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A UNIQUENESS RESULT FOR A TWO-DIMENSIONAL
VARIATIONAL PROBLEM

by Benjamin LLEDOS

ABSTRACT. — We investigate the uniqueness of the solutions for a non-strictly
convex problem in the Calculus of Variations of the form f ¢(Vv) — Av. Here, ¢
is a convex function define on R? and X is Lipschitz continuous. We establish the
uniqueness of the solutions when the gradient of A is small and give some coun-
terexamples when that is not the case. The proof is based on the global Lipschitz
regularity of the minimizers and on the study of their level sets.

RESUME. — Nous étudions I'unicité des solutions d’un probléme non strictement
convexe en calcul des variations de la forme f »(Vv) — . Ici, ¢ est une fonction
convexe définie sur R? et X est une fonction lipschitzienne. Nous établissons 1’unicité
des solutions lorsque le gradient de A est petit et donnons des contre-exemples
lorsque ce n’est pas le cas. La preuve est basée sur la régularité lipschitzienne
globale des minimiseurs et sur I’étude de leurs ensembles de niveau.

1. Introduction

1.1. A model case

The motivation of this article is to study non-strictly convex problems
in the Calculus of Variations in dimension two, as in the following model

case:
(1.1) Ty :ur—s /QF(V’LL(:E)) — Mz)u(z)dz
where €2 is a bounded open set in R%, A € L>(Q) and F(y) = f(|y|) with
W i<,
(1.2) f)=1q1t|—3 if1 <t <2,
Lip+1 if2< .

Keywords: uniqueness, level sets, Lipschitz regularity.
2020 Mathematics Subject Classification: 35A02, 49J45, 49N99.



2 Benjamin LLEDOS

For this functional, the admissible functions u belong to WJ’Z(Q), which
is the subset of the Sobolev space W2(Q) of functions that have a pre-
scribed trace 9 : R? — R on the Lipschitz boundary 952 of €. The objective
is to demonstrate the uniqueness of solutions for the subsequent minimiza-
tion problem:

Pr: min  Zy(u).
ueWw, ()

When A = )y € Ry, this problem studied by Kawohl, Stara and Wittum
in [15] arises as the convexification of a non-convex problem of shape opti-
mization in the theory of elasticity. In this example, f is the convexification
of the minimum of two parabolas: ¢ — 1[t|* and t — 1[t|*> + 1. Observe in
particular that f is affine on the interval (1,2). Since f is convex but not
strictly convex, there is no obvious reason for P A to have only one solution.

In fact, the authors of [15] rely on the assumption that the level sets
of one minimizer u are star-shaped. Furthermore, they suppose that the
boundary of the set in © where f/(|Vu|) = 1 is piecewise C!. In this paper,
we do not require such additional assumptions.

There is no general answer to the question of uniqueness for non strictly
convex problems in the Calculus of Variations, especially when A is not
constant. For this reason, we restrict our attention to the framework (1.1)
where f can be replaced by more general convex functions provided that
they are strictly convex around the origin and at infinity.

1.2. Main results

More precisely, let g : R — R be an even C! convex function with g(t) >
g(0) = 0 for all ¢ # 0. Additionally, we assume that g € Cll.gi (R\{0}).

We suppose that g has p-growth for p > 1, namely, there exist C; > 0
and C5 > 0 such that:

(1.3) Cilt|P < g(t) < Co(1+|¢fP) for all £ € R.

We introduce the following set of strict convexity of ¢:

reR, VyeR\{z}, Vte]0,1],
tyses {gux £ (1—0)y) < tgla)+(1- t>g<y>}'

For instance, SC = (—o0,—2) U (—1,1) U (2, +00) when g is equal to the
function f in (1.2).

ANNALES DE L’INSTITUT FOURIER



UNIQUENESS FOR A TWO-DIMENSIONAL PROBLEM 3

We make some structural assumptions on SC:

e The set SC has finitely many connected components, in particular
SC is open and

N
(1.5) Scnry = s,
n=0
with 8Co := [0,b9), SCp, := (an,b,) for every n € N*, n < N
and SCy := (an,+0). For every n € N, n < N we introduce

dn = g'(bn) = ¢'(an+1).
e We assume that g is C? and g” > 0 on SC\{0} and that g is strongly
convex at 400 in the following sense:
1
lim inf tg” ()
t—+o00 g’(t)
We define ¢(+) := g(] - |) and for A € L>°(Q) we introduce the following
functional:

> 0.

Iy:ur— A o(Vu(x)) — AMz)u(z)dz

on Wi’p (Q2), where € is an open simply connected bounded set of R? with a
Lipschitz continuous boundary 92 and ) is a Lipschitz-continuous function
on 01). Here, Wi’p(Q) is the subset of those functions in W () that are
equal to ¥ on 9.

We introduce the minimization problem:

Pr: min  Zy(u).
weW, P(Q)

The main result of the paper is the following:

THEOREM 1.1. — Let Q be a simply connected bounded open set of R2.
We assume that 2 has a Ct'! boundary, ¢ € C*'(R?), ) is Lipschitz con-

tinuous on (), min_ g A(z) > 0. There exists a positive constant

C:= C(N, 1], max A\, min A, [|[¢]c11(q), /@)
Q Q
where k is the essential infimum of the curvature of OS2, such that if
VAl Lo (@) < C then Py admits a unique solution on Wi’p(Q).

Remark 1.2. — When A is constant, a more general result, true in any
dimension, can be found in [17].

Moreover, the boundedness condition on VA is natural since:

PROPOSITION 1.3. — There exists A € C*°(B1(0)) with ming—= A > 0

B1(0)
such that Py has more than one solution on Wol’p(Bl (0)).

TOME 0 (0), FASCICULE 0



4 Benjamin LLEDOS

1.3. Ideas of the proof

We want to prove the uniqueness of the solution for the variational prob-
lem Py. According to classical theory (see [10, 14]), there exists at least
one minimizer, u, to the problem P,. This function u is bounded, globally
Holder continuous by [14, Theorem 7.8] and locally Lipschitz continuous
by [7, Theorem 1.1].

When A = 0, the proof is substantially simplified. In this case, the strat-
egy has been developed by Marcellini in [19] under additional assumptions,
and the proof itself in a general framework is due to Lussardi and Mascolo
in [18]. The proof in those papers is divided into two parts:

(Part 1) If u and v are two solutions of the same problem, then v is constant
on the level sets of u.

(Part 2) The level sets of u intersect the boundary 9§ of Q. Since v and v
are equal on 92, they are equal on Q.

As noted in Remark 1.2, a shorter proof can be found in [17] when
A = X\ € R;. However, when A € W1>°(Q) the proof requires new ideas
and turns out to be fairly intricate. Although Part 1 remains true, Part 2
is not. The term u — fQ Au changes the geometry of the level lines, which
may not intersect the boundary 02 of Q. It is even possible that only one
level set intersects the boundary, see Proposition 2.10.

A very important subset of €2 is the following;:

PROPOSITION 1.4. — There exists an open set U such that for every
minimizer u of the same problem Py, one has u € C}(U) and for every

x €U, |Vu(z)| € SC\{0} while for a.e. x ¢ U, |Vu(z)| ¢ SC\{0}.

When A # 0, the set U U0 has the same role as 0f2 in Part 2 when there
is no lower order term. However, the fact that u = v on U is far from being
obvious. Nevertheless, if v and v are two minimizers of the same problem,
we can easily see that Vu and Vv are equal on U. Additionally, we can
even prove that this is also true on the level sets that intersect U. The aim
of the proof is to demonstrate that u = v or Vu = Vv on the level sets of u
and v. Consequently, for a.e. z € Q, the Lipschitz map w(z) := u(z) — v(x)
is equal to 0 or Vw(z) =0, thus u —v = w = 0.

This idea of using U U 02 comes from a paper by Bouchitté and Bous-
quet [5]. However, in their study, that fact that SC is of the form (1,4o00)
implies that the boundary of every connected component of U intersects
J9Q. Since Vu = Vv on U and u = v on 0f), they readily deduce that
u = v on U and this part of the proof is easier. We would like to clarify

ANNALES DE L’INSTITUT FOURIER



UNIQUENESS FOR A TWO-DIMENSIONAL PROBLEM 5

to the reader that this paper is not a generalization of [5] because g has
no singularity at the origin, unlike in [5]. This singularity of g in [5] and in
its generalization [16] creates some regularity issues that are not present in
this study.

