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THE DIAGONAL OF (3,3) FIVEFOLDS

by Jan LANGE & Bjgorn SKAULI (*)

ABSTRACT. We show that a very general (3,3) complete intersection in P7 over
an uncountable algebraically closed field of characteristic different from 2 admits
no decomposition of the diagonal, in particular it is not retract rational. This
strengthens Nicaise and Ottem’s result proving stable irrationality of this complete
intersection in characteristic 0. The main tool is a Chow-theoretic obstruction
which was found by Pavic and Schreieder, who studied quartic fivefolds.

RESUME. — En travaillant sur un corps algébriquement clos non dénombrable
de caractéristique différente de 2, nous montrons qu’une intersection compléte de
bidegré (3,3) et de dimension 5 n’a pas de décomposition de la diagonale. En par-
ticulier, une telle intersection compléte n’est pas rétracte rationnelle. Cela renforce
un résultat de Nicaise et Ottem, qui ont montré qu’en caractéristique 0, une telle
intersection compléte n’est pas stablement rationnelle. L’outil principal est une
obstruction découverte par Pavic et Schreieder, qui ont étudié les hypersurfaces
quartiques de dimension cinque.

1. Introduction

The Liiroth problem asks whether rationality and unirationality are
equivalent. This holds for curves and complex surfaces, but in higher dimen-
sions the two notions start to differ. Some interesting intermediate proper-
ties between rational and unirational have therefore been introduced, but
the relations between these are not fully understood yet.

Recall that a variety X is rational if it is birational to projective space,
and stably rational if X x P™ is rational for some m. We say that X is
retract rational if the identity map of X factors through some projective
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2 Jan LANGE & Bjorn SKAULI

space as a rational map, i.e. there exists rational maps f and g such that
the composition

x-Liprfx

is defined and equal to the identity on a nonempty open set U C X. Finally,
a variety X is called unirational if there is a dominant map P™ --+ X. There
are straightforward implications

rational = stably rational = retract rational = unirational.

Over algebraically closed fields only the first and third implications are
known to be strict. Beauville, Colliot-Théléne, Sansuc, and Swinnerton-
Dyer [2] showed the strictness of the first implication over C. The first
counterexample over C to the third implication was constructed by Artin
and Mumford in [1]. Over non-closed fields, there are algebraic tori which
are retract rational, but not stably rational. An overview of these can be
found in [10]. But the problem remains open for algebraically closed fields.

Voisin [25] introduced a cycle-theoretic specialization technique to prove
retract irrationality based on the decomposition of the diagonal, (see Sec-
tion 2.2) and applied it to the very general quartic double solid. This spe-
cialization technique was later generalized and refined by Colliot-Thélene
and Pirutka in [5] and by Schreieder in [20]. Totaro ([23]) used this tech-
nique to improve Kollar’s result ([13]) on the irrationality of very general
hypersurfaces of degree greater than roughly % of the dimension to stable
irrationality. Later on, Schreieder achieved a logarithmic bound for retract
irrationality in [20]. Beyond hypersurfaces, rationality of complete intersec-
tions has also been studied using the same technique by e.g. Chatzistama-
tiou and Levine in [3] and Hassett, Pirutka and Tschinkel in [8]. The latter
three authors also used the technique to study how rationality can vary in
families [9].

In characteristic 0, a different approach was introduced by Nicaise and
Shinder [17], as well as Kontsevich and Tschinkel [14]. This method is based
on motivic integration and the weak factorization theorem and provides
conditions under which stable rationality is preserved under specialization.
Using this, Nicaise and Ottem [16] proved stable irrationality of quartic
fivefolds and complete intersections of two cubics in P and also used the
results from [20] to prove stable irrationality of many other complete in-
tersections. With this technique, the strongest results typically arise by
specializing into a union of several components such that some of the com-
ponents intersect in a lower dimensional variety, and this intersection is
known to be stable irrational by some other method. Since this method
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does not a priori obstruct retract rationality, it is an interesting question
if it can be used to find retract rational but stably irrational varieties over
algebraically closed fields.

In [18], Pavic and Schreieder introduce a Chow-theoretic analogue of the
motivic method, where retract rationality can be obstructed by degenera-
ting to a union where the obstruction to a decomposition of the diagonal,
and hence to rationality, lies in the intersection of the components. Using
this technique, they study the very general quartic fivefold and show that
it is also retract irrational. Despite the analogy, the relation between the
method in [18] and the one used in [16] is unclear, and results obtained
by one might not necessarily translate to the other. Hence it is worthwhile
to study to what extent Pavic and Schreieder’s method applies to the new
examples of stably irrational varieties found in [16].

In this paper, we study the (3,3) fivefold example from [16], i.e. a com-
plete intersection of two cubics in P7, and apply the method of [18] to
show that it is also retract irrational. More precisely, we show the following
result.

THEOREM 1.1. — Let k be an uncountable algebraically closed field of
characteristic different from 2. Then the very general (3,3) fivefold over
k admits no decomposition of the diagonal, in particular it is not retract
rational.

Over fields of positive characteristic, the rationality of the very general
(3,3) fivefold was previously open. Additionally, we present an explicit ex-
ample of a retract irrational (3,3) fivefold.

The paper is organized as follows. In Section 2 we recall the Chow-
theoretic technique of Pavic and Schreieder as well as some basic defini-
tions of e.g. decomposition of the diagonal and specializations. The main
result is then proven in Section 3, which is split up in four parts. First we
follow Nicaise and Ottem [16, Theorem 7.2] and degenerate the complete
intersection to a union of two components with a carefully chosen inter-
section. We then follow the methods in [18] to obtain a specialization of
our complete intersection to a union of three components. The components
are then simplified using further specializations, letting us apply the ob-
struction found in [18]. In the third part we combine this with the fact
that one of the three components is chosen to be stably birational to the
quadric surface bundle described by Hassett, Pirutka and Tschinkel in [9]
to obstruct the existence of a decomposition of the diagonal. Finally, we
show that Theorem 1.1 follows from this.

TOME 0 (0), FASCICULE 0
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2. Preliminaries
2.1. Conventions and Notations

An algebraic k-scheme is a separated scheme of finite type over a field k.
A k-variety (or variety) is an integral, algebraic k-scheme. Let X be a k-
variety. We denote the function field of X by k(X) and the residue field
of a closed point x € X by x(x). For a separated scheme X over a ring
R and some ring extension A/R we write X4 := X x A = X xp A :=
X Xgpec r Spec A for the base change.

We denote the Chow group of l-cycles of a k-variety X by CH;(X),
which is the quotient of the free abelian group generated by [-dimensional
subvarieties modulo rational equivalence.

A very general point of an irreducible separated scheme is a closed point
in the complement of a countable union of proper closed subsets.

We will write (dy, . ..,dy) n-fold or (dy,...,d;) complete intersection for
the intersection of k hypersurfaces in P*** of degree dy, ..., ds.

2.2. Decomposition of the diagonal

We briefly introduce the notion of (Chow-theoretic) decomposition of the
diagonal and its relation to rationality questions.

Let X be a k-variety of dimension n and let Ax C X X, X be the
diagonal. We say that X admits a (Chow-theoretic) decomposition of the
diagonal if there exists a zero-cycle z on X and an n-cycle Zx C X X X,
which does not dominate the first factor, such that

[Ax] = [X Xk Z] + [Zx] S CHTL(X Xk X)

Here [-] denotes the class of the cycle in the Chow group. Pulling back the
diagonal Ax via the natural morphism Xy x) — X x; X yields a zero-cycle
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dx € CHo(Xp(x)). Then X admits a decomposition of the diagonal if and
only if there is an equality

ox = [zn(x)] € CHo(Xk(x)),

for some zero-cycle z on X, see e.g. [21, Lemma 7.3].
Our interest in a decomposition of the diagonal comes from the following
lemma, which is not hard to prove, see e.g. [21, Lemma 7.5].

