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DYNAMICS OF STRONGLY INTERACTING
UNSTABLE TWO-SOLITONS FOR GENERALIZED
KORTEWEG-DE VRIES EQUATIONS

by Jacek JENDREJ (*)

ABSTRACT. — We consider the generalized Korteweg-de Vries equation dru =
—02(02u+ f(u)), where f is an odd function of class C3. Under some assumptions
on f, this equation admits solitary waves, that is solutions of the form u(t,z) =
Qu(z — vt —x0), for v in some range (0, v«). We study pure two-solitons in the case
of the same limit speed, in other words global solutions w(t) such that

() Jim [Ju(t)=(Qu(- ~21(5)£Qu(- —z2()) 1 =0, lim wa(t)—m1(8) = oe.

Existence of such solutions is known for f(u) = |u[P~lu with p € Z\ {5} and
p > 2. We describe the dynamical behavior of any solution satisfying (*) under
the assumption that Q, is linearly unstable (which corresponds to p > 5 for power
nonlinearities). We prove that in this case the sign in (*) is necessarily “+4”, which
corresponds to an attractive interaction. We also prove that the distance z2(t) —

21(t) between the solitons equals % log(kt) + o(1) for some k = k(v) > 0.

RESUME. — On considére 1'équation de Korteweg-de Vries généralisée dru =
—05(02u+ f(u)), ol f est une fonction impaire de classe C3. Sous certaines hypo-
theéses sur f, cette équation posséde des solutions de type onde progressive, c’est-
a-dire u(t, ) = Qu(xz — vt — zg), pour tout v dans un certain intervalle (0, v«). On
étudie les paires de solitons pures dans le cas de la méme vitesse limite, autrement
dit les solutions globales u(t) telles que

() pim Ju(®)=(Qu(- —21($))EQu(- —22())llgr =0, lim z3(t)—w1(t) = oo.

L’existence de telles solutions est connue pour f(u) = |u[P~lu avec p € Z \ {5}
et p > 2. On décrit le comportement dynamique de toute solution vérifiant (),
sous I’hypothése que Q. soit linéairement instable (ce qui correspond & p > 5
si f(u) = |ulP~'u). On montre que dans ce cas le signe dans () est “+”, ce
qui correspond & linteraction attractive. On montre également que la distance
22(t) —x1(t) entre les solitons vaut % log(kt)+o(1) pour un certain k = x(v) > 0.
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1. Introduction
1.1. Setting of the problem

We consider the generalized Korteweg-de Vries equation

_ 2u T ult.
(gKdV) {af“(t’x)— 0z (0u(t, )+1f( (t,2))),
u(0,z) = uo(), uy € H'(R).

For f(u) = u? we obtain the classical KdV equation and for f(u) = u?

the mKdV equation. Both equations are completely integrable. Thus, for
these two models, at least in principle, the dynamical behavior of solu-
tions can be fully understood, see for instance [8]. We are interested in
describing some aspects of the dynamical behavior of solutions for other
nonlinearities f.

In this paper, we assume that f is a non-trivial odd function of class
C3 such that f(0) = f/(0) = 0 and f(u) is convex for u > 0. Local well-
posedness in H*(R) of the Cauchy problem was established by Kenig, Ponce
and Vega [17, 18]. Moreover, if the final time of existence is finite, then the
solution is unbounded in H?.

For ug € H'(R) we define the following quantities:

(1.1) M (up) ::/Ruo(x)2 dz (momentum),

(12)  Blup):= / (5 @euo@))? ~ Flun(a)] dz (enersy),

where F(u) := [ f(u') du’. We say that H'(R) is the energy space, because
it is the largest functional space whose elements have finite energy and
finite momentum. The functionals M and E are conservation laws: if u(t)
solves (gKdV), then M(u(t)) = M(up) and E(u(t)) = E(ug) for all ¢
belonging to the maximal time interval of existence.

It is known, see Proposition 2.1 below, that for v > 0 the equation

(1.3) —0%w(x) — f(w(x)) +vw(x) =0, w e H'(R)

has a unique positive even solution w(z) = Q,(z) if and only if v < v, :=

limy,_, oo f(u)/u. It is easy to see that for any v € (0,v,.) and o € R the

function u(t, ) = Qu(z — vt — xg) is a solution of (gKdV). These solutions

are called solitons or travelling waves. We call v the velocity of the soliton.
We denote

(1.4) Qu = 0,Qy, v € (0,v)

ANNALES DE L’INSTITUT FOURIER



DYNAMICS OF STRONGLY INTERACTING TWO-SOLITONS 1927

(we will justify later, in Lemma 2.6, that this derivative is well defined). By
classical results, @, is orbitally (with respect to translations) stable if and
only if fR Qvév dz > 0, see [3, 4, 11, 34]. Pego and Weinstein [29] proved
that if fR Qvév dz < 0, then @, is linearly unstable. The corresponding
unstable manifold was constructed by Combet [5], giving another proof of
instability in this case. For power nonlinearities f(u) = |u|P~!u, we have
Jr Q.Q, dz > 0if and only if p < 5 (L2-subcritical case) and I QuQ, dz <
0 if and only if p > 5 (L2-supercritical case).

Martel and Merle [20, 21] proved that solitons are asymptotically stable
in a suitable sense.

We say that u(t) is a multi-soliton as t — oo if there exist K € Zso,
o € {—1,1}, vx € (0,v,) and continuous functions z(t) for k € {1,..., K}
such that vgy1 = v, imy oo Tr11(t) — zk(t) = oo and

K
(1.5) u(t) ~ Zakak(- — (1)) as t — oo,
k=1

where the meaning of “~” can depend on the context. We say that u(t) is
a pure multi-soliton as t — oo if

K
(1.6) tlgl;loHu(t) —’;Ukak(- —:vk(t))HHl —0.
In the case v;1 < v2 < ... < vy, stability and asymptotic stability of

multi-solitons was proved by Martel, Merle and Tsai [25]. Also for v; <
... < vk, pure multi-solitons were completely classified by Martel [19] and
Combet [6].

1.2. Formal prediction of multi-soliton dynamics

Consider a solution which is close to a superposition of a finite number
of solitons:

K
(1.7) u(t) ~ ngka(t)('_xk(t))v mkH(t)—xk(t) > 1, o, € {—1,1}.
k=1

One natural way to predict the dynamical behavior of the parameters xy(t)
and v (t) is to consider the motion with constraints, see [1, Chapter 1.5].

We equip the space of real-valued functions on R with the symplec-
tic form w(v,w) = [, vd; 'wdz, where 97 'w(z) = ([ w(y)dy —
f;o w(y) dy). The Hamiltonian vector field corresponding to the energy
functional E is given by Xg(u) = —0,(0%u + f(u)), which is the right
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1928 Jacek JENDREJ

hand side of (gKdV). We now restrict our Hamiltonian system to the 2K-
dimensional manifold

K
(1.8) M= {Zakak(' — ) Tpy1 — x> 1, v € (O,v*)}.
k=1

Let us stress that in general M is not invariant under the flow. Denote
x:=(x1,...,2x) and v := (v1,...,vk). Then (x,v) is a natural system of
coordinates on M. The basis of the tangent space T(4 )M induced by these
coordinates is given by 0,, = —0,0;Qy, (- — zi) and 9, = ak@w( C—Tp).
Let
(1.9) ( Az, v) C(w7v)> _ ( (ajk)gl‘,{kzl (cjk)jl',{k—1>

—C(CE,’U) B(SC,’U) (_Cjk)szl (bjk)szl
be the matrix of the symplectic form in this basis, in other words for j, k €
{1,..., K} we have

(1.10) ajr = w(0s;,0z,) = O'jO'k/ 02 Qu, (= 2)Qu, (x — ) du,
R

(1.11) Cjk = W(0z;,00,) = ajak/ Qu, (z — xj)éuk (x — ap) dz,
R

(1.12) bk = w(0y,,0p,) = ajak/ @v]. (x — mj)aglévk (x — ap) dz.
R

Note that if [, Qu, Qu, dz = 0 for some k € {1,..., K}, then C(z,v) and

( A(z,v) C(z,v)
—C(z,v) B(z,v)

tends to infinity. This corresponds to the delicate L?-critical regime studied
for instance in [22, 23, 24], which will not be considered in this paper. We
denote Vit C (0,v,) the set of v € (0, v,) such that fR Qv@v dxz = 0. This
is a closed set.

) become singular as the separation between the solitons

The Hamiltonian is the restriction F|rq. Slightly abusing the notation,
we write

(1.13) E(x,v) ::E(Zokak(~ —xk)>.
k=1

The function E(x,v) is sometimes called the reduced Hamiltonian. The
motion with constraints is given by the equation

ain ()= (5o = (e, sev) (o)
Two problems seem natural.

PROBLEM 1.1. — Study the solutions of the reduced equation (1.14).

ANNALES DE L’INSTITUT FOURIER
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PROBLEM 1.2. — Is the dynamical behavior of (pure) multi-soliton so-
lutions to (gKdV) correctly described by equation (1.14)7

It turns out that if 0 < v{® < ... < V¥ < v, and v° ¢ Vo for k €
{1,..., K}, then one can easily classify all the solutions to (1.14) such that
v (t) = v° and xp11(t) — 25 () — 0o as t — 00, see Proposition A.6. Also
for distinct limit velocities, Problem 1.2 was solved in the works [6, 19, 25]
mentioned above.

Without the assumption that the limit velocities are distinct, the situ-
ation is only partially understood. Existence of 2-solitons and 3-solitons
with asymptotically equal velocities was first observed for the mKdV equa-
tion by Wadati and Ohkuma [32]. For any power nonlinearity except for
the critical case, such 2-solitons were constructed by Nguyen [27]. We call
this case the strong interaction regime because, as we will see, interactions
between the solitons play an essential role in determining the asymptotic
behavior of the solution.

We are not aware of any systematic treatment of equation (1.14), we
note though that the equation itself appears for instance in [10]. Providing
a full answer to Problem 1.1 might be of independent interest, in view of
the fact that an analogous formal reduction argument can be carried out
in the study of multi-solitons for various other models, most likely leading
to a reduced system similar to (1.14).

1.3. Statements of the results

In this paper, we only consider the case K = 2. We hope to treat the
general case in the future. Concerning Problem 1.1, we have the following
result.

PROPOSITION 1.3. — Let 01,09 € {—1,1} and let v*>° € (0, vs) \ Verit- If

(1.15) o {—1 in the case [, Q= Gy~ dz >0,

1 in the case [pQueQye dz <0,

then (1.14) has a solution (x(t),v(t)) = (x1(t), z2(t), v1(t),v2(t)) such that

(1.16) tlggo tﬁ(|:c1(t) — 0™t + (v™°) 72 log(kt)|

+ |a2(t) — vt — (v°°) "% log(kt)]) = 0

TOME 75 (2025), FASCICULE 5
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and
s B+1 00 coy—x,—1
(1.17)  lim ¢ (Jor(t) = v + (v®°) "2t
+ |va(t) — v — (v™)"2¢7Y]) =0,
for some 8 > 0, where k = k(v>) > 0 is an explicit constant. In particular,
. 1 __ 00
(1.18) Jm, ult) = Jm va(t) = v,

tlir(r}o xo(t) — z1(t) = +o0.

If (x%,v%) is any solution of (1.14) satisfying (1.18), then there exist
unique t>°, > € R such that (2*(t),v(t)) = (z(t — t>) + 2>, v(t — t>)).

Finally, if (1.15) is not satisfied, then there are no solutions of (1.14)
satisfying (1.18).

We give a proof (skipping the most routine computations) in Appendix A.
Our main result is a partial positive answer to Problem 1.2 in the case
of the same limit velocity v{® = v5® =: v*°.

THEOREM 1.4. — Let v™* € (0,v.) be such that
(1.19) / Qu ()8 () dz < 0
and let u : [Ty, 00) — H*(R) be a solution of (gKdV) satisfying
(1200 lim [Ju(t) = Qu (- — 1(0) = 0Quee (- — 2a(0)) | 1 = 0.

where o € {—1,1} and x1, 2 : [Ty, 00) — R are continuous functions such
that

(1.21) lim 25(t) — z1(t) = +00.

t—o0

Then o =1 and

(1.22) tlggo xo(t) — z1(t) — \/1270

where k = k(v>°) > 0.

log(kt) =0,

Remark 1.5. — We were unable to treat the stable case [, Qu(x) X
@Uw(x) dz > 0. The distance between the solitons for the solutions con-
structed in [27] is given by (1.22) both in the unstable and stable case.
However, in the stable case it remains an open problem to prove that this
is the only possible separation.
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DYNAMICS OF STRONGLY INTERACTING TWO-SOLITONS 1931

Remark 1.6. — One natural refinement of Theorem 1.4 would be to ob-
tain a complete classification of all the solutions satisfying (1.20). The
set of solutions obtained in Proposition 1.3 is a two-dimensional manifold,
hence, taking into account that the linearisation around each of the two
solitons has one stable direction, we conjecture that all the solutions sat-
isfying (1.20) form a four-dimensional manifold. For kink-antikink pairs, a
uniqueness result of this kind was obtained in [15].

Remark 1.7. — The assumption f € C? is mainly to ensure local well-
posedness. We expect that f € C17 for some v > 0 would suffice to justify
our computations.

Remark 1.8. — The problem considered here is quite similar to the work
of Gustafson and Sigal [12] on multi-vortices in the Higgs model. Our
proof, based mainly on exploiting the Hamiltonian structure of the equa-
tion combined with the modulation method (see below), also bears some
resemblance to the approach adopted in [12]. One important difference is
that while we consider pure multi-solitons and control them for all positive
times, in [12] non-pure multi-vortices are controlled on a large but finite
time interval.

Remark 1.9. — Constructions of strongly interacting pure two-solitons
or two-bubbles for models which are not completely integrable can be found
in [13, 14, 26, 27, 28], see also [9] for a construction of a slightly different

type.

1.4. Main elements of the proof

The key ingredient of the proof is the so-called modulation method. We
study solutions which are close (in the energy space) to a superposition of
two translated copies of the soliton (). Hence, it is natural to decompose

(1.23) u(t) = o1Q(- = z1(t)) + 02Q(+ — 22(t)) + (1),

where 1 (t) and x5(t) are the centers of the two solitons (we address below
the question of how exactly x1(t) and zo(t) are chosen) and 7(t) is the
error term. The only a priori information is that z5(t) — z1(t) — oo and
[ln(®)]|gr — 0 as t — oco. The idea of the modulation method is to derive
some differential inequalities on the modulation parameters x4 (t) and z5(t).
These inequalities are traditionally called modulation equations. Since it is
hard to obtain any precise information about 7(t), preferably 7(t) should
not appear in the formulas.
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Guided by the intuition explained in Section 1.2, we expect that we
should define two auxiliary parameters playing the role of the momenta, in
order to obtain a system close to (1.14). These parameters py(t), defined
by formula (4.33) below, are related to the projections of the error term
on null directions of the adjoint of the linearization of the flow around our
two-soliton. This choice makes linear terms disappear when we compute
the time derivative of these momenta. It turns out that one can define
parameters, which we call gx(t), related to the positions of the two solitons,
whose time derivatives are essentially the momenta py(t), see (4.35).

