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ALMOST GLOBAL EXISTENCE FOR SOME
NONLINEAR SCHRODINGER EQUATIONS ON T¢ IN
LOW REGULARITY

by Joackim BERNIER & Benoit GREBERT (*)

ABSTRACT. — We are interested in the long time behavior of solutions of the
nonlinear Schrodinger equations on the d-dimensional torus in low regularity, i.e.
for small initial data in the Sobolev space H*0 (']l‘d) with sg > d/2. We prove that,
even in this context of low regularity, the H®-norms, s > 0, remain under control
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of the initial datum in H?®0, ||u(0)||gso = e. For this, we add to the linear part
of the equation a random Fourier multiplier in £°°(Z?) and show our stability
result for almost any realization of this multiplier. In particular, with such Fourier
multipliers, we obtain the almost global well posedness of the nonlinear Schrédinger
equations in H*0(T9) for any so > d/2 and any d > 1.

during times, T, = exp( ), exponential with respect to the initial size

RESUME. — On considére le comportement en temps longs des solutions des
équations de Schrodinger non-linéaires sur le tore de dimension d en faible régula-
rité, i.e. pour de petites conditions initiales dans ’espace de Sobolev H*0 (Td) avec
so0 > d/2. Méme dans ce contexte de faible régularité, on controle la croissance des

| log |?
4log | loge|
longs par rapport a la taille des données initiales dans H%0, ||u(0)||gso = €. Pour
y parvenir, on ajoute a la partie linéaire de I’équation un multiplicateur de Fourier
aléatoire dans £>°(Z%) et on montre le résultat de stabilité pour presque toute réa-
lisation de ce multiplicateur. En particulier, avec de tels multiplicateurs de Fourier,
on prouve l'existence presque globale des solutions des équations de Schrédinger
non-linéaires dans H0(T%) pour n’importe quel so > d/2 et d > 1.

normes H?®, s > 0, pendant des temps T = exp( ) exponentiellement

1. Introduction

The long time behavior of solutions of Hamiltonian partial differential
equations has been a major issue in the PDE community for two decades. A
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2 Joackim BERNIER & Benoit GREBERT

central question, initially posed by Bourgain [14], concerns the possibility
that a solution sees its Sobolev H®*-norm tend to infinity when time tends
to infinity for s large enough although the energy (the Hamiltonian) is
conserved (see also [15, 16]). Such a behavior would clearly contrast with
the behavior of solutions of linear PDEs. A number of results have been
obtained to postpone this eventuality to very long times with respect to the
size of the initial data (see e.g. [3, 5, 8, 12, 13, 14, 25]). Unfortunately they
only concern very regular solutions (the larger is s, the longer is the stability
time) contrary to what the numerical simulations suggest ([18, 19]). On
the contrary we consider here low regularity solutions of an emblematic
Hamiltonian PDE, namely the nonlinear Schrédinger equation. Concretely
we consider the Cauchy problem

(NLS) {i&‘tu = —Au+V *u+ o|ul?u,

u(O) e u(o)’

where t € R, v € T¢ = (R/27Z)?, d > 1, p > 1 is an integer, o € {—1,1}
allows to consider both the focusing and the defocusing cases and u — V xu
is a Fourier multiplier with a potential V' = (V,)peze € €°(Z%;R) whose
Fourier coefficients are real and bounded. More precisely, we identify every
function v € L?(T9) with the sequence of its Fourier coefficients

vE = (27r)7d/2/ v(z)e FTdy, kez?
Td

and so V * u is defined by the relation (V *u), = (27)~%2Vjuy,. Our main
result is

THEOREM 1.1. — There exists a non empty set V C {*°(Z%) such that
forV eV and sp > d/2, there exitseg = eo(s0, V,d, p) > 0 such that for any
u(®) € H*(T9) satisfying & := ||[u(®||gs0 < €0, the Cauchy problem (NLS)
has a unique solution

ue CV((~Te, Te); H (T4) N CM (= Tz, T2); H~2(T?)
with

___lloge]
TE = g A4log[loge]

If moreover u(®) € H*(T¢) for some s > 0 then u € CO((~T.,T.); H*(T%))
and

(1.1) u)||zs < Csllu'® | gs  for |t| < T

where Cs > 1 is a constant depending only on s.

ANNALES DE L’INSTITUT FOURIER
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Remark 1.2. — The set V of the Fourier multipliers for which Theorem
1.1 holds is defined by formula (1.7): the Fourier multipliers must be con-
stant on every dyadic block B,, given by (1.4). As a consequence it does not
contain any open set and it has zero measure in any reasonable measure on
£>°(Z%). Nevertheless it is not so small since, by Lemma 3.4, almost surely,
the random potential V' defined by (1.7) belongs to V.

Remark 1.3. — The estimate (1.1) means that, to control the growth of
the H® norm for very long times, the initial datum only needs to be small
in H*®°. In particular, as recently highlighted in [26], contrary to what is
usually assumed, it does not have to be small in H* (moreover note that
we do not have to assume that s > sp).

Remark 1.4. — In this paper we consider (NLS) on square tori T¢. Nev-
ertheless, a minor modification of the proof would allow us to extend this
result to any flat tori R?/I", where I' could be any lattice of R?. Indeed, as
explained below, the key point in this paper is to have linear frequencies
wy, constant on dyadic blocks modulo the integers (i.e. in R/Z). Since the
linear frequencies are of the form wy, = \x + (27)~ %2V} (where )\, are the
eigenvalues of the Laplace operator) and the coefficients Vj, are in £°° it
could be easily achieved even if the eigenvalues \; were not integers.

1.1. Context and further bibliographical comments

Let us first situate this theorem in regard to previous results. First, we
point out that the local well-posedness of (NLS) in H®, s > d/2, provides
a similar result but for much shorter times: we would only have T. ~
£72P, On the side of stability over long times, the work of Bambusi and
Bambusi—Grebert (see [1, 4, 5]) established, by a normal form method, the
following result concerning (NLS): for large families of Fourier multipliers
V € H™(T%) with m > 0, for 7 > 1 chosen arbitrarily large, s > so(r) > 72
and [|[u(® || 7= = € small enough, the existence time of the solution of (NLS)
is larger than e~" and we have

lu(®)||gs <2 for |t] <e .

In this result the time of stability is directly related to the regularity of
the solution, we have stability in H*® for time of order e~ ¢V*® where ¢ > 0
is a universal constant. In [13], in dimension d = 1, this time has been
enlarged to e~ °*. We also note that this result was extended in [8] to the
case with V' = 0 but then for random initial data. The main flaw in all

TOME 0 (0), FASCICULE 0



4 Joackim BERNIER & Benoit GREBERT

these results is that they apply only in very high regularity although the
corresponding partial differential equations are locally well-posed in low
regularity. Theorem 1.1 relaxes this constraint: s only need to be larger
than d/2, this last constraint coming from the fact that we want to work
in an algebra. We also note that in the result of Bambusi—Grebert, the
coeflicients of the Fourier multipliers are decreasing and actually correspond
to potentials in H™ which is not the case in Theorem 1.1. Moreover, the
potential, V' € V, we actually consider are not very generic in £*° : the
eigenvalues of the operator u — V xu have a lot of multiplicities (see (1.7)).
As we will see, this specificity is a key ingredient allowing us to have the
stability result (see Subsections 1.2 and 3.1 for details).

On the side of instability, Colliander—-Keel-Staffilani-Takaoka—Tao
(see [20]), considered the cubic nonlinear Schrodinger equation, on the two
dimensional torus T? without Fourier multipliers (V' = 0 in (NLS)) and
proved that for any ¢ < 1, any K > 1 and s > 1 there exists a solution u
and a time 7T such that

lu(T)lm > K and [[u(0)] s <e.

After that, Guardia—Kaloshin (see [32, 33]), proved a quantitative estimate
onT:
0<T< e(g)c

where ¢ > 0 is a constant depending only on s. A maybe less intuitive
extension is then obtained by M. Guardia (see [31]): he proves that this
“almost unbounded” behavior is not a consequence of the exact resonances,
since it persists when one adds a convolution potential V, i.e. for (NLS)
with V' € H7/17"(T2). Of course the stability time we obtain, although
of exponential type, is much shorter than the instability time obtained
by Guardia. Furthermore (1.1) is obtained for bounded Fourier multipliers
while the one of [31] requires a strong polynomial decay of these multipli-
ers. In other words, to obtain the instability in [31] the linear frequencies
are supposed to be asymptotically close to the fully resonant situation (i.e.
V = 0) while for (1.1) this is not the case. We conjecture that our result is
still true with some slow polynomial decay™ on the Fourier multipliers but
we can glimpse a proof only for d = 1. Nevertheless it appears that the fact
of being asymptotically close (in Fourier variables) to the resonant case is
decisive for the appearance of weak turbulence phenomena (of course we
could easily extend our result to the case where (V4)geze decreases loga-
rithmically but this is not fair since this does not put V' in a Sobolev space).

Die. V would belong to some low regularity Sobolev spaces.

ANNALES DE L’INSTITUT FOURIER



A NEKHOROSHEV THEOREM FOR NLS ON T IN LOW REGULARITY 5

Regarding to the last sentence, it deserves to mention the following less
turbulent case: Hani-Pausader—Tzvetkov—Visciglia considered in [34] the
cubic nonlinear Schrédinger equation on the wave-guide manifolds R x T¢

(1.2) 10u + Agyrau = ul®u, (t,2,y) € R x R x T%

and proved that when 2 < d < 4 the equation admits unbounded solutions
in H® for s large enough. However when adding a “typical” convolution
potential V to (1.2), it is proved in [30] that all the small solutions remain
bounded in H®. So in this less turbulent case, the fact of having an exactly
resonant linear part is decisive for the appearance of weak turbulence phe-
nomena.
We also mention a recent result by Giuliani-Guardia where the authors
proved that the Colliander—Keel-Staffilani-Takaoka—Tao ideas still apply
when considering irrational tori (see [28]).

