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CONFORMAL SCATTERING OF MAXWELL
POTENTIALS

by Jean-Philippe NICOLAS & Grigalius TAUJANSKAS

ABSTRACT. — We construct a complete conformal scattering theory for finite
energy Maxwell potentials on a class of curved, asymptotically flat spacetimes
with prescribed smoothness of null infinity and a non-zero ADM mass. In order to
define the full set of scattering data, we construct a Lorenz-like gauge which makes
the field equations hyperbolic and non-singular up to null infinity, and reduces to
an intrinsically solvable ODE on null infinity. We develop a method to solve the
characteristic Cauchy problem from this scattering data based on a theorem of
Hoérmander. In the case of Minkowski space, we further investigate an alternative
formulation of the scattering theory by using the Morawetz vector field instead of
the usual timelike Killing vector field.

REsuME. — Nous construisons une théorie du scattering conforme compléte
pour les potentiels de Maxwell d’énergie finie sur une famille d’espaces-temps
courbes, asymptotiquement plats, de régularité prescriptible a I’infini isotrope et
dont la masse ADM n’est pas nulle. Afin de définir précisément les données de scat-
tering, nous construisons une jauge qui rend les équations de Maxwell (décrites en
fonction du potentiel) hyperboliques et non singuliéres jusqu’a l'infini isotrope et
qui se réduit & une EDO résoluble de fagon intrinséque & l’infini isotrope. Nous
développons une méthode pour résoudre le probleme de Cauchy caractéristique a
partir des données de scattering en utilisant un théoréme de Hoérmander. Dans
le cas de ’espace-temps de Minkowski, nous étudions en détail une formulation
alternative de la théorie du scattering basée sur 'utilisation du champ de vecteurs
de Morawetz plutot que du champ de Killing temporel usuel.

1. Introduction

The study of scattering is crucial to the understanding of both non-
perturbative aspects of S-matrices arising in quantum field theory, and the
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2 Jean-Philippe NICOLAS & Grigalius TAUJANSKAS

asymptotic behaviour of classical fields and spacetimes in general relati-
vity [59]. For instance, from the pioneering works of Dimock and Kay [22,
23, 24] and Bachelot [8, 9, 10, 11] on the Schwarzschild metric using spectral
theory, and the more recent studies on rotating black hole backgrounds [15,
33, 34, 35], to the work of Dafermos, Rodnianski, Shlapentokth-Rothman
and others using the vector field method [2, 4, 14, 20, 44], scattering theory
has been instrumental in studying questions of decay rates, the stability
of spacetimes, and the Hawking effect. Conformal scattering emerges as
a combination of Penrose’s ideas to apply the tools of conformal geom-
etry in the setting of general relativity [52, 53], the classical scattering
theory of Lax and Phillips [41, 42], and Friedlander’s work on radiation
fields [26, 27, 28]. Here, null infinity, .# (a null hypersurface composed of
all endpoints of inextendible null geodesics in the spacetime) is brought
to a finite location using a conformal rescaling of the metric. Asympto-
tically, this scaling coincides with the scaling which returns Friedlander’s
radiation field, and scattering theory is reinterpreted as the characteris-
tic Cauchy, or Goursat, problem from .#. A key ingredient is that massless
fields enjoy good conformal covariance properties, and so one is able to work
with field equations both in physical and rescaled spacetimes, as suited.
The construction of a scattering operator of this kind was first performed
by Friedlander [29] for the wave equation on a class of static, asymptotically
flat, but not necessarily Einstein, Lorentzian manifolds admitting a smooth
conformal compactification, including at i°. Friedlander observed that the
Lax—Phillips scattering theory could be reinterpreted as the resolution of
a Goursat problem in the compactified spacetime, which (on the curved
backgrounds mentioned above) enabled him to perform a scattering con-
struction in the conformal picture and show its equivalence to the analytic
ingredients of the Lax—Phillips theory. Baez, Segal and Zhou [12] subse-
quently extended the construction to a nonlinear wave equation on flat
spacetime. The later work of Mason and Nicolas [45, 46] reformulated the
conformal scattering construction in terms of Hérmander’s approach to the
resolution of the Goursat problem [37], which used energy estimates and
compactness arguments. As a result of the flexibility of the method, Mason
and Nicolas were able to extend the construction to fields of spin 0, 1/2,
and 1 evolving in the background of a large class of curved, non-stationary
spacetimes. Since then, linear scattering processes have been studied con-
formally on exteriors of black hole spacetimes [47, 50, 51, 56, 57, 58] as well
as in the interior of black holes [40, 48]. Further work has also been done
on nonlinear fields [38, 39, 60].
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CONFORMAL SCATTERING OF MAXWELL POTENTIALS 3

An important distinction between the constructions of [12, 29] and the
series of works spurred by [45] is the treatment of spatial infinity %, the
endpoint of all inextendible spacelike geodesics. It is by now well-known
that a point compactification of i® must generically result in a singularity in
the Weyl tensor, the only exception being the case of Minkowski space. As a
result, Friedlander’s decay assumptions [29] for a smooth compactification
at i° excluded non-trivial solutions to the Einstein equations. The work of
Mason and Nicolas therefore introduces a partial compactification of the
spacetime in which .# is brought to a finite distance but i is left at infinity,
and treats the region near i separately. It is worth noting that near i°,
this conformal scale is the same, at least in the case of Minkowski space, as
that which had previously been used by Friedrich to construct the so-called
cylinder at spatial infinity [31]; a key point there is a judicious choice of
coordinates (which we do not adopt in this paper) which blows up i° to a
(2 + 1)-dimensional submanifold in order to allow a more detailed analysis
of the asymptotics at i°. It has recently been observed that Friedrich’s
formalism is closely related to Ashtekar and Hansen’s earlier notion of the
so-called hyperboloid at spatial infinity [3, 7]. One further expects that both
of these frameworks are also closely related to the more recent celebrated
work of Hintz and Vasy [36] on the stability of Minkowski space.

In the present paper we construct a complete conformal scattering the-
ory for Maxwell potentials on a class of non-stationary curved spacetimes
which may contain matter. Combined with [45], our construction settles,
on a large class of spacetimes, a conjecture made by Geroch [25] in 1976.
We further obtain precise decay rates for all components of finite-energy
potentials towards and along .#, and towards i®. There are several reasons
it is of interest to study the scattering of Maxwell potentials (in contrast
to fields). For instance, if one is interested in scattering from the perspec-
tive of asymptotic symmetries, the electromagnetic memory effect may be
expressed at the level of the potential, so one is led to understanding the
scattering matrix for the potential. Moreover, it is essential to understand
potential scattering in order to have any hope of developing a scattering
theory for nonlinear Yang—Mills fields, where the field is no longer gauge-
invariant and the potential becomes fundamental. Indeed, even in the case
of nonlinear abelian fields (such as the Maxwell-Klein—Gordon system), the
potential plays a fundamental role and must be handled. In fact, it may be
argued that even in the abelian Maxwell case the potential, rather than the
field, ought to be treated as fundamental, as there exist physical situations
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4 Jean-Philippe NICOLAS & Grigalius TAUJANSKAS

in which the potential plays a role despite the field being zero, such as the
Aharonov—Bohm effect.

The difficulties in extending the constructions of [45] to Maxwell poten-
tials are twofold. First, the question of gauge choice must be addressed, and
second, the Goursat problem for the resulting equations must be solved.
For the latter, we make use of Bar-Wafo’s extension [13] to spatially non-
compact spacetimes of a theorem due to Hérmander [37], which ensures
that a solution to the characteristic initial value problem for linear wave
equations can be obtained with no loss of regularity. We solve the Goursat
problem in two stages, first solving in a neighbourhood of timelike infinity,
and then near the rest of null infinity. For our spaces of scattering data

the solution near i+

is pure gauge, but non-zero at i*. For the former pro-
blem, in the general case we construct a Lorenz-like gauge which involves
an additional residual gauge fixing condition on null infinity, and allows one
to define a complete set of scattering data for the potential. Roughly, the
residual gauge fixing condition corresponds to the vanishing of the trans-
verse derivative of the component of the potential parallel to the generators
of .#. This Lorenz-like gauge reduces to a first-order ODE on .#, which may
be integrated and yields an integration constant. We believe this constant
to be related to the memory effect.

We work on a class of background spacetimes which we refer to as CSCD
spacetimes. These spacetimes are constructed using the initial data gluing
theorems of Corvino, Schoen, Chruséiel and Delay [16, 17, 18, 19] and
Friedrich’s theorem for the semi-global stability of Minkowski space [30],
possess regular (but not C°°) null and timelike infinities, and are diffeomor-
phic to the Schwarzschild spacetime in a neighbourhood of 5°.

This paper is divided into two parts. In the first part (Section 3) we con-
struct a conformal scattering theory for Maxwell potentials on Minkowski
space. Even though a complete compactification is available, here we use
a partial compactification in which i remains at an infinite distance. In
Section 3.3 we fix the gauge and derive an implied condition on .#, which is
necessary to recover the full set of scattering data. Due to the triviality of
the background, here one is able to choose the gauge “greedily” and impose
the temporal, Lorenz and Coulomb gauges simultaneously. In Section 3.4
we construct function spaces of initial and scattering data on Minkowski
space and prove the existence and invertibility of a scattering operator. In
Section 3.4.5 we also consider an alternative formulation of the scattering
theory using the Morawetz vector field Ko = (t2 + 72)0; + 2trd, as the
multiplier in place of the Killing vector field 0;. We show that this gives
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CONFORMAL SCATTERING OF MAXWELL POTENTIALS 5

a scattering theory which is in some sense strictly stronger (that is, the
space of scattering data is strictly smaller). In the second part (Section 4)
we extend the constructions to CSCD spacetimes. A first step is to prove
two-way energy estimates between initial data and scattering data, which
are given in Appendix A. Then, in order to define the required gauge, in
Section 4.4 we first construct a conformal scale in which .# is as flat as
possible, and define the gauge condition near .# with respect to this scale.
We also analyse the gauge near the initial surface, and interpolate between
the two conditions in the bulk of the spacetime. Finally, we construct spaces
of scattering data and prove the existence and invertibility of the scatter-
ing operator in Section 4.7 using a similar approach to that on Minkowski
space. In the general case our space of scattering data for the potential
turns out to be isomorphic to H'(R; L?(S?)). The space of initial data for
the potential is slightly more complicated to describe and is given in Sec-
tion 4.6.1. Here, in order to recover sufficient regularity for the potential,
we make an assumption on the Ricci curvature of a Cauchy surface in the
spacetime, precisely that its L norm is not too large. Roughly, the main
results of the paper are the following.

THEOREM (Scattering theory on Minkowski space). — Let ¥ be the
standard initial Cauchy surface in Minkowski space. A finite energy so-
Iution to Maxwell’s equations on Minkowski space admits the Coulomb,
temporal, and Lorenz gauges simultaneously, and there exist bounded, in-
vertible linear operators

T L) @ LA(S) — HY(R; L3 (S?)),

corresponding to the future/past Cauchy development of Maxwell’s equa-
tions, which map finite energy Maxwell potential initial data on X to finite
energy Maxwell potential characteristic data on null infinity. The resulting
scattering operator . = T+ o (T~)~! is an isomorphism of Hilbert spaces.

THEOREM (Scattering theory on CSCD spacetimes). — Let ¥ be an
initial Cauchy surface in a Corvino—Schoen—Chrusciel-Delay spacetime
which is sufficiently close to Minkowski space. Then a finite energy solution
to Maxwell’s equations on Jl admits Lorenz-like gauges near ¥ and null
infinity, and there exist bounded, invertible linear operators

TELHL(E) ™ @ L2(D) — H'(R; L*(S?)),

corresponding to the future/past Cauchy development of Maxwell’s equa-
tions on M, which map finite energy Maxwell potential initial data on 3 to
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6 Jean-Philippe NICOLAS & Grigalius TAUJANSKAS

finite energy Maxwell potential characteristic data on null infinity. The re-
sulting scattering operator ./ = T+ o (T~)~! is an isomorphism of Hilbert
spaces.

In the above theorems, the subscript ¢ denotes the spaces of gauge-fixed
initial data. Full descriptions are given in Sections 3.4.1 and 4.6.1.

2. Setup

2.1. Conventions and Notation

Our conventions are consistent with Penrose & Rindler [54, 55]. In par-
ticular, we work on 4-dimensional spacetimes J{ with metric signature
(+,—,—,—), and the Riemann curvature tensor R, is defined by
2V Vy X© = fRCdabXd. We denote the Weyl tensor by C,peq, and the
trace-free part of the Ricci tensor by ®,;,. For a connection V, (e.g. the
Levi-Civita connection of a Lorentzian metric g,p, ), we denote by 0 = VeV,
the associated wave operator. We will work with conformally related met-
rics such as Gap = Q2gap, and for the metric g1, will denote the associated
Lev1 ClVlta connection by Va, and the corresponding wave operator by

V“V Given a conformal factor Q relating g.;, and g.1,, we will fre—
quently employ the notation Y, = 9, log Q, and will use the symbol ~
denote equality on null infinity, i.e. where Q2 = 0 for an appropriate choice
of Q. For a spacelike hypersurface (2, hap) of Jl, we will denote by C*(X)
and H*(X) the standard spaces of functions on ¥ which have k continuous
derivatives and k derivatives in L?(X), respectively. We will use the same
notation, e.g. L?(X), to refer to the space L?(%;S) of sections of a vector
bundle S — ¥ over X, where in each case the vector bundle will be clear
from context. We will denote by dv the 4-volume form associated to the
spacetime metric g.p, by dv the 4-volume form of Jab, and by dvy the
volume form of a hypersurface (X, hap,).

We will make use of the Newman—Penrose and Geroch—Held—Penrose
(GHP) formalisms throughout the paper; the reader entirely unfamiliar
with the notation might like to consult [54, 55]. On Minkowski space
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CONFORMAL SCATTERING OF MAXWELL POTENTIALS 7

we choose a Newman—Penrose (NP) tetrad (1%, m®,m®, n®) of null vectors,
given in standard radial coordinates (¢,r,0,¢) by

1" =0, + 0,

a

1 i
= (0 )
(2.1) P N S
" _\@r<9_sin9 ¢>’

a_ Lo
n —2(81‘, OT)

These satisfy (°n, = 1 = —m®m, and [°m, = [*m, = n*m, = n®m, = 0.
The integral curves of [* and n® trace out, respectively, the outgoing and
incoming radial null geodesics, and m® and m® span the tangent space of
spacelike spheres at each point. The directions of n* and [* are shown on the
Penrose diagram of Minkowski space below (Figure 2.1). Here, the points i+
denote future and past timelike infinities (the endpoints of all inextendible
future- and past-directed timelike geodesics), i® denotes spatial infinity,
the endpoint of all inextendible spacelike geodesics, and .#* (future and
past null infinities) are surfaces consisting of all endpoints of future- and
past-directed null geodesics.

Figure 2.1. The Penrose diagram of Minkowski space showing
surfaces of constant r and surfaces of constant ¢.
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8 Jean-Philippe NICOLAS & Grigalius TAUJANSKAS

In curved spacetimes, {* and n® will be similarly aligned with outgoing
and incoming radial null geodesics. Note that n® is tangent to ., and
in fact becomes a generator of .# at the conformal boundary. The direc-
tional derivatives along an NP tetrad (I, m®,m®% n®) will be denoted by
(D, 8,68, A) respectively, with (b,0,0,b’) the corresponding spin-weighted
directional derivatives. For the benefit of the reader unfamiliar with the
GHP formalism, we give expressions for spin-weighted directional deriva-
tives below. The way in which (b,d,0,b’) act on scalars depends on their
weight. Precisely, an NP tetrad (1%, m®,m% n®) may be rescaled according
to

1% — A%, m* — )\X_lma, me — A\ Ime, n® — A~ e

for any nowhere vanishing complex scalar field A, leaving the orthognality
relations of the tetrad and the metric ga, = lanp + Nely — MMy — MMy
unchanged. A scalar (or tensor), say 7, formed by contracting a spacetime
tensor with elements of the NP tetrad therefore acquires weights under the
above rescaling, say 1 — )\Z’an. We say that 7 is a (p, g)-scalar (or -tensor).
The spin-weighted directional derivatives are then defined by

bn = (D — pe — ¢&)n,
b'n= (A —py—q9)n,
o = (6 —pB — qa)m,
3'n = (6 — pa —qB)n,

where the definitions of the spin coefficients (e, v, a, ) may be found in [55].

