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ON THE KAWAMATA–VIEHWEG VANISHING
THEOREM FOR LOG CALABI–YAU SURFACES IN

LARGE CHARACTERISTIC

by Tatsuro KAWAKAMI (*)

Abstract. — We prove that the Kawamata–Viehweg vanishing theorem holds
for a log Calabi–Yau surface (X, B) over an algebraically closed field of large char-
acteristic when B has standard coefficients.

Résumé. — Nous démontrons le théorème d’annulation de Kawamata–Viehweg
pour une surface log Calabi–Yau (X, B) sur un corps algébriquement clos de grande
caractéristique, lorsque B a des coefficients standards.

1. Introduction

The Kawamata–Viehweg vanishing theorem is an essential tool in bira-
tional geometry, but it does not hold in general in positive characteristic.
For example, Cascini and Tanaka [5] clarified that there exists a smooth
rational surface over an algebraically closed field of any characteristic that
violates the Kawamata–Viehweg vanishing theorem. Log Fano varieties and
log Calabi–Yau varieties naturally appear in the minimal model program
and are significant objects in birational geometry. Therefore, it is impor-
tant to investigate the Kawamata–Viehweg vanishing theorem on log Fano
varieties and log Calabi–Yau varieties in positive characteristic.

Recently, significant progress has been made in the Kawamata–Viehweg
vanishing theorem on a log del Pezzo surface, a two-dimensional log Fano
variety. Cascini, Tanaka, and Witaszek [6] proved the existence of a positive
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integer p0 such that the Kawamata–Viehweg vanishing theorem holds on a
log del Pezzo surface over an algebraically closed field of characteristic p >

p0. Additionally, Arvidsson, Bernasconi, and Lacini [1] showed that p0 = 5
is the optimal bound. The Kawamata–Viehweg vanishing theorem on a log
del Pezzo surface has many important applications, including the proof of
Cohen–Macaulayness of three-dimensional klt singularities in characteristic
p > 5. We refer to [1, 4, 8], and the references therein for the details.

In this paper, our objective is to establish the existence of an integer
p0 such that the Kawamata–Viehweg vanishing theorem holds on a log
Calabi–Yau surface (X, B) over an algebraically closed field of characteristic
p > p0. Specifically, we determine such a value for p0 when B has standard
coefficients. By standard coefficients, we mean that the coefficients of B

belong to { m−1
m |m ∈ Z>0 ∪ ∞}, where we define ∞−1

∞ to be equal to 1.
Theorem 1.1. — There exists a positive integer p0 ∈ Z>0 with the

following property: Let (X, B) be a log Calabi–Yau surface over an alge-
braically closed field of characteristic p > p0 such that B has standard coef-
ficients. Let ∆ be a Q-divisor such that Supp(∆) ⊂ Supp(B) and ⌊∆⌋ = 0.
Let D be a Z-divisor such that D − (KX + ∆) is nef and big. Then

Hi (X, OX(D)) = 0

for all i > 0.
Remark 1.2. — Arvidsson, Bernasconi, and Lacini [1] made use of Laci-

ni’s classification [13] of klt del Pezzo surfaces in positive characteristic
with Picard rank one in order to determine the optimal bound p0 = 5.
This allowed them to establish that every log del Pezzo surface over an
algebraically closed field of characteristic p > 5 satisfies the Kawamata–
Viehweg vanishing theorem.

In a similar vein, if we can obtain a comparable classification of klt
Calabi–Yau surfaces in positive characteristic, it may provide an explicit
value of p0 in Theorem 1.1. However, to the best of the author’s knowledge,
such a classification is currently unknown, even in characteristic zero.

Recalling that the Kawamata–Viehweg vanishing theorem on log del
Pezzo surfaces played an important role in investigating three-dimensional
klt singularities ([1, Section 1]), Theorem 1.1 is expected to have applica-
tions in the study of three-dimensional lc singularities.

In order to prove Theorem 1.1, we prove the log liftability of log Calabi–
Yau surfaces.

Definition 1.3 (Log liftability). — Let k be an algebraically closed
field of positive characteristic. Let (X, B) be a pair of a normal projective
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surface X over k and a Q-divisor B on X. We say that (X, B) is log
liftable if there exists a log resolution f : Y → X of (X, B) such that
(Y, f−1

∗ Supp(B) + Exc(f)) lifts to the ring W (k) of Witt vectors. For the
definition of liftability of a log smooth pair, we refer to [10, Definition 2.6].

Theorem 1.4. — Let I ⊂ [ 1
2 , 1] ∩Q be a DCC set of rational numbers.

There exists a positive integer p(I) ∈ Z>0 depending only on I with the
following property: For every log Calabi–Yau surface pair (X, B) over an
algebraically closed field of characteristic p > p(I) such that the coefficients
of B belong to I, the pair (X, B) is log liftable.

Remark 1.5.
(1) Let I be a finite set. Cascini, Tanaka, and Witaszek [6, Theorem 1.1]

proved the existence of a positive integer p(I) ∈ Z>0 depending only
on I with the following property: For every log del Pezzo surface
(X, B) over an algebraically closed field of characteristic p > p(I)
such that the coefficients of B belong to I, the pair is either log
liftable or globally F -regular. However, it remains unknown whether
a globally F -regular surface pair (X, B) is log liftable. (Note that
this is true when B = 0 by [3, Theorem 1.3].) As a result, the
question of the log liftability of log del Pezzo surface pairs remains
open (also see [11, Conjecture 6.20] for further discussion).