In finite dimension n, the standard Nekhoroshev result [35] controls
the dynamics over times of order exp(—ae™" (1) for some a > 0 and

T > n+ 1 (see for instance [7, 27, 36]) which is, of course, much better
|loge|?
" 4loglloge]
not extend to the infinite dimensional context, i.e. when n — +oo. Ac-
llog e|?
log|log ¢|
Benettin—Frohlich—Giorgilli in [6] for a Hamiltonian system with infinitely

than T, = exp( ) Nevertheless, clearly this standard result does

tually this kind of exponential times exp(—a ) were obtained by
many degrees of freedom but with finite-range couplings. We also notice
that this time was suggested by Bourgain as the optimal time that we
could obtain in an analytical context (see eq. (2.14) in [15]). We note that
in [23] a Nekhoroshev result for (NLS) equation was proved in an analytical
context and for time of order e~@/°g=l” with B < 1. See also mention [13]
for results in Gevrey regularity and [17] for a result in class of regularity
between C'*° and Gevrey. We note that all these results with exponential
stability time were proved for very regular solutions while we only assume,
in Theorem 1.1, H®® regularity with so > d/2. Actually, in our case, the
exponential time is linked to the very good control of the small divisors
that we obtain for Fourier multipliers in V (see (1.8)).

We point out that our theorem implies the so called almost global well-
posedness of (NLS) on H*(T¢) for any d > 1 and any s > d/2 when the
Fourier multiplier V' is chosen in the non empty set V.

We also point out that we have recently shown (see [10]) a normal form
result for (NLS) in weak regularity (in fact in the energy space H!) in
dimension d = 1 or d = 2 and almost surely with respect to the random
Fourier coefficients of potentials V'€ H™, m > 0. On one hand this later

TOME 0 (0), FASCICULE 0



6 Joackim BERNIER & Benoit GREBERT

result is better because it holds true for almost all Fourier multipliers but
the price we pay is that we essentially control only a finite (but large!)
number of Fourier modes and in particular it cannot prove the almost
global well-posedness. We note that both results are based on a new way of
estimating the so-called small divisors. This result has been extended to the
nonlinear Klein-Gordon in S? in [11]. As in this paper but for other reasons,
it was crucial to use partially resonant Birkhoff normal form, precisely
normal forms that decompose the dynamics on large blocks of modes with
an increasing size of the blocks (see (1.7) in our case).

1.2. Ideas of the proof

We now give an idea of the proof of Theorem 1.1. We do not try to
explain the Birkhoff normal form procedure (which is quite classical, an in-
troduction can be found in [2] or in [29]) but rather to present the novelties
of this paper.

First let us note that to control the H?® of the solution it is enough to
control the observable

(1.3) N (u) = Z(Q”)QSJH where J, = Z g |2

n>=0 keBy,

and Z¢ = Un>0 B,, stands for the standard dyadic decomposition® of the
Fourier space

(1.4) B,={kez?|2" <|k|<2""} and By={kecZ?| |kl <2}.

Indeed, it is clear that /N, is a norm which is equivalent to the standard
H? norm
272 lul e < No(u) < JlullFe.

Therefore, to control the variations of the H® norm of the solutions it is
enough to control the (relative) variation of the super-actions J,. Note that
it is useless to control the variations of each action |uy|? or of the standard
super-actions Z|k\:m |ux|? (as it is usually done, see e.g. [5, 8, 13, 22, 23,
24, 25, 37]).

Concretely, it means that in the Birkhoff normal form procedure, we only

have to remove all the monomials of the form wug, .. < Up, Uy - - - Ug,, Where
2 < g and k,£ € (Z%)9 are such that

(1'5) In €N, ﬁ{] € [[Lqﬂ | kj € Bn} # ﬁ{] € [[LQ]] | Ej € Bn}

() we point out that we chose this standard dyadic decomposition just for simplicity.
Our result could be easily extended provided that the size of the blocks grows exponential
fast.

ANNALES DE L’INSTITUT FOURIER
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where [1,¢] = [1,¢] N Z. Indeed, it is simple to check that the remaining
ones commute with the super actions J,. Therefore it is enough to control
the small divisors

Q(k,ﬁ) = 27;(0Jk1 + .- +wkq _wel — e _wlq)

whenever (k, £) is non-resonant (i.e. it satisfies (1.5)) and the frequencies(®)
wk, k € Z2, are defined by

wi = |k[? + (2n) "2V

For potentials V- € H™, m > 0, drawn following classical probability laws,
it is standard to establish lower bounds of the kind (see e.g. [5])

—aq
(1.6) 900k, > 2(0.V) (o (k). () )
whenever k # £ up to a permutation, where a > 0 is a constant depending
only on m and ~(q,V) > 0 depends only on ¢ and V. Of course, as usual,
the maximum could be replaced by the third largest number (as in [5]) or
even by the minimum as in [10]. Nevertheless, it seems that the “losses of
derivatives” associated with such estimates are too big to hope to put (NLS)
in Birkhoff normal form in low regularity. That is why, the previous almost
global well-posedness results only deal with very smooth solutions to (NLS).
In this paper, we take advantage of the fact that it is enough to have small
divisor estimates when (k, £) satisfies (1.5) to draw potentials V' which are
much less generic but which enjoy much better small divisors estimates.
For simplicity®, we consider potentials of the form
(1.7) V(x Z Vi e*®  where Vi =X,, n whenke B,

) . 1
- d/2
(27‘-) kezd

and X,, ~U(0,1) are independent random variables uniformly distributed
in [0, 1]. Note that, this choice makes (NLS) partially resonant : generically
the frequencies inside a same block are not rationally independent and so,
a priori there should be energy exchanges inside blocks. Thanks to these
multiplicities (in the values of (V4)r) we have actually much less small
divisors to estimate and so we have much better lower bounds on them.
Roughly speaking, in the probability estimates, we do not have to make
converge sums with respect to k but only sums with respect to n ~ log, k.

(3) which are the eigenvalues of the linearized vector field.
(4 this choice could be easily generalized.

TOME 0 (0), FASCICULE 0
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Therefore using standard estimates, we prove in Lemma 3.4 that, almost
surely,

—(2¢+1)
(1.8)  (1.5) = |Q(k,£)| =~(q,V) (10g max ((kj>7<@j>)> :

1<i<q

We point out that the gain between the standard small divisor esti-
mates (1.6) and the new ones (1.8) is huge: we have replaced polynomial
losses of derivatives by logarithmic ones. Moreover, using technics inspired
by [9, 21], these logarithms losses can almost be considered as constants.
So it means that we have no losses in our small divisor estimates. It is the
main novelty of this paper and the reason why we can prove the almost
global well-posedness of (NLS) in low regularity (i.e. Theorem 1.1).

The rest of the proof is quite classical but contains some technicalities
mainly due to the three following facts :

e since we work in low regularity, it is harder to justify some stan-
dard formal computations. In particular, we approximate the non-
smooth solutions by smooth solutions in order to prove that if 7(%)
is the change of variable associated with the Birkhoff normal form
procedure then v(t) == 7 (u(t)) is time derivable (see (3.13) for
details).

e since we prove a Nekhoroshev result (i.e. stability for exponentially
long times), we have to optimize the order of the normal form with
respect to the size of the solution and so to track all the constants
carefully.

e the logarithmic losses associated with the small divisors involve the
largest index (see (1.8)). They can be seen as logarithmic losses
of derivatives at each step of the Birkhoff normal form procedure.
Therefore, a priori, the Hamiltonian flows we have to introduce
cannot be simply defined by a fix point argument. To overcome
this technicality we introduce a truncation in the spirit of [9] (see
subsection 3.2 for details).

Notation. — We shall use the notation A < B to denote A < C'B where
C is a positive constant depending on parameters fixed once for all, for
instance d and p. We will emphasize by writing <s; when the constant C

depends on some other parameter s.

2. Hamiltonian formalism and Birkhoff normal form

The results and formalisms of this section are standard and quite similar
to the ones of [1, 5, 10]. Nevertheless, since we aim at proving a Nekhoroshev

ANNALES DE L’INSTITUT FOURIER
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result, we have to track carefully the constants and, since we work in low
regularity, we have to pay attention to justify the formal computations.

2.1. Functional setting

We use the standard functional setting to deal with Hamiltonian systems.
Nevertheless to avoid any possible confusion we recall it precisely (and we
refer to Section 3.1 of [10] for further details and comments).

We always identity any function u € L!(T%; C) with the sequence of its
Fourier coefficients

ug = (277)_d/2/ u(z)e F*dx, kezd
Td

We also naturally extend this definition to any distribution u € D'(T%; C)
by continuity. With such a convention, for all s € R and all u € H*(T%; C),

we have
lullFre = D (k) ux]®
kezd
and for u € L%(T%;C), the Fourier inversion formula reads

u(z) = (277)_‘1/2 Z uy, e
kezd

We always consider L?(T%; C) = H°(T% C) as a real vector space. So it is
naturally equipped with the following scalar product

Yu,v € L?,  (u,v)z2 =R [ u(x)v(zr)dz =R Z U U,
T kezd

Identifying distributions with their Fourier coefficients, we also equip D’(T¢)
with the discrete ¢ norms p > 1,

fulfy = S fuxl? and Julle = sup fug.

kezd kezd
Being given s € R, we define the ¢! norm by
luller =Y (k)*Ju-
kezd

As usual we extend this scalar product when u € H*(T% C) and v €
H~*(T%;C). Being given a smooth function P : /}(Z% C) — R and u € !,
its gradient VP (u) is the unique element of />°(Z¢; C) satisfying

Yo € 1124 C), (VP(u),v)2 = dP(u)(v).