LEMMA 2.1. — A retract rational k-variety admits a decomposition of
the diagonal.

We say that a proper k-variety X has universally trivial Chow group of
zero-cycles (short: universally trivial CHg) or X is universally CHy-trivial
if for any field extension F'/k, the degree map

deg: CH()(XF) — 7

is an isomorphism. From this definition it is obvious that varieties with uni-
versally trivial CHy admit a decomposition of the diagonal. The converse
holds for geometrically integral and smooth k-varieties, see [5, Proposi-
tion 1.4].

2.3. Chow-theoretic obstruction to retract rationality

In this section we recall the constructions of the obstruction map from [18,
Section 3]. Throughout this section R denotes a discrete valuation ring with
residue field k£ and fraction field K. A proper flat R-scheme X is called
strictly semi-stable if the special fibre X = X X k is a geometrically re-
duced simple normal crossing divisor on X'. In other words, the components
Yi(i € {1,...,m}) of X} are smooth Cartier divisors in X and the scheme-
theoretic intersection (; ;Y; is smooth of codimension |J| or empty for
every J C {1,...,m}.

DEFINITION 2.2 ([18, Definition 3.1]). — Let ¢: X — X and ¢;: Y; —
X denote the natural embeddings. For every i € {1,...,m} define

By, : CHy(Xp) 5 CHy(X) -5 CHo(Y;)

to be the composition of the push-forward along the embedding ¢ and the
intersection with the Cartier divisor Y; C X. We denote the direct sum by

(2.1) Oy =Y Ory,: CHi(X)) — @ CHo(Y)).

i=1 1=1

TOME 0 (0), FASCICULE 0
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Although the involved Chow groups depend only on the special fibre Xy,
the obstruction map might a priori depend on the choice of the strictly semi-
stable family. We recall the explicit description of ® in [18, Lemma 3.2],
which shows that ®x in fact depends only on the special fibre X, and not
on the total space X.

LEMMA 2.3. — With the same notation as in Definition 2.2, let fur-
thermore Y; j := Y; N'Y; be the scheme-theoretic intersection of two com-
ponents Y; and Y; of the special fibre X, and denote by v; ;: Y;; — Y
and v;: Y; — X the natural inclusions. Moreover, we write 'Vi|Yj,7., = L}f,ﬂi
for the restriction of v; € CH,(Y;) to the intersection Y; ;. Then for any
7 € CH(Y;):

(Lj,i)*(’myiyj) for j # 1,
= k(i) (ly, ) forj=i.

Dy, ((t5),75) = {
In particular, for v = 37" (tk)«% € CH1(X}) and i € {1,...,m}:
(2.2) Dry, () = Z(w)ﬂﬂm = (434) iy, .-

J#i J#i

In [18], Pavic and Schreieder make two additional observations about
this obstruction map ®xy, which we also recall here. Firstly, the concrete
description of ®x in (2.2) allows us to conclude that deg®x(vy) = 0 for
all v € CH;(Xy). Secondly, for any unramified extension of DVR’s A/R,
i.e. R — A injective and local morphism of DVR’s with mp - A = m 4, the
base-change Xy = X X g A is a strictly semi-stable A-scheme. Indeed, since
A/R is unramified, the residue field L of A is isomorphic to k®pg A, i.e. the
special fibre of X4 — Spec R is the base-extension with L of the special
fibre Xj of X — Spec R. Thus we get for any unramified extension A/R
with residue field L an obstruction map

m
Dy, : CHy(X1) — Ker (@ CHo (Vi) 2% Z) .
i=1
Studying these maps can give an obstruction to the decomposition of the
diagonal of the geometric generic fibre.

THEOREM 2.4 ([18, Theorem 4.1]). — Let R be a discrete valuation
ring with algebraically closed residue field k and let X — SpecR be a
strictly semi-stable projective R-scheme whose special fibre X, = UZn:l Y;

is a chain of Cartier divisors, i.e. only neighboring components intersect
non-trivially. Assume that the geometric generic fibre of X — Spec R has

ANNALES DE L’INSTITUT FOURIER
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a decomposition of the diagonal. Then for any unramified extension A/R
of DVR, with induced extension L/k of residue fields, the natural map

Dy, : CHy(Xp)/2 — Ker (@ CHo(Yi.1)/2 5 Z/2>
1=1
is surjective.

Remark 2.5. — If R = k[t] is the formal power series in one variable,
then Theorem 2.4 can be reformulated to the following because for every
field extension L/k the DVR A = L[t] is an unramified extension of R. If
the geometric generic fibre of X — Spec R admits a decomposition of the
diagonal, then the morphism

®y: CHy(Xz) — Ker (@ CHo(Y;) 5, Z)
i=1
is universally surjective modulo 2.

2.4. Specializations

We will often use specializations of varieties, or more generally reduced
algebraic schemes, not only to obstruct rationality but also to show that
certain varieties are smooth. We therefore introduce this notion here, fol-
lowing [19, Section 2.2]. Let Y and Z be reduced algebraic schemes over a
field F' and an algebraically closed field k, respectively. We say that Y spe-
cializes (or degenerates) to Z if there exists a DVR R with residue field k
and fraction field K, together with an injection of fields K — F' such that
the following holds. There exists a proper, flat morphism X — Spec R of
finite type such that Z is isomorphic to its special fibre X = X x g k and
Y is isomorphic to the base change Xp = (X xr K) xg F of the generic
fibre.

For the convenience of the reader and to refer to later, we sketch two
well-known arguments. First we recall that it suffices to check smoothness
after some proper specialization.

Remark 2.6. — With the above notation, we claim that Y is smooth
if Z is smooth. Indeed, since smoothness is stable under extension of the
base field, it suffices to check that the generic fibre X is smooth if the
special fibre X} is smooth. But this follows directly from the facts that
the morphism X — Spec R is proper and that being singular is a closed
condition. So we find that it suffices to check smoothness after some proper
specialization.

TOME 0 (0), FASCICULE 0
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Secondly, we recall the following, see e.g. [19, Lemma 8§].

LEMMA 2.7. — Let f: X — B be a surjective, proper, and flat mor-
phism of reduced, quasi-projective algebraic schemes over an algebraically
closed field k and assume further that B is integral. Let 0 € B be a closed
point. Then a very general fibre specializes to the fibre Xy over the point 0
in the above sense.

Proof. — A very general fibre of f is abstractly isomorphic to the geo-
metric generic fibre of f, see e.g. [24, Lemma 2.1]. Hence it suffices to show
that one very general fibre specializes to Xg. Fix one very general fibre Xj,
then a very general point on a curve in B through 0 and b is also a very
general point of B, i.e. we can reduce to the case where B is an (inte-
gral) curve. After passing to the normalization, we can assume further that
B is smooth. Thus the local ring Op ¢ at 0 € B is an integrally closed
Noetherian local ring, i.e. a DVR, proving the lemma. d

By Fulton’s specialization map ([6, Section 20.3]), having a decompo-
sition of the diagonal behaves well with respect to specializations, cf. [5,
Theorem 1.14]. Thus we can prove Theorem 1.1 by constructing one exam-
ple of a (3,3) fivefold with no decomposition of the diagonal. This is the
main point in Section 3. The details on why this suffices to prove Theo-
rem 1.1 can be found at the end of this paper (Corollary 3.22).

