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ON ASYMPTOTIC AND CONTINUOUS GROUP
ORLICZ COHOMOLOGY

by Yaroslav KOPYLOV & Emiliano SEQUEIRA (*)

ABSTRACT. — We generalize some results on asymptotic and continuous group
LP-cohomology to Orlicz cohomology. In particular, we show that asymptotic Orlicz
cohomology is a quasi-isometry invariant and that both notions coincide in the case
of a locally compact second countable group. The case of degree 1 is studied in
more detail.

RESUME. — On généralise quelques résultats sur la cohomologie LP asympto-
tique et continue des groupes a la cohomologie d’Orlicz. En particulier, on montre
que la cohomologie d’Orlicz asymptotique est invariante sous quasi-isométries et
que les deux notions coincident dans le cas des groupes localement compacts & base
dénombrable d’ouverts. Le cas de degré 1 est étudié plus en détail.

1. Introduction

Different versions of LP-cohomology (and, more generally, LP:9-cohomo-
logy) have been studied in last decades with the aim of obtaining Lipschitz
and quasi-isometry invariants and explore the existence of inequalities of
Sobolev-Poincaré type and p-harmonic functions. This notion is defined,
for instance, for simplicial complexes [4, 12, 20], Riemannian manifolds [1,
18, 19, 29], discrete and topological groups [3, 5, 6, 10, 20, 27, 31, 35] and
more general metric measure spaces [14, 29, 30, 35|, and consists, in all
cases, of a family of topological vector spaces constructed from a cochain
complex of LP-integrable graded functions.
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As for classical LP-spaces, one can generalize LP-cohomology by using
Orlicz spaces, which are obtained from a convex function (more precisely,
a Young function) ¢ instead of the parameter p. A motivation to do this is
to obtain a bigger family of quasi-isometry invariants, which can be useful,
for example, for distinguishing certain spaces up to quasi-isometry, as is
done in [8].

In particular, asymptotic LP-cohomology is a construction introduced
by Pansu in [30], following a previous version for degree 1 [29], defined for
a metric measure space with bounded geometry. A quite complete study
of this notion can be read in [14]. Asymptotic LP-cohomology provides a
quasi-isometry invariant for a wide family of metric spaces, however, it has
the disadvantage of being difficult to compute.

We study the Orlicz version of this notion and prove the following result,
where L? H% ¢(X) denotes the k-space of asymptotic Orlicz cohomology of

a metric space X for a Young function ¢, and L¢ﬁi (X)) is the respective
reduced space. For a proof in the LP-case see [14, 30].

THEOREM 1.1. — Let (X, u) and (Y,v) be two metric measure spaces
with bounded geometry and ¢ a Young function. If there exists a quasi-
isometry F : X =Y, then L?H% 4(X) and L* H 4(Y') are isomorphic (as
topological vector spaces) and LYH y4(X) and LYH 44(Y) are isomorphic
(as Fréchet spaces).

Recent articles [5, 6] by Bourdon and Rémy study the continuous group
LP-cohomology, following some previous ideas given in [10, 13, 20], which
is defined for locally compact groups. They prove an equivalence theorem
between continuous group LP-cohomology and asymptotic LP-cohomology,
which allows to conclude that the first one is a quasi-isometry invariant,
and make some computations for Lie groups.

We present an Orlicz version of the main result in [5], which was earlier
proved for the L? case in [33]. Here HX (G, L?(G)) is the k-space of contin-
uous group cohomology of G with coefficients in L?(G), and F’;(G, L?(@))
is the corresponding reduced cohomology space.

THEOREM 1.2. — Suppose that G is a locally compact second countable
group equipped with a left-invariant proper metric and a left-invariant Haar
measure and ¢ is a doubling Young function. Then the topological vector
spaces HE (G, L?(G)) and L? HY 4(G) are isomorphic for every k € N and

so are the Fréchet spaces Fft(G, L?(G)) and L‘bFZS(G).

The doubling condition on ¢ is an assumption about its behavior at 0 and
oo that will be specified later. The existence of a left-invariant proper metric
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compatible with the topology of G is guaranteed by Struble’s theorem
(see [9, Theorem 2.B.4]).
Combining Theorems 1.1 and 1.2, we obtain the following result:

COROLLARY 1.3. — If F : Gy — G» is a quasi-isometry between two
groups as in Theorem 1.2 and ¢ is a doubling Young function, then
H*(Gy, L?(G4)) is isomorphic to H*(Go, L?(G5)) for every k € N. The
same holds for the reduced cohomology.

For the case of degree 1, we generalize some results given in [27, 31, 35]
for LP-cohomology and in [25] for Orlicz cohomology in the case of discrete
groups. In particular, we prove that if G is compactly generated and ¢
satisfies some conditions, then every class in H'(G, L?(Q)) is represented
by one (and only one) ¢-harmonic function.

Finally, we show with an example that some properties of Orlicz coho-
mology fail to hold if the Young function is not doubling. In particular, it
is known that, if ¢ is doubling, then

e the Orlicz cohomology in degree 1 of a uniformly contractible
Gromov-hyperbolic simplicial complex with bounded geometry
whose boundary admits an Ahlfors-regular visual metric is reduced,
that is, it coincides with its reduced Orlicz cohomology (see [8]);

e the continuous Orlicz cohomology in degree 1 of a non-amenable
non-compact second countable locally compact group is reduced
(see [24]). Therefore, its asymptotic Orlicz cohomology is reduced.

We prove that in both cases, the doubling condition is necessary.
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comments on their works concerning the LP-case and Rafael Potrie for a
valuable suggestion to improve the text.

This work is inspired by previous works by Pierre Pansu, Luc Genton,
Marc Bourdon and Betrand Rémy.

2. Preliminaries
2.1. Quasi-isometries

Consider two metric spaces X and Y, where the metric in both cases is
denoted by |- —-|. A function F': X — Y is a quasi-isometry if there exist
two constants A > 1 and € > 0 such that
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(a) for every z,z’ € X,
Mo —2/| —e < |F(z) — F(2')| < Mz — 2| + ¢

(b) for every y € Y there exists € X such that |F(z) —y| <e.

Notice that (a) is a coarse version of the bi-Lipschitz condition, while (b)
expresses a kind of surjectivity.

The notion of quasi-isometry defines an equivalence relation among met-
ric spaces. Indeed, the composition of quasi-isometries is a quasi-isometry
and for every quasi-isometry F' : X — Y there exists a quasi-isometry
F:Y — X such that Fo F and F o F are at bounded uniform distance
from the identity. In this case, we say that F is a quasi-inverse of F. Ob-
serve that the quasi-inverse is not uniquely defined, but one can easily show
that two quasi-inverses of the same quasi-isometry are at bounded uniform
distance from each other.

We refer to [15] for more details.

2.2. Orlicz spaces

By a Young function we mean a non-negative function ¢ : R — [0, +00)
that is convex and even and satisfies ¢(t) = 0 if and only if ¢ = 0. We say
that ¢ is a N-function if it is in addition continuous and satisfies

limM:O and lim M=—|—oo

t—0 ¢t t—+oo t

If (Z, 1) is a measure space and f : Z — R is a measurable function, we
define

) pold) = [ olf(@) duto).
z
The Orlicz space of (Z, 1) associated to ¢ is the space L?(Z) = L?(Z, i) of

classes of functions f : Z — R such that p,(f/a) < +oo for some constant
a > 0, equipped with the Luxemburg norm

1£1lo —inf{a>0:p¢ (i) < 1}_

The space (L?(Z),|| ||s) is a Banach space and, as in the LP-case, the
convexity of ¢ implies that L?(Z) C L, .(Z).
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Remark 2.1. — Observe that if A > 1 and f is a measurable function
on Z, then | fll¢ < | fllrg. Moreover, the convexity of ¢ implies that
d(t/X) < ¢(t)/ A for every t € R; thus, if o > || fl4, then

/ZW(A{y)dM/ﬂ(i)d“@’

which implies || f|lxg < Allf|le- We conclude that for any A > 0,

CH s < 1l Has < Cll s,

where C' = max{\, A7 1}.
A consequence of this fact is that, if pg(f) < Apg(N'g) = pag(Ng) for
A A >0, then || flly < CXigllo-

If ¢ is a Young function one can consider its convex conjugate
¥ : R = [0,400], ¥(s) =sup{t|s| — ¢(t) : t > 0}.

It is easy to see that if ¢ is an N-function, then 1 is also an N-function.
A general version of Holder’s inequality holds for a pair of conjugate N-
functions (¢, ):

(2.2) / ol dp < 20 Lol o

for every f € L?(Z) and g € L¥(Z). It is obtained by using Young’s
inequality:

(2.3) ts <a(t) + ¢(s) Vt,s €R.

We refer to [32, Section 3.3] for a proof of (2.2).
A Young function ¢ is doubling if there exists a constant D > 2 such
that for every ¢t > 0,

(2.4) 6(2t) < Do(t).

(Observe that, since ¢ is convex and ¢(0) = 0, then ¢(2t) > 2¢(t) for every
t > 0.) It is not difficult to prove that ¢ is doubling if and only if there
exists an increasing function D; : [1,400) — [1,00) such that for every
t>0ands>1,

¢(st) < Di(s)o(t).
The following proposition is known and easy to prove. A short proof can
be found in [34, Lemma 2.5.4].
PROPOSITION 2.2. — Let ¢ be a doubling Young function, then

(i) f € L®(Z,p) if and only if ps(f) < +oc.
(ii) fn — f in L?(Z, p) if and only if py(fn — f) — 0.

TOME 75 (2025), FASCICULE 5
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In the same way as for LP-spaces one can prove that simple functions are
dense in L?(Z) if ¢ is doubling. For that it is necessary to use part (ii) of
Proposition 2.2. This allows to prove the following fact by reproducing the
corresponding proof for LP-spaces.

LEMMA 2.3. — Suppose that ¢ is a doubling Young function. If X is
a proper metric space (i.e. every closed bounded set is compact) and p is
a Radon measure, then the space of continuous functions with compact
support on X is dense in L?(X, ).

For more details on Orlicz spaces we refer to [32].

2.3. Continuous group cohomology

Let G be a locally compact second countable group. A topological G-
module (or simply G-module) is a pair (m,V), where V is a Hausdorfl
locally convex topological vector space over R and 7 is a continuous repre-
sentation of G on V' (that is, G x V' — V,(g,v) — 7(g)v is continuous).

For k € N we consider the space

C (GkH, V) = {w GRSV iwis continuous}

equipped with the compact-open topology.

The sum and product on C(G**1 V) are continuous. Furthermore, the
space C(G**1 V) is Hausdorff and locally convex and the representation
II: G — Aut(C(G**1,V)) defined by

(T(g)w) (o, - - 28) = (g @) (a0, - -, 2) = 7(g) (g™ 0, -, g~ "21))
is continuous. We say that w € C(G**+1, V) is G-invariant if (g-w) = w for
every g € G and denote by C(G**1 V)¢ the space of G-invariant functions.

