 10], we get a holomorphic function f(7, z) on
A(a;r) x Q such that f(a,z) =1 and

/ |f(T,Z)|267(p(T’Z) < 7r7"2/ e~ Pl@z)
Aa;r)xQ Q

e take f which has the minimum L“-norm. is minimum extension is
We tak hich has th L? Th t

is psh as well.

uniquely determined due to the following reason. Let A%(A(a;r) x Q, ) =:
Aand H := {f € A | fliayxa = 0}. We write A = H @ H*. Then
for above f, . (f) is the unique extension with minimum L?-norm. We
simply write f for mg. (f). Following the argument in [1], we can say that
the minimum extension f has the same invariance property as of ¢, that is,
f is independent of arg(z;) for j =1,...,n. Since f is holomorphic in z;,
f is also independent of z;, which implies that f is just a function of 7. We
also denote it by f. Then

that is, ® satisfies the optimal L2-extension property Lg(a,r) < 1. Hence,
® is psh. In this sense, Theorem 3.4 indicates a direction of quantification
for Prékopa’s theorem. Indeed, if sharper estimates can be obtained for
each fiber, the strict positivity of ® can also be determined accordingly.
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Conversely, if ® has strict positivity, local sharper estimates can be obtained
for each fiber.

As another concrete example, sharper estimates can be systematically
constructed as follows.

THEOREM 3.6. — Let ¢ : U, x 0, — R be a psh function, which is
smooth on U x Q). Here U, C C; and ), C C?} are bounded domains. We
also assume that ¢ satisfies

foutts o
aro= ) "9, (17

where g is a non-negative function on U. Let ® : U — R be the function

defined by
o) / )
z€Q

and G : U — R be the function defined by

> g(7),

9 2
J. cq 327, 2)e)

(fz €N e—cp('r,z))2

Then for any point a € U and any ¢ > 0, there exists r. € (0,0(a)) such
that for r € (0,7¢)

(G(a)—¢)
Lq;(&,’f‘) < e—max{ ¢ 02 = ,0}7"2

that is, there exists a holomorphic function f, on A(a;r) satistying f.(a) =
1 and

/ F()Pemer9) < e S 0) / —o(@2)
Aa;r)xQ

Q

Proof of Theorem 3.6. — Since
d(7) = —log/ e #(12),
Q

we can see that

92® Q <8Ta7’ - % 2) ‘fg awe ‘
oror Joe® (Jeyem <p)
g

(Joe™ S0)
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by simple computation. Note that G > ¢g and G is a non-negative function
as well. As a corollary of Theorem 3.4, we can say that for any a € U and
any € > 0, there exists r. € (0,d(a)) such that

— max{ 7(G(02)75> ,0}7‘2

Le(a,r) <e
for r € (0,r.). O
Remark 3.7. — If we only assume that
2
0% 54
oToT
in Theorem 3.6, the plurisubharmonicity of ® does not follow. This type
of example was found by Kiselman [18]. Let ¢(7,2) := |7 — z|> — |7|* be a
function on C x C. Since o(1, z) = |2|? — 2Re(72), ¢ is psh and satisfies
2
¢ .
oToT
Then ¢ defined by
() _ / o—(r.2)
zeC
is equal to ®(7) = —|7|? — C for some constant C, which is not clearly psh

and does not satisfy Lg < 1. If we want to obtain the plurisubharmonicity
of ® or the sharper estimate, we need to assume that, for instance, v/—199¢
is “sufficiently” positive such as in Theorem 3.6 or ¢ is invariant under some
group actions such as in Theorem 3.5 (for further studies, cf. [9]).

4. L2-extension indices for vector bundles and curvature
positivity

In this section, we establish a higher rank analogue of the results in
Section 3. First, we give a proof of Theorem 1.4. The proof is almost the
same as the proof of Theorem 1.3. One part of the following proof is inspired
by the argument in [8, Theorem 6.4].

Proof of Theorem 1.4. — Take a € ), =, and g, as in Theorem 1.4. If
g(a) > 0, we take an arbitrary € € (0, g,(0)). We also take . € (0,7,) such
that g,(0) — € < go(r) for r € (0,7¢).

We define h := he2(9a(0)=9)lz=al* Then its dual metric is

71* _ h*@*Z(ga(O)fs)\zfa\Q.