(2) For the case without boundary, i.e., the log liftability of normal
projective surfaces, we refer to [10, Theorem 1.3].

1.1. Sketch of proof of Theorem 1.4

The author [10, Section 3] provided a proof of Theorem 1.4 when X is
klt and B = 0. The proof can be outlined as follows:

Step 0: Consider a klt log Calabi–Yau surface pair (X, 0) (see Defini-
tion 2.2). For simplicity, we assume that X is not canonical.

Step 1: Begin by choosing an extraction f : Y → X of a divisor E over
X with the maximum coefficient e(E, X, 0). This step reduces the problem
of the log liftability of X to that of the pair (Y, E) (see Definition 2.1 for
the definition of e(E, X, 0)).

Step 2: Show the existence of a positive real number ε ∈ R>0, indepen-
dent of (Y, e(E, X, 0)E), such that the pair (Y, e(E, X, 0)E) is ε-klt (cf. [10,
Lemma 3.9]).

Step 3: Run a KY -MMP φ : Y → Y ′ to obtain a KY ′ -Mori fiber space
Y ′ → Z and reduce the log liftability of the pair (Y, E) to that of (Y ′, E′

:= φ∗E).

TOME 0 (0), FASCICULE 0
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Step 4: Utilize the techniques from [6] to prove the boundedness of pairs
(Y ′, E′) as above. The log liftability of (Y ′, E′) is then deduced from this
boundedness ([10, Lemma 3.14]).

If (X, B) is klt, the above proof remains valid even when B ̸= 0. However,
when (X, B) is not klt, there exist log Calabi–Yau surface pairs (Y ′, E′)
that admit KY ′ -Mori fiber structures, but do not form a bounded family
(see [7, Example 1.11]). As a result, Step 4 fails in this case. To address
this issue, the following strategy is adopted.

Step 0: Consider a log Calabi–Yau surface pair (X, B) such that (X, B)
is not klt and B has standard coefficients.

Step 1: Begin by taking a dlt blow-up f : (Y, BY := f−1
∗ B + Exc(f)) →

(X, B), which reduces the problem of log liftability from (X, B) to (Y, BY ).
Step 2: Show the existence of a positive real number ε ∈ R>0, indepen-

dent of (Y, BY ), such that the pair (Y, B<1
Y ) is ε-klt (Proposition 3.2). Here,

B<1
Y denotes the sum of the irreducible components of BY with coefficients

less than one.
Step 3: Run a (KY + B<1

Y )-MMP to obtain a birational contraction
φ : Y → Y ′ and a (KY ′ + B<1

Y ′ )-Mori fiber space (Y ′, BY ′ := φ∗BY ) → Z.
This step reduces the log liftability of (Y, BY ) to that of (Y ′, BY ′).

Step 4: If dim Z = 0, prove the boundedness of pairs (Y ′, BY ′) satis-
fying the conditions and deduce the log liftability of (Y ′, BY ′) from this
boundedness.

Step 4’: If dim Z = 1, the pair (Y ′, BY ′) does not form a bounded
family in general (see [7, Example 1.11]). However, we can show that
H2(Y ′, TY ′(− log Supp(BY ′))) = 0, which contains the obstruction for the
log lifting of (Y ′, BY ′). To prove this vanishing result, we require the fact
that BY ′ has standard coefficients, and there exists an irreducible com-
ponent C of BY ′ with coeffCBY ′ = 1 and C dominates Z. To find such a
component C, we run a (KY +B<1

Y )-MMP instead of a KX -MMP in Step 3.

This revised strategy aims to address the challenges encountered in Step 4
of the previous approach by incorporating additional considerations.

Notation. — A variety is defined as an integral separated scheme of fi-
nite type over a field. A curve (resp. a surface) is a variety of dimension one
(resp. two). For a proper birational morphism φ : X → X ′ between nor-
mal surfaces and a Q-divisor D′ on X ′, we denote the Mumford pullback
by f∗D′. A pair (X, B) consists of a normal variety X and an effective
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Q-divisor B such that the coefficients of B belong to [0, 1]. We say that a
pair (X, B) is projective if X is projective. We say that a pair (X, B) is
log smooth if X is smooth and B has simple normal crossing support. For
definitions of the singularities appearing in the minimal model program, we
refer to [12, Section 2.3]. Throughout this paper, we will use the following
notation:

• Exc(f): the reduced exceptional divisor of a proper birational mor-
phism f .

• ⌊B⌋ (resp.⌈B⌉): the round-down (resp.round-up) of a Q-divisor B.
• {B} := B − ⌊B⌋: the fractional part of a Q-divisor B.
• B=1 =

∑
bi=1 biBi: the sum of the irreducible components of a

Q-divisor B =
∑

i biBi with coefficient one.
• B< 1 =

∑
bi < 1 biBi: the sum of the irreducible components of a

Q-divisor B =
∑

i biBi with coefficient less than one.
• F∗: the dual of a coherent sheaf F .
• Ω[i]

X (log B): the ith logarithmic reflexive differential form
j∗Ωi

U (log B), where j : U ↪→ X is the inclusion of the log smooth
locus of a pair (X, B) consisting of a normal variety X and a reduced
divisor B on X.