In general, if X is any set, Y is a vector space and A C X**1, one can
consider the (formal) derivative of any function f: A =Y,

k+1
(2.5) dif (2o, -y Trg1) = D (1) f (X0, -y Tir -y Thg1) s
i=0
defined for (o, ..., T41) in some subset of X¥*2. We also write d = dj,

when the sub-index is clear.
Let us focus on the derivative of elements of C(G**1,V) for k& > 0.
It is easy to see that dj, : C(G**1, V) — C(G¥*2V) is well-defined and

ANNALES DE L’INSTITUT FOURIER



ASYMPTOTIC CONTINUOUS GROUP ORLICZ COHOMOLOGY 1861

continuous and maps C(G*+1, V) onto C(G*+2,V)¥. Then we consider
the complex

(26) c@ V) Bo@v)ho@v)s....

Its cohomology is called the continuous (group) cohomology of G with
coefficients in (m, V). That is, the family of topological vector spaces

Kerd;

HYG,V) = e

The reduced continuous (group) cohomology of G is the family of G-
modules
Ker dk

H (G, V)= .
Im dk—l

By a G-morphism we mean a linear continuous map between G-modules
that is G-equivariant, that is, ¢ : A — B such that ¢(g-a) = g - ¢(a) for
every g € G and a € A. A G-morphism is a strong G-injection if it has a
continuous left inverse. We say that a G-morphism ¢ : A — B is strong if
the induced maps Kerp — A and A/ Kerp — B are strong G-injections.
From this we can define a strong resolution of a G-module V as an exact

sequence of G-modules and strong G-morphisms
d_
(2.7) 05V S A B 414
We use the notation 0 — V' %5 A* to mean a resolution as above.

Remark 2.4. — To see that (2.7) is a strong resolution of V' it is enough
to show that it admits a continuous contracting homotopy. That is, a family
of linear continuous maps {hx}x> o such that

h,o Od_l - Id
hk+1 odyp +dp_10hy =1dfor k>0.

Indeed, dj_; o hy is the left inverse of Kerd), — A* for k > 0, and hjyq
induces the left inverse of A¥/Kerd, — AF*! for k > —1, by putting
A"l =V,

A G-module U is relatively injective if for every strong G-injection
t : A — B and G-morphism ¢ : A — U, there exists a G-morphism
@ : B — U such that p o1 = . A strong G-resolution as (2.7) is relatively
injective if A* is relatively injective for every k € N.

An important example of relatively injective strong resolution is given
by (2.6).

TOME 75 (2025), FASCICULE 5
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PROPOSITION 2.5. — The complex 0 — V gy C(G**1,V) is a relatively
injective strong G-resolution of V', where d_;(v) = v.

Proof. — See [5, Example 2.2]. O

The main technique to prove Theorem 1.2 will be to find a special rela-
tively injective strong G-resolution of L?(G), as it is done for the LP-case
by Bourdon and Rémy in [5], and use the following results.

PropPOSITION 2.6. — Let V a topological G-module. Assume that
0>V — A and 0 — V — B* are two relatively injective strong G-
resolutions of V. Then the complexes (A*)¢ and (B*)® are homotopy
equivalent.

The proof of Proposition 2.6 can be found in [21, p. 177, Proposition 1.1].
Combining Propositions 2.5 and 2.6 we obtain:

COROLLARY 2.7. — Suppose that 0 — V — A* is a relatively injective
strong G-resolution of V. Then the cohomology and the reduced cohomol-
ogy of the complex (A*)¢ are topologically isomorphic to H*(G,V) and
H'(G, V) respectively.

3. Asymptotic Orlicz cohomology

Let (X,|-— -|) be a metric space equipped with a Borel measure p
satisfying the bounded geometry condition: there exist ry > 0 such that

(3.1) 0<o(r)= zlgf)’( w(B(x,r)) < V(r)= ;1611))( w(B(z,r)) < +00

for every r > ro, where B(z, ) is the open ball of center x and radius r > 0.
We regard the product space X¥+1 as a set of k-simplices, so it is natural
to consider the vector space of k-chains

=1

C’k(X):{ZaiAi:mENandAieXk“,aieR Vizl,...,m},

and the boundary operator 9 : C*(X) — C*~1(X), defined on X*+! by

k
(3.2) 0N = (-1)'diA,
i=0
where ;A = (xg, ..., Ti, ..., xg) if A= (zg, ..., Tg).

Given k € N, we equip the space X**! with the product measure
k+1 — 1y x - x p and the distance

A —A'|=max{|z; —x}| ::=0, ...,k}

(2

1
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for A = (zg,...,x1) and A = (xf, ..., z},). Observe that pfT! satisfies
()< P (BA, ) < V()
for every A € X**1 and r > 0. In order to simplify the notation, we write

du(x) = dr and dpFt1(A) = dA.
For s > 0 we define

XF = {A e X" diam(A) < s} € XFHL

Fix a Young function ¢, then for every Borel function v : X**! — R and
s > 0 we consider the semi-norm

(3.3) l[ullg.s = inf {a >0 pgs (g) < 1},

where pg s (%) = -/Xf+1 é (ULA)> dA.

Then we define the L?-space of Alexander—Spanier k-cochains as the space
AS g (X) of classes of measurable functions u : X**' — R such that
|lull¢,s < +oo for every s > 0, equipped with the topology induced by
the family of semi-norms {|| ||¢,s}s>0. Observe that each semi-norm || ||4,s
is the L?-norm in the space X*+1.

An element u € ASéf(X) (or a function v : X*+1 — R in general) can be
linearly extended (a.e.) to u : C*(X) — R. We will not distinguish between
the function u and its extension u from now on.

Remark 3.1. — For t < s we consider the continuous operator
Toy: L? (XETY) — L2 (X)), ues uforn
and take the inverse limit
liinL‘b (XE) = {{us} e ] L2 (XF) : Top(us) = up if t < s}
s>0

equipped with the topology induced by the family of semi-norms ||{us}||s
= ||lus||y for s > 0. It is a Fréchet space because it is defined from a dense
projective system of Banach spaces (see [16, Section 3.3.3]). This is the
Orlicz version of the definition given by Pansu in [30].

Furthermore, the map

k i 7O (YRt
(3.4) ASE(X) = lim L2 (XEH) w s {u|X§+1}
is clearly an isomorphism of topological vector spaces; hence ASéf (X)isa

Fréchet space for every k.

TOME 75 (2025), FASCICULE 5
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Observe that the formal derivative on AS7(X) defined by (2.5) satisfies
du(A) = u(0A). In this case it can also be called the coboundary operator
on AS(X).

PROPOSITION 3.2. — The derivative dj, maps continuously AS;(X) to
ASZ;H(X). Moreover, dj41 o dy, = 0 for every k > 0 (which is also written
as d>=0).

Proof. — The condition d?> = 0 can be verified directly. Let us prove
that if u € AS;(X), then ||du|l¢,s = ||ullg,s, which means that there exists
a constant C' > 0 intependent of u such that ||dul¢ s < Cllullg s In this

case, the constant depends on s and k.
Using Jensen’s inequality, we have

k+1

1
k+1 ‘
/)c§+2 ¢ (du) du™"" < 1= 2 /)(§+2 ;M(k + 2)u(0;A)) dA

1 k+1
=29 /. o 1B 0 (5 + DuO.A) d0.),

where j; is any index different from i. Applying (3.1), we get

po.s(du) <V (s)pg,s((k + 2)u),
and then, by Remark 2.1, ||dul|s,s =< [Ju||g,s- O

We now consider the complex
d d d
ASY(X) B ASH(X) = ASZ(X) S -+
Its cohomology is the asymptotic L?-cohomology of X. We denote it by

N Kerd,
LPH}s(X) = Tmd_

We also define the reduced L?-cohomology of X as the family of Fréchet
spaces

LYH y5(X) =

Imd,_ ;1

3.1. Quasi-isometry invariance
By a kernel on X we mean a non-negative bounded function x: X — R

satisfying the following conditions:
(¢) There exists K > 0 such that if |z — 2| > K, then k(z,z") = 0.
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(d) For every x € X,

(3.5) /X k(x,2")dz' = 1.

Because of the bounded geometry (3.1), it is always possible to take a kernel
on X, for instance one can consider

1

/ — ]l !
W) = B gy o)

with K > To-

Observe that for every 2’ € X,
(3.6) / k(z, 2" )dz < sup(k)V(K).

X
If A= (xg,...,25) and A" = (xf, ..., =), then we write
k
(3.7) K(A,A) = T #(wi, 2}).
i=0

It is clear that for a fixed A = (20, ..., x) we have [, K(A,A)dA" = 1.

Now consider another metric space (Y,|- — - |) equipped with a Borel
measure v satisfying (3.1) with functions ¥ and V. Suppose that F : X — Y
is a quasi-isometry and F : Y — X is a quasi-inverse of F. We can assume
that A > 1 and € > 0 satisfy conditions (a) and (b) for both F and F.
Observe that F and F induce quasi-isometries F : X**1 — Y*+1 and
F: Yk 5 XF+1 with the same constants.

For a kernel ky in Y, define the pull-back of a function u : Y5+ — R
by F' as follows:

Fru . Xk+1 — R, F*U(Ax) = / U(Ay)ﬁjy (FAx,Ay) dAy
yk+1

LEMMA 3.3. — The pull-back F* defines a continuous map from
AS;(Y) to ASQ(X).

Proof. — First observe that Jensen’s inequality implies

¢(F*U<AX)) < /YkJrl (b(u(Ay))Ky (FA)QAy) dAy

Hence, for every s > 0 we have

p¢g F UAX / / Iiy(FAx,Ay) dAydAX
Xk+1 Yk+1

_ /YM & (u(Ay)) U(Ay) dAy,

TOME 75 (2025), FASCICULE 5
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where
\I/S(Ay):/ Ry (FAx,Ay) dAX
Xkt

Claim. — ¥, is bounded and its support is included in Y;f“, where s’
depends on s, the constants K, A and €, and the function V.

For Ay € Y*+! consider Ax € X**+1 such that |[FAx — Ay| < e (this
simplex exists because F' is a quasi-isometry with constants A and €). If
ky(FAx,Ay) # 0, then |[FAx — FAx| < e+ K and therefore
|Ax — Ax| < M(2¢ + K). This implies that if H is the supremum of ky-,
then

T, (Ay) < /x§+1 H]lB(ZX,/\(zeJrK))dAX < HV (A2 + K))

which shows that ¥, is bounded.

In order to prove the other part of the claim, observe that if Ax € Xk+1
then diam(FAx) < As + e. If in addition ky (FAx,Ay) # 0 for some
Ax € X¥1 then we have

(3.8) diam(Ay) < 2K + As + €.

k+1 -5
= H,

Indeed, if Ax = (zo, ..., xx) and Ay = (yo, ..., yx) then for any i and j

<y = Fzo)| + |F(ai) = Fag)| + [F(25) — 1
<KK+4+As+e+ K=2K+ As+e,
which implies (3.8).

The proof of the claim finishes by taking s’ = 2K + As + e.

Putting the above together, for s > 0 and u € ASZ (Y) we have
Po.s(F*u) < Hpy s (u), and hence ||F*ul|,s = ||u]|4,s, where the constant
does not depend on u. O

\yz‘—yﬂ

It is easy to show that the pull-back F* commutes with d, and thus it
defines maps in (reduced) cohomology.