We are going to prove that for any local holomorphic section u of E* on
an open neighborhood of a, |u|}%* is psh. We may assume that u(a) # 0.
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By taking r. small enough if necessary, we can assume that v is defined on
A(a;r.) and u # 0 there.

By definition, there exists £ € E, such that |§\,~l(a) = |¢lh@) = 1 and
[u(a)|p () = [(u(a), §)|. From Lemma 2.9, for each r € (0,7), there exists
s, € A%2(A(a;r), p) satisfying s,-(a) = € and

fA(a;r) |S7"|}2L - fA(a;r) |ST‘}21

— =
7rr2|§\h(a) wr?

L}L (CL, T, g) =

Since log |(u, s,-)| is psh, thanks to the optimal L2-extension theorem [4, 10],
there exists a holomorphic function f, on A(a;r) satisfying f,.(a) = 1 and

/ |fo[2e 08 s < p2e= 108 (@) O] 12~ 108 (@)
Ala;r)
We have |ul;. > [(u, s»)|/|sr|;, which implies that

emoglulie < |5, 124 1oB (wssr)]

Then it holds that

/ |fr|ef%10g|u\z,*
A(a;r)

—1
g/ £ \sr|;l/26 7 log [(u,s) |
A(asr

5

1/2
/ |5T|he<ga(o>—a>z—a|2> Jrre— 108 (@l o
A(a;r)

1/4 1/4
< / Isrli> (/ ez(ga<o>—e)z—a2> e b leslu@lis
A(a;r) Aa;r)

) 1/4
2(9a(0)—2)r" _ 1
4 —Lg.(r)r? 4 € —1log |u(a)|jx(a
S VAV [Eln@e \/77<2(ga(0) — > Ve 2 R (@)

2(ga (0)—e)r? 1/4
— 2o t9atr)r® [ € (@07 —1 o~ 3108w (0
2(9a(0) —€)r?

Here we use the assumption that Ly(a,r, &) < e=9a(r)r?, By repeating the
same argument as in the proof of Theorem 1.3, for 6 > 0, there exists r5 > 0
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such that

2(94(0) — ¢

for r € (0,rs). Letting r. 5 := min{re, 75}, we have that

Ala;r)

2(ga(0)—e r? 174
< 7T7,267%ga(r)7‘2 (6 (92 (0)—¢) )21> 6*%10g‘“(a)|}}*(a)
T

2(g0(0)— 2 1/4
(e””)—;> < o(H+H) -0
T

2(9(1 (O) —¢€

< mr2e— 1902 o (3+8) (82 (0=  —F log |u(@) s o

r2 5 2 1 _
< 2T (9a(0)—e=ga(r)) 05 9a (0)7" o= 5 log [u(a) s (a)

7T?"267% log [u(a) | (q) egga(O)TQ .

N

Note that 1log|ulj. satisfies the same inequality as (3.1)—(3.5). Hence,
by repeating the same argument as in the proof of Theorem 1.3, we can
conclude that log |ulj. is psh, that is, h is Griffiths semi-positive. Then it
holds that

V=104(a) = 2(9.(0) — e)w ® 1dE .
Taking ¢ — +0, we finish the proof Theorem 1.4. 0

As an application, we can establish the higher rank analogue of Corol-
lary 3.3. We also remark that the following corollary can be used to prove
Theorem 1.5.

COROLLARY 4.1. — Let Q, E and h be the same things as in Theo-
rem 1.4. We also let g be a semi-positive function on ). Fix a € Q2. Then
the following are equivalent:

(1) For any e > 0 and any § € E, \{0}, there exists r. € (0,0(a)) such
that -
g(a)—e 7‘2

Lnfa,r,§) < e {700}

for r € (0,r.).
(2) V=164(a) = g(a)w @ Idp.