The only way of estimating the error term we could think of is to use
coercivity properties of the conservation laws. It seems to us that this can
only be achieved in the case <Qvoe , @Uoo > < 0, which is precisely the obstacle
preventing us from treating the case <Qvoo , C~2voc> > 0. In the favorable case,
we obtain essentially that |||, is bounded by the size of the interaction
between the solitons. Thus, in order to have useful bounds on derivatives
of the momenta, we have to absorb somehow the main quadratic terms,
which is why pg(t) contains a correction term, quadratic in 7. A similar
idea was used in [16] and (in a different context of minimal-mass blow-up)
in the earlier work of Raphaél and Szeftel [30].

Note that an alternative way, perhaps more natural in view of Section 1.2,
would be to decompose

(1.24) u(t) = 01Qu, (1) (- — 1(t)) + 02Qu, 1) (- — 2(t)) + (1),

with 7)(t) satisfying four orthogonality conditions. We have not tried to
carry out the computation following this approach.

The paper is organized as follows. In Section 2, we study the stationary
equation (1.3). In Section 3, we study variational properties of the conserved
quantities in a neighborhood of a two-soliton. In Section 4, we define the
modulation parameters and derive bounds on their derivatives. In Section 5,
we finish the proof of Theorem 1.4. Appendix A, independent of the main
text, is devoted to the ODE (1.14).
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1.6. Notation

We denote L2 := L*(R), H' := H'(R), L® := L*(R), etc. All the
functions are real-valued. The L? scalar product is denoted (wq,ws) :=
Jg wi(x)wz(z) dz. We use the same notation for the distributional pairing.
In the integrals, we often omit the variable and write [, wdz instead of
Jp w(z) dz, ete.

For a nonlinear functional ® : H! — R we denote D® : H' — H~! its
Fréchet derivative. If D®(w) = 0, we denote D?®(w) € H~! ® H~! the
second derivative (Hessian).

Even if w(z) is a function of one variable x, we often write d,w(z) instead
of w'(x) to denote the derivative. The prime notation is only used for the
time derivative of a function of one variable ¢ and for the derivative of
the nonlinearity f. For w € L*(R) we denote 9; 'w(z) := 3 (/" wdy —
[ wdy). It follows that if [ wdz =0, then 9, 'w(z) = [*_ wdy.

For two functions a and b, we write a < b if a < Cb for some constant
C >0,a2bif a > cb for some constant ¢ > 0, and a ~ b if a/b converges
to 1. We use the symbol a ~ b to denote equality “up to negligible terms”.
It will be specified in each case which terms are considered as negligible.

2. Analysis of the stationary equation

In this preliminary section, we study equation (1.3). Many arguments
are well-known and included mainly for the convenience of the reader.

2.1. Existence and asymptotic behavior of ), and @v

PROPOSITION 2.1. — Let v, := limy_, o f(u)/u. For v > 0 the following
conditions are equivalent.
(a) v e (0,vs).
(b) Equation (1.3) has a nontrivial solution w € H*.
(¢) Equation (1.3) has a unique positive even solution w = @, and
Q,(0) is the unique positive zero of s — %82 — F(s). All the other
solutions are obtained from @, by translations and sign change.

Remark 2.2. — The limit defining v, exists because our assumptions on
f imply that the function u — f(u)/u is increasing.

TOME 75 (2025), FASCICULE 5



1934 Jacek JENDREJ

Proof. — This is an easy consequence of [2, Section 6], where it was
proved that (b) and (c) are both equivalent to the following condition:
there exists sg the smallest positive zero of s — s — F(s) and sq satisfies
vso — f(so) < 0.

Our assumptions on f imply f(u) < %f(s) for all 0 < u < s. Integrating
for u € (0, s) we obtain

(2.1) sf(s) —2F(s) >0, for all s > 0.
Consider the function
~ 2F(s) ~
(2.2) F(s):= SR F(0):=0.
From (2.1) we get F'(s) > 0, so }7‘~: [0,00) — [0,00) is an increasing

continuous function. Clearly lim_, o F'(s) = v,. This shows that s — 5s*—
F(s) has a positive zero sg if and only if v € (0,v,) and that sq is unique.
The condition vsy — f(sp) < 0 is automatic, as is seen from (2.1). O

For v € (0,v,), we denote L, := —92 — f'(Q,) + v the linearization of
the left hand side of (1.3) around w = Q.

LEMMA 2.3. — For allv € (0,v), Q, € C° and L,0,Q., = 0. Moreover,
there exists ko = ko(v) > 0 such that for j € {0,1,2,...} the function Q,
satisfies Q(J)( ) ~ (=/0) ke V" as 2 — 400 and ng)(x) ~ koﬁjeﬁw
as r — —oo.

Remark 2.4. — The constant x in Theorem 1.4 turns out to be k :=
ko (v>°) 2(v>)8/2
0 Qoo Quoe)

Proof of Lemma 2.3. — Let v € (0,v,) and let sy > 0 be such that
%s% —F(s0) = 0. Regularity of @, follows from the equation. Differentiating
—02Qu (- — 0) — f(Qu(+ — x0)) + vQu(+ — z9) = 0 with respect to o we
get L,0,Q, = 0.

In order to determine the asymptotic behavior of @,, we recall how to

solve (1.3). We observe that (1.3) implies £(0,Q.)? + F(Q.) — 2Q% = 0,
hence

(2.3) 0:Qy(z) = £/vQ2 — 2F(Q,), for all z € R.

Since Q,(0) = 0 and Q7(0) = vsg — f(s0) < 0, for small positive x the sign
n (2.3) is “=" We also have vs®* — 2F(s) > 0 for all 0 < s < sg, hence
by a straightforward continuity argument, @, is decreasing for z > 0 and
0:Qy(x —/vQ2 — 2F(Q,) for all x > 0. After separation of variables,
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for all 0 < 1 < & < 00 we obtain

Qu(@1) 2F(s)\—3 1 Qu(2)
S A () R PRV RO XY
24 Qu(x) v s ( 1) +log Qu(z1)
Taking the limit x; — 0, we have

25)  oVTQu(x) = syexp (/C:(x) <<52 _ QFU(S)>‘% _ i) ds>.

Since Q, € H'(R) implies lim, o, Q,(z) = 0, taking the limit + — oo
yields

(2.6) lim eV7%Q,(x) = so eXp(/OS(J((sQ—M)%—i) ds> € (0,00).

T—00 v

Integrability near s = sg follows from wvsy — f(sp) < 0 and integrability
near s = 0 from F(s) < s3.

Once the asymptotic behavior of @, is known, the estimates for the
derivatives follow from the differential equation. O

Remark 2.5. — We see from (2.3) that 9,Q,(z) = —\/vQ2 — 2F(Q,) >
—/vQy(z) for all z > 0, so in fact we have

(2.7) Qu(z) < koe™VP*,  forall z > 0.

Formula (2.6) implies (by standard arguments) that ko(v) is continuous
with respect to v. Thus we can conclude that for any 0 < v; < v9 < v,
there exists Cy > 0 such that

(2.8) Qo(z) < Coe™V¥i2, for all x > 0,v € [v1, va],

and similarly for 87Q,.

Again from (2.3), we have |0,Q, + v0Q,| < e 2V?* for x > 0, which
implies |Q,(z) — koeV??| < e72V¥? and similarly for derivatives. This
estimate can be also made uniform in v, as above.

LEMMA 2.6. — For all v € (0,v,), the function Q, := 8,Q, is well-
defined as a classical partial derivative. Moreover, Q, € C%, |Q,(z)| <
|z|e= V¥l as |z| = 0o and L,Q, = —Q,.

Proof. — The function F(s) defined in (2.2) is C* for s > 0. Thus
Q,(0) = so = F~1(v) is C* on (0,v,). By smooth dependence on ini-
tial conditions of solutions of ordinary equations, Q,(z) is of class C® as
a function of 2 variables (z,v). Differentiating —92Q, — f(Q,) + vQ, = 0
with respect to v we obtain L,0,Q, = —Q,.

Denote ¢, () = 9,Qy(x) and 1, (x) the solution of L,1, = 0 with
initial conditions ¢, (0) = and 9£2(0) = 0. Then (¢,,%,) is a

1
f(s0)—vso
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fundamental system of solutions for the operator L,,, with the Wronskian
equal to 1. We set

29 Q@)= 00 [ B0+ D)),

For the moment, it is not clear that @U = 0,Q,, but we will prove that
this is indeed the case.

By standard ODE theory, v, (x) is continuous in both variables, of class
C* in z, and |¢,(z)] < eV?l*l. Thus (2.9) yields QT, € C* and, using
Lemma, 2.3, @v( )| < |xle” Volel The fact that Lq,QU = —(Q, is a routine
computation. Hence aq)Qq, and Qq, satisfy the same differential equation.
Moreover, @U(O) = m = 0,Q,(0), where the last equality follows
by differentiating %(Q,(0))* — F(Q,(0)) = 0 with respect to v. Since both
QU and 9,Q, are even functions, we obtain Qv = 0,Q,. O

Remark 2.7.— We note twhat one can obtain “semi-explicit”
formulas for [|Q,[|2; and (Q,,Q,). Using the fact that 9,Q,(z) =
—/vQu(7)2 — 2F(Q, (7)) for # > 0 and changing the variable we find

50 s2ds
Vus? —2F(s)

One can find a similar (but more complicated) formula for (QU,@U) by
carefully differentiating the formula above (taking into account the singular
behavior near s = sg). Alternatively, one can use (2.9) and then change the
variable to s = @, ().

(2.10) 1QulZ2 =2

2.2. Spectral properties of L,

All the results contained in this section are proved in [7] in the case
f(u) = u?™*+1. Since the specific form of the nonlinearity is used in proofs
given there, for reader’s convenience we provide alternative proofs, but of
course some steps are the same as in [7].

Without loss of generality, we take v = 1 (the general case follows by
rescaling). We denote Q := Qq, Q Q1 and L := L;. From Lemmas 2.3
and 2.6 we have

(2.11) L@,Q) =0,  L(Q) =-Q.
We assume (Q, @) < 0.

PROPOSITION 2.8. — The operator L is self-adjoint with domain H?(R),
has one simple negative eigenvalue and ker L = span(9,Q).
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Proof. — This is a standard consequence of the Sturm-Liouville theory

and the fact that 9,Q has exactly one zero. O
PROPOSITION 2.9. — There exist exponentially decaying C* functions

Y=, Yt and v > 0 such that

(2.12) 0 (LY ) =—-vY~, 0, (LYT) = vy,

(2.13) Vi(x) =Y (~2),

(2.14) 1Yl = [V e =1,

(2.15) / Y= / Y+ =,

(2.16) (Y7, LYy = (YT, LYT) =0,

(2.17) (Y7, LYT) =T LY7) #0,

(2.18) Y7, V",0,Q are linearly independent.

Proof. — Existence of Y~ satisfying (2.12) is proved in [29]. It is easy to
check that if 0, (LY ™) = —vY ™, then V' (z) := Y~ (—x) satisfies 9, (LY ") =
vYT. We obtain (2.14) by normalizing. Integrating (2.12) we get (2.15).
Using again (2.12) we get

(219) (V7 LY7) =~ (0 LY 7 1Y) =

and similarly (Y*, LYT) = 0.

In order to prove (2.18), we first check that )~ and YT are linearly inde-
pendent. Indeed, suppose that a=)~ + a™Y' = 0. Applying the operator
8, L to both sides and using (2.12) we get =Y~ —a™ YT = 0, which implies
a” =at =0.

Now suppose that 9,Q = a~ Y~ + a™Y ™. Again, applying 9,L to both
sides and using the fact that L9,Q = 0, we obtain a= Y~ — a*Y+ = 0.
Since )~ and YT are linearly independent, it follows that a= = a™ = 0.

It remains to prove (2.17). Suppose that (Y=, LY") = 0. Letv =a" Y™+
at YT +09,Q € span(Y~, Y+, 0.Q). We have

(2.20) (v, Lv) =(a" Y™ +at YT +00,Q,a LY +atLYT)
= (@ )XY, LY7) + (a")*(YF, LYT)
+2a"a™ (Y, LYT) + b(L0,Q,a” Y +atYT)
=0.

Since Y, Y1 and 9,Q are linearly independent, this is in contradiction
with Proposition 2.8 (by the min-max theorem for self-adjoint
operators). O
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PROPOSITION 2.10. — There exist exponentially decaying C® functions
o~ , o such that

(2.21) L(0ya™) =va™, L(0za™) = —va™,
(2.22) (@7, Y7y = {at,YT) =1,
(2.23) (@, Y%) =(a",Y7) =0,
(2.24) (07,8.Q) = (", 0,Q) =0.
Proof. — Set &~ := [*__ YT and & := [* Y. Using (2.12) we have
(2.25) LO,a”)=LY" = l// Yt =va",
and analogously L(d,a%) = —vat.

Next, we compute
(2.26) @,yt) = %@‘,@Lyﬂ = —%O)*,Ly*) =0,

where in the last step we use (2.16). Similarly, using (2.16) and (2.17) we
obtain (a™,Y7) = 0, (@7,Y~) # 0 and (a™,YT) # 0. We set o~ :=
(@, Y7 ) 'a” and ot := (at,YT)tat.

Finally, (2.24) follows from (2.21) and LJ,Q = 0. O

LEMMA 2.11. — If (a~,v) = (at,v) = 0 and (v,Lv) < 0, then v €
span(9,Q).

Proof. — Let v be such that
(2.27) (a7, v) =(at,v) =0, wv¢span(d,Q) and (v,Lv) <O0.

Consider the space ¥ := span(Y™,9,Q,v). First, we prove that dim(X) =
3. Indeed, if v = aY* + b9,Q, then

(2.28) 0=(a",v) =a(a®, V) +b(a",0,Q) = a,

which contradicts the assumption v ¢ span(9,Q).
Let w = aYt 4+ 09,Q + cv € ¥. We have

(2.29) (w, Lw) = (YT + b0, Q + cv,aLY™ + cLv)
= 2ac(LYT,v) + (v, Lv).