2.2. Background Spacetimes

Let (AL, g.p) be a smooth globally hyperbolic four-dimensional spacetime
diffeomorphic to R*. We will consider conformal rescalings of g., of the form
Gab = Q2gap, for suitable functions  : Ml — R, and in order to distinguish
Gab from g,1, will refer to g1, as the physical metric and g, as the rescaled,
or unphysical, metric. We perform orthogonal 3 + 1 decompositions of the
physical and rescaled metrics as follows. Since Jl is globally hyperbolic,
there exists a smooth time function ¢ : Ml — R such that V¢ is uniformly
timelike on Jl, where V is the Levi-Civita connection of g,,. The level
sets {X:}+ of t define a uniformly spacelike foliation of (. Since M is
diffeomorphic to R?, each ¥; is diffeomorphic to some ¥ ~ R3, and the
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flow of the vector field V@t effects the identification JM ~ R; x 3. The
metric g,p then decomposes as

ds? = gap dz® dz® = N2dt? — h,

where h is a smooth Riemannian metric on ¥; for each ¢, and N is a smooth
non-vanishing lapse function. The unit normal to the hypersurfaces ¥; is
10
T Not’
so the metric can be written as

a

ie. T,dz® = Ndt,

Gab = ToTh — hap.
The Levi-Civita connection of g,;, decomposes as
Vo =T.Vr+Vy,
where Vi = —h%V, is the part of V, orthogonal to 7%, T*V+ = 0. It is the

4-dimensional covariant derivative V projected onto ¥, and differs from
the Levi-Civita connection V of (X, hap(t)) by the extrinsic curvature k,p,
of ;. Indeed,
vi_Tb - *hzchb = Rab = ’i(ab)a
so that for any X, such that T*X, =0
VoXp — VEXy = 6,°Ty X
We also define the trace of the extrinsic curvature by

trw =k, = —h**V,T,.

A similar decomposition may be performed for the rescaled metric ga.p.
Here we choose a smooth time function 7 such that Vor is uniformly time-
like and such that 7(iT) = £7max, 0 < Tmax < 00, Where V is the Levi-
Civita connection of g,1,. The level surfaces {f)T}T of 7 define a uniformly
spacelike foliation of J such that the leaves f]T are transverse to .#, and,
as T — tTmax, the leaves f]T shrink to the points i*. With respect to this
foliation the rescaled metric decomposes as

/g\ab = fafb - Eaba @\ab da® dxb = ]/\\[2(17-2 - TL,

where T is the unit normal to iT with respect to gap,, and /i{ab is a smooth
Riemannian metric on X, for each 7. As before, the Levi-Civita connection
V of Gap decomposes as

~

@a = faVT + §j

TOME 0 (0), FASCICULE 0
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We assume that the functions ¢ and 7 are such that the initial leaf of
the rescaled foliation {iT}T agrees with the initial leaf of the physical
foliation {X;},, f]o = Yo. The vector fields T and T are therefore parallel
on io = ¥y =: %, and the above decomposition of the metric gives the
relation

Ts = Q7177
We will also assume that the time derivative of the conformal factor van-
ishes on X,

atQ|2 0.8 67—Q|E =0.
The uniformly spacelike foliation {3;}; of the physical spacetime extends
to an asymptotically null foliation of the rescaled spacetime (we say that
the leaves accumulate at £+ as ¢t — 400). Indeed, the unit normal 7¢
with respect to ga, has norm Q2 with respect to Gap, which tends to zero as
Q — 0. Conversely, the uniformly spacelike foliation {iT}T of the rescaled
spacetime corresponds to a foliation of the physical spacetime by hyper-
boloids which are asymptotically null.

it

Figure 2.2. The asymptotically null foliation {3;}; of .

We define the projection onto (X, hap) of a 1-form A, on M by
A, =—-hlA,.
The X;-covariant derivative V, applied to Ag is then given by
VoAs = 5V, Ay = —HShEVa(hEA,),

ANNALES DE L’INSTITUT FOURIER
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an

and more generally the ¥;-covariant derivative of a tensor field Tl;ll 1j'_:';)m is
s Qn +m+1
V“YT/??,...,BO; = (=)™ T RSO
The factor of (—1)"+™*! is included to account for the successive changes
of sign each time the projector hy is applied: note that h*he = —hf =
0y —T*Ty. On tensors on X;, —hi acts as 0.

«@ by b A1,y Qn
h "hﬂl, ce hBZIq,VCTbl,---,bm .

a1 an

AN

It It

Figure 2.3. The foliation {&,}, of M whose leaves are transverse
to I,

2.3. Maxwell Fields and Potentials

For a real 2-form F' = F,;, dz® Adz® on Jl, the extremizers of the Lagran-
gian L = —i Wb F2P are called Maxwell fields. The Euler-Lagrange equa-
tions satisfied by Maxwell fields (Maxwell’s equations) are given by

(2.2) V*F,p =0,
together with the so-called Bianchi identity
(2.3) VieFpe = 0.

The identity (2.3) states that the 2-form F' is closed (similarly, the equa-
tion (2.2) states that F' is co-closed), so by the Poincaré lemma F is exact:
there exists a real 1-form A = A, dz® such that F = dA, or

Fyp = 28[(1141,] = VaAb — VbAa.

TOME 0 (0), FASCICULE 0
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The 1-form A is called the Maxwell potential. Since d? = 0, the Maxwell
potential is only determined by the Maxwell field F' up to exact 1-forms
dy, so that the potentials A and A + dx give rise to the same Maxwell
field. This is the gauge freedom in the Maxwell potential, so that a gauge
transformation is given by

Aa a Aa + vax-
The equations of motion (2.2), written in terms of the potential, become
(2.4) OA4, — Viu(VaAY) + Rap A% = 0.

The canonical Maxwell stress-energy tensor is given by
1
(2.5) Tap = —F; Fye + ZgachdFCda

and is conserved on-shell.

A key feature of Maxwell’s equations is that they are conformally invari-
ant. That is, under the conformal transformation gap, ~+ Gab = Q22gab, if Aq
is chosen to have conformal weight zero,

A\a = Aav
then ﬁab = F,p and the physical and rescaled field equations are equivalent:
VoFy, =0=V,Foq <= VoFa = 0=V, Fg.

This is clear, since the action S = [ £ dv is invariant:

1 ,~ ~ —~ A
S:/ Ldv=/ — PP 4dv = S.
M a4

2.4. Maxwell Components

With respect to an NP tetrad (I*,m® m* n®) (on any spacetime), we
denote the two real and one complex component of the physical Maxwell
potential A, and the three complex components of the physical Maxwell
field Fyy, by

A() A1 A2 o Aala Aana Aama
Fy, B F) \Fupl"m® IF,(1%° +m*m®) Fypmon®)
We also denote by
a:=T%A,,
and define the electric and magnetic fields with respect to the foliation

(Et7 hab) by
E, =T"F,, = —hE,

ANNALES DE L’INSTITUT FOURIER



CONFORMAL SCATTERING OF MAXWELL POTENTIALS 13

and ) )
B, = 5aabCFbC = —§sa57hghﬁmeFbc = —h%B,,

where e, is the volume form of h,;. The components of the rescaled
Maxwell potentlal A and rescaled Maxwell field Fab with respect to
(l“ M, m 1), as well as E, and B, are defined in the same way.

The components of T,;, with respect to the causal vectors of the tetrad
(I1*,m®* m* n®) are given by

1 1
(|F0|27 |F1|2a |F2‘2) = (2Tablalba §Tabla 2Tabn n )

and similarly for the rescaled stress-energy tensor ’f‘ab with respect to the
rescaled tetrad (1%, m?, ﬁza, n%). The components of the Maxwell field Fjy,
are given in terms of the components of the Maxwell potential A, by

(26) FO = (b - ﬁ)Ag -+ IiAl - (6 + 77')140 — O'ZQ,

e P 1(— (b —7M+ﬁ)Ao+ (b+p—p)A1>
2 +(6—7'—7T)A2—(6+7'—|-7T)A2

3. Minkowski Space
3.1. Partial Conformal Compactifications

In this section we work on Minkowski space (Ml = R*,7),
(3.1) n=dt? — dr® — r?gs,

where (¢,7) € R x [0,00). We introduce two conformal scales. The first,
which we refer to as the checked conformal scale, allows us to define .% =
# T U .~ as the null boundary of the rescaled spacetime, but i* and 4°
remain at infinity. Although it provides an incomplete compactification,
this scale is natural and useful because it preserves the symmetry associ-
ated to the timelike Killing vector field d;. The second, the hatted conformal
scale, is obtained by modifying the checked conformal scale in a neighbour-
hood of timelike infinity in order to bring it to a finite distance. In this new
scale, the boundary of the rescaled spacetime will be .# Ui~ U4T. It will
be useful in situations when we will need to see .# 1 as the regular back-
wards lightcone of i*, e.g. when performing energy estimates and solving
the Goursat problem. These compactifications are time-symmetric, so we
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14 Jean-Philippe NICOLAS & Grigalius TAUJANSKAS

shall mostly focus on future null infinity, although some details about past
null infinity will also be given.

For the checked conformal scale, the conformal factor is a smooth positive
function on 4, depending only on r, such that Q = 1/r for, say, r > 1. In
terms of the retarded Bondi or Eddington—Finkelstein coordinate u =t —r
and the inverted radial variable R = 1/r, the Minkowski metric takes the
form

1
(3.2) = du? — ﬁ dudR — 298
Applying the checked conformal rescaling gives, for R < 1,

(3.3) 7= R*n = R*du® — 2dudR — gs:.

The rescaled metric is now regular at R = 0, unlike the physical met-
ric at r = oo. In these coordinates, the set {R = 0} is the set of end-
points of outgoing radial null geodesics that are the u coordinate lines, i.e.
{R =0} =#*. Using the advanced coordinate v = ¢ + r instead of u, we
have

7 = R%dv? + 2dvdR — gse,

and in these coordinates the set {R = 0} is now .# . We define the com-
pactified spacetime as

M=MU. 7~ UIt.

Note that timelike infinities i* and spacelike infinity i are not brought to
a finite distance in this scale. This can be seen by observing that the
coordinate lines on .# T are null geodesics for 1), and that they admit v as
an affine parameter. Hence

IT =R, x{R=0}xS* and ¥ =R, x{R=0}x$?

are infinite cylinders, diffeomorphic to R x S2. Future timelike infinity i+
is the “future end” of £ T, given by u = 400, R = 0, whereas spacelike
infinity ¢© is its “past end”, at v = —oo, R = 0. Similarly, past timelike
infinity i~ is the past end of .#~, while spacelike infinity is the future end
of .

The boundary of M is 7. Although it is a null hypersurface (the induced
metric has 81gnature (0,—,-)), one may integrate over . with respect
to the measure dv gt = Oy 2 dv where dv is the volume form of the
rescaled spacetime, i.e. dv o+ = du A dvgz. Since 9, is tangent to . and
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(0, Or) = —1, the vector field dg is transverse to .# 7. The inverse metric
to (3.3) is™W

7771 =-20,®0g — R28R ® Or — gs_Ql’
from which one sees in particular that dg is null for R < 1. In fact, we may

write on the whole of Jl

. 02 02

n= QQdUQ — QEdU dR — ?982 s
- R? R4 R? _
n t= _2§8u ©0r — @5’1% ®O0r — @ggzl .

The vector field dr in coordinates (u, R, 8, ¢) is therefore null where it is
defined, i.e. on the whole of Jl \ #~. Similarly, in the (v, R, 0, ) coordi-
nates, dp is null on \ .. Note also that when working with (u, R, 0, ¢),
Og is past-oriented, but it is future-oriented in the coordinates (v, R, 0, ¢).

Figure 3.1. We choose a conformal factor {2 which is equal to
R near £+ away from i*, and smoothly brings i to a finite
distance.

For the hatted conformal scale, we consider the conformally rescaled un-
physical metric Map, == Q2%n,p, where  is a smooth positive radial function
on Jl chosen in the future of ¥ as shown in Figure 3.1.

We assume in addition that € is time-symmetric, which implies in par-
ticular that 9;Q2|s = 0. This conformal factor is such that Q = R near &+

(1) Here ® denotes the symmetric tensor product v ® w = %(v QW+ w ).
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and away from % (i.e. in the region where u < ug, and 7 > 1 for ug > 1
given), and

2R
Q:
V1+u2\/R? + (2 + uR)?

=: Qpyss

in a neighbourhood of i*. In the white region near .#* in Figure 3.1 the
conformal factor 2 interpolates smoothly between R and Qryss in such
a manner that the function /R is smooth near .#* away from ", and
does not vanish at null infinity. The function Qgys3 is precisely the con-
formal factor which embeds Minkowski space into the Einstein cylinder
R x S3, and so the smoothness of the rescaled metric at it is automatic.
The compactified spacetime is then defined as

M=MU .7~ UIT Ui Uit
The boundary of Mis S~ UF+ Ui~ Uit, it are finite regular points of
Map and £+ are semi-infinite cylinders that focus to i* in the future (resp.
past). A natural measure on £ is now given by dv s+ = 9, 2 dv, where

dv is the volume form of the rescaled spacetime.
Where Q = Qrygss, the rescaled metric 7,1, can in fact be written as

N =dr?—d¢® — (sin® () gs2 = d7° — gsa,
where 7 = arctan(u+2/R)+arctan(u) and ¢ = arctan(u+2/R)—arctan(u).
Remark 3.1. — It will be useful to denote by
x(u, R) == QR™,

where () is the conformal factor corresponding to the hatted conformal
scale. The resulting function  is then smooth near and on .# 7, and equal
to unity for u < ug, r > 1. Near it, x ~ (1 +u?)~/2, and therefore on
# 7T depends only on u. The decay of x as u — 400 is responsible for the
shrinking of the 2-spheres at iT; the rescaled metric in the hatted scale is
given by (for R < 1)

1= x’R%du? — 2x? dudR — x%gs:.
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The NP tetrad (2.1) in the coordinates (u,r, 6, ¢) becomes

1 1
(34) n® = (9u — §5T, Ng = 5 du + dT’,

(3.5) 19 =9, I, = du,
a1 1 _

(36) m- = E (80 + Slnoa(p), mg =
—a_ L (g 1 ——

(3.7) = <39 sin98¢)’ Ma =

To obtain a related NP tetrad (l ma,m", 7% on M, we employ the con-
formal scaling

(d6‘ + isinfdg),

SRR

(d9 —isinfde).

(3.8) n® =n, Mg = %ng,
(3.9) 1 =Q72, T =L,

(3.10) m® = Q" lm?, Ma = Qmg,
(3.11) =Q 'me, My = QM.

Explicitly, we obtain a tetrad on J which near .+ takes the form

1 1
(3.12) n* =0, + §R28R, Ng = §X2R2du — x%dR,
(3.13) 1" = —x 205, 1, = du,
(3.14) mﬂ—1<a +ia) g = —2 (40 + i sin0.dg)
: 2y T sing?) ENG) ’
—=<a o ]- = 7l i
(3.15) m = \/§X< s1n08¢) Mg = \/i(dt? isin 6 de).

The explicit tetrad on M (in the checked scale) is given, for R < 1, by the
expressions (3.12)—(3.15), with x = 1. In this setting the normal 7% = 9; =
0, to the surfaces ¥; of constant ¢ reads

0% R%.
T =n" +fla—Aa+?l“:h“+7l“.

For reference, we also note that the full sets of physical and rescaled (in
both the hatted and checked scales) spin coefficients on Ml are given by
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(for R < 1 in the case of the checked scale)

e ko] 0 0 0
_1 _1
(3.16) a p Al _ sy ott 0
B pn o mcotQ -5 0
Ly v 71 | o0 0 0
[ = 7] 0 0 0
(3.17) a p A _ | Q'a —-Q%*R+DlogQ) 0
' B as|l | 9's —& 1 AlogQ 0|’
N v T |—Alog Q 0 0
& & %] [ 0 0 0
& p oA R'a 0 0
3.18 . = .
(3.18) B ph s R7'3 0 0
y v 7l L& o000

3.2. A Priori Energy Estimates

The volume form on the rescaled spacetime M is given by
- ~ L~ —b
dv=a" AT A (zmb/\m ),

and, in the hatted scale, is explicitly given for R < 1 by dv = xtdu AdRA
dvgz. Using K¢ = T as a multiplier vector field, we compute the energy
density 3-form

Kaij’ab Jdv
_ (ﬁ n ;QQZA> Toe (abfc LA - T — ﬁcmb)ab Jdv
= — (2B + Q2| Fo )7 A (i Aﬁ)
+ (2|l32|2 + QQ|131|2)?j A (iﬁzb /\Eb) +...,

where the ellipsis represents contractions of dv with either M or m. One
immediately reads off the energy on # 7,

(3.19) Eg+|F| ~ /‘H B2 dv s = 1F20132 54y
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T ~ e~ o o eys
where dv g+ = P A (im* Am ) = x%>du A dvse. Similarly, on the initial
surface ¥ = {¢t = 0} whose future-pointing unit normal with respect to 7 is

- (Q‘lﬁ“ + 19?@)
) 2

the energy density 3-form is

j—?a

)
z

KT 9, _ a;|2 = K“fb’fab(f J &) |

2 5 ~ 19 03 ~ o\~
= *|F2| +2Q‘F1| _|_7‘F0| dVZ,
Q 2
so that

G20 eslFl= [ (B 4 QPP + 08B )i,
b))

where dvy, = (f 4 a;/) |Z' The following theorem is then largely a triviality.