Proof of Corollary 4.1. — The implication (1)==-(2) is just a conse-
quence of Theorem 1.4 since we have that /=10, (a) > max{g(a)—¢,0}w®
Idg > (g9(a) —e)w®ldg — g(a)w@Idg as € — 0. We only show (2)=(1).
If £ > g(a), we have to prove Ly(a,r, &) < 1. This follows from the optimal
L?-extension theorem for (Nakano) semi-positive vector bundle. Hence, we
only need to consider the case that ¢ < g(a). Thanks to [5, Chapter V,
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Proposition (12.10)], we can take a holomorphic frame (eq,...,e,) of E
such that

hiex(2), eu(2)) = dap — eaulz —al> + O (]2 — af’)

where (V—=10h)a = 321 < <rOudz A dZ @ €} ® e,. We write hy,, for
h(ex,e,) and € = Elei(a) +- - -+ £er(a). We define a section s € H(, E)
with constant coefficients by s(z2) := lej(2) + -+ + £"e,.(2). Then

sBE = S hubé,

1< p<r
= Z Ex? = |z —af Z eauéné, + 0 (lz—al?).
ISAsr 1< p<r

Define ¥ by ¥ = —|s|%. Then we have
V—=100%(a) = (V=104¢,&)n(a) = g(a)lé]} ,yw

from the assumption of (2). Set ¥ := ¥ — (g(a) — €)I€]7 (|2 — al®. We then
get
V _186\11(0/) > €|£‘;2l(a)w
Hence, there exists r. > 0 such that U is psh on A(a;re). It implies that
1 -~
— U > V(a) = —|sl3(a) = —[¢]7 0

2
T JAasr)

for r € (0,7r.). Repeating the same argument as in the proof of Corol-
lary 3.2, we can get

o= Jagan Islh

7W2|€|;21(a)

Considering the case that Q = B, F = m,(Ky/p ® £) and h = H, we
can prove Theorem 1.5.
Proof of Theorem 1.5.

(1)=(2). — Fixa€ B, £ € B, = H*(X,,Kx, ® L,) and € > 0. We

may assume that £ # 0. Corollary 4.1 asserts that there exists r. € (0,6(a))

such that for any r € (0,r.)

2 Lh(aﬂ", g) 0

. (9(a)—¢)
LH(CL,T’, é—) < e—max{ g a2 £ ,0}7‘2.

Thanks to Lemma 2.9, we get a holomorphic section u € A%(A(a;7), H)
satisfying u(a) = £ and

_ (g(u)*a),o 2
/ ufy, < om0l gz,
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Define
s:=uAdr € H(A(a;r), Kp ® E) = H® (17 (A(a;7), Kx ® L) .
Then s satisfies s|x, = £ Adr and
(9(a)—e) _
/ Cni1ths N3 < e max{ E ’O}TZWTQ/ cnha€ NE.
m= 1 (A(a;r)) Xa

(2)=(1). — Take a,&,¢,r.,7,s satisfying the condition of (2) in The-
orem 1.5. Then s € H°(7 1 (A(a;r), Ky ® L) defines the unique section
u e H(A(a;r), m(Kx/p @ L)) such that s = u A d7. Then u satisfies

T Wi _ {12122 0},

e

as well, which implies that Ly (a,r,£) < e~ max{HG==,04r% for g ¢ (0,7¢).
By Corollary 4.1, we see that

VTTOn(a) > gla)w 81, (e, or)- -

If £ is a positive line bundle, 7, (Kx,p ® L) is positive as well (cf. [3]).
Hence, in this setting, we get a sharper estimate from each fiber locally.
Conversely, if we get a sharper estimate from each fiber, we can say that
(m(Kx/p ® L), H) is strictly positive.

5. New characterization of harmonicity

As mentioned in Introduction, it is an interesting attempt to give a new
characterization of a certain kind of curvature flatness in terms of the op-
timal Ohsawa-Takegoshi L?-extension theorem. In this section, we firstly
give a new characterization of harmonicity and a proof of Theorem 1.7.

Proof of Theorem 1.7.

(1)=(2). — We fix any a € Q and r € (0,0(a)). Using Lemma 2.3, we
take a holomorphic function f on A(a;r) satisfying f(a) = 1 and

S 11
A(a;r) |f| € .
oy ry Ly(a,r).

Since ¢ is harmonic, and subharmonic as well, due to the optimal L2-
extension theorem, we have that L,(a,r) < 1, that is,

o [f]Pe¢
Jagazn 1 o1

ar2e—¢(@)
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On the other hand, since ¢ is harmonic, there exists a holomorphic function
h on A(a;r) such that 2Re(h) = ¢. Hence, for any holomorphic function
g on A(a;7), |g|*e=% = |ge~"|? is subharmonic. Then we get

/ |f|%e™% > nrie~¥(@),
A(a;r)

Consequently, it holds that

/ |f|?e % = nrie—#(a)-
A(a;r)

Since the extension f with minimum L2-norm is uniquely determined (cf.
the argument in Section 3), the proof is completed.