• TX(− log B) := (Ω[1]
X (log B))∗: the logarithmic tangent sheaf for a

pair (X, B) consisting of a normal variety X and a reduced divisor
B on X.

• W (k): the ring of Witt vectors.

2. Preliminaries

2.1. Log Calabi–Yau surfaces

In this subsection, we will review fundamental properties of log Calabi–
Yau surfaces.

Definition 2.1. — Let (X, B) be a surface pair over an algebraically
closed field. Let E be a prime divisor over X, and let f : Y → X be a proper
birational morphism from a normal surface Y such that E is a divisor on
Y . The coefficient of E in f∗(KX +B)−KY is denoted by e(E, X, B). Note
that e(E, X, B) does not depend on the choice of f .

We fix a real number ε ∈ R>0. We say that a pair (X, B) is ε-klt if
KX + B is Q-Cartier and e(X, B, E) is less than 1 − ε for every divisor E

over X.

TOME 0 (0), FASCICULE 0
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Definition 2.2. — Let (X, B) be a projective surface pair over an al-
gebraically closed field. We say that (X, B) is log del Pezzo if (X, B) is klt
and −(KX +B) is ample. We say that (X, B) is log Calabi–Yau if (X, B) is
lc and KX + B ≡ 0. We say that (X, B) is dlt (resp. ε-klt) log Calabi–Yau
if (X, B) is dlt (resp. ε-klt) and KX + B ≡ 0.

Lemma 2.3. — Let (X, B) be a projective surface pair over an alge-
braically closed field. Let φ : X → X ′ be a birational morphism to a nor-
mal projective surface X ′, and B′ := φ∗B. Let ε ∈ R>0 be a real number.
Suppose that KX′ +B′ is Q-Cartier. If (X, B) is log Calabi–Yau (resp. ε-klt
log Calabi–Yau), then so is (X ′, B′).

Proof. — Since KX +B ≡ 0, we have KX′ +B′ = φ∗(KX +B) ≡ 0. Then
the negativity lemma shows that KX + B ≡ φ∗(KX′ + B′). Thus, we have
e(X, B, E′) = e(X ′, B′, E′) for every divisor E′ over X ′ ([12, Lemma 2.30]).
Finally, KX′ + B′ is Q-Cartier by assumption, we obtain the assertion. □

Lemma 2.4. — Let (X, B) be a dlt surface pair over an algebraically
closed field. Let B=1 =

∑
i B=1

i be the irreducible decomposition of B=1

and F :=
⋃

i ̸=j(B=1
i ∩ B=1

j ). Let E be a prime exceptional divisor over X.
Then e(E, X, B) = 1 if and only if the center of E is contained in F .

Proof. — Note that (X, B) is log smooth at every point of F since it is
dlt. Therefore, the “if” direction follows from the well-known calculation of
the discrepancy of log smooth pairs ([12, Corollary 2.31(3)]).

Now, we prove the “only if” direction. Suppose that e(E, X, B) = 1. By
the definition of dltness ([12, Definition 2.37]), the center of E is contained
in the log smooth locus of (X, B). Then, using [12, Corollary 2.31(3)] again,
we conclude that the center must be contained in F . □

Lemma 2.5. — Let (X, B) be a dlt surface pair over an algebraically
closed field. Let B=1 =

∑
i B=1

i be the irreducible decomposition of B=1

and F :=
⋃

i ̸=j(B=1
i ∩ B=1

j ). Let E be a prime exceptional divisor over
X such that e(E, X, B) ⩾ 0 and the center is not contained in F . Then
e(E, X, B) < 1 and there exists a proper birational morphism f : Y → X

satisfying the following properties:
(1) Exc(f) = E and
(2) KY + f−1

∗ B + e(E, X, B)E = f∗(KX + B).
We call f the extraction of E.

Proof. — We take a log resolution g : W → X of (X, B) such that E

is a divisor on W . Since the center of E is not contained in F , we can
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assume that g is an isomorphism over a neighborhood of F . We can write
the equation as follows:

KW + g−1
∗ B +

∑
i

aiEi = g∗(KX + B)

where the sum runs over all the g-exceptional divisors. Since the center of
Ei is not contained in F , we have ai < 1 for every i by Lemma 2.4. By
changing the order of the exceptional divisors, we may assume that E1 = E

and a1 = e(E, X, B).
Next, we run a (KW + g−1

∗ B + a1E1 +
∑

i ⩾ 2 Ei)-MMP over X to obtain
a birational contraction φ : W → Y and the minimal model f : Y → X over
X. Since KW + g−1

∗ B + a1E1 +
∑

i ⩾ 2 Ei ≡X

∑
i⩾2(1 − ai)Ei, it follows

that Exc(φ) ⊂
∑

i ⩾ 2 Ei. Since KY + f−1
∗ B + a1φ∗E1 +

∑
i ⩾ 2 φ∗Ei ≡X∑

i ⩾ 2(1−ai)φ∗Ei is nef over X, the negativity lemma shows that Exc(φ) =∑
i ⩾ 2 Ei. Therefore, we have Exc(f) = E1 and

KY + f−1
∗ B + a1E1 = f∗ (KX + B) ,

as desired. □

2.2. Log liftability

In this subsection, we discuss basic properties of log liftability.