For instance, in our situation, we have that max(«, ¢’(|Vul)) € VVlif ()
for any « > 0 thanks to [20]. Then, we prove that max(do, ¢'(|Vul|)) has a
representative that is absolutely continuous on almost every level sets.

The other major difference between this paper and [5, 16] lies in the
continuity of max(1,¢'(|Vul) over 2, which permits the demonstration of
their results for higher dimensions. Conversely, we heavily rely on two re-
sults that exclusively hold in dimension two. Firstly, a general regularity
result for Lipschitz continuous functions, see Theorem 2.8 below and sec-
ondly, the Jordan curve theorem. The latter is the reason why we assume
that © simply connected: this prevents the existence of holes inside the
connected components of the upper level set Fy := {u > s} for s € R.

When A is sufficiently small, it can be proven that almost every level set
intersects a connected component of U in which |Vu| < by. As a result, we
are able to establish the following theorem:

THEOREM 1.5. — We assume that ¢ is as in Section 1.2 and 0 < A(z) <
dohq for a.e. x € Q). Then, the problem P, admits a unique minimizer.

Here, dy = ¢'(bo) and hgq is the Cheeger constant of Q:

DEFINITION 1.6. — The Cheeger constant of ) is defined as:
Per(D,R?
hQ = inf 71'( )
DCQ |D|
where

Per(D,R2) = sup{/ div 6
D

is called the Perimeter of the set D. A set D C Q of finite perimeter with
|D| > 0 is said to be a Cheeger set if Per(D,R?) = hq|D|.

0 e C(RLR?), [0(z)| <1, Yz ER2}

The proof of the main theorem is based on an induction argument related
to the family {d,, n € N, 0 < n < N} with the previous theorem as the
initialization step.

We study the connected components Is(u) of Lg(u) := u~*(s) C R? such
that I4(u) is a closed simple curve. If I;(u) NOQ # 0, then u — v is constant
on ls(u) and u — v = 0 on 9N, implying u — v on ls(u). Hence, we can
assume that I;(u) € 2. Utilizing the Jordan curve theorem, we can define

TOME 0 (0), FASCICULE 0



6 Benjamin LLEDOS

F, as the bounded connected component of R?\l,(u). When I4(u) NU = ()
we use the following proposition:

PRrROPOSITION 1.7. — There exists a representative fy of the function
max(do, ¢'(|Vul|)) such that for a.e. s € R, if ls(u) NU = 0 then fq is equal
to a constant C(ls(u)) € {d;,0 <i < N} on l4(u).

Another important result is a maximum principle proved in Section 5 for
smooth approximations of our problem Py. To begin with, we regularize
the problem to obtain a sequence (uy,)nen of smooth minimizers of smooth
problems Py, , where (gn)nen and (A,)nen are smooth approximations of g
and A. In Section 4, we use the fact that the sequence (Vuy,)nen generates
Young measures (Vy)zeq to prove that g, (Vu,) — ¢ (Vu) a.e. in Q when
n — 4o00. For such approximations, we have:

PROPOSITION 1.8. — For a.e. s € R, if l5(u) is a connected component
of Lg(u) which is a closed simple curve and such that l;(u) € Q then
sup max (do, g7, (| Vun|)) = Sgpgil(IVunl)-

Is(u

Plan of the paper

In the next section, we recall some classical results, and we introduce
the notations and notions useful throughout the article. In Section 3, we
study the regularity properties of the level sets of the minimizers. In the
subsequent Section 4, we prove that max(a, ¢'(|Vu|) € W,L2(Q). We prove
the maximum principle for max(dp, |o,|) in Section 5. Section 6 is dedicated
to the proof of Theorem 1.1 and Theorem 1.5. In the last section, we present
a possible extension to the main theorem.

2. Preliminary results

In this section, we introduce some known results related to this problem.

2.1. Direct methods

We know from the direct method in the calculus of variations (see [10,
14]) that the problem P, has at least one minimizer. We recall that ev-
ery minimizer u is bounded, globally Holder continuous according to [14,
Theorem 7.8] and locally Lipschitz continuous by [7, Theorem 1.1].

ANNALES DE L’INSTITUT FOURIER



UNIQUENESS FOR A TWO-DIMENSIONAL PROBLEM 7

We begin this subsection by observing that the minimum of a solution
is attained on the boundary of (2.

PROPOSITION 2.1. — Let u be a minimizer of Py on Wi’p(Q) with \ €
L>(2) and X(x) > 0 for a.e. x € Q. Then ming v = minggq 1.

Proof. — Since ming u < ¢ := mingq 1), we have to prove that ming u >
mingg ¥. We introduce w := max(u, ¢). If there exists a point x € Q such
that u(z) < ¢, then by continuity of u, the set {u < ¢} has a positive
measure. We have w = u and Vw = Vu on {u > c¢}. Moreover, since
{u < ¢} has a positive measure we have that:

o=/ MWwD</ o(IVul)
{u<c} {u<c}

—/ )\w:—/ /\cg—/ A\u.
{u<c} {u<c} {u<gc}

Hence, I (w) < I(u) on ©, which contradicts the fact that  is a minimizer.
Thus, u > c on Q. O

and

We prove that the gradients of two minimizers of the same problem are
collinear. This feature is useful in numerous following proofs.

LEMMA 2.2. — Let u and v be two minimizers of Py with A € L>(2).
Then for a.e. x € Q, Vu(x) and Vv(x) are collinear and g is affine on the
interval [|Vu(z)|, |[Vv(z)]].

Proof. — Since w is a solution of Py,

T (u) <IA<“;“>.

By the fact that g is non-decreasing and the convexity of g and of the
Euclidean norm,

U+ v Vu+ Vo
ol )= Lol|75
1

1
3 [ @19u) = x0) + 5 [ (6(190]) =20

= %Ix(u) + %Ix(v).

2

)_)\u—i—v

N

Since v is another solution,

Ta(u) = %IA(u) + %IA(U).

TOME 0 (0), FASCICULE 0



8 Benjamin LLEDOS

This implies that

L) -

Hence, for a.e. x € €,

21) g<‘Vu(z)q2LVv(z) ) _

(9(IVul) + g(IV))).

N

(9(|Vu()]) + g(IVu(2)])).

N —

Thus, for a.e. x € Q, go|-| is affine on the segment [Vu(z), Vu(x)]. In view
of the definition of g and the strict convexity of the lower level sets of | - |,
it follows that Vu(x) and Vo(z) are collinear for a.e. x € . Additionally,
g is affine on [|Vu(z)|, |Vv(z)|] for a.e. z € Q. O

We use a result from [3] to introduce a set where Vu is continuous and
|Vu| only takes values in SC\{0}, as defined in Section 1.4.

PROPOSITION 2.3. — When X € C%(Q), there exists an open set U such
that u € C*(U) and for every z € U, |Vu(z)| € SC\{0}, while for a.e.
z ¢ U, [Vu(z)| ¢ SC\{0}.

Proof. — By [3, Theorem 6.1], for a.e. 2 € Q such that |Vu(z)| € SC\{0}
there exists a neighborhood V of z such that u € C1:*(V). Since SC\{0} is
open, there exists e > 0 such that for every 2’ € B.(z), |Vu(z')| € SC\{0}.
Let U be the set of such z, then U is open and for a.e. x ¢ U, |Vu(z)| ¢
SC\{0}. O

One of the interests of this set is the following:

PROPOSITION 2.4. — The set U does not depend on the choice of a
minimizer. Moreover, let u and v be two minimizers of Py, then Vu = Vv
onU.

Proof. — Let us consider two minimizers u and v of the same problem.
We define, respectively, U, and U, as the open sets of the previous propo-
sition for v and v. By Lemma 2.2 and strict convexity of g on SC, we
have that Vu = Vv a.e. on U,. Hence, v € C*(U,) and for every x € U,,
[Vu(z)] € SC\{0}. Thus, by definition of U,, we have that U, C U,.
To prove the other inclusion, we just have to exchange u and v. Hence,
U,=U,=U and Vu=VovonU. O

A direct consequence of this result is that:

Remark 2.5. — For every connected component U; of U, u—uv is constant
on Uj;.