(2)==(1). — Theorem 2.2 implies that /=199y > 0. If \/—100p(a) >
0 for some point a € Q, we take ¢ > 0 such that v/—199p(a) > cw. Then
there exists ' > 0 such that for any r € (0,r')

L,(a,r) < e 57

from Corollary 3.3. This contradicts L, = 1. d

This theorem implies that if one cannot get any sharper estimates with
respect to ¢, ¢ must be harmonic, and vice versa. As a higher rank analogue
of this theorem, we prove Theorem 1.8.

Proof of Theorem 1.8.

(1)=(2). — Take (a,r,,§) € Q5 xq E\{0}. By using Lemma 2.9, there
exists a holomorphic section s € A%2(A(a;7), h) such that s(a) = ¢ and
fA(a;r) |S|%

Lh(CLT, g) = 21 ¢12 :
T ‘€|h(a)

Thanks to the optimal L2-extension theorem for (Nakano) semi-positive
vector bundle, we see that Ly (a,r, &) < 1, that is,

fA(a;r) |S|%l

2|¢|2 =
r \ﬁlh(a)

On the other hand, we fix any holomorphic section u € A?(A(a;7), h) with
u(a) = €. The curvature formula implies that

V—=180|ulj = —(vV=10pu,u), + V=1 (Dju, Dju),
=V _1< ;Lu’ D;Lu>h 2 0.
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Therefore, |ul? is a subharmonic function. Then it holds that

fA(a"f‘) |8|%l
27 2 > 1
r \ﬁlh(a)
Hence, we get
fA(a;r) |8|%l -1
e — =1
I

The uniqueness of s also follows (cf. the argument in Section 3).

(2)==(1). — Thanks to the optimal L?-extension property for a holo-
morphic vector bundle (cf. [7]), we can say that /=10, > 0. If /=10, # 0,
there exist a € Q and ¢ € E, with £ # 0 such that (v/=10,¢,&),(a) > 0.
We fix a positive number ¢ > 0 satisfying (v/—10,€,&)n(a) > c|£\i(a)w.
Similar to the proof of Corollary 4.1, we take a holomorphic frame (e, .. .,
e,) of E and define a section s with constant coefficients by s = £le; +-- -+
£re,, where & = leg(a) + -+ + £7e,(a). Taking e = ¢/2 and repeating the
argument there, we can prove that the L?-extension index in &-direction
satisfies

2

Ly(a,r,§) < e i"

for any r € (0,r.), where r. is some positive constant. This contradicts
Lh =1. O

Appendix A. Further studies and related problems

Shortly after this paper appeared on the arXiv, a new paper by Wang Xu
was announced [22], which generalized Theorem 1.4 to higher dimensional
cases. It seems interesting to generalize the definition of L?-extension in-
dices to higher dimensions and reformulate his results by using this notion.
In the appendix, we give a definition of L2-extension indices for smooth
Hermitian metrics on holomorphic vector bundles over an n-dimensional
domain. We prepare notation. Let 2 be a bounded domain in C", w: £ — Q
be a holomorphic vector bundle over 2 and h be a smooth Hermitian metric
on E. We alsoset A, = {z € C | |z] <7}, Bl ={z € C" | |z| < s}
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and Py, s = A(A, x B 1) for 7,5 > 0 and A € U(n). Here U(n) is the set
of all n-dimensional unitary groups and P4, s is nothing but holomorphic
cylinder. Set Q5 = {(a,7,5,4) € A xRsg X R x U(n) | a+ Pars C Q}
and Q5 xo E\{0} = {(a,7,5,4,§) € Qs x E\{0} | a = 7(§)}. We define
an L*-extension index Ly: Qs xq E\{0} — R by

(A'l) Lh/(a’ 7"’ 37 A7 f)
I

_ inf{ fa+PA,'r',s s

|PA,r,s |§|i(a)

is the volume of Pj4 . Here we follow the convention in

s e A2(a + Pa s, h),s(a) = §} ,

where |Pyg s
Section 2. Note that this definition is a generalization of Definition 2.8.