2.5. Alterations

For a variety W, an alteration is a smooth variety W with a surjective,
proper and generically finite map to W. By work of de Jong [12], altera-
tions always exist, also in positive characteristic. Moreover, by work of
Gabber (see [11]), we can choose the alteration to have odd degree if the
characteristic of the ground field is different from 2.

3. Very general (3,3) fivefolds are irrational

We aim to construct an explicit example of a (3,3) complete intersection
in P, which does not admit a decomposition of the diagonal. Before go-
ing into the details we sketch the construction. We start with a complete
intersection

X=X1NXyCP’

ANNALES DE L’INSTITUT FOURIER
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of two cubic hypersurfaces X; and Xs. Following [16, Theorem 7.2}, we spe-
cialize X5 into a union of a hyperplane and a quadric hypersurface in P7.
This specialization yields a family X — Spec k[[t] with X as the geomet-
ric generic fibre. The special fibre of that family is the union of a cubic
hypersurface Y C P® and a (2,3) complete intersection Z C P7 meeting
at a (2,3) fourfold W. This family is not strictly semi-stable because the
total space X is singular. Moreover, the obstruction to rationality used
in [16, Theorem 7.2] lies in W and is thus not seen by the obstruction
morphism (2.1). By blowing up one component of the special fibre, we en-
sure that the family is semi-stable. We can then blow up W to introduce
a top-dimensional component stably birational to W, which is seen by the
obstruction morphism.

We end up with a strictly semi-stable family X — Spec k[t]. Tts special
fibre has three irreducible components )N/, Py and Z. Here Y is the blow-up
of Y in the singular locus S of the total space X and Py is a P'-bundle
over W. The details of this construction are presented in the next section.

We aim to show that the homomorphism

@+ CHy(Xy) — Ker(CHo(V) & CHy(Pw) & CHy(2) 2% 2.)

is not universally surjective modulo 2. It then follows from Theorem 2.4
and Remark 2.5 that the geometric generic fibre of X — Spec R admits no
decomposition of the diagonal. Aiming for a contradiction we assume that
the homomorphism is universally surjective modulo 2, in particular that
the zero-cycle

(3.1) Spw — 2zi(Pw) € CHo(Pwi(py))

is contained in the image of ® 3, basechanged to k(Py ), modulo 2. To find a
contradiction we need to control the image of ® 3, in particular the involved
Chow groups. To do this we follow the approach in [18]. The Chow groups
are hard to compute, but by using Fulton’s specialization map (Lemma 3.9)
we can specialize further to control the Chow groups. We conclude that if
the zero cycle (3.1) is contained in the image of ® 3 modulo 2, then it must
also be contained in the image of the natural homomorphism

(32) CHo(Pw)/2 — CH() (PW,k(PW))/2~

To obtain the final contradiction, we note that W is chosen to be birational
to the quadric surface bundle studied by Hassett, Pirutka and Tschinkel
in [9] and therefore has a nonzero unramified cohomology class. By com-
puting the Merkurjev pairing of this class and the diagonal class dp,, , and

TOME 0 (0), FASCICULE 0
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comparing it with the pairing with classes in the image of (3.2), we obtain
a contradiction, proving that ® is not universally surjective.

3.1. A strictly semi-stable family

We construct a strictly semi-stable family as outlined above. Let kg be
an algebraically closed field of characteristic different from 2, and let

(33) k= kO(avﬂvv)

be the algebraic closure of a purely transcendental field extension of tran-
scendence degree 3 over kg. The parameters «, 8 and v allow us to de-
generate the involved varieties in order to make the Chow groups more
accessible. To obtain the existence of a non-trivial unramified cohomology
class we need to consider the following two polynomials.

DEFINITION 3.1. — We define the following polynomials in ko[zg, . . . , T¢):

2 2 2 2 2 2
co = Tgx5 + TIT4 + T5T6 + X3 (m?, + a3+ x; —2z3(xs + x5 + xg)),
qo = T3xe — T4T5.-

The (2,3)-fourfold Wy given by the vanishing of these two polynomials
is precisely the one studied in [22], and is birational to the quadric surface
bundle studied in [9], see [22, Corollary 3.8]. Moreover, the second named
author showed in [22] that W, does not admit a decomposition of the
diagonal.

We need to pick the exact equations defining the specialization we use
with some care. To use Theorem 2.4 we need the specialization to be strictly
semi-stable, and in particular the components of the special fibre must
be smooth. However, we must also ensure that we can specialize further
afterwards to simplify the Chow groups. Finally, we must take care that
even after this specialization, we can use what we know about W} to obtain
a contradiction. We therefore choose polynomials in the following way:

DEFINITION 3.2. — Let k be defined as in (3.3). Consider the following
polynomials in k[xg, . ..,x7] with chark # 2:

Ca,By i= Co + Y(Tep3 + c3) + Pea + ac,
da,p = qo + B(z327 + @2) + aqi,
fap =g+ Bfa+afi,

ANNALES DE L’INSTITUT FOURIER
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where the polynomials p3,cs € kl[xo,...,x5], c2, f2,q2 € k[xo,...,x¢], and
c1, f1,q1 € k[zo, ..., z7] are general polynomials of degree

degcy = degcy = deges = deg f1 = deg fo = 3,
deg g = deg gy = degps = 2,
ie. ca,p,y and fo p are homogenous polynomials of degree 3 and g.p is a

homogenous polynomial of degree 2. Addionally we choose them such that
the following varieties are smooth:

{03:0}7 {63 =p3=0}C]P’5,
{ea=0}, {ea=fo =0}, {2 =q2 =0}, {c2 =gqo =23 =0} CP°,
{a=0 {a=a=0} {a=fA=0}, {c=q = fi =27 =0} CP".

Moreover, the generality assumption includes that the varieties

(34) {q =0}, {/i=0}CP

are smooth along {c; = fi = q1 = ©7 = 0} C P}.

Remark 3.3. — The existence of such polynomials follows from Bertini’s
theorem. Note that the generality condition (3.4) can be replaced by the
stronger condition that {q; = 0}, {f; = 0} C P7 are smooth to make the
Bertini-type argument for the existence more immediate.

For completeness, we include a possible specific choice of polyonomials.
In char k # 3, we can pick the following:

p3 = \B/ZI(mlxg + x4x5) + x§ € kolzo, ..., x5,

c3 1= Tp 4+ a5 + a3+ + x5 + 23 € ko[vo, ..., 73],

o i=c3 +xp € kolwo, ..., x6),

c1:=p1 + 23 € kolzo, . .., x7],

q2 = p3 + 28 € ko[zo, ..., 76,

foi=ay — a3 + pxd — pad + p*xi — p?ai € kolzo,. .., x5),

where p € kg is a primitive third root of unity and /4 € kg is a cube root of
4 and p1, ¢1, and f; are general polynomials in k[zg, ..., xg] such that the
hypersurfaces cut out by these polynomials as well as all their intersections
are smooth;

TOME 0 (0), FASCICULE 0
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In char k = 3 we can pick,

p3 = x?+x§+x§+xi+$§ € kolzo, ..., z5),

C3 1= @g + Lo} + 175 + Tox] + wawd + w503 € kolxo, . .., 5,
o = c3 + w322 € koo, . . ., 6],

¢1 = ¢y + mgas € kolxo, . .., 2],

g2 == p3 — 3 € kolwo, . . ., 7],

q1 = qa + 77 € ko[zo, ..., T7),

f2 := wizy + 23w + afws + a3ws + 23w6 + 2 € ko[zo, - .., 76,
fi = fo+ 2tz + a3 € kolzo, ..., 27].

Note that with these choices the varieties {g1 = 0} and {f; = 0} C P7 are
not smooth, but they satisfy the weaker assumption (3.4).