THEOREM 3.2. — For smooth compactly supported Maxwell initial data
on Y there exists a unique smooth rescaled solution F,;, which extends
smoothly to #+ and satisfies the energy estimate

(3.21) Egtr =Es.

Proof. — The rescaled Maxwell ﬁeld F b satlsﬁes(z) the linear wave
equation OF b Lo[ ]ab = 0 on /% where LO 1s a linear zeroth or-
der differential operator involving the curvature of A Tt is classical [43]
that therefore F ab Propagates at finite speed, and for smooth data £ =
(Eo,Bo,E1,B)) = (E,B, , 0r E,0,B)|s € C®(%)* there exists a _unique
smooth solution Fap, on ./ﬁL for example by using the foliation {E }r to
solve the Cauchy problem on J. We therefore have a unique smooth solu-
tion F' .» Which extends smoothly to £, and has support as depicted in
Figure 3.2.

To prove the energy estimate, choose a compact subset K € ¥ of the
initial surface such that suppf C K and consider the null hypersurface
7 = 0JT(K). Then J*(K) N A is a compact manifold with boundary
KU _ZU(#TNJT(K)). We integrate the divergence

T (K T) = VOKD T, + K0T,

&) By dlfferentlatmg V[anC] = 0 and using VeF ab = 0, or, more geometrically, notlng
that dF = 0 and 6F = 0 imply (dd + (5d)F = 0, where 9§ is the codifferential on /FL and
dd + dd is ] up to lower order terms.
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over JT(K)N A and apply the divergence theorem. Since the stress-energy

~

tensor Ty, is conserved and K% = §, is conformally® Killing on the
rescaled spacetime (M, 7)), one sees that the current J, = K%T,} is ex-
actly conserved, V®J;, = 0. We therefore have, using the earlier expression

for the energy density 3-form,

0= —5E[ﬁ]+gﬁ[ﬁ]+/ JP9, 1 dv.
F

Since the hypersurface ¢ is outside of the support of F ab, the last integral
vanishes identically, and we conclude the result. O

f—l‘

Figure 3.2. For smooth compactly supported data the solution
is smooth and compactly supported in AL .

3.2.1. Conformal invariance of energies

On any hypersurface H of S M the energies induced by the rescaled
stress-energy tensor T, and the physical stress-energy tensor T,y are equal

(3) This follows from the fact that K¢ = 0y is exactly Killing on the physical spacetime
M, and the identity £K;7\ab = L5 (Q%n,1) = (Q’QfKQQ);]\ab = Z(Qflauﬁ)ﬁab, where
£ i denotes the Lie derivative along K. In fact, K¢ is also exactly Killing with respect to
7 since the conformal factor € is purely a function of r and therefore satisfies 8, = 0.
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as a consequence of the conformal covariance ’i‘ab =Q2T,, of T.p. In-
deed, for any multiplier vector field K¢

/ KT 0y 2dv = / KT 49”0y 2 dv
H H
(3.22) :/ K*Q?T,.Q%5%°0, 1 Q *dv
H
:/ KaTababJaX\/.
H
In particular, the initial energy (3.20) is
Ex[F] = / Ko, 7 (T )
b))
= / KT, T%(T 1 dv)
b

1

_ ,/(|E|2+\B|2) dvs:
2 /s

— SZ[FL

where dvy = (T 2 dv)’z. We also note that &E = O3 dvy, and the compo-
nents of the Maxwell field scale according to

(FO7F17F2) - <Q3ﬁ0,92ﬁ1,9ﬁ2)7
(3.23) o
or F;=0"F; ic{0,1,2},
so the expression (3.20) can be rewritten as

Ex|F) ~ / (IFo)? + |F1]? + | F2[?) dvs
>

= HFO||i2(z:) + ||F1||2L2(2) + ||F2||2L2(z) ~ Ex[F].

3.3. Field Equations and Gauge Fixing

The equations (2.4) on Jl read
(3.24) 04, — Vip(VaA%) =0,
and, by conformal invariance, are equivalent to
(3.25) B4, — ¥, (@aﬁa) + Rap A% =0

on JL. The energies defined by (3.19) and (3.20), when written out in terms
of the potential A,, contain antisymmetrized derivatives of A, and do not
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define norms on the potential without a choice of gauge. To construct the
trace and scattering operators as maps between Hilbert spaces, one thus
aims to fix the gauge in such a way that the natural energies on the initial
surface ¥ and .#+ become norms on the space of Maxwell potentials. To
this end, we will impose a gauge on the physical field A,, and show that
it leads to an admissible gauge fixing condition on A throughout J% all
the way up to and on .#*. To reduce the natural energy in the physical
spacetime to a norm in A, on ¥ ~ R? the obvious choice of gauge is
the Coulomb gauge V - A = 0 throughout Jl, since then for a smooth
compactly supported potential on X

1
3 | (BE +[BP) dvs
2 Js

Es[F]

1 , , o
=3 / (JA? —2A - Va+ |Va* +|VA] - V;A;V'AY) dvy
3

1 .
_ 5/(|A|2+|Va|2+|VA|2) dvs,
x

where V is the Levi-Civita connection on ¥, A denotes the projection of
A, onto ¥, A = §;A, and in the last line we integrated by parts and
used the Coulomb gauge conditions V- A =0 = V - A on ¥. Now if one
contracts (3.24) with T* = 9, one ends up with the elliptic equation

(3.26) Aa=0 onX;

for each t € R. We therefore have the following result.

PROPOSITION 3.3. — On Minkowski space (Ml = R*,7) one may impose
the gauges
(3.27) V-A=0, a=0, and V,A°=0

simultaneously. We call the gauge (3.27) the temporal-Coulomb gauge.

Proof. — Let A, = (a, A) be any smooth solution to Maxwell’s equations
on . We impose the Coulomb gauge V - A = 0, which has the residual
gauge freedom Xres., where Axyes. = 0 on 3; for all ¢. The solutions to
Axres. = 0 are constants on ¥; ~ R3, so a residual gauge transformation
effects

a~> a+ O Xres.,
where Yyes. is a function only of ¢. From (3.26), a is also a function only of ¢,
so we may choose Xies. S0 that the residually gauge-transformed component

a is identically zero (by choosing xres. to be the negative of the antideriva-
tive of a). Then V,A% = 9;a — V - A = 0 follows automatically. O
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To study /Ta on the rescaled spacetime a (and in particular to en-
sure that we can solve for Ea up to ), we must convert the gauge
condition (3.27) into a gauge condition on the rescaled Maxwell poten-
tial A, and solve the system (3.25). Under a conformal transformation
Gab ~ Gab = $22gap the spacetime divergence V, A transforms as

V, A% = 02 (%2@ - zraﬁa),

so Lorenz gauge in the physical spacetime Ml is equivalent to the gauge
condition

(3.28) VA" = 27,4% = 2071 (VQ) 4,
on L. The equation (3.25) then reads
(3.29) 04y - 29 (27 (V) 4,) + Rap A" =0,

Here the appearance of the Q! factor in (3.29) is problematic; as it stands,
solutions to (3.29) may develop singularities on .# = {Q = 0}. The extra
temporal gauge condition a = 0 on M ensures that this cannot happen:
recalling that T% = n®+ %l“ =n%+ %szl, the temporal gauge transported
to J reads

~ 1 4~
(3.30) 0=A; + 5Q2AO.

Since 2 is radial, we must have Ve = fne —|—§ZA“ for some functions f and
g. Since V£ becomes proportional to 71 on .# T, we must also have g — 0
as 2 — 0, i.e. § = Qg for some function g. Therefore, using (3.30),

Q1 (V) 4, = (—;Qf +g> Ay =i ¢ Ay,

showing that the coefficients of the equation (3.29) are in fact non-singular
up to £ . In the hatted conformal scale, 2 = Ryx(u, R) for R < 1, so one
may compute f = —x"'(1+ Rx"'xr), 9 = X 'xu + 5R(1 + Rx"'xr),
and ¢ = R(1+ Rx " 'xgr) + X xu. Equation (3.29) then becomes

(3.31) 04y — 2V, (sAg) + RapA® = 0.

This will ensure that the solution to (3.29) is in fact smooth throughout the
partially compactified spacetime .7ﬂ\, including on .+ and at iT. A little
care is needed to solve the Cauchy problem for equation (3.29), as the
background spacetime M is singular at . To resolve this, we follow the
strategy of Mason and Nicolas [45] (see Lemma 2.4 therein for helpful
illustrations of the following procedure). For smooth compactly supported
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initial data (/Ta, @ A, )|s; the putative solution will have support bounded
away from 79 Thls allows us to deform the initial surface ¥ away from
the support of the initial data in such a way that the new deformed initial
surface Y. remains uniformly spacelike, intersects £ in the future of i, and
the support of the solution in the future of ¥ remains to the future of the
deformed surface 3. We then cut off and discard the past of the deformed
surface 3. The part of a lying in the future of ¥ isnow a completely regular
compact globally hyperbolic Lorentzian manifold with boundary, and from
the point of view of the solution to (3.31) in J*(X) is indistinguishable
from JL. Tt may be extended to a smooth globally hyperbolic Lorentzian
manifold without boundary, say (]/L\e =R x S?’,ﬁ), where h agrees with
non J +(f]) N . By standard theory (e.g. Leray’s theory for symmetric
hyperbolic systems [43]), the original smooth compactly supported data
(ﬁa,ﬁTAg )|z gives rise to a unique smooth solution A, on /ﬂe which
solves (3.31) in JT(X) N A and whose support remains away from i’. In
particular, the components ;1\0 and A\l of this solution are smooth up to
# 7, and so the temporal gauge condition (3.30) can be extended smoothly
onto # 1, where it becomes

(3.32) Ay ~0.

With the gauge condition (3.30) now satisfied throughout AL, the equa-
tion (3.31) in fact consists of three, not four independent equations, since
the component Ay can be determined from Ao We are thus in a position
to prove the following.

THEOREM 3.4. — To smooth compactly supported initial data (Ag,
VrA,)|s for Maxwell’s equations in the temporal-Coulomb gauge a|ys =
V. A\g V- Als = 0 one can associate a unique smooth rescaled solution
A on . The support of A remains away from i%, and Ea satisfies the
gauge conditions (3.28) and (3.30) throughout M. In particular, A, ~ 0
on 7.

Proof. — First, it is clear that for smooth compactly supported initial
data for the field there exists a unique smooth solution F,;, on Jl, for
example by [43], and that the initial gauge constraints

CL|Z:V'A‘E:V'A|Z:O
are propagated throughout 4. By Proposition 3.3, we may impose the
temporal-Coulomb gauge on this solution throughout M. Once rescaled

initial data (Ea, ﬁTA\aﬂz is obtained from the physical initial data (Ag,
VrA.)ls, the above construction goes through to extend the solution
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Ea = A, to £, and ensure that the relevant gauge conditions are satis-
fied. The rescaled initial data is easily constructed from the physical initial
data; one has

and
Vidy =T'VyA, = Q1T (VA — ToAa — Tady + 1ani e Ag).

The first of these immediately gives the data for Ea in terms of the data
for A,, while for the time derivative, restriction to ¥ gives

(3.33) Vidaly = Q7 (Vr A, + T Ad) | s

since T°Yy|s = 0 and a|s = 0. Smoothness and compact support of
(Ao, VrA,)|s then imply the smoothness and compact support of (A,
ViAa)ls. O

3.3.1. Gauge reduction on .#+

In addition to the gauge 121\1 ~ 0 on .71, the triple gauge fixing condi-
tion (3.27) in fact also gives rise to a kind of second-order gauge
reduction on £, as we shall see now. Noting that a = A4, + %QZAO =0,

veQ = fne+ leA“, and the values of the rescaled spin coefficients (3.17),
we have

-V -A=V, A
= 2(V, 4 - 27,4°)
— 2 (E’Eo — 34y — 04y + 21iAy — zgﬁo) +O(0QP).
In our hatted conformal scale g ~ x ™', ~ [i, so dividing by Q2 and taking

the limit 2 — 0 we find that the Coulomb gauge V - A = 0 implies the
condition

(3.34) b A ~ 2RedA,
on .#+. We shall use this relation to construct a complete set of characte-
ristic data on £+, and hence define suitable spaces of scattering data.

Remark 3.5. — For R < 1, the checked conformal scale is related to the
hatted scale by 5= X’lé, 121\2 = X71A2, where the norms of the derivatives
d are now independent of u. In particular, 2 Re dA, = Vs ~AS2, where Vg2
is the Levi-Civita connection on the round sphere and Ag» are the (real)
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components of A, with respect to a frame on S? that does not depend on w.
The condition (3.34) then reads

(3.35) 8y Ao ~ 2Red s,
where jlo = Xzf/l\o.

3.4. The Scattering Construction
3.4.1. Spaces of initial and scattering data

Since /All ~ 0 and the angular derivatives are tangential to .# T, we have
dA; ~ 0. Noting™® that 7 ~ 0 ~ X and i ~ [i, the expansion (2.8) for Fy
reduces to

ﬁg ~ —(B/—f—ﬁ)z\g

On .7 the relevant spin coefficients are —y ~ y !

X« &~ [, S0 in fact

For —8u22 — Xflxugg = —0u(x g)xfl.

Therefore

-~

Ev]A] = /j [Fof*dv.ri = /ﬁ\au(xﬁz) X2 dve

DEFINITION 3.6. — For the component ﬁg of the Maxwell potential we
define the semi-norm || - [|32( s+ by

(3.36) 1A 20 e, = /ﬁ|au () [Px 2 &

Remark 3.7. — One can also rewrite the energy (3.36) in terms of the
checked conformal scale, which is perhaps more natural if .# T ~ R x S2 is
to be thought of as an abstract manifold detached from the interior of the
spacetime, with the degenerate metric 0-du? — gs2. In this scale one simply
has

(3.37) ||212||§-{1(y+) :/y+|au212|2dmdvsz,

where A2 is the conformally transformed 121\2 on .St, /Vlg = XA\Q. The finite-
ness of the energy (3.37) then puts Ay € H'(R,; L%(S?)).

N fact, the conditions 7 ~ 0 and X ~ 0 are not special to the physical spacetime
being Minkowski, but hold more generally and encode the fact that .# is shear-free and
geodetic, respectively. This will be important to us when we work on curved spacetimes

in Section 4. The condition ﬁ = ﬁ partly encodes the fact that .#% is a null hypersurface,
and will also hold more generally.
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Given the component Ay on 7 *, one can recover the component Ay on
J 7t using the relation (3.35). That is, we may define

A ~ / 2RedAy du € o*(R,; H1(S?))
on .t where H?(R) is the space of functions whose second derivative is
in L2(R). We are now prepared to define the Hilbert space of characteristic
data on .# .

DEFINITION 3.8. — The Hilbert space H'(.# 1) is the completion of the
space (canonically isomorphic to C°(# 1)) of triplets

(A3, Af Af) e e (o) x e (%) x €2 (o)

such that A7 =0, and

. u S~

Af :/ 2Re 04, du,

— 00

in the norm (3.37). This Hilbert space is the space of equivalence classes
of functions (see Remark 3.9 below) in which two triplets are said to be
equivalent if their difference has norm (3.37) equal to zero. The equality
of two instances of A in this norm identifies them up to the addition of
constant-in-u functions on S?, and the identification of two instances of
the Aar component of the triplet requires this function on the sphere to
be d-constant. Therefore two triplets are equivalent if the /vl;' components

differ by a constant on .#t. Note that, as per Remark 3.7, H'(.9) ~
HY(R,; L*(S?)).

Remark 3.9. — Because H!'(.# 1) consists of equivalence classes of func-
tions, it is a Hilbert space but not a space of distributions. This is due to
the fact that H'(R™) is defined as the completion of the space C3°(R") > f
in the norm ||V f| z2®n). Of course, constants have zero H'(R") norm,
but in dimension 1 they can be approached in this norm by smooth com-
pactly supported functions. In fact, this happens in dimensions 1 and 2. In
dimensions strictly greater than 2, we have Hardy’s inequality on R™,

f

||
and analogous Sobolev-type inequalities for other topologies such as R x S2,
that rule out constants in the completion. This is the reason why in Defi-
nition 3.10 below, the space of Coulomb gauge initial data is a genuine dis-
tribution space. In the present situation, if one wished to make the space of
scattering data a space of distributions, one could consider instead &Mﬁr ,

<2V £l @ny
L2(R")
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not /Vlér, as the fundamental piece of data on .# . Both descriptions con-
tain the same information and are physically equivalent, and for us the
fundamental characteristic data will be the component A itself.