Definition 2.6 (Log liftability). — Let (X, B) be a projective surface
pair over an algebraically closed field k of positive characteristic. Let R be
a Noetherian complete local ring with residue field k. We say that (X, B)
is log liftable to R if there exists a log resolution f : Y → X of (X, B) such
that (Y, f−1

∗ Supp(B) + Exc(f)) lifts to R. For the definition of liftability
of a log smooth pair, we refer to [10, Definition 2.6]. When R is the ring
W (k) of Witt vectors, we simply say that (X, B) is log liftable.

Lemma 2.7. — Let (X, B) be a projective surface pair over an alge-
braically closed field k of positive characteristic. Let φ : X → X ′ be a
birational morphism to a normal projective surface X ′ and B′ := φ∗B.
Let R be a Noetherian complete local ring with residue field k. Then the
followings hold.

(1) If (X, B) is log liftable to R and Exc(φ) ⊂ Supp(B), then (X ′, B′)
is log liftable to R.

(2) If (X ′, B′) is log liftable to R and R is regular, then (X, B) is log
liftable to R.

TOME 0 (0), FASCICULE 0
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Proof. — First, we prove (1). Suppose that (X, B) is log liftable to R.
Then there exists a log resolution f : Y → X such that (Y, f−1

∗ Supp(B) +
Exc(f)) lifts to R. We have a commutative diagram as follows:(

Y, f−1
∗ Supp(B) + Exc(f)

)
f

��

φ◦f

**
(X, Supp(B))

φ
// (X ′, Supp(B′)).

Clearly, we have

(φ ◦ f)−1
∗ Supp(B′) = f−1

∗
(
φ−1

∗ Supp(B′)
)

⊂ f−1
∗ Supp(B).

Since f−1
∗ Exc(φ) ⊂ f−1

∗ Supp(B) by assumption, we also have

Exc(φ ◦ f) = f−1
∗ Exc(φ) + Exc(f) ⊂ f−1

∗ Supp(B) + Exc(f).

In particular, we obtain

(φ ◦ f)−1
∗ Supp(B′) + Exc(φ ◦ f) ⊂ f−1

∗ Supp(B) + Exc(f).

Thus φ◦f is a log resolution of (X ′, B′) and (Y, (φ◦f)−1
∗ Supp(B)+Exc(φ◦

f)) lifts to R, i.e., (X ′, B′) is log liftable to R.
Next, we prove (2). Suppose that (X ′, B′) is log liftable to R and R is

regular. Then there exists a log resolution f ′ : Y ′ → X ′ of (X ′, B′) such that
(Y ′, (f ′)−1

∗ Supp(B′)+Exc(f ′)) lifts to R. We take a resolution g′ : W ′ → Y ′

of the indeterminacy of the rational map φ−1 ◦f ′ : Y ′ 99K X and denote the
obtained morphism by h′ : W ′ → X. We obtain a commutative diagram as
follows:(

W ′, (f ′ ◦ g′)−1
∗ Supp(B′) + Exc(f ′ ◦ g′)

)
h′

��

g′
//
(
Y ′, (f ′)−1

∗ Supp(B′) + Exc(f ′)
)

f ′

��ss
(X, Supp(B))

φ
// (X ′, Supp(B′)).

Since g′ is a composition of blow-ups at smooth points and R is regular, it
follows from [10, Lemma 2.8] that (W ′, (f ′ ◦ g′)−1

∗ Supp(B′) + Exc(f ′ ◦ g′))
is log smooth and lifts to R. Note that

Exc(h′) ⊂ Exc(φ ◦ h′) = Exc(f ′ ◦ g′)

and

(h′)−1
∗ Supp(B) ⊂ (φ ◦ h′)−1

∗ Supp(B′) + (h′)−1
∗ Exc(φ)

⊂ (f ′ ◦ g′)−1
∗ Supp(B′) + Exc(f ′ ◦ g′).

ANNALES DE L’INSTITUT FOURIER
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In particular, we have

(h′)−1
∗ Supp(B) + Exc(h′) ⊂ (f ′ ◦ g′)−1

∗ Supp(B′) + Exc(f ′ ◦ g′).

Since (W ′, (f ′ ◦ g′)−1
∗ Supp(B′) + Exc(f ′ ◦ g′)) is log smooth and lifts to R,

it follows that h′ : W ′ → X is a log resolution of (X, B) and(
W ′, (h′)−1

∗ Supp(B) + Exc(h′)
)

lifts to R.

Therefore, (X, B) is log liftable to R. □

Theorem 2.8. — Let X be a projective surface pair over an alge-
braically closed field k of positive characteristic such that B is reduced.
Let R be a Noetherian complete local ring with residue field k. Suppose
that H2(X, TX(− log B)) = 0 and H2(X, OX) = 0. Then (X, B) is log
liftable to R.

Proof. — Let f : Y → X be a log resolution of (X, B). By [10, Re-
mark 4.2], we have

H2 (
TY

(
− log f−1

∗ B + Exc(f)
))

↪→ H2 (X, TX(− log B)) = 0.