LEMMA 3.4. — Suppose that kx and Ky are kernels on X and Y re-
spectively. Then the function k : X x X — R defined by

k(z,2') = /YKZY (F(z),y)rx (F(y),2") dy
is a kernel.

Proof. — Suppose that K > 0 is the constant in (¢) for both kernels kx
and Ky . Assume also that the uniform distance between F o F' and Idx
and between F o F and Idy is bounded by C > 0.
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Observe that if ky (F(x),y) # 0, then |z — F(y)| < AK +¢+C. From this
we conclude that if |z —2'| > K' = (A+ 1)K + e+ C, then ky (F(x),y) =0
or kx(F(y),2') = 0 for every y € Y, and hence k(z,z’) = 0.

To see that x is bounded observe that given x,2’ € X, the support of
the function

Y= Ry (F(:L'), y)’iX (F(y)v xl)
is contained in the ball B(F(x), K), thus x(x,2") < V(K) sup(kx) sup(ky ).

A direct calculation shows that [ k(z,2’)d2’ = 1 for every x € X, which

finishes the proof. O

In order to prove Theorem 1.1, we adapt an argument given in [30] (see
also [14]). In particular, we use the following operator: given u : X¥*2 — R
and A € Xkt we consider

Bku(A) = /Xk+1 u(b(A7 A’))/{(A, A’) dA/’

where i
b(A,A) = Z VAo, vy Ty Xy oy Th).
=0
for A = (g, ..., ) and A" = (z(, ..., z}.). Here & is the kernel given by
Lemma 3.4.

LeEMMA 3.5 ([14, Lemma 3.3.3]). — Let A, A’ € X**+1 then

k
Ob(A,A') = A — A= "b(0:A,0,A).
i=0
LEMMA 3.6. — For every k > 0, By, defines a continuous operator from
ASETH(X) to ASE(X).

Proof. — Fix s > 0 and take u € AS;“(X) and A = (zg, ..., 2x) in
X1 then

B (A, ANYdA,
Bu(A ZLM (A, &)

where A" = (z, ..., z},) and A; = (2o, ..., z3, 25, ..., z}). Using Jensen’s

inequality, we have

k
pwwmﬁz/HJ‘ Jo(A, A') dAdA.
i=0 Xkt

We write each term of the above sum as

/ / Xk+1(A)I€(A,A/) dA/dA
Xk+1 Jxk+1
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Notice that 1 x+1(A)k(A, A”) # 0 implies A; € ij_glK,. Thus, using (3.5),
(3.6) and (3.7), we obtain

k
po.s (Bru) <> L. (sup #)V (K o (u(A:)) dA; =< pg.s (u).
=0 Xs+2K/
This implies that || Brul|s,s = ||u||¢,s+25, which finishes the proof. O

Proof of Theorem 1.1. — We need to prove that F* o F and F o F*
are homotopic to the identity. We will prove the first assertion by verifying

Boody=F*oF —1Id
(3.9) { 0% °

Bij10odys1 +dyoBy=F*oF —Idforalk>0

The other part is analogous.
If u € ASY(X), then we have

(Bo o do)u(zg) = /X du(b(xo, ))k(zo, x) do = / u(z)k(zo, z) dz — u(zo)

X

- [ @ ( / ny(Fuo),y)nx(F(y),r)dy) dz — u(ao)
:/Y(/Xu(x)mx( (), )dx) y (F(0),y) dy — u(wo)

= (F* o F u(xo) — u(xo).

Therefore, Bgody = F* o F - Id.
Now we take u € AS;H(X). First observe that

k k
(di © Bi)u(A) = Bru(dA) = Byu (Z(l)’&A) => (-1)'Bru(d:A)
=0 i=0

k
; /XM b(0iA, A)) k(DA AT) dA.

By Lemma 3.5, (Bgy1 o di11)u(A) is equal to

k
/XWU(A JR(A, A') dA'- Z /XW b, O A))K(A, A)dA'.

1=
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As in the case k = 0, the first term is equal to (F* o F )u(A). With respect
to the third term, for A = (o, ..., zx) and A" = (g, ..., z},), we have

k
Z(—l)i/ u(b(8; A, 0;A")) (A, A) dA'

k
i=0 Xht2

w(b(@A, 0,A")) k(D A, B A) ( /X H(xi,x;)dm;> d(0;A")

This shows that By41 0dg4+1 + Brody = F* oF —Id for every k> 0. O

Remark 3.7. — Observe that if Fi, F5 : X — Y are two quasi-isometries
at bounded uniform distance, then a quasi-isometry G : Y — X is a quasi-
inverse of Fj if and only if it is a quasi-inverse of F5. We have proven that in
this case F'oG* and F5 oG* are homotopy equivalent and G* is invertible.
As a consequence, F; and F5 induce the same isomorphism in (reduced)
cohomology.

Remark 3.8. — Theorem 1.1 says that the asymptotic Orlicz cohomol-
ogy of (X, u) does not depend on the measure u. Thus, one can define
such cohomology for any metric space admitting measures with bounded
geometry.

A metric condition that guarantees the existence of such a measure is a
weak version of doubling condition for metric spaces: there exists a constant
e and a function V' : (0, 400) — (0, 4+00) such that any e-separated set (i.e.
set of points of mutual distance at least €) in a ball of radius r cannot
contain more than V (r) points. From this condition one can take p as the
counting measure on a maximal e-separated discrete set in X.

Observe that if X is a doubling metric space, the function V can be
taken with polynomial growth at co (see [26, Sections 1.3.1 and 1.4.1]).

4. Continuous group Orlicz cohomology

Let G be a locally compact second countable group equipped with a Haar

measure H and a left invariant proper metric |- — - |. Fix a doubling Young
function ¢.
LEMMA 4.1. — The right regular representation of G on the space

L?(G) = L?(G, H),
(m(9)f)(x) = f(zg)

for every f € L?(G) and g,z € G, is well-defined and continuous.
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Proof. — First observe that if g € G, then pg(m(g9)u) = A(g)pe(u),
where A is the modular function associated to H. Hence, the representation
is well-defined.

To prove continuity, consider g, — ¢ in G and f,, — f in L?(G). Observe
that

|7(gn) frn — (g )qub |7 (gn) fr — 71'(9n)f“¢ + 7 (gn) f — W(g)f”dw

where, by Proposition 2.2, the first term of the right-hand side converges
to 0 because

po(1(gn) fr = 7(gn) f) = po(n(gn) (fr = f)) = Algn)pe(fu — f) = 0.
The second term can be bounded as follows:

[7(gn)f — (g )f||¢

< o1 -3, + [rtouT- 03], + |-,

where f is continuous with compact support. By taking f close enough to f
(see Lemma 2.3), we can bound the first and third terms on the right-hand
side. Moreover, since f is continuous and g,, — ¢, the sequence of functions

21 6 (| Fwga) - Flag)))

converges pointwise to 0. If K C G is a compact neighborhood of g such
that g, € K for every n, then these functions are bounded by

10} (2 max(f)) 1g,

with E = supp(f)K —1. Therefore, the Dominated Convergence Theorem
implies that

ps (wlon) f —7(9)F) =0,
and hence, by Proposition 2.2, |7 (gn)f — 7r(g)ﬂ|¢ — 0. O

From the right regular representation m we can consider the (reduced)
continuous cohomology of G with coefficients in (7, L?(G)), which we also
call (reduced) continuous L?-cohomology of G and denote by H*(G, L?(G))
and H (G, L?(G)).

Remark 4.2. — Since G is locally compact and second countable, it can
be represented as the union of an increasing sequence of compact subsets
{K,}. Thus, C(G**!, L?(G)) is a Fréchet space for the family of semi-
norms

lwll &, = max{||w(zo, ..., zk)|l¢ : z; € K,, for every j}.
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The continuity of the representation 7 implies that C(G**1, L?(G))9 is a
closed subspace of C(G*T!, L?(G)) and hence a Fréchet space. We conclude

that the reduced cohomology space JZa (G, L?(@)) is also a Fréchet space.

In this section, we prove Theorem 1.2 by showing that the complex
(C’(G*+1,L¢(G))G,d) is homotopy equivalent to (ASj3(G),d). For this,
we construct a relatively injective strong G-resolution of L?(G) such that
the associated G-invariant complex is homotopy equivalent to the complex
(AS}(G),d) and use Propositions 2.5 and 2.6.

Given two proper metric spaces X and Y equipped with Radon measures
ux and py and a doubling Young function ¢, denote by ]L?ZC(X ,Y) the
space of (classes) of Borel real functions f on X X Y such that f|xxy
€ LY(K x Y) for every compact set K C X. Endow LY (X,Y) with the

loc
family of semi-norms

(4.1) |f||¢,K:inf{a>0:p¢7K (i) gl},
porc () = [ [ ot0) duvanx.

for K C X compact. Observe that || |4 x is the norm on L?(K x Y).
Since X is proper, it can be represented as the union of an increasing
sequence of compact subsets K,,. Thus IL?;C(X ,Y) is the inverse limit of
the sequence of the Banach spaces L?(K,, x Y), which implies that it is a
Fréchet space (using again [16, Section 3.3.3]).
We study in more detail the case where ¥ = G, assuming that G acts

on X preserving the measure px.

LEMMA 4.3. — The space of continuous functions with compact support
on X x @, denoted by Co(X x G), is dense in LY (X,G).

loc

Proof. — We write X = (J, oy Bn with B, = B(xg,n). Since X is
proper, B,, is compact.
Take f € ]LfOC(X, G). Observe that f|p, xc € L?(B, x G) for every

n. Since Cy(B,, x G) is dense in L?(B, x G), for every n we can take
fn € Co(B,, x G) such that

1
n

[ [ o1~ ) <

We can extend f,, to the whole X x G by zero.
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Given a compact set K C X, there exists ng such that for every n > ng
we have K C B,,, and as a consequence

/K/G</>(|fn—f|)d7-ldux</Bn/(;¢(|fn—f|)d7-lduxg711_

Thus, || fn — fll¢,x — 0 for every compact set K C X. O

LEMMA 4.4. — L?

1.(X,G) is a G-module for the representation given
by

Proof. — By analogy with the proof of Lemma 4.1, for every
fe L? (X,G), g € G, and a compact set K C X,

loc
po. (9 f) = A(g)py,g—1x(f)

Therefore, the representation is well-defined.

Continuity is proven following the argument in the proof of Lemma 4.1.
Indeed, since G and ]Lf;c(X , G) are both metrizable spaces, it is enough to
prove that if g, — g in G and f,, — f in IL?;C(X, G), then g, - fn > 9 f
in L} (X,G).

Fix a compact set K C X. Since || ||4 x is a semi-norm, we have

(42) ||gnfn _9'f||¢,K < ||gnfn _gn'f||¢7K+ ||gn'f_g'f||¢7[('

Consider a compact neighborhood V' C G of g and ny € N such that g, € V
for every n > ng. The first term of the right-hand side in (4.2) goes to 0 as
n — 0o because

p¢,K(gn'fn_gn'f)
= A(%)P@g;l}( (fn - f) < A(gn)p(ﬁ’qu (fn - f) — 0.