On the initial surface 3, we have already seen that in the temporal-
Coulomb gauge, the energy &y, as given in (3.20), is neatly expressed in
terms of the physical potential A, as

sl = 5 [ (B +[BF)dvs

(3.38) _ %/z(‘AFHVA'z) dvs;
N

DEFINITION 3.10. — For initial data (A, A)|s for the free Maxwell’s
equations, we define the Hilbert space H}(X) @ L% (X) of Coulomb gauge
initial data by completion of smooth compactly supported Coulomb gauge
initial data in the semi-norm

(A rpe = [ (VAR +IAP) dvs.
More precisely,

HE(D) ® L (%)

— {(A,A) cCx(T)@Cx (D) : V'A:O:V.A}Hl@m.

3.4.2. Construction of Trace Operators

Let
DX(E) = {(A,A) e CZ(Z)BCX(T) : V-A=0=V-A}

be the space of smooth compactly supported Coulomb gauge initial data for
the physical Maxwell’s equations in the temporal-Coulomb gauge (3.27).
An element o = (A, A) of DX(X) defines smooth compactly supported
initial data for the rescaled Maxwell’s equations (3.29) in the temporal-
Coulomb gauge as follows. First,

6’2:07 A|2:A|2‘

For the time derivative part of the initial data, one computes the inverse
relation to (3.33),

VTAb|Z = Q(ﬁjﬂz{b + faTaA\b + Tbﬁ — TbTaA\a) ’E’
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so since 0;Q|x = 0,
—hszAb|E = QilAa’Z.

Note that A is supported away from °, so that Q! is smooth on its
support. Therefore we can solve (3.29) as described in Section 3.3 (The-
orem 3.4) to get a unique smooth solution A, satisfying the gauge con-
ditions (3.28) and (3.30). Using the smoothness of A,, one may take the
trace of this solution on .# T to get a smooth restriction A,| s+. Switching to
the checked conformal scale, one obtains (A, A, AY) = (Ao, A1, A3)| s+,

where ;13 satisfies (3.35) and A7 = 0. One therefore has the linear map
THDP(N) — C(IT) x C®(IT) x C=(I7),

3.39 . I

(3.39) (A,A) — (Ag,Af,A;),

where 40,1)2 are supported away from i°. The energy estimate (3.21) implies
that there exists a constant C' > 0 such that for all « € D (X)

(3.40) ||S+“H?-'Ll(y+) < Cllellgigres
and
(3.41) lellier: < CT ey 0

By (3.40) and the density of DX(X) in HL(X) ® LA(X), the bounded
linear operator T extends uniquely to a bounded linear operator from
HL(Z)®LE(X) into H (£ ). Moreover, the reverse estimate (3.41) ensures
that T+ is an isomorphism from HE ()@ L (X) to its image, and that the
image is a closed subspace of H!(#1).

DEFINITION 3.11. — The bounded linear operator
T HL(D) @ LE(D) — H (1)

that takes the initial data for (3.29) on X to the characteristic data on &+
is called the future trace operator for the free Maxwell’s equations in the
gauge (3.27).

Remark 3.12. — To show that T is surjective (and hence an isomor-
phism between HA(X) @ L%(X) and H!(#1)), it is enough to show that its
range is dense in #!(# 1), i.e. that for every 6 = (Af,0,Af) € (7 1) x
Co(It) x CX(I1) there exists a unique « € HAH(X) @ LE(X) such
that T+« = 6. Indeed, then the inverse trace operator can be extended
to HY(# 1) as follows. For any 6 € H'(#) we can find a sequence
{6,}n € C¥(IT) x C®(IT) x C°(FT) such that 6,, — 6 in H'(FT).
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Then for each n there exists a unique @, € H5(X) @ L%(X) such that
6, =% a,, and

(3.42) T an — 0.

- ﬁ”?—'ﬂ(ﬂﬂ
The above estimates easily imply that the sequence {@,, }, is Cauchy, since
len = emllmer: ST en = T amly ey <MBn = Bmllyn s

Therefore there exists @ € HE:(X) @ L, (X) such that @, — @ in H5(X)®
L%(¥), and by (3.42) TF« = 6. Proving that for every 6 € C®(FT) x
CX(IT) x C(FT) there exists a unique @ € H5(X) @ LZ,(X) such that
T+t = 6 amounts to solving the Goursat problem from .#+.

3.4.3. The Goursat Problem

The underlying analytic tool that we shall use to resolve the Goursat
problem is Bar-Wafo’s formulation [13] of a theorem due to Hérmander [37].

THEOREM 3.13 (Hormander; Biar—Wafo [13, Theorem 23]). — Let a
be a globally hyperbolic Lorentzian manifold (of any dimension) and let
S C J be a characteristic partial Cauchy hypersurface. Assume that J*(S)
is past compact. Then for any f € L} (.//%\) and any ug € HL(S) there

loc,sc

— —~

exists u € CO(T(M); HY(S,)) N CL(T(M); L*(S,)) such that Pu = f on
JT(S), and u|s = up. On J*(8), u is unique.

Remark 3.14. — Here T(.//[/L\) denotes a choice of a time function on //KL\,
where S, (shorthand for {S; },) are the leaves of the foliation corresponding
to this time function, with, say, S; = S. In the above theorem u and f are
permitted to be quite general real or complex sections of a vector bundle
S — A over (. In particular, the theorem applies to equations on 1-forms
and systems of coupled equations. The operator P is a linear wave operator
(a hyperbolic second order differential operator whose principal symbol
is the metric on .7ﬂ\), and a partial Cauchy surface is a closed achronal
hypersurface S C . Tn particular, S does not need to be compact, and
includes both the cases when S is a lightcone and an intersection of two
null hyperplanes. The subscript s denotes spaces of sections which are
spatially compact. When S is smooth and spacelike, H!(S) is the space of
H' sections on S which have compact support. When & is merely Lipschitz,
as in the case of a lightcone, the space H(S) is the space of F&L, =
CSC(T(fll\); HY(S,)) N Cslc(T(fﬁL\); L?(S8,)) sections restricted to S; the space
H!(S) in this case is well-defined because the space .Z &%, does not depend
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—

on the choice of time function 7() ([13, Corollary 19]). The lower case
subscripts, as in H}, should not be confused with upper case subscripts, as
in HY, the space of H' sections satisfying the Coulomb gauge V - A = 0).

In this section we prove the following.
THEOREM 3.15. — For every (Af,0,Af) € C®(F1) x C(IT) x
C(F 1) there exists a unique solution
A, € CO(Ry; HY (X)) NCH(Ry; L2(Zy))
to (3.31), for which the corresponding physical potential satisfies
(A A)|,, € HL(Z) @ LE(D).

Moreover, the corresponding physical potential A, satisfies the temporal-
Coulomb gauge throughout J.

s

it

Figure 3.3. The solution in the region O near i is pure gauge.

Proof. — We wish to solve the system (3.31) from characteristic data in
(a dense subspace of) H'(#1) (cf. (3.39)). We first construct a solution in
a small neighbourhood of .# T U i*, which can then be easily extended to
the rest of the spacetime. Given

« w v+ « v
(Ag :/ 2RedA, du, AT =0, A;r)
eC®(IM) xC2(IT) xC2(IT) cH (I,
we observe that in the future of the support of /vlgr, the component /vlar
is constant on .#*. The fact that AJ cannot be supported away from
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it means that we must proceed carefully. Introduce a short outgoing null
hypersurface H which intersects # in the future of the support of /vl;', as
depicted in Figure 3.3, by first choosing a spacelike hypersurface X4 for ¢/
sufficiently large, and then choosing H to be the future lightcone of a point
on Y.

Denote the future of H (i.e. a neighbourhood of i*) by O, and the past
of H in the future of ¥ by O~. In the region O near i*, the data for
the potential is trivial in the following sense: A} = 0 = A7, and Af = Cy,
where Cj is a constant. The rescaled field Fab therefore has identically zero
data on #+ N Jt(H). Changing to the hatted conformal scale in O (so
that 4T is at a finite distance), the data for the field ﬁab remains identically
zero, so we may solve a wave equation for ﬁab, which, by the uniqueness
part of Theorem 3.13, must be identically zero in O, ﬁab = 0. Return
now to the checked conformal scale, where we have deduced that ﬁ'ab =0
in O*. By the Poincaré Lemma, there exists a function ¢ € H? (O*) such
that A, = A, = L€, e, A, is pure gauge. The gauge function & is a priori
not unique, but recalling that our solution should satisfy the gauge (3.27),
we have [J¢ = 0 in the physical spacetime, or equivalently in the checked
conformal scale

o€ =0,

where £ = R™1¢ (as the Ricci scalar vanishes in the checked scale, R = 0).
To get uniqueness of 5 , it is therefore enough to fix 5 | #+. But since the
condition Ay ~ Cy in OF is equivalent to & ~ —Cj (this follows simply
from the fact that Ay = [99,& = Zaaa(Ré) Y (ZaaaR)é ~ —fv), this fixes
5 and therefore £ in Ot. As a note, the temporal gauge further implies
0,& = 0.

Remark 3.16. — It is worth noting that, although in O the solution is
pure gauge, at the level of the potential the data on £ is divergent in a
conformal scale in which i is at a finite distance (e.g. our hatted conformal
scale). Indeed, A is constant near i, and A7 = 24} = (14+u2)Af —
oo as u — 0o. The LP(.#T) norm of A\g diverges for p > 1, the p = 1 norm
being conformally invariant.

We now compute f)ﬁ and éf in OF, and restrict these to H to obtain

H! data for Ay and Ay on H. The data for (Ay, Ay) is now in H)(H U
(#T NO7)). By contracting the system (3.31) with [* and % and using
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the temporal gauge condition (3.30) to eliminate all instances of the com-
ponent Aq, one derives a system of the form

(3.43)

B0 + L0V Ao + E12 Ay = 0,

DAy + LY Ay + LY 4, =0,
where IV/YJ ), i,j € {1,2} are linear first order differential operators with
coeflicients depending on the spin coefficients and curvature components
of Ml (note that, by (3.17), the only non-vanishing spin coefficients are &,
B, and ¥, and the only non-vanishing curvature component is ®;; = %)
Choosing the time function to be the standard physical coordinate ¢ with
corresponding leaves ¥;, we may therefore apply Theorem 3.13 from H U
(£ N O~) to solve the system (3.43) in the region O~; we obtain in a

neighbourhood of .#* the components
Ap, Ay €C° (Rt; Hl(zt)) nct (Rt; LQ(Et))a

and reconstruct the remaining component by setting

1 <
Al = _§R2A07

which, of course, in O is equivalent to 9, = 0.

support of 2;

e e
Sy

7

Figure 3.4. We solve the Goursat problem from .# * backwards in time.
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To extend the solution to the rest of the spacetime, we pick a sufficiently
large t' < oo as in Figure 3.4, and on Xy reconstruct the physical field
Fals, € L2(Zy) from A, = A,. We then propagate Fy;, backwards in time
to X, as shown in Figure 3.4, using standard theory [43]. As the solution Fjy,
is spatially compact, it is straightforward to check, by performing an energy
estimate as in Theorem 3.2, that & = & s+, and therefore the restriction
of the solution to X satisfies

1
52 = 5/ (l:E‘2 + ‘B|2) dVZ < Q.
z

To see that the corresponding physical potential (A, A) is in the
desired function space HL(X) @ L2/(X), it remains to check that the com-
plete gauge (3.27) is propagated off .# . To do this, note that the temporal
gauge holds in a neighbourhood of .#T by construction of the compo-
nent A. Further, we show that the physical Lorenz gauge V,A% = 0 is
propagated off #*. The two will then imply the physical Coulomb gauge
V - A = 0. Recall that our solution A, to (3.43) solves (3.31), which is in
turn equivalent to

OA4, =0
in /. We commute V, into this equation and define ¢ := VA% to get
Oy =0

in M. As R =0 on J, this is the conformally invariant scalar wave equa-
tion, so is equivalent to (in the hatted conformal scale with % finite)

on fﬂ\, where z/b\ = O~ 19. By the uniqueness part of Theorem 3.13, we will

o~

have 7; =0 in J if we can demonstrate that z,/b\* = 1Z|y+ = 0. But now

P =01V, A
= Q(V,A® —27,A%)
= —2(V'Q)4, + 0(Q)
= —2fA, +O(),

and we have A; ~ 0, which implies ¢+ = 0. O
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3.4.4. The Scattering Operator

COROLLARY 3.17. — The forward trace operator
T HE(D) @ LE(D) — H (1)
is invertible and hence a linear isomorphism.

Proof. — This follows from Theorem 3.15 and Remark 3.12. O

An analogous construction can be performed to the past of the initial
surface X to construct the past trace operator

T HLE) ® LE(Z) — HY (I ),
which is an isomorphism by the same token. We are therefore now in a
position to define the scattering operator .7.

DEFINITION 3.18 (Scattering operator on Minkowski space). — We call
the linear isomorphism of Hilbert spaces

S =T o (T)HY(IT) — HY(IT)
taking finite energy characteristic data for the Maxwell potential on .~ to

finite energy characteristic data on # 7 the conformal scattering operator
for Maxwell potentials in temporal-Coulomb gauge on Minkowski space.

3.4.5. Alternative Formulations

The preceding construction of the scattering operator . is predicated
on the usage of the multiplier Killing vector field

K® =0y,

which, via natural energy estimates (cf. Section 3.2), defines the semi-norms
on S+

e = [ IFaf v,
g+
z/ |8U(X;1\2)|2X*2(§;y+ :/ |5‘u212|2du/\dv82,
g+ g+
£x. g/ |Fo|? dv -
P

:/ ’(ﬂ)v(xle\z)fxfzd/\\/]_ =/ ’81,212|2dv/\dv§2.
s g

However, one has many alternative choices for K* on Minkowski space.
Indeed, inspecting the proof of Theorem 3.2, one sees that any uniformly
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timelike conformally® Killing vector field on J will do. One particular
choice which is tied to the conformal structure of Minkowski space is the
Morawetz vector field

(3.44) K§ = 4?0, + 2r(u +1)0,,

discovered by Cathleen Morawetz in 1961 in her study of the decay of
solutions to the wave equation in the exterior of an obstacle [49]. The
vector field K§ is conformally Killing on (JL,n),

£ KyNab = 4(U + 7)Nab,
and in fact exactly Killing with respect to R2n,p,
£K0 (R277ab) =0.

If one uses K instead of K in the energy estimates, one arrives at the
following energies on ¥ and .#*,

550 ~ / 7"2(|F0|2 —+ |F’1|2 —|— |F2|2) de]
p
(3.45) :/r2(|E|2+|B\2)dvE
p

_ / (r2IA2 + 12V A2 - 2/A[2) dvs,
b3
and
et = [ (Bl + PP,
g+
which may be written, in the checked conformal scale on .# 7, as

(3.46) Ko ~ / (1218, Aal? + 8357 ) du A dvss
g+

An analogous expression exists on .#~. While the energies Sﬁi on .+
define weighted Sobolev semi-norms on A, (and in this case also control
the angular derivatives of 121\2), the energy Sg ° on ¥ no longer defines a
(weighted) Sobolev semi-norm in terms of (A, A) due to the presence of
the negative-definite term —2|A|?. This means that the space of data on
Y has to be defined slightly differently in this context. As before, we have
the trace operators

T, 1 DE(B) — C®(IF) x € (IF) x €= (I7F),
(A,A) — (48, 4%, 4%)

(5) The multiplier vector field is allowed to be merely conformally Killing on Jl because
the Maxwell stress-energy tensor is traceless.
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from smooth initial data to smooth characteristic data, but instead of com-
pleting D2°(%) in the semi-norm H' @ L?, we shall show that the pairs
(A, A) are in 1-to-1 correspondence with finite energy Maxwell fields on X
in the natural energy space (3.45). Indeed, in Coulomb gauge on ¥ one has

E=A, B:%VXA.

The time derivative component is therefore recovered trivially, whereas to
recover A from B on ¥ we take the curl,

(3.47) VxB-= %(V(V CA)— AA) = —%AA.