ANNALES DE L’INSTITUT FOURIER



UNIQUENESS FOR A TWO-DIMENSIONAL PROBLEM 9

To conclude this section, we introduce the weak Euler-Lagrange equation
associated to Py:

(2.2) div (Ve(Vu)) = =X on Q.

Remark 2.6. — By Lemma 2.2 the function Vp(Vu) = g'(|Vu\)‘§—Z‘ is
independent of the choice of the minimizer of P, and will be denoted by o.

2.2. Lipschitz regularity of a minimizer u and its level lines

In this subsection, we recall some Lipschitz regularity results for u and
its level lines.

We use the following result from [16, Theorem 1.4] that states that our
minimizers are globally Lipschitz-continuous on :

PROPOSITION 2.7. — We assume that €} has a C' boundary and 1 €
CY1(R?). Then any minimizer u of Py is globally Lipschitz-continuous on 2.
Moreover, there exists L > 0 such that

IVl gy < L(p, Cr, |9, (ML), ¥t @2y, &)

where k is the essential infimum of the curvature of 902 and C is introduced
in (1.3).

For a function f : R? — R and for every s € R, we define L*(f) as the
union of all connected components I,(f) of L(f) = f~1(s) C R? such that
H(Is(f)) > 0. Here, H! denotes the one-dimensional Hausdorff measure.

We state the following theorem from [1, Theorem 2.5] on the level sets
of Lipschitz continuous functions.

THEOREM 2.8. — Let f : R — R be a Lipschitz continuous function
with compact support. For a.e. s € R, we have:
o« HUL(D\LE(S)) = 0.
e Every connected component l;(f) of Ls(f) that is not a point is a
closed simple curve with a Lipschitz parametrization ~s.
e L*(f) has a countable number of connected components.

It follows that the level lines of a minimizer u have a Lipschitz-continuous
parametrization:

Remark 2.9. — Let u be a globally Lipschitz-continuous minimizer of
Py with A € L>°(Q). We extend it outside 2 by 1, which can be assumed
to have compact support. For a.e. s € R, every connected component of
L*(u) C R? has a Lipschitz-continuous parametrization.

TOME 0 (0), FASCICULE 0



10 Benjamin LLEDOS

2.3. Explicit solution on the ball and counter-example

The unique solution on Wy (B, (20)) for our problem Py, in dimension
two, given that A is a positive constant, can be expressed explicitly by
utilizing [8, Theorem 1].

PROPOSITION 2.10. — When Q = B,.(x¢) and X is constant, the prob-
lem Py admits a unique minimizer on Wy (B,(x)). We can compute it
explicitly:

)
u(x) .—C’—Xg (2|x—x0|>

with g*(z) 1= sup,eg(z,y) — g(y) being the Legendre transform of g, and
C' the constant such that u € Wy (B, (x0)).

The following proposition uses the Euler-Lagrange equation (2.2) to
prove that a function is a minimizer.

PROPOSITION 2.11. — Let u be in W1P(Q) and ¢ a convex function. If
there exists A € L>°() such that div Vo(Vu) = — A, then u is a minimizer
of Py on W}EP(Q).

Proof. — By convexity of ¢, for every w € WLP(Q) we have:

/ p(Vw) > / (Vu) + (Vo(Vu), Vw — Vu).
Q Q

Since div Vo(Vu) = —X we get:

/(V(p(Vu), Vw — Vu) = / Mw — u).

Q Q

Hence, Z)(w) > Zy(u) for every w € W}EP(Q). Thus, u is a minimizer of
Py on W&’p(Q). O

We apply this result to show that when A is not constant, we can have
more than one solution.

PROPOSITION 2.12. — Let g : R4 — R be a non-strictly convex function
such that g(0) < g(t) for every t > 0. We assume that g € C1([0, +00)) with
9'(0) = 0. Then, there exists Ao € C*°(B1(0)), Ao > 0 such that P_ has
an infinite number of solutions on W, *(By) with ¢(-) = g(| - |) and

Iy (u) := /B o(Vu(x)) — Ao (z)u(x)da.

ANNALES DE L’INSTITUT FOURIER



UNIQUENESS FOR A TWO-DIMENSIONAL PROBLEM 11

Proof. — We construct two different radial solutions u and v of the same
problem. For every x € B1(0), we set u(z) := u(|z|) and v(z) := v(|z]).
Our goal is to define ¥’ and ¥ on (0, 1).

Since g is not strictly convex on R, there exist a,b € R, such that ¢’
is constant on (a,b) and ¢'(t) # ¢'(a) for every t ¢ [a,b]. Since g(0) < g(t)
for every t > 0 and ¢'(0) = 0, we have that a > 0.

Let us introduce a smooth increasing function f : Ry — R, such that
f(t) =t for every t > 0 small and f(t) = ¢/(a) for every t > 1. We use the
fact that for every z > 0 if € dg*(y) then ¢'(z) = y. Hence, for every
t>0, ¢ 0g*(f(¥) ={f(t )} For every t € (0,1), we set u'(t) = —x; with
x; € dg*(f(t)) such that ¥’ is measurable. Such a choice is possible by [9,
Theorem 5.3, p. 151]. In order to define ¥’, we set o'(t) = @'(t) on (0, 3)
and v'(t) = —b for every t> 1.

Hence, ¢'(|7']) = ¢'(J@ |) f is a smooth function. Then, we can set
u(x) = fli\ —a/(t)dt and v( fl | —V'(t)dt that are Lipschitz-continuous
on B;(0) and vanish at the boundary

Finally, we set

Aoo () = lef(le)ﬁ € C*(B1(0)).

Hence, by Proposition 2.11, v and v are solutions of the same pro-
blem P,_. Moreover, a direct computation shows that A (x) > 0 on
B1(0). g

We can give an explicit counter-example where P, has more than one
solution with A > 0 and U # 0 with g is as in (1.2):

L1t)? if [t <1
(2.3) gty =< |t| - 1% if 1<t <2,
Gl + 3 if2< .

PROPOSITION 2.13. — There exists A € C*(B1(0)), ming— (O))\ >0
such that Py has more than one solution on W, *(By(0)) and U # §.

Proof. — We take the same notations as in the previous proof. In this

o[ <
g (t)Z{2 .

[t?—5 if 1<t

case, we have

TOME 0 (0), FASCICULE 0



12 Benjamin LLEDOS

For t € R, we define:

t ift <1,
0(t)=¢3t—3 ifr<t<i,
1 if § <t.

Hence, we can take f as the convolution of # with a smooth standard
mollifier. For instance,

t+3 1
f(t) = C/ ) 0(8) exp <1_|t_5|2>ds
t—3 64

with
ct= /8 exp<112>ds.
,% 64 |S|
Then @ = —f on [0,1], ¥ = —f on [0,2) and ¥/ = —2 on (2,1].
Thus, u(x) = |i‘ —u/(t)dt and v(z) = |i| —0'(t)dt are two solutions
on Wy*(B1(0)) with A(z) == =t f(|a]) + f/(|]).-
Moreover, U # () since [Vu| < 1 on B1(0). O

2.4. BV functions

We start by giving the definitions of functions of bounded variation and
sets of finite perimeter:

DEFINITION 2.14. — A function f € L'(Q) has bounded variation in
if

/QIDfI = Sup{/ﬂfdiv&dm

We denote by BV (Q) the set of functions in L*(Q2) having bounded varia-
tion in €.

beC (AR, ) <L Vae Q} < oo.

If f € BV(Q), the distributional gradient of f is a vector valued Radon
measure that we denote by D f and |Df] is the total variation of Df.

DEFINITION 2.15. — Let E be a Borel set. We say that E has finite
perimeter in Q if the characteristic function yg of E belongs to BV ().
The perimeter Per(E, Q) is defined as:

Per(E, Q) :/ |Dxg| = sup{/ div e ’ 6cC! (Q;R2), 101l o= () < 1}.
Q E

ANNALES DE L’INSTITUT FOURIER



UNIQUENESS FOR A TWO-DIMENSIONAL PROBLEM 13

DEFINITION 2.16. — For a set E of finite perimeter in R?, we define
the reduced boundary 0*E of E as the subset of supp |Dxg| such that for
every x € 0*F,

exists and |vg(z)| = 1.