Here we use that A(g,) = A(g) < oo and pyv-1x(fn — f) = 0.
The second term can be bounded as follows:
lgn - f =9 fllyx
A T
K

<|

gn-F=9: f”q&,K + Hg f-g f”¢,K’

where f € Co(X x G). Taking f closed enough from f (which is possible
because of Lemma 4.3) we can bound the first and third term using the
above argument.

To see that the middle term goes to 0 as n — oo, we can proceed in
the same way as in Lemma 4.1. To do that we can take two compact sets
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K; € X and Ky C G such that supp(f) C K; x Ky and dominate the
function

(4.3) (x,h) = ¢ (’f(gglx, hgn) = f (97 2, hg) D
by ¢(2M)1g, where E = (VK;) x (K2V~!). The proof is finished by
applying the Dominated Convergence Theorem. g

From now on we take X = G**! equipped with the product measure
H*+1 and the maximum distance, which are preserved by the action of G
by left translations.

In the LP-case the following lemma stems from [2, Theorem 3.4].

LEMMA 4.5. — L;@C(G”‘H, G) is a relatively injective G-module for ev-
eryn = 0.

For proving Lemma 4.5, we need the following lemma:

LEMMA 4.6. — Let G be a locally compact group, X a topological space
and g € X. If n : G x X — R is continuous with n(g,xz¢) = 0 for every
g € G and K C G is compact, then

Jim (sup{ln(g,2)| - g € K}) = 0.

Proof. — Let V be the family of neighborhoods of 2y € X. We need to
prove that given € > 0 there exists V' € V such that for every x € V,

sup{|n(g,z)|: g€ K} <e.

Suppose this fails, then there exists ¢ > 0 such that for every V € V
there are xy € V and gy € K with n(gy,xy) > e. Since K is compact,
the net {gy }v ¢y has a convergent subnet {gy} to g € K. The net {zy}
converges to xzg, thus, by continuity of 1, we have n(g,zo) > €, which is a
contradiction. O

Proof of Lemma 4.5. — Let + : A — B be a strong G-injection be-
tween G-modules, 3 : B — A its left-inverse, and ¢ : A — ]Lfoc(G”“, G) a
G-morphism. We need to prove that there exists a G-morphism
@:B— L) (G"!, Q) such that gow = .

Let x : G — R be a non-negative and bounded function with compact

support such that

(4.4) /Gx (97") dg=1.
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If b € B, we define

(4.5) @b xzo, ...\ Tn,x)

= /X (gilzro) © (B(gfyb)) (gilxo, ce, gflxn,xg) dg.
G

Using that ¢ and ¢ are G-equivariant, the identity S o¢ =1Id4 and (4.4), it
is easy to see that p ot = .
Let us prove now that ¢ is G-equivariant: for h € G,

o(h-b)(zq,...,Tn, )

= /X(g’lxo)w(ﬁ(g’lh-b)) (97 2o, ..., g ', xg) dg.
G

Putting h =g = §, we have

o(h-b)(xgy ..., Ty, T)
:/Gx(gflhflxo)w(ﬂ(fl.b)) (G 'h g, ..., g ' ey, 2hg) dg

= ¢(b) (h_lxo, o h_lmn,xh) =(h-o0)) (zo, ..., Tp,x).

To prove that ¢ is continuous, first observe that, by Jensen’s inequality,

o (@(b)(zo, .-, Tn,x))
< /G¢(s0 (B(g~"-0)) (97 0, .-, g‘lwmxg))x(g‘lxo) dg.

Therefore, if K C G™*! is a compact subset, we have

p¢7K(¢(b)) :/G/Kqﬁ(@(b)(xo, e xn,x)) dxzg . ..dx, dx

<[ [ [ el ta0) a0 g7 0im0)

X (9_1360) dgdxg . . .dz,dz.

Let Ky C G be the projection of K on the first coordinate. Observe that
if 2o € Ko and x(97'xg) # 0, then g € K = Kgsupp(x)~!, which is a
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compact set. If C' = sup(y), we have

po.K (P

C/// Lo0)) (97 w0, - g7 "0, 29) ) dag .. dey ddg
:C’/R<A(g)/G/K¢ (8 (gl-b))(xo,...,xn,z)> d:z:o...d:z:ndz>dg

:C/I%A(g)pqs,x(cp(ﬂ (97" -b)))dg.

Since the representations and the maps 3, ¢, py k and A are continuous,
the function

Uy:G =R, g— A(9)pe.x (90(5 (9_1 : b))),

is continuous and hence py x (p(b)) < +o00. Thus, @(b) € Lfoc(GnH’ G).
Moreover, by Lemma 4.6 applied to the function n : G x B — R,
n(g,b) = ¥u(g), we have

p¢,K(<ﬁ(b - bo)) — 0 as b — by,

which implies that ||@(b) —@(bo)||e,x — 0 as b — by because ¢ is doubling.
Since K C G is any compact set, we conclude that ¢ is continuous. O

Consider the complex of Fréchet G-modules

(4.6) 0= L9(G) = LY

loc

(G7G)# loc (G2 G) 4 loc (G3 G) 47

where

k+1

(Okf)(@o, -y Thp1,9) = D (=1 F (@oy s iy oy Tt1,9) -

=0

This complex is an Orlicz version of the resolution L} (G*™!, LP(G)) con-
sidered in [5]. In general, Blanc shows in [2] that L} (G**!, V) is a rela-
tively injective strong G-resolution for every G-module V.

LEMMA 4.7. — For every k > 0, the operator § = 0y, is a G-morphism
from Ly, (G*1, @) to L}, (G**2,G). Moreover, §> = 0.

Proof. — Take f € LY (G*2 @). Since every compact set in GF*2 is
contained in a compact set of the form K**+2 where K is a compact set

loc

in G, it suffices to estimate py gr+2(0f) for proving that ¢ is well-defined
and continuous.
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Using Jensen’s inequality, we infer
k+1
po iz (Of) < k+227—[ / ((k+2)
Gx Kk+1
f(l‘o, ey @, ey $k+1,g))da)‘0 ce dl‘k+1 dg
S H(K)pg rn ((k+2)f).
Therefore, ||0f|| s wxr+2 = || fllg xrt1-

The G-equivariance of § and the relation 6> = 0 are straightforward
from the definition. d

LEMMA 4.8. — The complex (4.6) is a strong resolution of L?(G).

Proof. — By Remark 2.4 it suffices to construct a continuous contracting
homotopy, that is, a family of continuous linear maps

Ok - Lloc(GkJrlaG) — L¢ (GkaG) for k 2 1 and ap - loc(G G) — L¢(G)

loc

such that
o_ =1d
(4.7) 70201
Ok4+1 00k +0p—1 00, =Idforallk >0

To this end, we begin by considering a non-negative bounded function
X : G — R with compact support K, such that

/Gx(x)dx =1

Then, given f € L (G*1,G), we define (where it exists)

(4.8)  (opf)(zoy ..., Tk—1,9) = / flxo, ..oy -1, 2, 9)x(x) dz.

In the case k = 0, the left-hand side of (4.8) is (o0 f)(g).

Let us prove that the expression (4.8) is defined for almost every
(zg, ..., Tx_1) € G¥ and g € G. Since f € Lf’oc(Gk“,G), for any com-
pact set K C G*, we have

/// ¢(f(ac0,...7xk,hx,g))dxdxo...dxk,ldg<+oo.
¢JK JK,

Thus,

/ qb(f(aco, el J;k,l,x,g)) dr < 400

K

X

for almost every (xq, ..., zx—1) € K and g € G, that is, the function
z — f(xo, ..., Tk—1,2,9) belongs to L?(K,) and hence it belongs to
L'(K,) for these values of (zo, ..., xx—1) and g. This implies that oy f
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is well-defined for almost every point in K x G, and since G* can be writ-
ten as a countable union of compact sets, it is well-defined for almost every
point in G* x G. The argument also works for k& = 0 by omitting the
compact set K.

To see that o; maps continuously ]L?soc(GkJr1 G) into ]le’oc(Gk, G), take
fe Lloc(GkH, G) and K a compact subset of G¥, then by Jensen’s in-

equality we have

pe.k (onf)

su
/ / pX (’H(Kx)f(aso,...,xk,l,x,g))dmo...dxk,ldxdg.
G KxKy

This implies that ||k f[lg,x = [|fll¢,xx K, As above, the same argument
works for k = 0.

The lemma is proven with the verification of (4.7), which is straightfor-
ward from the definitions. O

As a consequence of Lemmas 4.5 and 4.8, we conclude that
(L lo((G*“‘l (), 0) is a relatively injective strong G-resolution. By Proposi-

tions 2.5 and 2.6, the cohomology of ( (G**1,G)%, ) is isomorphic to

loc
the continuous L?-cohomology of G.

With the following lemma we finish the proof of Theorem 1.2.

LEMMA 4.9. — For every k > 0, the spaces LY, (G**!, G) and ASg(G)
are isomorphic. Furthermore, the isomorphism commutes with the deriva-
tives § and d.

loc

In the proof of this lemma, we will use a proposition from Zimmer’s book
([36, Section B.5]). A simplified version of it is used in [4] to prove the LP
version of the lemma.

PROPOSITION 4.10. — Let X and Y be two standard Borel spaces (i.e.
they are isomorphic to some Borel subset of a complete separable metric
space) and G a locally compact second countable group acting on X andY .
Suppose that p is a G-quasi-invariant Borel measure on X (i.e. u(gA) =0
if and only if 1(A) =0 for any A C X) and f : X — Y is a Borel function
such that for every g € G we have f(gx) = gf(x) for p-almost every x € X.
Then there exists a G-invariant Borel subset of full measure Xg C X and
a G-equivariant Borel function f: Xo — Y that coincides with f almost
everywhere.
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Proof of Lemma 4.9. — Given u € AS§(G), define A(u) : GF'xG — R
by
Au)(zoy ... 20, g) = ulgzo, ..., gTkK).
Then A must be a Borel function because u is Borel and the map
0: G x G — GFY O(xo, ..., 2k, 9) = (920, . .., gTr), is continuous.
Moreover, if A =u"1(R\ {0}), we have

HF2(971A) :/ /Gk+1 Tg-14(x0,..., 2Tk, g)dxg...dx dg

:// La(gxo,...,g2k)dxg ... dxg dg
G Jarr
= [ Wty dg = [ g

G G

which implies that H¥*2(0=1A) = 0 if and only if H¥T1(A) = 0, or, equiva-
lently, A(u) = 0 almost everywhere if and only if u = 0 almost everywhere.
As a consequence, the function u +— A(u) is well-defined and injective to
the space of Borel functions up to almost everywhere zero functions. We
have to prove that it is well-defined, surjective, continuous, and open from
ASE(G) to Ly, (G*+1,G)©.