We construct the model X — Spec k[t], inspired by [16, Theorem 7.2].
Let R := k[t] and consider the R-scheme

X :={capry = tfap+T7q0,s =0} C Ph.

The special fibre X} of X — Spec R has two irreducible components,
namely a cubic fivefold Y := {cn 3, = 27 = 0} C P] and a (2,3) com-
plete intersection Z := {ca. 5.4 = qa,s = 0} C P]. We denote their scheme-
theoretic intersection by W :=Y N Z.

LEMMA 3.4. — The varieties Y, Z, and W in P7 are smooth. The geo-
metric generic fibre

X = {Capr = fap + ¢ 21005 = 0} C P
of X — Spec R is a smooth (3,3) complete intersection.

Proof. — Recall from Remark 2.6 that it suffices to check smoothness
after some specialization. Note that

Y specializes via  — oo to {co =0} C PS,
7 specializes via o — 00 to {c1 =q =0} C P,
W specializes via 8 — oo to {cz = qo = 0} C PY,

XE specializes via t — oo and « —» 00 to {c1 = f1 =0} C P,

The varieties on the right hand side are smooth by our choices in Defini-
tion 3.2. 0

ANNALES DE L’INSTITUT FOURIER
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Our current model X — Spec R is proper and flat. Moreover the irre-
ducible components of the special fibre and their intersections are smooth.
However the components of the special fibre of X — Spec R are not Cartier
in X, i.e. X — Spec R is not strictly semi-stable.

LEMMA 3.5. — The singular locus of the total space X is given by

S = {Ca,gﬁ = fa,ﬁ =(qap =7 = t= 0} Cc X.

Furthermore, S is smooth and X has ordinary quadratic singularities
along S.

Proof. — First we show that S is smooth. By definition, S is isomorphic
to the variety

co + y(xeps + ¢3) + Pea + act = qo + fg2 + g1 =0, pT
C .
e+ B2t afi =27 =0 g

We note that S specializes via a — oo to {¢; = f1 = q1 = 27 = 0} C P7
which is smooth by assumption in Definition 3.2. Hence S is smooth by
Remark 2.6.

Next we check that S is indeed the singular locus of X. Recall that
the singular locus Sing X' of X is given by the vanishing of the defining
equations of X’ as well as all minors of the Jacobian. The Jacobian of X is
given by

(35) ( oCa, B~ . 07Ca B~ 0 ) .
10 fa,8 +1700Ga,s -+ 1tOrfap+ Gap + 2707408  fa,B

Obviously, the variety S is contained in Sing X because the defining equa-
tion and the second row of (3.5) vanish. We show the opposite inclusion:
since the geometric generic fibre X7 is smooth by Lemma 3.4, the singular
locus of X' is contained in the special fibre. We further note that f, g van-
ishes at every point of the singular locus of X, because {cq 8,y =0} C IP’Z is
smooth (as it specializes via a — oo to the smooth variety {c; = 0} C P7).
In particular, we see that the singular locus is contained in

{ca,py = fap =1 = 21905 =0} C X.
Hence it suffices to show under the assumption cq g,y = fo,s =t = 0 that
x7:0<:>qa7520.

We start by showing the implication left to right. Note that {ca5, =
x7 = 0} C ]P’Z is smooth by Remark 2.6 as it specializes via  — oo to
the smooth variety {c; = 0}. Thus, we conclude that g, 3 = 0 as wanted
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because otherwise (3.5) has rank 2. For the implication right to left, we
note that
{casy = ap =0} C P}

is smooth because it specializes via @ — 00 to the smooth variety {¢; =
@1 = 0} C P7. Thus, z7 has to be equal to 0 as otherwise the Jacobian
would have full rank. This shows Sing X C S and thus S = Sing X.

Lastly, we describe the type of the singularities of X'. Let P € S be any
point, i.e. P is a singular point of X'. The varieties { fo,5 = 0}, {ga,s = 0} C
PT are smooth along S, because this holds after the specialization o — oo by
construction in Definition 3.2. Thus the tangent cone of {tfo g+ T7¢a, 3= 0}
C IP’E at P is Zariski locally isomorphic to the tangent cone of the ordinary
quadratic singularity {tz+yz = 0}. Moreover, the tangent cone of {tf, g+
T7¢a.3 = 0} C PL at P intersects the tangent space of {c 5, = 0} C P%
at P transversely because {cn,5, = 0} C P! is smooth (as it specializes via
8 — 0o to the smooth cubic hypersurface {¢; = 0} C P7). This concludes
the proof of the Lemma 3.5. d

We obtain a strictly semi-stable model by blowing up one irreducible
component of the special fibre.

LEMMA 3.6. — The blow-up X’ = Bly X — Spec R is strictly semi-
stable with special ﬁbﬁe Y U Z where Y := BlgY. Moreover the scheme-
theoretic intersection Y N Z is isomorphic to W.

Proof. — The family X’ — Spec R is proper and is flat by [7, Section III,
Proposition 9.7]. Locally at a point of S, X has ordinary quadratic singu-
larities (see Lemma 3.5) and a local computation shows that the special
fibre of X’ is given by ?UZ, where Y = Blg Y. We sketch the computation
for the convenience of the reader. Recall, X = {tf + x7¢ = c =0} C IP’ZM
and Y = {t = 7 = 0} C X, where we suppressed the indices for simplicity.
The blow-up Bly X' is then given as follows:

in the t-chart: {x7 —tal = f +2%q =c =0},

3.6
(3.6) in the wr-chart: {t —z7t' =t'f +q=c=0}.

The special fibre {t = 0} consists of the two components {t = 27 = 0} and
{t’ = 0}. While the latter is isomorphic to Z, the former is isomorphic to
BlgY because S={f=¢=0}CY.

We find that the scheme-theoretic intersection Y N Z = BlsW = W,
where the final equality holds because S C W is a Cartier divisor. By
Lemma 3.4 and Lemma 3.5 Y, Z, W, and S are smooth, so all components
of the special fibre of X’ — Spec R and their intersection are smooth.
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By construction Y is Cartier and Z C X’ is also Cartier, because the
special fibre is Cartier and reduced. O

The obstruction to rationality lies in W, see [16, Theorem 7.2]. Hence
we need to blow-up W to obtain a component in the special fibre which is
stably birational to W and can be seen by the obstruction map (2.1). In
order to ensure that the model will remain strictly semi-stable, we perform
a 2: 1 base change first, see also [18, Lemma 5.5].

LEMMA 3.7. — Let X" := X' xg_,r R be the 2:1 base change of X’.

t—t?
The blow-up
(3.7) X :=Bly X" — Spec R

is a strictly semi-stable R-scheme with special fibre )~(k =YU Py U Z,
where Py is a P'-bundle over W and Y = BlgY as in Lemma 3.6. The
intersections Y N Py and Z N Py are disjoint sections of the P'-bundle
Py — W. The geometric generic fibre

Xz ={Capr = fap+t  27¢ap =0} CPL

is a smooth (3,3) complete intersection.

Proof. — Recall the local description of X in (3.6). From this, we see
that the 2 : 1-base change X" is given by

in the ¢-chart: {xz7 — t*2% = f +a%q = c = 0},
in the 7-chart: {t* —a7t' =t'f + ¢ =c=0}.
A similar argument as in the proof of Lemma 3.5 shows that the singular
locus of X" is given by {t' =t = x7y =0} C X', i.e. it is the singular locus
W of the special fibre. In particular we see that the 2 : 1 base-change is
regular away from W. We note that the component Z C X" is given by
{t =t = 0} in the above local charts. Thus the blow-up Blz X" is given by
in the ¢-chart: {z7 — t*2} = f + 2%qg = c = 0},
in the x7 — t-chart: {t’—t? =t—at =tl'f+q=c= 0},
in the 7 — t'-chart:  {¢ —tt =t -z =tf+qg=c= 0}.