Remark 2.17. — The reduced boundary 0*F is a subset of OF and we
have that Per(E,Q) = HY(0*E N Q).

We recall the coarea formula for Lipschitz continuous functions from [11,
Theorem 3.4.2.1, p. 112] that will be useful throughout the article.

PROPOSITION 2.18 (Coarea formula). — Let w be a Lipschitz conti-
nuous function with compact support and f be a nonnegative measurable

/11%2 fIVuldz = /R/Lé(u) f(x)dH  (x)ds

where Lg(u) :=u~1(s) C R?.

function. Then

Remark 2.19. — By replacing f by the indicator function

1 ifzeA,
0 ifxéA,

we observe that if |A] = 0 then for a.e. s € R, H'(Ls(u) N A) = 0.

Ta(z) =

ProposiTION 2.20. — Let v be a Lipschitz continuous function with
compact support in R2. For a.e. s € R we have

Vo(r)  Dlpysg(z) 1
= for H* a.e. x € Lg(v).
|V7)(£C)| ‘D]l[v>5]|(x)

Proof. — By the vector valued coarea formula [2, Theorem 3.40] we have

that
/V’U://D]l[v>s]ds
A RJA

for every Borel set A.

By linearity, for every linear combination of indicator functions y, we

/ <X7 vv) = / / <X7 D]l[v>s]>d5
supp v R Jsuppv

By density, for every 6 € L>(suppv; RY), we get

/]R2 (6, Vo) = /R/sz’Dﬂ[wSst.

TOME 0 (0), FASCICULE 0
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We fix 6 := ‘g—” when Vo # 0, 6 :== 0 when Vv = 0 and obtain

V|

w0 e LS

But, by [13, Theorem 4.4] we have for a.e. s € R that
|Dljysg| = H'LO* [0 > s].

_ D]l[v>s]
[ (0.010) = /R<o Ero >d|D11[v>s]|
:/ <9 D]l[“>s]>d’;.[1_
o[>\ DLy
D1y g

Since (6, D, >.]\> < 1 for a.e. s € R, with (2.4) and (2.5) we get

/RQ |Vo| < /Rﬂl(ﬁ*[v > s])ds.

By Remark 2.17, we have

[V S/Hl(a*[v > s])ds </7—[1(
R? R R

By the coarea formula given in Proposition 2.18, the following equalities

hold true:
Vol :/’Hl(@*[v > s])ds:/Hl(Ls(v))ds.
R2 R R

D]l['v>s]
|D]l['u>s]‘

Hence,

(2.5)

Hence, we get (6, ) =1 for H! a.e. z € 0*[v > s] and

HY(Ls(v)\0*[v > s]) =0 for a.e. s€R.

D1 .
Thus, 6 = ﬁ?—ll a.e. on L,(v) for a.e s € R, as desired. O

3. Relation between the level lines and U

In this section, we use the Lipschitz regularity of the level lines of a
minimizer u to prove that they are level sets for the other minimizers in a
generic sense. Subsequently, we study the case where a level line intersects
the set U, which implies that the gradient of another solution is equal to
Vu on that particular level line.

ANNALES DE L’INSTITUT FOURIER



UNIQUENESS FOR A TWO-DIMENSIONAL PROBLEM 15
3.1. Equality on level lines

We first prove that the difference between two minimizers is constant on
every connected component of almost every level sets.

PROPOSITION 3.1. — Let u and v be two minimizers of the same pro-
blem Py. There exists a negligible subset Ny of R such that for every
s € Sy := R\ Ny, for every connected component ls(u) of Lg(u), the map
u — v is constant on ls(u).

Proof. — We consider that u and v are extended by 1 outside of 2. By
Proposition 2.9 there is a negligible set N, such that for every s € R\ Ny,
every connected component Is(u) of Lg(u) C R? that is not a point has a
parametrization that is Lipschitz continuous.

Since Vu and Vv are defined and collinear a.e. on R?, by the coarea
formula we obtain that there exists a negligible set N’ such that for every
s € R\N/_, Vu and Vv are defined and collinear H! a.e. on L,(u). We set
Ny := Ny UNL.

Hence, for every s € R\ Ny, we have that Vv is orthogonal to each Lips-
chitz connected curve I (u). We introduce ~; : [0, length(ls(u))) — I5(u) a
Lipschitz-continuous parametrization of [4(u). Then, by the chain rule, we
have (vo~s) = (Vu(ys),7.) a.e. on [0, length(ls(u))). By orthogonality of
Vv to Is(u), we have that v is constant on Is(u). O

The following proposition is the first step to prove the uniqueness result.

PROPOSITION 3.2. — For s € Sp, if Is(u) N (R?\Q) # 0 then u = v on
Is(u).

Proof. — Thanks to the previous proposition, we know that u — v is
constant on ls(u). Since u and v are extended by 1 outside €2, we have
u = v on R?\Q. By assumption, we have [5(u) N R?\Q # () then u = v on
Is(u). |

3.2. Relation between U and the level lines

In this section, we consider two minimizers v and v of Z, with the same
boundary condition. According to Proposition 2.4, Vu = Vv on U. We will
extend this result to the level lines that intersect U.

Notation 3.3. — We denote by S C R the set of these s that satisfy the
two following conditions:

TOME 0 (0), FASCICULE 0
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e 5 € Sy with Sy defined in Proposition 3.1,
o Vu# 0H! ae. on Lg(u).

We introduce the following set:
[:={l'(u),s€ Sandicl}

where the index set I corresponds to the non-constant curves [%(u) among
the connected components of Ls(u) inside 2 which do not intersect 9.

PROPOSITION 3.4. — Given s € S and i € I, let F! be the bounded
connected component of R?\l%(u) given by the Jordan curve theorem. Then,
for every i € Is, u > s on F!.

Proof. — We fix s € S. Let l%(u) a connected component of Lg(u) such
that % (u) € Q. Since Q2 is simply connected, F! C  and by Proposition 2.1,
we have that u > s on F!. If [.(u) is a connected component of L*(u) that
is inside F? then for H! a.e. y € I/(u), Vu(y) is defined and Vu(y) # 0.
Since u > s on F!, every point y in I’(u) is a local minimum on F! and
hence, either Vu(y) = 0 or Vu(y) is not defined. Thus, there is no such
I'(u) in F. By assumptions on s, we have that H!(Ls\L?) = 0. Therefore,
H({u=s}NF)=0.

Let us assume that there exists # € F! such that u(z) = s. Then
by Proposition 2.1 for every ¢ < dist(z,[%(u)) there exists y. € OBc(z)
such that u(y.) = s and we define the following set ¥ := {y.,0 < € <
dist(z,1%(u))}. We have that

HU(Y) = g%%;(y)

with

HEY) = inf{z diam(Vn)}
neN
where the infimum is taken over the families of sets (V},)nen such that
Y c U, Vn and diam(V;,) < § for every n € N.

For every admissible (V;,)nen, we define E,, as the set of those € such
that y. € V,, N Y. We define e,, := inf{e € E,}, eM := sup{e € E,} and
Vo i= [em,eM]. We have that diam(V,,) = e™ — e,,, < diam(V},) < 6 and
10, dist(z, I (u))[ € UV,,.

Hence, (V;,)nen is admissible for H}((0, dist(z, i (u)))) and
HAY) > HE (0, dist (. (1))
By taking the limit when § goes to 0, we obtain:
HY(Y) = H'((0,dist(z, L (u))) = dist(z, IL(u)).

ANNALES DE L’INSTITUT FOURIER
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Thus H!({u = s} N FY) > dist(x,l%(u)) > 0. That is a contradiction.
Hence, there is no such x. Therefore, u > s on F!. O

A direct consequence of that result is the following:

PRrROPOSITION 3.5. — For every s € S, I is countable. Moreover, for
every i € I, li(u) is the boundary of a connected component F! of Es =
{u > s}.

Proof. — By Theorem 2.8, I, is countable. Let us consider ¢ € Is. By
the previous proposition, I%(u) is the boundary of a connected component
of By = {u > s}. O

We also have that:

PROPOSITION 3.6. — For every s € S, every connected component Fj
of By, if Fy € Q then Fy is simply connected and its boundary is a closed
simple curve l4(u) with Lipschitz parametrization.