It is easy to see that A(w) is G-invariant. Observe that the topology of

L) (G*+1 @) is generated by the family of semi-norms of the form | (PR
where

K9 = {(x0,...,21) € GF 1 29 € Q}

for @ any compact set and s > 0. If u € ASéﬁ (G), then
Py K9 ( ))

///,c u(gez, gxyl,...,g:ryk))]lG;:+1(1,y1,...7yk)dy1...dykda:dg

G

// Al2) (u(g, 9y1s- -+, gur)) Tgrr (Lyns o uk) dys - .. dyy, dx dg
o ;

- (/ A(;y)dx) /Gk+1 ¢(u(yo, -+ yk)) dyo - . - dy, = D(Q)pg.s(w),

where D(Q fQ x)dxr < +oo. Hence, A is a well-defined continuous
embeddlng

Finally, let us prove that A is surjective. Take f € LZOC(G’“'H, G)¢
find u € AS®*(G) with A(u) = f.

We use Proposition 4.10 for X = G**! x G equipped with the measure
HE+2 where G acts by h - (2o,...,%k,9) = (h~'zo,...,h twy, gh), and
Y = R where G acts trivially. Then we obtain a G-invariant Borel set of
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full measure Xy C X and a G-invariant function f: Xo — R that coincides
with f almost everywhere.
Consider for h € G the set

Zg={(zg,...,zx) € GFL . (zo,-.., Tk, 9) € Xo}-

One can easily verify that h='Z;, = Zg, for every g,h € G. Thus, an
argument as in the beginning of the proof allows to show that Z, has full
measure in GF+1.

Define u : G**! — R by

. f(x07...,$k,1) if (l‘o,...,xk)ezl,
u(@o, - ) = { 0 otherwise.

To see that A(u) = f, observe that, by definition, for every g € G and
every (zo,..., %) in Zg,

u(gx07"'7gxk) = f(gx()a"'agxkal) = f('rOa" '7xkag)'

Therefore, A(u)(xo, ..., 2z, g) = f(zo,..., 2k, g) for almost every
(o, ..., Tk, g) € GF x G,
which finishes the proof of Lemma 4.9. g

5. The discrete case

Suppose that X is a finite-dimensional simplicial complex equipped with
a length metric of bounded geometry, that is, there exist a constant C' > 0
and an increasing function N : (0, +00) — (0, +00) such that

(e) the diameter of every simplex is bounded by C;
(f) for every r > 0 the number of simplices that intersect any ball of
radius r is bounded by N(r).

Consider the cochain complex
o (X(0>) 4 g (X<1>) & g (X<2>) L
where X (*) is the set of k-simplices in X and d = dj, is defined by (2.5),
which coincides with the usual coboundary operator, that is, df(o) = 6(9o)
for every 6 € ¢¢(X®) and o € X*+1. The spaces ¢?(X(*)) are Banach
spaces equipped with the Luxemburg norm || ||,. We define the k'" (re-
duced) £?-cohomology space of X as

Ker dy,
(PHFN(X) = —&
( ) Imdk_l

CH (X) = .
<¢H Ker dj, )

Im dk—l
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THEOREM 5.1 ([8]). — Let X and Y be two uniformly contractible sim-
plicial complexes with bounded geometry. If they are quasi-isometric, then
(09(X ™), d) and (£¢(Y*)), d) are homotopy equivalent for any Young func-
tion ¢. Hence, their (reduced) cohomologies are isomorphic.

A metric space X is uniformly contractible if there exists an increasing
function ¢ : (0, +00) — (0, +00) such that every ball B(z, ) is contractible
in the ball B(z, ¢(r)).

Let G be a discrete group acting properly discontinuously, cocompactly,
and freely on a contractible locally finite simplicial complex X by simpli-
cial automorphisms. For each k > 0, consider the space C(X(k),W(G)) of
functions f : X(®) — ¢?(G). We equip it with the compact-open topol-
ogy, which coincides with the topology of pointwise convergence. They are
G-modules for the action

(g- o) =7(9) (fg7'0)) € ?(G), geG, oeXP.

Recall that 7 is the right regular representation on £#(G).
The derivative dj, : C(X®) ¢2(G)) — C(X*+VD (2(Q)) is defined by
(2.5). It is easy to see that it is a G-morphism. Then

0-viSo (X<0>,z¢(G)) LW (X(l),€¢(G)) 4o (X<2>,e¢(G)) a
is a relatively injective strong G-resolution of V' (See [5, Example 2.2]).
PROPOSITION 5.2. — The complexes
(c(e @) a) and (¢ (x*),a)
are homotopy equivalent. Thus their (reduced) cohomologies are isomor-
phic.

The proof of this proposition is a general version of the proof of [5,
Proposition 3.2].

Proof. — By Corollary 2.7, it suffices to prove that the complex
C(X®) ¢9(G))E is isomorphic to £#(X *)) and the isomorphism commutes
with the derivative. To this end, we define ¥ : £¢(X () — C(X®) (¢(@3))
by

V() = f, flo)(g) = b(g0).

Observe that, if 0 € X, then

po(f(0) =D 6(0(g0) < > 6(0(0)) = ps(0),

geG oe Xk
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where the inequality comes from the fact that G acts freely on X. We
conclude that f(o) € £2(G) and hence V¥ is well-defined. This also shows
that ¥ is continuous, because if 6, — 0 in £¢(X*)) then

po(0(6,)(0)) < po(6) = 0
for every o € X ),

It is easy to see that U is injective, indeed, if ¥(f) = f = 0, then
0(c) = f(o)(1) = 0 for every ¢ € X*); and that the image of ¥ is in
C(X®) ¢2(@))C: if T(0) = f, then

(9- o) (h) = f (97 o) (hg) = 0 (hgg~'o) = f(o)(h).

Now, for f € CF(X,4%(G))% define 0 : X*®) — R by 0(c) = f(o)(1).
Since f is G-invariant, 6(go) = f(o)(g) for every o € X* and g € G,
which means that ¥(0) = f. Moreover, if A®) ¢ X(*) is the (finite) set of
k-simplices that intersect a compact fundamental domain for the action of

G, we have
po®) = 3 o0@) < 3. > 6(8(90))
oe Xk ceAlk) ge@G
= > D o(f0)9) = > ps(fle).

oce Alk) gel@ oc Ak)
This shows that the inverse of ¥ is continuous, because if f, = ¥(6,,) — 0
pointwise, then 6,, — 0 in £2(X*)). O

Remark 5.3.

(1) Suppose that the groups G and G’ act, in addition, by isometries on
X and X’ respectively, which are uniformly contractible simplicial
complexes with bounded geometry. By [7, p. 140, Proposition 8.19],
G and G’ are finitely generated and quasi-isometric to X and X’
respectively when we equip them with word metrics. Combining
Theorem 5.1 and Proposition 5.2, we conclude that if G and G’
are quasi-isometric, then they have the same (reduced) continuous
L?-cohomology for any Young function ¢.

(2) If G is a finitely generated group, then it acts by isometries (and
simplicial isomporphisms) on its Cayley graph Cay(G, S) for some
finite generator S. This action is properly discontinuous, free, and
cocompact. In general, the Cayley graph is not uniformly con-
tractible; however, if G is in addition a hyperbolic group, then the
nth Rips complex of Cay(G,S) is a uniformly contractible simpli-
cial complex (see [7, p. 469, Proposition 3.23]) and the action of G
on it satisfies the conditions required in Proposition 5.2.
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6. The case of degree 1

Inspired by previous works as [8, 25, 27, 31, 35|, here we study some
peculiarities of the case of degree 1.

Let us start with the asymptotic Orlicz cohomology. We assume that
(X, u) is a metric measure space with bounded geometry and also that X
has the midpoint property, that is, there is a constant ¢ > 0 such that for
any x,y € X there exists z € X such that

o= 2l ly — 2 < e —yl + <.

We denote by quﬁ(X) the kernel of d : ASqlﬁ(X) — AS;(X), then
LPHAg(X) = ZL(X)/dL?(X) and LH 45(X) = Z(X)/dL%(X).
Recall that the topology of ASéf (X) is given by the family of semi-norms

(3.3).

Observe that we can describe Z;)(X ) as the space of classes of functions
u€ AS;(X) such that

(6.1) u(z,y) = u(z,y) — u(z, )
for almost all z,y,z € X. This implies that there exists a fixed zg € X

such that u(z,y) = u(zo,y) — u(zo, z) for almost all z,y € X. Thus we can
define

(6.2) ful@) = u(z0, ).
We have that df,(z,y) coincides with u(x,y) for almost all z,y € X and
satisfies (6.1) for all z,y,2z € X.

LEMMA 6.1. — There exists to > 0 such that the semi-norms || |4+,
and || |4, are equivalent in qus(X) for all t1,ty > to. In particular || |4
is a norm in Zj(X) for every t > to and (Z}(X), || ll¢,+) is a Banach space.

Proof. — Let v, V and rg as in (3.1) for the space (X, u).

Take u € quﬁ(X ). Because of the above observation, we can suppose
that u satisfies (6.1) for every z,y,z € X. We will prove that if ¢ > to :=
max{8¢, 8¢},
then [[ul[y st =< [lulls,s, where the constant depends only on t. Observe
that this proves the first part of the lemma because it is clear that if ¢ < ¢/,
then. [|ullg, < [ullg,e-

Claim. —

1x-2 < 1x2(z,2) Ly2(z, .
w, @00) < s [ o) g e d:
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If Txz, (z,y) = 1, take zp € X such that
2

& — 20l |y — 0] < Sz —yl+e< o g

—Z - X 5 - X .
x ols 1Y 0 9 Y 4
By the choice of ¢y, the ball B(zg,t/8) is included in B(z,t) N B(y,t). This
implies that

/ Lys (2,2) T (,9) dz > (B0, /8)) > v(t/8) > 0,
< ,

which proves the claim.

Using the claim and Jensen’s inequality, we obtain

o) = [ olute) L, (o) do dy
1
< M/X? ¢(u(w,2) +u(2’,y)) (/X ILth(x,z) ﬂxg(z,y) dz) dz dy

m /X (¢(2u(~’cay)) + fb(QU(rc,y))) Lz (@, 2) Lz (z,y) de dy dz
_ V@ Y0
= 208 /X ¢ (2u(x,y)) Uxz (2, 2) drdz = o(i/8) 7 (2u).

This implies that

N

lull < 2 el

Observe that tor every ¢ > to and u € Z}(X), |lullg+ = 0 implies that
|||, = 0O for any other ¢’ > to. Hence v = 0 almost everywhere and, as a
consequence, || ||+ is a norm on Zj(X).

Finally, since d is continuous, Z;(X ) is a Fréchet space with the topology
of AS;(X). In addition, the equivalence of the norms || || for ¢ > to
implies that Cauchy (respectively, convergent) sequences for one of such
t are Cauchy (respectively, convergent) for every ' > t;. From this we
conclude that (Z(X), || [l¢.¢) is a Banach space. O

Remark 6.2. — Suppose that X has a length metric (then ¢ = 0) and
satisfies v(t) > 0 for every ¢t > 0; thus ¢y can be taken equal to 0.

Notice that Lemma 6.1 implies that L‘i’ﬁz 5(X) is indeed a Banach space
if X has the midpoint property.