We see from (2.25) that LYT € span(a™), so that (LY*,v) = 0. Thus
{(w, Lw) = ¢*(v, Lv) < 0. Since dim(X) = 3, this contradicts Proposition 2.8
and finishes the proof. O
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Remark 2.12. — Note that from the second part of the proof above
we can obtain the following fact: if (a~,v) = 0 and (v, Lv) < 0, then
v € span(Y*,0,Q). Similarly, if (a«™,v) = 0 and (v, Lv) < 0, then v €
span(Y~, 9,Q). In particular, either of the conditions (o™, v) = 0, (a™,v) =
0 implies (v, Lv) > 0.

PROPOSITION 2.13. — There exists \g > 0 such that for all v € H!
1

(2.30) (v, Lv) = Xolv]| 3 — )\*(<04_,v>2 +(aF,0)? +(0:Q,v)?).
0
Proof. — By the definition of L we have
(231) (v, Le) = ol - [ £(QrPdr,
R

so we can rewrite (2.30) as

(2.32) (v, Lv) > 1:\0)\0/Rf’(Q)v2dx
1

_ m«aiﬂ)y + <a+,u>2 + <axQ,’U>2).

If (2.32) does not hold for any Ag > 0, then there exists a sequence (v,,) €
H' such that

(2.33) | r@uiae =1,

(2.34) (vp, Lvy) < % — n((of,vn>2 + (o™, vp)? + (0,.Q, vn>2).

We see from (2.31) that (v,) is bounded in H', hence it has a subse-

quence weakly converging to v € H'. By standard arguments, we obtain

Je f/(@Q)v*dz =1, (v,Lv) < 0 and (@ ,v) = (at,v) = (8,Q,v) = 0. In

particular, Lemma 2.11 yields v = 0, which is impossible. U
We also need a localized version of the last coercivity result.

LEMMA 2.14. — There exists Ag > 0 such that the following is true. For
any c¢ > 0 there exists p > 0 such that for all v € H!

(2.35) (1 —Xo) /p((6' v /f yw?dz

dwm—%w,W+m 0+ (0:Q.0)).

Proof — Let x be a cut-off function supported in [—1,1], x(z) = 1 for
z € [—3, %] and let p>> 1. Let 0 := X( )v. By the Chain Rule,

(2.36) 0,0 = % gﬂx(;)u + X(;)@xv,
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which implies

1
(2.37) 19722 - HX( Jowo| |s Slelle < ol

L2

Let v := (1 — Xo)x ( ) Applying Proposition 2.13 to the function v we
obtain

(2.38) /7((8 v)? + v )d > (1—/\0)/((315)%@’2) dx—gnvuip

R
> [ 1@ S (@7 9+ (0% 92 + (0.Q,9)%) - § ol
We have

(2:39) [a™,v)* = (a7, 0)%| = [(a™, (1 = x(- /p))v){a™, (1 + x(+/p)v)|
Sl (= x(-/p))a™, v)l-

But ||(1 — x(-/p))a”||zz can be made arbitrarily small by taking p large
enough, so we can ensure that

C/\O C)\O

(2.40) (o™, v)? = (a7, 0)?| < ==lvllZ < == lvllZn,

and analogously for similar terms involvmg at and 0, Q. Thus (2.38) im-
plies

(2.41) /R'y((a /f 0% dx
A0(<a P (a0 (0:Q,0) =

(2.42)

Finally, we have
/ 2d _ / 2
Qo= [ F(QiFar /f (- /)22 da
<@ = x(- /o)) p=lvlZ--

By taking p large enough, we can ensure that the last term is < § S\loll3,
so that (2.41) yields the conclusion. O

3. Coercivity near a two-soliton

Following Weinstein [33], we will make an extensive use of the following
functional:

(3.1) H(u) = E(u) + %M(u), for u € H'(R).
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We are interested in coercivity properties of H(u), for u close to a sum of
two translated copies of Q).

In the next lemma, we gather some easy facts which will be frequently
used to bound various interaction terms. We skip the standard proof.

LEMMA 3.1. — Fix M > 0. For all u,v € R such that |u| + |[v| < M the
following inequalities hold:

(32) [Flutv) = S S ol
(3.3 ) = ) = F©)] S fuel,
(3.4 [Flute) = f(u) = f(w)ol S22,
(35) (o tv) ~ F(u) ~ ] S 0%
(36) Fluto) ~ F(u) — f(u)o — 3 7'(w)e?| S o,

with constants depending on M.

LEMMA 3.2. — Fix 0 € {—1,1}. There exist constants §, \g, Lg > 0
such that iy, —y1 > Lo and U — (Q(- — ) + 0@Q(- — 1))~ < 6, then
for alle € H'

(3.7) (e,D*H(U)e)

1 _
> Nollellz — )TO(<0¢ (- =y1),e) + (@t (- —w),e)” + (0.Q(- —y1),¢)?
(a7 (- —y2),6)? +{aT (- —y2),6)% + (0:Q(- — y2),€)?).
Proof. — Without loss of generality we can assume that y; = 0 and
y2 =y = Lg. Consider the operator T}, defined by the formula
(3.8) Ty:=—0 - f'(Q) — f(Q(-—y) + 1

We have D?H(U) = —92 — f'(U) + 1, hence

(3.9) (e, D*H(U)e) — (e, Tye) = — /R(f’(U) — Q)= F(Q(-—y)))e* da.
Let ¢ > 0. Since f’ is locally Lipschitz, we have
(3.10) 1) = F'(@Q+0Q(- — )= < 5,

provided that we take J small enough. Considering separately the regions

x < ¥ and x > ¥ one can check that

B1)  F@+0Q(—) - Q) ~ F@Q )~ < 3.
if Ly is sufficiently large. From (3.9), (3.10) and (3.11) we obtain

(3.12) (e, D*H(U)e) — (¢, Tye)| < clle||?2, Veec H.
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Since c is arbitrary, it suffices to prove (3.7) with D?H (U) replaced by T,,.
From Lemma 2.14 we have

(3.13) (1—A0)/_p((a c /f ) dr
> —clelin ‘70““ (@2 4 (2.0.20)
and
(3.14) (1— o) /yy:p /f )e2 dz
~ellelfp = 3 (@7 (= 0.2 + (@7 (- = 9).2)° + (0.0~ 9).2)%).

Now, if y > 2p, then it suffices to take the sum of (3.13) and (3.14), and
add Aolle]|%: to both sides. O

LEMMA 3.3. — Let ko = ko(1) be the constant from Lemma 2.3. Then
(3:15)  H(Q(- = y1) +0Q(- — ) = 2H(Q) — o (2k5 + o(1))e™ ),
where o(1) tends to 0 as ya — y1 — +00.

Proof. — We introduce the following notation, which we will often use
later:

(3.16) Ri(z) == Qx — 1), Ro(z) := Q(x — y2).
We also denote

(317) o Y2 dm Byitys - metye |yt Sy
. . 9 ) 1- 9 4 B 2 . B) 4 .

‘We have

(3.18) H(Ry + oRy)
- / (50: B0 + 00, Ro)? + 1 (Ry +0Ra)* — F(Ry +0Ry)) da
R 2 2
=2H(Q)
+A(o@zR18xR2+aR1Rz—(F(R1+UR2)—F(R1)—F(R2)))dx'
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In order to compute the main term of the last integral, we consider sepa-
rately x < m and z > m. Integrating by parts and using (1.3), we get

(319) / (Ualea$R2 + URlRQ) dx

— 00
m

= 00, R1(m)Re(m) + / of(R1)Rz dz.

— 00

Since |F(u)| < |u|? for |u| small, Lemma 2.3 easily implies

‘/ R2 dx

Together with (3.19), this yields

< e~2mvn),

(3.20) /m (002 R10: Ry + 0 Ry Ry — (F(Ry+0Ry)—F(Ry)—F(Ry))) da

— 00
m

~ 00, Ry (m) Ra(m) — / (F(Ry + oRs) — F(Ry) — 0 f (R1)Rs) da

—0o0
(where in this proof “~” always means “up to terms of order < e~ (¥2=¥1)7),
From (3.6) we obtain

(3.21) /_m (F(Ry + 0Ry) — F(Ry) — o f (R1)Rp) da
1 " / 2
~ §[mf (Ry)R2 do

1 ma m

i f(R1)R2 dx + %/ f'(R1)R3 dz.

2 —0o0 maq
By Lemma 2.3, the first integral is < e~ 3(W2=v1) « e=(W2=v1) The second

integral is also < e~ (¥27¥1) because |f'(R;)| < 1 for x > m,. Taking this
into account, we get from (3.20)

(3.22) /m (O’@IR18ZR2 +o0R1Rs — (F(R1 +O'R2)—F(R1)—F(R2))) dx

~ 00, Ry (m)Ry(m) ~ —ckleW2=v1)

where the last step follows from Lemma 2.3.
A similar computation yields

(323) /OO (O'aleazRQ -+ (TRlRQ — (F(Rl +0R2)*F(R1)*F(R2))) d:L’

m

~ —ao”'ng(m)Rl (m) ~ —g']{;ge_(?ﬂ—yl)_
The conclusion directly follows from (3.18), (3.22) and (3.23). 0

TOME 75 (2025), FASCICULE 5



1944 Jacek JENDREJ

PROPOSITION 3.4. — There exist d, Lg,Cy > 0 such that if H(Q(- —
Y1) +0Q(- —y2) +¢) =2H(Q), |lellm <6 and ya — y1 = Lo, then

e in the case 0 = —1,
(3.24) |le]|?ps + e (w2mvn)
<Co((a™ (- =y + (@ (- = 11), )2 + (0. Q(- — ). e)’
(a7 (- = 12),8) + (0 (= 92).9)2 + (2.Q(- — 12).2)%).
e in the case o = 1,
(3:25) [el?n

< Coem ) (0™ (- = y1), )2+ (0 (- —31), )2+ (0. Q( —11), 2)?
o (= 12), )+ (0t (- 12), €2+ (0.Q( - — 12),2)?).

Proof. — Denote Ry :=Q(-—y1), Re :=Q(-—y2) and U := Ry + o R».
We have the Taylor expansion

(3.26) H(U+¢)=H(U)+ (DH(U),e) + %<5, D?H(U)e) + O([lell3)-

Indeed, from the definition of H we obtain

(3.27) H(U +¢) — (H(U) + (DH(U), &) + ;<5,D2H(U)5>)

= —/R<F(U +e)—FU) - f(U)e — 2f’(U)€2> da.

Now (3.6) yields

(3.28) ‘H(U +€) — (H(U) + (DHU),e) + %@, DZH(U)5>> ’

< / e da = [le]% < llelln.

Replacing H(U) in (3.26) by the formula given in Lemma 3.3 and using
the assumption H(U +¢) = 2H(Q), we get

1
(3.29) —20k2e~W2m¥) L (DH(U),¢) + 5te D2H (U)e)
= o(e” @70 4 |le]3n).
‘We now show that

(3.30) (DH(U),e)| < e~ ®27v1) 4 |lg||%..
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By the Cauchy—-Schwarz inequality, it suffices to check that
(3.31) |f(R1+0Ry) — f(R1) — o f(Ro)| > < e—%(yz—yﬂ_

This proof is similar to the computations in Lemma 3.3. For x < m we
have

(3.32) |f(R1 4+ 0Ry) — f(R1) — 0 f(R2) — o f'(R1)Ra| < R3,

< e W2mv) « e3(v2—u1), Considering separately x <

~

and || R3] L2 (2 <m)
my and my < < m, it is easy to see that || f'(R1) Rz || 12 (z<m) < e~ 3(W2—v1)
Thus

(3.33) |f(R1 +0Rs) — f(R1) — o f(Ro) |12 (ascm) < e~ 3(v2—y1),

and a similar argument yields the same estimate for x > m. This
proves (3.31).
From (3.29) and (3.30) we have

1
(3.34) 5(5, D2H(U)e) — 20kZe™W2—v1) = o(e_(y2_y1) + llelln),

so (3.7) yields the conclusion, both for o =1 and 0 = —1. O

4. Modulation near a two-soliton

This section is the heart of our proof. We show here how a good choice
of modulation parameters allows to identify the interaction force in the
modulation equations.

4.1. Definition of the position parameters

We consider a solution which is close to a two-soliton on some time
interval (with velocities of both solitons close to 1):

(4.1) ut,z +1) = Qz — (1) + 0Q(x — y2(t)) + (L, 2),

where ya(t) —y1(t) > 1 and ||e(t)|| g2 < 1. We also set 01 =1 and 03 = 0.
Note the simple relation between yr and the parameters z; used in the
Introduction: yi(t) = x(t) — t.

Given y;(t) and y2(t), we denote Ry(t,z) := Q(x — yx(t)) for k € {1,2}.
Note that 0, Ry(t,z) = 0,Q(x — yx(t)). By the Chain Rule, we also have
ORi(t) = —y,. ()0, R (t) and 8;0, Ry (t) = —y,(t)02Ry(t). The values of
y1(t) and ya(t) are chosen as follows.
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LEMMA 4.1. — There exist 9, Ly, Cy > 0 such that if L > Ly and
(42)  inf  fu(t) = Q(- —x1) — oQ(- — 2)||gr = 6 < 6,
1271712[/
for all t € [Th,Ts],

then for t € [Ty,Ts] there exist unique yi(t),y2(t) such that e(t,x) =
u(t,z +t) — Ri(t,x) — o Ra(t, x) satisfies

(4.3) Ya(t) —y1(t) = Lo — 1
(4.4) le@®lla < Cod,
(4.5) (0: R (t),e(t)) = (0-Ra(t),e(t)) = 0.

These functions satisfy yo(t) — y1(t) = L — 1 and ||e(t)||mn < Cod for
t € [Ty, Ts]. Moreover, y1(t) and yo(t) are of class C' and
)

(46) O]+ (0] < Colle(t) 1 + cpo™ b0,
where ¢y > 0 can be made arbitrarily small by taking Ly large enough.

Proof. — Existence and uniqueness of y; (t) and y»(t) is a standard appli-
cation of the Implicit Function Theorem and we skip it, see for example [12,
Proposition 3].