Proof. — Since F} is bounded, R?\ F has only one unbounded connected
component. We call F the complement of this unbounded set. We claim
that FS = F,. We have that 8F C OF,. Hence, u = s on 8F Since F
is simply connected, OF  is a connected set in Ly(u) with H(F,) >
By Theorem 2.8, OF, is a closed subset of a closed simple curve Is(u )
which has a Lipschitz parametrization. Hence, FS is a bounded set such
that OF, C l,(u). We have that F, is an open set in R2\l,(u). Since,
OF, C Iy(u), F, is also closed in R2\I,(u). The fact that F', is bounded and
connected gives that F; is the bounded connected component of R2\I,(u)
and by the Jordan curve theorem we have 8ﬁs = l5(u). By Proposition 3.4,
ﬁs C E,. Since ﬁs contains F, we get that ﬁs = Fs. Moreover, we have
proved that F is simply connected with I5(u) as boundary. d

The main result of this subsection is the following:

PROPOSITION 3.7. — For a.e. s € S, for every i € I, if lL(u) NU # 0
then V(u —v) = 0H! a.e. on I} (u).

In order to prove this result, we state two technical lemmata:
LEMMA 3.8. — For a.e. s € S, for every i € I, there exists a decreasing

sequence (8, )neN converging to s such that:

e There exists a simple connected curve I, (u) in L, with Lipschitz
parametrization that is inside F.

® (Fs,)nen is an increasing sequence with |J,,cy Fs, = FL.
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Here, F; is the bounded connected component of R?\l;(u) given by the
Jordan curve theorem and F! is the bounded connected component of

R2\Ii (u).

Proof of Lemma 3.8. — By Proposition 3.4 we have that u > s on F!. By
the coarea formula in Proposition 2.18 there exists so > s, sg € S such that
H! (Lo (u) N FZ) > 0. Moreover, by Theorem 2.8, H*(Ls, (u)\ L3, (u)) = 0.
Hence, there exists I, (u) in L, satisfying the assumptions of Lemma 3.8.

Then, we next select s < s; < so with s; €S such that H*(Lg, (u)NF?) > 0.
We have that Fy, C Ey,. Hence, F§, is in one connected component of E;,,
we call I, (u) the boundary of that connected component. By Proposi-
tion 3.6 we have that [, (u) is a connected simple curve with Lipschitz
parametrization. We repeat this argument to find a sequence (s, )nen that
satisfies the first part of the lemma. By construction (Fy, )nen is an in-
creasing sequence, it remains to prove that F,, = F!.

neN * Sn

We introduce Fi := U, e Fs, a subset of F? If y € OF« there exists a
sequence (Yn )nen such that y, € OFs, and y, — y. By continuity of v and
the fact that y, converges to y we obtain that u(y) = s.

By Proposition 3.4 we have that 0F,, C OF¢. We claim that F., = F_.
Indeed, if those two sets are not equal, then there exists € F\ F,,,. Since
F!is a connected open set, for every y € F,, there exists a continuous path
from x to y included in F?. By continuity, this path must intersect 9F,, C

OF!, contradicting the fact that the path is in F¢. Hence, Fl, = F?. O

LEMMA 3.9. — Let u be a minimizer. For a.e. s € S and every i € I,
we consider a sequence (ls, )nen as in the previous lemma. Then, we have
that lim,,_, o D(ls,,l%(u)) = 0 where D(E, F) := sup,cp infeple — f|.
Moreover, let v be another minimizer, if there exists a constant C such that
u—v=C on every ls, then V(u—v)=0H" a.e on I:(u).

Proof of Lemma 3.9. — For every € > 0, we claim that there exists
N € N such that for every n > N, D(ls,,l(u)) < e. Indeed, assume by
contradiction that there exists € > 0 such that V IV, there exist n > N
and y,, € I, (u) such that V x € li(u), d(yn,z) > €. Since all these y,, are
in Q, there exists a sequence (y4(n))nen converging towards some y € F, ‘.
We have that d(y,z) > € for every x € [!(u). By continuity of u, we
have that u(y) = s. Thus, by Proposition 3.4, y € OF! = I'(u). That is a
contradiction.

For H! a.e. x € I’ (u) we have that Vu(z) # 0 and Vv(z) exist. Moreover,
for H! a.e. x € I} (u) we have that Vu(z) and Vo(x) are orthogonal to % (u)
at z in the sense that (Vu(x),v.(v;'(x))) = 0 where 75 is a Lipschitz
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parametrization of I (u). We consider d,, := z+RVu(x). Let us call H_ and
H. the two half-planes of R?\d,.. For every r > 0, Hy NI%(u) N B,(z) # 0,
otherwise it would contradict the fact that Vu(zx) is orthogonal to IX(u).
A direct consequence is the fact that H_ N F! # () and Hy N F! # 0.

We assume that for every N € N, there exists n > N such that I, (u) N
d; = (). Thus, we can assume that I5.(u) N H_ = (. Hence, there exist
y € li(u) and ¢y > 0 such that d(y, Fs,) > €. Since Iy, () — li(u) in
the sense of D that is a contradiction. Then, there exists N € N such
that for every n > N, I, (u) Nd, # (. For every such n, we take z, as a
point that minimizes d(x,y) on I, (u) Nd,. Since this sequence (x,)nen is
bounded, it converges, up to a subsequence, to a point z’ € 17; such that
u(z") = s. By Proposition 3.4, 2’ € I}(u). If 2’ # z then there exists r > 0
such that d, N B, (x) N, (u) = 0 for every n € N large enough. Hence,
dy N By(x) N Fs, = 0 for every n € N large enough which contradicts the
fact that (J, oy Fs, = Fi. Thus, 2 = 2’ and we can find a sequence (,)nen
such that z,, € l5, (u)Nd, and x,, — z. By assumption, u—v = C on I, (u)
for n large enough. By continuity of u — v we obtain that u — v(z) = C.
Then, (ufv)(il)::fctl*”)(w") = |f__x(i| = 0. Moreover, V(u — v)(z) is collinear
to Vu(z), hence, we obtain V(u — v)(z) = 0. Since that is the case for H!
a.e. x € [*(u), we have the desired conclusion. O

Proof of Proposition 3.7. — For every s € S, I’ (u) is a Lipschitz contin-
uous closed curve such that Vu and Vv are defined and collinear H' a.e.
on [’ (u) and Vu # 0H' a.e. on I (u). If Ii(u) NU # O then there exists U;
a connected component of U such that I%(u) N U; # (. By Proposition 2.5
and Proposition 3.1 we have u—v = C; on [*(u). We consider the sequences
(sn)nen, (s, (w))neny and (Fs, )nen from Lemma 3.8.

Hence, by the first part of Lemma 3.9, there exists N € N such that for
every n > N, Is (u)NU; # 0. Thus, by Proposition 2.5 and Proposition 3.1,
u—uv = C;onlg, (u) for every n > N. By the second part of Lemma 3.9,
we have that V(u —v) = 0H! a.e on [ (u). O

4. W12 regularity of |o]

In this section, we prove the following proposition on o = Vp(Vu):

PROPOSITION 4.1. — For every « > 0, the function [ := max(a, |o|) is
in WH2(QY) for any Q' € Q.

Proof of Proposition 4.1. — We prove this result in four parts. In Step 1,
we regularize our problem in order to work with smooth solutions (uy,)nen-
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Then in Step 2, we prove that || max(c, |V, (Vuy)|)|wi2q is uniformly
bounded in n € N. In the subsequent Step 3, we show that

max(a, Vo, (Vuy)|) — f
a.e. on ). We conclude that f is in W12(Q’) in Step 4.

Step 1. — For every n € N, we introduce (p,)nen a standard mollifying
sequence with supp p, C B1(0). If we set g,, := g*p,, and A\, := A*p,, then
(gn)nen and (A, )nen are senquences of smooth approximations of g and .
We consider ¢,, := g,,(| - |) + 26(| - |). The function ¢ is smooth quadratic
around the origin such that 0 < 8”(z) for every = € R and

C_lal” < 0(=) < Ca(Jal” +1)

for all |z] > 1 with 0 < C_ < C4.
Let u,, be the minimizer of:

Tp:v— /ngn(Vv(a:)) — Apu(z)de

on Wi’p(ﬂ).