Now we consider G a locally compact second countable topological group
and H a left Haar measure on G. We also assume that G is equipped with
a left-invariant metric possessing the midpoint property and has a compact

TOME 75 (2025), FASCICULE 5



1884 Yaroslav KOPYLOV & Emiliano SEQUEIRA

generator S that contains an open neighborhood of 1 € G that is also a
generator.
We consider the Luxemburg semi-norm || ||, 5 associated to the modular

posth) = [ oot = 1) s = [ [ o(5(e9) - 5(0)) doas,

that is,
1fllg,s = inf {a >0:pss <£) < 1} ,

We say that f : G — R is a ¢-Dirichlet function if ||f|l4.s < 400, and
take Dy(G) the space of classes of ¢-Dirichlet functions coinciding almost
everywhere. Observe that L?(G) is contained in Dy(G).

Suppose that tg > 0 is as in Lemma 6.1 and S contains a closed ball
B(1,t) for some t > ty. Given f € Dy(G) we have

poe(df) = /G /E S0~ ) dyda

:/ /7 gf)(f(xs)—f(x)) ds dx
G JB(LY
s < [ [ o(ss) — #@) dsde = pocia)

where t' = diam(.S).

The above estimate implies that if S is big enough, then d : Dy(G) —
Zi(G) is well-defined and continuous, and its kernel is the subspace of al-
most everywhere constant functions. Moreover, the induced map d : Dy(G)
— Zi(G) is a topological embedding, where Dy(G) = Dy(G)/R (where R
denotes the subspace of functions constant almost everywhere). We also
know that d is surjective because df, = u for every u € Zé(G), so the
map is indeed a topological isomorphism (in particular Dy (G) is a Banach
space). We conclude that

(6.3)  L?H}4(G) ~ Dy(G)/L(G) and LYH 45(G) = Dy(G)/L?(Q),

where £?(G) is the image of L?(G) by the projection Dy(G) — Dy(G)
(observe that if j is infinite, then £?(G) coincides with L?(G)). Recall that
if ¢ is doubling, then these quotients are isomorphic to L* H!(G, L?(G))
and LOH (G, L?(Q)) respectively.

Remark 6.3. — In general, if (X, 1) is a measure metric space with the
midpoint property and t is large enough, then the Banach space
(Z3(X), |l ll.) is isometric to

Dy(X) = Dy(X)/R={f : X = R: [[df |4 < +o0} /R
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equipped with the natural norm. Therefore, equivalences (6.3) hold for
metric spaces.

Let us now show an alternative definition of the continuous Orlicz co-
homology of a topological group. It comes from the definition of group co-
homology in terms of inhomogeneus cocycles (see for example [21, p. 17]).
Let Z4(G) be the space of continuous functions w : G — L?(G) such that
w(gh) = (g)w(h) + w(g) for all g,h € G equipped with the compact-open
topology. We also take B,(G) as the subspace of those functions that can
be written as w(g) = w(g)f — f for some f € L?(G).

From now on we assume that ¢ is doubling. In this case, by Lemma 4.1,
the elements of By (G) are continuous cocycles and so By(G) C Z4(G). One
can easily verify that the function

Z4(G) = C(G* L?(Q)), wr dw,

induces isomorphisms

H' (G, L?(G)) ~ Z4(G)/Bs(G) and H' (G, L*(@)) ~ Z4(G)/By(G).

In these equivalences, the group G need not have a compact generator. If,
in addition, G has a compact generator S containing an open neighborhood
of 1 € G that is also a generator, we can define on Z,(G) the semi-norm

[wlls = sup [w(s)lls-
ses

Observe that, since the modular function A is continuous and S is compact,
there exists a constant M > 1 such that for every s € S and f € L?(G),

(6.4) lw(s)fllo < M| fllo,

This observation and the condition w(gh) = m(g9)w(h) + w(g) imply that
lw|]| = 0 if and only if w = 0 (and as a consequence || ||s is a norm).

PROPOSITION 6.4.

(i) The norm || ||s induces the compact-open topology on Z4(G).
(i) (Z4(G), | |ls) is a Banach space.

Proof. — Since L?(G) is a metric space and G is the union of countably
many compact subsets, the compact-open topology is the topology of uni-
form convergence on compact sets and G is first countable. Suppose that
wy — 0 uniformly on compact sets, then for every e > 0 there exists ng
such that |lw,(s)]|¢ < € for every s € S and n > ng. This implies that
lwnlls — 0.

Conversely, suppose that ||w,||s — 0 and fix a compact set K C G. Since
S contains an open generator, there exists k such that K C S¥. For every
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r € K we can write x = s7...8 with £ < k and sy, ..., 8, € S. The
condition w(gh) = w(g)w(h) + w(g) implies
¢

ZT{‘ L 8i—1)wn(8q)-
i=1

Therefore, using (6.4), we obtain ||w,, (2)||y < kM¥||w,||s. Since ||w,||s— 0,
we have |lw,(2)]|¢ — 0 uniformly on K. This proves (i).

To prove (ii) it is enough to observe that (Z4(G), || ||s) can be seen as a
closed subspace of (C(S, L?(G)), || |lso)- O

6.1. ¢-Harmonic functions

Here we assume in addition that G is unimodular and has a compact
generator S that is also a symmetric neighborhood of 1 € G. We also
assume that the Haar measure on G is locally doubling, that is, for every
R > 0 there exists a constant C' = C'(R) > 1 such that for every x € G and
0<r<R,

(6.5) 0 < pu(B(z,2r)) < Cu(B(z,r)) < 4o00.

Throughout this section, ¢ will be a doubling strictly convex N-function
whose derivative exists at every point different from 0. We extend the deriv-
ative ¢’ to the whole R by putting ¢’'(0) = 0. Let 1 be the convex conjugate
of ¢, which is also an N-function in this case. Since ¢ is an N-function, the
function n(s) = ¢'(t)s — ¢(s) has a positive maximum for any fixed ¢ > 0,
which is attained at some s such that n’(s) = ¢'(¢t) —¢'(s) = 0. Hence t = s
because ¢ is strictly convex. By the definition of ¥ we conclude that

(6.6) (¢ () =t/ (t) + (1),
for every t > 0. If t = 0, then the previous equality is obviously true, and
since ¢’ is an odd function, it also holds for ¢ < 0.

LEMMA 6.5. — If f € L?(G), then ¢'(f) € L¥(G). In fact, py(¢'(f))
< (D —1)py(f), where D is a constant satisfying (2.4).

Proof. — Since ¢’ is non-decreasing we have that for every t > 0,
2t 2t

t'(t) < [ o)dt < | ¢(t)dt = ¢(2t) < Do(t).

t 0
This is also true for ¢ < 0 because ¢ is even and ¢’ is odd. Using (6.6) and
the previous estimate, we obtain ¥ (¢'(f)) < (D — 1)é(f), thus

pu(6/(1)) = /G B((f)) du < (D~ 1) / O(F) dp = ps(f) < +oc.
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O
Define the ¢-Laplacian of a function f € Dg(G) by

Agf(z) = [3 & (f(as) — f(x)) ds.

We say that f is ¢-harmonic if Agf = 0 almost everywhere. An element [f]
of Dy(G) is ¢-harmonic if f is a ¢p-harmonic function (it does not depend on
the representative). Observe that this definition depends on S; however, we
will see that there exists a one-to-one correspondence between ¢-harmonic
classes of functions for different generators.

PROPOSITION 6.6. — Let f € Dy(G). Then Ayf is well-defined and
locally integrable.

Proof. — Consider K C G a compact set with u(K) > 0. Using Tonelli’s
theorem, Jensen’s inequality, and Lemma 6.5, we get

Jels

¢ (f(ws) - ()| dsd

<utwm() 6™ (s [0o(600) - 1)) )
< u(K)(S) v (m [ potsias) - ) ds)
< u(K)p(S) v (mm(f)) < too.

Since G is locally compact and p is positive on open sets by (6.5),

[]6 () = s as < +oc
S

for almost every x € G and thus Ay f is defined almost everywhere. Fur-
thermore, the previous estimate shows that Ay f € L}, (G). O

We want to prove the following result:

THEOREM 6.7. — Suppose that 1 is also doubling. Then for every
[f] € Dy(G) there exists [u] € L*(G) and a ¢-harmonic class [h] € Dy(G)
such that [f] = [u] + [h].

This theorem says that every class in il (G, L¢(G)) can be represented
by a ¢-harmonic function (unique up to constants). This also gives a one-
to-one correspondence between ¢-harmonic classes for two different gener-
ators. To prove it, we adapt the argument used in [25] for discrete groups.
It is also suggested for the L? case in [35].

TOME 75 (2025), FASCICULE 5



1888 Yaroslav KOPYLOV & Emiliano SEQUEIRA

The problem of finding [u] as in Theorem 6.7 is, as in other contexts,
equivalent to minimizing a kind of energy operator. Given f € Dy(G), we
define the operator

I7 : £9(G) = [0,+00), T/ ([g]) = pe,s(f — 9).

Since ¢ is strictly convex, Z7 is also strictly convex. Using Proposition 2.2,
it is easy to see that Z7 is continuous.

PROPOSITION 6.8. — The class [u] € L4(G) minimizes I/ if and only if
[h] = [f] — [u] is ¢-harmonic.

In order to prove Proposition 6.8, recall the definition of Gateaux deriv-
ative of an operator and some properties involving it.

The Gateaux derivative of a function F' : V' — R (defined on a topological
vector space V') at u in the direction v € V is, if it exists,

F Av) — F
F'(u;v) = lim (ut ) (u)
A—0t A

We say that F' is Gateaux differentiable at w if the limit exists for every
v € V and the map F,, = F’(u;-) is in the dual space of V.

Remark 6.9. — Observe that if F': V — R is a Gateaux differentiable
function that has a minimum on a subspace W at u, then Fy, |y = 0. This
is because for every w € W,

0< Fy(—v) = —Fy,(v) <0.

LEMMA 6.10. — The operator I/ is Gateaux differentiable at every [u]
and

o)) = [ [ (= wtas) = (= (@) (a(es) = o(0) d s

Proof. — Since ¢ is convex, for a,b € R and A\ > 0 we have

$la+b) — p(a) _ ¢((1— Na+Ma+b)) — ¢(a)

A A
< ¢la+b) = d(a) < dla +b).