In order to prove (4.6), we need the evolution equation of (t). Differen-
tiating (4.1) in time we obtain

(4.7)  Byu(t,x +t) + Opul(t, z +t)

= —y1 ()0 R1(t,x) — oyh(t)0x Ra(t, z) + Oe(t, ).
From (gKdV) we have
(4.8) Owu(t,z+1t) + dyult,x +1)

=0, (—02u(t,z+1t) — flu(t,z+1) +ult,x+1)).
Using again (4.1), we obtain that the right hand side is
(4.9)  0,(—02R, — 00ZRy — 02c — f(Ri+ 0Ry + ) + Ry + 0Rs +¢),
which, using 92Q + f(Q) = Q, is equal to
(4.10) 0y (=02 — f(R1+ 0Rs +¢) + f(R1) + o f(Rs2) +¢).
Combining this with (4.7) we get
(4.11)  Ore = Y10, R1 + oy50, Ry

+ 0, (—02 — f(R1 + 0Ra +¢) + f(R1) + o f(Ra) +¢).
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From (4.5) and (4.11), we have, for k € {1,2},
(4.12) 0= %<31Rk(t)75(t)> =~y ()07 R (1), €(t)) + (0x Ri (1), Qe (1))

=~y () Ri(t), (2))
+ <81Rk‘7 yllale + UyéazR2
+0,(=02e — f(Ri+ 0Ry + ) + f(R1) + o f(R2) +€)).

We obtain the following linear system for y} and yb:

M M 4 B
@1 (i ) ()= (52):
where
(4.14) My = (0,R1,0,R1) — (0°Ry,€),
(4.15) My = 0(8,Ry, 8, Ry),
(4.16) My, = (0,Rs, 8, Ry),
(4.17) My = (0, Ra, 0, Rs) — (02 Ry, €),
(4.18) By = (0,R1,0,(02e + f(Ri+0Ra+e) — f(R1) —of(Ra2) —¢)),
(4.19) By = (0,R2,0,(02e + f(Ri+0Ry+e) — f(R1) —of(R2) —€)).

The diagonal terms are of size ~ 1, whereas the off-diagonal terms are small
when L is large. Moreover, (3.2) and (3.31) imply | B1|+|Ba| < Colle|| g1 +
Goe~ 22791 where ¢ is small when Lg is large, so we get (4.6). O

The orthogonality condition (4.5) was not chosen very carefully. In fact,
we could just as well use a different one. For this reason, y; (t) is not suf-
ficiently well controlled. To remedy this, we will now introduce a different
parameter g (t), such that |gx(t) — yx(t)| < 1, but g;,(t) behaves better.

We set

(4.20) 2@ =x(%) [ G

where x is a cut-off function supported in [-2,2], x(z) =1 for x € [-1,1]
and p > 1. Note that

azy [ oe@ ([ Qwa)da - [ @0

where in the last step we use (1.19).
Since p is large, the triangle inequality yields

(4.22) (2,0,Q) > 0.
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We write Z5(t,x) := Z(z — y(t)) for k € {1,2}. Note that 0, Z;(t,x) =
—;, (1) 02 2k (t, x).

LEMMA 4.2. — For any ¢ > 0 there exists py > 0 such that if p > pg,
then

(4.23) IL0.2) + Qlle < c.
Proof. — We compute L(9, Z) applying the Product Rule:

a2y 2.20) = ox(2) [ Qway+x(%)aw)

(4.25) 550 = %agx ;) /0 QW) dy
4 %azx(%)@(:v) +x(7)2:0).
(4.26) 022 (x) %aﬁXG) /0 Qldy+ %aﬁXG)Q(x)
+ %aﬁx(g)amczm +x(7)2a)

We claim that
(4.27) 10,2 = Qlloz + 1022 — 82Q 2 S V/T/p.

In order to see this, note that the functions x fow @(y) dy, QNQ, &6@,
3262, X, 02x and 93x are bounded. Moreover, d,x(:/p), 92x(-/p) and
93x(-/p) are supported on an interval of length < p. Therefore, in the
formulas (4.24), (4.25) and (4.26), all the terms containing derivatives of
x are functions with L® norms < 1/p and with supports of measure < p.
The L? norm of such a function is < 1/1/p.
To finish the proof of (4.27), it suffices to notice that

(4.28) (1= x(-/0)@ll 2 + | (1 = x(- /0) 2@ . S /T/p.

In fact, by Lemma 2.3, the right hand side could even be replaced by an
exponentially decaying function.

The function f/(Q) is bounded, so (4.27) implies || £(Q)(0:Z — Q)22 <
\/1/p. Using (2.11), we obtain

(429) |[L(0:2) + Q||
= || L(0:2) — LQ||1>
=|-(@22 - 22Q) - F(Q)(0:Z — Q) + (0:Z — Q)| >
S V1/p. O
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For k € {1,2} we define

(Z().5)
©Q.Q)

By the Cauchy—Schwarz inequality, for fixed p > 0 we have |gy (t) —yx (¢)| —
0 as ||e(t)||zz — 0.

Let 1) € C*°(R) be a decreasing function such that 1(z) = 1 for z < %
and ¢(x) =0 for z > % We set

(4.30) qx(t) == yr(t) + o

(4.31) d1(t,x) == (yjét)_ijly(fzt) >,
(4.32) bolt, ) i= 1 — o (t, ).

Finally, for k € {1,2} we define
@39 pelt) = R0 50 + 5 [ onlet) da.

Again, by the Cauchy—Schwarz inequality, we have py(t) — 0 as ||e(t)|| 2 —
0. Note that pg(t) is related to the momentum localized around each soliton.
As expected, p1(t) and po(t) will play the role of the momentum in the
reduced finite-dimensional dynamical system.

Our first goal is to relate g (t) and pg(¢).

LEMMA 4.3. — For any ¢ > 0 and p > 0 there exists 6 > 0 such that if

(4.34) e~ (W2(0)—u1 () | e <6,
then
(435) () — (@ Q0] < eyfeO-nO) 4 e(t) 3.

Remark 4.4. — Condition (1.19) implies that, up to the error term, gj,
and p; have opposite signs.

Proof of Lemma 4.3. — We only check (4.35) for k = 1, the proof for
k = 2 being almost the same. From (4.11), we have

(136) S (Z:(0),2(0)
= —y1 ()0 21(1), (1)) + (21(1), Dpe(t))
= —11(0:21,€) + (21,410 Ry + 0950, Ry
+0,(=02e — f(Ri+0Ra +€) + f(R1) + o f(Rg) +¢)).
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By (4.6), we have |y} (0:21,¢)| < |le]|%: +e~@2(0=%1() 'which is negligible.
Consider the second line in the formula (4.36) above. From (4.27), it is clear
that for § small enough we have

(4.37) [(21,0,R1)+(Q, Q)] = (Q, Q) —(R1,0:21)| = (Q,Q— 0, 2)| < c
so (4.6) yields

(438)  [(Z100:R1) +(Q. Q)| < eyfetmm) 4 |2
Similarly, we have |(Z1, 0, Ra)| <

¢, which yields

(4.39) (21, 40:Ro)| < eyfe=tm—m) 4 |Je]|Z,

Finally, we claim that

(440) ‘<Zl, Oy (—3%8 — f(R1 +0Rs +6) + f(Rl) +Uf(R2) +€) > — <R1, €>|

< eyt 4|,

Let Ly :== —02 — f'(Ry) + 1, which is obtained by conjugating L with a
translation of the variable by y;. Integrating by parts, we see that (4.40)
is equivalent to

(4.41) [(8:21, Lie— f(Ri+0Ra+e)+ f(R1)+ [ (Ri)e+o f(Re))+(R1,¢€)|

< cyJe=we—v) 4 ||5||?{1
By Lemma 4.2 we have
(4.42)  [(0:21,Lie) + (Ry,e)| = [(L1(8:21) + Ry, €)|
< L1892 21) + Rallzzlell > < cllefl 2
In order to finish the proof of (4.40), we need to check that

(4.43)  [(0:21, f(Ri + 0Ry +¢) — f(R1) — ['(R1)e — o f(Ry))|

< eyfetmm 1|,

We restrict to z € [y1 — 2p,y1 + 2p], because 0, Z1(z) = 0 for x ¢ [y1 —
2p,y1+2p]. Thus Ry < e*?e~(¥2-91) is small when 6 is small. By the triangle
inequality, (3.2) and (3.4), we have
(4.44) |f(Ri+0Rz+¢) — f(R1) — f'(Ri)e — o f(R)]|
<|f(Bi+o0Ry +¢) — f(Ri +¢)
+If(Ry+e) = f(R1) = f/(Ra)el + | f(R2)]
< Ry + 2.
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Now (4.43) follows from the boundedness of 0, 2, since

y1+2p .
(4.45) / Rydz < pezﬁe*(?ﬁ*yﬂ < e7§(92*yl)’
y1—2p
y1+2p
(4.46) | e Sl < leln.
y1—2p

This finishes the proof of (4.40).
Putting together (4.36), (4.38), (4.39) and (4.40), we have

d ~
(4.47) \<zl,e> Q. Q) — (R1.2)| < eyfemmm) 4 |2,

dt

which, by the definition of ¢, yields

(4.48) ¢~ (Q.Q) {(Ru.e)| < eyfetmmm) 4 [e]2.

The definition of py, see (4.33), implies

(4.49) Ipr — (B, €)| < [ell3e < eyfetemm) + [l

so the triangle inequality yields (4.35). O

4.2. Computation of the interaction force

Our second goal is to compute p}.(t) (at least the main term). We call
the second term in the definition of py(t) the correction term. In order to
treat the derivative of the correction term, we will need the following easy
fact.

LEMMA 4.5. — For any M > 0 there exists a constant C' > 0 such that
for any functions ¢, R and € such that |R|| g1 < M, ||¢|lpe + |02 L= <
+oo and ||g||gr < 1 the following inequality is true:

(4.50)

[o0uc(s(r+2)~ ) as

+ [ GOR(F(R+2) = F(B) - F(R)e) da| < 0.6 el
R
Proof. — The assumption ||¢| L~ < 400 is only used to ensure that both

integrals on the left hand side are well defined. By the standard approxi-
mation procedure, we can assume that ¢, R € Cj°(R).
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Rearranging the terms, we obtain

(4.51) /R¢(8m5(f(R+5)—f(R))+8mR(f(R+€)—f(R)—fI(R)g)) dz
:/qu(ax(R—ks)f(R—ks)—&CRf(R)—(3m€f(R)+€3me’(R)))dx
= [ 60.(F(R+e) = F(R) - F(R)S) do.

Integrating by parts and invoking (3.5) finishes the proof. O

In the next lemma, we compute what will turn out to be the main inter-
action terms.

LEMMA 4.6. — For any ¢ > 0 there exists § > 0 such that ife=(W2—y1)
§, then

(4.52) |(0uR1, f(R1 + 0Ra) — f(R1) — 0 f(Ra)) + 02kje” 2—v1)

< Ce—(yz—y1)

and

(4.53)  |(0uRa, f(R1 + 0Rs) — f(R1) — 0f(Re)) — 2k3e™Wavn)

< ce~W2—v1),

Proof. — We only prove (4.52). Substituting —z + y; + y2 for & swaps
R; and Rs, so we obtain the identity

(4.54) (0, Ro, f(R1 +0R2) — f(R1) — o f(Ra))
= —0(0 Ry, f(R1 + 0Rs) — f(R1) — o f(R2)),

and (4.53) follows from (4.52).
Let m = % We claim that

(4.55) |(0uRy, (R +0Ra) — F(Ry) o f(Ry)) —a/_ngf’(Rl)ale dz

< e*(?JQ*yl) .
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yitm _ 3yityo
4

Let my := &3 and my = 2F¥2 = 1E3 Bound (4.55) will

follow from the triangle inequality once we check that
my
[ Rl + o) — () — o (Re) — o (Ra)Rel do
(4.56) J-oco
< e—(yz—zn)’

[ 0Bl F Ry 0B — F(Re) = o (o) = o (Ra) ol o

mi

(4.57)
< e*(y2 —y1) ,

(458) /m2 |8IR1||f(R1 + O'RQ) — f(R1> — af(R2)| dor < e—(yz—y1)7

m

“+o0
(4.59) / 10, Bl f(Ry + 0Rs) — F(Ry) — 0 f(Ra)| d < o= (2=,

m2

For x < m; we have
(4.60) [f(R1+0R2) — f(Ry) — o f(R2) — o f'(Ri)Rs|
< |Re? < (67(92*7‘@1))2 <e 2w o= (w2mm)
and (4.56) follows since ||0,R1|p1 = [|0: Q|1 < +o0.
For m; <z < m we have, similarly,
(4.61) [f(R1+0R2) — f(Ry) — o f(R2) — of'(R1)Ry|
< |R2\2 < (e—(yz—m))2 < e—(yz—y1)7
and, by Lemma 2.3, |9, Ry| < e~ (m1—v1) < ¢=3(2-v1) Thus

(462) /m |8zR1Hf(R1 + (TRQ) - f(R1) - CTf(RQ) — 0'f’(R1)R2| dx

my
< (m— ml)efg(yzfyl) < (y2 — yl)e*%(w*yl) < e~ (Wwz—y1),

For m < x < ma, using (3.3) we have
(4.63) |f(R1+0Rs) — f(R1) — o f(Ra)| < RiRs.
Lemma 2.3 yields |0,Ri| + Ry < e (m—v1) < e=3(W2=v1) and R, <
e~ (2—m2) < e_i(yz_yl)7 thus |0,R1|R1 Ry < e~ 3W2=v1), Integrating be-
tween m and mq yields (4.58).

Finally, for > ma, we use again (4.63). From Lemma 2.3 we have
|0, R1| + Ry < em(m2mv1) < o= 32m1) 50 |9, Ry|Ry < e 2(W2=¥1). Since
IR2|lzr = ||Q|lzr < 400, we obtain

+oo
(464) / |6TR1|R1R2 dax 5 e*%(?ﬂ*yl) < e*(?:/2*?;/1)7

ma
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and (4.59) follows.
This finishes the proof of (4.55). It remains to compute

(4.65) / Rof'(R1)0y Ry do = / 0x(f(R1)) Ry da

— 00

= / 895 (Rl — 8§R1)R2 dl‘,

— 0o

where in the last step we have used (1.3). Integrating by parts, we get

(4.66) / 92 (02R1) Ry dx

— 00

= 8§R1( )Rg / 8 R18 R2 dz
= 8§R1(m)R2(m) — ale( )8 RQ / 8 R16 R2 dzx.
Thus

(4.67) / 0, (Ry — 02Ry) Ry dx

— 00
where in the last step we use —02Ry + Ry = f(R»). Dividing into x < my

and x > my, and using |f(u)] < u?, we see that | [ f(R2)0, Ry dz|<
e~(2=91) hence the last term is negligible. From Lemma 2.3, we have

(4.68)  9uRi(m) = —(ko + o(1))e~ ™) = (ko + o(1))e~ T,
(4.69)  92Ry(m) = (ko + o(1))e~ ™) = (kg + o(1))e~ 2T,
(4.70) Ra(m) = (ko + o(1))e™ @™ = (kg + o(1))e~ 272,
A7) 9uRa(m) = (ko + o(1))e~ =™ = (ko + o(1))e~ 27"

This yields
(4.72) 0y R1(m)dy Ra(m) — 02R1(m)Ra(m) = —(2k¢ + o(1))e” 271,
which finishes the proof of (4.52). O

We are ready to compute pj(t) and p5(t), where pi(t) and po(t) are
defined by (4.33).