We see that the irreducible components of the special fibre are {t =t = 0},
{t' = 0}, and {z7 = t’ = 0}. Note that the first two components are the
strict transform of Y and Z , respectively. We recognize the last component
as a smooth conic bundle Py over W which admits a section, e.g. by
Z NPy = {%V’ =0} C Py . Hence Py is a Pl-bundle over W as claimed in
the statement.
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Since the singularities of X" are ordinary quadratic singularities, the
blow-up resolves them. Hence, X is regular and in particular X — Spec R
is strictly semi-stable. The smoothness of the geometric generic fibre follows
from Lemma 3.6. d

3.2. Specialization

In the previous section we constructed a strictly semi-stable R-scheme
X — Spec R. We aim to show that the obstruction map

D i CHy(Xy) — Ker(CHy(Y) & CHo(Py) @ CHy(2) % 2)

is not universally surjective modulo 2. Specifically we try to understand
the map

(3.8) O 4 p,+ CHi(X)) — CHo(Pw) mod 2.

From the construction of the strictly semi-stable model X — Spec R in Sec-
tion 3.1, we can make a couple of observations in order to better understand
the image of the map. Clearly we have a surjection,

CH,(Y) @ CH,(Pw) ® CH, (Z) —» CH,(Xy),

The map is given by push-forwards of the corresponding inclusions of va-
rieties. We consider first the contribution of CH; (Py). Since Py — W is
a Pl-bundle by Lemma 3.7 and W is smooth by Lemma 3.4, there is an
isomorphism

(3.9) CHo(W) & CH, (W) — CH, (Py).

where the map on the first factor is the pull-back along the flat morphism
Py — W and the map on the second factor is the pushforward via a section
W — Py of the P'-bundle Py . Since Py N Z is a section of Py — W,
we find that the contribution of CH; (W) in the obstruction map (3.8) is
contained in the image of CHy(Z) (or CHy(Y)). Moreover, the concrete
description of the obstruction map (2.2) implies that the contribution of
CHo (W) vanishes in (3.8). Indeed, a closed point w € W is mapped under
the isomorphism (3.9) to the line F}, over that point. By (2.2) the line F,
is mapped via (3.8) to
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where z € F,, is any point on the line F,, C Py and we used that YN Py
and Z N Py are sections of the P'-bundle Py, — W. Thus, the image of
P Py modulo 2 is contained in

Im(CHl(?) @ CH,(Z) — CHO(PW)) mod 2.

Next we take a look at CHy(Y). Recall that ¥ = BlgY where § C X is
the singular locus of X, see Lemma 3.6. The blow-up formula for Chow
groups (see e.g. [6, Theorem 3.3 and Proposition 6.7 (¢)]) yields a canonical
isomorphism

CH;(Y) & CHg(S) = CH, (V).

Thus we conclude that the image of @3 p  modulo 2 is contained in

These observations also hold after a field extension L/k, which shows the
following.

LEMMA 3.8. — For any field extension L/k, the base change to L of
® 3 p, modulo 2 has image contained in

CHl(Y Xk L) &) CH()(S Xk L) &)
Im mod 2.

3.10
( ) CHl(Z Xk L)—)CH()(PW Xk L)

The Chow groups of the domain are still hard to describe. The transcen-
dental parameters «, 3, and « allow us to degenerate the varieties further.
Together with Fulton’s specialization map this will enable us to describe
the Chow groups and understand (3.10).

LEMMA 3.9 (Fulton’s specialization map; [18, Lemma 5.7]). — Let B
be a discrete valuation ring with fraction field F and residue field L. Let
p: X — Spec B and q: Y — Spec B be proper, flat B-schemes with con-
nected fibres. Denote by X,,,Y,, and Xy, Yy the generic and the special fibres
of p, q respectively. Assume Y is integral, i.e. A = Oy y, is a discrete val-
uation ring, and consider the flat proper A-scheme X4 — Spec A, given by
base change of p. Then Fulton’s specialization map induces a specialization
map

sp: CH;(X,, xr F(Y;)) — CH;(Xo %1, L(Yp)),
where F and L denote the algebraic closures of F' and L, respectively, such
that the following holds:

(1) sp commutes with pushforwards along proper maps and pullbacks
along regular embeddings;

TOME 0 (0), FASCICULE 0



18 Jan LANGE & Bjorn SKAULI

(2) If X = ), then Sp(anL: dx,, where 6x, € CHo(X,, xp F(X,))
and 0x, € CHy(Xo x, L(Xo)) denote the diagonal points.

The first item of the lemma ensures that the specialization map sp com-
mutes with the obstruction map @3, i.e. to understand specializations of
® ; it suffices to understand the specializations of the involved varieties. To
distinguish the varieties from their specializations we denote by subscripts
the transcendental parameters (i.e. a, 8,7) on which the variety depends,
e.g. Z = Z,,p. We omit a parameter after specializing it to zero and denote
the scheme obtained after specializing all transcendental parameters «, 3,
and v to 0 with subscript 0.

In the remainder of this section we prove the following result.

PROPOSITION 3.10. — Let ®(p,,) denote the obstruction map ® 3 p
modulo 2 where every scheme is base-changed to the function field k(Py)
of Py, i.e.

By (pyyy: CHy ()?k X k:(PW)) — CHo(Pw x4 k(Pw)) mod 2.
Then the image of sp., 0spg ©s8p,, Py (py,) Is contained in the image of
CH()(PWO)/2 — CH()(PWO Xko kO(PWO))/Q

where sp, is the specialization obtained by sending i — 0. Moreover, the
diagonal point dp, € CHo(Pw Xy k(Pw)) is sent to the diagonal point
dpy, € CHo(Pw, Xk, ko(Pw,)) under these specializations.

We sketch the proof first: by Lemma 3.8 the image of ®(p,,) is con-
tained in

CH, (Y x4 k(Pw)) @ CHo(S x5 k(Pyw)) @
m mod 2.
(CHl(Z X k(Pw)) — CHo(Pw Xk k‘(PW))>

The specialization «, 3,7 — 0 enables us to simplify the Chow groups
as follows: we first specialize Z to a singular variety which is birational
to Y. This allows us to write CH;(Z) as CH;(Y) and some CHy. In the

second step Y becomes rational, i.e. CH;(Y) is equal to CH; (P%) = Z plus
some CHy. Lastly the remaining schemes, i.e. S and the two introduced in
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the previous two steps, specialize to some schemes with universally trivial
CHy. The diagram below visualizes this strategy in an informal way:

a—0
Z sy Y 4+ something,

B—0
(3.11) Y ~ PPt something,

y—0  something with universally
S + something
trivial CHg .

The following lemma allows us to make the above described simplifica-
tion. Before stating the lemma we describe quickly the geometric picture.
Consider a variety Z C P™ which is given as the scheme-theoretic intersec-
tion of degree d hypersurface H with a cone over a smooth variety Y C P*~!
with a k-rational point @) as vertex such that the hypersurface H intersects
@ with multiplicity d — 1. Thus the projection from @ yields a birational
map Z --+ Y. By resolving the birational map we can describe CH;(Z) in
terms of CH;(Y') and CHy of the exceptional locus of the map.