TOME 0 (0), FASCICULE 0



10 Joackim BERNIER & Benoit GREBERT

Note that it can be checked that

VkeZ (VP(u))y = 207-P(u).

We equip L%(T% C) of the usual symplectic form (i-,-)z2. Therefore a
smooth map 7 : Q — ¢1(Z4;C), where Q is an open set of ¢1(Z¢;C), is

symplectic if

Yu € Q, Vo, w € £1(Z2%C), (i, w)g: = (id7(u)(v

), d7(u)(w))pe.

Moreover, if P,Q : ¢(*(Z%;C) — R are two functions such that VP is
01(Z4; C) valued then the Poisson bracket of P and @ is defined by

{P,Q}(u) = (iVP(u), VQ(u)) >

Note that, as usual, we have

(2.1) {P,Q} =2i Y 9z P(1)0u, Q(u) — O, P(1) 05 Q(u).

kezd

2.2. A class of homogeneous polynomials

In this section, we aim at establishing the main properties of the class of

Hamiltonians defined just below. The two main results are Proposition 2.5
in which we prove its stability by Poisson bracket and Proposition 2.8 in

which we study their Hamiltonian flows.

DEFINITION 2.1 (homogeneous polynomials). — For g > 2, let %, be
the space of the homogeneous formal polynomials of degree 2q of the form

P(u): Z Pkgukl...ukqﬁ...

k,2c(z4)q

with Py ¢ € C, satisfying the reality condition

(2.2) Per = Pro

the symmetry condition

(2.3) Vo,0 € Sy, Pproe= Prpe

the zero momentum condition

(2.4) Peoe#0 = ki+--+kq=4L+- -

and the bound

(2.5) [|IPllgee = sup |Pre| < oo.
k.le(z)e

ANNALES DE L’INSTITUT FOURIER
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LEMMA 2.2. — The formal homogeneous polynomials define naturally
smooth real valued functions on ¢*(Z%). More quantitatively, if ¢ > 2,
P € A, and uM ... uD € (1(Z?) we have

2q
1 2 1
(2.6) o P w2 <Pl TT 9

he(z4)2a j=1

In other words, the multi-linear map naturally associated with P is well
defined and continuous on £*.

Proof. — The estimate (2.6) is a direct consequence of the zero momen-
tum condition (2.4). Using the reality condition (2.2), it is straightforward

to check that P is real valued. O
COROLLARY 2.3. — We can permute derivatives with the sum defin-
ing P.

Proof. — It is a classical corollary of the continuity of the multi-linear
maps associated with P. O

COROLLARY 2.4. — If P € /4, vanishes everywhere on (' then P =0
(i.e. all its coefficients vanish).

Proof. — It follows from the symmetry condition (2.3) and Corollary 2.3
that we have

Pieg ~h Ouy, -“81%5*-“3

’u,gl u,gq

P(0) = 0. O

Now, in the following proposition, we focus on the stability of the class
by Poisson brackets.

PROPOSITION 2.5. — Let q,¢' > 2, P € 4, and Q € s, be two

homogeneous polynomials. Then, there exists a unique S € Hj(qqq—1)
such that for all u € (*(Z?), we have

{P,Q}(u) = S(u).

Moreover, we have the estimate

1S]lee < 4qq|Pfle= Qo=

TOME 0 (0), FASCICULE 0



12 Joackim BERNIER & Benoit GREBERT

Proof. — Thanks to the symmetry condition (2.3) and the zero momen-
tum condition (2.4), we note that for all u € £* and m € Z4

Onr=P(u) =¢ E Pr g Uk, - - - Uk, Uy - - TUg,
kit tkg=L1+-+Ly_1+m

and that a similar formula holds for 9,, P(u). Therefore, as usual, we
deduce that

{P,Q}(u) = 2igq’ > 0z P(u)0u,, Q(u) — Oy, P(u)07Q ()
mezZa
= Z Rk’eukl ...ukq,,’lﬁﬁ...’qu,,

k:1+~~+k:q// =£; +~~~+lq//

where we have set ¢" =g+ ¢ — 1, R = 2iqq' Tk e,

Tieye = Proy ooy, y—1,0Qhkgir, ke 0.8q, Lo
= Poy k1,081,080 Qg £yir ool 0
(the missing index being given implicitly by the zero momentum condition,
e.g. the first one is ky + -+ ky — €1 — --- — £,_1) and the converge of

the series is ensured by Lemma 2.2. The coefficients Ry ¢ satisfy clearly the
reality condition and enjoy the bound

|Riel <4q¢||Plle=||Qlle>-

Moreover, they can be extended by zero in such a way that they enjoy the
zero momentum condition (2.4). However, a priori, they do not satisfy the
symmetry condition (2.3), so we just have to set

Sk’g = ((q//)!)_Q Z R¢k’gg. D
(15,0'66(1//
Now, we are going to estimate the vector fields these Hamiltonians gen-

erate.

LEMMA 2.6. — Let ¢ > 2 and P € %, be a homogeneous formal poly-
nomial of degree 2q. Then, if u™, ... u?1=1 e (Y(Z%) and w € (= (Z%),
we have

1 2g—1
S Pl it D, | <Pl fwllee [T 11® 0
he(74)2a 1<j<2¢—-1

Proof. — This estimate is still a direct consequence of the zero momen-
tum condition (2.4). O

As a consequence, we get, the following corollary directly by duality.

ANNALES DE L’INSTITUT FOURIER
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COROLLARY 2.7. — Let ¢ > 2, P € 5, be a homogeneous formal
polynomial of degree 2q. Then for all u € £, VP(u) € £* and we have the
estimates

IVP(u)ler < 24| Plles 3
Moreover, the map VP : {* — (! is smooth and locally Lipschitz :
Vo e, [[dVPw)(©)lle < (2)|Plles w32 lv]ler-

As a consequence, we are in position to study the existence of Hamilton-
ian flows in £1(Z4).

PROPOSITION 2.8 (Lie transform). — Let g > 2, x € J6, and

1 1
x = 1 (2allxlle=) 2.

Then there exists C* map ®, : [~1,1] x Bpu(0,ey) — £Y(Z%) such that if
[t| <1 and |jul|p < &y, we have

(2.7) —i0,®! (u) = Vx(®%(u)) and @i(u) =u.

Moreover, being given |u|lp < e, and |t| < 1, it enjoys the following
properties :

(i) @S is symplectic :
Yo,we lt,  (iv,w)pe = (i d®S (u)(v), d®: (u)(w)) 2.

(ii) ®! is invertible :

X
(2.8) ||<I>§<(u)|\p <& = @;t(qf;(u)) = u.
(iif) @ is close to the identity :
2q—2
t U||pr
(2.9 o) — e < (12 ) g,
X

(iv) @3 is locally Lipschitz :
(2.10) Yo e 0t [d®? (w)(v)][er < 20l

Proof. — Since, by Corollary 2.7, the vector field iV is locally-Lipschitz,
the local existence and the smoothness of the flow <I>§< is ensured by the
Cauchy—Lipchitz Theorem. The only thing we have to check is that the
solutions exist for |¢|] < 1. Without loss of generality we only consider
positive times. More precisely, let T > 0 and v € C*([0,T); £*) be a solution
of the Cauchy problem

—i0p(t) = Vx(v(t)) and v(0) =u € Bpn(0,ey).

TOME 0 (0), FASCICULE 0
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It is enough to prove that if u # 0, 0 < ¢t < T and ¢t < 1 then ||v(t)||n <
2||ullpr < 2ey. We set I =1[0,7)N[0,1] and we aim at proving that S =1
where

S={tel[vVrel0,t, [v(n)l <2fufe}

Since v is continuous, S is clearly non-empty and closed in I. Moreover, if
t € I then

() — uller < / IVx(o(r) s
< 2qt||x||ew<2||u||el>2q*

(2.11) wllon ) 2472
<ot (L) Ty,
X

2q—2
_ Ul|p1
< ) 2q+3 (H E”f ) Hu”Zl

X

and so [[v()[|r < (142729F3)|lul|; < 2[|ul|pr. Therefore, since v is contin-
uous, S is open and so, since [ is connected, we have S = I.

Now, that we have checked the existence of ®,, we focus on proper-
ties (i), (ii) and (iii). First, the property (ii) is ensured by the fact that @,
is a flow. Moreover the property (iii) has been proven in (2.11). Finally,
since @, is a Hamiltonian flow, it is standard to check (i) (i.e. that ®? is
symplectic).

Finally, we focus on (iv). If w € ¢!, we have

(2.12) 30, (u) (w) = AV x (u()) (AP, () (w))
and thus
149 (u)(w) — wljer < / 1AV x(0()) (AT (1) (1)) s I

< (202l / o) 3140 ) )l

|UH61 2
< ||dq)T ||Z1d7—

Therefore, as a consequence of Gronwall’s inequality, we get (2.10). O

Now, we aim at establishing H® tame estimates.