LEMMA 4.7. — For any ¢ > 0 there exists 6 > 0 such that if
(4.73) e~ W2O=u®) e (1) |3 <6,
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(4.74) P (t) + o2kge™ (v2() =1 (1) |
(4.75) Py (t) — o2kge~ (v2() =11 (1) |

c(e”@=mn ) et |0),
c(e” @) et 1),

NN

where kg is the constant from Lemma 2.3.

Proof. — We will only prove (4.74), because (4.75) is obtained analo-
gously. We will discard terms which are much smaller (as 6 — 0) than
e~(W2=v1) 4 ||g||%,,. In the sequel, we call such terms “negligible” and the
sign ~ always means “up to terms < e~ (¥27¥1) 4 ||g[|2,, "

Without loss of generality we can assume that e € C1(I, H?), where I is
some open interval containing ¢ (by a standard approximation procedure
using local well-posedness of the equation).

We differentiate the first term of pq(¢) using (4.11):

d
&<R1,€> = _yll <83;R1,€> + yi<R1,8xR1> + ayé(Rl,ﬁxR2>

+(R1,0,(—0% — f(R1 + oRa + ) + f(R1) + o f(Ra) +¢)).

(4.76)

Since (R1,0,R1) = 0 and L1(0,R;) = 0, we obtain

(@7T) LR e) =~ (0uRe,2) + oyb(Ra, 0, )
+(0: Ry, f(R1 +0Ry +¢) — f(R1) — f'(R1)e — o f(R2)).

We claim that the second term of the right hand side is negligible. This
follows from Lemma 2.3, (4.6) and the elementary inequality:

(4.78) / e lrmwilemlrv2l Ay < (yy — yr)e” 27w,
R

which can be obtained by computing the left hand side separately for x <
Y1, y1 < = < yo and x > yo. We obtain

d
- R175> =~ _y£<8zR175>

(4.79) ¢
+(0: Ry, f(R1+0Ry+¢) = f(R1) — f'(R1)e — o f(R2)).

Now we compute the derivative of the correction term. We have
1d 9 1 9
(4.80) —— | prefdo == | Opre®da+ | ¢1ededr.
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For the definition of ¢1, see (4.31). By the Chain Rule, we have
_ =@ @2(t) —51(t) — (x — 51 () (a(t) — 31 (2))
a (y2(t) — v1(2))?
1/)’( z—yi(t) >
y2(t) — 1 (2)
If © < y1(t) or © > ya2(t), then the right hand side equals 0. If y; (t) < z <
y2(t), then we get

(4.81) Oyr(t,)

ly1 ()] + lya(t)]
(4.82) 0:1(t, )| S m,

so (4.6) yields

(4.83) ‘ /R Oppy €2 dx

We now consider the second term of the right hand side in (4.80). Us-
ing (4.11) we find

<0 e,

(4.84) / b1 200e da
R
:yi/¢1€31R1dx+0y'2/¢1581R2dx
R R

+/¢158m(—8§s—f(R1 +0Ry+e)+ f(R1)+0of(Ry)+e)da
=)+ (1) + ().

Recall that ¢;(t,2) = 0 for o > L0220 yhereas for o < w200
Lemma 2.3 yields |0, Ry| < e #27%) 50
y1+2y2

(4.85) / $1(0,Ro)? da S ’ e 2w2=2) qg < e~ 3(w2—y1)
R

— 00

Applying (4.6) and the Cauchy—Schwarz inequality, we obtain the bound
(4.86) |(ID)| < (llellar +e—(yz—yl))e—%(yz—yl)||E||L2 < e~y g2,

In the same way, one can show that

(4.87) y’l/qﬁgsale da| < o= 1) 1 e,
R

or, equivalently,
(4.88) |(I) = 44 (9 R, €)| < e= @279 4 |le||%0.

This implies that (I) cancels with the first term of the right hand side
in (4.79).
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Finally, we consider (IIT). We claim that

(4.89) /gﬁls&ﬁsdx < e Wy 4 g%,
R
(4.90) /¢1sagsdx < o) | |le|2,
R
and
(4.91) / 6120, (F(Ry +0Ra) — f(Ra) — 0 f(Ry)) da
R

<) 4 lef|Zn,

which will imply

(492) ‘(III) + ‘/]R (bl 5830 (f(Rl + O’R2 + E) - f(Rl + URQ)) dx

<e 27 e 7.

Let us assume (4.92) and finish the proof. From (3.2) we have |f(R; +

oRy +¢) — f(R1 +0R2)| S |el. Since ||0z¢1|p S y;yl < 1, we have

(4.93) < [ell7-

/RaLd)l € (f(R1 + oRy + &‘) - f(R1 + O'Rg)) dz

Bound (4.92) and integration by parts yield

(494) ‘(I]]) — /]R(bl Oz€ (f(Rl +oRy + E) — f(Rl + O'RQ)) dx

<) e 3.
We apply Lemma 4.5 with R = R; + cRs and ¢ = ¢1(¢,-). We obtain

(495) ‘(III) + /R P1 3T(R1 + O'RQ) (f(R1 +oRy + 6)

— f(Ry + 0Ry) — f'(R1 + 0Rp)e) da| < e” @278 4 ||e|3,:.

From (3.4) we have |f(R1+0Ra+¢)— f(R1+0Rs) — f/(R1 +oRa)e| < €2
From the proof of (4.86) we see that [|¢) 9, Ra||z~ < e”3® 1) <« 1, hence
in the integral above we can replace ¢1 0,,(R1 +0R2) by ¢1 0, R1. Similarly,
we have the bound ||(1 — ¢1) 8, Ry ||pe = ||¢2 OuRy || S e 32v1) « 1,
which allows to replace ¢1 9, Ry by 0, R;. After all these operations we get

(4.96) |(III)+ (0, Ry, f(Ri+0Ry+e) — f(Ri+0Ry) — f'(Ri+0R2)e)|
<) le| 3.

TOME 75 (2025), FASCICULE 5



1958 Jacek JENDREJ
When we combine (4.80), (4.83), (4.84), (4.86), (4.88) and (4.96), we find

(4.97) 2dt / p1e? dx ~ y| (0, R1,€) — (0x Ry, f(Ry + 0 Ry + €)
— f(R1 + 0R2) — f'(Ry + o Ry)e).
Together with (4.79) and the definition of pq, this yields

(4.98) p)~ <8 Ry, f(R1+0R3) — f(R1)

— o f(R2) + (f'(R1+ 0Ry) — f'(R1))e).
Subtracting (4.52), we get
(4.99)  ph+o2kie” @) ~ (9, Ry, (f/(R1 + 0R2) — f'(R1))e).

Since f’ is locally Lipschitz, we have |f'(R; + oR2) — f'(R1)| S Re <
e I'=#2l. We also have |0,R;| < e~I'"¥1|. Thus, by the Cauchy-Schwarz
inequality,

2
(4.100) (9,R1, (f'(R1 +0R2) — f'(R1))e)
S / 672\:67y1|e72|937y2\ dl‘/ 82 de < (67(92791) + ||€||2Hl)2’
R R
where in the last step we use the fact that
(4.101) / e 2lemmle=2le=v2l 4y < (yy — gy )e 202 @ (W2mw)
R

see (4.78). This finishes the proof of (4.74), provided that we can show
that (4.89), (4.90) and (4.91) hold.
Bound (4.89) follows from

(4.102) /¢156 edr = - /¢1a :—7/8“;515 de,

because ||0:¢1]|z=~ < (y2 — y1)~! < 1. The proof of (4.90) is similar, but
we need to integrate by parts many times:

(4.103) / $1e0edx
R
:7/5‘r¢158§5dx7/¢18m58§€dx
R R
:/&%Qﬁ 58;,;5d3:+/5‘m¢1(8z5)2dx7 1/(;516'95((856»3)2) dz
R R 2 Jr

:71/82@ 52dx+§/5‘m¢1 (8z5)2d:£
2 Jr 2 Jr

and we see that both terms are negligible.
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In order to prove (4.91), it suffices to check that
(4.104) [f(Ry+ 0R2) = f(Ba) = 0 f(Ro)l|pa < o™ 2027w
and integrate by parts. From (3.3) we have
(4.105)  |f(R1+0Ry) — f(R1) — 0 f(Re)| S RiRy S eI ¥ilem el
and (4.104) follows from (4.78). O

4.3. Stable and unstable directions

We also need to control the linear stable and unstable directions. We
define

(4.106) af (t,2) = a~(z — ge(®)), af (t.2) = a*(z — (), k€ {1,2)

(see Proposition 2.10 for the definition of &~ and o) and

(4107) ap(t) = (ag (0.2(®),  af (0= (af (B.c(t), ke {12},
LEMMA 4.8. — For any ¢ > 0 there exists 6 > 0 such that if

(4.108) e~ W2 (0=vl) le(1) |3 <6,

then

d
(4.109) ’dta; (t) +va (t)‘ < c\/e—@z(t)—w(t)) + le@®)3:, ke{1,2},

d
EGZ@) — va (t)

where v is defined in Proposition 2.9.

(4.110) < eyfem @) 4 le(t) |2, ke {1,2},

Proof. — We will only prove (4.109) for k = 1, because the computation
for (4.110) or for k = 2 is almost the same. In this proof, we say that
a real number is “negligible” if its absolute value is much smaller than

\/e*(?ﬂ(t)*yl(t)) + [le()||%1 for & sufficiently small. We have

d _ _ _
(4.111) Y = —y1(0za7 ,e) + (a7 , Dse).
Bound (4.6) implies that the first term is negligible and we can forget
about it. Like in the proof of Lemma 4.3, we compute the second term

using (4.11):

(4.112) (a7, 0e) = (a1, y10.R1 + y50. Ry
+ 0, (—02 — f(R1 + 0Ra +¢) + f(R1) + o f(R2) +€)).
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We have (a7 ,0,R1) = (a™,0,Q) = 0. Moreover, the exponential decay
of a” and (4.6) yield |yy(ay, dxRo)| = |yo] (@™, 0:Q(- — (y2 — y1)))| <
\/e*(yi‘(t)*yl(t)) + [le(t)||%. . Hence, up to negligible terms, we have

d _
(4113) —a;

~ (a7 ,0,(—0% — f(R1 + oRa +¢€) + f(R1) + o f(Ra2) +¢))
~ —(0,a7, Lie— f(Ri+0Ry+6)+ f(R1) + f'(Ri)e+ o f(Ra)),

where Ly := —92 — f'(Ry) + 1. We have L1 (0,7 ) = vaj, see (2.21). Thus
(4.114) —(0za7 , Liey = —(L1(0, 07 ),e) = —v{ag ,€) = —vay,
and we only need to check that

(4.115)  [{0,01, f(R1+ 0Ry +¢€) — f(R1) — f'(R1)e — o f(Rz))]|

< C\/e*(yz(t)fyl(t)) + ||5(t)|@11'

The triangle inequality and Lemma 3.1 yield

(4.116) |f(R1+0Rs+¢) — f(Ry) — f'(Ry)e — o f(R2)|
S |f(Ri+oRs) — f(R) — o f(Re)
+|f(R1 +0Ry +¢) — f(R1 + 0R2) — f'(R1 + 0 Ry)e]
+[(f'(R1 + o Ry) — f'(R1))e]
SRRy + €% + Ralel,

so we obtain, by the Cauchy—Schwarz inequality,
(4.117) ’<8104I, f(R1 +oRy + 8) — f(Rl) - f’(R1>€ - O'f(Rg)>|
S IRiR:| L2 + |lellZ2 + llag Re|lz2le]| 2

(we have used the fact that a= € L2N L>). The first term is negligible, see
the proof of (4.104). The second term is clearly negligible. The third term
is negligible because

lor Rz = [la”Q(- = (y2 = y1))l|z2 < ¢

if yo —y1 is large enough (both o~ and @ are exponentially decaying func-
tions). O
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5. Dynamics of the reduced system

In this section we complete the proof of Theorem 1.4. We always assume
that u : [To,00) — H' is a solution of (gKdV) satisfying (1.20) and (1.21)
with v = 1 (for the sake of simplicity). Thus, for ¢t > Ty, we have well-
defined modulation parameters yi(t) and the error term e(¢) such that
limy 00 y2(t) — y1(t) = oo and limy_, ||e(t)]| g1 = 0.

Given p > po > 1, we define gj(t) by (4.30). Then ||e(¢)|| g2 — 0 implies

(5.1) Jim ((g2(t) = a1(t) — (12(t) — 1 (1)) = 0.
In particular, the estimates from Section 4 remain true if e~ (¥2()=v1() jg
replaced by e~ (2(t)—a1(t)),

PROPOSITION 5.1. — The sign o equals 1 and there exist Cy > 0 (in-
dependent of p) and tg > Ty (which might depend on p) such that for all
t>1o

(5.2) Je(®lf < Cosuper )=,

Eventually, we will prove that g2 — g1 is an increasing function, so sup
in (5.2) is not really necessary. We need two lemmas.

LEMMA 5.2. — For any ¢ > 0 and ty > Ty there exists t; > tq such that
(5.3) ap (1) +ag (1)? < e(e @O0 4 g(ty) | F0).

Proof. — Suppose the conclusion is false. Then for all ¢ > t;, we have
(5.4) Ni(t) = ay (1) + ag (1) > e(e”=O7aO) 4 le(t)[|3).
By Lemma 4.8, if we take Ty large enough, then
(5.5)  |[N{(t) + 2vNy ()| < ev (e @O0 ) 4 le())|2,) < vN; (1),
where in the last step we use (5.4). In particular, Nj(t) < —vNy(¢) for all
t > tog, which implies
(5.6) Ni(t) < e "IN (tg),  for all t > t.
Applying again (5.4), we deduce that ¢2(t) — q1(t) = ¢ as t — oo, which is
impossible because |g1(t)] + |g5(t)] — 0 as t — co. O

LEMMA 5.3. — There exists Cyp > 0 (independent of p) with the follow-
ing property. For any co > 0 there is ty > Ty such that for all t > tg

(5.7) a-li-(t)Q + a;-(t)Z < ¢ sgp(e*(th(f)ﬂh(‘r)) +ay (T)Q +ay (7_)2)’
Tt

(5.8) Hs(t)||%,1 < Oy sup(e_(qQ(T)_‘“(T)) + al_(T)2 +ay (7')2).