For B € L*(X) there exists a unique solution A € H'(X) to (3.47), which
we write as A = A~ (—=2V x B). Indeed, note that C3°(X) is dense in
H'(X); multiplying (3.47) by a test vector field X € C°(X) and inte-
grating by parts, we obtain a continuous and strictly coercive bilinear
form on H L(®). Tt therefore follows from the Lax-Milgram lemma that
A : H'Y(X) — H-'(X) is an isomorphism, where H () is the dual space
of H'(X) [1]. Tt therefore remains to see that for B € L2?(X) we have
V x B € H™(X). This is true: for a test vector field X € C°(%),

<V X B, X>D’(E)7C§°(E) = /(V X B) - Xdvy
%

- / (V % X) - Bdvs < X 115 1Bl 25,

If T/E € L%*(X), it is obvious that rA € L?*(X), and we write A €
r~1L%(X) C L3(%). Also, rB € L*(¥) = B e L?’(X) = VxBe¢
H-'(X), and so A € H'(X). We define

r HL(E) ™ = {A e H'(D) : V-A=0, 7(V xA) e L*(2)}
and
rLE(S)={AeL*2): V-A=0, rA € L*(2)}.
Then the operator T?{O extends as an isomorphism
T?}O T HLE(E) M @ L2 (B) — uHE (#71),

where u~1H!(#) is the space defined analogously to Definition 3.8, but
with respect to the semi-norm (Ef;?r)l/ ?, and similarly for T, . We then
define the scattering operator associated to Ky by

o =T, 0 (T,) 10T HY(IT) — uH (I,

which is again an isomorphism of Hilbert spaces.
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Remark 3.19. — Notice that the space r~'HL(X)*™ @ r~'L% (%) is a
subspace of HL(X)BL2(X), and that u='H' (£ 1) is a subspace of H!(#H).
In other words, the vector field K defines a weaker (more general) scatter-
ing theory between .# ~ and .#* than the vector field K. The construction
for K§ shows that the faster-decaying characteristic data on .#~ scatters
to the correspondingly faster-decaying characteristic data on .# . Indeed,
in the checked conformal scale on .1, the scattering operator .¥ maps
data that is F; = O(Jv|~!) on .#~, through data that is Fy 12 = O(r—2)
on ¥, to data that is £ = O(|u|~!) on #,

(T)~

7 By = O] ) 5 By = 0(2)

o B = o(jul ).
Equivalently, in terms of the potential

(=)t

7 = Ay = O(log |v)) A =01,

A=0(r?) X A = O(log |ul).
On the other hand,

L o— -2 (T;o)71 _ -3 sIto o+ —2
Tko 1+ Fy = O(Jv] %) »ans Fyp0 = O(r™?%) ~mvds B = O([u]7?),
i.e.
§ )
K, + Ay = O(\vrl) ~(MIA(A°)AM A= (9(7"72),

+

. T
A= 0(r) Lo Af = O(Jul ).

4. Curved Spacetimes

4.1. Asymptotically Simple and
Corvino—Schoen—Chrusciel-Delay Spacetimes

In this second part of the paper we work on spacetimes constructed by
Chrusciel-Delay [16, 17], Corvino [18], and Corvino—Schoen [19]. These are
asymptotically flat, asymptotically simple spacetimes with null and time-
like infinities of specifiable regularity, which are in addition diffeomorphic
to the Schwarzschild or Kerr solution in a neighbourhood of spacelike in-
finity. These spacetimes are generically non-stationary and contain mat-
ter(®) | and therefore the scattering processes on such spacetimes may be

(6) We will impose a mild assumption on the decay of the matter fields towards null
infinity, see Definition 4.7.
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quite complex. As a consequence of their structure near spatial infinity,
their conformal compactifications are also necessarily singular at i°. Away
from i°, the constructions of Chrusciel-Delay [16, 17] permit spacetimes
with a C* conformal compactification for any finite & (but not C*), and
in what follows we shall simply assume that a sufficiently large order of
differentiability k& has been chosen. We will refer to such C* differentiability
as smoothness.

We first recall the definition of asymptotically simple spacetimes [5, 6,
53, 54, 55].

DEFINITION 4.1 (Asymptotically simple spacetimes). — Let (M, g) be a
smooth globally hyperbolic spacetime. We say that (M, g) is asymptotically
simple if there exists another globally hyperbolic spacetime (M, g) such that

(1) the spacetime M is a manifold with boundary Ol = .7, and ﬁ/L\\f
is diffeomorphic to J,

(2) there exists a smooth function ) on M such that Gab = Q2%¢ga1, and
Q>0inJl, 2?=0o0n 7, and d2 # 0 on .Z, and

(3) every inextendible null geodesic in Ml acquires two distinct end-
points on .¥.

The condition df2 # 0 on .# ensures that €2 can be used as a coordinate
on M (at least in the neighbourhood of %), e.g. to perform Taylor expan-
sions to capture the decay of fields near .#. If M happens to be vacuum (in
fact it is enough that the trace of the matter stress-energy tensor vanishes
near .#) and the cosmological constant is zero, then as a hypersurface of
the unphysical spacetime /1//2, S is null.

Remark 4.2. — The definition above is the original definition of Pen-
rose (see for instance Penrose and Rindler, [55, Vol. 2], p. 351), in which
the main point of interest was the construction of null infinity, or .#, i.e.
the set of end-points of inextendible null geodesics. That is, Penrose did
not consider the endpoints of inextendible timelike or spacelike geodesics
as part of #. For Corvino—Schoen—Chrusciel-Delay spacetimes, we can
assume enough conformal regularity so that null infinity refocuses to a
point in the future and a point in the past. These two points, referred to as
future and past timelike infinities, can naturally be included in the boun-
dary of the spacetime provided we choose a conformal factor with enough
decay.

DEFINITION 4.3 (Corvino—Schoen—Chrusciel-Delay spacetimes). — The
spacetimes of Corvino—Schoen—Chrusciel-Delay are asymptotically simple,
and in addition to the conditions of Definition 4.1 satisfy the following:
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(4) the physical spacetime (M, gar,) satisfies Einstein’s equations,
1
Rap — §Rgab = =81 Tab,

where Q7 2Ty, has a smooth limit on .#,

(5) the boundary of J is the union of two null hypersurfaces & and
&~ referred to as future and past null infinities, and two points
it and i~, referred to as future and past timelike infinities, such
that the hypersurface £t is the past lightcone of i, and %~ is
the future lightcone of i~

(6) the metric Gay, is smooth at it and #*, and

(7) the physical spacetime M is diffeomorphic to the Schwarzschild or
Kerr solution outside the domain of influence of a given compact
subset of a Cauchy surface X.

Note that the point i (spacelike infinity, the endpoint of all inextendible
spacelike geodesics) is not part of the boundary of J when the ADM mass
is non-zero, as it is a singularity of the conformal structure. Condition 4 in
the above (called the asymptotically vacuum condition) ensures that the
matter fields in the physical spacetime 4l decay sufficiently fast at infinity
to allow a sensible analysis of the geometry of .#. The above definition
abstracts the compactification procedure performed in Section 3.1.

Remark 4.4. — Note that the above definition implies that for two smo-
oth (say C* for k > 3) scalar fields a and j3, the equality o ~ 3 implies
that there exists a C¥~! scalar field v such that o = 8 + Q.

4.2. The Schwarzschildean Neighbourhood of Spacelike Infinity

The spacetimes of Corvino—Schoen—Chruéciel-Delay are diffeomorphic to
the Schwarzschild or Kerr spacetime in a neighbourhood of i®. For simplic-
ity(™, we consider the case of Schwarzschild. The metric near i° is then
given by
(4.1) Gap dz® dz® = F(r) dt* — F(r) " dr? — r?gse,
where F(r) =1 —2mr~!, with inverse metric

90, © Oy = F(r)~'07 — F(r) 82 — r 25"

) Although the Kerr case is more cumbersome, the crucial fact that 9; is Killing near i©

remains true (see the estimates in Appendix A). Therefore our scattering construction
should in principle be extendible to the case of CSCD spacetimes diffeomorphic to Kerr

near 2.

ANNALES DE L’INSTITUT FOURIER



CONFORMAL SCATTERING OF MAXWELL POTENTIALS 41

The lapse N here is therefore given by N = v/1 —2mr—1, and it can be
checked that the extrinsic curvature of the {t = 0} slice is zero, k,p = 0
(indeed, the Schwarzschild spacetime is static). We define the Eddington—
Finkelstein coordinates

u:=1t—r,, Ty ::7"—i—2m10g<L—1>7
2m

and the inverted radial coordinate
1
R:=—.
r

The metric (4.1) in the coordinates (u,r, 6, ¢) becomes
Gapdz®da’ = F(r)du® + 2dudr — r?gge,
with the inverse metric
90, ® 9y =20, ® 9, — F(r)92 —r~2g5,".

The conformally rescaled metric is given by gap = Q2gap, where we will
wish to choose Q carefully (in particular, we will need surfaces of =
const. to be null near .#1). Our conformal scale is described in detail in
Section 4.4, though an explicit expression for the conformal factor even
in the Schwarzschildean sector is not readily available (and will not be
needed).

4.3. Newman—Penrose Tetrads

On the physical spacetime M we define an NP tetrad (1%, m®, m®,n%)
by aligning [* and n® with outgoing and incoming null congruences re-
spectively such that wherever the metric g,;, agrees with the Schwarzschild

metric, the tetrad (1%, m®, m*, n®) takes the concrete form

1 1
(4.2) n® =0, — iF(T)ar, Ng = §F(T) du + dr,
(4.3) =0, l, = du,

r

1 )
4.4 b= — —_— =  Si
(4.4) m T (89 + sin08¢)’ Mg \/i(dé' +isinfde),

(4.5) m“zl(&g— ia), ma:—%(dG—isin9d¢)7

and extending sin#m® as a C¥-smooth (to avoid the singularity on the
sphere) complex null vector everywhere orthogonal to [* and n®. We as-
sume that the vector fields (% and n® are C*-smooth and real. We obtain a
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rescaled NP tetrad on ﬁby the rescaling (3.8)—(3.11). We assume that n®

restricted to £ is a generator of # and that V4§ is proportional to n®
on £ . We also assume that the vector fields (and their corresponding 1-

~ —
/\a/\

forms) (1%, m*, m ,n®) are all C*-smooth throughout a (modulo the usual
singularity on the spheres). We use I, to define a 3-volume form on .#*:

— R Tb

dv g+ =T A (imb Am )
Finally, we assume that the future-oriented unit normal T® to the hyper-
surfaces ¥; of constant time coordinate ¢t which approach .# 1 as t — oo is
independent of the angular vector fields (which is an assumption on the null
tetrad being adapted to the foliation). Then the normalisation g., 7%T° = 1
implies that T¢ is given by

1

4.6 T = an® + —1°
(4.6) + 3,
for some positive function a on Jl which extends smoothly to .#* and does
not vanish there. Since T should be invariant under rescalings of the NP

tetrad, the function a is a {1,1}-scalar. In terms of the rescaled tetrad T°
is then given by

02
T = an® + —1°,
2a
and becomes proportional to the generator n® of T on .#*. In the
Schwarzschild sector we explicitly have that the unit normal to surfaces

¥, of constant t is T* = F(r)~'/20;, which in terms of the physical NP
tetrad is given by

1
T = F(r)™'#n® + S F(r) /21",

Therefore here a = F(r)~"/2 =~ 1.

4.4. Structure of .

The topological structure of null infinity of all asymptotically flat asymp-
totically simple spacetimes is the same, and essentially identical to the
topology of null infinity of Minkowski space [53, 55]. Indeed, one has the
following theorem.

THEOREM 4.5 (Penrose, 1965). — In any asymptotically simple space-
time Ml for which .% is everywhere null, the topology of each of % is
given by

It~ 77 ~RxS?,
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and the rays generating .#* can be taken to be the R factors.

For these spacetimes future (or past) null infinity .# 7 is therefore a null
3-dimensional manifold ruled by the integral curves of n% VeQ. The pull-
back Gup to £t of the metric a1, gives a degenerate metric on £+ which
has signature (0, —, —). Moreover, there is still considerable conformal free-
dom® on £ once Q has been chosen to bring .7 to a finite distance:
if the physical metric g.;, was related to the rescaled metric by Gup, = Q2gab,
then for any w which is smooth and nowhere vanishing on .#+ the rescaling
Q ~» wo is still permissible, giving §a, = w?Gap. Here, by conformally sca-
ling the 2-spheres so that their metric is that of a geometric unit 2-sphere,
we may choose the conformal scale so that (minus) the induced metric on
7+ becomes

(4.7) di? =0-du® + gs

for a coordinate u with range u € R satisfying —@aﬂﬁau ~ 1 and du ~ 0.
In this scale the generators of #+ therefore map its cross-sections to one
another isometrically, making u a Bondi retarded time coordinate on %+
(cf. [55, (9.8.31)]). In this scale it (and i) are at infinity.

4.4.1. Spin and curvature coefficients on &+

Further information about the structure of #% is provided by the fact
that the physical spacetime Jl is assumed to be asymptotically vacuum in
the sense of Definition 4.3 (4). The trace-free part of the Ricci tensor

2

transforms under a conformal rescaling as

1 1
Dup = —= <Rab - 4Rgab>

~ ~ 1 ~ 1
(I)ab = (bab + Va’rb - zgabvcrc + TaTb - Z/g\ab/g\CchTd
~ ~ ~ 1 PPN
=P, +Q7'V,V, 0 — ZQ—lgabvcvcg.

One has, according to Definition 4.1, that 27 2R,;, has a continuous limit
on £, so multiplying the above by € and taking the limit Q — 0 ensures
that Q®,, ~ 0, and gives the asymptotic Einstein condition

. 1. o~
(4.8) VoVl = zgabVCVcQ.

(8)If this conformal freedom is employed to choose a scale in which Vait® = 0, the
equivalence classes of pairs (¢ap, %) related by the remaining conformal freedom (that
is, the conformal rescalings of the 2-spheres) forms the so-called universal structure of
FT [5].
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The normal VQ to £+ is proportional to n®, Vi & fn? for some non-
vanishing scalar function f, so the condition (4.8) reads

~ P 1. ~ ~
(4.9) fVanb+¢%Vaf2:Zﬁm(nyf4~Af)
Multiplying by 7. and antisymmetrizing shows that (see [55, (7.1.58)])
(4.10) ﬁ[aﬁbﬁc] ~(0 < (/V\ ~0, O~ ﬁ),

where the conditions on the spin coefficients 7 and i may be rapidly ob-
tained from the hypersurface orthogonal condition by contracting with
n*m® and T?L[“ﬁb] respectively. The vanishing of the spin coefficient 7 on
7T tells us that .# T is generated by null geodesics, whereas the condition
[l ~ [ says that the vectors n® are twist-free on .#%. Contracting (4.9)

with mem?, we also get

(4.11) X~ 0,

which is the statement that the vectors n® are shear-free on #+. We say
the hypersurface .# T is geodetic, twist-free and shear-free. Since the vectors
n% are geodetic on .# T, they are parallely propagated, ARe = Van® & sn®
for some function s, which vanishes identically if the geodesics are affinely
parametrized. Contracting with ?‘, one sees that the function s is given
by s = Zbﬁﬁa This is in fact the real part of another spin coefficient,
—(74+7) = lAaﬁﬁa, so the condition for the geodesics generated by n® on
#7* to be affinely parametrized is 7 + 7 ~ 0. It is always possible to
reparametrize a geodesic affinely, and here we will assume that the original
parametrization has been made to that effect. The condition for the imagi-
nary part of 4 to vanish, ¥ —4 = 0, can be translated as the statement that
the spinor field 74 has parallelly propagated flag planes, where n® = 7474,
If .#* is affinely parametrized with parallelly propagated flag planes, then
7 =~ 0.

We next make a further specialization of our choice of 2 so that near
T surfaces of 2 = const . are null, i.e. Ve = fn® near £, not just on
I+ (cf. [55, (9.8.29)]). Then AQ = 0 = 5Q near .#*, and the remaining

components of (4.9) imply that
(4.12) =0T

and

bf ~
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In fact, AN~ 0~ i may have been deduced directly from the form of the
metric (4.7). With these conditions (4.9) further implies
(4.13) b'f~0=~0f,
and, as in (4.10), we now have
=0 and a=7on

near #1, not just on #*. Now the condition —@a9§au ~ 1 may be
rewritten as E' u = —f~1; recalling that du =0 and commuting B’ into this
equation, one finally derives

7 = 0.
This is the condition for the choice of parameter v and the scaling near
7 to be a so-called Bondi system. We therefore have the following.

PROPOSITION 4.6. — On any given Corvino—Schoen—Chrusciel-Delay
spacetime Jl there exists a conformal scale, a choice of NP tetrad
(?“,ﬁla,ﬁa,ﬁa), and a choice of Bondi time coordinate u such that the
metric on . is given by (4.7),

and

)
I
o
)
=
a
=)
|
=)

in a neighbourhood of 2 = 0.

In addition to the asymptotic Einstein condition (4.8), we further as-
sume that our spacetime satisfies the so-called strong asymptotic Einstein
condition.

DEFINITION 4.7 (Strong asymptotic Einstein condition). — A Corvino—
Schoen—Chrusciel-Delay spacetime Al is said to satisfy the strong asymp-
totic Einstein condition if it satisfies (4.8), and

(4.14) (I\loz(fllm(l\lgm\/l\lg,%(l\qza
the \Tll ’s being the components of the (rescaled) Weyl tensor.