We also have

H2(Y, OY ) ∼= H0 (Y, OY (KY )) ↪→ H0 (X, OX(KX)) ∼= H2(X, OX) = 0,

where we use

f∗OY (KY ) ↪→ (f∗OY (KY ))∗∗ = OX(f∗KY ) = OX(KX)

for the second injective map. Then it follows from [10, Theorem 2.10] that
(Y, f−1

∗ Supp(B) + Exc(f)) lifts to R. Therefore, (X, B) is log liftable to R.
□

Lemma 2.9. — Let I ⊂ [0, 1] ∩ Q be a finite set of rational numbers.
There exists a positive integer p(I) ∈ Z>0 depending only on I with the
following property: For every projective surface pair (X, B) over an al-
gebraically closed field of characteristic p > p(I) satisfying the following
conditions:

(1) The coefficients of B belong to I,
(2) there exists a positive integer m(I) ∈ Z>0 depending only on I such

that m(I)B is Cartier, and
(3) there exists a very ample divisor H on X such that there are only

finitely many possibilities for H2, H · KX , H · B, KX · B, B2,
dim H0(X, OX(H)), and χ(X, OX),

the pair (X, B) is log liftable.

Proof. — We first show the following claim.

TOME 0 (0), FASCICULE 0
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Claim. — There exists a flat family (X , B) of pairs over a reduced quasi-
projective scheme T over Spec Z such that every projective surface pair
(X, B) over an algebraically closed field of characteristic p > 5 satisfying
conditions (1)–(3) is a geometric fiber of (X , B).

Proof of Claim. — By the Riemann–Roch theorem, the Hilbert polyno-
mials of X and nB with respect to H are given by:

H2

2 t2 − H · KX

2 t + χ(X, OX)

and
(nB · H)t − 1

2nB(nB + KX)

respectively (see [15, Remark 6.3]). Therefore, the claim can be proved
using essentially the same argument as [6, Lemma 3.1]. □

Now, the claim and the proof of [6, Proposition 3.2] shows that there
exists a positive integer p(I) ∈ Z> 0 depending only on I with the following
property: For every projective surface pair (X, B) over an algebraically
closed field of characteristic p > p(I) satisfying conditions (1)–(3), we can
take a log resolution f : Y → X such that (Y, f−1

∗ Supp(B) + Exc(f)) lifts
to characteristic zero over a smooth base, as defined in [6, Definition 2.15].

Since liftability to characteristic zero over a smooth base is equivalent to
liftability to W (k) by [1, Proposition 2.5], we can conclude the assertion.

□

3. Proof of Theorems 1.1 and 1.4

3.1. Dlt log Calabi–Yau surface pairs

There exists a positive real number ε ∈ R> 0 such that every klt log
Calabi–Yau surface pair (X, 0) over every algebraically closed field is ε-klt
([10, Lemma 3.9]). In this subsection, we aim to generalize this result to
the case of dlt log Calabi–Yau surface pairs (Proposition 3.2).

To begin, we recall the lemma known as the global ACC:

Lemma 3.1. — Let I ⊂ [0, 1] ∩ Q be a DCC set of rational numbers.
Then there exists a finite subset J ⊂ I with the following property: For
every projective surface pair (X, B) over an algebraically closed field satis-
fying the following conditions:

(1) (X, B) is log Calabi–Yau and
(2) the coefficients of B belong to I,

ANNALES DE L’INSTITUT FOURIER
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all the coefficients of B belong to J .

Proof. — This is [10, Lemma 3.8]. □

Proposition 3.2. — Let I ⊂ [0, 1] ∩ Q be a DCC set of rational num-
bers. There exists a positive real number ε(I) ∈ R> 0 depending only on I

with the following property: For every projective surface pair (X, B) over
an algebraically closed field satisfying the following conditions:

(1) (X, B) is dlt log Calabi–Yau and
(2) the coefficients of B belong to I,

the pair (X, B< 1) is ε(I)-klt.

Proof. — By Lemma 3.1, the coefficients of B belong to a finite subset
of I. Therefore, it suffices to show that there exists a positive real number
ε(I) ∈ R> 0 such that e(E, X, B<1) < 1 − ε(I) for every exceptional divisor
E over X.

Suppose, by contradiction, that there exists a sequence {(Xl, Bl)}l ∈ Z> 0

of projective surface pairs over algebraically closed fields satisfying the con-
ditions (1) and (2), and {e(Emax

l , Xl, B<1
l )}l∈Z> 0 converges to 1, where

Emax
l is a prime exceptional divisor over Xl with the largest coefficient

with respect to (Xl, B< 1
l ) among all exceptional divisors. By taking a sub-

sequence if necessary, we may assume that e(Emax
l , Xl, B< 1

l ) > 0 for every l.
Let B=1

l =
∑

i B=1
l,i be the irreducible decomposition of B=1

l . We set
Fl :=

⋃
i̸=j(B=1

l,i ∩ B=1
l,j ). Suppose that the center of Emax

l is contained in
Fl. Since (Xl, Bl) is dlt, Xl is smooth at the center of Emax

l . Thus, we have
e(Emax

l , Xl, B<1
l ) = −1, which contradicts the fact that e(Emax

l , Xl, B<1
l )