T>t
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Proof. — Let t > ty and let t; > t be such that
(5.9) e lelmal) 4e(ty)|F = Sup(e (@) =0 ) 4 le(r)|13:).

T2t

We first prove that for any ¢ > 0, if ¢y is chosen large enough, then
(5.10) a-li_(tl)z + a;-(tl)Q < C(e*(fm(h)*!h(tl)) + ||5(t1)||%{1)

For t > Ty, denote Na(t) := al T(®)? + a3 (t)%. Suppose that (5.10) does
not hold and let to := max{7 : Na(7) > Na(t1)}. Note that ta € [t1,00),
because lim;_,o, Na(7) = 0 and Na(t1) > 0. We have Nj(t2) < 0 and

(5.11) Na(ta) = Na(tr) = ce™ @200 =0100) 4 le(ty)][3)

> C(e (g2(t2)—a1(t2)) | lle(ts ||H1)7
where the last inequality follows from (5.9). This implies
(5.12) —Nj(ta) + 2uNa(ta) > 2vc(e” (@0 l2) 4 |1e(4,))|2),

which contradicts Lemma 4.8 if ¢ is large enough.
From Proposition 3.4 we know that
(5.13) e (@e(t)=al)) 4 e(4)))2,
Co

< 7(e—(qz(tl)—ql(tl)) +af (1) 4 af (t)* + a] ()% + a;(tl)Q).

Setting ¢ = —0 n (5.10), we obtain
(5.14) e (@et)=a()) 4 e(4)))2,

<G (e—(qz(tl)—th(tl)) +ay (t1)2 +ay (t1)2)7

which implies (5.8).
We prove (5.7) by contradiction. Set

(5.15) t5:= sup{T >1t: No(T) > ¢ (e_(qz(tl)_‘h(tl))+af(t1)2+ag (t1)2)}.

Since Na(1) — 0 as 7 — oo, t3 is well-defined and ¢35 € (¢, 00). Moreover,
we would have Ni(t3) < 0 and, using the definition of ¢; and (5.14),

(5.16) e (@=(ta)=ata)) 4| e(¢3))12,

<e —(e2(t1)—ar(t1)) | ||5(t1)||%(1
< CO( —(a2(t)—a1(t1)) 4 ay (t1)2 + a;(tl)Q)‘
Therefore,
(5.17) Na(ts) = co (e (@0t 4 o7 (41)? + ay (11)?)
> %(e—(qz(ts)—ql(%)) + lle3) 7))
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Hence, we get

(5.18)  —Nj(t3) + 2uNa(t3) > zyéi(e%qz(ts)*qﬂw» + [le(ts) |3 ),
0
which contradicts Lemma 4.8 if ¢ is large enough. 0

Proof of Proposition 5.1. — Let ¢y > 0. In Lemma 5.2, let ¢ = m,
where Cj is the constant from Lemma 5.3. We obtain that there exists t;
arbitrarily large such that

Co _ _
519) Ni(t1)) K ————((Co+1)sup e (@2(1)=a1(7) L ¢y sup N
(519 Mh) < gy (o 1 s o 53 M)

(the meaning of Ny(t) is the same as in the proof of Lemma 5.2). Let

(5.20) Nj(t) := e~ (@O-a1(®) N (4) := sup N3() = supe (©2()=a(1),
T>t T>t

We will show that for all ¢ > t; we have

(5.21) Ni(t) := sup Ny (1) < coN5(t).

T>t

In view of Lemma 5.3, this will finish the proof of (5.2).

By the rising sun lemma, see [31, Lemma 1.6.17], for all ¢ except for
a countable set, the function ng is either constant, or equal to N3 in a
neighborhood of ¢t. In particular, for all ¢ except a countable set, Ng is
differentiable and

(5.22) N3] < (la1 ()] + laa () e (@O0 @)

< e @®-0) = Ny(t) < N3(t)  ast — o
We claim that if ¢ is sufficiently large and Ny (t) = Ny(t), then
(5.23) Ni(t) = coN3(t) = Ni(t) < —vNy(t).
Indeed, Lemma 5.3 yields
(5.24) a3 < Co(Ni(t) + Ns(t) < Co(1+ 5 )N (b).
By Lemma 4.8, for any ¢ > 0 and t sufficiently large we have
(5:25)  N(t)+ 2N 0] < cle(®)]Zn + Na(0)

<ACo(l+¢y") + 6o )Na(h),

and it suffices to take ¢ < m

Suppose that (5.21) does not hold, and let t2 > t; be such that Nl(tg) >
coN3(t2). Without loss of generality, we can assume that Ny (t2) = Ni(t2)

TOME 75 (2025), FASCICULE 5



1964 Jacek JENDREJ
(it suffices to replace to by sup{7 >t : N1(7) = Ni(t2)}). Let
(5.26)  t3:= min{t € [t1,t2] : N{(7) < —gNl(T) for all 7 € [tﬂfg]}.

By (5.23) and continuity, t3 < to. Suppose that t3 > t;. By (5.22), we
can assume that N4(t) > —51\73(15) for almost all ¢ € [t3,¢2] (provided
that ¢; was chosen sufficiently large). Since Nj(ts) > coNs(ty), this im-
plies Ny (t3) > coNs(t3). The function Ny(t) is decreasing for t € [ts, ts],
so Ni(ts) = Ni(ts). Thus (5.23) yields N](ts) < —vNi(ts), which is in
contradiction with the definition of t3. This proves that t3 = t;.

In particular, we have shown that Ny (t;) = Ny (t1) and Ny (t1) > coNa(t1).
This contradicts (5.19), so (5.21) has to hold.

It remains to prove that ¢ = 1. Suppose that ¢ = —1. Proposition 3.4
yields

(5.27) e~ (@®O=a®) < ot )2 L af ()24 a7 ()2 +a; (t)?, forall t > Tp.
Take t; sufficiently large such that
(5.28) e (a2(t)—a(t)) — sup (e—(Q’z(T)—fh(T)))'

T2t

Then (5.7) and (5.27) yield

(5.29) e~ (@)=a(t) < 4= (1)2 4 ay ()2,

which contradicts (5.21) if ¢y is small enough. O
LEMMA 5.4. — There exists tg > Ty such that g2(t) — q1(t) is increasing

for t > ty.

Proof. — Set q(t) := q2(t) — q1(t). Let ¢1 > to, where tg is large (chosen
later in the proof). We need to show that for all ¢ > t; we have ¢(t) > ¢(¢1).
Suppose this is not the case, and let

(5.30) ty := sup{t :q(t) = inf q(T)}.

T>t1

Then to > t1, ¢(t2) = inf <4, ¢(7) and ¢'(t2) = 0.

Let p(t) := pa(t) — pi(t), qo := q(t2), t3 := inf{t > t3 : q(t) = qo + 1}.
Since lim; o q(t) = 400, t3 is finite. We will show that the modulation
equations imply

1
(5.31) 2(t3) < qo + 3

which is a contradiction.
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Let ¢ € [to, t3]. By Proposition 5.1 we have ||£(t)||%:
and (4.75) yield, for some C > 0,

(5.32) p'(t) > (4k2 —2¢)e™1®) —2cCe™

> (4k2 — 2¢)e™(@0F) _2cCe™% > k2679, for all t € [ty, t3].

S e %, thus (4.74)

~

Since ¢/(t2) = 0, (4.35) yields p(ts) > —ce™ % . Integrating (5.32), we get
(5.33) p(t) = —ce™ 7 + k2 (t —tg)e 90, for all ¢ € [ta, t3].
Using (4.35) again we obtain

(5.34)  —(Q, Q)¢ (t) < —k2(t —ta)e ™ ® +ce~F,  forall t € [to, t3)].

We now integrate for ¢ between t2 and ts:

(5.35) —(Q,Q)(q(t3) — q(t2))

t3
< [ (He e e By
to

1 2
= kBTt — 1) + e B (s — 1) < o

Tl
so that (5.31) follows if we take ¢ small enough. O
We have the following immediate consequence of Proposition 5.1 and
Lemma 5.4.
COROLLARY 5.5. — There exist Cy > 0 and ty > Ty such that for all
t>1o
(5.36) le(t) |3 < Coe~(@2(O=a(®)

PROPOSITION 5.6. — Let ¢ > 0. There exist p > 0 and tg > T, with the
following property. Let q(t) := qa2(t) — q1(t) and p(t) := pa2(t) — p1(t), where
qir(t) and pi(t) are the modulation parameters defined in Section 4. Then
for all t > ty the following inequalities are true:

(5:37) [¢/()) = (@.Q)7'p(t)] < ce™
(5.38) |p/(t) — 4kGe 1| < cem ).
Proof. — Subtracting (4.35) for k =1 and k = 2 we get

! A\ — _ _a®)
(5.39) ¢'(t) = (Q,Q)'p(t)| < e/em1® + g3 <cem 7,

where the last inequality follows from Corollary 5.5.
We already know from Proposition 5.1 that o = 1. Subtracting (4.74)
and (4.75) and using Corollary 5.5, we obtain (5.38). O
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Remark 5.7. — An important feature of the system of differential in-
equalities (5.37), (5.38) is that it does not involve the error term e(¢). Thus
the study of the dynamical behavior of the solution u(t) to (gKdV) is re-
duced to the study of a two-dimensional system of differential inequalities.
As we will see below, these inequalities determine the dynamics of the
parameters ¢(t) and p(t), at least at the main order.

Proof of Theorem 1.4. — Let r(t) := p(t) — 2(Q, @>e*¥ for t > Ty,
where « is defined in Remark 2.4. Since p; () — 0, p2(t) — 0 and ¢(t) — o
as t — oo, we first note that r(t) — 0 as t — oo.

By (5.37) and (5.38), we have

(540) r(0) = 9/(0) + £(Q. Qg (e ¥

= 4kZe™1® 4 ﬁp(t)e_# + O(ce™1®)

— ke "% (p(t) — 26(Q, Q)e™*F) + O(ce™11)

= ﬁe_%r(t) + O(ce™ 1),

where we have used the fact that —2x2(Q, @) = 4kZ in order to pass from
the first to the second line. We now show that for any ¢ there exists tq > Tj
such that

a(t)

(5.41) [r(t)] < cpe™ 7, for all t > to.

Suppose (5.41) fails, so there exists t; arbitrarily large such that |r(¢1)] >

coe” 3 Assume r(t1) > 0 (the case r(t1) < 0 is similar). Let tg :

sup{t : r(t) = coe” G }. We have t3 € (t1,00) and '(t3) < 0. Since ¢(t)
is increasing, we have r(tq) > coe_#. Thus (5.40) yields r'(t2) > 0, a
contradiction.

From (5.41) and (5.37) we deduce that for any ¢g > 0 and ¢, large enough

we have

(5.42) /() = 2™ F | < e F = |(@*F) — | < T

which implies, after integrating,

(5.43) (k — co)t < e < (K + colt,

equivalently

(5.44) 2logt + 2log(k — ¢p) < q(t) < 2logt + 2log(k + co),

for t large enough. Since c¢q is arbitrary, this proves (1.22). O
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Appendix A. Reduced dynamics

In this section we prove some facts about the reduced equation for mod-
ulation parameters (1.14). Of course E(x, v) is a conservation law for this
system. Maybe not suprisingly,

K
(A1) M(z,v) = M(Zokak(~ —xk)>
k=1

is also a conservation law. Indeed, the Hamiltonian vector field correspond-
ing to M is the generator of space translations, which leave E(x,v) invari-
ant.

A.1. General lemmas

We recall some facts from the theory of ordinary differential equations.
Given tg, a Euclidean space E and § > 0, we denote Ng(to; E) the space
of continuous functions f : [tg,00) — E such that

(A2) 1113500y 2= 5D € £ ()] < +oc.
zto

If tp and E are known from the context, we write Ng instead of Ng(to; E).

Given zo € E and p > 0, we denote Bg(xo;p) :={r € E : |z —xo|p < p}
and Bg(p) := Bg(0;p). If E is known from the context, we skip the
subscript.

LEMMA A.1. — If T € R¥™? is a matrix having no eigenvalues whose
real part is smaller than —\ € R, then for any 5 > X and tyg € R the system
(A.3) @' (t) =Tz (t) + £(t)

defines a bounded linear operator S : Ng(to;R?) — Ns(to;R?), f > x =
Sf, whose norm depends on T and (3.

Proof. — WiEhout loss of generality, we can assume A = 0. Indeed, it
suffices to set T := T + A, 2(t) := eMa(t) and f(t) := eMf(t), so that

1@ N,y = ll2lln, and [|Fl[n,_y = [ Flln,-
The solutions of (A.3) are given by the Duhamel formula:

t
(A.4) x(t) = et g (1) +/ =T f(s)ds, for all t > to.

to

Applying e~ (#=%)T o both sides, we get

t
(A.5)  @(ty) = e~ (00 Tp(t) — / e~ T f(5)ds,  for all t > to.

to
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By the Jordan decomposition, there exists C > 0, depending on 7', such
that

(A.6) le " ||gaspe < C(1+t*1Y),  forall ¢t > 0.

Hence, if f € Ns(to;R?) and & € Ng(to; R?), we can pass to the limit
t — oo in (A.5) and obtain

(A7) x(tg) = — /we*(Hwa(s)ds.

to

Plugging this into (A.4), we have

(A.8) x(t) = — /DO e~ () ds + / =T £(s)ds

to t(J

_ /oo e*(sft)Tf(S) ds,

t
which is a continuous function. Using again (A.6), we compute

(A.9) (1) < O / Tt (s - ) £(s) ds
<Clfly, [ (14 5= 0t e as

= ée_BtHfHNﬁ / (1 4 sd—l)e—Bs ds
0

<CEH+ 87D i,
with C' depending only on 7. O

PROPOSITION A.2. — Let T € R¥? be a matrix having no eigenvalues
with a negative real part. For any 8 > 0 there exists ¢y > 0 such that the
following is true. Let to € R, > 0 and f : [to,00) X Bra(n) — R? be
a continuous function satisfying

(A.10) |F(t,0)] <e P, for all t > to,

(A11) |f(t,x*) — f(t,x)| < cola® — x|, for allt >ty and ||, |z*| < 7.
There exist t; >ty and x4 € N@(tl;Rd) such that

(A.12) xl(t) = Txs(t) + f(t, (1)), for all t > 1.

Ifty € Rand ! € Nps(t2;RY) solves (A.12) for allt > to, then @i (t) = z4(t)
for all t > max(tq, t2).

Proof. — Given x : [t1,00) — R? continuous and such that |||z~ < 7,
we denote f(x) the function ¢ — f(t,x(¢)). The system (A.12) is equiv-
alent to the fixed point problem xs; = Sf(x;), where S is the operator
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from Lemma A.1. We now check that for any p large enough and ¢; € R
large enough (depending on p), * — Sf(x) is a contraction on the ball
in Ng(t1;R?) of center 0 and radius p, which by the Contraction Principle
will finish the proof.