LEMMA 2.9 (H® tame estimates). — Let s > 0, ¢ > 2 and P € 4, be
a homogeneous formal polynomial of degree 2q. Then, if uV, ... u(24=1) ¢
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AN H® and w € H™*, we have

1 2q—1
Z ‘Phugl ) u;lzq 1)wh2‘1 |

he(zZd)2a
2q—1
<2 =D Pllesllwl o x D ulP g TT I[u®e
i=1 ktj
where (s — 1); = max(s — 1,0).
Proof. — We define u,(fq) = (k)"%*w_}, in order to have |[u®®?|y. =

|lwl]| g-s. Using the zero momentum condition, we have
— (1) (2¢—-1)
J = E | Pruy,! - gy Why, |
he(zd)2a

1 2 <
< |I1P|le= 3 ug )| e 2] (hag)®
o1hi++o2qh2g=0

where 0; =1 if j < ¢ and 0; = —1 else. Since, by Jensen (and the triangle
inequality), we have

(orhy + 4 02g—1hag—1)* < (2¢ — 1)V ((ha)* + -+ + (hog-1)*)

where (s —1); = max(s— 1,0), applying the Young’s inequality for convo-
lutions, we deduce that

2q—1

s— 2
T <Pl (2g = DD 022 gy Znuh [N N -
k#j

As a consequence, the following corollary follows directly by duality
(see [10] for more details).

COROLLARY 2.10. — Let ¢ > 2, s > 0 and P € J%, be a homogeneous
formal polynomial of degree 2q. Then for allu € (* N H®, VP(u) € H*® and
we have the estimates

(2.13) IVP(u) 1 < 29(2q = 1) CD4| Pl [Jul 7 ull -

Moreover, the map VP : {* N H® — H* is smooth and locally Lipschitz :
for allv e (* N H?®

(2.14)  [[dVP(u)(0)] s
< 2q(2¢ = VP Pllose Jull 772 % (lull e [olles + lallen ol ).

Thus, we also get tame estimates for the Lie transforms.
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PROPOSITION 2.11 (Tame estimates for Lie transforms). — Let g > 2,
X € Hsq and s > 0. Then, being given t € [—1,1] and v € ¢ N H® such
that ||lullpn < ey, the map ®, : [—1,1] x Bpu(0,ey) — ¢*(Z%) given by
Proposition 2.8 enjoys the following properties :

(i) ®¢ preserves the H® regularity : ®! (u) € H®.
(i) @ is close to the identity in H*

2q—2
2.15 @t _ < ||u||é1 !
(2.15) @3 (u) —ullas Ss | —— l[ual| 2

€x
(iii) ®! is locally Lipschitz on H® N {*.
(2.16)  Vwe ' nH?, AP (u)(w)|ms s lwllms + e wlle ullz-
(iv) @ : By (0,e,) N H® — £' N H* is smooth.

Proof. — Since we proven in Corollary 2.10 and Corollary 2.7 that iVy
is smooth and locally Lipschitz on ¢! N H*, the local existence of the flow
of the equation —idv(t) = Vx(v(t)) in ¢! N H* is ensured by the Cauchy
Lipschitz Theorem. Therefore to prove (i) and (iv) we just have to prove
if u e £ N H* satisfies |Jul|¢n < e, then ||®! (u)|| g+ remains bounded while
|t] < 1. We recall that the existence of ®! (u) in £* for |t| < 1 is ensured
by Proposition 2.11. Without loss of generality, we only consider positive
times. By definition of v(t) := ® (u), noticing that (2¢ — DI+ < 20
we have

() — ulla < / IV (0(0) sz
(2.13) 2g-2
<. 2427l / lo(r) 282 o) 2= dr
(2.17) 2.9)

<) 91(4e, )20 / (@l 22 o(r) -

2q—2
u )1

Therefore, since |lul/; < e, and U(O) = u, it follows by Gronwall that

(2.18) lo(®) s < o€

where Cy is a constant depending only on s. Therefore, we deduce that
v(t) € H® for t € [—1,1] (i.e. the assertion (i)), and plugging (2.18)
into (2.17) that ®¢ is close to the identity (i.e. that (ii) holds).
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If we ' nH*, 0 d®! (u)(w) is solution to (2.12), thus we have

1!, () (w) — wlg < / JAV (0 (7)) (AP () (w)) | -

(2.14)
Ss 2q2q||><||zv°/ ()22 (o (7)o |42, () (w) |1
+ () a2 [|[d®7 (w) (w) |2 )dT

Then we use that [[o(7)[[er < 2([uller (see (2.9)), [[v(7)[[rs So llulla- (just
proved in (2.18)) and [|d®] (u)(w)|[a < 2[|wle (see (2.10)) to get

t
142} (u)(w) — wlme s e ullm=w]le +/O 17 (u) (w)[[ g+ d.

Therefore, as a consequence of Gronwall’s inequality, we get (2.16). O

Finally, in the following proposition, we prove that if Z is a quadratic
integrable polynomial then ady is diagonal (and so easy to invert).

PROPOSITION 2.12. — Let ¢ > 2, P € s34 and Z be a polynomial of
the form Z(u) = Y .cza 9k|ur|® where gi, € R satisfies |gr| < (k) for some
s > 0. Then, that for all u € H® N ¢*, we have(®

a
{P,Z}(u) = —2i Z ng]. —9¢; | Pretk, ... uk, g, ... TUg,.
k,Le(zd)a \j=1

Proof. — This proposition is standard, we refer for example to [10, Lem-
ma 3.14] for a detailed proof in a similar setting. O

2.3. Birkhoff normal form

In this section, we consider a Hamiltonian system of the form
(2.19) H=72,+P
where P € J,.2 (p > 1 is a number given by (NLS)) stands for the
nonlinear part of the system and Z5 is a quadratic Hamiltonian of the form
Zs(u) = Z Wi [ug)?.
kezd

The frequencies wy, € R are real numbers. We assume for convenience that
|w| < (k)2. Therefore, by Lemma 2.2, if s > max(1,d/2), H is a smooth
function on H*(T%; C).

(®) note that the convergence of this series is ensured by Proposition 2.9.
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DEFINITION 2.13 (small divisors). — The small divisors, §)(k,£), are
defined for k,£ € (Z4)4, q > 2, by

Ak, £) = 2i(wp, + -+ Wi, —we, — - — We,).

DEFINITION 2.14 (resonance). — Being given v > 0, a homogeneous
polynomial P € 5, with ¢ > 2, is v-resonant (resp. v-nonresonant) if

Vk, £ € (21, |Qk,€)|>v = Pre=0

(resp. |k, L) <v = Pre=0).
We denote by t%’é(qyfres) (resp. L%’é(q"*nomes)) the real vector space they gen-
erate.

In this section, we aim at proving the following theorem.

THEOREM 2.15 (Birkhoff normal form). — Let H be the Hamiltonian
given by (2.19) and v € (0,1). There exists a constant C' > 1, depending
only on P, such that for all r > 2, setting

_ W
P= G
there exist two C™ symplectic maps 7(°) and 7") making the following

diagram to commute

(0 eY

(2.20) By (0, p) B (0,2 p) ——————= ¢1(2%)

id(1

such that on By (0,2p) N H', H o (") admits the decomposition

(2.21) HorW=12,+> L) + R

q=2

where L(29 e %”Q(qyfres) is a v-resonant homogeneous polynomial of degree
2q satisfying

2\ 9—2
||L(2‘Z)||EOO < 0% (q)
v

and R : Bpn(0,2p) — R is a C*° function which is a remainder term of
order 2r + 2 : for all s > 0 and all u € By (0,2p) N H®,

T 7‘3 T i
(2:22) VAW 5.0 (T Jullulr-
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Moreover, for all s > 0 and they do not make the H® norm increase too
much: if u € ¢* N H*® satisfies ||ulp < 2°p with o € {0,1} then

(2.23) 1T @) e Ss Nullae-

Furthermore, the map 7(7) : B (0,27p) N H® — ¢ N H® is smooth.

Proof.

Step 1: Setting of the induction. — Let Cs > 1 be the constant depend-
ing only P such that the estimates (2.29), (2.36) below hold. We are going
to prove by induction that for all v € [1,7], setting

N
112C5¢’
there exist two C*° symplectic maps 7() and 7(!) making the diagram (2.20)
to commute and such that on By (0,2p) N H', H o 7(Y) admits the decom-
position (2.21) where

p =

L9 ¢ 34 is v-resonant for ¢ <t
and satisfies the estimate
(2.24) ILCD e < C37 20792 min(q,v)2 72 for 2< g <

Moreover the remainder term R : B (0,2p) — R is a C° map satisfying,
for all u € B (0,2p),

2r
t—1

(2.25)  |IVR(u)|e < Kp(2°Cov™'r?) | T +27%) | a3
j=1

where Ky > 1 is an universal constant given by (2.38), and for all s > 0

and all u € By (0,2p) N H?,

2r
t—1
(2:26) |[VR(u)|lms < KS°C3v~ ') | TT+27%) | [l |fu]
j=1

where K > 1 is the constant depending only on s given by (2.39), and if
u € /' N H¥ satisfies ||ul|;n < 27p with o € {0,1} then we have

t—1
(2.27) I (w)llas < | TT 1+ M277 | Jlullae

j=1

where My > 0 is the constant depending only on s given by (2.15), and

. Jul
(2.25) Ir e < (1+ % ) ulle.
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Note that, since the product in (2.26) and (2.27) are convergent and
that K <, o7, this result (when v = r) is just refinement of Theorem 2.15.
The fact that 7(7) : B, (0,27p) N H® — ' N H® is smooth is just a direct
corollary of the construction and property iv) of Proposition 2.11.