Remark 4.8. — The strong asymptotic Einstein condition holds if the
physical spacetime satisfies Rap, o< gap near £+ ([55, (9.6.32)]). In particu-
lar; all vacuum CSCD spacetimes satisfy the condition, of which there are
an infinite-dimensional family [16].

PROPOSITION 4.9. — In the setting of Proposition 4.6, the strong
asymptotic Einstein condition (4.14) further implies

@22 ~0~ CI)21.
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Proof. — This follows straightforwardly from the curvature equations

Pii— 0=~ — [A? + 5% — 7 — Dy
and
fi—OAN=7(—fi+70) +7(7—p) + U3 — yy. O

The conformal factor 2 that we have specified in this and the previous
section is the analogue, for the spacetimes of Corvino—Schoen—Chrusciel-
Delay, of 1/r on the Minkowski spacetime.

4.5. Construction of Gauge

In order to recover the main aspects of the scattering construction on
curved spacetimes, we must choose an appropriate gauge in which 21 ~ 0.
In the case of Minkowski space, this was achieved by the temporal gauge,
and then there turned out to exist a suitable second-order reduction of
the Coulomb gauge which allowed us to recover 20 on #T, and which
made the equations non-singular up to .# . This construction cannot be
carried over, however, as in a generic curved spacetime of Corvino—Schoen—
Chrusciel-Delay type if one imposes the Coulomb gauge V - A = 0 on the
slices (X¢, hap) with normal T* = an® + %ala, the component a = T%A,
no longer satisfies an unsourced elliptic equation. Instead, a satisfies an
equation of the form

Aa=k- fo+ (VK)- f1

for sources fy and f;. The presence of the extrinsic curvature x of ¥,
therefore generically prevents a from being zero, making the Coulomb and
temporal gauges incompatible.

Choosing an appropriate gauge is therefore a non-trivial problem. At the
outset, one has two distinct classes of gauge conditions to consider: those
defined in the physical spacetime Jl, and those defined in the rescaled
spacetime JL. On the rescaled spacetime, of the common gauge fixing con-
ditions (temporal, Coulomb and Lorenz), none give any useful information
on #7T: the temporal gauge only relates two components of Ea in J0 but
is otherwise severely incomplete (the rescaled field equations for Ea are
not hyperbolic), the Coulomb gauge with respect to any foliation which
intersects . transversely is clearly not adapted to the problem, and the
Lorenz gauge produces a PDE on .+ which involves transverse derivatives,
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and is therefore not intrinsically solvable at finite energy regularity® . One
is therefore naturally led to consider imposing a gauge condition in the
physical spacetime L. It turns out that the physical Lorenz gauge and the
physical temporal gauge both reduce to Al ~0on T whereas the phys-
ical Coulomb gauge reduces to the slightly weaker condltlon b (aA ) ~ 0.
Of course, the temporal gauge still suffers from the fact that it is an in-
complete gauge fixing condition. The Coulomb gauge with respect to the
asymptotically null foliation ¥; turns out to have a potentially useful (but
messy) expansion in powers of {2 near ., but at second order (where we
would expect to find the equation for 21\0) happens to contain a transversal
derivative of 121\1 which is problematic to deal with. It turns out that a cer-
tain combination of the three is needed. We will impose the physical Lorenz
gauge throughout 4, and subsequently use the residual gauge freedom to
fixa=0=V-A on X, and impose the condition E[ll] = Q714 ~ 0
on #T. Unfortunately, the residual gauge transformation needed to set
a=0=V-A on ¥ may in general be incompatible with the one needed
to set 121\[11] ~ 0 on # . Our gauge will therefore break the Lorenz gauge
condition in the interior of Jl, away from a neighbourhood of ¥ and away
from a neighbourhood of .#+. We describe the construction in detail below.

4.5.1. Condition on #+

Suppose for the moment that we have a smooth solution A\a on J{ which
extends smoothly to .# 7. Note that, by the smoothness of /1//6\, for any scalar
field ¢ which vanishes on .# 1, ¢ & 0, there exists another scalar field ¢l
which extends smoothly to .#* and which satisfies ¢ = Q¢! (Remark 4.4).
In particular, the spin coefficients ’)\\, 7, 0, T, 7 are O(Q) near £t (and
7 =0 near .#1). Using that VeQ = fA® near £+, we compute

(4.15) Q?v, A°
=V, A% — 27, A°
= —QQ_lfA\l + BA\l - 2121\1 Reﬁ+ E/A\O - 2Re(8§2) + O(Q)

Imposing
VA =0

(9 While it is true that in principle transverse derivatives on .#1 of solutions to the
wave equation are expressible as integrals along the null generators, this requires the
data to have at least two derivatives in Lfoc(f *), which we do not assume.
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throughout /U, the leading order O(Q2~1) in (4.15) implies that in the limit
Q-0

(4.16) A ~0.
Writing 4; = Qj[ll]’ we then may rewrite (4.15) as
— AU £ B A, — 2Re(343) + O(Q) =0,
which becomes
(4.17) —fAY 4 P Ay — 2Re(34,) & 0
in the limit  — 0. This is nearly the second order gauge reduction that
we seek, with the exception of the term — fg[lll. Now the residual gauge

freedom in the physical Lorenz gauge V,A% =0 is A, ~» Ay + Vi Xpes. for
any Xres. such that

(4.18) Oxres. =0 on L.

A direct rewriting of this equation in terms of rescaled quantities gives
~ 1 -~ oy

(419) Dchs, + 6 (R — RQ 2)chs. = Oa

where Yres. = 2 'Xres.. We have the following.

LEMMA 4.10. — The equation (4.19) for the residual gauge transfor-
mation Yres, is non-singular up to £, and in fact in our conformal scale
(Proposition 4.6) reads

(4.20) OXees. + 20N fXres. = 0
near .+, where il = Q1.

Proof. — The fact that the quantity R — RQ2 is non-singular up to
#* may be read off directly from the asymptotic Einstein condition (4.8).
More concretely, a calculation using V%Q = fn® shows

1, N N P _

E(R ~RQ7?) = VT, — §*°Y, Ty, = 20D log @ = 2" £.
On 1, RQ2 in fact tends to zero by the asymptotic Einstein condition,
so 2A = ﬁR ~ pl!lf. Since in our conformal scale the metric on &+

is given by (4.7), one also has D1+ A ~ 1 (this is the statement that

Py + A is one half of the Gaussian curvature of the unit 2-sphere on

I+, see [55, (9.8.33)]). Altogether therefore fil' f ~ 1 — 2®; ~ 2A. This

also shows that generically 7i only vanishes to first order on .# T, unless
! b

(511%§<:>A%0. O
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PROPOSITION 4.11. — In the physical Lorenz gauge we may perform a
residual gauge transformation near S to set
2[11] ~ 0.

Proof. — Here we assume!?) that ﬁa is supported away from 3 and
that 2[11] — 0 at i* in the conformal scale of Proposition 4.6 (that is, that
the physical component A; vanishes to second order at 7). By density, we
can therefore assume that /T g | 7+ is compactly supported. Clearly there
is nothing to be done outside of the support of A[ ]| #+. Now in the neigh-
bourhood of .#+ where AQ = 0 = 6Q a residual gauge transformation
sets

Ay oo Ay + D (Wres) = (AT + D' Rres )
Ag ~ Ag + E(Qires.) = Ap + [Xres. + 2D Xres.
and R R R
Ag o Ag + Q6Xres. -
This gives
D' Ag o B Ao + P Rres. + Rres. DS + ' Dires.
so that, using (4.13), one sees that (4.16) and (4.17) are residual -gauge-

invariant on £, and A[ I'is transformed according to A[ LN A b’ Yros. -
In Lorenz gauge, we therefore put
(421) Vo= [ A

on .t which has the effect of setting g[ll] ~ 0 in the new gauge. It remains
to show that we can solve (4.20) for Xyes. with this data. Introduce a short
outgoing null hypersurface H which intersects .#* in the future of the
support of A\[11]| s+, and prescribe constant-in-v data for X,es. on H (the
function on the intersection sphere chosen in such a way that it matches
the values of Y\, on H N .#%). Then X/, , as defined in (4.21), is H} on
the union of H and the part of #* in the past of H, so we may apply
Theorem 3.13 to solve (4.20) for Xyes. in a neighbourhood of .. O

Remark 4.12. — By the smoothness of the spacetime, the condition
2[11] ~ 0 implies that 2[11] = O(Q), and therefore A; = O(Q2?) near .#+.
In this sense this residual gauge condition is reminiscent of the temporal
gauge near & .

(10) For a solution arising from smooth compactly supported initial data on X, this is
always true; see e.g. [32].
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Imposing this residual gauge condition on .#*, we obtain from (4.17)
the second order gauge reduction on .#*

(4.22) 0, A¢ ~ 2Re(dA4y).

Finally, we show that the rescaled field equations are non-singular up to
# . In the physical Lorenz gauge the field equations (2.4) (cf. (3.25)) on
M read

(4.23) 04, — Va(2Y,A%) + Rap A = 0,

so it suffices to show that the quantity T(lﬁa is regular near ) = 0; but
in our conformal scale ToA® = fg[ll] near .#*, which has a continuous (in
fact vanishing) limit on .#*. Note also that (4.23) are a system of linear
wave equations in this gauge.

4.5.2. Condition on ¥

On the initial surface X, we will need the conditions a = 0=V - A in
order to define function spaces of initial data for the potential.

PropoSITION 4.13. — In a neighbourhood of the initial surface ¥ we
may perform a residual gauge transformation in the physical Lorenz gauge
to set

Ay =0=V-Als.

Proof. — Suppose we have a smooth solution A, in a neighbourhood
of ¥. The residual gauge freedom is (4.19), so that on ¥ we may freely
prescribe Xyes. and VopXres. = %)’(res,. Performing a residual gauge trans-
formation,

a -~~~ a4 %Xres.;
so we simply set Xyes.|s = —Na|s. Also,

V-A~v» V- A+ Axpes.,
S0 for Xyes. We set
Xres.|2 = A_l(_v : A|E)7

with the boundary condition that y,es. — 0 at i® (the existence of such a
Xres. 18 provided by the Lax—Milgram lemma). We then propagate yyes. &
short time off ¥ according to (4.19) to obtain the gauge near the initial
surface. O
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Altogether, we therefore impose V, A% = 0 throughout 4, which directly
leads to the condition A; = 0. Using Proposition 4.13, we obtain a x%_
in a neighbourhood O° of ¥ which sets aly = 0 = V - A|x, and, using
Proposition 4.11, we obtain a Y., in a neighbourhood O! of #+ which
sets 2[11] ~ 0. In general there is no reason for x%. to be equal to QyL, , so
we interpolate smoothly between the two in the region between ©° and O!.
This procedure will break [x;es. = 0 in the interpolation region, and hence
we will no longer satisfy the Lorenz gauge there. Therefore in this region
we will work with the Maxwell field F,;,. This will present no difficulties as
we will simply need to solve a regular Cauchy problem a finite time into
the future (or past) here.

P
O': Lorenz and Al ~ 0

It It

O°: Lorenz and a|s, =0=V - Alg

Figure 4.1. Construction of the gauge on a generic Corvino—Schoen—
Chrusciel-Delay spacetime.

4.6. Energy Estimates and Scattering Data

THEOREM 4.14. — For smooth compactly supported Maxwell data on
> one has the energy estimate

(4.24) Egr f_v/ 1P dv yr ~ / (|E? + [B|?) dvs ~ &s.
g+ b

Proof. — The full details of the proof are given in Appendix A. Recall
that the energies are defined by (3.22). For clarity, we point out that the
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estimate is performed in three regions separately, a neighbourhood U° of
i?, a neighbourhood U™t of iT, and an intermediate region U. In U° we
use the Schwarzschildean Killing vector field 0; as the multiplier, which
immediately gives the above estimate near i°. In U we use the multiplier
—@“Q; this decomposes into a term proportional to n* and a lower-order
term decaying like 2, which depends on the remaining vectors in the tetrad.
Finally, in U we use a mutiplier which interpolates between the one in U™
and the one in U°. g

4.6.1. Space of initial data

We construct the space of initial data on 3 by working with the physical
potential A,. We compute, in general, the expressions for the electric and
magnetic fields

E, = 7hZVTAb — CthVTTb + V,a— Abliab,

4.25
( ) Ba == gabCVbA(H

where e, is the volume form on X. Noting that on ¥ we have a|s = 0,
this gives

(4.26) E.|s = ( ROV A, — Awab) \E

In turn, we find
/\E|2dvz:/|VTA—A~/<;|2dvz,
2 =

where (A - k), = Ab,%ab7 and the squares are with respect to the positive-
definite metric h,p, on X. Next, for A € C°(X) we have, using the Coulomb
gauge on X,

/|B|2dvE:/ |IVA]? - R;;A"A7 dvy,
b b))

where R;; is the Ricci curvature of (X, hap). If the Ricei and extrinsic
curvatures of ¥ are bounded, then it is easy to see that for (A, VrA) €
H'(X) @ L*(X) one has the estimate [|E[|7:x) + [|BlIZ2x) S A5 5 +
IVTA[Z2 5

We claim that there is a one-to-one correspondence between (E,B) €
L3(¥)? and (A, VrA) living in a suitable Hilbert space. Suppose we have
B € L(¥) with V - B = 0 in the sense of distributions. By the Poincaré
lemma, we know that there exists A € D'(X) such that B = V x A,
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where (V x A); = eijijAk. We impose that V - A = 0 in the sense of
distributions. By the above energy identity, we have

JAIR,: < IBIZ: + / RiATA7|dvs;.

This may be written, using Hardy’s inequality on ¥ ([21, eq. (1.1)]), as

(4.27) 1AL < IBIIZ: + Col A7,

where
]2
6= ||r RHLOC(E)'
For § small enough this implies A € H'(X). That is, we assume that the
Ricci curvature of ¥ is sufficiently small on all of X,

(4.28) Cé < 1.
Since in the Schwarzschild sector the Ricci curvature is given by
-2
R, = % 1,

1

this is automatically satisfied for » > 1, and amounts to a smallness as-
sumption on m if the Schwarzschild sector happens to contain a region of
small r. Now differentiating the expression for B and using the Coulomb
gauge, we find

(4.29) AAj +Ry;AT = —(V x B)y.

It is clear that V x B € H~1(X), but in fact also V x B € H~!(X), where
H~1(%) is the dual space of H'(X). This follows from the fact that C°(%)
is dense in H'(X) and integration by parts, as in analysis of equation (3.47).
Similarly, if A € H(X), then AA € H~(X). Further, since R¥; on the
Schwarzschild sector decays like ~ mr—3, then by Hardy’s inequality as
before, we have Ry;A7 € H~(X). The operator (PA); .= —AA;—Ry,; A’
therefore maps H'(X) — H~1(X), and is continuous, elliptic, formally self-
adjoint and coercive (as a consequence of (4.28)),

where
D(U,V) = / U*(PV), dvs.
by

To get uniqueness of A, it remains to investigate the kernel of the curl
operator. We claim that on H'(X) this is equal to the kernel of P, which in
turn is trivial on H'(¥) under the assumption (4.28). Indeed, ker P consists
of those potentials A € H'(X) for which V x B = 0, i.e. by the Poincaré
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lemma B = V¢ for some ¢ € H'(X) (precisely because B € L?(¥)). But
one also has V - B = 0, which together imply A¢ = 0. Since ¢ € H'(X), it
can be approached by ¢,, € C°(X) in H'(X), so, as A¢p € H (%),

0:—/E¢>nAd>dVg :/Ewsn-wsdm — \|¢||§II(E).

Hence V¢ = B = 0. Then, for B =0, A = 0 follows from the coercivity of
P. We therefore define

(4.30) HE(x)e!
= {A<0> cH'(D): V-AO =0, ¢/*v,;A0 € LQ(Z)}.

curl

The equation (4.29) therefore has a unique solution in H},(£)°™!, which we
write as A(®) = P~1(—V x B). Note that, by construction, C2°(X) is dense
in HL ()™ because C2°(X) is dense in L?(X), and the choice of norm on

H}(2)e™! is precisely the norm on B.

Remark 4.15. — For unrestricted 0, due to the lack of positivity of the
spacelike Ricci curvature and the fact that ¥ is unbounded, we expect the
precise control of the kernel of P to be a very delicate question.

Given A©® ¢ HL(X)*! and E € L?(X), we then reconstruct the time
derivative component of the initial data from (4.26),
A = —nVrA, =B, + (A k) .