PROPOSITION 4.2. — The sequence (u,)nen is uniformly bounded in
Whee(Q). There exists a subsequence still denoted by (u,)nen that weakly
converges in W1P(Q) towards u € W1°°(Q). Moreover,  is a minimizer of
Px on W, P(Q).

Proof. — By Proposition 2.7 we have that the sequence (uy)nen is uni-
formly bounded in W1°°(€2). Hence, we can extract a subsequence, still de-
noted by (un)nen, that converges strongly in LP () and weakly in Wi’p(Q)
towards u € W1°°(Q). It remains to prove that u is a minimizer of Py on

WP (Q).

By Jensen’s inequality, we have ¢,, > ¢. Hence

. - > lim .
(4.1) lgglgg/ﬂcpn(wn) gg}rg(f)/ﬂw(w )

By weak lower semi-continuity of I, (4.1) and the fact that w, is the
minimizer for Z,, we have

/ e(Vu) — A\u < lim inf/ o(Vug) — Ay,
Q Q

n—+o0o
(4.2) < lﬁﬁli{lf /Q on(Vug) — Ay
<

lim wn(Vu) — Au.
Q

n—-+o0o
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By the dominated convergence theorem applied to the last quantity we
obtain

/Qw(Vﬂ) — M < / ©(Vu) — \u.

Q
Hence, @ is a minimizer on Wdl}’p(Q). O
Step 2. — For every n € N, we introduce o,, := Vi, (Vuy,). In this part,

we prove the following result on f,, := max(«, |o,]):

PROPOSITION 4.3. — For every a > 0 and every Q) € 2, the functions
fn = max(a, |0y,|) are uniformly bounded in W12()).

Proof. — By [20, Proposition 2.4], we have for every b > 0 and k € {1, 2}
that:

/ Vo, |?
O/ {Dpun b}

" 0" (t)
< Cl ba Hvun||L°°(Q)7 sup gn(t) + :
b<EL|| Vun || Loo (o) n
Thus,
/ |Vo,|?
QN{|Vun,|2b}
0" (t
<O b IVunlim@y s g+ T8,
bt || Vun || Loo (@) n
Finally,

/ Vo, |?
QN{lon|>g;,(b)}

ey 070
< Co| b, [[Vunll L) sup 9n(t) + :
bt Vun || oo (0) n
By Proposition 2.7 we have that ||Vuy,||L~(q) can be bounded by L uni-
11001 (R\{0}) and g, is a convolution of

0" (t
g. Hence, SUPp<t< | Vun |l oo () gr(t) + # can be bounded by SUPs<r<r it

formly in n € N. Moreover, g € C

g"(t) + 1 for every n € N such that g/ is close enough to g” on (%,+00)
and larger than supyc,, 6”(t). Namely, every n € N larger than max{3,
sup,<;<r, 0" ()} Thus, we get

Vo> < Co (b, L, sup ¢"(t)+ 1)

St L+8

/Q/m{an|>g;,(b)}
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for every n € N larger than max{%, SUPp< i<t b g" ()}

By growing assumptions on g, for every o > 0 we can find b > 0 such
that g/, (b) < a for n € N large enough. Hence, for every a > 0 and every
n € N large enough we have:

/ Voul? < Cla,g", L).
Q'N[|lon|>a]

Thus, the sequence (fy,)nen is uniformly bounded in WH2(€Y). O

Remark 4.4. — In the case where ¢g” is also bounded around the origin,
we can apply directly [20, Proposition 2.4] or [6, Theorem 2.1] to obtain
that f,, := |o,| are uniformly bounded in W12(€Y).

Since f, := max(a,|o,|) are uniformly bounded in W12()'), we can
extract a subsequence which converges weakly.

Step 3. — We prove that 0, — o a.e. Q up to a subsequence. To do so,
we use the Young measures associated to (Vi )nen-

PROPOSITION 4.5. — We have the following equality
4. lim inf n) = w).
(4.3) lim inf Qso(Vu ) /Q ¢(Vu)

Proof. — If we replace u by @ in the last term of (4.2) we obtain that

/ o(Vu) — A\u < lim inf/ ©o(Vug) — Ay,
Q Q

n—-+4oo

(4.4) < lim inf/ on(Vuy) — Ay
Q

n—-+4oo

< lim inf/ on (V) — A\, a.
Q

n—-+4oo

Since © € W1°(Q), the uniform convergence of (¢, )nen and (A, )nen over
compact sets t‘he last term is equal to the first term. Hence, all those
inequalities are equalities, in particular:

lim inf/ o(Vuy) — Auy, = / e(Vu) — Au.
Q Q

n—-+oo

Since u, — u in LP(Q) we have that

lim AUy, = / .
n—-+4o0o Q Q

Hence,

Jim inf / o(Viuy) = / o(ViD). 0
Q Q

n—-+o0o
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We consider (ty(n))nen a subsequence such that
(4.5) lim inf /Q p(Vup) = lim A P(Viym))-

In order to simplify the notations, we still denote (ty(n))nen by (Un)nen-

PROPOSITION 4.6. — For a.e. © € §) we have
PAV@) = #(0) = [ plu)dne(y)

where v, is a probability measure that depends on x and on the weak con-
vergence of (Vuy, )nen towards V. Moreover, supp v, C {y € R?, Vo(y) =
Vo(Viu(z))} for a.e. x € Q.

Proof. — Let (v;)zeq be the Young measures associated to a subse-
quence of (Vuy, )nen given by [4, Theorem 2]. For every Carathéodory func-
tion F such that {F(-, Vu,(-)) }nen is uniformly integrable, we have:

(4.6) lim F(z,Vu,(z))de = [ F(z)d
n=+oo Jo Q

with F(z) = [p. F(2,y)dv,(y). Moreover, for a.e. z € €,

(4.7) Vii(r) = / e (y).

Since wuy, is uniformly bounded in W1°((2),
(4.8) lim o(Vuy,(z))de = / @(x)dx where @(x) = / o(y)dv,(y).
n—+oo [ Q R2
If we combine this last equation with (4.5) we get
/ e(Vu) = lim o(Vuy(z))dz = / @(z)dx.
Q n—+oo Jo Q

If we apply the triangle inequality and Jensen’s inequality to (4.7) we
obtain for a.e. z € Q,

(19) PVia)) < [ ou)dus)de = p(o)
If we combine the two last equations, we obtain for a.e. x €  that
(4.10) e(Vu(z)) = ().
By Jensen’s inequality, ¢ is affine on suppv, and thus, for a.e. x € Q we
have that suppv, C {y € R%, Vo(y) = Vo(Vu(z))}. O
Then, we can prove the following convergence result:

PROPOSITION 4.7. — We have that o, — o in L'(Q) when n — +o0.
Here, 0,, = Vo, (Vuy,).
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Proof. — If we set F(z,y) = |V

ey
lim /|V<qun ) —o(x |dx—// [Vo(y) — o(x)|dv, (y)de = 0.

n—-+oo

(z)] in (4.6), we obtain that

Since Vu,, is uniformly bounded in L*>(2), we have that

lim / Von (Vi) — Vip(Va,)| = 0.

n—-+oo Q

Hence, by the triangle inequality,

lim / 0w (z) — o(z)]dz = 0.

n—-+oo Q
Hence, 0,, — o in L'(Q2) when n — +o0. O

Thanks to the previous Proposition, we can extract a subsequence, we
do not relabel, such that o,, — o a.e. on Q when n — +o0.

Step 4. — Since 0, — o a.e. on ) when n — +o0o, we have that
fn — max(a, |o]) a.e. on Q. By Proposition 4.3, we have that max(a, |o]) €
Wh2(Q). O

5. Continuity of |o| on the level lines and a maximum
principle

In this section, we prove that, generically, max(do, |o|) is continuous on
the level lines of u and also satisfies a maximum principle.
For u and v two minimizers, we introduce

I":= {li(u),s € Sand i € L}

where S C R is the set of those s that satisfy the conclusion of Theorem 2.8
and such that Vu, Vv are defined, Vu # 0, Vu and Vo are collinear H!
a.e. on Lg(u). The index set I’ corresponds to the non-constant curves I* (u)
among the connected components of Lg(u) such that %(u) € Q.