We are going to proceed by induction on t. First, we note that the case

t = 1 is obvious, provided that Cs is chosen large enough to ensure that
(2.29) |Ple < C3P7

and 508 || Pl < C3P~ v Pt min(p + 1,1)20-1),

From now, we assume that the property holds at step t < r and we are
going to prove it at the step v+ 1. In order to get convenient notations, we
denote with a subscript  the maps corresponding to the step t+1 (like for
example 7(1-f or Rf).

Step 2: Resolution of the cohomological equation. — In order to remove
the v-non resonant terms of L(>*+2) we define a Hamiltonian x € % 2
by

(2t42)
Ly e

= i > = .
Xk.£ 0k 0 if |Qk,8)|>v and xre=0 -else

As a consequence of Proposition 2.12 it can be easily checked that
(e +2)8 — {x, Zs} + ,(2v42)
where L2721 ¢ %&i}res) is the v-resonant part of L*+2) e,
(230) Ligy™* =Ly if |Q(k )| <v and L7 =0 else.

Step 3: The new variables. — The Hamiltonian x clearly enjoys the
bound
||X||£Oo < 1/71||L(2'c+2)||£oo < Cgt—lyfttQ(tfl).
We recall that the Hamiltonian flow of x is given by Proposition (2.8) and
is well defined for [¢t| < 1 on B (0, ¢, ) where

1 1
(231) ey =+ Dlxlles) " > Qe+ D03y T

N

2 -
StCQ

Now, we aim at defining

= 14p.

Wt = (Do @i and 7(OF .= @;1 o7,

(6) we recall that p > 1 and v € (0, 1).

ANNALES DE L’INSTITUT FOURIER



A NEKHOROSHEV THEOREM FOR NLS ON T IN LOW REGULARITY 21

So we have to check that these maps are well defined on By (0,2p) and
By (0, p*) respectively. First, since pf < p, thanks to the estimate (2.28), we
know that 7(°) maps By (0, pf) on By (0,2p). Moreover since 2pf < 2p <
e, (see (2.31)), it follows that 7(°)# is well defined on By (0, p*). Then, in
order to prove that 7(1)f is well defined, we just have to check that <I>§(
maps By (0,2p") on By (0,2p). Indeed, if [lullp < 2p* then (since @ is
close to the identity, see (2.9))

1 2
19kl _ (), (lulle Y Jule
2p €y 2p
2v
(2.32) < (14 (Nule fulla®
h 14pt 2pf t+1
c Julle _ Jlulo
t+1 2pf T 2p

<1

<1477

Then, we note that by composition it is clear that 7(1)-# and 7(9f are
symplectic. Now, we aim at proving that 7(°}# is close to the identity in
2. Indeed, if ||ul|x < p*, we have

We note that as a consequence ||7(0#(u)|[,n < 2p* and so |7 (u) || n < &y.
Therefore as a consequence of the induction hypothesis and the invertibil-
ity of Hamiltonian flow of x (i.e. (2.8)) the diagram (2.20) commute at the
step vt + 1.
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Now, we aim at proving that 7(1)f is close to the identity in ¢'. Indeed,
if |lul|p < 2pF, we have

2
(| @, (w)]] o1 1
< (1+<X2p @y (w)]lex
(2.32) v 17/ ulle \?
< —2t 1 1
< <1+[<1+7 | (L) ) ek
1+ (1+772t) v ? ||’U,Hgl ? 1+772t HUHZ1 g ||UH N
t+1 qu Zpﬁ £
1+ |a+772)— 2+27*2t lule i ||| o1
1 20 ¢
X 2[)’:1 1.

Finally, the H* estimate (2.27) of 7()'# and 7(°)# is a direct corollary of
their definition and of the H* estimate of ®% (see (2.15)).

Step 4: The new expansion. — Let us note that since ®, is the Hamil-
tonian flow of  (see (2.7)), if Q is a smooth real valued function on /1N H?,
provided that ||ul[s < 2p* and |t| < 1, we have

d t _ t
7 Q@ (W) = {x, Q}(P (u)).

Therefore, since ®) = idy, the Taylor expansion of Q(®! (u)) in t = 0 at
the order m is given by

L adyQ(u) L —pm
Quy) =y Ry [FES00

n=0

<

ad?‘|r1 Q(u)dt.

As a consequence, we also get explicitly the Taylor expansion of L(29) o ol
at the order 2r :
ot ad? LD (u L1 —t)ma
LD 0@} (u) = Xil() + / % ad et LD (u)de.
"0 n: 0 mq.
where my is the smallest index such that (mq + 1)t +¢ > r. Now, recalling
that by induction hypothesis, we have Hor(M) = Zy+ L™ ... 4+ LG 4 R
and that, by construction, (14 = 7(1) o @b we deduce that

Ho 7—(1)7’1 — Z2 + L(4)7u + o4+ L(QT’),ﬁ + Rﬁ
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where
1 / 1
(2a)4 . —adqnr(2d) oo qnt
LPOR = E n!adXL )+ E n!adx {x, Z2}.
n>0, ¢'>2 nz1
nt+q’ =q nr+l=q
and

T 1 o mg
(2.33) Rt = Z/ & ad;("q“L@q) ° @;dt
0

myg!
+ 1 7(1 t) ' adml Z o (I)t dt + R (Pl
0 my! x Do Za o @ °x

We are going to estimate this new remainder term carefully at the next
steps of the proof. For the moment, we focus on estimating L(29-¥,

We recall that —{x, Zo} = LG*2) — [(2+28 ¢ 5 ., is nothing but
the v-nonresonant part of L2*2) (see (2.30)). Therefore, we have

(2.34) HIL(M) +
n!

1 1
m{x,zz} ‘e < EIIL(MZ)IIM
and so we do not have to take into account the contribution of the terms
associated with Z5 in the estimate of ||L(2q)’u||goo for ¢ > v+ 1. As a conse-
quence, we deduce of Proposition 2.5 that, for all 2 < ¢ < r, L2 ¢ S
is indeed a homogeneous polynomial of degree 2¢q and that it satisfies the
bound

An(r + 1) L(2t+2) n_ , n—1 )
(2.35) 04 <y POEIETTE e, T (g 44i),
n>0, ¢’'>2 ’ 7=0

nt+q'=q

By induction hypothesis, we know that
| LD [ < O30~ 72 min(g, v) 212
for all g. We aim at proving that
| LRED) | o < €293 =942 min(g, v + 1)2(072),

First, we note that since the sum in (2.35) is trivial for ¢ < v+ 1 (i.e. it
is reduced to n = 0), we only have to focus on the case ¢ > v+ 2 (else the
estimate is obvious).
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Then, using the induction hypothesis in (2.35), for ¢ > ¢ + 2, we get(")

Bt — | LA goo
a- C22q73y*¢H’2(t + 1)2(‘1*2)
< Z an+(qf2)*(q’72)7n(t71)02—(2q—3)+n(2t—1)+(2Q'—3)

n>0, ¢'>2
nt+q'=q

47’Lq7l

« ('C+ 1)n72(q72)t2n(t71)+2(q/72) g

Therefore, thanks to the relation nt + ¢’ = ¢, we get

4nn
R S e R
n>0, ¢’'>2 :

nr+q'=q

2(9—2) —ngn v—n
v 8" C,
< n ,
= Z q <t+1> n!

n>0, ¢'>2
nr+q'=q

Then, using the estimate A~%"™ < e~ " n"(log(A))~™ whenever A > 1 and
the convexity of the logarithm, we get

T 2(‘1*2) 1 -n n
q" <t T 1> <242 e <log (1 + t)) <2fe™ (10g(2)) ™.

n

Therefore, since e~

2(q—2)
# T 4on N ~—n
B! < <t+1> + E , 28" (log(2)) "C3™.
nzl, q'>22
nt+q’'=q

n™ < nl, we get

Moreover, since ¢ > t+ 2 and t > 1, we have

¢ 2(q—2) ¢ 2t i
< <e
t+1 t+1

and so, as expected, since Cy can be chosen large enough,

28
2. Bf <e ! o1
(2:36) 0 SO g2

<1

(M we simply control the product by ¢™.
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Step 5: Estimate of the new remainder term in ¢'. — Finally, we just
have to control the new remainder term R (given by (2.33)). Reasoning
as in (2.34), with a small abuse of notations, we ignore the contribution of
the terms coming from {y, Z>}.