We explain why we take holomorphic cylinders. To get the Griffiths posi-
tivity of the metric (or more simply the plurisubharmonicity of the weight),
we need to consider not polydiscs but holomorphic cylinders in (A.1). See [6,
Lemma 3.1 and Remark 3.2] and [7, Theorem 1.3] for detail.

The same results discussed in the previous sections can be established in
parallel. Indeed, for example, we can establish a characterization of pluri-
harmonic functions, which is a higher rank analogue of Theorem 1.7.

THEOREM A.l. — Let ¢ be a smooth function on a domain 2 C C".
Then the following are equivalent:
(1) vV/=100p = 0.
(2) L, = 1, that is, for any (a,r,s,A) € Qjs, there exists a unique
holomorphic function f on a + P4, s satisfying f(a) =1 and

/ FPe® < [Payale @,
a+Pa r s

If we are only dealing with plurisubharmonicity or Griffiths positivity, it
is sufficient to consider only the one-dimensional case.

We can also extend the definition of the L?-extension index to general
upper semi-continuous functions. For an upper semi-continuous function ¢
on a bounded domain  C C", we define the L?-extension index L, of ¢
on Qj as follows: for (a,r, s, A) € Q;, if p(a) > —o0,

Lsﬂ(a7 7"7 S, A)
a 1
- |PrsalKp, (@)

. {f“Prs L f12e?
—inf{ ——n=4

|PT,5,A|67¢((1)

fe Az(a—i—PT,s,A,go) & fla) = 1},

TOME 0 (0), FASCICULE 0



28 Takahiro INAYAMA

and if p(a) = —oo, Ly(a,r, s, A) = 0. By using this concept, we can con-
sider various generalizations of the theorems established in this paper. For
example, as a generalization of Theorems 1.7 and A.1, we can consider the
following conjecture.

CONJECTURE A.2. — Let ¢ be an upper semi-continuous function on
Q C C™. Then the following are equivalent:
(1) ¢ is pluriharmonic.
(2) L, =1, that is, ¢ > —oo and for any (a,r,s, A) € Q, there exists
a unique holomorphic function f on a + Pa s satisfying f(a) =1
and

/ F 26 < |Parsle @,
a+Pa rs,

The formulation (2) in Conjecture A.2 does not assume the regularity
of the function. It would be interesting that regularity, such as plurihar-
monicity, could be obtained from such a condition.

Remark A.3. — After uploading this paper, there have been some de-
velopments regarding conjecture A.2. In the case of continuous functions,
we proved the conjecture to be correct in [15]. Subsequently, Liu and Xu
proved it for general R-valued measurable functions in [19].

BIBLIOGRAPHY

[1] B. BERNDTSSON, “Prekopa’s theorem and Kiselman’s minimum principle for
plurisubharmonic functions”, Math. Ann. 312 (1998), no. 4, p. 785-792.

, “Subharmonicity properties of the Bergman kernel and some other func-

tions associated to pseudoconvex domains”, Ann. Inst. Fourier 56 (2006), no. 6,

p- 1633-1662.

, “Curvature of vector bundles associated to holomorphic fibrations”, Ann.
Math. (2) 169 (2009), no. 2, p. 531-560.

[4] Z. Brockl, “Suita conjecture and the Ohsawa—Takegoshi extension theorem”, In-
vent. Math. 193 (2013), no. 1, p. 149-158.

[5] J.-P. DEeMAILLY, “Complex analytic and differential geometry”, http://
www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf, 2012.

(2]

[6] F. DENG, J. NING & Z. WANG, “Characterizations of plurisubharmonic functions”,
Sci. China, Math. 64 (2021), no. 9, p. 1959-1970.

[7] F. DENG, J. NING, Z. WANG & X. ZHOU, “Positivity of holomorphic vector bundles
in terms of LP-estimates for 8”, Math. Ann. 385 (2023), no. 1-2, p. 575-607.

[8] F. DENG, Z. WANG, L. ZHANG & X. ZHOU, “New characterizations of plurisubhar-

monic functions and positivity of direct image sheaves”, 2018, https://arxiv.org/
abs/1809.10371.