Since E € L?(%), A® € L2 (%) and k € C*(X), we have A € L2 ().
Moreover, since  vanishes in the Schwarzschild sector, in fact the L? norm
of AM is controlled by the L? norm of E plus a constant, i.e. A() € L?(X).
We therefore have a bijection

Int: L2(X) @ LA(X) — HL(XZ)™ @ LA(D)
(B,E) — (A, AM) = (p—l(_v «B)), E+A©. ,ﬁ).

Our space of initial data for the components (A, A) is therefore H} (X))@
L?(X), the elements of which, by construction, are in 1-to-1 correspondence
with pairs of fields (E,B) € L?(X)%.

For completeness, we also observe how to prescribe data for the compo-
nent a. Our gauge implies that

(4.31) (a0, Vra)ls = (0, A . Vlog N).
Certainly (a, Vra) € C°(X) ® L2 .(X). In the Schwarzschild sector in fact

loc

log N = 1log(1 —2mr~1), s0 A . Vieg N ~ %A&“, so Vra decays one
order faster than A i.e. Vra € L?(X) by Hardy.
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4.6.2. Space of scattering data

As in Section 3.4, the condition (4.16) also implies dA;, ~ 0, and by
Proposition 4.6, the expression (2.8) for F's on .# T reduces to

132 ~ —GUZAQ.
Hence
(4.32) / |Fol?dvys = / |0, Ao|” du A dvge .
S+ S+
Suppose we have ﬁg € C®(F 1) supported away from i°. We then put

(A

A = —/ Fadu e C™ (oY),
— 00

which remains supported away from i°. Using the construction in Sec-

tion 4.5.1, we then define

and " .

A¥ ::/ 2Re(822)duecoo(f+).
We then define the space H'(F+) ~ H'(Ry,; L?(S?)) of scattering data
by completing (Al, A, AT) € C®(I+) x C(FT) x C°(F1) in the
norm (4.32), as in Definition 3.8.

4.7. Trace and Scattering Operators
4.7.1. The forward Cauchy problem

Suppose we are given (A, AM) € €2(2)2N (AL (X)*! @ L?(X)) such
that V- A = 0. We obtain (a, Vra) € C°(X)? using (4.31), and then re-
construct the initial fields on 3 using (4.25). We therefore obtain a smooth
compactly supported F ab|s, which we propagate in M as we did in Theo-
rem 3.4 (see [45, Lemma 2.4]). We thus obtain a smooth F,j, on .#+ which,
by finite speed of propagation, is supported away from i°, and which satis-
fies the estimate (4.24). On .#*, we reconstruct the potential as described
in Section 4.6.2. We therefore obtain a linear operator

T CX(2)2 N (HL(Z)™ @ LA(D)) — HY (#T)
(A%, AD) s (AF, AT, A7),
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where
u

(As.a.ag) = ([

This extends by density to a bounded linear operator

2Re(8§2+) du, 0, ﬁ;) .

(4.33) T HLE) ™ @ LX) — H (I7).
4.7.2. The Goursat problem

To show that the operator (4.33) is invertible, it now remains to show
that we can solve the Goursat problem from data in a dense subspace
of H'(#1), and that the solution gives rise to a unique (A(®, AM) ¢
HL (D)™ @ L2(X). We have the following.

THEOREM 4.16. — For every triplet

(ﬁg,ﬁr,ﬁ;)

—0o0

- (/ 2Re(82;) du, 0, E;) €Cx(IT) xCx(IT) xCX(IT)

with //1\:{ supported away from i° there exists a unique solution
A, € CO(H(M); HY(S,)) NCH(t(AL); LA(,))
to (4.23) which in particular satisfies (A0, A®M) € HL () @ L2(%).

Proof. — We proceed as in Section 3.4.3. Suppose we are given data
(23_ , ﬁf, j;) as above. Working first in the neighbourhood of .# T in which
our gauge holds, and subsequently working with the field, we solve the
Goursat problem in two steps. Introduce a short outgoing null hypersurface
‘H which intersects .# T in the future of the _support_ of A2 , as shown in
Figure 3.3. In the future of H, the data for A1 and Ag is identically zero,
whereas the data for //1\0 is a constant, say 121\0 ~ (. Therefore the field
F,p, there has identically zero data on £+, ﬁg = F\f = ﬁ;r = 0. Briefly
changing conformal scale in O to bring i+ to a finite distance, we may solve
a wave equation for ﬁab in O, the solution to which, by the uniqueness
part of Theorem 3.13, must be Fap, = 0. Change conformal scale back to
that of Proposition 4.6. We therefore have that in OF the potential is pure
gauge, F ab =0 = A = Vax, where we use the Poincaré Lemma to
obtain the existence of such a x € HZ_(OT). A priori x is not unique, but
we recall that our solution satisfies the gauge constructed in (4.5.1). This
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imposes the conditions Oy = 0, B’(Q’lx) ~ 0, and Agzx =~ 0. We have
already seen that the equation Uy = 0 is equivalent to

Ox + 23t fx =0,
where ¥ = Q7 'y, so to obtain uniqueness we need only fix the data for ¥
on £ T NO+. We compute

b ) = —f 'R+ 0 by,
which, noting that Ex ~ Cp, implies that we should have
52 ~
f
and so this fixes y in O
By restriction to H of b)@ b’x and 6)(, we therefore obtain H! data for
Ag, Ay and Ay on H. Since the full data is now H}(H U (#+ N O-)),
we may apply Theorem 3.13 from H U (£ N O~) to solve (4.23) in the
region O~. We thus obtain a solution A, to (4.23) in the neighbourhood
OTUO~ C O of # which has the regularity
A, € CO(H(M); HY(S)) N CL(H(AL); L2(%y)).
On a slice ¥y, t' < 0o, contained in OF UO~, we now reconstruct the phy-
sical field Fiylx,, € L2(Zy) from A, = A, and propagate Fy;, backwards in
time to X. We thus obtain (E,B) € L?(X)? on X, and, using the operator
Int constructed in Section 4.6.1, we obtain
(AQ, AW = Int(E,B) € HA(X)™™ @ L*(Y). O
COROLLARY 4.17. — The trace operator T+ defined in (4.33) is invert-
ible, and maps
(T AN (I — BLE)™ @ L2(D).
Proof. — This follows from Theorem 4.16 and the discussion in Re-
mark 3.12. g

We may perform the same construction towards past null infinity, and it
then follows immediately that the composition T+ o ()~ ! is an isomor-
phism. We conclude with a definition as in the case of Minkowski space.

DEFINITION 4.18 (Scattering operator on CSCD spacetimes). — We de-
fine the scattering operator for Maxwell potentials on Ml to be the isomor-
phism of Hilbert spaces

S =Tt o (T7) T HN(IT) — HI (ST
(40,404, ) — (47,4, A7),
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where Ei" =0= ﬁg, and
~ uw ~—+ ~ v =
Al = / 2Re(04, )du and A = / 2Re(04, ) dv

—0o0 — 00
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Appendix A. Proof of Energy Estimates for Maxwell
Fields

In this section we prove the energy estimate (4.24). For convenience, here
we shall use spinor notation. A real Maxwell field Fy;, can be decomposed
into its self-dual and anti self-dual parts that are complex conjugates of
one another,

Fap = ¢aBEa'B + PaApEAB,
with ¢aB = ¢(aB); €aB and its complex conjugate £x-p: are the Levi-Civita
symbols, the symplectic forms on the left- and right-handed spin bundles
S4 and SA/7 such that g.;, = eaearp’. Under a conformal rescaling g1, =
02¢ab, dap transforms as $AB = QO '¢ap and the Levi-Civita symbol as
gap = Qeap. The Maxwell field is then invariant under conformal rescalings

and we have ﬁab =F, = ngABsA/B/ +€AB¢A/B/ In a normalized spin frame
{oA A} the components of (/ﬁAB correspond exactly to the components of
Fap, ¢z= Z,Z—O 1, 2, where

$o = pap 0" 67, 61 = 0ap 0%, and ¢y = gap i 7”
Maxwell’s equations reduce to equations on the self-dual part ¢ap that are

conformally invariant. On the compactified spacetime and for the rescaled
self-dual Maxwell spinor, they have the following form

(A.1) VAY Gap = 0.
The natural stress-energy tensor (2.5) has a very simple expression in terms

of the spinors <$AB and QASA,B/, given by

~

(A.2) Tup = GABOAR -
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The tensor 'T‘ab is symmetric, conserved on-shell, and conformally covariant
with weight —2. Let ¥ = X be the {t = 0} slice in our asymptotically null
foliation {3} of M. We denote by J* the future of ¥ in M and by M+
its closure in J(. Let 7% be an observer (a timelike future-oriented vector
field) on U that aligns on .#* with its null generator. Defining the energy
current

(A?)) ja = Tb’fabv
we have, for <$AB a solution to (A.1), the approximate conservation law
(Ad)  9Tu= 9 (PBandan) = T andan

The energy of the field on a given spacelike hypersurface S is simply the L2-
norm of ¢ap on S, with measure induced by gap, and a weight associated
to our choice of observer 7%. More precisely,

-~

(A.5) Eslo) = / Jar® (v 3 dv),
s

¢ is a normal vector
field to S compatible with the orientation of S (i.e., future-pointing), and
v® is a vector field transverse to S such that v*v’g,;, = 1. Since the stress-
energy tensor has conformal weight —2, 7¢ has weight 0, v and v® can be
chosen to have weight —1 and dv has weight 4, it follows that the energy
flux (A.5) is conformally invariant, i.e. conformally covariant with weight 0
(see also (3.22)).

For the purpose of proving the estimate (4.24), we decompose ™ into
three distinct regions:

(1) a neighbourhood U? of 49,

where dv is the 4-volume measure associated to gap, v

U® = {u < up} for a given ug < —1;
(2) a neighbourhood U™ of i*,
Ut = {7 > 1} for a given 70 >> 1,

where 7 is the parameter of the foliation transverse to .#+ shown
in Figure 2.3;
(3) an intermediate region U := M+ \ (U U UT).
We obtain energy estimates in each region separately. Since the energy
flux (A.5) is conformally invariant, we may work with different conformal
factors in the different regions. However, we must choose our observer 7¢

so that it is continuous and in fact smooth on J.
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In the region U, we work with the conformal factor 2 = 1/r which pre-
serves the timelike Killing vector K*9, = 0; = 0,, on the Schwarzschildean
neighbourhood of i®. Here we choose K® for our observer,

T4 = Oy .

This gives immediate energy identities in the region U°.
In the regions UT and U, we make use of special features of .#+ and
choose a conformal factor 2 such that:

(i) 4T is a finite regular point of the compactified spacetime (//ﬂ\ﬂ Jab);
ﬁab =0atit;

R and 7¢R,;, vanish on £+, where 7% is the null generator of .7 +;
—V4Q is timelike and future-oriented in U+ \ .#* and null and

future-oriented on UT N .#+.

The existence of such a conformal factor was established in [45, Lemma A.1].
We work with a normalized spin frame {64,7%} and a Newman-Penrose
tetrad (1% = 45", e = 047 " = 3" 74, A% = 74" ) on M* such
that 1% and A® are real and future-oriented, smooth on JU™ \ i*, bounded
and non-vanishing at ¢*, and n° is the null generator of .# . We assume
in addition that the vector field 1% + 7% is hypersurface orthogonal. This is
not a critical assumption; it may be easily removed if desired, but it turns
out to simplify the following estimates.

A.1. Energy estimates in U™

In this region we put 7¢ := —VQ). This has the following decomposition
along our null tetrad,

V0 = 7 + Q(COT“ T o + czﬁa) ,

where ¢y ¢; and cp are smooth on J ™, ¢y and ¢; are real and positive on
A+ \ ¢* and ¢q vanishes at i*. Here one might be tempted to work with
the foliation by the level hypersurfaces of 2. The energy density on these
slices is given by the quadratic form

T VEQVQ = || + O(Q).
This is a natural foliation to choose as in the limit Q2 — 0 it accumulates
on £ indeed, this is the foliation that was used in [45]. However, this also

means that the energy on the slices degenerates as {2 — 0, and therefore in
order to estimate the error term by the energy one needs to split the bulk
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integral of the error term and extract additional decay near . from the
3+ 1 splitting of the 4-volume form. It is much simpler to choose a foliation
transverse to £ whose normal vector field is given by
a_ L i a
vt = —(l +n ) .

V2

For this choice, the energy density becomes
b 1

(A.G) r/]E‘abTal/ = ﬁ<01|$2|2+01|$1|2) JFO(Q)

The advantage of such a foliation is that it does not degenerate near £+,
and the associated 3 + 1 splitting of the 4-volume form does not induce
any additional decay. It is therefore enough to show directly that the bulk
error term is controlled by (A.6).

The Killing form of 7¢ is

§(a7—b) = —%m%b)ﬂ = —ﬁaﬁbg,

and its behaviour can be understood using the conformal transformation
law of the trace-free part of the Ricci tensor ®,;, and the asymptotic Ein-
stein condition (4.8). We first note that it splits into two parts,

Vars = Viay = =V aViy 12 = Vi a Vi) s)Q

(EQ)/g\ab - ﬁA’(AﬁB)B’Q .

1
4
The first part will not appear in the divergence of the energy current.
Indeed, due to the symmetry of ¢ap, (A.4), we have

Ea%AB;?A/B, = EABQZABEA/B'ZA/B, =0.
Therefore (A.4) becomes
VT, = —(@A“A@B)B/Q)d?ABZA/B, :
The conformal transformation law for @,y is given by
Do, = Do, + Q_1§A’(A§B)B’Qa

so, recalling the assumptions that ®,, = O(QQ) and that &Jab is smooth
at £ UiT, we infer that the asymptotic Einstein condition (4.8) may be
rewritten as

(A.7) —VaraVpypQ = Q0. — Qb = Qb,;, + O(Q%).
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Decomposing CI)ab and ¢AB along the spin frame {04,724},
the leading order part of the error term as follows (omitting the factor of
for the moment),

We can express

PP, = PP ¢AB¢A,B,
= q’oo|¢o|2 + 4<I)11|§$1|2 + ‘322|¢A52|2 - 4Re<§’01$0$1)
- 4Re<<§12$1$2) + 2Re(</1502$0$2> .

We now recall that our conformal factor  was such that (i) ®,;, and R
vanish at i7, and (ii) n°®,p, and R vanish on . We have

R,y = P17y — Doy iy, — Poying + Paoly,
SO :1511, 521 and </1522 vanish on .#1 and are therefore such that
[111] = Q lq) 21\3[211] = Q_l(/ﬁzl and (/}5[212} = Q_1$22

are smooth at .# 1. Hence, we can decompose the divergence of the energy
current into terms that are of order O(Q), O(Q?), and higher:

VT, = Q(‘f’00|$0|2 - 4R€@01$0E) + 2Re(‘£o2$o@))
+ 02 (1801612 + 5)10al* — 4Re(8046165) ) + O(02).

This error term is easily controlled by the energy density (A.6). We can
therefore obtain energy estimates in both directions on U™ using Gronwall’s
Lemma. This is done as follows. We start from the energy identity

(A.8) Egp —En. = [ Vo .dv,
k) 0 U+

where f;g is the part of .#* in the future of X

Forward-in-time estimate

Assuming that the parameter 7 of the foliation {E }r of M ranges from
0 to T, we introduce the hypersurfaces S;, 7o < 7 < T, in JlT that are the
union of ¥, and the part of £+ in the past of ZT and in the future of ETO
Then (A.8) can be rewritten as follows,

Es, zgsfo + +§‘1faa§
U
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from which we infer an estimate using the control of the error terms by the
energy density obtained above:

T
5ST < EST —|—/ 557_d7'
0 7_0
We also have the intermediate inequalities
&s, — &, / Es, do.

Hence by Gronwall’s inequality, we obtain,

8']4» S EZT
To 0

Converse estimate

In this direction, we simply use the foliation {X;},. From (A.8) and the
control of the error terms, we have
T
< / SET dT,
-

0

gﬂ:’ - 527—0
0

whence .
5270 < €K¢+ +/ Es. dr.
- .

We also have the intermediate estimates for 7o <7< T

T
EET g E]Jr +/ gzng’.
N .
Gronwall’s estimate therefore gives
gz S (C/']+ .
7o

o

A.2. Energy estimates in U

On U, we choose our observer 7% to be
T4 = dlﬁa + Q(dolA“ + d2’fr\la + Cgﬁa)
where dy, di and ds are smooth functions on U that agree with ¢y, ¢; and
co at the intersection with Ut are such that 729, = 8, on U NU° and d
and d; are positive on U. As we did on U, we choose a foliation transverse
to .# T whose normal vector field is given by

V(L

1 ~
= — (" +7%).
VAR
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The associated energy density on the slices is then

L(d1|€/f>\2\2 + d1|$1\2) +0(9Q).