LEMMA 3.11. — Let Y := {F}, = --- = F, = 0} C P! be a smooth
variety over a field k where Fy,..., F. € K[xo,...,x,] are homogeneous
polynomials and r > 0. Let

Z = {Fl :"':Fr:91$n+1+90=0} CPZ+1
where g; € k[zog,...,x,] are homogeneous polynomials of degree d — i.
Assume further that
W::{Flz-“:FT:glZQOZO}C]P)Z

is smooth. Then for any field extension k' /k there is a surjective homomor-
phism
CH()(W Xy KJ/) D CHl(Y Xk K)/) —» CHl(Z Xk Iﬁ:l).

Remark 3.12. — Our assumption on W and Y implies that Z is smooth
away from Q.

Proof. — We note first that Z is the scheme-theoretic intersection of the
degree d hypersurfaces H := {g12,41 + go = 0} C P**! and the cone Cy
over Y CP? 2 {x,,1 =0} C P"*! with vertex Q =[0:---:0:1] € P?+L.
Since Cy is a cone with vertex @, the projection from () induces a rational
map

p: Cy --» Y.
As H has multiplicity d — 1 at @, the restriction of p to Z =Cy N H is a
birational map ¢|,: Z --» Y. Indeed the fibre of ¢ over some k-rational
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point P € Y, different from @, is the unique line through P and (). Since
H has multiplicity d — 1 at @), H intersects this line in a unique other point
which is mapped to P under . An explicit computation in affine charts
yields that the map ¢|, is resolved by the isomorphism

Bl, Z —» Bly Y.

We sketch the computation for the convenience of the reader: Recall, Q =
{zg =" =x, =0} € Z C P", ie. the x;-chart of the blow-up Blg Z is
given by
fﬂj *iji = Fl(X) == FT(X)
= g1(X)Tny1 + igo(X) =0, for j #i,n+1[
On the other hand, we consider the standard affine charts U; C P™ with
affine coordinates Y; = Z—J for j # i. The blow-up of U; along W N U; is
given by
{FAY)=-=F.)=9gY)T —Sq:(Y) =0}.

From this description, we immediately see that Blg Z and Bly, Y are locally
isomorphic and thus isomorphic, as they are birational. Note moreover, the

isomorphism is induced by the birational map ¢|,,.
Hence, there is an isomorphism on the level of Chow groups

CH;(Blw Y) = CH;(Blg 2).
Since W and Y are smooth by assumption, the blow-up formula for Chow
groups (see e.g. [6, Theorem 3.3 and Proposition 6.7 (e)]) yields
CHo(W) @ CH,(Y) = CH(Blw Y') = CH:(Blg Z2).
Moreover, the natural pushforward
of the proper morphism 7: Blg Z — Z is surjective, because @ is a point.
Since blow-ups commute with extension of the base field, the above con-

struction also works after any base extension, i.e. we obtain a surjective
homomorphism

CHO(W X1 li/) D CHl(Y X I{/) —» CHl(Z X1 KJI),
concluding the proof. 0

Remark 3.13. — A typical use of Lemma 3.11 involves Y to simply be
some projective space, so CH;(Y) ~ Z. In this case we have an alternative
viewpoint to Lemma 3.11 through the localization exact sequence of Chow
groups. With notation as in the lemma, let Cy, be the cone over W, and
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define U := Y \ W. Since the birational map ¢ is an isomorphism away
from Cy and W respectively, we have short exact sequences, valid over
any field extension:

Assume Y = P™ and W contains a line. Then it follows from the bottom
sequence that CH;(U) is trivial, hence CH;(Cyw) — CH;(Z) is surjective.
Since Cy is a cone over W, the complement of the vertex is an affine bundle
over W. It furthermore follows from the formula for CH; of an affine bundle
([6, Proposition 1.9]) that there is an isomorphism CH;(Cy ) ~ CHy(W),
valid over any field extension. In total, this approach gives a surjection
CHy (W) — CH;1(Z), valid over any field extension, just as Lemma 3.11.

Proof of Proposition 3.10. — We aim to prove that the image of the
base-changed obstruction map

Pr(py): CHi ((Xk)og7ﬁ,’y Xk k(PWa,Bw))
— CHo(Pw, ., %k k(Pw, ,.)) mod 2
is contained in the image of
(3.12) CHo(Pw,) — CHo(Pw, Xk, ko(Pw,)) mod 2,

after specializing «, 3, and v to 0. Recall that we noticed in Lemma 3.8
that the image of ®y(p,, is contained in the image of the homomorphism

(313) CHl(Ya,ﬁ;y X Lo) D CHo(Sa’gﬁ X L()) &) CHl(Zaﬁ”y X Lo)
— CHO(PWQ,/S,—Y X Lo) mod 2,

where Lo := k(Pw, ,_) is the function field of the P!-bundle Py, , .
Thus we need to show that the image of (3.13) is contained in (3.12) after
applying sp, ospgosp,. This is done by analyzing each specialization in
the following three steps. In order to apply Fulton’s specialization map, i.e.
Lemma 3.9, in each step, we need to check that Py remains integral after
specialization. Since Py is a P!-bundle over W, it suffices to check that W

remains integral after each specialization.

Step 1. — We specialize & — 0 to control CH;(Z). Note that ¢, g,y and
a8,y Specialize to

gy = Co + Y(wep3 + ¢c3) + Bea € ko(B,7)[xo, - -, T6),
(3.14) 3.y (B, ]

QB,V = (ﬂ‘rl’:) ~ X7 + q0 +ﬂq2 S kO(ﬁ/Y)[xoa e 7x7]a
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respectively. Hence we find that Wg , = {cg, = ¢y = 27 = 0} C P7 is
smooth and in particular integral, because it specializes to the smooth (2,3)
fourfold {co = g2 = 0} C PS. Thus we can apply Lemma 3.9. Moreover, we
see from (3.14) that

Zg = {(Bxs) - x7 + (qo + Bg2) = 0} N Cy, , C P,

where Cy,  C P7 denotes the cone over the variety Yj ., C PS with vertex
0:---:0:1],i.e. Zg, is of the form from Lemma 3.11. It is immediate to
check that Y3, and Vj  := {z3 = qo + g2 = 0} C P° are smooth. Thus,
Lemma 3.11 yields a surjection

CHl(Y@’,\/ Xk Ll) D C}Io(‘/@’,Y X1 Ll) — C}h(Zg,,Y X1 Ll),

where x = ko(8,7) and L; := x(Pw, ). Hence, by applying Lemma 3.9
we find that the image of sp,, applied to (3.13) is contained in the image of

(3.15) CHl(Ygﬁ X Ll) D CH()(Sﬁ,7 X Ll) (&) CHo(Vgﬁ X 5 Ll)
— CHO(P{/V&7 Xk Ll) mod 2.
Step 2. — Y specializes to a cubic hypersurface with an ordinary double
point via f — 0, so Y becomes rational. Note that after applying 5 — 0,
cg,~ and gg,, become
Cy = (xg — 223 + 'ypg) 6+ TiT5 + T4
(3.16) + z3(23 + 2] + 22 — 2z3(z4 + 75)) + YC3,

Gy = 4o = T3Tg — T4Ts5,

in ko(7)[xo, . ..,x]. We see that W, = {c, = ¢, = 0} C PC is integral, i.e.
we can apply Lemma 3.9. Furthermore, we see from (3.16) that

Y, ={c, =0} CP°
has an ordinary double point singularity at [0 :...:0: 1], i.e. Y, is rational.
We aim to apply Lemma 3.11 again. Note that
Y, = {(p3) - w6 + (co +yes) = 0} N PO
= {(p3) - x6 + (co +vc3) = 0} N Cps
in P% where Cps = P® can be viewed as the cone over the hyperplane
{xe = 0} with vertex [0 : ---: 0 : 1]. It is immediate that P> and the variety