PROPOSITION 5.1. — There exists a representative f, of max(dy, |o|)
that is absolutely continuous on l%(u) for a.e. s € S and every i € I.

Proof. — We consider the sequence (0,,)nen introduced in the previous
section. We have that o,, — ¢ a.e. on {2 when n — +o00. By Proposition 4.1,
we have ||V max(do, [04])|z2(0,) < C1 with ©; € © and C; independent of
n € N. Thus, there exists a constant Cy independent of n such that

022/ |vmax(d0,|an|)\2\vu\:// |V max(do, |0, |)|*dH ds
RJL u)ﬁQl

1
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where the equality is given by Proposition 2.18. With Fatou’s lemma we
obtain that for a.e. s € S,

(5.1) lim inf |V max(do, |0, ) PdH! < Cs(s).
=+ J L (wne
We define S; as the subset of S such that (5.1) holds. We have [S\S;| = 0.
We introduce the index I! that corresponds to the non-constant curves
I*(u) among the connected components of Lg(u) such that I{(u) € Q.
Now, we fix s € S; and i € I!. We can extract a subsequence such that
for every n € N:

/ IV max(do, |on]) 2dH! < 2Cs(s).
i (u)

Let us call 4% : [0,1length(li(u))) — 1i(u) a Lipschitz parametrization of
I(u). We have that max(dy, |0,|) o 4% is uniformly bounded in W2(]0,
length(li(u)))). By the Arzela—Ascoli theorem,there exists a subsequence
of max(dg, |o,|) 0! converging uniformly to v € C°([0,length(Li(u)))).

Since max(do, |o,|) — max(do, |o|)H" a.e. on I (u) for a.e. t € R and
every j € I, we choose fp as a representative of max(dy, |o|) such that
fo=vo (7i) " on li(u).

Now, we introduce an increasing sequence of open sets (Qx)xen such that
X, — xa in LY(R?). For a.e. s € S; and for every i € I2\I}, we can define
fo as we did on €. Hence, there exists Sy C S; satisfying [S\Sz| = 0
such that for every s € S, and every i € I2, we have that fo absolutely
continuous on I (u).

Thus, we can select by induction a representative of max(dp, |o|) that is
absolutely continuous on I (u) for a.e. s € S and every i € I. O

For a.e. s € S, if I'(u) N U = () we have some additional information
that will be useful in the final proof.We recall that g is strictly convex
on SC = Ugil S8C,, with 8C,, = (an,b,) for every n € N*, n < N and
dn = g'(bn) = g'(an+1)-

PROPOSITION 5.2. — Fora.e. s € S and for every i € I, if It (u)NU = 0,
then fo = C? is constant on l%(u) with C! € {d,,,n € N,0 <n < N}.

Proof. — For a.e. x € Q\U we have |o(z)| € {0} U ¢ (R\SC). By the
coarea formula for a.e. s € R, for H! a.e. z € (2N Ls(u))\U we have
lo(x)| € ¢'(R\SC). Hence, for a.e. s € R if Ii(u) NU = 0 then fy(Ii(u)) C
g (R\SC) U fo(X) for some X C I%(u) with H}(X) = 0.

Moreover, for a.e. s € R and every i € I, I:(u) is a Lipschitz continuous
curve such that fy is absolutely continuous on I%(u). Since g’'(R\SC) is
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finite and fo(X) is the image of a negligible set by an absolutely continuous
function, we have |¢'(R\SC) U fo(X)| = 0. The continuity of fo on I%(u)
implies that fj is constant on I%(u). Since I*(u) N U = () we obtain that

folii (uy = Ci € {dn,n €N,0 <n < N}. O
We adopt the notations of Section 4, where (0, )ren is a smooth approx-

imation that converges a.e. on {2 to o. We prove the following maximum
principle on max(dp, |y, ]):

PROPOSITION 5.3. — We assume that Q has a C"!' boundary, ¢ €
CHY(R?), X is globally Lipschitz continuous on € and A > 0. There ex-
ists

T:= T(|Q|,max)\,min)\, |1/)||C1,1(R2),I£> >0
Q Q

where k is the essential infimum of the curvature of 0f), such that if
IVAllL() < T then for n € N large enough, for a.e. every s € S, for
every i € I, if IL(u) NU = () we have

sup |0y | < sup max(do, o)

Fi 1 (u)
where F? is the bounded connected component of R2\I%(u).

Remark 5.4. — When ) is constant, this result is true even if Q and
are only Lipschitz continuous.

Proof. — By the coarea formula in Proposition 2.18, ¢, — oH! a.e. on
I{(u) for a.e. s € S and every i € I,. We apply the maximum principle
from [12, Theorem 15.1] to |Vuy,| on FY. To do so, we assume that
min A2

Q

x Lx sup g¢"(z)+ glim) .
IG[%O,L}

VA=) <
VA=) <

Here L is the Lipschitz constant introduced in Proposition 2.7. For every
n € N, there exists b,, such that g/, (b,) = do.
Hence, for n € N large enough, b,, > %" and

c)2
min A
Q

VAl Lo (o) < —.
! IVt poy X sup  gl/(x) + L2
me[bT",L]

Thus, thanks to [12, Theorem 15.1, Eq. (15.15)] for a.e. s € R we have
b
sup |Vu,| < sup max(QO, |Vun|) < sup max(by, |Vuy|)
P, ‘

18 (u) 1% (u)
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for n € N large enough. Since g, is increasing, we obtain supp |oy,| <
supy; () max(do, o). O

We have the following partial maximum principal for |o|:

PROPOSITION 5.5. — Let us consider s € S and i € I such that I:(u) N
U =0 and fo = C? on l'(u). Then for a.e. t > s, for every j € I, such that
lJ(u) € F! and l(u) NU = 0, we have max(do, |o]) = C{H' a.e. on I (u)
with C{ € {d,,n € N,0 <n < N} not larger than C".

Proof. — By construction of fy in the proof of Proposition 5.1 and
Proposition 5.2, we can construct a subsequence max(do, [0y (,)|) converg-
ing uniformly to C% on I (u) that also converges uniformly to C7 on I (u).
Hence, with the previous proposition we get:

C’tj < lim sup sup maX(do7 ‘O'w(n)D
n—+00 lZ(“)

< limsup sup max (do, [0y |)
n—rtoo Fi(u)

< lim  sup max(do, |oym|) = CL
i sup (do, () )

Thus, we have that C? < C. O
6. Proof of the main theorem
6.1. Pseudo Cheeger problem

In this part, we combine the maximum principle for |o| and the Euler—
Lagrange equation to prove that the level sets are almost Cheeger sets.
We recall the definition of the Cheeger constant of a set:

DEFINITION 6.1. — The Cheeger constant of §) is defined as:
Per(D, R?
hQ = inf 761“( . )
DCQ |D|

A set D C Q of finite perimeter with |D| > 0 is said to be a Cheeger set if
Per(D,R?) = hq|D|.

Remark 6.2. — There is no Cheeger set D of Q) such that D € €2 because

2
the function ¢ s CerEDRT)

D] is —1-homogeneous.

The following equality is a consequence of Proposition 5.2:
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PROPOSITION 6.3. — For a.e. s € S, for every i € I, if IL(u)NU = ) we
have

/ A = C.Per(F))
Fi

where F! is the bounded connected component of R?\l%(u) and C! is the
constant introduced Proposition in Section 5.2.

Proof. — By [11, Section 5.11, Theorem 1], for a.e. s € S and for every
i € I, we have that Dl € BV(Q).

We consider the sequence (o, )nen that converges a.c. on € towards o
introduced in Section 4. By [11, Section 5.8, Theorem 1] we obtain:

div(on)dmz/]lpg(x) div(o,,)dz
Q

D1 s
—/ On, 7 )d|Dlp:
Q D1pi :
D1 s
:—/ Oy o VA,
o-F:\  |Dlp;

The set 9*F! is introduced in Definition 2.16. We can use Proposition 2.20

that gives:
- div(e )dx—/ <O’ Vu>d’7'-ll
F;L n 6*F;L ns |V’U,| .

But by the coarea formula o, — ocH! a.e. on 9*F! C I’ (u) for a.e. s € R
and every ¢ € I;. By Proposition 5.2 and since ¢ is collinear to ‘g—z‘?{l a.e.