(A.9) jaua = ’i‘abTaVb = 7

The error term has the form
VT, = v (Q (dolAb) + doi® + dy ﬁb)) + dlﬁ“)’fab

= Qv (dolAb + dom® + dy %b) Tab

I

~

+ (@“Q) (doﬁ’ + dyin® + cEﬁb) T,

II

+ (Wdl)ﬁb)ib n dﬁwab))fab.

II1 v

In order to establish that the error terms are controlled by the energy
density on the slices, it is enough to simply show that no error term without

a factor 2 involves either $0 or $0. The term I is a quadratic form with
bounded coefficients and an overall factor of €2, so it is controlled by the
energy density (A.9). To estimate II, we decompose the gradient of §2 along
our Newman—Penrose tetrad,

Ve = e;n% + Q(ellA‘l + e + aﬁa) .

Since the only term in VeQ that does not have a factor of Q involves
the tetrad vector n®, the terms from II without a factor  also do not
contain 50. Therefore, II is controlled by the energy density. The term III
involves only |¢;|? and |$2|2 with bounded coefficients and is therefore also
controlled by (A.9). The fourth term requires the most care. We decompose
Vent along our NP tetrad,

~
~

(A.10) Vent =T ARY + 7 DA — mesn’ — ' o,

and note the following transport equations along the NP tetrad for n® (54,
(4.5.28)]):

(A.11) D’ = -+’ +7ml +7m
(A.12) 3t = —(B+ AR+ amd + A,
(A.13) o = —(@+ Bt + amb + 7
(A.14) ARY = —(F+ 7R +omb + 7 .
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The right-hand side of (A.10) therefore involves no 11 term, so |g’50|2 does

Ta A~ ~—=b .
not appear in term IV. However, any term involving 1*m® or 1%m will

o~ =

produce a product involving either ¢g or ¢g, and these terms must contain
a factor of () in order to be controlled by the energy density. We therefore
need to take a closer look at the contributions of the first, third and fourth

=

terms in (A.10). The potentially dangerous terms are those involving A
in (A.12), A in (A.13), and ¥ and 7 in (A.14). But both A and ¥ vanish on
F T\~ 0=V, as a consequence of the asymptotic Einstein condition (4.8)

~

(see (4.10), (4.11)); indeed, the vanishing of the spin coefficients 7 and A on
7T simply restates the fact that # ™ is geodetic and shear-free. Therefore
these spin coefficients decay like O(€2) towards #+, and it follows that the
error term is controlled by the energy density on the slices. Then energy
estimates on U can be obtained by means of Gronwall’s estimates in much
the same way as on U™.

BIBLIOGRAPHY

[1] R. A. Apams & J. J. F. FOURNIER, Sobolev spaces, 2nd ed., Pure and Applied
Mathematics, vol. 140, Academic Press Inc., 2003.

[2] F. ALFORD, “The Scattering Map on Oppenheimer—Snyder Space-Time”, Ann.
Henri Poincaré 21 (2020), no. 6, p. 2031-2092.

[3] M. M. ALt MOHAMED & J. A. VALIENTE KROON, “A comparison of Ashtekar’s and
Friedrich’s formalisms of spatial infinity”, Class. Quant. Grav. 38 (2021), no. 16,
article no. 165015 (39 pages).

[4] Y. ANGELOPOULOS, S. ARETAKIS & D. GaJIiC, “A non-degenerate scattering theory
for the wave equation on extremal Reissner—Nordstrom”, Commun. Math. Phys.
380 (2020), p. 323-408.

[5] A. ASHTEKAR, “Geometry and Physics of Null Infinity”, in One hundred years of
general relativity. A jubilee volume on general relativity and mathematics (L. Bieri
& S.-T. Yau, eds.), Surveys in Differential Geometry, vol. 20, International Press,
2015, p. 99-122.

[6] A. ASHTEKAR, B. BoNGA & A. KESAVAN, “Asymptotics with a positive cosmolog-
ical constant. I. Basic framework”, Class. Quant. Grav. 32 (2014), no. 2, article
no. 025004 (41 pages).

[7] A. ASHTEKAR & R. O. HANSEN, “A unified treatment of null and spatial infinity
in general relativity. I. Universal structure, asymptotic symmetries, and conserved
quantities at spatial infinity”, J. Math. Phys. 19 (1978), p. 1542-1566.

[8] A. BACHELOT, “Gravitational scattering of electromagnetic field by a Schwarzschild
black hole”, Ann. Inst. Henri Poincaré, Phys. Théor. 54 (1991), no. 3, p. 261-320.

9] , “Asymptotic completeness for the Klein—-Gordon equation on the
Schwarzschild metric”, Ann. Inst. Henri Poincaré, Phys. Théor. 61 (1994), no. 4,
p. 411-441.

, “Scattering of scalar fields by spherical gravitational collapse”, J. Math.

Pures Appl. (9) 76 (1997), no. 2, p. 155-210.

, “The Hawking effect”, Ann. Inst. Henri Poincaré, Phys. Théor. 70 (1999),

no. 1, p. 41-99.

[10]

[11]

TOME 0 (0), FASCICULE 0



66

[12]
[13]

[14]

[15]

[16]

(17]

18]

[19]

[20]

21]

[22

23

24]

[26]

Jean-Philippe NICOLAS & Grigalius TAUJANSKAS

J. C. BAEz, 1. E. SEGAL & Z.-F. Znou, “The global Goursat problem and scattering
for nonlinear wave equations”, J. Funct. Anal. 93 (1990), no. 2, p. 239-269.

C. BARr & R. T. WaFo, “Initial Value Problems for Wave Equations on Manifolds”,
Math. Phys. Anal. Geom. 18 (2015), no. 1, article no. 7 (29 pages).

N. BESSET, “Scattering Theory for the Charged Klein—-Gordon Equation in the Ex-
terior De Sitter—Reissner—Nordstrom Spacetime”, J. Geom. Anal. 31 (2021), no. 11,
p- 10521-10585.

N. BEsSeT & D. HAFNER, “Existence of exponentially growing finite energy so-
lutions for the charged Klein—Gordon equation on the De Sitter—Kerr—Newman
metric”, J. Hyperbolic Differ. Equ. 18 (2021), no. 2, p. 293-310.

P. T. CHRUSCIEL & E. DELAY, “Existence of non-trivial, vacuum, asymptotically
simple spacetimes”, Class. Quant. Grav. 19 (2002), no. 12, p. 171-179, erratum ibid.
19, no. 12, p. 3389 (2002).

, On mapping properties of the general relativistic constraints operator in
weighted function spaces, with applications, Mémoires de la Société Mathématique
de France. Nouvelle Série, vol. 94, Société Mathématique de France, 2003.

J. CorvINO, “Scalar Curvature Deformation and a Gluing Construction for the
Einstein Constraint Equations”, Commun. Math. Phys. 214 (2000), no. 1, p. 137-
189.

J. COrvVINO & R. M. SCHOEN, “On the Asymptotics for the Vacuum Einstein Con-
straint Equations”, J. Differ. Geom. 73 (2006), no. 2, p. 185-217.

M. DAFERMOS, I. RODNIANSKI & Y. SHLAPENTOKH-ROTHMAN, “A scattering theory
for the wave equation on Kerr black hole exteriors”, Ann. Sci. Ec. Norm. Supér. (4)
51 (2018), no. 2, p. 371-486.

L. D’AMBROSIO & S. DIPIERRO, “Hardy inequalities on Riemannian manifolds and
applications”, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 31 (2014), no. 3,
p. 449-475.

J. DIMOCK, “Scattering for the wave equation on the Schwarzschild metric”, Gen.
Relativ. Gravit. 17 (1985), no. 4, p. 353-369.

J. Dimock & B. S. KAy, “Scattering for massive scalar fields on Coulomb potentials
and Schwarzschild metrics”, Class. Quant. Grav. 3 (1986), no. 1, p. 71-79.

, “Classical and quantum scattering theory for linear scalar fields on the
Schwarzschild metric I”, Ann. Phys. 175 (1987), no. 2, p. 366-426.

F. P. EsposiTo & L. WITTEN, Asymptotic Structure of Space-Time, Springer, 1977.

F. G. FRIEDLANDER, “On the Radiation Field of Pulse Solutions of the Wave Equa-
tion”, Proc. R. Soc. Lond., Ser. A 269 (1962), no. 1336, p. 53-65.

———, “On the Radiation Field of Pulse Solutions of the Wave Equation. II”,
Proc. R. Soc. Lond., Ser. A 279 (1964), p. 386-394.

, “On the Radiation Field of Pulse Solutions of the Wave Equation. 1117,
Proc. R. Soc. Lond., Ser. A 299 (1967), p. 264-278.

, “Radiation fields and hyperbolic scattering theory”, Math. Proc. Camb.
Philos. Soc. 88 (1980), no. 3, p. 483-515.

H. FrIEDRICH, “Existence and structure of past asymptotically simple solutions of
Einstein’s field equations with positive cosmological constant”, J. Geom. Phys. 3
(1986), no. 1, p. 101-117.

, “Gravitational fields near space-like and null infinity”, J. Geom. Phys. 24
(1997), no. 2, p. 83-163.

D. GaJic, “Late-time asymptotics for geometric wave equations with inverse-square
potentials”, J. Funct. Anal. 285 (2023), no. 7, article no. 110058 (114 pages).

V. GEORGESCU, C. GERARD & D. HAFNER, “Boundary values of resolvents of self-
adjoint operators in Krein spaces”, https://hal.science/hal-0074818v3, 2013.

ANNALES DE L’INSTITUT FOURIER


https://hal.science/hal-0074818v3

CONFORMAL SCATTERING OF MAXWELL POTENTIALS 67

, “Resolvent and propagation estimates for Klein—-Gordon equations with
non-positive energy”, J. Spectr. Theory 5 (2015), no. 1, p. 113-192.

, “Asymptotic completeness for superradiant Klein—-Gordon equations and
applications to the de Sitter-Kerr metric”, J. Eur. Math. Soc. 19 (2017), no. 8,
p- 2371-2444.

P. HINTZ & A. VAsy, “Stability of Minkowski space and polyhomogeneity of the
metric”, Ann. PDE 6 (2020), no. 2, article no. 2 (146 pages).

L. HORMANDER, “A remark on the characteristic Cauchy problem”, J. Funct. Anal.
93 (1990), no. 2, p. 270-277.

J. Joubioux, “Conformal scattering for a nonlinear wave equation on a curved
background”, J. Hyperbolic Differ. Equ. 9 (2012), no. 1, p. 1-65.

, “Hormander’s method for the characteristic Cauchy problem and conformal
scattering for a nonlinear wave equation”, Lett. Math. Phys. 110 (2020), p. 1391-
1423.

C. KEHLE & Y. SHLAPENTOKH-ROTHMAN, “A scattering theory for linear waves
on the interior of Reissner—Nordstréom black holes”, 2018, https://arxiv.org/abs/
1804.05438.

P. D. Lax & R. S. PHILLIPS, “Scattering theory”, Bull. Am. Math. Soc. 70 (1964),
no. 1, p. 130-142.

, Scattering theory, Pure and Applied Mathematics, vol. 26, Academic Press
Inc., 1967.

J. LERAY, Hyperbolic Differential Equations, Institute for Advanced Study, 1953.

H. MASA0OOD, “A Scattering Theory for Linearised Gravity on the Exterior of the
Schwarzschild Black Hole. I: The Teukolsky Equations”, Commun. Math. Phys. 393
(2022), p. 477-581.

L. J. MasoN & J.-P. Nicoras, “Conformal Scattering and the Goursat Problem”,
J. Hyperbolic Differ. Equ. 01 (2004), no. 02, p. 197-233.

, “Regularity at spacelike and null infinity”, J. Inst. Math. Jussieu 8 (2009),
no. 1, p. 179-208.

M. MOKDAD, “Conformal Scattering of Maxwell Fields on Reissner—-Nordstrém—De
Sitter black hole spacetimes”, Ann. Inst. Fourier 69 (2019), no. 5, p. 2291-2329.

, “Conformal scattering and the Goursat problem for Dirac fields in the
interior of charged spherically symmetric black holes”, Rev. Math. Phys. 34 (2022),
no. 1, article no. 2150037 (16 pages).

C. S. MORAWETZ, “The decay of solutions of the exterior initial-boundary value
problem for the wave equation”, Commun. Pure Appl. Math. 14 (1961), no. 3,
p- 561-568.

J.-P. NicorLas, “Conformal scattering on the Schwarzschild metric”, Ann. Inst.
Fourier 66 (2016), no. 3, p. 1175-1216.

J.-P. Nicoras & T. X. PuAM, “Peeling on Kerr Spacetime: Linear and Semi-linear
Scalar Fields”, Ann. Henri Poincaré 20 (2019), p. 3419-3470.

R. PENROSE, “Asymptotic Properties of Fields and Space-Times”, Phys. Rev. Lett.
10 (1963), no. 2, p. 66-68.

, “Zero rest-mass fields including gravitation: asymptotic behaviour”, Proc.
R. Soc. Lond., Ser. A 284 (1965), no. 1397, p. 159-203.

R. PENROSE & W. RINDLER, Spinors and space-time. Vol. 1: Two-spinor calculus
and relativistic fields, Cambridge Monographs on Mathematical Physics, Cambridge
University Press, 1984.

, Spinors and space-time. Vol. 2: Spinor and twistor methods in space-time
geometry, Cambridge Monographs on Mathematical Physics, Cambridge University
Press, 1986.

TOME 0 (0), FASCICULE 0


https://arxiv.org/abs/1804.05438
https://arxiv.org/abs/1804.05438

68

[56]
[57]
[58]

[59]

[60]

Jean-Philippe NICOLAS & Grigalius TAUJANSKAS

T. X. PuaM, “Conformal scattering theories for tensorial wave equations on
Schwarzschild spacetime”, 2020, https://arxiv.org/abs/2006.02888v1.

, “Conformal scattering theory for the linearized gravity fields on
Schwarzschild spacetime”, Ann. Global Anal. Geom. 60 (2021), p. 589-608.

, “Conformal Scattering Theory for the Dirac Equation on Kerr Spacetime”,
Ann. Henri Poincaré 23 (2022), p. 3053-3091.

F. STROCCHI, An Introduction to Non-Perturbative Foundations of Quantum Field
Theory, International Series of Monographs on Physics, vol. 158, Oxford University
Press, 2013.

G. Taujanskas, “Conformal scattering of the Maxwell-scalar field system on De
Sitter space”, J. Hyperbolic Differ. Equ. 16 (2019), no. 4, p. 743-791.

Manuscrit recu le 2 février 2023,
révisé le 8 novembre 2023,
accepté le 5 février 2024.

Jean-Philippe NICOLAS
LMBA, UMR CNRS 6205,
University of Brest,

6 avenue Victor Le Gorgeu,
29200 Brest (France)

jean-philippe.nicolas@Quniv-brest.fr

Grigalius TAUJANSKAS

Faculty of Mathematics,

University of Cambridge,

Wilberforce Road,

Cambridge CB3 OWA (United Kingdom)

taujanskas@dpmms.cam.ac.uk

ANNALES DE L’INSTITUT FOURIER


https://arxiv.org/abs/2006.02888v1
mailto:jean-philippe.nicolas@univ-brest.fr
mailto:taujanskas@dpmms.cam.ac.uk

	1. Introduction
	2. Setup
	2.1. Conventions and Notation
	2.2. Background Spacetimes
	2.3. Maxwell Fields and Potentials
	2.4. Maxwell Components

	3. Minkowski Space
	3.1. Partial Conformal Compactifications
	3.2. A Priori Energy Estimates
	3.2.1. Conformal invariance of energies

	3.3. Field Equations and Gauge Fixing
	3.3.1. Gauge reduction on scri

	3.4. The Scattering Construction
	3.4.1. Spaces of initial and scattering data
	3.4.2. Construction of Trace Operators
	3.4.3. The Goursat Problem
	3.4.4. The Scattering Operator
	3.4.5. Alternative Formulations


	4. Curved Spacetimes
	4.1. Asymptotically Simple and Corvino–Schoen–Chruściel–Delay Spacetimes
	4.2. The Schwarzschildean Neighbourhood of Spacelike Infinity
	4.3. Newman–Penrose Tetrads
	4.4. Structure of scri
	4.4.1. Spin and curvature coefficients on 

	4.5. Construction of Gauge
	4.5.1. Condition on 
	4.5.2. Condition on 

	4.6. Energy Estimates and Scattering Data
	4.6.1. Space of initial data
	4.6.2. Space of scattering data

	4.7. Trace and Scattering Operators
	4.7.1. The forward Cauchy problem
	4.7.2. The Goursat problem


	Acknowledgements
	Appendix A. Proof of Energy Estimates for Maxwell Fields
	A.1. Energy estimates in 
	Forward-in-time estimate
	Converse estimate

	A.2. Energy estimates in 

	References