U, := {ps = co + yc3 = 0} C P® are smooth. Thus, Lemma 3.11 yields a
surjection

Z @ CHy(Uy x, L2) = CH, (P},) @ CHo(U, X, La) —» CH; (Y, X, L2),
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where k = ko(y) and Ly, = #(Pw. ). Moreover, we used that CH; of
projective space is generated by a line, i.e. isomorphic to Z. Since the
line can be choosen to be defined over k, we find that the image of the
map CHi(Pr,) — CHo(Pw, X, Lz) is contained in the image of the map
CHo(Pw., ) — CHo(Pw, X L2). Hence, we find that the image of sps osp,,
applied to (3.13) (or the image of sps applied to (3.15)) is contained in the
image of

(317) CHO(PWW) D CH(J(U,Y Xk LQ) (S5) CHO(V’Y X LQ) D CHo(S,Y X LQ)
— CHo(Pw., X, L2) mod 2.
Step 3. — After specializing v — 0, U, V', and S become universally
CHp-trivial.
Note that W, specializes to
WOZ{CQZQOZO}CHDG

which is integral, i.e. we can apply Lemma 3.9. The schemes U,, V,, and
S, specialize to

2 2
Ty — 223
UO:{

cP}
= ajws + aiwg + x5 (2] + ] + 22 — 223(zs + 25)) = 0}

ko>

‘/0 = {£83 — T4T5 = Cp :0} C}on,
So = {x% = X3Lg — T4l = Cop = 0} - ]P’go.

We claim that they all have universally trivial CHy. Then for each of these
schemes the image of

CHO(' Xko kO(PWo)) - CHO(PWO X ko kO(PWo))
is contained in the image of the homomorphism
CHQ(PWD) — CH()(PWO X ko kO(PWO))-

In particular we find that the image of sp,ospgzosp, o®yp,) is con-
tained (3.12). The claim follows immediately from Lemma 3.17 and Lem-
ma 3.18 below and thus the proposition holds. O

It remains to check that the CHy-groups of Sy, Uy and Vj are universally
trivial. To do this we will apply the following two results from [4].

LEMMA 3.14 ([4, Lemma 2.2]). — Let k be an algebraically closed field
and X an integral projective k-rational variety. If X is smooth on the
complement of a finite number of closed points, then CHy(X) is universally
trivial.
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LEMMA 3.15 ([4, Lemma 2.4]). — Let X be a projective, reduced, geo-
metrically connected scheme over a field k and X = va:1 X its decompo-
sition into irreducible components. Assume that

(1) each X; is geometrically irreducible and every CHy(X;) is univer-
sally trivial,

(2) each intersection X; N X is either empty or contains a 0-cycle of
degree 1.

Then CHo(X) is universally trivial.

Another useful observation is the following lemma, proving that a variety
that is a cone with a rational point as its vertex is universally CHg-trivial.

LEMMA 3.16. — Assume that the projective variety X C P", defined
over a field k, is a cone with a k-rational point P as vertex, then CHo(X)
is universally trivial.

Proof. — For any field extension K/k Xk is a cone with a K-rational
point as vertex. So it suffices to prove that for a cone X defined over a
field &, not necessarily algebraically closed, CHy(X) ~ Z. To this end, let
Q@ € X be any closed point in X. Assume that the residue field of @ has
degree r over k. It suffices to prove that @ is rationally equivalent to rP,
where P is the vertex of the cone.

To see this, we consider the base change to the algebraic closure k of k.
Here the inverse image of @) is a union of r closed points @1, ..., Q,, and
since the base change remains a cone, each of these points can be connected
to P via a line L;. So the points are rationally equivalent, meaning that

rPp = Qi =div(f)
i=1
for some rational function f on the union. Both the union of all the lines

Ui;_, Li; and f are invariant under the action of the Galois group, hence
descend to X, and prove the rational equivalence of rP and Q. O

Using these results, we can prove the following lemmas.
LEMMA 3.17. — CHy(Uyp) is universally trivial.
Proof. — Recall that Uy is defined by the equations:
x3xs + 2iws + x5 (22 + 2F + 25 — 223(25 + 74)) = 23 — 225 =0

Since the ground field is algebraically closed, the quadric z3 — 223 = 0
is the union of the two hyperplanes. Hence U is the union of two cubic
threefolds, which are both isomorphic to the cubic threefolds defined in
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P° by x3 = 2325 + 2324 + 23(22 + 23 + 22 — 223(25 + 24)) = 0. From the
partial derivatives with respect to g and x; we recognize that any singular
point must satisfy one of the four possibilities x4 = x5 = 0, g = x4 = 0,
1 = x5 = 0 or kg = x1 = 0. It is straightforward to check that there are
no singular points satisfying the first condition, and two singular points for
each of the three remaining conditions.

All the singular points are ordinary double points, so this cubic threefold
is rational. Hence it follows from Lemma 3.14 that each component of the
union has universally trivial CHy group. We can therefore conclude that
CHg(Uyp) is universally trivial by Lemma 3.15. O

LEMMA 3.18. — CHy(Vp) and CHy(Sy) are universally trivial.
Proof. — Recall that Vj is defined by the equations:
T3 = T4y = x3x5 + x%m + xgxg =0.

We recognize the scheme defined by these equations as the union of two
cubic threefolds. Each cubic threefold is a cone over a cubic surface, and
as such universally CHy trivial by Lemma 3.16. The conclusion therefore
follows from Lemma 3.15.

Since Chow groups only depend on the underlying reduced scheme, for
S we consider the following equations, which define S§°d:

2 2 2 2 2
T = T4ls = T5T5 + T1T4 + X3 (x3 + i + a7 — 2x3(Ts + x5)) =0.

By arguing as in the case of V we see that also Si°¢ is universally CHy

trivial. O

3.3. Proving that ® is not surjective

Recall from Proposition 3.10 that the image of the obstruction morphism
®: CHy (X% x k(Pw)) = CHo(Pw X k(Pw)) modulo 2 is contained in the
image of the base change map
(3.18) CHo(Pyy)/2 — CHo (P, 4 () ) /2

To simplify notation in the following part, we will drop the subscript 0,
writing W and k for Wy and kg respectively.
We can therefore prove that ® is not surjective by proving the following:

ProroOSITION 3.19. — The class

(3.19) opy,, — Zk(Pyy)

is not contained in the image of (3.18).

TOME 0 (0), FASCICULE 0



26 Jan LANGE & Bjorn SKAULI

The proof is based on the Merkurjev pairing, introduced in [15, Sec-
tion 2.4], and the proof is essentially the same as the proof of [22, Propo-
sition 3.12], which in turn is based on methods of Schreieder in [20]. See
also [18, Lemma 5.13].

Recall that on a smooth variety X over a field K of characteristic different
from 2, not necessarily algebraically closed, the Merkurjev pairing gives a
bilinear pairing

CHo(X) x H. (K(X)/K,Z/2) — H'(K,Z/2).

For an overview of the pairing and its application to rationality problems,
see [21, Section 5.

Proof of Proposition 3.19. — Since P)y is a projective bundle over W,
we have an isomorphism CHg(Pyy) ~ CHy(W). Since this isomorphism
also holds after extending the field to k(WW), and Chow groups do not
change under purely transcendental field extensions such as k(Py)/k(W),
we also have an isomorphism CHo(Pyy k(p,))/2 ~ CHo(Wkowy)/2. This
isomorphism maps the diagonal class to the diagonal class. From this we
conclude that (3.19) is contained in the image of the map (3.18) if and only
if oy — zr(w) is contained in the image of

(3.20) CHo(W)/2 — CHo(Wiw)) /2.