If we put a = (f —u)(zs) — (f —u)(x) and b = g(zs) — g(z), we have that
the function
(s,2) =

O((f —utAg)(ws) — (f—u+Ag)(x)) — ¢((f —u)(@s) — (f —u)(x))
A
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is dominated by a function in L*(S x G). Observe that if
(f —uw)(@s) = (f —u)(z) #0,

then the previous quotient goes to

¢ ((f —u)(ws) — (f —u)(x)) (9(xs) — g(x))

when A — 0. If (f —u)(zs) — (f —u)(z) = 0, then the quotient is equal to

¢(A(g(ﬂc8) - g(m)))
\ ;
which converges to ¢’(0) = 0 because ¢ is an N-function. By the Dominated
Convergence Theorem, we obtain

(@Y ([ul; lg]) = / / & ((f —w)(ws) — (f — w)(2)) (9(ws) — g(x)) da ds.
S JG

Applying Holder’s inequality (2.2), we get

\(If)'(m-[ D) = @) ([uli[30)|

)ws) = (f = w)@)|| (9 = Dws) — (9~ 9)(@)| dods

2||¢ —u) - (f—U))HmwxG)Hg_viS

By Lemma 6.5 (applied to the space S x G), we have

from which we deduce that (Z/)'([u];-) is an element of the dual space of
L?(@G), which finishes the proof of Lemma 6.10. O

LEMMA 6.11. — The class [h] = [f] — [u] is ¢-harmonic if and only if
=0.
]

[u

Proof. — (=) Since I[ | is continuous, it is enough to prove that
I[J;]([ ]) = 0 for every g € L?(G).
By Young’s inequality (2.3) and Lemma 6.5 applied to the space S x G,

we have
z)) ‘ lg(xs)| dz ds

// dxds+// ) dz ds

- 1),% s(h) + u(S)ps(g) < +oo,
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where D is a doubling constant for ¢. In the last inequality, we use that G
is unimodular. In the same way, we get

JLJ.

This allows to decompose I[]; ]([g]) as follows:

¢ (h(ws) — h(@)||g(x)] do ds < +oc.

I[J;]([g]) = /S/G(b'(h(a:s) — h(z))g(zs) dz ds
- / / ¢’ (h(zs) — h(z))g(z) dx ds = —2/ Agh(z)g(x) = 0.
S JG G

(<) For z € G and € > 0 we define

1
5ace:

, mﬂ]g(%e) € L¢(G).

As before,
-2
0=1/ (6,.) = 7/ Agh(z)dz.
[u] ,U,(B(.Z‘, 6)) B(xz,e€) ¢
Applying the Differentiation Lebesgue Theorem (see [22, Theorem 1.8](V))
we conclude that, for almost every = € G,

0= lim T}, (6,.c) = Aph(x);

thus, h is ¢-harmonic. O

The last ingredient we need for proving Proposition 6.8 is the following
result, which can be found in [11, p. 24; Proposition 5.4.].

PROPOSITION 6.12. — Let I' a Gateaux differentiable function defined
on a convex set C. Then F' is strictly convex on C if and only if for every
u,v € C with u # v,

F(v) > F(u) + F,(v — u).

Proof of Proposition 6.8. — 1If Z/ has a minimum at [u], then I[J;] =0
by Remark 6.9. Using Lemma 6.11, we conclude that [h] is ¢-harmonic.
Conversely, if [h] is ¢-harmonic, then I[J; =0 (again by Lemma 6.11).
Applying Proposition 6.12 to ' = Zf, we see that this operator has a
minimum at [u]. O
In order to prove Theorem 6.7, we use the following proposition, which
is a particular case of [11, p. 35, Proposition 1.2].

D 1n [22], the theorem is proven for non-negative functions and doubling measure, but
it can be easily generalized to our case.
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ProposiTiION 6.13. — Let V be a reflexive Banach space and
F :V — R a convex lower semicontinuous operator such that F(u) — 400
if |lu|]] = 4o00. Then F has a minimum. If F' is in addition strictly convex,
then the minimum is unique.

Proof of Theorem 6.7. — By Proposition 6.8, we have to prove that Z/
has a unique minimum. For this end we will apply Proposition 6.13.
Observe that there is a natural isometric embedding

Dy(G) = L?(S x G), [f] = n()f — f.
Since ¢ is doubling and has doubling conjugate, L?(S x G) is reflexive
(see [32, p. 111, Corollary 9]). Thus Dy(G) is also reflexive because it is
isometric to a closed subspace of a reflexive space.
We already know that Z/ is strictly convex. Furthermore, it is continuous
and hence it is lower semicontinuous. Let us prove that Z/([g]) — +oo if

19llg,5 — +00.
If ||gnll¢,s — 400, then, assuming that ||f — g, |l¢,s = 1, we have

_ f—0n > ptﬁ,S(f*gn) _ If([gnD
1_p¢’s<f—9n||¢,s S = ol

0.5 If —gnllss’
and as a consequence Z/ ([g,]) = || f — gnllo.s — +oo.

Putting all together, we conclude that Z7 has a unique minimum [u],
from which we obtain the desired decomposition. O

Remark 6.14. — Following Remark 6.3, we can give a definition of ¢-
Laplacian for more general metric spaces:

Do Do(X) = LX), Bpuf(@) = [ 0/(1(0) = F(a) dydi.

t
This notion is similar to the one defined in [35]. All done above works in
this more general context if the measure on X is locally doubling.

6.2. Examples

(1)

We study the case G = R with the usual addition, measure, and metric.
Here S = [—1,1] and ¢ is as in Theorem 6.7.

On the one hand, it is easy to see that H'(R, L?(R)) # 0. Indeed, if
f:R — R is a continuous increasing function such that f(z) = 0 for every
z < 0and f(x) =1 for every x > 1, then it is clear that f € Dy (R) because
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the function  — f(x+s) — f(x) has image included in [—1, 1] and support
in [~1,2]. It is also easy to see that f ¢ L?(R) + R, which implies that
f represents a non-zero class in H'(R, L?(R)) via identification (6.3) and
Theorem 1.2.

On the other hand, since R and Z are quasi-isometric, their reduced
asymptotic L?-cohomologies are isomorphic, and therefore, they have iso-
morphic reduced continuous L?-cohomologies. Let us prove that Z has no
¢-harmonic classes, which implies ﬁl(Z,Zd’(Z)) =0 (R, L?(R)) = 0. In
particular, R has no non-trivial ¢-harmonic classes.

The argument below can also be found in [28].

Consider in Z the generator S = {—1,0,1}. If f € Dy(Z) is ¢-harmonic,
then for every n € Z,

0=2A24f(n)=¢'(f(n+1) = f(n)) +¢'(f(n—1) = f(n)).

Since ¢’ is odd and increasing, from the previous equality we have that
n— f(n+1)— f(n) is constant. Which implies that f is constant because
f is a ¢-Dirichlet function. We conclude that the only ¢-harmonic class on
Z is the trivial one.

(2)

Let us say something about the L?-cohomology of the real hyperbolic
space H" for some fixed doubling Young function ¢. It can be seen as the
Heintze group H" = R"~! x74 R (see [23]).

We first observe that if I' < Isom(H") is a discrete group such that
M = H"/T is a closed hyperbolic manifold, then T' acts freely, properly
discontinuously, and cocompactly on H"™. Moreover, a simplicial structure
can be defined by lifting a triangulation of M to H". According to this
structure, I' acts also by simplicial automorphisms; hence, Proposition 5.2
implies that H*(T, ¢?(T')) and ¢ H*(H") are isomorphic for every k € N.
The same is true for the reduced cohomology.

If we equip I with the word metric and the counting measure, it satisfies
the hypothesis of Theorem 1.2. The groups I' and H™ are quasi-isometric
and hence by Corollary 1.1 their (reduced) continuous L?-cohomologies co-
incide (and they coincide with their asymptotic L?-cohomologies). There-
fore,

HF(H", L?(H")) = ¢*H*(H") and
H' (H", L¢(H")) = ¢*H" (H"), k € N,
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In the case k = 1, [8, Theorem 1.2] implies that (¢ H!(H") = ' (H™)
and they coincide with the Besov space B,(S"™1)/R, where

By(S" M) ={u:S""" = R: ||ullp, <+oo}
and || [/, is the Luxemburg semi-norm associated to

pi () = | )~ 0 W) gy ) aray).
¢ sn-1xgn-1 |T—y[PnT?

Here H is the (n — 1)-dimensional Hausdorff measure on the sphere, and,
as before, R denotes the space of constant functions.

If ¢(t) = |t|P, then it is easy to see that the Lipschitz functions on
an Ahlfors-regular metric space Z are in By(Z) if p is greater than the
Hausdorff dimension of Z, which implies B4(Z)/R # 0. Let us repeat the
proof in our more general case in order to obtain some condition on ¢ for
the non-vanishing of By (S"~1)/R.

Let u : S"! — R be a L-Lipschitz function. The sphere is (n — 1)-
Ahlfors regular, that is, there exists C' > 1 such that for every x € S*~1
and r € (0, 27),

(6.7) C'r" P < H(B(z,r)) < Cr L
Here we assume that S”~! has diameter 27. Define the m-annulus around
a point € S"! as the subset A,,(z) = B(z,2F) \ B(z 7m+1) Then,

by (6.7),

. O(u(z) - u(y)) )
P, (1) 7/37171 Z>1 (/A ) |z — y[2n dHt(y )> dH ()

/Sn 1 Z H(A (2w L/m)(m + 1) "2 dH (x)

H(s") Y slent/m) (iﬁj) (m + 12

m>1
Thus, a sufficient condition to u be in By (S"~1) is
(6.8) > ¢(1/mym" "t < 400
m2>1

For any fixed point g € S"!, the map u(x) = |x — o] is Lipschitz
and non-constant. If ¢ satisfies (6.8), then (¢ H!(H") = ¢H (H™) # 0. We
conclude that

H'(H",L?(H")) = H (H", L(H")) # 0.
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A condition similar to (6.8) is given in [17] as a sufficient condition for
the non-vanishing of the de Rham Orlicz cohomology of H? in degree 1.

Observe that the Haar measure on H" is the Riemannian volume, hence
it is locally doubling. Therefore, if ¢ and S are as in Subsection 6.1, then
condition (6.8) guarantees the existence of non-constant ¢-harmonic func-
tions.

An explicit computation of the simplicial Orlicz cohomology in degree 1
of a wide family of Heintze groups for certain doubling Young functions
can be found in [8].

7. Some observations on the non-doubling case

In this section, we study an example that illustrates some differences
between the doubling and non-doubling case.

Consider the free group Fb generated by two generators a and b. We
equip Fy with the counting measure and the word metric associated to the
symmetric generator S = {a,a~!,b,b71}.

Let us focus on the asymptotic Orlicz cohomology of Fy associated to a
Young function ¢. Observe that for every x,y € Fy there exist n € N and
X0, X1y - .., Tn € Fy (all of them different) such that ¢ = z, z, = y and
|z;—1 —x;| = 1; moreover, these points are unique. For w € qub(Fg), we have

n
Wl y) = 3 wlaig,m).
i=1
We can conclude that every element in Z, é(FQ) is determined by its values
at the set (F2); of all the pairs of elements at distance 1, which also implies
that || [|¢,1 is a norm in Zj(F3).
Let X be the Cayley graph of F» for the generator S, which is geomet-
rically a tree. It is clear that the map

01 (Z3(F2), | o) > (2 (XD),11116). Ow)([2,9]) = w(z, y),

is an isomorphism that preserves d(?(F,). In particular, (Z(;(Fg), [Hg,1) is
a Banach space and has the topology given by the whole family of semi-
norms || ||+ This shows that the (reduced) asymptotic L?-cohomology of
F; coincides with the (reduced) simplicial /?-cohomology of X even if ¢ is
not doubling.