> 0. Therefore, the center of Emax
l is not contained in Fl. Moreover, we

have e(Emax
l , Xl, Bl) ⩾ e(Emax

l , Xl, B<1
l ) > 0. Thus we can use Lemma 2.5,

and we have e(Emax
l , Xl, Bl) < 1 and the extraction gl : Zl → Xl of Emax

l .
Since we have

KZl
+ (gl)−1

∗ Bl + e (Emax
l , Xl, Bl) Emax

l = (gl)∗ (KXl
+ Bl) ,

the pair (Zl, (gl)−1
∗ Bl + e(Emax

l , Xl, Bl)Emax
l ) is log Calabi–Yau. Since{

e
(
Emax

l , Xl, B<1
l

)}
l ∈ Z> 0

converges to 1 and

e
(
Emax

l , Xl, B<1
l

)
⩽ e (Emax

l , Xl, Bl) < 1,

we can assume, by taking a subsequence if necessary, that

{e (Emax
l , Xl, Bl)}l ∈ Z> 0

is a strictly increasing sequence. This contradicts Lemma 3.1. □
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12 Tatsuro KAWAKAMI

3.2. The klt case of Theorem 1.4

In this subsection, we prove Theorem 1.4 when (X, B) is klt (Proposi-
tion 3.5). When X is klt and B = 0, Theorem 1.4 has been proven in [10,
Section 3]. This proof also works even when B ̸= 0 if (X, B) is klt.

Lemma 3.3. — Let X be a normal projective surface over an alge-
braically closed field of characteristic p > 19 such that X has only canonical
singularities and KX ≡ 0. Then X is log liftable.

Proof. — This is [10, Propostion 3.3]. □

Definition 3.4. — Let (X, B) be a pair over an algebraically closed
field. Let g : X → Z be a projective surjective morphism to a normal variety
Z such that g∗OX = OZ . We say that g : X → Z is a (KX + B)-Mori fiber
space if

(1) −(KX + B) is g-ample,
(2) dim X > dim Z, and
(3) the relative Picard rank ρ(X/Z) = 1.

Proposition 3.5. — Let I ⊂ [0, 1] ∩ Q be a DCC set of rational num-
bers. There exists a positive integer p(I) depending only on I with the
following property: For every projective surface pair (X, B) over an al-
gebraically closed field of characteristic p > p(I) satisfying the following
conditions:

(1) (X, B) is klt log Calabi–Yau, and
(2) the coefficients of B belong to I,

the pair (X, B) is log liftable.

Proof. — By Lemma 3.1, we can assume that I is a finite set. Further-
more, by Proposition 3.2, we can find ε(I) depending only on I, such that
every projective surface pair (X, B) over an algebraically closed field satis-
fying conditions (1) and (2) is ε(I)-klt. Then we can use [10, Lemma 3.6] to
find a uniform bound m(I) on the Q-factorial index, depending only on I.
We replace I with I ∪ { 1

m(I) , . . . , m(I)−1
m(I) }.

Step 1: The case where B ̸= 0. — In this step, we aim to find the
desired positive integer p(I) under the additional assumption that B ̸= 0.

Let (X, B) a projective surface pair over an algebraically closed field of
characteristic p satisfying the conditions (1) and (2). Since KX ≡ −B is not
pseudo-effective, we can run a KX -MMP to obtain a birational contraction
φ : X → X ′ and a KX′ -Mori fiber space X ′ → Z. By Lemma 2.3, the pair
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(X ′, B′ := φ∗B) is ε(I)-klt log Calabi–Yau. Note that KX′ +B′ is Q-Cartier
because X ′ is Q-factorial. Additionally, using Lemma 2.7(2), we can deduce
that if (X ′, B′) is log liftable, then so is (X, B). Finally, we can conclude
the existence of the desired positive integer p(I) by [10, Lemma 3.14].

Step 2: The case where B = 0. — We take p(I) as defined above
and replace it with max{p(I), 19}. In this step, we aim to prove that a
klt log Calabi–Yau surface pair (X, 0) over an algebraically closed field of
characteristic p > p(I) is log liftable, thus completing the proof of the
proposition.

We take X = (X, 0) as above. If X is canonical, then it is log liftable by
Lemma 3.3 since p > 19. We assume that X is not canonical. By Lemma 2.5,
we can take an extraction f : Y → X of a divisor E over X with the
maximum coefficient e(E, X, 0). Note that e(E, X, 0) > 0 since X is not
canonical. Since KY + e(E, X, 0)E ≡ f∗KX , the pair (Y, e(E, X, 0)E) is
ε(I)-klt log Calabi–Yau. It suffices to show that (Y, e(E, X, 0)E) is log
liftable by Lemma 2.7(1). Considering that m(I)KX is Cartier, we can
conclude that

e(E, X, 0) ∈
{

1
m(I) , . . . ,

m(I) − 1
m(I)

}
⊂ I.

Thus, since p > p(I), the pair (X, B) is log liftable by the previous step. □

3.3. The non-klt case of Theorem 1.4

In this subsection, we prove the non-klt case of Theorem 1.4 (Proposi-
tion 3.7). Unlike the klt case, the non-klt case does not follow from the
direct generalization of [10, Section 3], and we require additional ingredi-
ents.

Proposition 3.7 is reduced to the log liftability of certain dlt Mori fiber
spaces. When the base of the Mori fiber space is a point, we prove the log
liftability by combining Lemma 2.9 and Proposition 3.2. When the base of
the Mori fiber space is a curve, we utilize Lemma 3.6. In this lemma, we
prove the vanishing of the second cohomology of the logarithmic tangent
sheaf in order to apply Theorem 2.8. To prove the vanishing, we require
the assumption that the coefficients of boundary divisors are greater than
or equal to 1

2 .