We have to control terms of the form V(Q o ®)(u) where [[ulln < 20t
and Q is a smooth function in ¢'. First, let us prove the following formula
which is very convenient

(237) V(Qo®,) () = ~i(d0") (@ (1) [(TQ)(@ ()] on Ber(0,25).
Indeed, by (2.8) and (2.9), we have ®! o ®* = idy on By (0,,/2) and so
[(d@;) (9] (I);t]dq);t = idel on Bgl (O7 EX/Q)

We note that if [|ul s < 2p* then [|[ @ (u)|l¢ < 2p < y/2 (see (2.31),(2.32))
and so we have

(d®!)[(d® ") o @!] =idp on  Bu(0,2p).
Therefore, since <I)§< is symplectic, if |jul[n < 2pf, we have, for all v € £}
(V(Q o @) (u), )Lz
d(Q o ) )(u)(v) = ((VQ) o @} (u), dPS (u)(v)) 2
((VQ) 0 @ (u ) 1do] (U)(v))

_ (aat (u [(d® NI(I(VQ) o @ ())aid@i(“)(”))y
:((d@ t )(1VQ o(I)t u),w
= (- (d<I> u)( Jod u)),v)Lz

which is clearly equlvalent to (2. 37)
Now thanks to this identity (2.37) and the estimate (2.10) on d®.*, by
the triangular inequality, we have

IV R ()]l
1
1 mg+17(2 t
<IV(RoE)le + g >y IV LED 0 @ (u))]|es
—~ 1 mg+171(2 t
S IR o Bl + a3 Ty IV (a1 0 84 ()
q=

Then, estimating the vector field of ad;”‘IHL(Qq) by Corollary 2.7, we get

" Jladyatt LED|| e 2f+1
VR ()| e Sy — o ||‘I’§<(U)HLJ;°@1 +[[(VR) 0 @ (u)]
q

q=2
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where f; = (mq + 1)t + g — 1. We note that by definition of m,, we have
r < fq < 2r. Therefore, since <I>§< is close to the identity, we have the
estimates
t 2fq+1 4r+41 2f,+1
”q)x(u)HLg%el <2t HU”elq

Estimating the sum as at the previous step (thanks to Proposition 2.5), it

comes
IV R ()|
T 8 mq+1
S2TY, <<1og 2)C: ) (mq+1) (G377 v Ir (e 120D Ju[Ff
2
q=2

+II(VR) 0 @) (u)|er-
Recalling that by definition (v + 1)2v71C% = (16 - 7p*)2 > (2p*)2, we have

Cgfq—ly—fq-i-l(t_’_ 1)2(fq—l)Hu||jlfq

2(fq—r)
< ez ey (B
o

< Co(CRv ) HlullZ
and so (since my < r and W <1)
IVR (u)llr S (2°C3v~ 1)l + [(VR) 0 @) (u)er.

Now, thanks to induction hypothesis, since <I>>1< is close to the identity, we
have

2r

I(VR) 0 @} (u)llr < K (2°C3v~ ) [ [T +272) | @) (u) |7

-
|
—

j=1
2r
< K5 (2°C2012) H (1+27%) ||uH2r+1
and so
. 2r
(2.38) [VRH(uw)la S @C3v ) 1+ K | [TA+272) | |llullzi
j=1
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Therefore, provided that the constant K, > 1 is chosen large enough, we
deduce that as expected

2r
T
IVE )l < KE @ C5—1?)H | [Ta+272) |l
=1
Step 6: Estimate of the new remainder term in H*. — The proof is

similar to the one in ¢'. As previously, with a small abuse of notations,
we ignore the contribution of the terms coming from {x, Zo}. Thanks to
this identity (2.37) and the estimate (2.16) on d®.*, by the triangular
inequality, we have

VR ()| < V(R0 @))(w)|m

T

1 mq+1 7 (29) t
# g D IV L0 o 840
q:

<s [(VR) 0 @) (u)]| -

s 1 "
+ 3 IV ad L) 0 B (u)]| i

g=2 "1

+ey IR (u) g e (I(VR) 0@, (u)le

-
1 1
+ Z W ||V(ad;”"+ L(2q)) o (I);(U)Ltocp) .
=27

Fortunately, the previous step has been devoted to estimating this last term
in parenthesis. Therefore, since ||®% (u)|| Lo e S llullgs and [Jullpet <1,

we have

IVR ()| Ss [[(VR) 0 L ()| =

r 1 .
+ 22 m7q| ||V(adX Q+1L(2q)) o (I);(U)”LfoHs
q:

2r
v

+ Kp @G [T+ 2720 )l lful e
j=1
Estimating the vector field of ad;"‘ZHL(z‘Z) by Corollary 2.10 and proceeding
as previously (i.e. as in step 5), we get

- 1 — rT— s
> o IV (ad et LCD) 0 @F ()| oo e Ss (2°C3v )l ] o
g=2 T
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Now, thanks to induction hypothesis, since @; is close to the identity (in
¢! and H?®) we have

I(VR) o @, (u)]| -

2r
< K3 (25C31r2) H 1272) |0l (w0 ()
2r
S KX(2°C30 1) H L+ 272) ) alF e
and so
(2.39) [[VR*(u)||lus Se (2°C3v12) !
2r
t .
< | 1+ (B + K5 | [Ja+27%) [l ] e

Jj=1

Therefore, the constant K, > Kpn > 1 can be chosen large enough® to
get

2r
v

IVR ()l < K200~ ) TT+272) | JlullZ full -
j=1

which conclude the induction. O

3. Proof of Theorem 1.1

In this section we aim at proving Theorem 1.1 thanks to the Birkhoff nor-
mal form theorem (Theorem 2.15). Therefore, we recall that (NLS) rewrites
as an Hamiltonian system

i0yu = %VH(U)
where the Hamiltonian H of (NLS) writes
(3.1) H(u) == Zs(u) + P(u)
with

Za(u) = / V(@) + (V) (r)a(a)da

(8) note it can be easily checked that this definition is not circular : the constant in (2.39)
does not depend on K.
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and

d P +1
In order to apply the results of Section 2, it is worth to notice that these

Plu) = /T 7 ()2

functions rewrites
(3.2) Zs(u) = Z wilug)?>  where wy == |k|2 4+ (27)" Y2V,
kezd
and
o(2m)~Pd _
P(u):pT Z Uky - Uy Uty - - - Ul -
kit tkpp1=£L1++Lp i1

Note that P € /%, and satisfies || P~ < (27)7P4(p+ 1)1

Before proving Theorem 1.1 thanks to a bootstrap argument, we begin
with two technical subsections in which we define the non-resonant poten-
tial (i.e. the set V) and we study the resonant Hamiltonians (according to
Definition 2.14).

3.1. Non resonant potentials

First, we define the set V of the Fourier multiplier V' for which we are
going to prove Theorem 1.1.

DEFINITION 3.1 (Set V). — A Fourier multiplier V € £>°(Z%;R) belongs
to V if exists v > 0 such that for all ¢ > 2, all k,£ € (Z%)9 we have

—(2q+1)
(k,£) satisfies (1.5) = |Q(k,£)| > vq* (log2 gjagq(lkjl,lfjl)) :

Remark 3.2. — We recall that the small divisors Q(k,£) are defined in
Definition 2.13 (the frequencies wy, being given by (3.2)) and that the con-
dition “(k, £) satisfies (1.5)” only means that ug, ...ug, %y, ..., does not
commute with the super-actions J,, (defined in (1.3)).

Remark 3.3. — In order to include more potentials, we could easily ex-
tend this definition by considering estimates of the form

—cC2q
> d . .
(K, £)| = v cf <log gg;gq(lkgl, Ifjl))

where ¢q,co > 0 would depend on V' but for simplicity we chose to have
explicit constants (the constant 4 in the definition of T, in Theorem 1.1
would then be related to cs).
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In the following lemma (which is the main result of this section), we
prove that the set V is non-empty.

LEMMA 3.4. — Almost surely, the random potential V' defined by (1.7)
belongs to V.

Proof. — We aim at estimating the probability of the following events
E,={3¢>2,3kLe (29, (15) = [Qk, L)< vcre}

where v > 0 and the constants cg ¢ > 0 will be defined later.

Step 1: To make the multiplicities appear. — By definition of V', we
note that Q(k, £) writes under the form

[0k, )] = 2|+ (27) Y2 (X, + -+ + Xy, = Xpny — -+ — Xpn,)|
=: To(n,m)

where a € Z is an integer (depending on k,£) and n; is the integer such
that k; € By, (m; being defined similarly with respect to £;) and (By),
denotes the usual dyadic decomposition of the Fourier space given by (1.4).

Therefore, provided that pn m > 0 is a constant such that py, m > ck e, by
definition of the non-resonance condition (1.5), we have

E,cl U U{Tanm) <ypnm}

q22n,meN a€Z
n¢S,m

where n ¢ G,m just mean that n # m up to a permutation. As a conse-
quence, we deduce the estimate

P(Ev) < Z Z Z P(Ta(nam) < 'an,m)-

q=2n,meN? a€Z
n¢S,m

Step 2: To reduce the sum with respect to a. — Now, we note that since
the random variables X,, are bounded by 1, if |a| > ¢ then
Yo(n,m) > 2a| - 4(2m) "¢ > 2(|a| — q) > 2.

Therefore, assuming from now that v and ps ., are such that yp, m < 2,
we have

la| >q = P(Yi(n,m)<vppm) =0

and so
(3.3) P(E,) <Y (2¢+1) Y sup P(Ta(n,m) < Ypnm ).
q=2 n,meN? a€l
n¢S,m
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Step 3: Estimation of P(Ta(n,m) < 'ypnym). —  We note that since
n ¢ 6,m, T,(n, m) writes under the form

To(n,m) =2(27)"2bX, + Y|

where b € Z*, k € {n1,...,ng,m1,...,my} and Y is random variable
independent of Xj. Therefore, since Xj, ~ U(0,1) is uniformly distributed
in (0, 1), we have

1
P(|Q(kae)| < Pypn,m) = ]E/O 12(2#)_d/2|b$k+Y\gvpn,mdxk

< 207 ypn m.
Step 4: Conclusion. — Putting (3.3) and (3.4) together we deduce that

(3.5) P(E,y) SavY_(29+1) > Pr,m-

q22 (n,m)eN29\{(0,0)}

(3.4)

Therefore, we set

—(2¢+1)
o =7 (10g o (k1165
and
—(2¢+1)
o = g (o))
Since whenever® n ¢ &,m

max (|k; |, [£;]) > gmaxi g <q(lm;li|n;l)

ax
1<j<q
as required, we have pp m > cge. Finally, thank to (3.5) and the mean
value inequality, we get
2q _ ( _ 1)2q
_ m m _
P(Ey) SavD 47 Y ——sor—— Sa7 D4 Sa

m2q+1
=2 m>1 a>2

which is enough to deduce that P(ﬂ,po EA,) <inf,5oP(E,) = 0. O

3.2. Smallness of the resonant Hamiltonian

As we can see in our Birkhoff normal form theorem (Theorem 2.15),
we do not have removed the v-resonant terms (associated with L in The-
orem 2.15). In this subsection, we are going to prove (in Proposition 3.6
below) that they do not make increase to much some observables Ny s
which are equivalent to the square of the H® norm.