Fi

on I%(u), we get for such an s:

(6.1) lim —/ div(on)dx:/ lo|dH! = ClPer(F)).
Fi

n—-+oo o* Fi

Moreover,

(6.2) —/ div(op) :/ Ap — A
Fi Fi Fi

when n — +o0, where A, := X\ % p,. Hence, with (6.1) and (6.2), we have
the desired result:

/ A= Cé Per(Fsi)
Fi

for a.e. s € S, for every i € Iy when li(u)NU = 0. O
We also have that:
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PRrROPOSITION 6.4. — For every set F' C FTZ of finite perimeter, we have
/ A < C! Per(F).
F
Proof. — We follow the same ideas developed in the previous proof. We

have:
7/ div(oy,) :/ (O, vp)dH.
F o*F

The term in the left-hand side tends to f I A when n — +o00. For the term
in the right-hand side, we get:

/ (o, vp)dH! < / o |dH .
O*F O*F

By Proposition 5.3, SUp i

on| < sup; max(dy,|o,|). By Proposition 5.1
and Proposition 5.2 we have max(dp, |o,|) — CIH! a.e. on [%(u) when
n — —+o00. Hence,

/ A < C! Per(F). O
F

6.2. Main proof

We first prove Theorem 1.5:

Proof of Theorem 1.5. — For a.e. s € R, for every i € I if I’ (u) N (U U
0Q) = 0 then by Proposition 6.3,

A=C"! Per(Fsi).
Fi
We assume that such an [ (u) exists. Since F! € Q by Remark 6.2 and
the previous equality, we have
Per(Fj) 1 A\
|F¢| CUFl Jri
We have that |[A||ze () < dohq. Thus,
dohg
ci
Hence, C! < dy which is a contradiction. Thus, for a.e. s € R we have
L(u)Nn(UUN) # 0.
Let v be another minimizer. By Proposition 3.2 and Proposition 3.7, for

hq <

hq <

a.e. s € R, on every connected component I%(u) of L,(u) that is not a point
we have u = v on l%(u) or V(u —v) = 0H! a.e. on l%(u).
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By the coarea formula:

/ |V (u—v)||Vu| = / / |V (u —v)|dHds.
R2N{u#v} R J Ls(u)n{u#v}

By Theorem 2.8, for a.e. s € R, H'(L,\L?) = 0 and L is composed by
a countable number of curves I%(u). For every i € I, we have that:

/ |V (u—v)|dH! = 0.
1 (w)n{uv}

By Proposition 3.2, we get that

/ |V(u —v)|dH' = 0.
Ls(u)N{u#v}

Hence,

/ |V (u—v)||Vu|dz = 0.
R2N{u#v}

For the same reasons,

/ |V (uw—v)||Vv|de = 0.
R2N{u#v}

Hence we have V(u —v) = 0 a.e. on {u # v}. This implies that the map
u — v is constant on R2. Since u = v on 05, we have that u = v on Q. O

Now, we are ready to prove the main theorem:

Proof of Theorem 1.1. — Let u and v be two minimizers of Py. We
introduce
ming A
© = mi Q7
mm{diamQ’ }

where T comes from Proposition 5.3 and we assume that ||[VA|| 7~ ) < ©.
For a.e. s € R, every i € I, if I'(u) N (U UIQ) = O by Proposition 5.2,
lo] = CiH! a.e. on I4(u) with C? € {d,,, 0 <n < N}.

We prove by induction on 0 < n < N that if |o| = d,, on li(u) then
V(u—wv) =0H! a.e. on [L.

Step 1. — As an initialization step, we assume that C! = dy. By Propo-
sition 3.4, u > s on F!. By the coarea formula, for a.e. t > s, t belongs
to S. We assume that there exists ¢ > s and j € I, such that I/ (u) NU = 0)
and F, € F. By Proposition 5.3, |o| = dy a.e. on  (u). Thus, by Proposi-
tion 6.3 we have that [, A = do Per(F;). For r > 1 close to 1 and x¢ € €,
we introduce F{ = r(F; — zg) + x¢ € Fs.
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Hence, by Proposition 5.3 we have |o| < dy on OF]. Then, by Proposi-
tion 6.4,

r2/ A(r(z —z9) + xo)da = / AMy)dy < do Per(F)).
Py T
But,
do Per(F}') = rdy Per(F,) = 7’/ Az)dz.
F

Thus,

/ rA(r(z — z0) + 20) — A(z) < 0.

Ft

Since [|[VA[[ (@) < dlam(m, for r > 1 small enough, we have that rA(r(x —

To) + xg) — A(z) > 0 for every x € F?’. That is a contradiction. Hence, for
a.e. t > s and every j € I, such that I} (u) € F! we have I (u) N U # 0.
By Proposition 3.7, V(u — v) = 0H! a.e. on I (u). By the coarea formula,
V(u—v) =0 a.e. in F’. By Lemma 3.9, we have that V(u —v) = 0H! a.e.
on I4(u).

Step 2. — Now, we prove the induction part. We consider 1 < n < N.
Let us assume that for every k < n, for a.e. t € R and every j € [, if
(u) N (UUON) =0 and ¢/ = dj then V(u—v) = 0H' a.e. on I (u).

If ¢ (u) is such that Ii(u) N (U UON) = 0 and C* = d,,, we consider t > s
such that li(u) NU = 0 and F; € F!. Hence, by Proposition 5.5, either
¢! =d, or CJ < d,. If C/ = d,, then as in Step 1 we construct F/ € F!
and we prove that V(u — v) = 0H! a.e. on I (u). In the second case, by
induction, we have V(u — v) = 0H" a.e. on I (u). Hence, V(u — v) = OH'
a.e. on 2 (u). We can conclude as in Step 1 that V(u —v) = 0H! a.e. on

Step 3. — For a.e. s € S, we consider [4(u) a connected component of
L*(u). If I5(u) N (R*\Q) # 0 then by Proposition 3.2, u = v on I5(u). If
Is(u) € Qand ls(u) NU # O then by Proposition 3.7, V(u —v) = 0H! a.e.
on ls(u). Finally, thanks to Step 2 if ls(u) € Q and I5(u) NU = ) then we
have V(u —v) = 0H! a.e. on I4(u). Hence, as in the proof of Theorem 1.5,
we can prove with the coarea formula that u = v. O

7. Extensions

In this section, we present an extension of the main theorem when SC has
a countable number of connected components. We assume that the convex
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function g is C? and ¢” > 0 on int(SC)\{0} and:

SCNRy =S8Co0 U <U scn>

neN

with SCo := [0,bp), SCy, := (an,by) for every n € N* and SC, is defined
below. We assume that (an)nen and (bn)nen are strictly increasing se-
quences with a,+1 < b,. Moreover, the sequence (a,)nen+ is bounded and
lim,, 400 ay, = a. For every n € N, d,, := ¢'(b,) = ¢’(an+1) is an increasing
sequence.

The connected component SC is exceptional because it can have two
different shapes. We introduce oo, := inf{t € SCx}. If @ < ay then
SCoo = (oo, +0) and SCx := [, +0) if @ = 0.

PROPOSITION 7.1. — In that case, Theorem 1.1 is still valid.

Proof. — With this new structural assumptions, the minimizers are still
globally Lipschitz-continuous on 2. We can define U as previously with
int(SC) instead of SC. The function max(do, ¢'(Vu)) is still in W,52().
Since |¢'(R\SC)| = 0, Proposition 5.2 remains valid. Hence, the last crucial
point is the end of the induction argument in Step 2 of the proof of Theo-
rem 1.1. We assume that there exists [2(u) € Q such that I{(u) NU = 0
and C! = ¢'(ano). Then for every l; € F?, we either have that C; = ¢(ano)
or V(u—wv) = 0H! a.e. on [;. Hence, we have that V(u —v) = 0H! a.e. on
I*(u). Thus, u = v on Q. O

Remark 7.2. — The sets

1 22n_1 22n+1_1
[0,2>U<U( o T )>U[1,+oo)

neN*

1 2277, -1 22n+1 -1
{0,2>u < U ( o gt >> U (2, +00)

neN*

and

satisfy the new structural assumptions made on SC.
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