Lemma 3.6. — Let (X, B) be a projective surface pair such that the
coefficients of B belong to [ 1

2 , 1]∩Q. Let g : X → Z be a surjective morphism
to a smooth projective curve Z such that g∗OX = OZ . Suppose that

TOME 0 (0), FASCICULE 0
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(1) −(KX + B) is g-nef,
(2) there exists an irreducible component of B=1 that dominates Z,

and
(3) p > 2.

Then (X, B) is log liftable.

Proof. — Let F be a general fiber of g : X → Z. Since dim Z = 1 and
g∗OX = OZ , the fiber F is an integral curve ([2, Corollary 7.3]). By as-
sumptions (1) and (2), we have KX · F ⩽ −B · F < 0. Therefore, we obtain
F ∼= P1

k and KX · F = degF (OF (KF )) = −2 ([14, Chapter 7, Proposi-
tion 4.1]). Moreover, F is nef, as F 2 = 0.

By Theorem 2.8, it suffices to show that

H2(
X, TX(− log Supp(B))

)
= H2(X, OX) = 0.

Since F is nef and KX · F = −2, we have

H2(X, OX) ∼= H0(X, OX(KX)) = 0.

We show that

H2 (X, TX(− log Supp(B)))

= H0
(

X,
(

Ω[1]
X (log Supp(B)) ⊗ OX(KX)

)∗∗)
= 0.

To do so, it suffices to show that

g∗

(
Ω[1]

X (log Supp(B)) ⊗ OX(KX)
)∗∗

= 0.

Since this sheaf is torsion-free, it is enough to prove that it has rank zero.
This property is local on Z, so we can shrink Z if necessary. In particular,
we may assume that Z is affine, X is smooth, and all the components of B

dominate Z.
Suppose by contradiction that

0 ̸= g∗

(
Ω[1]

X (log Supp(B)) ⊗ OX(KX)
)∗∗

= H0
(

X,
(

Ω[1]
X (log Supp(B)) ⊗ OX(KX)

)∗∗)
Then we can take an injective morphism

s : OX(−KX) ↪→ Ω[1]
X (log Supp(B)).

We prove the following claim.

Claim. — Let B :=
∑n

i=0 biBi be the irreducible decomposition. We
have Bi · F ⩽ 2 for every i ⩾ 0 and (KX + ⌈B⌉) · F ⩽ 1.
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Proof of Claim. — We can assume that B0 is an irreducible component
of B=1 that dominates Z by assumption (2). By changing the order of the
components, we can also assume that Bi · F ⩾ Bi+1 · F for i ⩾ 1.

Recalling that −KX · F = 2, −(KX + B) · F ⩾ 0, and bi ⩾ 1
2 , we observe

that one of the following must hold:
(1) n = 0 and B0 · F ⩽ 2,
(2) n = 1, B0 · F = 1, and B1 · F ⩽ 2, or
(3) n = 2 and B0 · F = B1 · F = B2 · F = 1.

Therefore, we can see that Bi · F ⩽ 2 for every i, and ⌈B⌉ · F ⩽ 3, or
equivalently, (KX + ⌈B⌉) · F ⩽ 1 for every case, as required. □

By the claim, every irreducible component Bi of B is generically étale
over Z, as otherwise we have a contradiction: 2 ⩾ Bi · F ⩾ p > 2. Thus
we can shrink Z so that (X, B) is log smooth over Z, and we have the
following diagram:

OX(−KX)

u
vv

s

��

t

))
0 // OX(g∗KZ) // ΩX(log Supp(B))

ρ // ΩX/Z(log Supp(B)) // 0.

The construction of the exact sequence is as follows. When B = 0, this
is the usual relative differential sequence [9, Proposition II.8.11]. When
B ̸= 0, we define the map ρ as follows: d(g∗z) 7−→ 0 and db/b 7−→ db/b,
where z is a coordinate on Z and b is a local equation of B. Note that g∗z

and b form a coordinate system on X since B is a simple normal crossing
over Z.

By adjunction, we have

ΩX/Z(log Supp(B))|F = OF (KF + ⌈B⌉|F ) = OF (KX + ⌈B⌉).

Using this, we obtain

degF (OF (−KX)) = 2 > 1 ⩾ (KX + ⌈B⌉) · F

= degF

(
ΩX/Z(log Supp(B))|F

)
.

Thus, the map t|F must be the zero map. Since F is a general fiber, this
implies that t is the zero map. Consequently, an injective homomorphism
u : OX(−KX) ↪→ OX(g∗KZ) is induced. Restricting u to F gives an injec-
tive map u|F , where the injectivity follows from the generality of F . Then
we have

degF (OF (−KX)) = 2 ⩽ degF (OF (g∗KZ)) = 0,

a contradiction. □
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Proposition 3.7. — Let I ⊂ [ 1
2 , 1] ∩ Q be a DCC set of rational num-

bers. There exists a positive integer p(I) ∈ Z>0 depending only on I with
the following property: For every projective surface pair (X, B) over an
algebraically closed field of characteristic p > p(I) satisfying the following
conditions:

(1) (X, B) is log Calabi–Yau,
(2) the coefficients of B belong to I, and
(3) (X, B) is not klt

the pair (X, B) is log liftable.