) and so maxi<j<q(lk;l, 1)) #0 .
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DEFINITION 3.5 (My5). — Let N > 1 be of the form N = 2" with
Nmax € N. For all s > 0 and u € H*(T%), we set

N s(w) = N2 (u) + NG (w)

where

N(IOW) Z (2n)25Jn and (hlgh) Z |k|25|uk|2

0<n<Nmax k2N

We recall that the super actions J,, are defined in (1.3). In the proof of
Theorem 1.1, the parameter N will be optimized with respect to € (the
size of the initial datum). It will be chosen much larger than usually in the
literature™'?) : it will be of the form N = e~ "(¢) where () goes to +0o
as ¢ goes to 0. Of course, as expected we note that these observables are
equivalent to the square of the H® norm :

2720 e < Nvs <1+ Il

The following proposition is the main result of this section. We prove
that the v-resonant Hamiltonians almost commute with the A/ N,s Dorm.

PROPOSITION 3.6. — Let V € V be a non-resonant potential (and vy > 0
be the associated constant), N > 1 be an integer of the form N = 2Mmax
with Nmax € N*, ¢ > 2 be an integer and v € (0,1) be a small real number
such that

(3.6) vq~* (loga(2¢N))

If L € V=" s a v-resonant homogeneous polynomial of degree 2q then
for s >0, € (0,1] and u € £}, N H*(T?) we have

—(2q+1
(q+)>y

s 2g—3
NN, LH)| S5 @ N 77| Lo [l e ol [ [l -

The rest of this subsection is devoted to the proof of this proposition. In
particular, from now we assume that V' € V and L are fixed and that v,
q and N satisfy the estimate (3.6). As usual, in order to prove our multi-
linear estimates, we introduce the functions pui,...,pua, @ (Z29)% — R4
such that for all h € (Z9)%7 and j € [1,2q], p;(h) is the j°* largest
number among |h1], ..., |hag|. In other words, (¢;(k)); is the nondecreasing
sequence which is equal to (|h;]); up to a permutation!

(10) usually the truncation parameter is of the form N = 77 with 0 < n < 1 (see
e.g. [1, 5, 8]).
(Wie. 3o € 62q,%j € [1,2], p;(h) = |ho, .
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LEMMA 3.7. — Ifk,£ € (Z%)? satisfy
Qk,8)| <v and ki+---+ko=L1 4+ 4,
then either po(k,£€) > N or (k,£) does not satisfy (1.5).
Proof. — We assume that (k,£) satisfies (1.5). Since V' € V is non-

resonant and v, ¢ and N satisfy the estimate (3.6), we have

g (logy (k. )~ < Ok, £) < v < g (logy (24N)) Y.

As a consequence, we deduce that py(k,£) > 2gN. Moreover, since (k, £)
satisfies the zero momentum condition k1 +---+ky; = £, 4 - - +4£4, we have
(2¢—1)p2(k, £) = pi1(k, €) and so, finally we deduce that ps(k,€) > N. O

Now, we decompose L in two parts L = L{ow) 4 [(high) ghepe [,(low)
and L&) are two homogeneous v-resonant polynomials of degree 2¢ in
4 defined by

7 (low) _ Lie if po(k,€) < N
kot 0 otherwise

and

L(high) _

0 if po(k, ) <N
ke =

Ly e otherwise.

As a consequence of Lemma 3.7, we prove in the following lemma that
LUo%) commutes with Ny .

LEMMA 3.8. — The Hamiltonians L") and Ny s commute, i.e.
{L0) Ny} =0.

Proof. — First, we note that as a consequence of Proposition 2.12, for
all u € H*(T?), we have

(3.7) {LU™) Ny} (u)

q
= -2 E E Ik, — Ge; Lk!ukl ukq@@
kec(zye \J=1

pa(kL)<N
where g, = |[k|> if k > N and g, = (27)?° if k € B,, with n < Npax.
Moreover, since L is v-resonant, as a consequence of Lemma 3.7, if Ly ¢ # 0
and pa(k, £) < N then (k,£) does not satisfy (1.5). In other words, the sum
in (3.7) can be restricted to the indices such that us(k,£€) < N and (k, £)
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does not satisfy (1.5). Therefore, since N is of the form N = 2"max_all the
indices also satisfy pi(k,£) < N and so

q
D gk, = gey = (27 e (20— (M)~ - (270)
j=1

where my; (resp. ;) is the index such that k; € By, (resp. £; € By, ). But
since here we only consider indices such that (k,£) does not satisfy (1.5),
m and n are equal up to a permutation (i.e. m € &,n) and so this sum

is trivial: g, + -+ gk, — ge, — -+ — ge, = 0. Therefore, as a consequence
of (3.7), we have proven that {LU°V) Ny }(u) = 0. O
We are now in position to prove Proposition 3.6.
Proof of Proposition 3.6. — In view of Lemma 3.8 it remains to prove,
under the hypothesis of the proposition, that
(38)  [{Nno LMY ()] o @ N L o e el 77 [l e

Following the notations introduced for (3.7) we get

{LMED Ny 3 ()|

q
=2 E E Jk; — Ge; Lk,eukln-ukqlﬁﬁ---@
ke(zt)e \J=1
pa (k) 2N

q
SQHLH@& Z ng]‘ — e, |uk1uqu@
k.Lc(zd)1 Jj=1
)u'2(k7‘e)>N7 Q(k7£)<1’
Kyt heq=£1+ L,
First we order the first two indices of (k,£) in such a way that either
‘Ltl(k,f) = ‘kl‘ and Mg(k,f) = |’€2| or ,ug(k,é) = |£1|I

q
— 2
Z ngj — e, | [Whey - - - Uk, Uy - - Ug, | < (29)° (31 + B2)
kLe(z)?, Q(k.L)<v |7=1
pa(k.)>N

kit tkg=L1+-+L,

where
q
b= Z ngj_QEj |uk1...ukq@...@
kc(z), Q(k,L)<v j=1

pi(k,l)=|ki|>p2(k,L)=|k2| >N
Foytethg=£1++Lq
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and

q
Yy = > > ok, — g, | luk, - uk, Ty T .
k.Lc(z4)1 Jj=1
w1 (k,8)=ki|>p2(k,L)=|€1|2N
Kyt thog=£1++Lg

We begin by estimating ;. Using Q(k,£) < v < 1, we get

[k1[? + [kal < (2g — 2)|pa(k, O + 2(2m) 2|V o=
2q(|[V[le= + 1){us(k, £)).

Hence, since gi < |k|?* for any integer k,

NN

Dok, =90, < (220)° (Ve +1)° + g~ 2) sk, £))*

So T s (k, £)) .

and thus, setting vgj) = |up| if b < ¢ and v}bj) = |u_p| else, by Young we
have
21 Ss gt > (13 (R, £))% lug, ... up, g, ... g, |
k,ec(z)1

pi(kL)=k1|>p2(k.L)=|k2|2N
Fey oot hog =1+,

s s (1 2
= ¢ > (ua(h)) >0y -y
he(zt)2e

pi(h)=|hi[>p2(h)=|h2|>N
hi+-+hag=0

2q
_ 1 2
< gTINTY > ol g )0}
=3 he (z9)%
u1(h)=lh1|Zp2(h)=lh2|>N
us(h)=|h;
hi+--+hag=0
< 2¢° PPNl fl 37l

Now we estimate 5. We note that, in the sum 3o,

q
> gk, — g0, | < k1 = 10 + (2 — 2)ps(k, €).
=1

On the other hand, by the mean value theorem,

‘k1‘2s _ |£1|2s < 28|k§1 —£1||k1|23_1
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and, using the zero momentum condition we have,
k1| < 2g|41] and [ky — £1] < 2qpus(k, £).

Therefore, since 0 < n < 1, we get

q
> gk, — ge,| < 45(20)* |k [°[€1] s (K, £)
i=1

S |k *[ e s (K, £)"
Thus, recalling that in o we have |£;| > N, as previously we get
S Se N7 ST 3T () (hgya) () g o)

2<J<2¢  he(zt)?
JjF#q+1 hi+-+hog=0

< 207N ulley [l 3 flul e O

1
£

3.3. Proof of Theorem 1.1
3.3.1. Approximation by smooth solutions

In order to justify the formal computation, we are going to prove Theo-
rem 1.1 when u(?) is smooth. So first, let us check that this assumption can
be done without loss of generality. More precisely, we assume that Theo-
rem 1.1 holds if we add the assumption that u(®) € C*°(T?) and we aim at
proving that this assumption can be removed.

Let u(®) € H*+, where s, = max(s, sg), be such that & = ||u(?|| =0 < &o.
Let u(®™) € C*, n > 1, be a sequence of functions such that

sup [[u®™ || gso < [[u? g0 and wO™ — W@ 0 g

n>=1 n— o0
Since € — Ty is increasing (provided that e is small enough), for all n > 1,
the solution u(™ of (NLS) with initial condition u(®™) satisfies u(™ ¢
C>®([~T:,T:] x T4 C) and

M == sup sup |[u™] g < 0.
n>1|t|<Tx

We are going to prove that u(™ is of Cauchy in CO([~Tv,T.); H**(T)).
Indeed, by Duhamel, it satisfies

t
(39) u(n) (t) — eit(AfV*) u(n,O) +/ ei(tf'r)(Af\/*) \u(7)|2pu(r)d7'
0
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and so, since H®* is an algebra (because s, > sg > d/2), we have
1™ (t) = a"™ (t)]| 7.