Fix p > 0 and let ||z n,(,) < p. If t1 is large enough, then the last bound
implies in particular ||x|L~ < 7, hence f(x) is a well-defined continuous
function. Using (A.10) and (A.11), we have

(A13)  |f(taz®) <e ™A +cp) = [f(@)naw) <1+ cop.

By Lemma A.1, if ¢y is small enough and p large enough, then

1SF(@)]n,s < p-
Now, let 2# be another function satisfying ||@*|| y, ) < p. Using (A.11),

we have

(A.14) [F(t b (1) = F(t,2(1))] < cola (1) — 2(1)],

hence

(A.15) £ (@) = F(@) Ny () < coll® — @ ny0r)-

By Lemma A.l, if ¢o is small enough, then [|Sf(z*) — Sf(x)|n, <

%Hwﬁ_wHNﬁ' ]
LEMMA A.3. — Let T € R¥? be a matrix with exactly one negative

eigenvalue —\ and all the other eigenvalues having a non-negative real part.
Denote Y an eigenvector of T' corresponding to the eigenvalue —\ and «
the eigenvector of T, the transpose of T', corresponding to the eigenvalue
—\, normalised so that as-Ys = 1. Let tg € R and 8 € (0,)\). For any
f € Ns(to; RY) the system

(A.16) x'(t) = Tx(t) + f(t)

has a unique solution € Ng(to; R?) such that as-x(to) = 0. The mapping
f— x = S,f is a bounded linear operator Ng(to; R?) — Njs(to; R?) whose
norm depends on T and (3.

Ifz, 2% € Ng(to;RY) are two solutions of (A.16), then there exists a € R
such that x(t) — x(t) = ae Y, for all t > t.

Remark A.4. — We denote the solution operator S, to indicate that
it yields a particular solution of (A.16), chosen in an arbitrary and non-
canonical way.

Proof of Lemma A.3. — The solutions of (A.16) are given by the
Duhamel formula:

t
(A17)  x(t) = e (1) + / =T f(s)ds,  forall t > to.

to

TOME 75 (2025), FASCICULE 5



1970 Jacek JENDREJ

Let X, = {x € RY: a;-x = 0} and let T, : X, — X, be the
restriction of T' to X,,. Let x(t) = a(t)Vs + x,(t) with x,(¢) € X, and
Ft) =0(t)Vs+ f,(t) with f,(t) € X,. Taking the inner product of (A.17)
with ag, we obtain

¢ ¢
(A.18) a(t) = e Mtt0)g (1) +/ e ME=9p(s)ds = / e M=9)p(s) ds,
to tO

where the last equality follows since we require « - (tp) = 0. Taking the
difference of (A.17) and (A.18) multiplied by )s, we obtain

(A19) a,(t) = et Ty, (1) + / t =) Tuf (s)ds,  forall t > t,.
to

Applying e~ (#=t0)Tu to both sides, we get

(A.20) @, (tg) = et Tug, (1) — /t e~ GtITu g (s)ds, for all t > to.
to

By the Jordan decomposition, there exists C7 > 0, depending on 7', such

that

(A.21) o™t x, »x, < Ci(1+1t172), for all £ > 0.

Hence, if f € Ns(to;R?) and & € Ng(to; R?), we can pass to the limit
t — oo in (A.20) and obtain

(A.22) x,(to) = — /00 e (ITu £ (5)ds.

to

Plugging this into (A.19

~—

, we have

oo

t
(A.23) z,(t)=— [ e G OTup (s)ds+ / et=3)Tu g (s)ds
0 to

= - 67(87t)Tu fu(’s) dS,

t

T~

>

which, together with (
x(t). We have

.18), uniquely determines a continuous function

t
(A.24) la(t)| < Co flIn, / e Mt=5)g=Bs g

to

t
= CZef,BtHfHNB / e~ (A=B)(t=5) 45

to

< Coe™®| £, / e~ 45 < Ce | £,
0
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where Cs depends on T', and C5 depends on 7" and . Finally,

(A25) [z ()] “4/:0(”( 192)| £(s)| ds
<C’4Hf|\Nﬁ /Oo(1+(sft)d72)efﬂsd5

:c4e—ﬁt||f||NB/ (14 572)e 5 ds < Cse™P| |,
0

where Cy depends on T', and C5 depends on T" and S.

If # and  both belong to Ns(to; R?) and solve (A.16), then z := xf—x €
Np(to; R?) solves 2/(t) = Tz(t) for all t > tg, hence the Jordan decompo-
sition yields z(t) = ae~*Y, for some a € R. O

The following version of the Stable Manifold Theorem for non-auton-
omous systems will be useful.

PROPOSITION A.5. — Let T € R%*? be a matrix with exactly one neg-
ative eigenvalue —\ and all the other eigenvalues having a non-negative
real part. Denote )y an eigenvector of T' corresponding to the eigenvalue
—\. Lettg € R, 8,7,7 > 0 and f : [tg,o0) x Bga(n) — R? be a continuous
function satisfying

(A.26) |F(t,0)] < e P, for all t > to,
(A.27) |fF(taf) — f(t, )| <

There exists a family {x, € Ng(1,;R?) : a € R} having the following
properties:

e Maf—x|, forallt >ty and |x|, |z*| <.

e for all a € R, x = x, solves for all t > 7, the equation
(A.28) 2/(t) = Ta(t) + (¢ 2(1)),
o foralla,a® € R and v < A+, Tyr — o — (af — a)exp(—\-)Ys €
Nl/(ma’X(Ta7Tan);Rd)’
o ift; € R and € Ng(t1;R?) solves (A.28) for all t > ty, then there
exists a € R such that x(t) = x,(t) for all t > max(t1, 7).

Proof. — By exactly the same computation as in the proof of Proposi-
tion A.2, we obtain that for any p large enough and 7y € R large enough (de-
pending on p), z — S, f(x), where S, is the operator defined in Lemma A.3,
is a contraction on the ball in Nj(79; R?) of center 0 and radius p. We denote
xo € Ng(79; R?) its unique fixed point.

Setting © = xo + y, we rewrite (A.28) as

(A.29) y'(t) = Ty(t) + [f(t,zo(t) + y(t) — Ft,20(1)].
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Let v € (\,A\+7). We first show that if y € Ng(t1;R?) solves (A.29) for all
t > t1, then there exists a € R such that y — aexp(—=\-)Vs € N, (t1; R?).

Indeed, if y € Ng(t;;RY), then (A.27) implies f(zo + y) — f(zo) €
Npir(t1;RY), thus Lemma A.3 yields y € NE(tl;Rd) for any 8 < min(S +
7, A). Repeating a finite number of times, we obtain y € N,_,(¢t1;R?),
which, again using (A.27), implies f(xo+y) — f(xo) € N, (t1;R?). Hence,
(A.30) S(f(zo+y) — f(m0)) € No(t1;RY),
where S is the operator defined in Lemma A.1. But z := y — S(f(xo +
y) — f(xp)) satisfies the homogeneous equation z’(t) = Tz(t), yielding
z(t) = ae~ Y, for some a € R.

Now, we prove that for every a € R there exists a unique solution y,
of (A.29) such that y, — aexp(—\-)Vs € N,(t1;R?) for some t; € R.
Writing y, (t) = aexp(—=At)Ys + z(t), (A.29) becomes

(A31) 2(1) = T=(t) + [f(t,o(t) + aexp(—M)V, + 2(t) — F(t,o(1))]-
Since f(xo + aexp(—A-)Vs + z) — f(xo) € N, (t1;R?) and v > A, the last
equation is equivalent to

(A.32) z=5(f(mo+aexp(=\-)Vs + z) — f(zo)).

By a similar computation as in the proof of Proposition A.2, if p is large
enough (depending on a), then the right hand side defines a contraction on
the ball in N, (¢1;R?) of center 0 and radius p for ¢; large enough.

This proves existence and uniqueness of z, and thus of y,. We set z,, :=
To+ Y, O

A.2. Distinct limit speeds

For given x(t) = (z1(t),...,zx(t)) we denote

(A.33) L(t) := 1£?K(xk+1(t) — x5 (t))-

We also denote

X(z,v)\ [ Az,v) C(z,v) 0, E(z,v)
aan - (ven) = (et siew) (rne)
the right hand side of (1.14).

PROPOSITION A.6. — Let v™®° = (v§°,...,v) € ((0,v.) \ Verit)X be
such that v{° < ... < v® and let (x(t),v(t)) be a global solution to (1.14)
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such that lim; o vi(t) = vy and lim; .o, L(t) = oo. Then there exist
x9°,...,2% € R and > 0 such that, for k € {1,..., K},

(A.35) an(t) — (Pt +a)| < e, Jur(t) — o[ < e,
for t sufficiently large.

Moreover, for any z3°,...,z% € R there exists a unique solution to (1.14)
satisfying (A.35).

In this section and the next one, 5 denotes a positive number which can
change a finite number of times in the course of the proof. This is why we
do not distinguish for example between < e=#* and < 7.

We need the following bounds on (X, V).

LEMMA A.7. — Let I be a compact interval C (0,v,) \ Vyit. There
exist 3, Ly > 0 such that for all (z,v) and (y,w) with v,w € I¥ and
L := miny <k (Th+1 — xx) = Lo the following bounds are true:

(A.36) | X (z,v) —v|+ |V(z,v)| < e PL,

(X (z,v) = X(y,w) — (v —w)|+ |[V(z,v) - V(y,w)|
(A.37) o
<e Pl -yl + [v —w).

Proof. — Using the Chain Rule and Lemma 3.1, one obtains

V(E(a:,v) — iE(ka)> ‘
V2 <E(a:,v) — iE(ka)>

k=1

K
(A38) |BE(z,v) =Y E(Qu)|+
k=1

<e PL

X

+

for some B > 0 and L large enough, where “V” is the gradient in R?¥,
Alternatively, we can write:

(A.39) |0E(x,v)| + |0pE(z,v) + D(x,v)v| + |02 E(x,v)]
+ 0200 E(x, v)| 4 |02 (2, v) 4+ 0, (D(x, v)v)| < e PE,

where D(z,v) is the diagonal K x K matrix with entries (Q,, Qu,) (we
are using here the fact that DE(Q,) = —vQ,). Similarly, we have

(A.40) [A(z,v)[ +[VA(z,v)|
+ |C(x,v) — D(x,v)| + |[V(C(x,v) — D(x,v))| < e PL.
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From the equality

(A.41) A(xz,v) C(z,v)\ (X(z,v)\ [0zE(x,v)
' —C(z,v) B(z,v)) \V(z,v)) \0pE(z,v)

and the estimates above we obtain

0 D(z,v)\ (X(z,v)\ _ 0 _BL
(A.42) (—D(m, v) B(w,v)) <V(EB, v))  \-D(z,v)v +OET),
which easily implies (A.36).
Similarly, differentiating (A.41) with respect to & and using 9, D(x,v) =
0 we get

A8 (0 0, 50,0)) (viom) * (0t 0) o) (orvion)

which yields
(A.44) 10X (2, )] + |0,V (x,v)| < e PL.

Differentiating (A.41) with respect to v we get

3 (o o) (v) (U ) (v ) = (autom) #0

which yields
(A.46) 100X — 1d| + [0, V| S e PL.

Now (A.37) follows from (A.44) and (A.46), perhaps with smaller 5. O

Proof of Proposition A.6. — First we prove (A.35), then we will prove
the uniqueness part. Let ¢ := minj<p<x (v35; —v;°) > 0. Since we assume
L(t) — oo, Lemma A.7 implies |z},(t) — v(t)] S g for ¢ large enough.
We also assume vy, (t) — vg°, thus xj_ ,(t) — z}.(t) > ¢ for ¢ large, which
implies L(t) > %t for ¢ large. Applying again Lemma A.7, we obtain that
there exists § > 0 such that

(AA4T) 25, (1) — v ()] <e 2Pt |up| <e 2Pt for t large,

which yields (A.35).
Given x>, we define (z(t),v(t)

S—
lon
<

(A.48)
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Then (x(t),v(t)) solves (1.14) if and only if (z(t),v(t)) solves

(A.49) <§:Eg> =T @Eg) * (égsfg;gg;) ’
where

()
(A.50)

X(t,2,0) = X(v®t +2° + T,v° +0) — (v™° + D),
V(t,Z,0) = V(0 t+z™ + &,v>° + ).

From Lemma A.7 we obtain that there exists § > 0 such that for ¢ large
enough and |Z| + [v] + |y| + |w| < 1 we have

(A51) IX(t,z,9)| + |V(t,®,0)] <e P,
|X(t7%7:6) - X(tvga'ﬂ’ﬂ + |‘7(t7%7:6) - V(t?f’ja@”
<e Pl —y|+ v —wl).

From (A.35), we obtain that if (z(t),v(t)) solves (1.14), then |x(t)| +
[o(t)| < e B¢ for ¢ large. Since T has no eigenvalues with a negative real

(A.52)

part, invoking Proposition A.2 finishes the proof. O

A.3. Two-solitons with the same limit speed

We proceed to the proof of Proposition 1.3. By rescaling the space vari-
able we can assume v>° = 1. The functional H(zx, v) := E(x,v)+ 3 M (x,v)
plays an important role in our analysis. It is a conservation law for (1.14).

Until the end of this section, we denote L := 2o — 1 and L(¢) := xo(t) —
x1(t). We abbreviate 1 := (1,1) and ¢ := (=1, 1).

LEMMA A.8. — There exist numbers §, Ly, Cy > 0 such that if [v — 1| <
6 and L > Lg, then

(A53) o — 1% < Co(|H(=,v) — 2H(Q)] +e ).

Remark A.9. — In this section, the conservation law H is used only to
obtain the bound (A.77) in the proof of Proposition 1.3 below. In the
proof of Theorem 1.4, the functional H is crucially used to obtain bounds
on the error term £(¢). The reason why we were unable to treat the case
fRQ(x)@(x) dz > 0 in Theorem 1.4 is that in this situation the terms
lle]|3;: and |v — 1|* come with opposite signs in the expansion of H, so we

could not obtain any useful estimate for either of them.
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Proof of Lemma A.8. — As in the proof of Proposition 3.4, denote
Rl = Q( c = ZL’l), R2 = Q( C = CCQ), U .= O'lRl + O'QRQ. Let ¢ := O'lel(' -
x1) + 02Qu, (- — x2) — U. Then

(A54) e = (o1(02 = DQ(- — 1) + 0202 — Q- — 22l S o — 1.