Proof. — We may assume that I is a finite set by Lemma 3.1. Let (X, B)
be a projective surface pair over an algebraically closed field of character-
istic p satisfying the conditions (1)–(3). We aim to find the positive integer
p(I) as in the proposition.

Assuming 1 ∈ I, we can apply Lemma 2.7(1) to replace the pair (X, B)
with its dlt blow-up (see [10, Definition 4.3]). Since (X, B) is not klt, we
have B=1 ̸= 0. By Proposition 3.2, there exists a positive real number
ε(I) ∈ R>0 that depends only on I, such that (X, B<1) is ε(I)-klt.

Since KX +B< 1 ≡ −B=1 is not pseudo-effective, we run a (KX +B< 1)-
MMP to obtain a birational contraction φ : (X, B< 1) → (X ′, (B′)< 1) and
a (KX′ + (B′)< 1)-Mori fiber space g : X ′ → Z, where B′ := φ∗B. Then
(X ′, (B′)< 1) is ε(I)-klt, and Lemma 2.3 shows that (X ′, B′) is log Calabi–
Yau. By Lemma 2.7(2), if (X ′, B′) is log liftable, then so is (X, B). There-
fore, we can replace the pair (X, B) with (X ′, B′).

First, we treat the case where dim Z = 1. Since KX + B ≡ 0 and
−(KX + B< 1) is g-ample, there exists an irreducible component of B=1

that dominates Z. If p > 2, then (X, B) is log liftable by Lemma 3.6.
Therefore, it suffices to choose p(I) ⩾ 2.

Next, we consider the case where dim Z = 0. In this case, (X, B< 1) is an
ε(I)-klt log del Pezzo surface. By Lemma 2.9, to find the desired positive
integer p(I), it suffices to confirm the following conditions:

(a) There exists a positive integer m(I) ∈ Z>0 that depends only on I,
such that m(I)B is Cartier.

(b) There exists a very ample divisor H on X such that there are only
finitely many possibilities for H2, H · KX , H · B, KX · B, B2,
dim H0(X, OX(H)), and χ(X, OX).

First, we check (a). We have a uniform bound on the Q-factorial index,
which depends only on I, by [15, Proposition 6.1 (d)]. Therefore, recalling
the fact that I is a finite set, the condition (a) is satisfied.
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Next, we check (b). Suppose that p > 5. Then there exists a very ample
divisor H such that there are only finitely many possibilities for H2, H ·KX ,
and Hi(X, OX(H)) = 0 for i > 0 by [15, Corollary 1.4]. Moreover, using [15,
Lemma 6.2], we can conclude that there are only finitely many possibilities
for K2

X . Since B ≡ −KX , there are also only finitely many possibilities for
H · B, KX · B, and B2.

Let f : W → X be a resolution. Then W is a smooth rational sur-
face. Since X has only rational singularities, we have Hi(X, OX(D)) ∼=
Hi(W, OW (f∗D)) for i ⩾ 0 and every Cartier divisor D on X. In particu-
lar, we have χ(X, OX) = χ(W, OW ) = 1. By the Riemann–Roch theorem,
we have

dim H0(X, OX(H)) = χ(X, OX(H)) = χ (W, OW (f∗H))

=(f∗H)2

2 + f∗H · (−KW )
2 + 1 = (H)2

2 + H · (−KX)
2 + 1,

where we use the fact that Hi(X, OX(H)) = 0 for i > 0 for the first equality.
Thus there are only finitely many possibilities for dim H0(X, OX(H)), and
we have confirmed condition (b).

Therefore, we can find the desired positive integer p(I). □

3.4. Proof of main theorems

Proof of Theorem 1.4. — The assertion follows from Propositions 3.5
and 3.7. □

Proof of Theorem 1.1. — By Theorem 1.4, there exists a positive integer
p0 with the following property: For every log Calabi–Yau surface pair (X, B)
over an algebraically closed field of characteristic p > p0 such that B has
standard coefficients, the pair (X, B) is log liftable. We prove that this p0
is the desired positive integer.

We take a log Calabi–Yau surface pair (X, B) as above. Let f : Y → X

be a log resolution of (X, B). We set A := D − (KX + ∆). By Serre duality
for Cohen–Macaulay sheaves ([12, Theorem 5.71]), we have

Hi(X, OX(D)) ∼= H2−i(X, OX(KX − D))

= H2−i(X, OX(⌊KX − D + ∆⌋))

= H2−i(X, OX(⌊−A⌋))

= H2−i(X, OX(−A)),
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and it suffices to show that Hi(X, OX(−A)) = 0 for i < 2. When i = 0, the
vanishing follows from the bigness of A. We prove that H1(X, OX(−A))
= 0. By the spectral sequence and the projection formula for Q-divisors,
we have an injective map

H1(X, OX(−A)) = H1 (X, f∗OY (−f∗A)) ↪→ H1 (Y, OY (−f∗A)) .

By Theorem 1.4, the pair (Y, f−1
∗ Supp(B) + Exc(f)) lifts to W (k). Since

Supp({f∗A}) ⊂ f−1
∗ Supp(B) + Exc(f), it follows from [10, Theorem 2.11]

that H1(Y, OY (−f∗A)) = 0, as desired. □
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