< @™ —u @™y, 4 pCy, M / [u™ () = ™ (7)|| e dr
[05¢]

where Cs, > 0 is a constant depending only on s,. Therefore as a conse-
quence of Gronwall’s inequality, we have

up. ([0 (6) — w7 < [0 Oy, 2o N

[tI<T:
which proves that u(™ is of Cauchy in C°([~T., T.]; H*~(T¢)). This space
being a Banach space, we denote by u € CO([~T., T.]; H**(T%)) its limit.
Passing to the limit in (3.9), we deduce that u € C*([-T%, T.]; H**~2(T%))
is also a solution of (NLS) on [T, T]. Moreover, since s, > s, ||u(™|| po g
goes to ||ul|pegs as n goes to +oo, which proves that u also satisfies the
bound ||ul|pe e <o ||| e

3.3.2. Setting of the bootstrap

Now we focus more directly on the proof of Theorem 1.1. We assume
that V € V is fixed (the set V being defined in Definition 3.1). Thanks
to the previous step, from now we assume without loss of generality that
u® € C®(T% C) satisfies ¢ == ||[ul®| gz < g9 where go > 0 is a con-
stant depending only(*?) on so > d/2 which will be determined later (see
formula (3.19) below).

We denote by u € CO((=T_,Ty); H**)NCY((=T_,Ty); H**~?) the max-
imal solution of (NLS) associated with «(%), i.e. T, > 0 satisfies

T, =400 or limsup ||ul|g= = +oc.
t——+oo
Of course T_ is defined similarly. Since by assumption u(®) € C*, for all
s >0, u® € H*, and thus, since the non-linearity enjoys tame estimates,
u € CO((=T_,T,); H®) for all s > 0. Therefore, since C*°(T¢) = H>(T%),
it is clear that

u€ C®((~T_,Ty) x T4 C) € CY((=T_,Ty); ' 0 HY).
From now, without loss of generality, we only consider non-negative times.

We consider a constant G5, > 1 depending only on sy and that will be
determined later (see formula (3.21) below). In order to prove that T >

(12) and also on V and d but we do not track these dependencies.

TOME 0 (0), FASCICULE 0



38 Joackim BERNIER & Benoit GREBERT

T. and that |Ju(t)|[ g0 < G ||u'®| g0 for all t € [0,7%], by a standard
bootstrap argument, it is enough to prove that

0< T <min(T.,Ty)

3.10
B10) upocer (@)l < Gao 1] 11

} = [lu(Dllr70 < Gso [u® | 0.

The estimate of the H* norms for s # sg will just be a byproduct of the
proof (see estimate (3.20) below).

3.3.3. Parameters and change of variable

Following (3.10), from now and until the end of this proof, we consider
T > 0 such that T < min(7.,74) and for all ¢t € [0,T], ||u(t)||ms0 <
Goo U £r50 -

We consider the following parameters which will be optimized later with
respect to € = ||u(?||zs0 (see formula (3.17) and (3.18) below) :

e N > 1 is integer of the form N = 2"max with ny, € N,
e 7 > 2is an integer (it will be the order of the Birkhoff normal form),
e v > 0 is the size of the small divisors in the Birkhoff normal form.
In order to apply Proposition 3.6 and to have small divisors as large
as possible, we set
(3.11) v i=Fr(logy(2rN))~ >
where ¥ = min(v, 1) and v > 0 is the constant associated with the
non-resonance of V' (see Definition 3.1). We note that by construc-
tion we have v < 1.

Since sg > d/2, we set

Ko = | > (k)20

kezd
and by Cauchy—Schwarz we have || - ||, < K, - |50

We recall that u satisfies
H
vt € [0,T], i0su(t) = Vg(u(t))
where H, the Hamiltonian of (NLS), is given by (3.1). Therefore, we apply
the Birkoff normal form Theorem 2.15 to the Hamiltonian H. In order
to apply the changes of variables to u(t), the parameters we are going to
design will satisfy the constraint
N

(312) GSOKSOE < E = p.
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Therefore, we have
vt e [0,T], u@®fe <p
and so it makes sense to consider
o(t) = 7O (u(t)).
Note that, as a consequence of Theorem 2.15, we have |[v(t)]|,2 < 2p and
u(t) =70 (u(t)).
Moreover, thanks to (2.23), we have
vt € [0,7),%s > 0, M o)l < Ju@®)llme < Mllo(®)] -

where M > 1 is a constant depending only on s. Finally, we aim at proving
that

(3.13) i0,0(t) = %V(H o 7MY (w(t)).
Recalling that u € CY((—T_,T,);¢' N H') and 7(9 is smooth in £, by
composition v € C*([0,T]; ¢ N H') and we have
i0,0(t) = 10,7 (u(t)) = idr© (u(t))(dyu(t))
= f%dT@) (u(t))((VH) o 7V (u(t))).
Therefore, to get (3.13), we only have to prove that
(3.14) dr O (u(t))i = i[drP(v(t))]* on £

where [d7()(v(t))]* denotes the adjoint of d7()(v(t)). On the one hand,
since 7() is symplectic, we note that we have

(3.15) [ArD (w)])idrD (v(t) =i

and on the other hand, since 7™ 0 7(% =id; on By (0, p), we note that
dr D (v(2))dr @ (u(t)) = idp.

Therefore, multiplying on the right (3.15) by d7(®) (u(t)), we get (3.14).

3.3.4. Sobolev norm estimates

Let s > 0. We recall that the observable Ny s is given by Definition 3.5
and that it is equivalent to || - ||%.. Since 7() : Bu(0,2p) N H® — ' N
H? is smooth, by composition v € C1([0,T]; H®). As a consequence, by
composition, we have

0N o(0(8)) = (VAo ((0)), B(®) 12 = 5 {Nw,o, H 0 7D} (0(1)).
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Thanks to the decomposition (2.21) of H o 7(1) it comes

ONNs(0(t) = D {Nivs, LEDYH0(1)) + (iVNN s (0(1)), VR(0(1))) 2.

q=2

On the one hand, we have
|AVNN,s(v(t), VR(v(t))) 2|
< VNN s (@) IVR(0 ()| 2+

<o e (2) el o

7”3 r—1
Sor (D) I N (u(o)

r3

r—1
S (OGP (D) Mol

While, on the other hand, by Proposition 3.6, for all 7 € (0,1], we have'?)
{N w55 LEDY(0(8))] So 29N LD [ goo [0 (8) s [0 () 17 |0 (E) 3

We choose
. 1 d
1N =1, = min 1,5 50~ 5

in such a way that d/2 < d/2 + ns, < so and so
[0y, < Kajzany 00 110

Therefore, we have

[{Nv,ss LED} (0 (1))

2q—-2 - 2¢—2
S 20KG0 8 NTLCD g (o) 32 0 (1)

S 21( My G Kajan,, )21 2N 71| LEV | g 242Ny o (u(1))

2\ 4—2
Ss 2CM,, Gy Kooy, )9 *N 7" (‘i) 2972 Ny s (v(t)).

The parameters we are going to design will satisfy the constraint

(3.16) 4CM oGy Kajaiy, < g

Thus we get
{5, LEDY(0(1))] S6 272N "Ny s (v(2))

(13) Here we used 25+ <, 29 for all ¢ € N.
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and so

r3

0NN (v(B))] S [N7"+ (CMe,Gag Ko )" () 7 8271 .

v

Therefore, to homogenize this sum, we fix the parameter N in such a way
that

(3.17) 27T KN <e .

and so N~ < 27" < 2¢”. Recalling that v is defined as
v="r% (10g2(2rN))_(2T+1)

(see (3.11)), we have (using that ¢ < 1 and log,(2r) < r)

2r?
r Tz ~
y=(r=1)  Forpdr (log2(2r€*?))2 <7 (log2(27“) - 210g(€)>

< 227’2%—7"7437’277—27"2 10g2r2 (E_l)
and so

NN (D)) S [+ (CF Moy Gag Koy)” (27 1 og™ (1) ']

x "Ny s(v(t)).
We fix r as an integer satisfying
(3.18) Togogd <7 < Floghoed] ="
Note that this definition makes sense provided that ey is smaller than an
universal constant. Therefore, we have

logQT2 (e7he" <exp (

1 (oge)?
36 log|loge| )
and so, since
~—1 e (6, —1\2r2 4rZ L (loge)?
(3.19)  (CF "My Gsy Ky )™= (20, )" =re exp( 36 Tog|log ] 30

we deduce that provided that g is small enough with respect to a constant
depending only on sg, this quantity is bounded by 1 (and (3.12), (3.16) are
satisfied), and so that we have

_ llog |2
10 NNs(v()] < YT "Ny s(v(t))  where T = exp (410g|10g5|
and Tg > 1 is a constant depending only on s. As a consequence, by
Gronwall, since 0 <t < T < T we get

Ns(w(t) < T Ny o(v(0)) < ¥ Ny (v(0))
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and so
(3.20) Ve e [0,T), u)|?. < M22% eTs [[u®)2..
Therefore, to conclude the bootstrap (see (3.10)) it is enough to set**
(3.21) Gy, = M2 2%0eT 0.
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