By construction W is the same variety as the one considered in [22, Lem-
ma 3.4], which in turn is birational to the quadric bundle constructed in [9]
and therefore has a nonzero unramified cohomology class a € HE (k(W)/k,
Z]2), see [22, Corollary 3.8].

The main result in [22] is proven by showing that the cycle dyy — zj () is
not in the image of CHo (W) — CHo(Wjy(w)). Our goal here is to prove that
the cycle is still not in the image after the reduction mod 2. Luckily, this
introduces very little additional complications. In fact, it is straightforward
to use linearity of the Merkurjev paring to reduce the argument to the same
as in [22]. We sketch the entire argument here for ease of reference.

The central idea is that if dyy — 25y is in the image of (3.20), then we
have an equality

(3.21) dw = zrow) + 22" € CHo(Wiow)),

where z is a zero-cycle on W and 2" a zero-cycle on Wy .

Intuitively, we would like to say that the Merkurjev pairing of one side
with a vanishes, whereas pairing « with the other side does not. Thus we
obtain a contradiction.
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However W is singular, and the Merkurjev pairing is only defined on
smooth varieties. To address this issue we will first have to blow up a sub-
variety of W as a first step towards resolving the singularities. Having a
very explicit description of this first step turns out to be crucial for the
argument. After this blow-up, we can use an alteration and a general re-
sult by Schreieder (Theorem 3.20) to deal with the remaining singularities.
Throughout we must keep track on how each of these operations change
the equality (3.21).

Following an idea from [16, Theorem 7.1], we observe that W is the
intersection of a cubic hypersurface containing the plane D defined by
r3 = x4 = x5 = Tg = 0 and a cone @ over a quadric surface with vertex
plane D. By blowing up this plane we get a variety W = Blp W, with a
map to P! x P! induced by the projection of the P3-bundle Blp @ to the
quadric surface. As is remarked in [22], W’ is not smooth, but the generic
fibre of the quadric bundle is smooth. We can now choose an alteration
7: W = W of odd degree.

Before we use the Merkurjev pairing on 17\7, we must understand what
equality in CHo(W x k(W)) follows from (3.21). Since the blowup W' — W
is an isomorphism away from the singular locus F, we have an equality

(322) 51/\; = ZE(W) + 22’ + Z” S CH() (W];(W)>,

where 2 is supported on E. Next, let O’ be the complement of the singular
locus of W, and O == 771(0’) C W. Then 7 induces a well-defined pullback
map from CHy(O’) — CHo(O).

So the pullbacks of the two sides of (3.22) by 7 are equal on 6, hence

we obtain an equality

(323) T*((SW/) = (5-,— = T*Zk(w) + 27'*2’/ + T*ZN + ZNI S CH() (WIIC(W)),

where 2" is supported on VNV\ 0.

We will now compute that the Merkurjev pairing of the nonzero class «
with both sides of (3.23) is different. Hence no equality of the form (3.23)
is possible, proving the proposition.

Since 7 is étale in a neighborhood of the diagonal point, we have that
T*(0yr) = ST, where gT is the O-cycle corresponding to the graph of the
map 7 in w >§VW' . This graph is isomorphic to VNV, hence 7 induces a map

from Spec k(W) to Speck(W). Furthermore, to compute the pairing, we
can compute the pushforward of 7« by this map. We get

<ST7T*CV> =77 o = (degT)ax # 0.
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Since « is nonzero of even order, this class is also nonzero.

We now compute the pairing of 7%« with the summands on the right-
hand side. First we note that since o has order 2, so does 7*«a. By linearity,
the pairing with 27*2’ must be zero.

Next we look at the pairing

<7_*Zk(W), T*Cl{> =0.

By definition of the Merkurjev pairing it factors through the restriction of
T*a to a closed point on VNV, a smooth variety over an algebraically closed
field, and the restriction of unramified cohomology classes of positive degree
to such classes vanishes. Hence the pairing is zero.

We next consider

(r*2" ,7%a) = 0.

By functoriality of pullback of unramified cohomology, we can compute
the pairing after restricting the unramified cohomology class to the smooth
locus EN O’ C W' and then pulling back to W. One can check that E is
the conic bundle corresponding to the class «, hence the restriction of « to
E vanishes. (See [22, Lemma 3.9].) We conclude that (7*z",7*«a) = 0.

It remains to prove that

" m*a) = 0.

But 2" is supported on W\ 6, which is the inverse image of the singular
locus of W'. Since the singular locus of W’ does not dominate P! x P!, we
can conclude by Theorem 3.20 below.

From these computations, we see that the pairing of 7%« with the left
hand side of (3.23) is nonzero, but the pairing of 7*a with the right-hand
side of (3.23) is zero. Since (3.23) does not hold, neither does (3.21), hence
® is not surjective. O

THEOREM 3.20 ([20, Theorem 9.2]). — Let f: Y — S be a surjec-
tive morphism of proper varieties over an algebraically closed field k with
char(k) # 2 whose generic fibre is birational to a smooth quadric over k(.S).
Let n = dim(S) and assume that there is a class « € H"(k(S),Z/2) with
f*a € H (k(Y)/k,Z/2). Then for any dominant generically finite mor-
phism 7: Y’ — Y of varieties, and for any subvariety E C Y’ that meets
the smooth locus of Y’ and which does not dominate S via f o T, we have
(T fra)lp =0 € H"(k(E),Z/2).
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3.4. Proof of the main result

THEOREM 3.21. — The geometric generic fibre of the strictly semi-
stable family X — Speck[t] from Lemma 3.7 does not admit a decom-
position of the diagonal, and is therefore not retract rational.

Proof. — Assume for contradiction that the geometric generic fibre of X
admits a decomposition of the diagonal. Then the map ® 3 is universally
surjective modulo 2 by Remark 2.5. In particular, the modulo 2 reduction
of the class dp,, — 21(py,) is contained in the image of the base change of
® ; to k(Py ), the function field of Py . Since the map ®x commutes with
specialization of the involved varieties, and this specialization preserves
the diagonal class, the class 6p,, — 2i(p,,) is preserved by the specialization
(see also Proposition 3.10) and must be contained in the image of the
specialization of ® 5. But this contradicts Proposition 3.19, so we conclude
that the geometric generic fibre does not admit a decomposition of the
diagonal, which in turn implies that it is not retract rational. O

COROLLARY 3.22. — Let k be an algebraically closed field of character-
istic different from 2 with prime field F'. Assume that the transcendence
degree of k over F tr.degp k > 3. Then the very general (3,3) fivefold over
k does not admit a decomposition of the diagonal, and is therefore not
retract rational.

Proof. — Fix an inclusion F(a,3,v) C k and consider the parameter
space B of smooth (3,3) fivefolds over k. By Theorem 3.21 there exists a
closed point 0 € B such that the (3,3) fivefold X, admits no decomposition
of the diagonal. Since the very general (3,3) fivefold specializes to X (see
Lemma 2.7), we find that the very general (3,3) fivefold over & admits no
decomposition of the diagonal by [5, Theorem 1.14]. O

Remark 3.23. — The bound on the transcendence degree corresponds to
the number of specializations used to control the Chow group of the spe-
cial fiber of the semi-stable specialization in Lemma 3.7. The construction
presented here uses three steps to achieve this goal hence the bound in
Corollary 3.22. Roughly speaking, we use the first two steps to simplify
the Chow groups of the components Y and Z, cf. (3.11). The final step
is then to specialize the final component of the fiber to a variety with a
nontrivial unramified cohomology class, while maintaining control of the
resulting Chow groups. There might be other constructions achieving this
goal in fewer steps, hence lowering the bound on the transcendence degree,
but it seems likely that such a construction would require a different and
more careful argument to control the Chow groups.
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