We have the crucial non-degeneracy

(A.55) (Q,D*H(Q)Q) = (Q, LQ) = (Q, —Q) # 0.

Combining this with similar estimates as in the proof of Lemma 3.2, we
obtain

(A.56) (e D2H(U)2)| 2 v — 12

We also have |H(U) —2H(Q)| < e L and (DH(U),e)| < e L +]v—1J2,
see (3.15) and (3.30). The conclusion follows from the Taylor expansion
(3.26). O

We need a more precise estimate of the right hand side of (1.14) than
the one provided by Lemma A.7.

LEMMA A.10. — Assume 1 € (0,v4) \ Verit. There exist 8,0 > 0 such
that for all (x,v) and (y,w) with |[v — 1| + |w — 1| + |z — y| < ¢ the
following bounds hold for L := xo — x1 large enough:

(A.57) | X (z,v) —v| < e~ (AL
(A.58) [V (z,v) — ¢(x)] < eI 4|y — 1o~ GFAL
1

(A59) | X(z,v)—X(y,w)—(v—w)| < e CHOL g —y|+ePllv—w|,
V(z,v) = V(y,w) - (¢(x) — d(y))|

A.60)

( ( —(+BL 4 v —1le” G +B)L) |z —y| + e—(%+B)L‘v —w),
with ¢(x) := (O'HQG_L, —0’/*626_1'), where o := —sgn((Q, @)alag) and K is
a constant.

Proof. — Denote 9(x) := 10103 [5(0,Q(- — x1))Q(- — x2) dz. We claim
that

(A.61) |0.E(z,v) — (Q,Q)p(x) + ¢(x)| < e”HHIL 4|y —1fe” GHIL,
(A.62) |0, E(zx, v) + D(z,v)v| < e—< +AL
(A.63)  |A(z,v)| +|C(a,v) — D(z,v)| <e I,
(A.64) |A(z, v)v + P(z)] < e AL Ly — 1)e~ (AL,
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Bounds (A.62), (A.63) and (A.64) follow from the fact that |v — 1] is small

(8 could be any number < % — 0, see Remark 2.5). The proof of the first

bound, the details of which we skip, is similar to the proof of Lemma 4.6.
Consider the matrix

e (S50 Se) = (6 )

(55 ()

By the standard asymptotic expansion for the matrix inverse we have

—1

-1

(550 (50 (i o))

+ O(e=(HALy,

-1

. —1 —1 -1 _ -1 .
Since (*OD g) = (D DL:D [()) ) = O(1), we obtain
(A.66) K=-D"'+0(e GFtAL)  J=DAD! +O(e” L),

We have X = GO, E+ KJ,F, so (A.61), (A.62) and (A.66) yield | X —v| <
ef(%‘i’ﬂ)l"

Next, we have
(A.67) V= —K0,E+ JO,E
_ D((Q.Q)¢ + )~ D AD"Dw
+O0(e AL 4 |y — l‘e*(%%ﬁ)L).
Since [D~HQ, Q) — Id| < |v — 1| + e~ (AL it follows from (A.64) that
(A.65) V= ] S oL 4 [y 1je- (L,

In order to bound the derivatives of X and V, we need the following
estimates:

(A.69) |02 E(x,v) — (Q,Q)0zp(x) + Optp(z)] < e WAL 4 |y —1|e=GHAL,
(A.70) 050, E(, v)| < e~ (GTAL,
(A.71) 0 Az, v)0 + Ot ()| < e TFAL L |y —1]e=GHAL
(A.72) 0 A(z, v)| < e~ G TAL,
(A.73) 102C (x, v)| < e~ GHAL.

We skip the proof. Note that we are simply claiming that bounds (A.61),
(A.62), (A.63) and (A.64) still hold after differentiating the terms on the
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left hand side. Hence the proof amounts to repeating the computations
for (A.61), (A.62), (A.63) and (A.64), and checking that each discarded
term has negligible partial derivatives.

By the Chain Rule, we have

(A.74) 90X\ _ (G K\( OZE\ (G K\(0A 0,C\(X
' 0.V ) \-K J)\0.0,E —K J)\=0,C 0,B)\V /"
We know already that |[V] < e~ (2 9L which, together with (A.66)-(A.74),

leads to |9, X| < e (2+AL,
Consider now 9, V. From (A.74) we have

(A75) 0,V = —K&2E + K(0,A)X + O(e” AL 4 |y — 1]e=GTAL)
(all the other terms resulting from the matrix multiplication are negligible).
Using again (A.66), (A.69), (A.71) and |X — v| < e~ (2TAL  this yields

10,V — 8,¢| < e WAL 4 |y — 1]e~ @ +AL,
Similarly, we have

(A.76) 0X\ _ (G K\ (00,E\ (G K\[ A 0,C\ (X
’ V) \-K J 02E —K J)\=0,C 0,B)\V )"
As for 0,X, (A.46) is already enough. Regarding 9, V', we check all the

terms resulting from the matrix multiplication and we see that they are all
of size < e~ (AL We skip this routine computation. 0

Proof of Proposition 1.3. — Let (x(t), v(t)) be a solution of (1.14) such
that (1.18) holds, with v = 1. Since H is a conservation law, we have
H(x(t),v(t)) =2H(Q) for all t. By Lemma A.8 we obtain

(A.TT) lv(t) — 1| < e 2L®  for all t large enough.

Denote v(t) := va(t) — v1(¢). Directly from Lemma A.10 and (A.77) we
obtain the differential inequalities

(A78) |L(t) — v(t)] < e”GTAOL® /(1) + 20k2e LW | L o= (AL,

Suppose that ¢ = —1. Since we assume lim;_, o, v(t) = 0, the second in-
equality above yields

(A.79) o(t) < fco/ e L) ds,  for some ¢y > 0 and ¢ large enough.
t

Let [ := limsup,_, o igz Note that (A.79) implies ! > 1.

From (A.79) we have v(t) < 0 for all ¢ large enough, hence (A.78) yields
L'(t) < e~ (GFALW®) for all ¢ large enough. We can integrate this inequality
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and obtain in particular
1
3+8

Let € € (0,1). We claim that there exists a sequence t,, — oo such that

(A.80) 1<

(A.81) L(t,) > (I —e)log(t,) and L'(t,) > 0.

Indeed, by the definition of lim sup there exists a sequence 7,, — 0o such
that L(7,) = (I — €)log(ry,). It suffices to take ¢, the smallest time such
that L(t,) = (I — €) log(my).

Using (A.78), (A.79) and (A.81) we get

(A.82) co /Oo e L) qg < e~ (3HAL() < t;(%+5)(l_6).
t

n

If ¢,, is large enough, then L(s) < (I 4 ¢)logs for s > t,,. This implies

A e L(s) 4 - eq €0 (I+e-1)
(A.83) co/ e "\¥ds > co/ s T fds = ——t,)
t t l+e—-1

Making ¢, — oo in (A.82) and (A.83), we obtain [+e—1> (3 + B8)(I—¢),
thus [ > 1 —5 — 2+Z€ which contradicts (A.80) if e is sufficiently small.
This shows that o = 1.

Our next objective is to prove that there exists § > 0 such that if
(z(t),v(t)) is a solution of (1.14), then

| (t) — (11 + 2°°1 + log(kt)e)| S 7,

A.84
sy o(t) = (L+¢71)| S 70+,

for some x> € R.

We claim that L(¢) is increasing for ¢ large enough. Let ¢y be large (chosen
later) and t; > to. We need to show that for all t > ¢; we have L(t) > L(t1).
Suppose this is not the case, and let
(A.85) to :=sup{t: L(t) = Tlgtfl L(7)}.

Then ty > t1, L(tg) = inf7->t2 L(T) and L/(tg) =0.

Let Lo := L(ts), t3 := inf{t > to : L(t) = Lo + 1}. Since lim;_, o L(t) =

00, t3 is finite. We will show that (A.78) implies

1

which is a contradiction.
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We have, for ty and thus Lg large enough, and for all ¢ € [to, t3],

(A.87) /(t) < (—2K% 4 e PLo)eL(®)
2
< 7§H267L(t) < 7§K267L071 < B Lo
2 2 2
Since L'(t5) = 0, (A.78) yields v(ty) < e~ (2 Ao Integrating (A.87), we
get

2
(A.88) o(t) < e~ (3FAL0 _ %e_LO (t —ta), for all t € [ta, t3].
Using (A.78) again we obtain

2
(A89)  L/(t) < 2e~(G+ALo _ %e_L" (t—ts),  forall t € [to, ts].

We now integrate for ¢ between ¢y and ts:

t3 ) 2
(A.90) L(t3) — L(ty) < / (26_(2+5)L° - %e_LO (t — t2)> dt
to
—(1+8)L K 2
= 2e (z+8) O(tg—tg) — Ze 0(t3—t2)

4 _opr
< ?e 07
so that (A.86) follows if Ly is large enough. This shows that L(t) is increas-
ing for ¢ large enough.
Let 7(t) := v(t) — 2ke~L(/2 Note that lim;_, r(t) = 0. Using (A.78),
we obtain

(A.91) ' (t) = He*L(t)/%(t) + O(ef(lJrﬂ)L(t)).
This implies
(A.92) Ir(t)] < e_(%w)L(t), for t large enough.

Indeed, suppose 7(7,) > Coe~(ZHAIL(T) for any large constant Cy > 0
and a sequence 7, — 0o. Let ¢, be the largest time such that r(¢,) =
Coe~(2+AL() - Since L(t) is increasing for large ¢, we have r(t,) >
Coe~(2TAL(tn)  But also 7/(t,) < 0. This contradicts (A.91) if Cy is large
enough. The case 7(7,) < —Cpe~ (28 L(Tn)
From (A.78) and (A.92) we deduce

is similar.

(A.93) |L/(t) — 2re LM/2| < e~ (ZHBL()

= [(eMMW2) — k| e P « 1.
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Integrating, we obtain L(t) = 2logt+ O(1). We can reinsert this to (A.93),
integrate, and obtain the more precise bound

(A.94) |L(t) — 2log(st)| < t72°.
This implies |k2e~ 2" —¢=2| < ¢~2728, Thus Lemma A.10 and (A.77) yield
(A.95) oy () =t St () — | S

Since we assume lim;_, o, v1(¢) = 1, the first inequality above yields |v (t) —
(1 —1/t)| < t~(+28) Now the second inequality yields |z (t) — (t + 23 —
log(kt))| < t727 for some z3° € R. Analogously, we obtain |vy(t) — (1 +
1/8)] S 70428 and |zo(t) — (t4+25° +log(kt))| < t728. Since L(t) = zo(t) —
x1(t), (A.94) yields x3° = x5° = x°°. This finishes the proof of (A.84).

We proceed to the proof of existence and uniqueness. We introduce the
new “time” variable s by t = k~le®. Given 2> € R, we define (Z(s),v(s)) by

z(s) = x(r'e) — (ke 1+ 2™1 + s¢),

(4.96) o(s) = ke’ (v(k'e®) — (1 + ke *r)).
We have
Z'(s) =k letx! (kle) — (/-fl *1+1),
(A.97) v'(s) = k% (kte®) + kT letu(kte®) — kel
= K2 (K e®) + 5(3) +t.
Set
X(5,2,0) =k "X (k e’ L1+ 21+ 50+, L+ Ke 1+ ke D)
— (ke 14e)—
(A.98) _
V(s,@,0) := k 2>V (ke 14+2°1+se+Z, 1+ Ke 1+ ke D)
+e— (T2 —T1)t,
so that
X(s,2(s),0(s)) = k' e* X (w(r '), v(ke%))
(A.99) _ ~ (e 4 1)~ 5()

V(s,2(s),0(s)) = £ %>V (x(r "), v(k %))
o= (Ta(s) - (S))L
We obtain that (x(t),v(t)) solves (1.14) if and only if (z(s),v(s)) solves

w0 -G (G :)
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where

(A.101) T@) :( v ) = T:= § _01

v v+ (T2 —T1)L

O = O =
— O~ O

Note that the lower left quarter of the matrix T is related to the lin-
earisation of ¢(x). The matrix T has eigenvalues —1,0,1,2, and Y, :=
(—=1,1,1,—-1) = (¢, —¢) satisfies TY; = =Y.

Observe that L(t) ~ 2s from (A.94). Thus, from Lemma A.10 we obtain
that there exists 8 > 0 such that for s large enough and |z|+|v|+|y|+|w]| <
1 we have

(A.102) X (s,2,0)| + |V (s,2,0)| < e P +|z|?,
X (5,2,0) — X(s,9,®)| + |V(s,2,0) — V(s,, )|

(A.103) e et
S+ 2+ yh(@ - gl + o - wl).

From (A.84), we obtain that if (a(t),v(t)) solves (1.14), then |z(s)| +
[o(s)] < e7P¢ for s large. Let {(Z4,0,) : @ € R} be the family of expo-
nentially decaying solutions given by Proposition A.5. Let (x,v) be the
solution of (1.14) corresponding to (&g, Vo) through (A.96), in other words

(A.104) z(t) = 5_0 (iog(nt)) +t1 + x"oi + log(kt)e,
v(t) =t oo (log(kt)) + 1+t .

Let t> € R and define (xf, v*) by

(A.105) (xF(t),v* (1)) == (x(t —t>°) + 21, v(t — t>)),

which is also a solution of (1.14) for ¢ large enough. Let (Z*, %) be defined
by (A.96) with (x,v) replaced by (xF, v*). We thus have

(A.106) T(s) =t (k'e®) — (K 'e®1 + 21 + 1)
=ax(r'e® —t®) = (7'’ — ™)1 + ™1 + st)
=T (log(es — mfoo)) + (1og(es — Kt>) — s)l,
= o (s +log(1 — kt®e™*)) +log(1l — kt™e )¢
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and

(A.107) (s) = rte® (v* (k™ te®) — (1 + Ke "1))
=r"'et(v(k e — ) — (1 + ke 1))
=k e’ ((k'e® — ) 1o (log(e® — Kt™))

+ ((/fles — )7t~ /{e*S)L)
(1 — kt®e ®)'vg(s + log(1 — kt™e™*))
+ (1= wt>®e™) ™" —1)e.

Since |Zy(s)] < e #* for all s large enough, we have |@o (s + log(1 —
Kt®e™)) — Zo(s)| S e HAs thus

(A.108) T (s) — @o(s) = —kt™ e 1 + O(e~(1HF)9),
Similarly,
(A.109) B (s) — Do(s) = kt™e 51 + O(e~ (1)),

Proposition A.5 yields (iﬁ,%ﬁ) = (%4, v,) wWith a := —kt®, in particular
there is a one-to-one correspondence between ¢t*° and a. O
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