Consider a function ¢ such that ¢(t) = e~ for |t| small enough. It is
easy to see that this formula defines a convex function on (—+/2/3,/2/3).
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Since we are in the discrete case, the behaviour of the function for large
t is not important. However, ¢ can be extended to a non-doubling Young
function on R, for example by putting ¢(t) = a + Beltl when [t| > \/2/73
for suitable a, 5 € R.

First observe that LY HY g(F) # 0. For that we decompose Fj into two
disjoint subsets A and B, where A is the set of elements x € F5 that can be
written as x = asy - -+ s, with s1, ..., sp € S and sfl # a. Takew € quﬁ(Fg)
defined in (F%); by w(1,a) = € (and then w(a,1) = —¢) and w(x,y) = 0 if
{z,y} # {1,a}, where ¢ > 0. If f: F» — R satisfies df = w, then f must
be constant on A and B but taking a different value on each subset, so
it cannot be in ¢?(F). This implies that w represents a non-zero class in
cohomology.

Now check that if € < m, then w can be approximated by a sequence
{wn} C Zj(Fy) such that for every n € N there exists f, € 02(Fy) with
df, = w,. We again define w,, in (FZ2); such that

o wy(l,a)=c¢
o wy(z,y)=¢/nifr,ye Aand |z —a|=|y—a]-1<n—1
o wy(z,y)=0ifx,y€ Bor|x—al| >nor|y—al >n.

It is clear that w, = df,, for f,, with finite support. Moreover

Po.1 (Wn - w) =23/,
’ «

which is equal to 1 if

log2 log3
2
n n

a=c¢€ .
This shows that ||w, — w|l¢ — 0 when n — +o0.

It is known (see [24, Proposition 2]) that in the doubling case, the con-
tinuous L?-cohomology in degree 1 of a noncompact second countable lo-
cally compact group coincides with its reduced cohomology if and only if
the group is non-amenable. By Theorem 1.2 the same holds for the asymp-
totic Orlicz cohomology. However, the above observation shows that the
asymptotic L?-cohomology in degree 1 of the non-amenable group F» can
be non-reduced (that is L? H} 4 (Fy) # Ld’ﬁz s(Fy)) if ¢ is non-doubling.

[8, Theorem 1.2] implies that, if ¢ is doubling and X is a Gromov-
hyperbolic simplicial complex with bounded geometry such that its bound-
ary 0X admits an Ahlfors-regular visual metric, then (¢ H'(X) = (¢H ' (X).
In our case, it is easy to see that the Cayley graph X is Gromov-hyperbolic
and its boundary has an Ahlfors-regular visual metric of dimension log 3.
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Then, combining this result with Theorem 1.2 and Proposition 5.2, we ob-
tain LY Has(X) = L°H a5(X) if ¢ is doubling. Observe that the above
computation shows that this is not true in the non-doubling case.

In fact, we can see directly that if ¢ is as above, then (?H'(X) #
Wﬁl(X ), which shows that the doubling condition is necessary for the
claim of [8, Theorem 1.2].

(1]

2]
(3]
(4]

(5]

BIBLIOGRAPHY

M. AtivaHl, “Elliptic operators, discrete groups and Von Neumann algebras”, in
Colloque “Analyse et Topologie” en I’honneur de Henri Cartan, Astérisque, vol.
32-33, Société Mathématique de France, 1976, p. 43-72.

P. BrANC, “Sur la cohomologie continue des groupes localement compacts”, Ann.
Sci. Ec.Norm. Sup. (4) 12 (1979), no. 2, p. 137-168.

M. BOURDON, F. MARTIN & A. VALETTE, “Vanishing and non-vanishing for the first
Lp-cohomology of groups”, Comment. Math. Helv. 80 (2005), no. 2, p. 377-389.
M. BourDON & H. Pajor, “Cohomologie I}, et espaces de Besov.”, J. Reine Angew.
Math. 558 (2003), p. 85-108.

M. BourpoN & B. REMY, “Quasi-isometric invariance of continuous group LP-
cohomology, and first applications to vanishings”, Ann. Henri Lebesgue 3 (2020),
p. 1291-1326.

, “Non-vanishing for group LP-cohomology of solvable and semisimple Lie
groups”, J. Ec. Polytech., Math. 10 (2023), p. 771-814.

M. R. BRIDSON & A. HEAFLIGER, Metric Spaces of Non-Positive Curvature,
Grundlehren der Mathematischen Wissenschaften, vol. 319, Springer, 1999.

M. CARRASCO, “Orlicz spaces and the large scale geometry of Heintze groups”,
Math. Ann. 368 (2016), p. 433-481.

Y. CORNULIER & P. DE LA HARPE, Metric Geometry of Locally Gompact Groups,
EMS Tracts in Mathematics, vol. 25, European Mathematical Society, 2016.

Y. CORNULIER & R. TESSERA, “Contracting automorphisms and LP-cohomology in
degree one.”, Ark. Mat. 49 (2011), no. 2, p. 295-324.

I. EKELAND & R. TEMAM, Convex Analysis and Variational Problems, Classics
in Applied Mathematics, vol. 28, Society for Industrial and Applied Mathematics,
Philadelphia, 1999.

G. ELEK, “The £,-cohomology and the conformal dimension of hyperbolic cones”,
Geom. Dedicata 8 (1997), p. 263-279.

, “Coarse cohomology and ¢P-cohomology”, K-Theory 13 (1998), no. 1, p. 1-

22.

L. GENTON, “Scaled Alexander—Spanier Cohomology and L4p-Cohomology for Met-
ric Spaces”, PhD Thesis, EPFL, Lausanne, Suisse, 2014, Thesis no. 6330.

E. GHys & P. DE LA HARPE, Sur les Groupes Hyperboliques d’aprés Mikhael Gro-
mov, Progress in Mathematics, vol. 83, Birkh&user, 1990.

H. GoLDMAN, Uniform Fréchet Algebras, North-Holland Mathematics Studies, vol.
162, North-Holland, 1990.

V. GOLU'DSHTEIN & Y. KopyLov, “Some calculations of Orlicz cohomology and

Poincaré-Sobolev—Orlicz inequalities”, Sib. Elektron. Mat. Izv. 16 (2019), p. 1079-
1090.

ANNALES DE L’INSTITUT FOURIER



ASYMPTOTIC CONTINUOUS GROUP ORLICZ COHOMOLOGY 1897

(18] V. GoOL'DSHTEIN, V. Kuz’™MINOV & I. SHVEDOV, “Differential forms on Lipschitz
manifolds”, Sib. Math. J. 23 (1982), no. 2, p. 151-161.

, “Integration of differential forms of the classes W 7, Sib. Math. J. 23
(1982), no. 5, p. 640-653.

[20] M. GrRoMOV, Geometric group theory. Volume 2: Asymtotic Invariants for Infinite

Groups, London Mathematical Society Lecture Note Series, vol. 182, Cambridge
University Press, 1993, edited by G. A. Niblo and M. A. Roller.

[21] A. GUICHARDET, Cohomologie des Groupes Topologiques et des Algébres de Lie,
Textes mathématiques, vol. 2, CEDIC; Fernand Nathan, 1980.

[22] J. HEINONEN, Lectures on Analysis on Metric Spaces, Universitext, Springer, 2001.

[19]

23] E. HEINTZE, “On homogeneous manifolds of negative curvature”, Math. Ann. 211
g &
(1974), p. 23-34.

[24] Y. KopyLov, “Amenability of closed subgroups and Orlicz spaces”, Sib. Elektron.
Mat. Izv. 10 (2013), p. 583-590.

[25] Y. KopyLov & R. PANENKO, “®-harmonic functions on discrete groups and the
first £®-cohomology”, Sib. Math. J. 55 (2014), p. 904-914.

[26] J. MACKAY & J. TysoN, Conformal Dimension: Theory and Application, University
Lecture Series, vol. 54, American Mathematical Society, 2010.

[27] F. MARTIN & A. VALETTE, “On the first LP-cohomology of discrete groups”, Groups
Geom. Dyn. 1 (2007), no. 1, p. 81-100.

(28] R. PANENKO, “Orlicz Spaces on Groups, Manifolds, and Graphs”, PhD Thesis,
Novosibirsk, Russia, 2018.

[29] P. Pansu, “Cohomologie LP des variétés & courbure négative, cas du degré 17, Rend.
Sem. Mat. Univ. Pol. Torino (1989), Special Issue.

[30] ———, “Cohomologie LP: invariance sous quasiisométries”, preprint, https://www.
imo.universite-paris-saclay.fr/~pansu/qi0O4.pdf, 1995.

[31] M. Purs, “The first LP-cohomology of some finitely generated groups and p-
harmonic functions”, J. Funct. Anal. 237 (2006), p. 391-401.

[32] M. RAao & Z. REN, Theory of Orlicz Spaces, Monographs and Textbooks in Pure
and Applied Mathematics, vol. 146, Marcel Dekker, 1991.

[33] R. SAUER & M. SCHRODL, “Vanishing of £2-Betti numbers of locally compact groups
as an invariant of coarse equivalence”, Fundam. Math. 243 (2018), p. 301-311.

[34] E. SEQUEIRA-MANZINO, “Relative LP and Orlicz Cohomology and Applications to
Heintze Groups”, PhD Thesis, Universidad de la Reptublica, Montevideo, Uruguay;
Université de Lille, France, 2020, https://theses.fr/20201ilui053.

[35] R. TESSERA, “Vanishing of the first reduced cohomology with values in an LP-
representation”, Ann. Inst. Fourier 59 (2009), p. 851-876.

[36] R. ZIMMER, Ergodic Theory and Semisimple Groups, Monographs in Mathematics,
vol. 81, Birkhauser, 1984.

Manuscrit regu le 20 octobre 2022,
révisé le 22 juin 2023,
accepté le 2 octobre 2023.

Yaroslav KOPYLOV

Sobolev Institute of Mathematics,
4 Acad. Koptyug Ave.,
Novosibirsk 630090 (Russia)

yakop@math.nsc.ru
yarkopylov@gmail.com

TOME 75 (2025), FASCICULE 5


https://www.imo.universite-paris-saclay.fr/~pansu/qi04.pdf
https://www.imo.universite-paris-saclay.fr/~pansu/qi04.pdf
https://theses.fr/2020lilui053
mailto:yakop@math.nsc.ru
mailto:yarkopylov@gmail.com

1898 Yaroslav KOPYLOV & Emiliano SEQUEIRA

ANNALES DE L’INSTITUT FOURIER

Emiliano SEQUEIRA

Centro de Matematica,
FCIEN-Universidad de la Republica,
4225 Igua,

Montevideo 11400 (Uruguay)
esequeira@cmat.edu.uy


mailto:esequeira@cmat.edu.uy

	1. Introduction
	Acknowledgments

	2. Preliminaries
	2.1. Quasi-isometries
	2.2. Orlicz spaces
	2.3. Continuous group cohomology

	3. Asymptotic Orlicz cohomology
	3.1. Quasi-isometry invariance

	4. Continuous group Orlicz cohomology
	5. The discrete case
	6. The case of degree 1
	6.1. phi-Harmonic functions
	6.2. Examples
	(1)
	(2)


	7. Some observations on the non-doubling case
	References