[9] F. DENG, H. ZHAaNG & X. ZHOU, “Positivity of direct images of positively curved
volume forms”, Math. Z. 278 (2014), no. 1-2, p. 347-362.

ANNALES DE L’INSTITUT FOURIER


http://www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf
http://www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf
https://arxiv.org/abs/1809.10371
https://arxiv.org/abs/1809.10371

L2-EXTENSION INDICES 29

[10] Q. GuaN & X. ZHOU, “A solution of an L? extension problem with an optimal
estimate and applications”, Ann. Math. (2) 181 (2015), no. 3, p. 1139-1208.

[11] C. Hacon, M. Pora & C. SCHNELL, “Algebraic fiber spaces over abelian varieties:
Around a recent theorem by Cao and Paun”, in Local and global methods in al-
gebraic geometry, Contemporary Mathematics, vol. 712, American Mathematical
Society, 2018, p. 143-195.

[12] G. HosoNO, “On sharper estimates of Ohsawa—Takegoshi L2-extension theorem”,
J. Math. Soc. Japan 71 (2019), no. 3, p. 909-914.

[13] G. Hosono & T. INAYAMA, “A converse of Hérmander’s L2-estimate and new posi-
tivity notions for vector bundles”, Sci. China, Math. 64 (2021), no. 8, p. 1745-1756.

[14] T. INAYAMA, “Optimal L2-Extensions on Tube Domains and a Simple Proof of
Prékopa’s Theorem”, J. Geom. Anal. 32 (2021), no. 1, article no. 32 (10 pages).

, “A note on characterizing pluriharmonic functions via the Ohsawa—
Takegoshi extension theorem”, J. Math. Sci., Tokyo 30 (2023), no. 3, p. 365-369.

[16] A. KHARE & V. P. PINGALI, “On an asymptotic characterisation of Griffiths semi-
positivity”, Bull. Sci. Math. 167 (2021), article no. 102956 (8 pages).

[17] S. KikucHI, “On sharper estimates of Ohsawa—Takegoshi L2-extension theorem in
higher dimensional case”, Manuscr. Math. 170 (2023), no. 3, p. 453-469.

(18] C. O. KISELMAN, “The partial Legendre transformation for plurisubharmonic func-
tions”, Invent. Math. 49 (1978), no. 2, p. 137-148.

[19] Z. Liv & W. Xu, “Characterizations of Griffiths Positivity, Pluriharmonicity and
Flatness”, 2022, https://arxiv.org/abs/2210.17361.

[20] T. Onsawa & K. TAKEGOSHI, “On the extension of L? holomorphic functions”,
Math. Z. 195 (1987), no. 2, p. 197-204.

[21] Y.-T. Siu, “Invariance of plurigenera”, Invent. Math. 134 (1998), no. 3, p. 661-673.

[22] W. Xu, “A Quantitative Characterization of Griffiths Positivity”, 2022, https:
//arxiv.org/abs/2210.17361v1.

[23] W. XU & X. ZHou, “Optimal L? Extensions of Openness Type”, 2022, https:
//arxiv.org/abs/2202.04791.

Manuscrit recu le 10 mai 2023,
révisé le 12 février 2024,
accepté le 21 mars 2024.

Takahiro INAYAMA

Department of Mathematics
Faculty of Science and Technology
Tokyo University of Science

2641 Yamazaki, Noda

Chiba, 278-8510 (Japan)
inayama_ takahiro@rs.tus.ac.jp

TOME 0 (0), FASCICULE 0


https://arxiv.org/abs/2210.17361
https://arxiv.org/abs/2210.17361v1
https://arxiv.org/abs/2210.17361v1
https://arxiv.org/abs/2202.04791
https://arxiv.org/abs/2202.04791
mailto:inayama_takahiro@rs.tus.ac.jp

	1. Introduction
	Organization of the paper
	Acknowledgments

	2. Preliminaries
	2.1. Positivity notions for vector bundles
	2.2. Optimal L 2-extension property
	2.3. L 2-extension index for line bundles
	2.4. L 2-extension index for vector bundles

	3. L 2-extension indices for line bundles and curvature positivity
	4. L 2-extension indices for vector bundles and curvature positivity
	5. New characterization of harmonicity
	Appendix A. Further studies and related problems
	References

